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The Karman-Howarth-Monin-Hill equation has been used by various authors to quantify and
understand the small scale turbulent energy cascade without assumptions and therefore even in
the case of non-homogeneous turbulence. A complementary equation was introduced by Germano
[1] to describe the large scales dynamics of the flow. In this publication, the links between the
Germano equation and Large Eddy Simulation (LES) are examined and an approximation of an
exact equation is used to design a new LES model which captures the physical energy transfer
between filtered scales and residual subfilter scales. This new model, based on simple simplifications
of exact equations, is tested both a priori and a posteriori in a Taylor-Green flow. The model is
found to better represent the local energy transfers compared to a similar model introduced in [2]
especially for both extreme forward and backscatter events. The Bardina et al. scale similarity
model [3] over-performs our model in the a priori analysis, meaning that refining the mathematical
approximations used for the derivation of our model could be useful, but our model’s performance
is comparable if not even better than the scale similarity model in a mixed configuration including
a turbulent viscosity model. Therefore, our model, derived with simple simplifications of the exact
two-point equations, already performs similarly to LES models classically used for simulations. This
publication is a proof of concept that two-point equations can be used to develop new LES models
and it may be the right direction to develop more efficient models derived from the Navier stokes
equations.

I. INTRODUCTION

Numerical simulation is now routinely used for the design and analysis of flows in practical applications. However, in
most of these applications, the simulation of all turbulent scales is not possible with accessible computational resources.
Unfortunately, turbulent flows are defined by their wide range of scales co-existing and interacting together. In many
applications, the small scales of the turbulence (even significantly larger than the Kolmogorov microscale [4]) can be
very small compared to the scales of interest of the simulation. Following the description of the turbulent energy
cascade from Richardson [5], formulated mathematically for homogeneous, stationary turbulence by Kolmogorov [4],
the small eddies of the flow play a significant role in turbulent flow behavior as they dissipate the kinetic energy into
heat. As a consequence, the energy cascades from large scales to small scales to feed the dissipated energy at small
scales. This robust description of the physics underlines the impossibility of neglecting the dynamics of the small
scales of the flow and not taking into account their effect on the large scales.

In Large Eddy Simulations (LES), only the large scales, or more precisely the low-pass filtered velocity field com-
ponents, are resolved. This reduces significantly the computational cost compared to Direct Numerical Simulations
(DNS) where all the scales are taken into account in the simulation via the well-resolved Navier-Stokes equations.
Large Eddy Simulations rely on a subfilter scale model whose role is to model the non-resolved scales which are
expected to, at least, dissipate the energy of the flow.

In the LES concept the modelling and the numerical methods should be independent however they are closely
related in practice [6-8]. The turbulent models are usually designed for a specific filter used to filter the Navier-Stokes
equation.
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where the residual stress 7;; = u;u; — u; u; must be modeled.

The modelling errors are associated with the difference between 7;; and its model. On the other hand, the numerical
error comes from the numerical resolution of equation (1) where 7;; is modelled and can be evaluated through mesh
convergence for a given filter. In this study we focus on the modelling error only.

An energy equation for the filtered velocity can be derived from equation (1):
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where T°¢ = —uﬁ%;j is the rate of energy exchange between the filtered scales and the residual sub-filter scales. It
represents a subfilter stress energy contribution to equation (2) and is usually re-written as:

787’," 8 _ —_
L = ——(wimi;) + SijTij, (3)

T¢ = 7
u 8:0]- 8xj

where S;; = 1 (gz + g’?z) is the deformation tensor computed with filtered velocity. The term %(mTij) is usually

interpreted as a spatial flux and %Tij as the transfer of energy across scales between filtered scales and residual
scales: therefore closely related to the energy cascade [9]. A negative value of @Tij is usually interpreted as a direct
energy transfer from large scales to small scales and the opposite is called backscatter [10]. In order to evaluate the
performance of the LES models, we will compare directly the rate of energy exchange T° in the energy equation (2)
with its modelled counterpart.

Following the concept of turbulent eddy viscosity (Boussinesq hypothesis), the non-resolved scales may be modeled
as an additional viscosity acting on the flow. The most commonly used model based on the concept of turbulent
viscosity was defined by Smagorinsky [11]. In this model the subgrid scale tensor is modelled as:
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Tij — ngk(Sij = —2VTSij (4)
where:
vp = (CsA)2|§| (5)

is the turbulent viscosity, |S| = 1/2S;; Sij, A is the filter width and C; is a constant to adapt.

This rather simple model is able to compensate part of the unresolved dissipation from the subfilter scales despite
important limitations having been identified (see e.g. [8, 12]). In these publications, the Smagorinsky model is found
to be unable to ensure regularisation of the solution, meaning that the solution does not converge to the right solution
when the mesh used to discretise the equation is refined keeping the filter unchanged. Moreover, the modelled subgrid
scale tensor 7;; is known to not be representative of the real 7;; evaluated by a-priori tests from DNS results [13].
Finally, this model is known to produce no backscatter given that the local energy flux 7;;S;; in (3) is modelled as
*2VT§'j§'j which is negative as vy > 0. Backscatter events, already described in [10], appear locally in turbulent
flows [2] and can even prevail on average over dissipation in strongly non-homogeneous turbulent flows such as in the
buffer layer close to the wall of a channel flow [14].

A dynamic procedure [15-17] can be used to modulate the effect of any model with a constant depending on local
flow properties by replacing the global coefficient, for example C's, by a dynamic coefficient computed locally. This
method was designed to extend the use of the Smagorinsky model to non-homogeneous flows. It improves significantly
the results in specific situations. For example, it reduces dissipation near walls where the original Smagorinsky model
produces an excess of dissipation [15]. However, the dynamic procedure is just a correction but does not solve all
the problems associated with the essential hypothesis of the model. For instance, a Smagorinsky model with such a
dynamic coefficient still cannot produce backscatter.

Another strategy is refered to as implicit LES in which a regularisation is introduced as a numerical dissipa-
tion through the discretization of the governing equations or extra discrete operator that damps selectively the
smallest scales. For instance, in the implicit model developed by Dairay et al. [8], the numerical dissipation is
introduced by the discretization of the viscous term specifically designed to introduce the desired level of dissipation.
This method is equivalent to the use of spectral vanishing viscosity with an implementation in real space. This
method was shown to be more efficient in reducing the number of degrees of freedom compared to the Smagorinsky
model which is sensitive to numerical errors and which requires refinement of the mesh with respect to the filter width.



Other models were introduced dedicated to specific flows. This is for example the case of wall-adapted LES which
has been widely developed these past years to capture non dissipative effects close to walls. However, we focus in this
study on universal models such as the scale similarity model introduced by [18] where 7;; is modelled as:
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where (.) is a filter applied on the resolved quantities. This model is a generalization of the Bardina’s model [3] with
two consecutive filters of different shape and filter width.

