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 a b s t r a c t

Neutron irradiation of zirconium alloys leads to the formation of dislocation loops. Their interactions with gliding 
dislocations are responsible for hardening. Multi-scale numerical simulations of interactions between dislocations 
and loops are undertaken to predict the mechanical properties evolution of these materials due to irradiation and 
during post-irradiation annealing. The effect of loop size and density on the resulting hardening is systematically 
investigated using molecular dynamics simulations. Dislocation dynamics simulations, originally calibrated on 
molecular dynamics simulations, are used to extrapolate the results to larger loop and box sizes. It is shown that 
the larger the loop the higher the hardening. An analytical hardening model, originally based on dislocation and 
precipitate interactions, is proposed. It is able to reproduce very well the hardening induced by loops in a wide 
range of loop size and density.

1.  Introduction

Zirconium alloys are used as fuel cladding tubes for water-cooled 
nuclear reactors. During in-reactor operation, these materials are sub-
jected to fast neutron irradiation which induces significant changes in 
the mechanical properties such as hardening. At the microscopic scale, 
neutron irradiation creates a high density of small point defect clusters, 
in the form of dislocation loops, that act as obstacles against dislocation 
glide, thus explaining the hardening [1–5].

After in reactor use, the nuclear fuel assembly is stored in water and 
is eventually transported, in a dry cask, to a long-term storage facility or 
to a reprocessing plant. During transportation in dry environment the 
fuel rod temperature increases due to the residual power of the fuel. 
This leads to annealing of the cladding tubes made of zirconium alloys 
resulting in the recovery of the radiation induced hardening. At the mi-
croscopic scale, during annealing, the loop density decreases and the 
mean loop diameter increases [1,6–11].

In order to predict the hardening induced by irradiation and dur-
ing post-irradiation annealing it is important to develop an analytical 
physically based model that takes into account the evolution of both 
loop density and diameter. The best way to do this is to use atomistic 
simulations [12,13]. Atomistic simulations are however computation-
ally demanding and are limited to small box sizes. This means that only 
small loop sizes and high loop densities, due to the periodic boundary 
conditions used, are accessible to this technique. In order to assess the 
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hardening induced by low loop density and large loop size, a meso-
scale approach, using discrete dislocation dynamics (DD) simulations 
[14], can be employed to bridge the length scales. This atomistically-
informed multiscale approach should then enable the development of a 
reliable analytical physically based model.

For several decades, dislocation and loop interactions have been 
studied using Molecular Dynamics (MD) simulations for various metals 
with face centered cubic, body-centered cubic or hexagonal close packed 
(hcp) crystallographic structures [15–24]. The critical stress needed to 
overcome the obstacle was computed for specific configurations, with 
given loop size and density. It was shown that the strongest interaction 
is the interaction between a screw dislocation and a loop. This interac-
tion creates an helical turn on the dislocation which impedes dislocation 
glide. Overcoming this obstacle requires the closing of the helical turn.

In the case of zirconium, the easy slip system is the prismatic sys-
tem, with ⟨𝑎⟩ Burgers vector in the hcp lattice [25,26]. Furthermore, 
in zirconium, irradiation mostly creates loops with ⟨𝑎⟩ Burgers vector 
and habit planes close to the prismatic planes. Therefore the interaction 
which is largely responsible for the hardening is the interaction between 
a ⟨𝑎⟩ screw dislocation gliding in the prismatic plane and a loop with a 
⟨𝑎⟩ Burgers vector. This is precisely one of the interactions that has been 
studied by several authors using both MD [23] and DD [27] simulations.

Recently [24], a thorough work has been conducted to parameterize 
as accurately as possible a DD model on MD simulations for zirconium. 
Elasticity, dislocation line energy, dislocation mobility and cross-slip
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parameters were adjusted for a ⟨𝑎⟩ dislocation gliding in the prismatic 
plane. Dislocation-loop interactions, for only one loop size and one loop 
density (related to the box size) were then simulated by MD and suc-
cessfully reproduced by DD simulations.

In this paper, we have extended this previous work to determine the 
effect of loop size and density on the hardening. With this objective, we 
have undertaken a multi-scale study, using, first, extensive MD simula-
tions for many loop and box sizes. Then, using the adjusted DD model 
[24], DD simulations were conducted and compared to MD simulations. 
Once the DD model was validated, it has been used with confidence to 
extrapolate the results to larger loop sizes and lower loop densities. Fi-
nally, we have proposed an analytical model able to describe accurately 
the hardening induced by irradiation over a wide range of loop sizes 
and densities.

2.  Methods

Similar to our previous study [24], we have employed both MD and 
DD simulations. While the former are typically used to simulate atomic-
scale mechanisms over volumes on the order of tens of nanometers and 
timescales of a few nanoseconds, the latter are more commonly applied 
to volumes on the order of micrometers and timescales of milliseconds. 
The novelty of our study lies in comparing these two techniques at the 
same spatial and temporal scales.

2.1.  Molecular dynamics simulations

2.1.1.  General information
The open-source MD code LAMMPS [28] has been employed to per-

form MD simulations. The MA07#3 EAM inter-atomic potential devel-
oped by Mendelev and Ackland [29] was selected. All simulations were 
conducted at 300K using a time step of 5 fs. More details concerning the 
MD simulation procedure can be found in [24].

