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Abstract. We introduce a new biharmonic Steklov problem on differential
forms with Dirichlet-type boundary conditions and show that it is elliptic.
We prove the existence of a discrete spectrum for this problem and give
variational characterizations for eigenvalues associated to it. We establish
eigenvalue estimates known as Kuttler-Sigillito inequalities, that connect
the eigenvalues of different problems on differential forms with curvature
quantities on the manifold.

Mathematics Subject Classification (2020): 35A15, 35G15, 35J40, 35P15, 53C21, 58C40, 58J32,
58J50

Keywords: Riemannian manifolds with boundary, biharmonic Steklov operator, discrete spectrum,
eigenvalue estimates

1 Introduction

On planar domains, J. Kuttler and V. Sigillito [12, 13] established in 1968 a series of inequali-
ties relating the eigenvalues of the membrane problems (both Dirichlet and Neumann Laplacian
eigenvalues), the biharmonic Steklov problems, and the classical Steklov problem. More recently,
Hassannezhad and Siffert [10] extended some of these results to compact Riemannian manifolds
with C? boundary. In [1], we have lately extended to differential forms Kuttler-Sigillito inequalities
that do not involve curvature.

Let (M™,g) be a compact Riemannian manifold with a smooth boundary and let v be the inward
unit normal along the boundary OM. Recall that the scalar biharmonic Steklov problem with

Dirichlet boundary conditions (BSD) [7, 10, 13, 16] is defined as:
A%y =0 on M
u=0 on OM

Au—qd,u=0 on JdM,
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and the scalar biharmonic Steklov problem with Neumann boundary conditions (BSN) [10, 13] is:

A%y =0 on M
O,u =0 on OM
Oy(Au) —lu =0 on OM,
where u is a smooth function on M, and A is the positive scalar Laplacian operator. In both

problems, the real numbers ¢ and ¢ are the eigenvalues of the operator.

We denote by Mg, fik, 0k, qr and £ the k™ eigenvalues associated with scalar eigenfunctions for
the Dirichlet, Neumann, Steklov, BSD and BSN problems, respectively

We recall some of Kuttler-Sigillito inequalities.

Theorem 1.1. [/0, Theorem 1.1] Let (M",g) be a compact Riemannian manifold of dimension
n > 2 with a C? boundary. For all integer k > 1, we have:

pror <Ll and prox <l

The theorem was proven in [13] for £ = 1. On the other hand, we have the following:

Theorem 1.2. /13, Table 1] On a bounded domain M of the plane with piecewise C* boundary
OM, the following inequalities hold:

(l) QIO—% S Kl;
(i) pyt < A7+ (9151)7%,

(iii) pyt <A+ (@on)
We recall the definition of a star-shaped manifold:

e A domain U C R" is said to be star-shaped with respect to a point xg if for every x € U, the
line segment connecting xy to = is entirely contained in U.

e A manifold M with C? boundary is said to be star-shaped with respect to xo € M if there
exists a star-shaped domain 2 C R" ~ T, M with respect to 0, such that the exponential
map exp,, is defined on €2 and exp,, : 2 — M is a diffeomorphism.

Let us fix zg € M and assume that M is star-shaped with respect to xg, we define the following

notation: dg, : M — [0,00); y +— dy,(y) := d(x0,y) that is the Riemannian distance induced by the

metric g, pao(¥) = 2duo(¥)% Tmax = max deo (y) = max dzo (y). We also denote by h: OM — R
ye ye

the map given by

h = (=Vpg,, V), hmax i= gg})\(/l(—szo, v, Pmin 1= yrgénM<_va°’ v). (1)

In particular, this implies (Vpy,(x), v(x)) > 0 for all z € OM.

Theorem 1.3. [/0, Theorem 1.3] Let (M™,g) be a compact Riemannian manifold whose Ricci
curvature Ricy satisfies Ricg > (n — 1)k, for k € R. Assume that M is star shaped with respect to
xo € M, then we have

R
o1 > min 1

21—
2Tmaxﬂ12 + Cy

where Cy := Co(n, Ky Tmagz) @S a positive constant depending only on n, k and Tmaz.



When M is a domain in R? the constant becomes Cy = 2 and this was previously shown in inequality
(VIII) of [13]. The following theorem generalizes the inequalities (V) and (VI) of [13].

Theorem 1.4. [10, Theorem 1.4] Let (M™, g) be a compact Riemannian manifold whose sectional
curvature K, satisfies k1 < Ky < Kka. Moreover, assume that there exists xo € M such that M
s star shaped with respect to xog and the cut locus of xo in M is the empty set. Then there exist
positive constants C; := C;(n, K1, K2, Tmax), © = 1,2 such that

1 > Sum

- hmax

4rr2nax q]% —2C2 hminqk

2. M <

hmin

Here, m is the multiplicity of \x.

In the same spirit of [!] where we have extended Theorem 1.1 and Theorem 1.2 to differential
forms, we establish in this paper estimates that generalize the curvature-dependent inequalities of
Theorem 1.3 and Theorem 1.4.

We denote by d the exterior differential operator and by ¢ its L2 —adjoint. We also let ¢ : OM — M
the inclusion map, and 1 the interior product (see Section 2.1). Now, we recall the biharmonic
Steklov problem with Dirichlet-type conditions (BSD1) which has been extended to differential
forms by F. El Chami, N. Ginoux, G. Habib, and O. Makhoul in [5]. For a compact Riemannian
manifold (M", g) with smooth boundary dM, the boundary problem

A2w=0 on M
=0 M

(BSD1){ "~ on 0 2)
viAw+qrdw =0 on dM

Aw—quidw =0 on OM,

on p-forms, p € {0,...,n} has a discrete spectrum consisting of an unbounded monotonously
nondecreasing sequence of positive eigenvalues of finite multiplicities (¢;p);>1-

Theorem 1.5. [5, Theorem 2.6] The first eigenvalue qi, of (2) can be characterized as follows:

Awl|?
qp = in 5 | HLQ(A;[) 5 |lwe QP(M), w,,, =0 and V,w # 0 (3)
”V—‘dWHL2(aM) + HL 50‘)HL2(8M)
”WH%z(aM)
inf ”27|w€Qp(M)\{O}, Aw=0onM ;. (4)
lzaar)

Both infima are indeed minima: (3) is attained by an eigenform of (2), associated to ¢, and (4) is
attained by Aw, where w is an eigenform of (2), associated to g p.

