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Abstract

We present a nonlinear regression framework based on tensor algebra tailored to high
dimensional contexts where data is scarce. We exploit algebraic properties of a partial ten-
sor product, namely the m-tensor product, to leverage structured equations with separated
variables. The proposed method combines kernel properties along with tensor algebra to
prevent the curse of dimensionality and tackle approximations up to hundreds of parame-
ters while avoiding the fixed point strategy. This formalism allows us to provide different
regularization techniques fit for low amount of data with a high number of parameters
while preserving well-known matrix-based properties. We demonstrate complexity scal-
ing on a general benchmark and dynamical systems to show robustness for engineering
problems and ease of implementation.

Keywords Multilinear algebra, Tensor format, High-dimensional regression, Kernel-based
regression
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1 Introduction

Engineering problems are often made dependent on parameters. In certain cases, the number
of those parameters might be reduced by identifying fewer latent variables as is done by model
order reduction techniques. In certain scenarii the dependence has to be explicit. In that
case even for problems with low latent dimensionality, making explicit use of those parameters
becomes intractable. This issue is often found in design optimization problems for instance.
Manipulating a large number of parameters often becomes numerically intractable because of
a wall of complexity coined curse of dimensionality [1]. This curse translates the exponential
growth of models (7.e. the number of coefficients) and that of the required amount of data with
respect to the number of parameters. In contexts where data is scarce and costful, that curse
makes models simply inaccessible.

Solutions proposed to circumvent this curse can rely on a modification of the grid required
by the model, e.g. with a sparse grid [15], or with an adaptive selection of the pertinent points of
that grid to retain [6]. A reduction of complexity can also be found by leveraging the structure
of the equations. A common approach is to formulate the problem with separated variables. A
prime example of this approach can be found in the works of Beylkin and Mohlenkamp [5]. The
separated variables representation inherently relies on a tensorial factorization of the operators,
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often based on the use of Kronecker product-based linear systems [2, 19]. This reliance on
tensor representation can explain the recent development of plenty of methods based on tensor
network formalisms, more specifically the Tensor-Train (TT-) format [23] and the overall gain
of interest toward tensor methods [17, 12, 13].

A popular variable separation technique stemming from computational mechanics is the
Proper Generalized Decomposition (PGD) [I] and its sparse data-based version, the s-PGD
[14]. Those approaches rely on a Canonical Polyadic Decomposition (CPD) of the field that is
learnt from one-dimensional modes, i.e. a rank-1 tensor is added at each loop on all axes. It
resembles the CP-ALS method [17] and solves for each mode employing a fixed-point strategy.
This fixed-point approach implies a sequential construction and may append modes late in the
algorithm that serve only as correctives for early ones that were not optimal.

Many recent approaches are based on the TT-format and its good scaling with high-
dimensional problems. A framework that inspired this paper is that of MANDy [10]. In this
work, Gelfs et al. adapt the popular SINDy framework [7] to high-dimensional dynamical sys-
tem identification, which remains a limitation for SINDy. To achieve good scaling, the authors
built sparse TT cores from a choice of one-dimensional basis functions. The same authors later
expanded the same methodology to image classification [16] where they started mixing their
tensorial framework with kernel interpretations to tackle efficiently higher dimensional prob-
lems without relying on the TT-SVD sequential algorithm which they demonstrated became
a computational bottleneck. At the same time as Baddoo et al. with their fully kernel-based
approach to dynamic model learning [3], Gelfs et al. published the kernel Feature Space Approx-
imation (kFSA) method that once again mixes TT-formulated feature maps to kernel methods
to provide a high-dimensional regularization (and model reduction) technique. We further in-
vestigated the work of Engel et al. in signal processing [8] that develop a kernel recursive
least squares algorithm for online learning of signals. In their work, they provide nice proofs,
noticeably on the limitation of the number of retained signals (finite dictionary) and a bound
with respect to f5 optimality provided by the kernel Principal Component Analysis (kPCA).
The evaluation of distance in the feature space that defines their Almost Linearly Dependent
(ALD) criterion is the same later used by Gelf and Baddoo in their respective works. We use
the same approach in our framework.