2.1.2.  MD simulation box
The simulation box used in this study is the same as the one used in 

[24]. The 𝐱̂, 𝐲̂ and 𝐳̂ unit-vectors of the orthogonal simulation box are 
respectively oriented along the Miller-Bravais directions [112̄0], [0001], 
and [11̄00], as shown in Fig. 1. The corresponding box sizes are respec-
tively 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧. Periodic boundary conditions are applied along the 
𝐱̂ and ̂𝐲 directions. The box is divided into three main regions along the ̂𝐳
direction: bottom (fixed), middle (mobile) and top with relative atomic 
positions kept fixed. As discussed in Section 2.1.4, this slicing is used to 
apply appropriate mechanical loading on the simulation box. The thick-
ness (𝑒) of the top and bottom regions is equal to 0.96 nm i.e. larger than 
the potential cutoff value of 0.76 nm. In this box a screw dislocation with 
a 13 [112̄0] Burgers vector and gliding in the (11̄00) prismatic plane is in-
troduced. Furthermore, a nearly square interstitial dislocation loop with 
the same Burgers vector 13 [112̄0] is also introduced in front of the dislo-
cation. The center of the square loop is located on the dislocation glide 
plane. The procedure to introduce both loop and dislocation is described 
in [24]. It should be pointed out that in the following study the Burgers 
vector of the loop is always the same. The interaction between the dis-
location and the loops with the two other ⟨𝑎⟩ Burgers vectors, that are 
different from the Burgers of the dislocation, are not considered. This is 
justified by the fact that for all three different configurations, the same 
helical turn is formed, resulting ultimately in the same interaction and 
thus same critical stress [24,30].

2.1.3.  Loop size and loop density
In this study, nearly-square loops have been introduced with a given 

number (𝑛 = 𝑚2) of self interstitial atoms (SIA), where 𝑚 is the number of 
SIAs along each side. The size of the loop in the basal plane is 𝑙basal = 𝑐

2𝑚

and the size of the loop in the prismatic plane is 𝑙prismatic =
𝑎
√

3
2 𝑚, where 

𝑎 and 𝑐 are the lattice parameters of the 𝛼-Zr (hcp) with 𝑎 = 0.323 nm and 

𝑐 = 0.5176 nm. Real loops being circular, we chose to define the equiva-
lent size 𝐷, as the diameter of a circle having the same area as the actual 
loop, therefore

𝐷 =
√

𝑎𝑐
√

3 × 𝑛
𝜋

Our calculation setup amounts to an infinite periodic row of pris-
matic loops with an inter-loop distance 𝐿𝑥 along the screw dislocation 
line through the use of periodic boundary conditions, which is obviously 
a simplification of actual configurations. It is nevertheless interesting to 
define the corresponding equivalent loop density 𝑁 (number of loops 
per unit volume) such that the average loop inter-spacing in the dislo-
cation glide plane (𝐿𝑥 = 1∕

√

𝑁𝐷) is equal to 𝐿𝑥. Using this definition, 
the loop density is equal to 𝑁 = 1∕(𝐷𝐿2

𝑥). The results obtained for a box 
size 𝐿𝑥 are then associated with the behaviour of the actual material 
with a loop density 𝑁 with diameter 𝐷 (Fig. 2), the different values of 
𝐿𝑥 and 𝐷 being chosen independently.

2.1.4.  Mechanical loading
Following previous similar studies (e.g. [12]), shear strain is applied 

at a constant rate 𝛾̇MD
𝑥𝑧 = 1 × 107 s−1 by assigning a constant velocity 

𝑣̂ = (𝛾̇MD
𝑥𝑧 𝐿′

𝑧, 0, 0) to the top regions, whereas atoms in the bottom re-
gion are held at fixed positions. Note that only the height 𝐿′

𝑧 = 𝐿𝑧 − 2𝑒
of the middle (mobile) region is considered. Hence, dislocations move 
at an average velocity given by equation:

𝑣 =
𝐿𝑦𝐿′

𝑧𝛾̇
MD
𝑥𝑧

𝑏
, (1)

where 𝑏 is the Burgers vector length of ⟨𝑎⟩ dislocations (𝑏 = 𝑎). This 
leads to a dislocation velocity equal to 29.8m s−1 as in the study done 
by Serra and Bacon [23].

2.2.  Dislocation dynamics simulations

2.2.1.  The DD code NUMODIS
Numerical DD simulations were performed using the code NUMODIS 

developed at CEA in collaboration with Grenoble INP, CNRS and INRIA. 
The dislocation lines are represented as a set of nodes connected by 
linear segments. A Burgers vector and a glide plane are attributed to 
each segment. Contrary to segment based codes [31,32], the nodes are 
free to move in the dislocation glide plane and are not attached to a 
discrete grid. The NUMODIS code bears some similarities with other 
codes such as the Karlsruhe code [33] or ParaDis [34,35]. More details 
on this numerical code can be found in [24].