In Section 4 of this paper, we introduce a new BSD problem as follows

A2 =0 on M
=0 oM
(BSD2){ "~ o
dw =20 on OM

Aw—quidw =0 on IM,

that we call BSD2.

Of particular note, the (BSN) problem for p-differential forms is generalized in [!]. We have
studied three different BSN problems, each of which has a discrete spectrum consisting of an



unbounded, non-decreasing sequence of positive real eigenvalues with finite multiplicities. These
problems (BSN1),(BSN2) and (BSN3) respectively are as follows:

A’w=0 on M A?2w=0 on M A2w=0 on M

vaw=20 on OM vaw=20 on OM vaw=20 on OM
vidw =0 on M vidw =0 on OM and vidw =10 on OM
vViAw+0* 0w =0 on IM ow=0 on OM viAw=20 on OM
viAdw+0*w =0 on M viAdw+1t* w =0 on M viAdw+L*w =0 on M.

Notation 1.6. [//, Paragraph 2] We recall the Bochner formula: On differential forms, we have
A=V'V+wh

where WP is the curvature term, which is a self-adjoint endomorphism acting on p-forms.

We also recall that the shape operator S acting on T(OM) is defined by S(X) = —Vxv for all x € OM,
XeT,OM.

It is extended to all o € QP(OM) by

(SPla)(Xy,..., Xp) =Y a(Xy,...,8(X),..., Xp).

i=1
We denote by Ak.p, fkps Ok.ps Gkp and qi, the k" eigenvalues for differential forms for arbitrary degree p
of the following problems, respectively: Dirichlet, Neumann, Steklov, BSD1 and BSD2.

The following generalizations of Theorem 1.3 and Theorem 1.4 are the main results of this note. Recall that
hmin and hpyax have been defined in (1).

Theorem 1.7. Let (M™,g) be a compact Riemannian manifold with a smooth boundary OM. Assume that
M ‘is star-shaped with respect to xo and that its Ricci curvature satisfies Ricg > (n — 1)k where k € R,
wiel > 0, and Sl > 0. Then for p > 1, we have

%hminMLp

1 .
Fmaxhi, + 5 max(1l + duy . Hy 0 day)

(5)

O'LP >

Theorem 1.8. Let (M™,g) be a compact Riemannian manifold with a smooth boundary OM. Assume that
M s star-shaped with respect to xo and that ky < Ky < ko where K, is the sectional curvature, then for all
keN,p>1, g € M there exists a constant Cy = Ca(p,n, k1, k2) such that:

4q%ﬁ,prr2nax + 2qk,phminC2
h? ’

min

/\k,p <

(6)

Extending the proof of the first inequality of Theorem 1.4 yields a negative constant Cy for p > 1. However,
the expected result would be as follows:

Conjecture 1.9. Let (M™,g) be a compact Riemannian manifold, whose sectional curvature K, satisfies
k1 < Ky < ko, Assume that M is star-shaped with respect to xg € M then, for all k € N, p > 1, there ewists
a constant Cy = C1(p,n, k1, k2) > 0 such that:

C’1(]m s
)\k,pz — +]klp . (7)

Here my, is the multiplicity of Aip.

This inequality could be of interest when m is sufficiently large compared with k. To show inequality (5), we
need the variational characterizations for the eigenvalues of the Steklov and Neumann problems on differential
forms, see Section 2.2. For inequality (6), we use the variational characterizations of the Dirichlet problem
(see Section 2.2) and the new biharmonic Steklov problem with Dirichlet boundary conditions (BSD2). It is
not clear whether an analogue of (6) holds for (BSD1).



Remark: We are currently studying the spectrum of the Neumann, BSN and BSD problems on differential
forms on the unit ball, in order to check whether the inequalities established both in this paper and in [1]
are optimal.

Outline of the Article: In Section 2 of this paper, we recall some definitions and ingredients that we
use, such as integration by parts formulas and comparison theorems. In section Section 3 we establish the
Rellich identity for differential forms. In Section 4 we introduce the new biharmonic Steklov problem with
Dirichlet boundary conditions on differential forms. Finally, in section Section 5, we show Theorem 1.7 and
Theorem 1.8.

Acknowledgment: I would like to thank my PhD supervisors, Nicolas Ginoux, Georges Habib and Samuel
Tapie, for their help, support, and the valuable discussions we have had. I am also thankful to Fida El
Chami and Georges Habib for providing me with the generalized Rellich identity for differential forms (22)
(an important tool to establish the eigenvalue estimates we want), which they had previously developed in
an unpublished work [(]. I also acknowledge the support of the Grant ANR-24-CE40-0702 ORBISCAR.

2 Preliminaries

In this section, we provide some results and tools that are used in our work. The results of Section 2.1 and
Section 2.2 are already in [1].

2.1 Review on differential forms

For differential forms, we denote by (.,.) the natural inner product induced by the Riemannian metric and
by dpg the Riemannian volume form. We define (w,w’) := [}, {w,w)dpy. The codifferential operator d, is the
formal adjoint of the exterior derivative d, i.e., for all a € QP(M) and 3 € QP+ (M) with support in M\ dM,
we have (da, 8) = («, 63). Throughout this paper, we identify the tangent space T'M with its cotangent space
T*M via the musical isomorphism. That is, for a vector field X, we denote by X° = g(X, ) the corresponding
I-form. Given a local orthonormal basis (e;)?_;, we have the local expressions of d = . €’ A V., and
d = —> ,€1V,,, see for instance [%, Proposition 2.61]. The Hodge-de-Rham Laplacian is the operator A
acting on QP (M), defined by
A =dé+ dd.