In this work, we keep the philosophy of structuring the equations that build the regression
operator from a separated variables perspective. Considering the lack of data as a structural
constraint, we isolate it in the structure of the proposed operator and define a partial tensor
product. We consider it an algebraically minimalistic approach to generalize matrix-based re-
gression. It allows us to preserve properties of usual matrix-based linear systems while avoiding
the curse of dimensionality. By circumventing the fixed point strategy usually encountered in
high dimensional contexts, we can produce an optimal result in the /5 sense from available data
at a very low cost. We present the approach as algebraically minimalistic for its conceptual
simplicity compared to tensor networks or abstract kernel feature spaces for instance. Working
with tensor algebra and then identifying the kernel from the dot products also allows us to
avoid the usual limitation of kernel methods to a few well-known kernels while leveraging their
properties. For instance we are able to use the properties of kPCA. Furthermore, the sought
minimalism allows us to avoid the necessity for sparse operators in practice for computational
efficiency in the case of TT-formulation. The structure of the solution we build relates to the
state of the art as a rank-wise unconstrained version of the s-PGD [14].

The proposed approach is structured around a tensor formalism from which we derive nice
algebraic properties and computational tricks. We call it the m-tensor format as it directly
relates to the unmanageable matrix that would be built naively to solve the problem. This is
how we retain many of the desirable properties of the matrix-based approach in a fully (tensor-
)factorized manner. By preserving a structure of higher order, we enjoy the great efficiency
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of tensor-based approaches. Those properties would otherwise be lost by the matrix-based
structure. As it is tailored for regression operators, this formalism is not investigated as a
potential data structure for high order problems. The tools used in this paper are available on
GitHub! along with numerical examples.

The paper is organized as follows. In section 2, we set the problem of the least squares
approximation of a scalar function in a general form. Section 3 builds the link between separable
variables and tensor structure, this leads us to present the tensor operations we will use within
our framework. The m-tensor format is presented in the case of least squares regression in
section 4. Section 5 provides different regularization techniques for m-tensor regression that
we relate to kernel regression in section 6. We apply our method to demonstrate scalability
and robustness in section 7 on a polynomial benchmark with growing dimension and then on
two dynamical systems: a Lorenz attractor and Kuramoto oscillators. We propose a short
discussion comparing the m-tensor formalism to other techniques in section 8. Section 9 draws
conclusions and presents perspectives for future works.

Notations

We present the notations adopted in the remainder of the paper. Operation symbols are given
with their definition. Working with high dimensional objects relies on burdensome notations in
order to disambiguate definitions, therefore we try to strictly stick to conventions given here.
Uppercase bold symbols (e.g. T) are used for tensors. Uppercase symbols (e.g. M) are used for
matrices. Lowercase bold symbols (e.g. v) are used for vectors. The notation [ - ];;, —denotes
the ijk . ..-th element of the tensor in brackets, each index evolving along an axis of the tensor.
Due to the high order nature of the object of the paper, indices are more frequently subscripted
with axis number, i.e. elements of a tensor T of order n will be denoted as [T];,4,. 4,-

2 Least squares approximation of a scalar function

In order to provide a general approach, let D C R™ denote a n-dimensional domain, defined as
a tensor product of one-dimensional intervals in R

D= ®[(li, b2]7 [CLZ', bz] - ]R
=1

The aim is to approximate a scalar function f defined over that domain. Let ¢ denote basis
functions to be chosen, we define an approximation of f with the form

N

f(x) = Z cipi(x),

i=1

= ¢'(x)c,

(2.1)

where coefficients ¢ are the best fit (in the least squares sense) for the chosen bases functions.
The number of terms N depends on the choice of bases as well. This formulation is meant to
accomodate for a large array of problems in a uniform manner. Let P denote a set of m distinct
samples in D such that

P={xx €D, Vk, 1<k<m}.

Consider we are given the evaluation of f at each sample of P. We denote y € R™ the vector
defined as
Ve =f(xx) Yk 1<k<n, x,€P.