2.2.2.  DD parameters
The DD code NUMODIS requires the introduction of several param-

eters, such as the lattice parameters, the isotropic elasticity coefficients, 
dislocation line energy and dislocation mobility coefficients. All these 
parameters have been deduced from MD simulations thanks to a thor-
ough study described in details in [24]. The cross-slip mechanism from 
basal to prismatic slip system has been taken into account by introduc-
ing a test angle 𝜃𝑑𝑒𝑡𝑒𝑐𝑡 between the dislocation segment and the screw 
orientation. During the simulation, the angle between the dislocation 
line in the basal plane and the screw direction is measured for each 
segment (𝜃). If this angle (𝜃) is below 𝜃𝑑𝑒𝑡𝑒𝑐𝑡, then segment is forced to 
align along the screw direction and is now able to glide in the prismatic 
plane. If the segment is not stable in the prismatic plane, cross-slip does 
not occur and the segment remains in the basal plane.

The discretization lengths (𝑙min = 0.6 nm and 𝑙max = 2.4 nm) were cho-
sen in order to ensure an adequate representation of the loop sides, while 
maintaining the minimal length above the Burgers vector length 𝑏. The 
time step chosen is equal to 1 × 10−5 ns.

Journal of Nuclear Materials 624 (2026) 156480 
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Fig. 1. Schematic representation of the two simulation boxes, (a) MD on the left and (b) DD on the right.

2.2.3.  DD simulation box and mechanical loading
The size of the simulation box is identical to the box used for MD 

simulation (see Fig. 1). Periodic boundary conditions are applied along 
the x and y directions, whereas along the z directions impenetrable sur-
faces are used. The loading is also consistent with the one applied to the 
MD box, even though the continuum-based framework of DD simula-
tions differs fundamentally from the discrete nature of MD simulations. 
As a matter of fact, in the absence of bottom and top regions in DD sim-
ulations, the applied shear rate (𝛾̇DD𝑥𝑧 ) had to be slightly rescaled with 
respect to MD simulations in order to ensure the same average disloca-
tion velocity 𝑣 = 29.8m s−1. It is therefore defined as:

𝛾̇DD𝑥𝑧 =
𝐿′
𝑧

𝐿𝑧
𝛾̇MD
𝑥𝑧 = 0.94 × 107 s−1 (2)

This velocity is low enough so that the resulting friction stress at 
steady state remains small, here 2.9MPa only, compared to the critical 
stress of the mechanism under investigation. The friction stress at steady 
state can be computed from 𝜏𝑥𝑧 = 𝐵P𝑣∕𝑏, where 𝐵P = 29.6 𝜇Pa.s is the 
friction coefficient for the dislocation mobility law in the prismatic plane 
[24].

Although most of the DD simulations were conducted with 
𝐿𝑦 = 36.7 nm and 𝐿𝑧 = 28 nm, as for MD simulations, these sizes had 
to be adapted to explore the case of large loop sizes (large 𝐷) or lower 
loop densities (large 𝐿𝑥). In these situations, the shear strain rate was 
also modified in order to keep the same dislocation velocity 𝑣, using the 
following formula :

𝛾̇DD𝑥𝑧 = 𝑣𝑏
𝐿𝑦𝐿𝑧

However, it must be pointed out that this is only true for the steady 
state regime. It can indeed be shown that for a single dislocation gliding 
in the box, there is a transient regime during the loading with constant 
shear strain rate, because of the elasto-visco-plastic response of the box. 
This transient regime can be expressed as:

𝜏𝑥𝑧(𝑡) =
𝛾̇DD𝑥𝑧 𝐵P𝐿𝑦𝐿𝑧

𝑏2

⎛

⎜

⎜

⎜

⎝

1 − 𝑒
−

𝑡𝜇𝑏2

𝐵P𝐿𝑦𝐿𝑧

⎞

⎟

⎟

⎟

⎠

The parameter 𝜇 is the shear modulus for the dislocations gliding in 
the prismatic and in the basal planes obtained by the procedure pro-
posed in [36]. It is equal to 𝜇=36.3GPa [24]. It can be noticed that the 
transient depends on the box dimensions. This shows that even though 
the dimensions of the box have been adapted to keep the same disloca-
tion velocity (at steady state), it is essential to compare the simulations 
with different box dimensions only when the steady state is reached. 
This is achieved for a simulation time higher than the characteristic time 

(𝐵P𝐿𝑦𝐿𝑧∕(𝜇𝑏2)). In our case, this characteristic time is equal to 0.008 ns
and the typical simulation time is 1.6 ns (see Fig. 4). The time step is 
chosen as 1 × 10−5 ns leading to 160,000 time steps for the complete 
simulation.

2.3.  Parametric study of the effect of loop size and loop density

The influence of the loop size, given by the number of SIAs (𝑛) or by 
the equivalent diameter 𝐷, has been systematically studied using MD 
simulation going from 4 SIAs (0.61 nm) up to 400 SIAs (6.07 nm). The 
effect of the box size 𝐿𝑥, which is related to the loop density, has also 
been systematically studied by MD simulation going from a box size of 
𝐿𝑥 = 27 nm to 𝐿𝑥 = 90 nm. These 45 configurations are shown on Fig. 2 
as blue filled triangles and orange filled squares.