We recall the following integration by parts formulas that are essential in our work:
Proposition 2.1. For w € QP(M) and o' € QPY1(M), we have
/ (dw,w")dpugy :/ (w,dw")dp, —/ (Fw,vaw)dpug. (8)
M M oM
For all w,w' € QP (M) we have
/ (Aw,w')dp, = / (dw,dw") dugy —|—/ (bw,dw') dugy
M M M

9)
+/ (vadw, " ') dug—/ (LOw,vaw'y duyg.
oM oM

Identity (8) is shown in [18, p.182]. It implies (9), as shown in [4, Equation 30] and [18, p.421]. In particular,
for any w,w’ € QP(M), we deduce [18, p.182]

/M ((A w,w') — <w7Aw’>)dﬂg

(10)
:/ ((l/de, W) = (Cwvadw’y + (vow, fdw') — (FSw, v w'))d,ug.
oM

Replacing w with Aw in (10), we obtain:

/<A2w,w'>dug:/ (Aw, Aw')dpug,
M M

(1)
—|—/ <<I/_ldAw, FWy = (CAw,vadw'y + (oA w, e W'y — (FFAw, vl w'))d,ug.
oM

5



In addition, for w =’ in (9), we deduce the following formula:
/ (Aw,w)dpy = / (Jdw]* + [ w|?) dpg —|—/ (vadw, " w) dpg
M M oM
(12)
—/ ("Ow,vaw) dpg.
oM

Note that, in [18], the identities are given using w on the boundary rather than :* w, as we do in this paper.
This difference is because the normal component is always zero in our three BSN problems.

2.2 Boundary problems and variational characterizations
In this section, we recall the classical boundary problems and present the variational characterizations of
their eigenvalues.

Definition 2.2. Let (M™, g) be a compact connected Riemannian manifold with boundary OM . The Dirichlet
problem acting on differential forms is defined as follows:

{Aw:)\w on M (13)

w=20 on OM,
where A € R. The Neumann problem for differential forms (with absolute boundary conditions) is defined by

Aw=pw onM
viw=20 on OM (14)
vidw=0 onJdM,

where p € R.

The spectrum of the Laplacian for the Dirichlet and Neumann problems on forms is discrete, consisting
respectively of eigenvalues (see [9])

0<>‘1,p§)‘2,p§"' and Ogﬂl’pgﬂz’pg....
Given any p-form w on the boundary, it is shown in [15] that there exists a unique p-form & on M solving
the following problem:
Ao=0 on M
O =w ondM (15)

vow=0 on oM.

The differential form @ is called the tangential harmonic extension of w.

The kernel of the Dirichlet problem is trivial, while the kernels of the Neumann and Steklov problems are
given by the absolute de Rham cohomology

HY (M) ={we QM) |dw=00on M, dw=0o0n M, viw=0ondM}. (16)

Definition 2.3. The Steklov operator TP : AP(OM) — AP(OM) is defined by TP (w) = —vdd.

It is proved in [15, Section 2], that the operator T is an elliptic, self-adjoint and pseudodifferential operator
with a discrete spectrum consisting of eigenvalues

0<01p<02p <.

We provide some of the variational characterizations of the eigenvalues of the previous problems on differential
forms, derived from the min-max principle (see [2, Chapter 1]), that we will use later on. Several of these
expressions can also be found in [4, 9, 11, 15]. The proofs primarily follow the same lines as those used for
the scalar case and we omit them here.

Let us set Hy (M) := {w € H*(M) | vaw = 0} and recall that the absolute de Rham cohomology of order
p, HY (M) is given by (16).



Proposition 2.4. The k" eigenvalue Aip of the problem (13) is given by

ldwll72(ary + 10 wlF2an

Aep =  inf sup (17)
P veni () otwev ||W||2La(M)
dim(V)=Fk
A w7
= inf sup 5 L (M) 5 . (18)
VCH?(M)NH (M) o;éVweVHdWHy(M) + ||5w”L2(JM)
dim(V)=k
In addition, the first non-zero eigenvalue p11, of the problem (14) is given by
ldwl[F2(ap) + 1wl
j1p = inf L2 LD | we HY (M) and w Loy HY(M) b . (19)
||W||L2(M)
Its k™ non-zero eigenvalue Hk,p @5 given by
ldwlZ2(ary + 0 wl7a
Hkp = inf sup LA (M) 5 LA(M) (20)
VCHy (M) 0#weV Hw”m(M)
dim(V)=k+dim H (M)
Moreover, the first non-zero eigenvalue of the Steklov problem on differential forms is given by
ldwl[F2(ar) + 10wl
o1, = in L2 LD | e HY (M) and w L 290 HS(M) } . (21)
||W||L2(3M)

2.3 Comparison theorems

Below are the comparison theorems for the Laplacian and the Hessian that will be used to prove the inequal-
ities stated in Theorem 1.7 and Theorem 1.8.

Definition 2.5. [10, Section 2.2] For all k € R, we denote by H,, : [0,00) — R the function that satisfies
the following Riccati differential equation

H' + H?>+rx =0, with 1im%(r1):1.

r—0 n —

Actually, we have
(n —1)y/kcot(y/kr) if K > 0,
Hy(r) = q =2 if k=0,

(n —1)/|k| coth(+/|x|r) if kK <O.
We denote by A A B := min{A, B} and AV B := max{A, B}, for A,B € R. The following theorems are
stated in [3, Theorem 1.59 and 1.82] and [10, Theorem 2.1 and 2.2].

Theorem 2.6. Let (M",g) be a complete Riemannian manifold. Let ~ : [0, L] — M be a minimal geodesic
from a point xo on M, such that the intersection of its image with the cut-locus of xqy is empty. Suppose also
that k1 < Kg(X,v'(t)) < ko for all t € [0, L] and X € T,y M orthogonal to +'(t). Then:

1. The function dg, satisfies the following inequalities:

Hy, (1)

V2, (X, X) < (X X), vt e [0,L], X € (y/(t)" C T,u)M.
Vid,, (X, X) > Hm(t)g(X X) Vie |0,LA ———|, X e (Y () C TyyM
X0 ) = h_1 ) ) ) QW 5 Y ~(t) .