1GitHub repository for the toolbox and examples: https://github.com/RemiC-OV /MTensor.
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Let ® € R™ denote the evaluation of bases ¢ used in eq. (2.1) over the set P. With [®],
denoting the k-th row of ®, we have

[(I)]k:QOT(Xk) Vk, 1§]€§TL, X, € P.

Then, the least squares solution ¢ is the one that, for any given bases ¢, minimizes the squared
{5 error with respect to y:

m

Yo eT(xie — [yl

k=1

(2.2)

C = argmin
C

2

This minimization problem admits an explicit solution based on whether ® has linearly in-
dependent columns eq. (2.3) or rows eq. (2.4) that we build using the Moore-Penrose inverse
formulation [24]:

&= (OTD) " DTy, (2.3)

¢ =0T (PDT) 'y, (2.4)

Our choice is to use this widely used explicit formulation of least squares solution to determine
the coefficients ¢ of the approximation. Without any prior knowledge of f, the aim is then to
define basis functions ¢ such that f is well approximated. To that end, one can chose to tailor
the functions in order to minimize N or provide a rich enough set of bases so that all features of
f can be captured. In what follows we chose the latter and show how our tensorial framework
alleviates the curse of dimensionality within the regression approach.

3 Separable variables and tensor structure

A popular approach in high dimension is the separation of variables. In this setting, the
bases functions ¢ are sought as products of one-dimensional functions. We denote those one-
dimensional functions ). This leads us to define multidimensional bases ¢ as

Vi, 1<i<N, pi(x) = Hwij([x]j)-

Like all combinatorial problems, no standard approach would scale well in order to compute
all combinations of one-dimensional basis functions. For that reason we demonstrate the use
of a convenient tensor framework. Let 9 € RP denote the vector of p one-dimensional basis
functions deemed rich enough to represent the problem in one dimension given as

P(a) = [i(@) valz) - ()]

All combinations of one-dimensional bases would be found without redundancy in the elements
of the tensor ¢ defined as

0(x) = QW(ix)).

We note that ¢ € RP*P**P jg a rank-1 tensor of order n. Having the same set of basis functions
along each axis is an arbitrary choice made to alleviate notations. Based on this representation,
the formulation of the approximation of f in (2.1) can be written as the inner product

f(x) = (p(x), C). (3.1)

5
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Here C € RP*P**P ig an order n tensor of coefficients. The least squares coefficient tensor C
is the one minimizing the ¢y error with respect to y:

2

(3.2)

C = argmin
c

S (e(x). C) - [yl

2

If we were to unfold (vectorize) this tensor formulation, we would find the expression given for
(2.1) with N' = p". Given this structure, we propose a tensor framework to efficiently build
approximations in high dimensions.

We give a few reminders to work with tensors that allow us to introduce our framework.
Tensors are high order objects and their use allows far more flexibility than the usual ma-
trix/vector linear algebra. They allow to preserve structure that would be lost by flattening
the problem in a matrix/vector formulation. The most important aspect is the ability to
only use factorized formulations for problems that would otherwise be inaccessible memory-
and computationally-wise. We justify the given complexities in appendix section A. For more
details on tensor formats and decompositions see [12, 13, 17].

3.1 Row-wise tensor product

We first define a row-wise tensor product. Further in this paper we refer to it as the m-tensor
product. It generalizes the face splitting product [28] (transposed Khatri-Rao) the same way
the tensor product generalizes the matrix Kroenecker product.

Our approach uses a similar treatment of the indices as the face-splitting product but
conserves its multidimensional structure, therefore avoiding the index mapping burden. The
m-tensor product is computed from an arbitrary number of input matrices, provided they all

n

share the same number of rows. For a given set of matrices {¥; € R™*Pi}? we define the
order n + 1 tensor ® € R™*P1*P2X*Pn from the m-tensor product as

Y

kiia...in

We show further in this paper how well suited this tensor format is for multilinear regression.
We refer to the matrices {U;}?; as cores of the m-tensor ®. We introduce the r-dim and c-dim
of the resulting tensor as the dimensions of the rows and columns of this tensor respectively.
In this setting we call rows the rank-1 tensors resulting from the row-wise tensor product and
columns the mode-1 fibers of the tensor. Those are vectors in R™. The mode-1 unfolding of
this tensor, denoted ®(y), results in a dense matrix in R™*P1P2~P» An important note is to be
made of the structure of this unfolding. It is ezactly equal to the face-splitting product of its
cores defined using notations introduced by Slyusar [28] as

) =V,0V,0...0V,.