The configurations depicted as orange filled squares have been re-
produced by DD simulations. Finally, other configurations with 𝐿𝑥 up to 
200 nm and 𝐷 up to 20 nm, shown as filled black circles, have been sim-
ulated to extrapolate to large loop size and lower loop density (Fig. 2).

After in-reactor operation, typical loop densities are found to be be-
tween 0.8 and 5 × 1022 m−3, with loop diameters ranging from 8 to 10 nm
[3]. A typical intermediate annealing leads to a loop density below 
5 × 1021 m−3 and loop diameter between 10 and 20 nm. For long-term 
and high-temperature annealing, the loop density is below 1 × 1021 m−3

with typical loop diameters close to and larger than 20 nm.

2.4.  Computation workflow

Similar to our previous study [24], special attention was given to 
build consistent configurations for both molecular dynamics and dislo-
cation dynamics simulations. As such, a dedicated workflow was built 
using AiiDA as the workflow manager [37]. This approach allows to re-
produce the entire simulation sequence, run the calculations on various 
computational platforms, reduce the risk of error and share the method 
with the scientific community. Specifically, the workflow is built from 
a unique set of input parameters for the DD simulation, automatically 
generating the corresponding MD simulation. Taking advantage of NU-
MODIS’s crystallographic tools, the initial atomic arrangement is then 
built by the DD code and passed to the LAMMPS code, therefore en-
suring consistency in terms of geometry, crystallography and boundary 
conditions. After a subsequent equilibration at 300K over a period of 
50 ps, the LAMMPS input script is automatically generated through the 
workflow based on the same initial NUMODIS script. Both MD and DD 
simulations are thereafter run on available computational facilities. The 
corresponding workflow has been made available as supplementary ma-
terial, It can be found on the DIAMOND website [38].
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Fig. 2. Representation of each simulated configuration in a 𝐿𝑥 - 𝐷 map. The orange squares represent the configurations that have been simulated by both DD and 
MD. The blue triangles are the configurations that have been simulated by MD only. The black circles are the configurations that have been simulated by DD only. 
The background colours indicate the associated loop density 𝑁 . Three isometric curves serve as a reference. The geometric limit (𝐷 = 15%𝐿𝑥) is plotted as a dotted 
line. The configuration presented in Fig. 3 and Fig. 4 is shown by the red arrow. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

3.  Results

3.1.  MD simulation results

3.1.1.  MD reference simulation
A reference MD simulation, with 𝐿𝑥 = 45 nm and 𝐷 = 3.65 nm (144 

SIA) is first described in details. The MD sequence is shown on Fig. 3. A 
common-neighbor analysis with a 3.9 Å cutoff has been used to identify 
atoms in the core of the dislocation and of the loop. This is shown as 
blue atoms on Fig. 3. The evolution of the resulting shear stress 𝜏𝑥𝑧 is 
plotted in Fig. 4. In addition, a schematic showing in more details the 
sequence, with detailed naming of the segments, is given in Fig. 5.

The screw dislocation glides in the prismatic plane and interacts with 
a loop that has the same Burgers vector as the dislocation. The applied 
strain rate (𝛾̇𝑥𝑧) first causes the screw dislocation 𝑃1 to move towards 
the loop (Fig. 3a). Due to the long-range attractive interaction between 
the dislocation and the loop, the dislocation glides faster than the steady 
state dislocation velocity, thus explaining the negative value of the shear 
stress (𝜏𝑥𝑧) (Fig. 4b). Then, the dislocation enters in contact with the 
loop on the closest basal segment 𝐵2, which is rapidly divided into two 
smaller basal segments (𝐵2), creating an helical turn (Fig. 3b and 5b). 
At that point, the stress stops decreasing (Fig. 4b). The basal segments 
and the prismatic segments, that constitute the helical turn, then move 
on their glide plane leading to the expansion of the helical turn on its 
glide cylinder, in order to decrease the line length and thus the total en-
ergy. The two small basal segments 𝐵2 then move away from the initial 
contact point on either sides, until they meet again due to the periodic 
boundary conditions (Fig. 5c). We note that the initial prismatic screw 
dislocation 𝑃1 completely disappears as the basal segments 𝐵2 merge 
again. (Fig. 3c and 5d). During these stages, the stress increases linearly 
(Fig. 4c).

The basal segment 𝐵1 of the loop, which was not divided by the 
dislocation, progressively tilts toward its screw configuration leading to 
its progressive elongation (Fig. 3c), under the combined effects of the 
helical turn expansion and of the applied stress on its prismatic neighbor 
segments 𝑃2 and 𝑃3 (Fig. 5c).

When this basal dislocation 𝐵1 is close enough to the screw orien-
tation, cross-slip occurs creating a new segment in the prismatic plane 
𝑃𝑋 (Fig. 3d and 5d). It should be noted that the prismatic segment 𝑃𝑋
that appears does not necessarily coincide with the gliding plane of the 
original screw dislocation.