2. The function pg, satisfies the following estimates:

tH,, (t)

V20 (X, X) < (X X)), vt € [0,L], X € (/(t))" C T,uM.
tH,,(t) T
20 (X, X) > 2 (X, X t LA —] X "N € Ton M.
vpxo( ) )— n—1 g( ) )a v E[Oa /\QW]’ €<’7()> - y(t)



Theorem 2.7. Let (M™,g) be a complete Riemannian manifold. The distance function and the squared

distance function satisfy the following inequalities:

1. IfRicy > (n— 1)k, Kk € R, then, for all xg € M, we have

—Ady, (y) < Hi(deo(y) and  — Apey(y) < 1+ duy (y)-Hi(deo (y))-

2. Under the same assumptions as in Theorem 2.6, we have:
a) For allt €0, L],

“Adyy (1(8) € Hay () and = Dpug(4(8)) < 1+ tH,, (2).

b) Forallt e [07L A Nﬁ}’ we have

_Adl‘o (W(t)) 2 Hﬁz (t> and — pro (’Y(t)) > 1+ tHHz (t)

3 Rellich identity for differential forms

In this section we give the generalization of the Rellich identity for differential forms, which is a particular
expression of integration by parts. It was proven in [10, Section 3] in the case of functions on a compact

Riemannian manifold (M, g) with C? boundary.

Let (M™, g) be a compact manifold with smooth boundary M = X. Given a smooth vector field F on M,

we define a self-adjoint endomorphism T}f Vof QP (M) as follows (see [17]): if w is a p-form and X7, ...

are tangent vector fields, then

(Tg]W)(X1,..-,Xp) :Zw(Xl,...,VXkF,-~-,Xp)~
k=1

P
Lemma 3.1. [17, Lemma 2.1] Let w be a p-form and F a vector field on M. We have:
Lrw=Vrw-+ T}[,?]w,

where Lp is the Lie derivative in the direction of F'.

» Xp

We now state the Rellich (or Pohozaev) identity on differential forms. This formula expresses the Laplacian

of a differential form in terms of expressions of order at most 1.

Theorem 3.2. [6] Let (M"™,g) be a compact Riemannian manifold with smooth boundary OM and let

F: M — TM be a Lipschitz vector field on M. Then for every w € QP(M) we have

S (Bw, Fadwydpg + [y, (0w, FaAw)dpyg

1 . ok
= =5 Jong (el + 10w) (F,v)dpty + [y AF A i (0), v )ity + [y, (6% (Fodw), v odo)diy

1
+ Jour (7 (Fadw), vadw)dpy — 3 S (ldw]? + [6w|?) div Fdpg + [, (6w, dF sdw)dpg

—|—fM<TI[f+1]dw,dw>dug + fM<T}[f71]6w,5w>dug.

(22)

Proof. The proof is essentially based on the integration by parts formulas stated in Proposition 2.1. We



compute

/ (Aw, Fadw)dpg / (0dw, Fadw)dpg —|—/ (dow, Fadw)dpg
M M M

/ (dw, d(F sdw))dpg +/ (¢ (F adw), vadw)dp,
M oM

+/M(6w,5(Fde)>d,ug - /6M<L*((5UJ)7VJFJCZW>CZMQ

/(dw,ﬁp(dw))dug—i—/ (¢ (Fadw), vadw)dpg
M oM

+/M<5w,5(Fde)>d,ug - /8M<L*<6LU)7VJFJCZW>CZ/J,9

/(dw,Vpdw>dug—|—/ (dw,Tl[fH]dw)dug—l—/ (V*(Fadw), vadw)dp,

M M oM

+ / (600, 8(F sdeo))dpty — / (0% (0), Vo F o) dpy . (23)
M oM

We evaluate now the term [, (dw, Vpdw)dpug:

[ Fdef)an,

M

1 1
—5/ |dw|? div qug—§/ |dw|? (F, v)du,.
M oM

N =

/ (dw, Vpdw)dp, =
M

We recall now that for any vector field X and (e;)1<i<» an orthonormal frame we have

J(XJw) = 761‘Jv5i (XJ&J)
= —eiJ(veiX_lw + XJveiW)
= —€iJV6iXJw + X epveiw .
—_———

—dw

In our case we need 0(F_dw), which will be equal to —e; 'V, Fadw —F ,ddw. Now to compute the term
Jas (0w, 6(Fadw))dpg we use that

O(F adw) = dF sdw — F 10dw = dF 2dw — F1Aw + F adow,
where dF = )" | e; A V., F. By replacing this last equalities in (23), we obtain
fM (Aw, Fadw)dpy + [y, (0w, FaAw)dp,

1
3 Jons ldwl*(F,v)dpg — fM |dw|? div Fdpg + [, (dw, T[p+1 dw)dprg + [0 (0 (Fadw), vadw)dp,g
+ [y (0w, dFde Vg + [o, (0w, Faddw)dpg — [5,,(¢* (0w), vaF sdw)dpg. (24)

It remains to calculate the term [, (6w, Fuddw)djiy. We have

/M<6w,F_|d(5w>d,ug = /M<5w,£p(§w)>dug—/M<5w,d(FJ(5w)>dug
= /<5w7vp(5w>dug+/ <§w,T}§’_1]6w>dug+/ (U (Fabw), vadw)dpg
M M oM
1
/éF(|5w|2)dug /<6w TlP= 1§w>d,ug / (" (Fadw), vadw)dpg
M oM
1 1 _
5/ |5w|26Fd,ug—§/ |§w| (F,Z/)dug—&—/ (5w7T1£f’ 1}(5</J>d,ug—i—/ (" (Fadw), vadw)dpg
M aM M oM

1 1 _
—5/ \(5w|2dideug—§/ \(5w|2<F,1/>dug+/ <5w,TI[f uéw)dug—l—/ (¢ (Fadw), vadw)dpg.
M oM M oM