This can easily be demonstrated element-wise from both definitions. From this observation, we
access properties of an otherwise inaccessible matrix operator @ ;) based on tricks allowed by
a separated variables tensor representation.
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3.2 Transposition

As is the case for arbitrary tensors, the transposition results in a reordering of the tensor’s
axes. For example with ® € R™*P1>xP2>*Pr hyilt as the m-tensor product of cores {W;}7_,, its
transpose is defined by

n
BT € RPPo-1XPM with [PT] | |
inin—1...11k kz]

3.3 Contractions

Contractions are operations that consist in summing axes of tensors, reducing their order. Any
kind of contraction defined in the general case can be applied to the case of m-tensors, for that
definition see appendix section A. We specify here two kinds of contraction for m-tensors: the
c-dim contraction and the r-dim contraction. We denote them by contract.(-) and contract,(-)
respectively. Then we have for & € R™*P1*P2>X*Pn the c-dim contraction defined as

m
contract.(®) € RP*P2Pn  [contract.(®)]; ;, . Z Kivig.in Vi, 1 <1; <pj.

k=1
The r-dim contraction is defined as
P11 p2
contract,(®) € R™ , [contract,(®)], = Z Z Z kivig..in  VE, 1<Kk <m.
11=11=1 in=1

The r-dim contraction acts on rank-1 tensors whose contraction is computed with complexity
O(np) by denoting Vi, p; = p for ease of notation, bringing the overall r-dim contraction to
a complexity O(mnp). This property, demonstrated in appendix section A, makes operations
involving m-tensor r-dim contractions desirable. In the contrary we avoid c-dim contractions
whose complexity is O(mp™). We denote contract, .(-) the full contraction of the tensor resulting
in a scalar.

3.4 Hadamard product

The Hadamard product is a fundamental operation, otherwise known as the element-wise prod-
uct. The Hadamard product of two m-tensors can be computed in a fully factorized man-
ner, therefore the scaling of its computation will not suffer the curse of dimensionality. Let
®,, &, € RmM*P1XP2XXPn he m-tensors respectively based on cores {U¥}}<;<, and {U?} ;e

R v . = [ U (3.3)
i=1 i=1
Elements of their Hadamard product are defined as
(@1 O Poririn...in = [P1lkirin...in [ P2 kiri...in;

k:zj kzj

||z:

The complexity of the Hadamard product of two m-tensors is O(nmp) by letting Vi, p; = p for
ease of notation.
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3.5 Inner product and norm

The inner product of two m-tensors leverages the efficiency of the r-dim contraction defined
earlier. Let @, ®y € R™*P1XP2X*Pn e the m-tensors defined in eq. (3.3). Their inner product
is defined as

m p1 p2

(Pla q)2 ZZZ Z kzlzg in @Q]knzg An

=1 11=1143=1 in=1

= contractm (P © Py).
The complexity for this inner product is O(mnp) considering Vi, p; = p for ease of notation.

The ¢, norm of an m-tensor inherits the efficiency highlighted above. We define it for ® €
Rmxplxpgxmxpn as

@[> =/ (@, @),
= \/contractm (P©2).

3.6 N-way contracted product

Operations with tensors allow to define the sums and product depending on the aim of the
operation. Here we define a n-way contracted product that we call the m-product and denote
X. Let ®; € R™M*P1xp2XXPn gnd P, € R™2*¥P1xP2x>XPr he m-tensors respectively based on
cores {U}}1<i<,, and {¥?},<;<,,. Provided that both tensors have the same order and same row
dimensions, we can build an element of ®* x ($2)T € R™*™2 as the inner product of order n—1
rank-1 tensors. The overall computation results in the Hadamard product of matrix products
of corresponding cores of the input m-tensors:

@y x &) = (D wl(wd)”

i=1

Considering, for ease of notation that m; = ms = m and Vi, p; = p, the complexity of the
m-product is O(m?pn). This complexity scales only linearly with dimension n and is dominated
by m?2. The m-product of arbirary tensors with the same dimensions would result in complexity
O(m?p™).