According to Meneveau and Katz [13], the scale similarity model (6) correlates much better than the Smagorinsky
model with the exact subfilter stress once evaluated on real turbulence data. However, the mean dissipation is slightly
under-predicted which makes the model practically unusable in this formulation. This is why this model is often used
as a complement to a dissipative model such as Smagorinsky in a mixed configuration so that 7;; is modelled as:

—
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where, vr is defined in (5). The principle of the scale similarity model is to evaluate a subfilter stress with resolved
quantities by over-filtering the resolved terms and assume a similarity between the subfilter stress to be modelled
and the equivalent one built on the resolved scales. This method is expected to give good results when the filter
width is in the inertial range. The mixed model configuration allows to tune the two parts of the model separately:
one mainly taking into account most of the dissipation and the other where the local energy transfer includes local
dissipation and backscatter. The scale similarity model (6) is an efficient and practical model. However, the physical
justification of this model remains weak and does not improve our understanding of the physics captured by the model.

Another class of models can by obtained by truncated Taylor expansion of the subgrid stress tensor (which may be
valid only for very small A). Applying the procedure with a Gaussian filter leads to the gradient model [19] analysed
in [20]. This model can also be combined in a mixed configuration with the Smagorinsky model so that 7;; is modelled
as:
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This model is known to allow backscatter through the first gradient term. The recent work from Cimarelli [21]
continues the development of this model and relates it to the structure functions following Germano’s framework [22]
presented in section IIT of the present paper. In this study, a new decomposition between small and large scales of
the subgrid stress tensor is proposed and a modelling particularly adapted for non-homogeneous grid meshes is tested
with promising results in a channel flow.

The need to model backscatter events is questioned by Vela-Martin [9] who suggests that backscatter does not need
to be modelled in homogeneous turbulent flows. The argument is to say that, from an energetic perspective, addition
of any divergence-free tensor to obtain an alternative representation of the subgrid stress tensor is physically valid and
produces the same average SGS flux but in general different spatial distributions of the local SGS energy fluxes. The
backscatter is defined, as usual, as negative events of 7,;S;; which does not take into account the full energy transfer
between filtered scales and residual scales. The non-homogeneous term —%ﬂ_(uﬁnj) in equation (3) may affect the sign
of the full contribution, 7, locally or globa(lly iI)l non-homogeneous flows. Indeed, positive and negative values are
O(u;Ti
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produced by the non-homogeneous term — so that the full subfilter stress energy contribution 7 has positive

and negative contributions to equation (2) even when Tijgij does not produce backscatter. The lack of connection
between the physics of the local energy transfer and subgrid scale modelling is crucially missing (see [23-25]) and
leads to very fundamental questions such as: do we need to model local backscatter effects? The Germano equation
[1] might give an avenue towards a potential answer to this question. This exact equation describes the larger scale
behavior and is analyzed experimentally in [26]. To our knowledge, the physics associated with this equation has
not been analysed except by Germano. However, various studies of its complementary small scale equation exist
[24, 25, 27-30]. We refer to this equation as the Kérmén-Howarth-Monin-Hill (KHMH) equation and we introduce it
in the following section. The KHMH equation is very useful to understand the energy transfer in non-homogeneous
flows without any assumption. In [31], the relations between the interscale energy transfer rate of the KHMH equation
(integrated in scale) and the rate of energy transferred between filtered scales and residual scales are analyzed. An
analysis based on a DNS of isotropic turbulence at high Reynolds number (Rey = 1250) shows that both quantities
share many properties but are not identical. The use of the larger scale Germano’s equation [1] instead of the KHMH
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FIG. 1: Schematic of fluid velocities at points ¢~ = X — r and ¢t = X + r used for the derivation of the two-point
equations (9) and (11).

equation may allow to explain these common and different properties. These equations were also used in [32] to
derive the different terms of the subgrid stress gradient which should be modelled, including some non-homogeneous
terms. These authors show exactly why the links are not exact between KHMH interscale energy transfer rate and
energy exchanges between filtered scales and residual scales. The Germano equation is also likely to be a powerful
tool for understanding some physical constraints in subfilter scale models demonstrating the potential of the two-point
equation for the simulation of practical applications for engineering.

II. TWO-POINT STATISTICS THEORY

Interscale turbulence transfers for incompressible turbulence can be studied in the presence of all other co-existing
turbulence transfer/transport mechanisms in terms of two-point equations exactly derived from the incompressible
Navier-Stokes equations (see [1, 28, 33]) without any hypotheses or assumptions, in particular no assumptions of
homogeneity or periodicity. The incompressible Navier-Stokes equation is written at two points (7 = X — r and
¢t = X + r in physical space (see figure 1) where X is the centroid and 7 is the two-point separation vector. One
defines the two-point velocity half difference du(X,r,t) = “Jr% where ut = u(¢t) and u= = u(g_) are the
pt—

57— where

fluid velocities at each one of the two points and the two-point pressure half difference op(X,r,t) =
pT = p(¢T) and p~ = p({~) are the pressure over density ratios at each one of the two points. Incompressibility
immediately imposes V x.0u = V,..0u = 0 and the momentum equation leads to (see [28, 33])

3(;57: + (ux.Vx)du+ (0u.V,)du=—-Vxop+ gvg(du + gViéu (9)

where ux (X, r,t) = m%; V x and V% are the gradient and Laplacian in X space; V,. and V2 are the gradient
and Laplacian in r space; and v is the kinematic viscosity.
An energy equation is readily obtained by multiplying equation (9) by 2du:
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demonstrate that it represents the energy equation of the scales smaller than R. Therefore, |du|? is related to a small
scale quantity.
A complementary equation can be derived for the evolution for the two-point velocity half sum ux(X,r,t) =

“++u7. This equation was first obtained in [1]:

ou v v
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where px = Pt —, and the incompressibility means Vx.ux = V,.ux = 0. An energy equation, also derived for

the first time in [1], is readily obtained by multiplying equation (11) with 2ux:

Olux|?
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In order to interpret the energy term |ux|?, the following equality can be derived:

///OR |du|%dr? +///OR|UX|2‘”3 _ ///WR %uz(m—kr)drg. (13)

The sum of the energy contribution of the scales smaller than R (fffOR |6u|?dr?) with fffOR |ux|?dr3 balances the total

kinetic energy in a sphere of radius R. Therefore, [[] fOR |lux |?dr3 can be interpreted as the energy of the scales larger
than R and equation (12) as a equation for large scales. The connection between large eddy simulation framework
and the two point statistics framework is described in more details in section III.

The two-point energy equations above involve important interscale and interspace transport terms. Germano inter-
preted the equations (11) and (12) in the context of large eddy simulations [1]. He showed that the term (du.V,)ux
in (11) can be interpreted as the gradient of a subgrid stress. This term gives rise to the term V,..(dulux|?) in (12)
which is therefore an energy transfer rate across the scales of |ux|?. Germano also derived the kinematic equation

1]
V.. (dulux|?) + V,..(0u|du|?) = 2V x.(du(du - ux)) (14)

which relates V,.(du|ux|?) to V,.(du|éu|?) in (10) and where V,.(du|6u|?) accounts for non-linear interscale
energy transfer and the turbulence cascade, e.g. see [30].