Under the applied shear stress, the new prismatic segment 𝑃𝑋 bows 
out, pushing the two basal segments 𝐵1 sideways (Fig. 3d) and extends 
in both directions (Fig. 3e and 5e). The glide of the prismatic segment 
𝑃𝑋 leads to a discontinuity in the stress evolution (Fig. 4d’), because of 
the resulting plastic deformation. From this point onward, slight fluc-
tuations in the stress curve can be seen. These fluctuations arise from 
both the glide of the 𝑃𝑋 dislocation and the inherent stochastic nature 
of the MD simulation. The stress continues to increase until it reaches 
a critical value (Fig. 4e) at which the helical turn spontaneously closes, 
via an Orowan-like process, leading to a sharp drop in the stress evolu-
tion. This occurs by the merging of both sides of the 𝑃𝑋 segment due to 
periodic boundary conditions. The closure occurs exactly when the 𝑃𝑋
segment meets itself due to periodic boundary conditions and the two 
𝐵1 segments merge at points 𝛼1 and 𝛼2 (Fig. 5e). Finally, this leaves the 
original loop behind unchanged (Fig. 3f and 4f).

3.1.2.  Systematic analysis of all the interactions
The evolution of stress (𝜏𝑥𝑧) as function of the shear strain (𝛾𝑥𝑧) was 

recorded for all the MD simulations. Fig. 7 shows the loading curves for 
the smallest box size (27 nm) and for the largest box size (90 nm).

Concerning the box with length 𝐿𝑥 = 27 nm, the same stress evo-
lution as the one shown for the reference simulation on Fig. 4 is ob-
served for loops from 0.61 nm to 3.65 nm. However, for the three largest 
loops, from 4.56 nm to 6.07 nm, a linear behavior is observed without the 
slope discontinuity (Fig. 4d). A careful examination of the correspond-
ing atomistic configuration, reveals that cross-slip only occurs as the 
applied stress peaks shortly before the closing of the helical turn. The 
reason for this specific behavior can be explained by the large size of 
the loop as compared to the box size. As a matter of fact, at zero stress, 
the angle of the basal segment 𝐵1 with respect to the screw direction 
increases with the ratio 𝐷∕𝐿𝑥, therefore making cross-slip more diffi-
cult. An increase in the 𝐷∕𝐿𝑥 ratio corresponds to an increase in loop 
density or an increase in loop size. Concerning the box with 𝐿𝑥 = 90 nm, 
the same behaviour as the one seen for the reference simulation is also 
observed for small loops, with size between 0.61 nm to 1.83 nm. How-
ever, for loop size larger or equal than 2.43 nm a primary peak appears 
followed by a small stress drop, then followed by a new increase up to 
the maximum stress. On these last simulations, cross-slip occurs at low 
stress due to the small 𝐷∕𝐿𝑥 ratio. However, a detailed investigation 
shows that multiple cross-slip events can occur on the basal segment 𝐵1
leading to the formation of several new 𝑃𝑋 segments in different parallel 

Journal of Nuclear Materials 624 (2026) 156480 

4 



P. Noirot et al.

Fig. 3. Interaction between a screw dislocation gliding in its prismatic plane 
with a ⟨𝑎⟩ loop with the same Burgers vector. The MD simulation is shown by 
the small blue spheres while the DD simulation corresponds to the thick line. The 
lines in the prismatic plane are shown in red and the lines in the basal plane are 
shown in yellow. The arrows indicate the direction of the Burgers vector. The 
crystal orientation is shown by the small hexagonal prism. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

prismatic planes. At small and medium stress levels, the bowing of these 
new prismatic segments remains small, causing a competition with each 
other (Fig. 6a). As stress keeps increasing (combined with the effect of 
thermal fluctuations in MD simulations), one 𝑃𝑋 segment is eventually 
favoured at the expense of the others (Fig. 6b), causing the observed 
stress drop. From this point, the stress increases again, until it reaches 
the stress required to close the helical turn.

The maximum stress, or critical stress, values (𝜏𝑐 , shown as arrows 
on Fig. 7) for all box and loop sizes have been plotted on Fig. 8. It can be 
seen that a consistent trend is obtained for all the points except for the 
five configurations with the largest loop size and smallest box size. For 
these five points the maximum stress deviates from the trend observed. 
These five points correspond to the case where the limiting mechanism 
is cross-slip rather than the closing of the helical turn. These two mech-
anisms have clearly different evolution with box and loop sizes. As the 
aim of our study is to investigate the closing of the helical turn, we 
decided to exclude these five points from the following analysis.

Following the previous discussion, a geometrical criterion for the 
ratio between the loop size and box size, such as 𝐷∕𝐿𝑥 ≤ 15%, is pro-
posed to avoid this situation: below this value, the maximum stress cor-
responds to the closing of the helical turn as an Orowan-like process, 
while cross-slip is the limiting factor above this value. This criterion has 
been plotted as a dotted line on Fig. 2. Although the value taken here 
is specific to the material investigated, we expect that such criterion 
reflecting a geometrical effect exists in all materials.