4 M-Tensor least squares regression

In this section, we demonstrate the use of the m-tensor formalism to efficiently compute a
multidimensional least squares regression. The aim is to make the tensor least squares (3.2)
manageable in arbitrarily high dimensions. Provided the set of sampled parameters P =
{xx}3~, and corresponding evaluations of f in a vector y, we define the basis functions tensor
as

= ®1/)([x]l), with ¥(z) = [i(z) a(z) ... Pp(z)].

This structure amounts to combining one-dimensional bases 11<;<, for all input parameters.
Those can be chosen arbitrarily as we will see further in the examples. This gives us a large
approximation capability, unreachable with a matrix-based regression. We remark that by
stacking the rank-1 tensors ¢, we actually build an m-tensor. To that end, we provide the
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following definition for the i-th core, i.e. the matrix built of one-dimensional basis functions of
the i-th components of each sample in P.

Ui([xal))  e(lxali) -0 p(lxali)

v, — wl([ﬁ]i) wz([?(ﬂi) %([:Xﬂi)

i () () - (ol

That definition allows us to define the m-tensor regression operator ® as

P = @b N (4.1)

We can now reformulate the regression problem in m-tensorial setting. We seek the regression
coefficients C € RP*P>**P guch that
PxC=y. (4.2)

A least squares solution C to this problem can be built explicitely based on the general pseu-
doinverse formulation eq. (2.4). Provided that ® has linearly independent rows, we have the
solution

C=dT(®dxd)'y. (4.3)

We will systematically consider the linearly independent rows case because, in general, the
exponential growth of the system with n will prevent it to have linearly independent columns
as it would require m to grow exponentially with n. We generally cannot use coefficients
formulated as eq. (4.3). The dimensionality of C would require to store p" elements, which
rapidly become unmanageable with growing n. Instead, by leveraging properties of the m-tensor
product, we give the approximation of f as

A

J(x) = () x BT (& x D7)y,

This expression purposefully explicits the use of the m-product to show how it results only in
our efficient inner products. In fact, by denoting

P=®&x ®T ¢ R™™

Y

and defining
z=PlyeR™

we give the online computation of f requiring only the computation of the vector made from
p(x) x ®T € R™ and its inner product with z:

f(x) = (p(x) x @T, z).

This computation results in complexity O(mnp). We provide a toy example of the m-tensor
least squares in appendix section B for ease of comprehension.

remark The solution, although mathematically sound, proves numerically unstable because
of the inversion of P. For that reason, we highlight the fact that by construction, P is symmetric
positive definite and therefore admits a Cholesky factorization. We give that decomposition as

P=LLT,
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with L € R™*™ a lower triangular matrix. Computation of z can then be done through a two
step procedure. We first solve for an intermediate result z by upward backsubstitution

z=L"ly.
Then z is solved for by downward backsubstitution with
z = (L") 'z

The use of Cholesky factorization results in the same complexity scaling with a better numerical
stability. We take advantage of this in the algorithms we provide.

5 Regularization of m-tensor regression

Mimicking a matrix-based regression while allowing so many combinations of one-dimensional
bases to express the problem, which is the greatest strength of our approach, plagues the m-
tensor regression with ill-conditioning and a risk of overfitting. Therefore we address the crucial
ability to regularize it. Generally the aim of regularization is to enhance the conditioning of a
matrix. A matrix ® with rank r has a condition number x defined as

01
K(P) = —. 5.1
@=-2 5.1)
Here o7 denotes the largest singular value of ® and o, its lowest nonzero singular value. A
matrix is known to be ill-conditioned if k is very large. Regularized regression will take the
form of penalizations added to the least square minimization problem eq. (2.2). Let R denote
a penalization term, the new minimization problem in matrix form is formulated as

¢r = argmin ([|®c — y||5 + R(c, X)) (5.2)

The penalization term R is intended to privilege certain forms of solution in the minimization.
It acts based on the terms of ¢ and a regularization parameter (or set of parameters) . We
suggest ways to act in a memory efficient manner to generalize the approach to tensor regression.
The case of m-tensor regression yields a minimization problem similar to the classical one:

Cr = argmin (|[@ x C—yl3+R(C,N). (5.3)
c

5.1 Tikhonov regularization

Matrix-based Tikhonov regularization solves for eq. (5.2) with
R(c,A) = Alc]|2.