In homogeneous/periodic turbulence, the large scale interscale transfer rate V,.(du|ux|?), where (.) represents
space averaging over all space or a triply periodic domain, is exactly equal to the small-scale interscale transfer rate
V.,.{du|du|?) and balanced exactly with the turbulence dissipation rate:

V. (dulux|?) = —V,.(du|dul?) = (¢) (15)

These results cannot be derived for non-homogeneous turbulence but the small-scale and large-scale interscale
transfer rate estimates measured in a mixing tank and averaged in time and locally in space have been shown to
collapse with dissipation rate even though the flow is non-homogeneous [26]. These results are supported theoretically
in the same publication (based on the theory of Chen et al [30]) for the small-scale interscale transfer but only observed
experimentally for the large-scale interscale transfer. This means that the mean values of the time-averaged interscale
transfer rates seem to be of the same order of magnitude as the dissipation rate even for some non-homogeneous flows.
However, Yasuda and Vassilicos [34] quantified the small scale interscale transfer spatio-temporal fluctuations in a
Direct Numerical Simulation of homogeneous turbulence. These fluctuations are very large with rare extreme events
much larger than the mean dissipation value. These results are reminiscent of the backscatter already described in
[10, 35-39]. Moreover, in [34], these rare event contributions cannot be neglected as they contribute significantly to
the mean interscale transfer rate value (50% of the mean value is contributed by events whose probabilities are less
than few percent of the probabilities of the most likely events for |r| of the order of the Taylor scale A).

The probability distribution function of the truncated estimate of the small-scale interscale transfer rate normalized
by dissipation is computed from the experimental data presented in [26] and plotted in figure 2a. This dataset comes
from 2D2C PIV measurements in the bulk of a mixing tank where baffles are used to break the flow rotation. These
results are computed with 150 000 velocity fields of 2D2C PIV measurements with interrogation window size between
3.4n and 5.17. Very large tails of the PDF are measured, with positive and negative events much larger than dissipation
(larger than 1000(€’) for 7, > A). The local behavior is therefore very different from its mean value which is of the same
order of magnitude as the mean dissipation (see [26]). These results confirm that, locally, the turbulence behavior
is far from the Kolmogorov picture with both direct and backward energy transfers across scales much larger than
dissipation. The spatio-temporal probability distribution function of the large-scale interscale transfer rate is also
measured and plotted in figure 2b. The fluctuations of this term are similar and even larger than for the small-
scale interscale transfer rate with very large tails and values larger than 1500(¢’) for the various separation lengths
plotted. In this publication we attempt to incorporate this property of large-scale interscale transfer rates in Large
Eddy Simulation modeling. The very large fluctuations of the large-scale interscale transfer rates, both direct and
backward, needs to be reproduced by a model which captures the main local properties of turbulence.
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FIG. 2: Spatio-temporal probability distribution function of the normalized small scale (a) and large scale (b)
truncate estimates of the interscale transfer at different separation length r,. These results are measured during
experiments in a mixing tank with four rotating blades and with baffles (vertical bars that break the flow rotation).
More details about the experiments are available in [26]. The statistics are computed with 150 000 velocity fields of
2D2C PIV measurements with interrogation window size between 3.4n and 5.1n. The red dashed line corresponds to
the theoretical mean value in homogeneous turbulence (—1 in figure (a) and 41 in figure (b)).

III. LINKS BETWEEN TWO-POINT EQUATIONS AND LES MODELLING

In the following sub-section, the mathematical links between the two-point equations and the Large Eddy Simulation
framework are derived following [40].

A. Derivation of an exact form of the subfilter stress

The notations of ux and du, defined in section II, are slightly different to the ones used in [40]. Therefore,
Germano’s results are converted into our set of notation. Using relations from [1] with the new notations, the large
scale two-point equation (11) is rewritten as:

8UX1 8uXi 6 (5u15uj) 1 8PX aZUXi
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Following [22], the term 76(6%5%) represents the subfilter stress gradient associated to the two-point filter:
u(X+r)+uX -7
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and ¢ is the Dirac delta function §(x — &) = [[,_;.50(xr — &k)-

An exact form of the subfilter stress (which can, however, not be used as a subfilter stress model) derived from the
two-point large scale equation (16) for the basic filter (18) is

Go
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which is the basis of second-order structure functions. Therefore, equation (16) connects exactly large eddy simulation
framework with the two point statistics framework introduced in section II.

A more practically useful equation for the subfilter stress 7;; is derived in [40] and [22] directly from the Reynolds
stress formulation. The filtered velocity w is obtained as

wi= [ G- gulee (20)
—0
where the discrete weight function
G(x — &) = Zagad(x + 70 — &) (21)
is used, with the weights g, such that £,9, = 1 and [ G(r)dr = 1. The choice of a and r, enable the implementation

of different discrete filters but the following derivation from [22] does not depend on these parameters. Following [22]
and [41] (equations (33) to (38)) the exact subfilter stress formula is derived as:

7ij (@) = Uity — W
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Using the change of variables r = 5_76/ and s = 5_;5'

T (x) = / / G(x —s—71)G(x — s+ r)ou;(r, s)du;(r, s)drds (23)
where du;(r, s)du;(r, s) has the same definition as in (19), introduced in section II. The associated subfilter force is
also derived (see [1], where the mathematical relation: %“j"' = %%_’;i is used and G is assumed to be homogeneous in
space) and rewritten as:

8Tij o o
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so that the term V,..(ux;du) which is at the origin of the large-scale interscale transfer rate V,..(du|ux|?) measured
in [26] with PIV experiments, appears explicitly. Indeed, the large scale interscale transfer rate appears in equation
(12) through the relation:

V. (dulux|?) = 2ux; (V. (uxidu)) . (25)

The exact results (23) and (24) are very meaningful for the understanding of the subfilter stress properties in LES
equations. Firstly, the subfilter stress has a direct link with the structure functions which are analyzed in many
flows and for which Kolmogorov’s 1941 theory was developed, thereby providing a direct connection with small-scale
turbulence physics. Secondly, the term V,..(ux;0u) present in the exact subfilter stress gradient formulation (24)
is closely related to the large-scale interscale transfer rate as already mentioned. Again, the physical understanding
developed with the small-scale (du?) two-point equation and large-scale (u%) two-point equation can be directly
used for subfilter stress modelling in the LES framework.