The maximum stress values obtained from all MD simulations (with-
out the five excluded points) have also been plotted as a function of the 
box size 𝐿𝑥 on Fig. 9 as small filled circles. These maximum stresses al-
ways correspond to the closing of the helical turn. It can be seen that the 
larger the loop size, the higher the maximum stress. Furthermore, it is 
observed that the smaller the box size, the greater the maximum stress. 
This result is the expected size effect resulting from the bowing of the 
dislocation between pinning points. A detailed analysis is presented in 
the following.

3.2.  DD simulations results

3.2.1.  DD simulations of MD configurations
First, 25 configurations, previously simulated by MD, were repro-

duced by DD. The loop size ranged between 3.04 nm up to 6.07 nm and 
the box size ranged between 27 nm to 90 nm. The smallest loop sizes, 
from 0.61 nm to 2.43 nm, could not be reproduced by DD in order to keep 
a physical meaning for the length of the discretization segments. For 
each simulation, cross-slip occurs as in the MD simulations.

Although, there are some differences in the number of segments per-
forming cross-slip, because of the deterministic algorithm of DD simula-
tion, the overall dynamic is well reproduced. Fig. 3 shows for instance 
the detailed comparison between MD and DD simulation for a box size 
of 45 nm and loop size of 3.65 nm.

It is also interesting to note that the configurations with the smallest 
loops in the largest boxes (small 𝐷∕𝐿𝑥 ratio) show some slight differ-
ences compared to MD, on the intermediate steps of the process (Fig. 4c 
to d’) without any impact on the maximum stress value. In these DD 
simulations, the cross-slip occurs at low stress, but as the segment 𝑃𝑋
remains too small and does not not expand, the prismatic segment (𝑃1) 
is instead activated and allows the helical turn to close. This eventu-
ally leads to the same final process: a prismatic segment is progressively 
activated and closes the helical turn.

All the maximum stress values obtained by DD are plotted on Fig. 9 
as empty squares. It can be seen that a very good agreement is obtained 
between DD and MD values with a standard deviation of 4.8MPa and 
a Pearson correlation coefficient equal to 0.997. This shows that the 
DD simulations, with all the relevant ingredients introduced, are able to 
predict very well the MD simulations.

3.2.2.  DD simulations for extrapolation to larger size and larger box
DD simulations have then been used to predict the hardening for 

large loop size (𝐷), up to 20 nm, and large box size (𝐿𝑥), up to 200 nm. 26 
new configurations were then investigated, while making sure that the 
geometrical criterion was always satisfied. For these new configurations, 
the box size along 𝐿𝑦 was also increased and the shear strain rate was 
adapted accordingly. For instance, for a box size with 𝐿𝑦 = 60 nm, the 
applied shear strain rate is 0.57 × 107 s−1. All the maximum stresses are 
then recorded, making sure that the steady state is reached. These new 
values are shown on Fig. 9 as empty squares.

3.3.  Analytical hardening model

The critical stress required to overcome one obstacle as computed 
by MD or DD simulations is often interpreted within the classical line 
tension model:
𝜏𝑐 = 𝛼

𝜇𝑏
𝐿𝑥

where 𝛼 is the strength coefficient of the obstacle. As part of a multi-
scale approach, this strength coefficient can thereafter be transferred to 
mesoscopic models to compute the hardening of a random population 
of obstacle [39–43]. Such an analysis nevertheless fails as it does not 
capture the effect of the loop size 𝐷 on its strength.

Several authors have developed models to account for the size effect 
for a dislocation interacting with one precipitate through the Orowan 
process. In particular, Bacon, Kocks and Scattergood (BKS) [44] have 
proposed a model for spherical precipitates that heuristically accounts 
for the dislocation elastic self-interaction as it bends around this obsta-
cle. The diameter of the precipitate is therefore introduced in the critical 
stress through a logarithmic term:

𝜏BKS
𝑐 =

𝜇𝑏
2𝜋(1 − 𝜈P)𝐿

𝐴(𝑙𝑛( 𝐷̄
𝑏
) + 𝐵)

where 𝐿 = 𝐿𝑥 −𝐷 is the inner precipitate spacing and 𝐷̄ = (𝐷𝐿)∕(𝐷 +
𝐿) is the harmonic average of 𝐷 and 𝐿. A Poisson ratio 𝜈P=0.223 has 
been found for dislocations gliding in the prismatic plane [24]. It must 
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Fig. 4. Evolution of the stress over time during the MD simulation shown Fig. 3. Positions a) to f) correspond to the numbering in Fig. 3. 𝐿𝑥 corresponds to the box 
length and 𝐷 to the equivalent loop diameter. The number of associated SIA is recalled.

Fig. 5. Schematic showing the details of the interaction process with segment 
labels.

also be pointed out that in the original model, the parameter 𝐴 is equal 
to 1.

More recently, Szajewksi, Crone and Knap (SCK) [45] revisited this 
work on stronger theoretical ground, resulting in a similar equation for 
spherical precipitates. Their study also indicate that the precipitate ellip-
ticity contributes minimally to the critical stress, while the inner precip-
itate spacing (𝐿) and precipitate diameter (𝐷) play the most significant 
role.