This last identity combined to (24) leads to the result. O



4 A new biharmonic Steklov problem with Dirichlet boundary
conditions on differential forms

In this section, we follow the same methods that are used for the study of the Steklov biharmonic problem
with Dirichlet-type boundary conditions as in [5]. These methods have also been used for other problems in

[1]-

In order to establish Inequality (6), we need a variational characterization of the BSD different from (3) and
(4). This characterization is needed to be of the following form:

. 1A w125 » *
qlﬁp:mf W| w e N (M), w|3M:O, LéWZOOHaMandvuw#o .
L2(OM)

To find a spectral problem with such a variational characterization, we compute the critical points of the
following functional:

A w||%2(M)
||V4dw‘|%2(aM)
that will be the eigenforms of the new problem that we denote by BSD2. Let the space

H%SDQ(M) ={we H*(M)|1*§w =0 on OM and wigm = 0}.

Qw) =

b

The form w is a critical point if and only if for all w’ € Hgpo(M) we have

1,0 Q(Aw,Aw')L2(M)||VdeH2Lz(8M) —2(1/_|dw7Vde’)Lz(aM)HAwH%Q(M) 0
wl(W ) = = U.
”VdeHi?(aM)

This implies that

(Aw, Aw) p2an [Vadwl|F2onr) = (Vadw, vadw) p2oan | Awl|7z(ar-

Hence, performing an integration by parts using (11) we get
IAwZs (0

(A% w,w") 2y — (" Aw,vadw) 2 onr) = W
L2(8M)

(vadw,vadw)r2on),
and thus,
||AWH%2(M)

(A2W,W/)L2 M) = —_—
G0 7\ vadwlZagonn

V_:dw—L*Aw,V_:dw'> . (25)
L2(OM)

Since wiaM = 0 and ¢*dw’ = 0, this implies that ¥4V, w’ = 0 and vodw’ = *(V, w’). Following the argument
n [1, p.37], we fix a positive € and define the set D, := {x € M | d(x,0M) > €}. We consider a test form
w’ vanishing on the set of points whose distance from the boundary is less than e. We have from (25) that

(A2w7w’)L2(M) = 0 for all w’, hence A2w = 0 on D.. Letting € tend to zero, we obtain that A2w = 0 on

M, thus the differential form vidw’ can take any value, so ‘Hdw‘%v dw = 1*Aw. We then conclude
L2(aM)
the following problem:
A2w =0 on M
=0 oM
(BSD2){“ o (26)
dw=20 on OM

CAw—quidw =0 on OM.

We follow the same steps as in [I] and evaluate the principal symbols of By w = wjgr, Bow = t*0w, and
Byw = 1*Aw, for v € T*M \ {0} and y(t) = e~ I"*(at + b) wo with a,b € R, wy € APT} M;pp;. We obtain:

0B, (—iv + 8t1/b> (y)(0) = bwo,
( zv—l—@tl/b) = —aviwg+|v|briwg+ibvi* wy,

033( w—i-atl/b) = 2alv| " wp .

10



Thus, we set the map
4
. +
oML, — PE;
j=1

y— ®(y)

given by
D(y) = (bwo, —aviwg +|v]|brawg +ibvi™ wo, 2alv|L* wg).

It is easy to check that @ is injective and thus is an isomorphism as the dimensions of the spaces is 2(;‘).
Thus, the problem (BSD2) is elliptic in the sense of Shapiro-Lopatinskij.

Now to show that the problem (BSD2) has a discrete spectrum of eigenvalues, we follow the same steps as
in [1, Section 3.1] and [5, Section 2.2]. We define the space

Zpspr = {w € QP(M) | A’w =0, wjon =0, and t*6w =0 on M }.

For w an eigenform and w’ € Zpspa, we easily obtain through integration by parts (11) that

/ (Aw,Aw)dpgy = q/ (vadw,vadw')dpu,.
M oM

Referring to the proof of [1, Section 3], we get the following theorem:

Theorem 4.1. Let (M™,g) be a compact Riemannian manifold with a smooth boundary OM. The following
problem:

A2w=0 on M

= M
w=20 on 0 (27)
ow=20 on OM

CAw—quidw=0 ondM,

for differential p-forms, has a discrete spectrum consisting of a non decreasing sequence of positive eigenvalues
of finite multiplicities, denoted by (Qip)i>1-

Thus, we have the following variational characterizations, whose proofs are identical to those of the variational
characterizations (3) treated in [I, Theorem 1.17] and [5, Theorem 2.6] :

. 1A wIIF2 a1 P *
ql’p:mf W ‘ w €N (]\4’)7 (.g)la]\/j:(), t"6w =0 on OM and V,,w#() . (28)
L2(OM)

For all k € N, the variational characterization of the k" eigenvalue of the BSD2 on differential forms is given
by:

. ||AW||2L2(M)
dkp = inf sup

MW d .12
VkCHJZBSD2(M) Wer\H%SDQ(M) ||V—IdeL2(5M)
dim(Vi/H% g po (M)NVy)=k

(29)

Lemma 4.2. Using the notations defined previously, we have the following inequality:

qk,p S qk,p-

Proof. First of all the quotient of qi , is bigger than the one of g; , as we omit from the denominator the
term |\L*5w||2L2(aM). In addition , the space where gy, is defined is smaller than the one of gy ,, and we
know that the infimum over the larger set is the smaller, which explains the order given for the variational
characterizations. O

5 Eigenvalue estimates

In this section, we establish Kuttler-Sigillito inequalities with geometric conditions on the curvature of the
manifold. We start by the following remark that will be used later on.