B. Existing LES models close to Germano exact subfilter stress equation

Several models close to Germano’s formulation (23) have been proposed and can be used for comparison. For
instance, the following increment model was introduced in [2]:

87”- 0 (Suzgu])
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where

3
oui = Y (Wi(x + mAger) — Ui(x — mAey)), (27)
k=1

and Cy is a dimensionless coefficient. In the case of a homogeneous grid (as in the present paper’s simulations),
A = A for all k£, m is an integer number and ey is the unit vector in direction k. This large eddy simulation model
is not explicitly inspired by Germano [22] as it was published earlier but it has a striking similarity with the exact
Germano equation (23). A dynamic procedure was defined by the authors to compute the model coefficient Cj in
(26). The model was applied to a channel flow and tested both a priori and a posteriori. Very good prediction of
the probability distribution function of Tijgij, including backscatter, was observed in a priori analysis in the buffer
layer of a channel flow at Re, = 180. However, the filtering was weak (top hat filter of 4Apxg, where Apys is the
mesh resolution size of the DNS used for the a-priori analysis) compared to practical LES resolution at high Reynolds
numbers. In a posteriori results, the model led to good predictions of mean quantities such as profiles of mean velocity
and mean Reynolds stresses.
A similar model was defined in [42] with a slightly different formulation:
87@» - 0 S
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where:

dui(@, Aduj(m, A) = = [ (W(@ + Ae;) — (@) (W (@ + Aey) — 1;(w))

+ (Ui@) — (@ — Aey)) (w)(x) — w;(z — Aey)) |

N | =

(29)

The model coefficient Cy was derived for the model (28) under several assumptions but a dynamic procedure was
also tested. The model was also tested a posteriori in a channel flow and the mean velocity, mean turbulent ki-
netic energy and mean Reynolds stresses were in agreement with DNS predictions. Moreover, a priori analysis of
the non-dimensionalized subfilter dissipation tensor components evaluated with fluctuating velocity, shows that the
model is able to predict mean backscatter in some specific directions and regions of the flow where it is supposed to
exist according to the DNS results from [43]. This is a promising result as classical dissipative models are not able to
capture this mean backscatter.

More recently, Cimarelli et al introduced the mixed model [14]:
Tij = CAguiSuj — 21/T§'j (30)

This model was inspired by the increment model in [2] and the small-scale KHMH energy equation. The difference with
the increment model is the combination with the Smagorinsky model in (30). The exact subfilter stress formulation
(23) which involves du;0u; was also used to justify the first term on the right hand side of the model (30) but only
as an inspiration as the model is not derived explicitly from (23). The increment model (26) is expected to capture
backscatter events and the Smagorinsky model is introduced to model most of the dissipative effects of subfilter scales.
A dynamic procedure was set to compute Ca, and Germano’s dynamic procedure was used for the Smagorinsky
constant. Very good results were obtained for the averaged subfilter dissipation in a channel flow compared to filtered
DNS results. Again, the regions of the flow containing mean backscatter are found to be well predicted by the model.
The Smagorinsky model added to the modified model of Brun et al [2] seems to be important to capture the right
energy transfer. The proposed model gives better results than classical mixed models such as the scale similarity
model used in combination with the Smagorinsky model [18]. This is especially true for backscatter predictions. The
model (30) proposed by Cimarelli et al is also close to but not exactly the same as the gradient model [19] introduced
in section I.

Subfilter stress models based on du;0u; seem to be promising for large eddy simulation because they can capture
backscatter events both statistically (probability distribution function) and on average. The models in [2], [42] and
[14] are also very interesting as they are close to the exact equation (24). However, the physical and mathematical
links with two-point equations can be developed further to support physically the model and bring all the physical
understanding of the two-point equations into LES modelling. Such analysis requires to use the large scale two-point
equations introduced in [1] instead of the small-scale KHMH equation. The models (26), (28) and (30) have only
been tested extensively in channel flows and without local analysis of the subfilter stress. Therefore, these models
may have some unkown limitations that will appear when testing them in other flows or by evaluating them locally.



Moreover, if the models are not adapted to the small-scale turbulence physics they will have to be adjusted to each
flow limitting their universality. The main goal of this study is to try to develop a LES model from the fundamental
equations and well-defined approximations in order to obtain a more universal model based on physical findings as
opposed to models that need to be adapted for each flow and each specific simulation.

C. Simplification of the exact subfilter stress formulation

In the present section, the Germano exact subfilter stress gradient formulation (24) is used to derive a new subfilter
stress model. Usually, the subfilter stress is modelled rather than its gradient. This is the case for turbulent viscosity
models which are based on the intuitive hypothesis that the effect of small scales is analogous to a molecular mechanism
represented by a diffusion term. However, the new association of the subfilter contribution with the interscale transfer
rate suggests to model directly the gradient. The change of variable s +— x — s is used in equation (24) leading to

87@»

aSCj

= /_00 /_00 G(s—1)G(s+ 1)V, .(uxi(x — s,7)0u(x — s,7))drds. (31)

The three-dimensional top hat filter of filter width A is used to simplify computations:

G:R® —R
1: if |2]o < A with |@]o = max{|z1],|2z2], |z5]} (32)
r 0: otherwise

Our approach is restricted for now to this filter which is known to have a weak scale-selectivity. The derivation may
be extended in the future to other filters such as the Gaussian filter. With this filter (32), (31) can be re-writen as:

g;lj = Vies / Vi (uxi(x — s,r)0u(x — s,7))drds (33)
VTef

where the integration is performed over a domain V,..¢ of volume V,.; defined as:

v . —ASSi—TiSA (34)
ref —ASSZ-F’I"ZSA
One can define 6-dimensional volume regions V; and V5
A A
) <5 < D)
Vi A A (35)
— <<=
2 = 2
v [TREES (36)
l-A<nrn <A

so that V3 € V,.y € V, (see figure 3). In the following, V,.; is approximated by V, for simplification. This approxi-
mation leads to an over-filtering compared to the initial top hat filter. Using this approximation, (33) becomes:

8Tij

8(Ej

1
~ 7/ Vo (uxs(@ — s,7)5u(m — s,7)) d*r d*s =T (37)
Va Jviay Jviay

where Vy = fV(A) fv(A) d>r d®s and fV(A)(.)d% = ffA ffA ffA(.)d3x. The purpose of this approximation is the
decoupling of the space filtering (s space) and the scale filtering (7 space):

[ o A
T eap /m)<<m>3 vy ¥ xil® = s )@ — s r)d )d . (3)



10

S1

V>

I

FIG. 3: Volume representation in one dimension of the volume Vi, Vo and V,..; defined respectively in equations
(34),(35) and (36).

The effect of this first approximation (37) is analysed and quantified in section IV B). The decoupling between the x
space and the r space is useful because the divergence theorem can now be used in r space:

1 1
= eay /m @A)

where n is the outward pointing unit normal vector at each point on the closed surface of integration. In this
formulation, the closed surface integration is evaluated with the component r; in the direction n; such that r; = A.
This is interesting as only quantities with a separation distance of A or larger (in multiples of A) can be evaluated
on the LES resolution mesh. However, the values of the other components of r, r; < A where ¢ # j (n; is the
direction of projection) are still needed during the surface integration in (39) but are neglected later in the derivation.
The integration in physical space (d®s) needs to be replaced because it requires values not available during LES
computations. The filtered two-point velocity half sum and two-point velocity increment using the three-dimensional
top hat filter are:

?lg ‘ :A(uXi(m —s,m)0u(x — s,7)) -nd*r| d’s (39)