Considering that the closing of an helical turn is similar to an Orowan 
process, the BKS model has been adjusted on our data, under the hypoth-
esis that the loop diameter 𝐷 is identical to the precipitate diameter. The 
two coefficients 𝐴 and 𝐵 of this model have been adjusted on all the 
values of the maximum stress deduced from MD simulations. It must be 
pointed out that this approach is similar to the work of Rodney [16] for 
the case of a screw dislocation interacting with a Frank loop in nickel. 
We found the following values 𝐴 = 1.23 and 𝐵 = 0.2, with a standard 
deviation of 4.2MPa and a Pearson correlation coefficient of 0.998.

Fig. 6. Competing effect of multiple cross-slip events on the basal part of the 
helical turn. (a) Several cross-slip events from the basal 𝐵1 line to different 𝑃𝑥
prismatic planes can occur simultaneously for large box sizes. The bowing out 
of each of this prismatic segment is therefore limited due to their mutual com-
petition. (b) Due to thermal fluctuations and under the applied stress, one of 
this 𝑃𝑥 segment eventually expands at the expense of the others.

The prediction of the model is plotted on Fig. 9 as continuous colored 
lines. This model is then compared to all the values obtained from DD 
simulations, yielding and a standard deviation of 4.5MPa and a Pearson 
correlation coefficient of 0.997. This shows that this simple analytical 
model can capture the hardening induced by small and large loops, as 
well as small and large loop interspacing.

4.  Discussion

The stress required to close an helical turn has been investigated for a 
wide variety of loop size 𝐷 and box size 𝐿𝑥 using a combination of MD 
and DD simulations. The formation of helical turn has been observed 
in previous studies using the same methods in a rather wide range of 
materials, including nickel [16], iron [19,20], UO2 [46] or zirconium 
[23]. The details of the interaction depend on the material as it involves 
the motion of a screw dislocation which can involve thermally activated 
glide or cross-slip events. A common feature of all these studies is that 
the critical stress for the closing of the helical turn is high and leads to 
significant hardening. An other feature is that the closing is similar to 
the Orowan process, and as such, is essentially an athermal mechanism.
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Fig. 7. Evolution of stress as a function of shear strain for each loop size and for two box sizes only, (a) 𝐿𝑥 = 27 nm (left) and (b) 𝐿𝑥 = 90 nm (right), in MD simulations. 
The maximum stresses are shown by arrows.

Fig. 8. Evolution of the maximum stress (𝜏𝑐) for each box size (𝐿𝑥) as a function of loop size (𝐷).

Our MD simulations have first shown that the stress required to close 
the helical turn decreases as the box size 𝐿𝑥 increases. This effect had 
been already reported by Rodney [16]. The critical stress 𝜏𝑐 evolves as 
the inverse of the box size. This can be easily explained by the increase 
of the critical curvature radius (𝑅) when 𝐿𝑥 increases leading to the 
decrease of the critical stress (𝜇𝑏∕𝑅) according to classical dislocation 
theory.

Our MD simulations have also shown that the stress required to close 
the helical turn decreases as the loop size 𝐷 decreases. Such a depen-
dency had been reported in nickel [16] and iron [19,20]. Our results 
suggest that it is similar to the Orowan process for precipitates. It can 
be explained by the attractive interaction between the two dislocation 
lines on each side of the helical turn, which increases as the loop size 
decreases. This interaction adds up to the Peach-Koehler force due to 
the applied stress, and therefore reducing the stress required to close 
the helical turn.

It is also noteworthy that helical turns form, expand and close 
for square loops as small as 16 SIA (𝐷 = 1.21 nm) or even 4 SIA 
(𝐷 = 0.61 nm). Despite these very small sizes, the interaction mecha-
nism described previously still occurs and the associated hardening, al-
though lower than for larger loops, is not negligible. This result may 
have important implications as irradiation induces very high densities 

of small point defect clusters which could significantly contribute to the 
macroscopic hardening.

Concerning DD simulations, the remarkable agreement with MD re-
sults demonstrates that the relevant parameters, including elasticity, 
line energy and cross-slip, have been accurately captured by our DD 
model. The main differences come from the stochastic character of the 
MD simulations compared to the deterministic DD simulations.

The analytical model proposed exhibits a complex evolution with the 
box size, including a logarithmic term, that fits very well the MD and 
DD data over a large range of 𝐿𝑥 values. This evolution is consistent 
with the evolution classically observed for Frank-Read source [41] or in 
the case of precipitates [44].

The analytical model also describes surprisingly well the hardening 
for a wide range of loop sizes, even though the original BKS model [44] 
was designed for precipitates and not dislocation loops. There are sev-
eral reasons for this good agreement. First, due to the periodic bound-
ary conditions, the loop, or the helical turn, remains within the small 
simulation box although it can be pushed away from its original loca-
tion. This configuration behaves like a nearly regular square lattice, thus 
explaining the good agreement with the BKS model. Second, although 
strain fields around loops and precipitates are different, they play only 
a minor role in contact interactions. It is noteworthy that the size of the 
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Fig. 9. Evolution of the maximum stress for each loop size (𝐷) as a function of box size (𝐿𝑥). The MD results are shown by filled circles and the DD results are shown 
by empty squares. The continuous lines correspond to the analytical model.

precipitate can be adequately replaced by the diameter of the loop in this 
model, although the loop is originally only one Burgers thick. Careful 
examination of the dislocation configuration as the applied shear stress 
peaks (Fig. 10) shows that the effective size of the helical turn is indeed 
close and proportional to the loop size 𝐷.