11



Lemma 5.1. Let w € QP(M) and X € x(M), then the following inequality holds:

IVxw| <|X]|-|Vw|.
Proof. Let {e;}1<j<n be an orthonormal frame of 7M. We compute

|VXUJ|2 = <X7€j> '<X76k>'<vej wavek w>

J 1

IN

NGRRANGE

=

(X, ei)] - [(Xser)] - [Ve; wl - [Ve, w

2

= [ DoKX e Ve,
j=1

< Z (X, e)? Z|V(;Jw|2
j=1

= |X]* [Vl

O

For the definitions of W*! and S! see Notation 1.6. Recall that o1,p is the first non-zero eigenvalue of the
Steklov operator, see Definition 2.3. The following theorem gives us Inequality (5).

Theorem 5.2. Let (M™, g) be a compact Riemannian manifold with smooth boundary OM. Assume that M
is star-shaped with respect to xo and that Ric, > (n — 1)k where k € R, Wkl >0 and S! > 0. Then, for
p > 1, we have the following inequality:

1
hmln
o1y > 2 tminf1p (30)

Tmax,ul ,p + maX( + dxo H © dlo)

Remark 5.3. We have particular cases, where the hypothesis of Theorem 5.2 can be reformulated as follows:

i. If p =1, the hypothesis of the theorem expresses into the following way: WP = Ricgy > 0, Sl =8 >0
and k > 0.

uw. If p=1, wiel = Ricy > 0, Sl > 0 and k < 0, the best lower bound to be used is with Hgy, so the
inequality becomes
%hminul,p

O1,p > T .
iy + hx(1 + oy Ho o dry)

Proof of Theorem 5.2. Let u € QP(M) be a 0y ,-eigenform such that u is L?(0M )-orthogonal to H (M) and
let w = proj (u) in HY(M)*. We use the following identity which follows from integration by parts:

L2 (M)

1 1 1
| 3Py~ [ (For VPl = 5 [ w0 Vou)
M M OM

and since X (3|w|?) = (Vx w,w), replacing X by Vp,, we get

1 1
/ 5Iw|2Aﬂmodug*/ (Vvp,, w,w)dpg = 5/ (w[* - Oy pay ity
M M oM

Using Theorem 2.7, we get

1

1
5 | Bty < [ (T, w0 diy g [ PO o o) diy
oM

1
/M(va w,w) ditg + 2max(1 +dyy Hy 0dy,) / |w|? dpg. (31)

12



Now, according to Lemma 5.1, we obtain [(Vy,, w,w)| <[Vps,|-|Vwl|-|w|. Notice that [Vpy,| = dz,. We
then compute using Holder inequality:

2 2
([ twsnwstdny) < ([ a9l lol duy)
M M
< [ wPduy [ & Vol
M M
< 2 2 2
< (mﬂgx dzo) (/MwI dug) (/MIVw dug)
e ([ i) ([ 9ay). (32)
M M

According to Reilly’s formula [14, Theorem 3|, and for vuw = 0, we have:

(/ |dw|? + |6w|2> dpg = / |V w|?dp, +/ Wl o wydu, +/ (S w), " wdpy.
M M M oM
Hence, for Sl >0 and WP > 0 we find

[ vl < [ (dwl + 160?) duy. (33)
M M

Plugging Equations (32) and (33) into (31), we get

1

1
1 1 2 2
3 [ hwloldy <=5 | |w|2a,pz0dug<rm(/ |w|2cmg) (/ (ldwf? + [5wP?) dug>
oM oM M M

1
+ —max(1l +d,,.H; o d, )/ w|?du
2 M 0 0 M‘ | 9

(19)
S i} /N (dewf* + [5w[?) dpg

1
+ —max(1l + dy,.Hy; 0 dwo)ﬂ;;/ (|[dw]? + 8 w|?) dpg
2 M P I
—1r 1 _
< (rmaxﬂlﬁ + 511’11\%X(1 + dwo'Hn o da:o):u’l,;})) /M (|dw‘2 + ‘6w|2) d:ug‘
Recall that u = w +ug with ug € HY (M) and w Lrz2(ar) uo, then

HWH%%@M) = [lu— U0||i2(aM) = ||UH%2(5M) + HUOH%Q(SM) =2 (u, uo)2001) = HU||2L2(8M). (34)
N—————’

0

Hence we find

1
7hmin/ |u‘2d,uf S hmln/ |W|2 dﬂg
2 oM oM

1
2
(rmaxul D + max(l + dwo H o dIo):u’l p) /M (|dw‘2 + ‘6(’0'2) d:ug

IN

Py + (14 doy B0 dn i) [l + 150
IR
= 017 Tmaxtly - + —max(1 4+ dy, . Hy 0 dyy ) 17 >/ |u|2dﬂ-
P( 1p 2 M 0 0/M1,p oM g

Thus, we deduce the following inequality:

1
§hminPJ1,p

T )
TmaxHi p, + %mﬁx(l + dyy-Hy 0 dy,)

O1p 2

13



Next, we show that this inequality is strict. Suppose that

1
§hmin H1p

T .
rmax,uf,p + %H}&X(l +dy, - Hy 0 dmo)

O1,p =

Then we have equalities in all the above inequalities, which leads to w = wu, resulting in a contradiction,
because u would simultaneously be a Steklov and a Neumann eigenform and therefore must be zero. Hence,
the inequality must be strict.

O

Corollary 5.4. If we let M to be a bounded domain in R™ with convexr smooth boundary OM. Then, for
p > 1, we have the following inequality:

1

Ly

o1y > 2t
rmax/’bf,p + %

This holds since Hy(r) = "T_l on R™. In particular, on the ball of radius r, the inequality becomes

Nl,p
2Tu1 ptn

O1,p >

Let us show Inequality (6) of Theorem 1.8.