T = (@ — 5.7V s = Tx,
UXz(:BaT) o (QA)B /V(A) 'Ule((B S,T’)d §= UXZ(ZC,T')
’ (40)
Eaz,rzi/ du(x — s,r)d’s = du(x,r
@)= Gays |, Bu@ =57 (.7)
which suggests to rewrite equation (39) as follows:
1 56 _ _ 9
ri=—— ux;(x,r)ou(x,r)).ndr
INE \r|m:A( xi(z,r)ou(z,r))
) ) (41)
4+ — 95 7/ uxi(x — s, r)ou(x — s,7)d%s — ux,(x,r)0u(x,r) | nd*r| .
(2A)3 N ((QA)S V(A X ( ) ( ) X ( ) ( )
Equation (41) can also be written as:
1 55 _ _ 9
I'i=—— uxi(x,r)ou(x,r)).ndr
OINE |T|OO:A( xi(x,r)0u(z, 7))
(42)
+ ;3 yg % / u'y;(x — s,7)0u (z — 8,7)d%s | .nd*r
(2A4)3 | Jipj=a \ (24)3 Jy(a)
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where uy;(x — s,7) = ux;(x — 8,7) — Uxi(z,r) and du'(x — 8,7) = du(x — s,7) — du(x,r). The first part is
the resolved part because it is computed with the resolved velocity field and the second part is the unresolved part.
In section IV B, this second unresolved part is found to be much smaller than the first resolved part. However it
should not be neglected as it contains important turbulent behavior at small scales and is expected to be related to
dissipation. Indeed, the resolved part depends only on filtered quantities similarly to the Leonard term in [44] (though
being mathematically different to the Leonard term). Therefore, this term is not expected to contain the majority
of the dissipation so that it has to be present in the unresolved term. Moreover, the unresolved term depends only
on residual velocity (without dependency on filtered velocity field) which again supports that this term is related to
small scale statistics and should therefore contain most of the dissipation. Hereafter, we refer to this unresolved term
as the residual term.

D. Formulation of a new subfilter stress model

The resolved part of the model is expected to capture the local behavior of the energy transfer with large fluctuations
mainly driven by the resolved scales but it probably does not capture the average dissipation associated with small
scales. As already mentioned, the dissipation is likely to be related to the residual term of equation (42). This
interpretation may only be valid for filtering width A >> 7 so that the dissipative scales are completely unresolved.
Under such hypothesis the residual term can be modelled with existing dissipative models such as the Smagorinsky
model or with a spectral vanishing viscosity model which can be implemented in physical space as in [8]. In this
study, the Smagorinsky model is used to model dissipation for simplicity. Some limitations of this model are well
known but the dissipative model is not the main object of the present study. The conclusions on the resolved part
are not expected to be significantly dependent on the choice of dissipation model. Using the Smagorinsky model for
the unresolved part of (42) in a mixed configuration leads to the following model:

Gy

i = Y= uxi(x,r)0u(x, r)).ndr 76(_2VT§U)
L= Gap B, e oute ) ndr +

e (43)

where C] is a dimensionless coefficient which may depend on A and is introduced to rescale the resolved part of
the model if needed. The value of both C; and the Smagorinsky constant C's in vp is discussed later in this paper.
The first part refered as the resolved term is Galilean invariant (see appendix A) and the second part introduced to
compensate the residual term in (42) is refered as the dissipative term. The resolved term in (43) is written with a
closed surface integral over a mesh cell. However, in practice, this integral can be computed only with the available
grid points. The simplest option is therefore to approximate the surface integral of the resolved term as

(2(’;1)351'5 ~ A(ﬂXi(m,r)éﬁ(x,r)).ndzr

C1 6(2A)2 { Z Z Uxi (T, 1y = A1y, 1) 0Ug (2,75 = A, 1y, 75)

T (2A)3 6x9
( ry€Ia T2 €A

- Z Z ﬂXi(w,T'z = _Avryyrz) 5@("’”’@ = —Amy,rz)

ry€larz€la

+ Z Z ﬂXi(xaTra'ry = A,Tz) 6u7y(ma7ﬂza7ﬂy = A,Tz) (44)

re€la T €ElA

- Z Z ﬂXi(:CvTraTy = 7A57’Z) 5’“‘73/(:877'1’712/ = 7A5TZ)

re€Ia T2 EIA

+ Z Z ﬁxi(m,Tx,Ty,Tz = A) 5@(m77":c77"y77"z = A)

re€Ia Ty €A

- Z Z ﬁXi(wvrmryvrz = _A) 5@(51377%77'1/’7'.2 = _A)

re€la 7'y€IA

where Ta = {—A,0,A}. The available points used for the approximation of the surface integral are plotted in figure
4 where the black arrows represent the projections of wx;(x,r)du(x, r) used during surface integration. As opposed
to the previous increment models (27) and (29), this derivation leads to a natural definition of du with a prescribed
separation vector r related to A in all directions.
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FIG. 4: Representation of the points available in r space for the surface integration in (44). Each arrow describes a
point used during surface integration (with a coefficient 1) with the projection direction.

TABLE I: Parameter for the reference DNS of forced Taylor Green flows

Number of points Size of the domain Rex kirunckn
512 x 512 x 512 7.1L x 7.1L x 7.1L 91 3

The error introduced by replacing equation (39) with equation (44) is quantified in section IV B). An interpolation
for a better estimation of the integral in (44) might improve the results and could be used in future work. Also, for
simplicity, the mesh is considered here to be isotropic but the results can in principle be generalized if necessary.

IV. EVALUATION OF THE MODEL
A. Reference DNS

An in-house pseudo-spectral code is used to solve the Navier-Stokes equations with periodic boundary conditions
in all three dimensions. The model is introduced in physical space with the non-linear term of Navier Stokes. A
de-aliasing is applied using the 2/3 truncation method (truncation for wavenumbers k such as |k| > N/3, where N is
the number of grid point in each dimension) and a second order Runge-Kutta scheme is used for the time integration.
More information about the original code can be found in [45]. A Taylor-Green flow (where the forcing is described
in [46] and [8]) is simulated with a 5123 grid until statistical convergence. The simulation parameters are described

in table I where L = %ﬂ%

Az = 2% ~ (.7n) and the Reynolds number is Rey ~ 91 .

is the integral scale. The simulation is highly resolved (the mesh resolution,

B. A priori validation of the results

Based on a priori analysis, an accurate subfilter scale model should predict the occurence of dissipation and
backscatter at the right location in space and time and should generate the right level of energy transfer (dissipation
or backscatter). These two properties are evaluated separately. The ability of the model to predict the correct sign
and the locations of the energy transfers between residual and filtered scales is evaluated first. The quantitative
analysis about the energy transfer which is linked to the definition of the model coefficients is carried out in a second
stage.
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FIG. 5: PDF of the subfilter stress contribution evaluated a priori from the DNS with a 123 top hat filter: exact
(blue), Smagorinsky model (red), increment model (26) (yellow), scale similarity model (6) (green), and for the
resolved part of the present model (43) (purple).

1. Qualitative comparison

The resolved part (44) of the new mixed model (43) is first evaluated a priori on the DNS velocity field and
compared to the Smagorinsky model (4) with C's = 0.18 and the model (26) of Brun et al. A 123 points cubic top-hat
filter corresponding to a volume of A3 = (8n)? is used to separate the large filtered scales from the subfilter scales. The
full energy transfer between the residual scales and the filtered scale T, introduced in (2), is evaluated as function of
space and time. The negative values of T° reduce the energy of u;u; so they can be seen as dissipative while positive
values represent backscatter. The PDF of T is presented in figure 5. The choice of A = 8 is quite close to the
Taylor length A = 10.7n which demarcates the inertial from the dissipative ranges (e.g. see [34] and [47]) so that
most (though not all) dissipative scales are unresolved. The subfilter scales are mainly in the dissipative range and
the energy transfer is to a significant extent between the inertial and the dissipative ranges. In fact, in [34] and [47],
the non-linear interscale energy transfer defined in section II, averaged over all directions in scale space, is found to
behave at scales r smaller than but close to A similarly to scales in the inertial range with large positive and negative
events.