The heuristic BKS model was found to be a good approximation of 
an analytical model derived from theoretical basis by Szajewksi, Crone 
and Knap (SCK) [45] for dislocation and precipitate interaction. This 
SCK model should also be partly applicable to dislocation and loop in-
teraction thus justifying theoretically the validity of the heuristic BKS 
model used here.

In the original BKS model the parameter 𝐴 is taken as 𝐴 = 1 [44]. 
Here it was chosen to adjust this parameter to 𝐴 = 1.23. This can be 
justified by the anisotropic elasticity of 𝛼-Zr in MD simulations. This 
anisotropic elasticity is taken into account in the analytical model, and 
in DD simulations, by using the method proposed by Scattergood and 
Bacon [36]. Effective shear modulus 𝜇 and Poisson ratio 𝜈P are used, 
providing accurate description of this anisotropy for segments gliding 
in the prismatic planes, especially in the case of precipitates. However, 
because in the helical turn, there are several other segments that glide, 
and interact, in the basal plane (Fig. 10), the effect of the anistropic 
elasticity on this segments is not taken into account by the original 
model. The effective Poisson coefficient for segments in the basal plane 
is 𝜈B = 0.365 [24]. This value is higher than the value for the prismatic 
plane 𝜈P = 0.223 that is used for the analytical model. This could ex-
plain that a value for 𝐴 higher than 1.0 is more suitable to account for 
the contribution of these basal segments.

It is interesting to note that Rodney [16] also used the BKS model to 
capture the loop size effect for the closing an helical turn. In his study, 
Rodney chose to adjust an effective diameter (𝐷eff = 𝐶𝐷, with 𝐶 be-
ing an adjustable parameter) for the loop while keeping the coefficient 
𝐴 = 1. Applying the same approach on our data, yields 𝐵 = −0.15 as well 
as an effective loop diameter equal to 𝐷eff = 2.0𝐷, the later being consis-
tent with our data as seen on Fig. 10. The associated standard deviation 
is then 6.9MPa with a Pearson correlation coefficient of 0.992, both val-
ues being less satisfactory than our previous adjustment. We mention 
that numerical fits were also performed with the SCK model instead of 

Fig. 10. Comparison between the size of the helical turn and the size of the loop 
at the maximum stress before closing. The size of the helical turn is correlated 
with the size of the loops by a factor between 1.5 and 2.0 (here 1.7).

the original BKS model, without providing statistically meaningful dif-
ferences.

This study has been conducted with a single loop in the simulation 
box. If a random array of strong fixed obstacles is considered, a correc-
tion factor close to 0.8 must be applied to the analytical model [41,47]. 
However, because ⟨𝑎⟩ loops can glide on their cylinder, the results of the 
simulations may be very different when more complex configurations, 
for instance with mixed dislocation [30], and several loops [48,49], are 
considered. In that case, loops and helical turns can glide on their cylin-
der and rearrange resulting in very different outcomes. Further studies 
are needed in order to evaluate the impact of the collective loop rear-
rangement on the resulting hardening.

5.  Conclusion

Molecular dynamics simulations were carried out on pure zirconium 
at 300K to study the effect of loop size and density on the resulting hard-
ening. A specific configuration was studied where a screw dislocation in-
teracts with a loop that has the same Burgers vector as the dislocation. 
This interaction leads to the formation of an helical turn. It was shown 
that the maximum stress needed to overcome the obstacle and close the 
helical turn decreases as the box size increases, in good agreement with 
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classical dislocation theory. On the other hand the maximum stress in-
creases as the loop size increases. This can be explained by the attractive 
interaction between the two dislocation lines on each side of the heli-
cal turn. Extending the conclusions of this study to higher temperatures 
would require several additional MD simulations at various tempera-
tures in order to verify that the temperature does not significantly alter 
the mechanisms involved.

The very same configurations have been simulated by discrete dis-
location dynamics simulations. Excellent agreements are obtained be-
tween DD and MD simulations showing that the relevant parameters in-
troduced, including elasticity, line energy and cross-slip, are accurately 
captured by our DD model. Quantitatively, a standard deviation of only 
4.8MPa and a correlation coefficient of 0.997 are obtained between the 
two types of simulations within their overlapping calculation ranges. 
Thanks to this excellent agreement, DD simulations have been used to 
extrapolate the results to larger loop sizes, up to diameter of 10 nm, and 
larger box sizes, up to 100 nm.

An analytical hardening model, based on the BKS model, has then 
been adjusted on the obtained maximum stresses. Although this model 
was originally designed for dislocation and precipitate interaction, it is 
able to describe very accurately the hardening induced by loops in a 
wide range of loop size and box size. Provided that loop size and den-
sity are known, this analytical model could be used to predict the irra-
diation induced hardening of zirconium and its evolution during post-
irradiation annealing. Further works are still needed to investigate the 
effect of the loop mobility on the resulting hardening.
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