This leads to a minimization of the £, norm of c. This minimization problem admits an explicit
solution given as
& = 0T (0D + A21d) . (5.4)
This elevates the values of the lowest singular values, hence limiting the rise of x in equation
eq. (5.1). In fact the effect of Tikhonov regularization is to level up singular values of ® below
the set threshold.
We generalize this approach to m-tensor regression. Consider the m-tensor formulation
(5.3), with regularization term

R(C,A) = AC[2-

10
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Analogously to the matrix case eq. (5.4), we can explicitely give the regularized solution as
Co, =@ (& x &+ N1d) ' y.

The approximation of f with Tikhonov regularization is then given by evaluating the inner
product

fa(x) = {p(x) x ®T, 25). (5.5)

In this expression z, is defined as
2y = (® x &7+ \21d) ' y.

This approaches’ complexity is dominated by the construction of the m-product ® x ®7T
(O(m?pn)) and the inversion of (® x ®T + A\?1d). Inference cost, i.e. the online evaluation of
the approximation given in (5.5), has a complexity O(mpn).

5.2 Spectral truncation

In the matrix-based regression context, spectral truncation aims at improving the condition
number of the regression operator by simply removing (setting to zero) the singular values
below a set threshold 7. This is equivalent to solving for eq. (5.2) with a penalization on the
nuclear norm of ®, i.e. the sum of its singular values. Let ® = UXVT give the SVD of ®, the
least squares regression coefficients are defined as

¢ =V UTy.

The spectral truncation regularization consists in replacing > by a matrix D, to get the regu-
larized coefficients as

o; o, >71

L T L
¢, =UD,;VTy where [D,]; {0 olse

This approach generalizes to the m-tensor regression by leveraging the SVD of P = & x ®T.
We are able to truncate the rank so as to regularize the regression. We select the r first singular
values, deemed sufficient to represent the system by comparing them to the input threshold 7.
We denote U, the matrix built from only the first r left singular vectors of P. The regularized
coefficients are then given by

C,=®U,.UTP y.

We project the least squares regression onto the span only of the r first left singular vectors.
This approach is chosen so as to keep using the inner products of rank-1 tensors. The resulting
approximation is computed as the inner product

fo(x) = (p(x) x @7, z,),
where z, is defined as
z. = UUTP ly.

This approach results in a complexity dominated once again by the computation of ® x ®7T
and its SVD, leading to a higher computational overhead compared to Tikhonov regularization.
Inference cost is the same as for the Tikhonov regularization. A randomized version of the SVD
may be preferred to speed up its computation if the rank can be approximated as a given input.

11
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5.3 ALI regularization

In this section we consider a regularization technique that aims at enhancing the conditioning
of the system as well as improving the efficiency of the approximation. We consider a subset
of m < m rows of ®, corresponding to a subsample P C P that can approximate all rows
of @ up to a given tolerance €. The tensor’s rows are therefore considered Almost Linearly
Dependent (ALD) [8] on this subset. We denote @ the tensor made only of those 7 Almost
Linearly Independent (ALI) rows of ®. The ALD criterion is based on the following distance
dx evaluation, by denoting [®]; the k-th row of ®

12
Vk, 1<k<m, J,= min H[(I)]k_WT(I)H < e.
2

weR™

Sy, evaluates the distance of each row [®]; to the subspace spanned by the rows of ®. If the
row subsample of size m is optimal with respect to the criterion e, then there exists a weight
matrix W € R™*™ such that

From that, we derive the ALI decomposition. We use this decomposition as it provides a bound
with respect to the ¢ optimal provided by the SVD while preserving the row structure (rank-1
tensors) of the retained modes. Error is controllable through the hyperparameter e.