For this first test, the model constants C; for our model (43), Cy for the model (26) and Cj5 for scale similarity
model (6) are optimized to obtain the best match of the PDF of energy transfer T¢ with the reference PDF obtained
a-priori by the DNS. The mean T which can be computed from these PDFs corresponds to the mean contribution
of the subfilter stress (expected to be negative) and the tails correspond to the rare, very intense events.

The PDF of energy transfer for the Smagorinsky model (with C's = 0.176 obtained after numerical optimization
similarly to the other models) has a significantly different shape compared to the reference PDF from DNS with a
skewness that is too negative. This result is consistent with the well known over-dissipative behavior of the model.
Backscatter events are scarce and their magnitude are relatively small. The PDF for the model (26) of Brun et al has
a more realistic shape with both dissipative and backscatter events but it doesn’t fit very well the reference results
from DNS even after optimization of the model coefficient C5. Both the subfilter stress contribution of the scale
similarity model and the resolved part of our model are closer to the reference once the associated coefficients C; and
Cj5 are properly adjusted. These a-priori results seem to indicate a similarity in behavior between our model directly
approximated from exact equations and related to the interscale turbulent energy transfer and the scale similarity
model, which is commonly used in a mixed configuration for LES. This similarity is encouraging as it suggests a
possible practical use of our new model.

The results for the resolved part with the coefficient C'; used in figure 5 combined with the Smagorinsky model in a
mixed configuration (43) and the scale similarity model also used in a mixed configuration as in (6) are presented in
figure 6. Both models are over-dissipative with skewnesses that are too negative compared to exact results. However,
it has been shown that the resolved part of our model does capture the large range of variation of the energy transfer
rate and contains backscatter. Therefore, this model can in principle be used in Large Eddy Sqimulation but there is
a need for future work to design a new dissipation model which would better complement the resolved part.
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FIG. 6: PDF of the subfilter stress contribution evaluated a priori from the DNS with a 123 top hat filter: exact
(blue), scale similarity model in a mixed configuration (7) (green) and the present model (43) including its
Smagorinsky model part (purple).

The energy transfers 7°¢ are now analyzed in space for the same models. The values of T in a randomly selected
plane are compared in Fig. 7 with the reference for a first visual inspection of the spatial correlation between exact
and modeled values. The same adjusted constants as for the PDFs in figure 5 and 6 are used. In figure 7a, clear
structures are identified in the exact energy transfer function with well identified large events and filaments in the
background. Large dissipative events are often observed to be close to large backscatter events which is consistent
with the theoretical analysis of interscale flux energy transfer in [30]. As can be seen in figure 7b, the backscatter
events are not captured by the Smagorinsky model. Some correlation with the reference seems to exist for the large
events and the filaments compared to exact ones but the sign is often wrong and large backscatter events are even
sometimes replaced by large dissipative events.

The results of the increment model (26) in figure 7¢ contain both dissipative and backscatter events as wanted. The
background filaments are comparable to the reference but the large events do not correlate well with the reference
except at specific locations. A better correlation with the reference is observed with the resolved part (44) of our
model (43) where some of the large events predicted are representative of real events (see figure 7e). The background
filaments are also well predicted even if the magnitude of some energy transfer events or their exact locations may
be incorrect. The best results are obtained with the scale similarity model (6) in figure 7d where the large events
modeled are very close to the real events. These results suggest that our approximations to derive the resolved part
of our model can be improved further but the results are already close to the well known scale similarity model while
having an exact connection to the exact equations (9) and (11).

As the previous analysis is restricted to a single snapshot in space, the correlation over the full domain is now
analyzed for a more reliable conclusion. The joint PDFs of the modelled subfilter stress contribution for the same
models are presented in figures 8(a-d). This test is more sensitive than a simple visualizations of a spatial map because
a small position uncertainty of a significative energy transfer event is clearly identified as a strong decorrelation.

The Smagorinsky model has nearly no local correlation with the exact values which confirms the impressions given
in figures 7a. The increment model (26) in figure 8b has a small correlation but the values around the axes suggest
also strong anti-correlation. These results are probably due to the small position shift of the strong energy transfer
structures as a correlation seems to be observed when looking at the map in figure 7c. The resolved part of our model
(44), with C; optimized, has a better correlation compared to the other models (see figure 8d). The results are not
fully satisfactory and can probably be improved in future work. The scale similarity model has the best results as
observed in figure 8c. These results are consistent with the analysis of the local results in figure 7 and suggests the
possibility of futher refinement of the approximations used for the derivation of our model. Our approach being based
on a progressive simplification of Germano’s exact subfilter stress equation, it is possible to investigate the origin of
the errors by checking the main steps where approximations are introduced.

For the present a priori analysis, a filter width A = 8n is used in all the steps of the validation process. The
evaluation of the error introduced when approximating (24) requires a lot of memory and computational resources.
Indeed, the size of A is the limiting parameter of this analysis because it is involved in the complex Germano filtering
used in (24). This is the reason why the full analysis presented in the following section is conducted with a single
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FIG. 7: 2D slice of T¢ = —u_i%i evaluated a-priori from the DNS dataset: (a) exact, (b) Smagorinsky model, (c)

increment model (26), (dj) scale similarity model (6) (e) present model (with the resolved part only).
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FIG. 8: Joint PDFs of T°¢ = —uﬁg? (horizontal axis) with the modelled counterpart (vertical axis) evaluated a

priori from the DNS with A ~ 8p and with scaling coefficient optimized for a best match of the PDF of energy
transfer in Fig. 5

filter width of size A =~ 8n. However, the a priori analysis of the modelled subfilter stress contribution computed
in this section was also done for A = 161 and the conclusions remain similar. The filter width remains relatively
small so that the assumption that the dissipative scales are completely unresolved is not respected during the a priori
validation. This is why a significant skewness is observed in the PDF of the energy transfer results in figures 5 and
6. Indeed, some of the dissipative scales affect the energy transfer of the resolved part of the model. This filter width
limitation should not, however, affect the large tails of the PDF which are the main purpose of the resolved part of
our model and should remain with a larger filter width.

2. Errors introduced with the different approximations

As our model is directely derived from the Navier Stokes equations, the errors introduced from the exact subfilter
stress formula (23) to the approximated formulation (43) of our model can be analysed at each approximation step.
The quantification of these approximation errors are important to better understand the performance of the model
and to have the possibility to propose future improvements.