Theorem 5.5. Let (M™, g) be a compact Riemannian manifold. Assume that M is star-shaped with respect
to g € M and that its sectional curvature K, satisfies k1 < Kg < ko. Then, for all k € N, p > 1, there
exists a constant Cy = Cy(p, n, k1, ko) such that:

4qk P max + 2q phmmc2
h2

min

Aip < (35)

Let (ej,);,. be a local eigenvector basis of V?p,,, such that V2p,, €;, = v, €j,. For p > 1, in order to bound
the term (TPl.).) appearing in the Rellich identity (22), we define

Bmin,p(y) == min Z%k and Bmax,p(y) := max Z’yjk

J1<<Jp J1<-<Jp

Lemma 5.6. Let (M™, g) be a compact Riemannian manifold. Assume that M is star-shaped with respect
to xg € M and that its sectional curvature K, satisfies k1 < Kq < ka. Then we get

min (Ao -Hicy (de,)) < By < —=max (dag-Hoy (dag))- (36)

n—1 M n —

Proof. We compute the following for F' = Vp,,:

P
(Tg TP w)(ejy,.--,e5,) :Zw €1y s e]._F,...,ejp)

k=1
P
= Zw(ejl,. VP00 (€0)s - €5,)
k=1
p
= Z%k wiej, ... ej5,)
k=1

Thus, we can write the following bounds using Theorem 2.6:

[p]
(Jlgng] Zm >|w|L2(M) <(TE w,w)(y) < <J1§1a§] Zm >|WL2<M> (37)

ﬁmin,p(y) Bmax,p(y)
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Proof of Theorem 5.5. Let w1,...,wr, € H*(M) be Qip,...,qx p-eigenforms and Ej, = Span(wi,...,ws).
Thus for any w € Ej

(18) |Awl|?
NI X
wEEY Hd‘*}” 2(M) + H(SWH[E(M)
(29) HVJdW”H oM
< Qg,p Sup o)

wWEE ||dw||i2(M) + ||5W||2L2(M)

||V,,w||%2 (OM)

= q,p SUP (38)

weE) HdW” 2(M) + ||5w||L2 M)

We take F' = Vp,,, the Rellich identity (22) gives us

S (Aw, Foadw)dpg + [, (0w, FaAw)dp,

1
§faM (Jdw|? + [0w]*)(F,v)dpg + [, (F N i*(0w), vadw)dpg + [, (Fadw), vadw)dpg + [, (0 (F6w), vadw)dp,

fM (|dw]? + [6w|?) div Fdug + [, (6w, dF sdw)dpg + [, (T p+1]dw dw)dpg + [,,( T[p Usw ,ow)dpg. (39)

We first control the boundary terms:

1
ff/ (\dw|2+|5w|2)<F,u>dug+/ (F'Ni*(0w), vadw)dpg
2 Jom oM
A B
+/ <i*(Fde),Vde>d/Lg+/ (1" (Fadw), vadw)dpg .
oM oM
c D
A: Since w € Ej, we have vudw = *V,w and 6w = —viV,w = 0. Thus, ||V_|dw||%2(aM) =
V. WHL?(aM) We also have |dw|? = |vadw|? = [¢*(V, w)|?. Now by [15], we have vadw = —6(vaw),
hence,
Swl2 = vadwl? + | dw? = |—-0(vaw)? + | 0 w|? = vaV, w|? =
dwl” = 7+ [ ow]” = ]-4(, O )+ | 0 I = |

Thus, we finally get that A is equal to

1
3 | IV R, (40)

B: Since t*§ w = 0, then the term B vanishes.

C: We compute
C(Fadw) =(Fv)*(vadw) + ' Fa'dw = (F,v)(vadw) = (F,v)"(V,w).
This gives,
|t vy, = [ (F)l (9 0) Py
oM oM

:/ (F, 1/>(|Vyw\2 - |1/JV,,w|2)d,ug
oM —y

— [ EIT
oM
D: Since vudw = —§(vaw) = 0, the integral (D) vanishes.
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Combining the results and the fact that dF' = 0, (39) reduces to

1
—/ <Aw7Fde>d/1,g—/ <(§UJ,FJAW>CZ,U/Q+*/ (|dw|* + [0w|?) Apg, d,ug—i—/ <T1[f+1]dw,dw> dpg
M M M M

2
E F G
_ 1
—|—/ (Tl[ij 1]6w,6w>dug:—§/ IV, w*(F,v)dpu,.
M oM
G
Using the inequalities
[Faa| < |F[-|al and |F Aa| < |F|-|al, (41)

that are valid for any form «, we estimate the remaining integrals separately using Hoélder inequality and
taking ' = Vp,,. We begin with

E:
7/ <Aw,F4dw>dug—/ (0w, FuAw)dp,
M M
= —/ (Aw, Fadw + F A dw)dpg
M

< / |Aw| - |Fadw + F A dw|dpg
M

< (/ |Aw2dug> (/ (|Fadw + F A bdwl|?) dﬂg>
M M

< (/ |Aw2dug> / (|Fadw|® + |F A w|? 4 2 (Fadw, F A Sw))dpg
M M _—
0

Nl

N

1

(41) 3 3
< ( / |Aw|2dug) ( / (FQIde2+IF|2|5w|2)dug)
M M

< e ([ 18ay) ([ (G + o)y
M M
(29) 1 ) 3 ) , L
< af s ([ [usdny ) ([ (dl? + 100y
OM M

F: Using again Theorem 2.7, we find

1 1
3 [ Ol 4 1808y ity < =5 [ (o 4 80?1+ oy o () ity
M M

G: Using (37), we have

/<T}[,?+1]dW,dw>d,ugSﬁmax,p-l—l/ |dw|?dpu,
M M

and

/ <T#)71]6w75w>dug < Bmax,pfl/ |6W|2dﬂg
M M

thus
/ <T}[T?+1]dwa dw>d:u’g + / <T1[f_1]5w, 5W>d,ufg < max(ﬂmax,p—i-l; Bmax.p—l)
M M M ’

[ P+ 16,
M
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Therefore, by regrouping the terms we finally get,

N

1

1 1 2

,5/ IV, w2 (V pay, v)dpy < Qi ,"max (/ |VVW|2dug> (/ (|dw|? + 5w|2)dug>
oM oM M

1 .
+ (mﬂ;alx(ﬁmax,p-l-l; /Bmax,p—l) - 5(1 + mj\}ln(dwo-Hﬁz (dzo))))

x / (ldeol? + [8]?)dpg
M

(36) 1 , 3 , , 3
<l ([ (Tl ([ o+ 1wy,
oM M

p+1 1 )
(2 (o () = 504 i s (0) )

< [ (df? + 18P )y
M

This implies that

1 2 2
hmin/ IV, w|?du, < 24} T max (/ |V,,w2d,ug) (/ (Jdw|? + |5w|2)d,ug>
oM ’ oM M

2(p+1 .
N <(p)max (day - Hi, (dsy)) — (1 +mm(dm0.Hm(dm0)))) / (dl? + |86 ]?)dy-
n—1 M M M
Cy
Now let A? = IMJ("‘?C;{J‘Z:_T(QZ‘T)ZM . Dividing by [}, (|dw|*+ |6 w|?)dpg, we obtain the second-degree polynomial

in A : )
hmim-A2 - 2q]§’prmax-’4 - 02 < 0.