The analysis is only conducted with the first component of the subfilter stress gradient for simplicity. The joint

PDF of the exact subfilter stress component (g} ) with the corresponding approximated values at 3 steps of the
J
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FIG. 9: Two-dimensional probability distribution function of g}? with its different approximations evaluated in the
J

Taylor-Green DNS with A = 8. (a) Exact formulation from equation (24):
120 75, G(s = r)G(s 4+ 1)V (ux16u)d®rd3s, (b) after dissociation of scale and space integration as in (39):

fff_AA h—a ux10u.nd?rd?s, (c) real numerical implementation of (44).

derivation corresponding to equations (31), (37) and (44) are evaluated a priori on the DNS dataset. Note that
equations (31) and (37) must be discretized to be evaluated over our DNS dataset as opposed to equation (44) which
is already discrete. The numerical implementation of the computation of the continuous terms is performed on the
DNS grid without interpolation and discrete centered scheme are used to compute derivatives. As the DNS is highly
resolved (Az = 0.7n), the error introduced during the discretization of (31) and (37) are negligible. The results for
the first step in figure 9a are presented to check the error introduced by the numerical implementation of the exact
equation (31). The very good correlation demonstrates the low impact of this numerical implementation.

The error introduced when decoupling space and scale coordinates in equation (37) are presented in figure 9b.
The elliptical shape indicates a high level of correlation meaning that the space-scale decoupling does not introduce
significant error in the present case at moderate Reynolds number with a filter width A ~ 8. The results in figure 9¢
demonstrate that most of the numerical error is introduced when moving from equation (37) to equation (44) where
the equation is discretized over the LES mesh and where the residual term is neglected. The error introduced by this
approximation might be reduced with a better numerical implementation of the resolved term, using interpolation for
example.
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C. a posteriori evaluation of the models

Large Eddy Simulations of a Taylor-Green flow are carried out with a same pseudo-spectral code as the DNS and
with the same forcing. A 64 x 64 x 64 discretization is used (8 times coarser than the DNS) and the CFL is set to 0.5.
The 12 x 12 x 12 top hat filter used for the a priori analysis corresponds to a -3dB cutoff wavenumber kcytofr ~ 19.
The resolution of the LES was chosen such that the truncation wavenumber (%kmam ~ 21) is close to this value which
makes it easier to compare results. However, as the sharpness of the top hat and spectral cutoff filter are different, the
comparison between the a-priori and a posteriori evaluation can only be partial. This may explain why the optimized

model constants need to be adapted for each approach.

The LES are initialized with the DNS velocity field sub-sampled on a 64 x 64 x 64 mesh. The a posteriori analysis
is conducted with the following models:

e The Smagorinsky model defined in equation (4) where C's = 0.18. A second order central difference scheme is
used for the derivatives so that the model is fully implemented in physical space.

e The model (26) implemented the same way as in [2] where the constant C, = 0.152 is evaluated a priori. This
model is tested alone and in combination with the Smagorinsky model with Cg = 0.18.

e The scale similarity model used in a mixed configuration (see equation (7)) with C5 = 1. As the value of
C3, evaluated during the a priori analysis was leading to an over-filtered energy spectrum in the a posteriori
simulation, different values of C3 were tested based on both the energy spectrum and the distribution of energy
transfer between resolved and residual scales (see figures 10b and 11a). The value of Cj5 affects significantly
the results but no good compromise could be found. However, the results with C3 = 1 presented below are
representative of the different simulations. For these results a top hat filter over 15 points is used in (7) for the
explicit filter identified with a tilde symbol. The scale similarity model is tested alone and in association with
the Smagorinsky model with C's = 0.18.

e Our model (43) derived from the two point equations with the resolved part alone and associated with the
Smagorinsky model in a mixed configuration. The value of the constant C; evaluated during the a prior:
analysis was leading to over-filtered energy spectrum in the a posteriori simulation. Therefore, the value of
C:1 was optimized to have an energy spectrum close to the one of the simulation with the Smagorinsky model
alone and the right energy transfer between filtered scales and residual scales. As a results of this optimization

a constant C7 ~ 0.39 was selected for the present simulation. In the mixed configuration, the Smagorinsky
67'7;'
8:1:;
the Smagorinsky model alone. This method was also tested for the scale similarity model without success.

coefficient Cg is adjusted to have the same amount of energy transfer T¢ = u; as for the simulation with

In a first stage, our model (43) with the resolved part only is evaluated by comparing the energy spectrum averaged
over 24 turnover times with the two other models (the increment model, and the scale similarity model) and the
reference DNS. The results in figure 10a suggest that the increment model (26), the scale similarity model (6) and the
resolved part of our model do not introduce enough dissipation as evidenced by the level of energy at high wavenumbers
(k/ky > 0.2 with k,, = m/n) which is too high and close to the simulation without model. This confirms the suggestion
of Cimarelli et al [14] to use a version of model (26) in combination with a dissipation model and our strategy to
combine the resolved part of our model with a dissipation model as anticipated with the a-priori tests. However, some
small scale dissipation is nevertheless introduced by the resolved part of our model as the energy at wavenumbers
k/k, > 0.2 is slightly smaller than for the simulation without model. This suggests that the results of the resolved
model associated with the Smagorinsky model would be over-dissipative compared to the Smagorinsky model alone if
we do not change the constant C's. This result may come from the numerical resolution, which is chosen accordingly
to the filtering width used in the a priori analysis. Indeed, the resolved quantities certainly contain some of the
dissipative scales due to the relatively high numerical resolution as opposed to the assumptions of our model derivation.

In a second stage, all the models are tested in mixed configurations (combined with a Smakorinsky model) and
compared to the DNS and to the coarse DNS (LES without model). The energy spectra are given in Fig. 10b. The
results are highly dependent on the coefficients used for the different models. As the coefficients evaluated during
the a priori analysis do not lead to good results, these coefficients are optimized to match the energy spectrum of
the simulation with Smagorinsky model alone and the right distribution of energy transfer. Indeed, a small variation
affects significantly the results so the analysis is more qualitative than quantitative. All the LES are over-dissipative
compared to the filtered DNS results as observed with the excessive drop of energy at high wavenumbers (k/k, > 0.2)
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FIG. 10: Time averaged energy spectrum of large eddy simulation for several models with k, = 7/n and % =~ 0.13

are compared with the DNS. In (a), the model of Brun et al (eq. (26), purple), the scale similarity model (eq. (6),

green) and the present model (eq. (43), light blue) are used without additional turbulent viscosity model and in (b)
the same models are used in a mixed configuration with the Smagorinsky model.

for the simulations with model in figure 10b. The shape of the energy spectra seems to be mainly driven by the
eddy viscosity model as they are similar for the four simulations with models. The scale similarity model in a mixed
configuration is more dissipative as compared to the simulation with the Smagorinsky model alone. For the scale
similarity model, the use of a dynamic coefficient Cy, adjusted to have the same amont of energy transfer 7° as for
the simulation with the Smagorinsky model alone, was tested but did not improve the results. Therefore no dynamic
method was used to evaluate Cy for this model. However, this does not mean that the results cannot be improved
with methods such as dynamics methods in [15] or [17] for the evaluation of the coefficient.

The energy spectrum is an average statistics which does not reflect the space-local properties of the model. This
might explain why taking into account the local backscatter effect is not clearly visible in the a posteriori results.
Indeed, the non-homogeneous contributions to the energy equation vanish in Fourier space. Therefore, the impact
of the resolved model, which introduces some local non-homogenity contributions, may only be visible in stationary
non-homogeneous turbulence or in homogeneous turbulence but only locally. Thus, the PDF's of the energy transfer
T¢ from resolved to subfilter scales are now analyzed for the different models to describe the local properties of the
simulated turbulence.