By calculating the discriminant and then the bigger root of this polynomial, we obtain that

3 2
(q]z’prmax + \/qk7prr2nax + hminC2>

2
A% < —
min
< 2qk,prr2nax + qu,prfnax + 2hminC’Q _ 4qk,p’r12nax + thinOZ
- hrznin B h12nin .

Replacing the result in (38), we finally get

4qi,pr12nax + 2qk:,phmin 02
h? '

min

Akp <

This completes the proof.

Remark 5.7. As g, goes to infinity when k goes to infinity, the upper bound in (42) is positive regardless
the sign of Cy. We know that the limit of rmaxH(Tmax) When rmax goes to zero is n — 1 hence for p > 51,
the limit of Cy when rmax goes to zero becomes 2(p+1) —n which is positive. The function rH(r) is constant
if K =0, increasing on [0,00) if K < 0, and decreasing on [0,00) if kK > 0.

Here are some values of Cy depending on the variation of the sign of k1 and Ko.

e k1 =kKe=0 etp>1: Cy=2(p+1)—n. This includes the case when M is a domain in R™.

2(p+1
® Ki S K2 S 0: C’2 = g)_l)rmaanl (Tmax) —n.

e 0< k) <kg :Co=2(p+1)— (1 + rmaxHr, (Tmax))-

® K1 S O S Ko ! C2 = 2Efj11)7ﬂmaan1 (Tmax) - (]- + Tmaleig (Tmax))-
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Remark 5.8. We tried to prove (7) using the same idea as in the proof of (6), applying the Rellich identity,
but at the end we obtain a negative constant Cy of the form

2(p—1) : 2p
@@= (1 " nl> el oo Hraldzo) = (1 1) relinx ) deo Huaday).

Using this technique, it seems that the first inequality of Theorem 1.4 could not be extended to differential
forms of degree p > 1.

References
[1] R. Abou Assali. Biharmonic Steklov problems with Neumann boundary conditions and spectral inequal-
ities on differential forms. Preprint, arXiv:2507.05049, 2025. Also available at HAL: hal-05133032v1.

[2] 1. Chavel. Eigenvalues in Riemannian geometry., volume 115 of Pure Appl. Math., Academic Press.
Academic Press, New York, NY, 1984.

[3] B. Chow, P. Lu, and L. Ni. Hamilton’s Ricci flow, volume 77 of Grad. Stud. Math. Providence, RI:
American Mathematical Society (AMS), 2006.

[4] F. El Chami, N. Ginoux, and G. Habib. New eigenvalue estimates involving Bessel functions. Publ.
Mat., Bare., 65(2):681-726, 2021.

[5] F.El Chami, N. Ginoux, G. Habib, and O. Makhoul. Biharmonic Steklov operator on differential forms.
Annales mathématiques Blaise Pascal, 31(2):189-237, 2024.

[6] F. El Chami and G. Habib. Rellich identity for differential forms. Private communication of an
unpublished work, 2022.

[7] A. Ferrero, F. Gazzola, and T. Weth. On a fourth order Steklov eigenvalue problem. Analysis, Miinchen,
25(4):315-332, 2005.

[8] S. Gallot, D. Hulin, and J. Lafontaine. Riemannian geometry. Universitext. Springer, Cham, 1987.

[9] P.-L. Guerini. ”Spectre du Laplacien agissant sur les p-formes différentielles des domaines euclidiens:
ensembles convexes et prescription. PhD thesis, Université de Savoie, 2001.

[10] A. Hassannezhad and A. Siffert. 4 note on Kuttler-Sigillito’s inequalities. Ann. Math. Qué., 44(1):125—
147, 2020.

[11] M. A. Karpukhin. The Steklov problem on differential forms. Can. J. Math., 71(2):417-435, 2019.
2] J. R. Kuttler. Remarks on a Stekloff eigenvalue problem. SIAM J. Numer. Anal., 9:1-5, 1972.

[13] J. R. Kuttler and V. G. Sigillito. Inequalities for membrane and Stekloff eigenvalues. J. Math. Anal.
Appl., 23:148-160, 1968.

[14] S. Raulot and A. Savo. A Reilly formula and eigenvalue estimates for differential forms. J. Geom.
Anal., 21(3):620-640, 2011.

[15] S. Raulot and A. Savo. On the first eigenvalue of the Dirichlet-to-Neumann operator on forms. J.
Funct. Anal., 262(3):889-914, 2012.

[16] S. Raulot and A. Savo. Sharp bounds for the first eigenvalue of a fourth-order Steklov problem. J. Geom.
Anal., 25(3):1602-1619, 2015.

[17] A. Savo. On the lowest eigenvalue of the Hodge Laplacian on compact, negatively curved domains. Ann.
Global Anal. Geom., 35(1):39-62, 2009.

[18] M. E. Taylor. Partial differential equations. I: Basic theory, volume 115 of Appl. Math. Sci. New York,
NY: Springer, 2nd ed. edition, 2011.

18



	Introduction
	Preliminaries
	Review on differential forms
	Boundary problems and variational characterizations
	Comparison theorems

	Rellich identity for differential forms
	A new biharmonic Steklov problem with Dirichlet boundary conditions on differential forms
	Eigenvalue estimates