These probability distribution functions of T sampled in space and time over 24 turnover times are presented with
linear axes in figure 11a and with logarithmic axes in figure 11b. As observed with the highly negatively skewed
PDF with small tails, the Smagorinsky model alone produces mainly dissipation similarly to the previous a priori
results meaning that energy is extracted from resolved scales and that the rare energetic transfer events are not well
predicted. The increment model (26) and our model combined with the Smagorinsky model improve significantly the
results by introducing rare energy transfer events (large backscatter and dissipative events) as observed with the near
superposition of the PDFs of T for these simulations and the exact results computed from DNS. The PDF for the
scale similarity model in a mixed configuration (6) is sligltly improved as compared to the one with Smagorinksy model
alone but remains far from the DNS. As the coefficient C3 in the scale similarity model (6) affects the results, larger
values were also tested. With a larger coefficient, the tails of the PDF widen but their shape remains comparable to
the results presented with C3 = 1, while affecting significantly the energy spectrum described previously. Therefore,
contrary to the conclusions on energy spectra where the results do not depend significantly on the model (whether
model (26) of [2], scale similarity model (6) or the resolved part of our model), the space-local behaviour of the different
simulations are significantly affected by these models. Indeed, the physics of the energy transfer, between filtered
and residual scales, happening locally in the simulations with the increment model (26) combined with Smagorinsky
or with our model is different to the physics present in the simulation with the Smagorinsky model alone. These
models capture the local non-homogeneity of the flow with large energy transfers between filtered and residual scales
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(a) Linear scales (b) Logarithmic scales

FIG. 11: PDF of T' = fuﬁgzj during large eddy simulation with different models. In blue: a priori results from
J

DNS, yellow: Smagorinsky model, purple: structure model in a mixed configuration, green: scale similarity model in
a mixed configuration (7), light blue: our model in a mixed configuration.

both positive and negative which do not seem to affect significantly global homogeneous quantities such as the energy
spectrum in periodic/homogeneous turbulence. From this analysis, the increment model and our model, in mixed
configurations, reproduce better the energy exchanged between filtered scales and residual scales compared to the
simulations with Smagorinsky model alone and scale similarity model in a mixed configuration. The low performance
of the scale similarity model in the a posteriori analysis is unexpected given the very good results obtained from the
a priori analysis. These results may be improved with a dynamic method or by changing the explicit filter (7) in (7).
Our model, which is derived with simple approximations from exact two-points equations has therefore some rather
good performances even compared to existing LES model commonly used.

The increment model (26) is found to affect global quantities such as mean flow or velocity RMS in non-homogeneous
flows as observed in channel flows in [2] and the other variants of this model in [42] and [14]. Therefore, our model
is to be tested in non-homogeneous turbulence in future work to see if the physics of local energy transfers between
resolved and filtered scales, captured both a priori and a posteriori, improve the predictions of global quantities in
LES of strongly non-homogeneous turbulent flows.

V. CONCLUSION

The small-scale Karman-Howarth-Monin-Hill two-point equation [28] and large scale Germano equation [1] are
used to develop turbulence physical knowledge and understanding. This mathematically exact framework allows the
analysis of the turbulent energy cascade in non-homogeneous turbulent flows.

A new LES model is proposed based on approximations of the exact subfilter stress formulation (24) obtained by
Germano [22]. This model is designed and tested as a proof of concept that new LES models can be derived as
approximations of the exact two-point Germano equation.

Knowledge about the small-scale interscale energy transfer rate [33] and the large-scale interscale energy transfer
rate [1] is used to justify the expected behavior of the LES model. LES models should reproduce the large fluctuations,
including both forward and backward energy transfers, of the small- and the large-scale interscale energy transfer rates.
A mixed model is proposed with a resolved part able to capture these fluctuations combined with a conventional
dissipation model. A priori analysis of the resolved part of our model is carried out in a forced Taylor-Green flow
and compared with the a priori analysis of the Smagorinsky model and the increment model [2] used in a mixed
configuration as in [14]. Rather good correlation with DNS of local energy transfers between filtered and residual
scales is obtained with the resolved part of our model. Particularly, backscatter events are well predicted which is not

the case with turbulent viscosity models. The correlation of the exact rate of energy exchange T¢ = —u; g;"?' with the
J
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modelled one is better with the resolved part of our model than with the model of [2] but not as good as for the scale
similarity model. However, our model is encouraging because it is derived from very crude approximations applied to
exact equations and returns rather good results. This paves the way for future improvements of our approximations.

In a posteriori simulations, the resolved part of our model under-predicts the mean dissipation. This result was
anticipated during the formulation of the model and this is why the resolved part is combined with a turbulent viscosity
model in a mixed model configuration. This mixed model captures well, a posteriori, the probability distribution
function of the local energy transfers between filtered and residual scales, and particularly backscatter events. The
energy transfer characteristics of our model are comparable to those of the increment model [2] used in a mixed
configuration as in [14] and even better than those of the scale similarity model in a mixed configuration. However,
our model’s good prediction of local energy transfers is not enough to ensure proper spatially averaged quantities such
as the energy spectrum which is shown to be mostly determined by the dissipative model.

Future detailed assessments of our model as it currently stands or with improvements in the approximations leading
to it must cover several other flow configurations. Our model can be expected to deliver enhanced performance in
non-homogeneous turbulence and especially in regions of the flow where mean backscatter is present such as regions
with high mean flow gradients, for example in turbulent channel flow as in [14]. The model should also be tested at
higher Reynolds numbers to assess the Reynolds dependence of the resolved part of our model.
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Appendix A: Galilean invariance

In this appendix section, the resolved part of the model is shown to be Galilean invariant. The resolved term
has the same form as the exact term (du.V,)ux in equation (11) once integrated in scale space. Therefore, the
invariance properties of the Navier-Stokes equation are expected to be also applicable for the resolved term. However,
the Galilean invariance property of our model is derived for clarity. Note that the Smagorinsky model is Galilean
invariant [48].

Introducing a new reference frame moving at a constant velocity U compared to our previous reference system:
t'=t, &' =x— Ut and v = u — U the resolved part gﬁﬂw:A(ﬂXi(w, r)du(x,r)).nd*r of the model (42) must be
evaluated in this new frame using

du(z',r' V') = du(x — Ut,r,1) Al
{ux(w’,r’,t’):ux(:c—Ut,r,t)—U (AD)

Using (A1) and the property that V,..0w = 0 so that the closed surface integral of dw vanishes, the resolved part
of the model can be written as follows in the reference frame moving with velocity U relative to the original frame.

§£ (wxi(x', v, t)ou(x', v t').nd*
[7loo=A

= ng | :A(ﬂxl-(a: —Ut,r, t)ou(x — Ut,r,t)).nd*r — U, o ou(x — Ut,r,t).nd*r (A2)

= ?{ (ixi(x — Ut,r,t)du(x — Ut,r t)).nd*r
[r|co=A
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Therefore, the resolved model is Galilean invariant as expected.
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