By reordering the rows of ® we can restructure the linear system eq. (4.2) to group together
rows of the subset ® and the remainder that we denote ®. We apply the same separation and

reordering in the RHS y to write }
P oy
LI’} O M ’

We then only solve for the first subset, i.e. we seck C in the minimization problem

2
<e.
2

C = argmin <||'i> x C — Sf||%> :
C

We base the approach on the ALD criterion so the solution generalizes to the full system. With
this subsystem approach, the ALI regularization is the only one that manages to reduce the
size of the system to solve and provide a gain with respect to m along with the linearization of
complexity with regard to n.

The subset selection can be done in one of two ways: the optimal or greedy one. The former
is developped analogously to what is done by Gelfs et al. [9] while the latter is an adaptation
of the kernel recursive least squares developped by Engel et al. [8] for signal processing. The
approach proposed by Engel et al. is enhanced by incrementally building the Cholesky factor
instead of building and inverting the kernel matrix which proves numerically unstable. This is
inspired by Baddoo et al. [3]. We demonstrate the efficiency of the greedy approach, which
requires a single pass over the rows of ® to build ®. We build the approximation the same way
we did for previous regularization techniques, first we construct

el
L=
K

Then we compute the approximation

where z is defined as
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The computational gain at the online stage can reveal massive compared to the least squares
formulation if m < m. We evaluated the complexity of the least squares approximation
inference at O(mpn). With the ALI regularization, we have a complexity O(mpn). Even
small gains in this formulation outperforms all previous approaches at a small and controllable
cost in terms of error.

Indeed Engel et al. gave a bound on the span of the selected rows of the ALI decomposition
of ® with respect to the optimal decomposition in the least squares sense, i.e. the SVD and
on the mean squared error of the approximation. Without providing the full demonstration for
which we redirect the reader to the work of Engel et al., we adapt here one of the bounds we
inherit. By defining the projector onto the span of the rows of ® as

we have
1 m
- D (A -Tog) x @7 (x:)][3 < e.
i=1

This means that the mean squared error of the approximation of ® by the ALI decomposition
is directly bounded by e. Full algorithms to obtain the optimal and greedy formulations of the
ALI regression operator are given in appendix section C. In the end, the greedy construction
results in a complexity bounded by O(m?np) by considering V i, p; = p for ease of notations.

remark This decomposition relates to the s-PGD [14] formulation. Let us explicit the form
of C by its elements definition. Let {¥;};<;<, denote the cores of the ALI subset of rows of @,
then

Clisiain = 3 [ [Pl i

= Z [Z]k

k=1 j

n
(Wi, -

=1

This formulation makes the modes and weights formulation appear just as in the case of the

s-PGD. We share the non-orthogonality of the retained rank-1 tensors, in this case the rows of

®. We keep the same light formulation, especially well suited for inverse problems or surrogate

evaluations.

6 Kernel regression interpretation

In this section we make a few remarks on the parallel between our approach and the kernel
regression framework. In practice, we manage to always take advantage of the high efficiency
of the dot product of rank-1 tensors. We do not need to select a type of kernel or combine
from a limited set of kernels, instead we directly work on the mapping with a tensor product
structure so as to build implicitely all combinations.

We leverage the tensor product’s ability to augment dramatically the row dimensions.
Therefore we can always consider the linearly independent rows pseudoinverse of the m-tensor.
In that case, we make P = ® x ®T appear in the pseudoinverse formulation so that only dot
products are needed. That way, an element of P is given by the inner product (p(x;), (%;)),
considering the mapping

{Rn — v RPXPX--Xp
Plx o Qv
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we can derive a kernel function k defined as the inner product
- { R*"xR* — R
L (x X)) = (e(x), e(X))

Therefore we have the insurance to build a kernel that verifies Mercer’s theorem [22]. There
is a direct equivalence between the matrix P = ® x ®T and the kernel matrix K defined with
entries
[Klij = k(xi, x;).

Usual kernel approaches avoid defining the mapping, whereas we manage to manipulate it in
combination with the rank-1 tensor dot product to remain efficient with flexibility in the kernel
definition. The efficiency of the rank-1 tensor dot product is a direct equivalence of the so-called
kernel trick to our case.

We rely on the prior works of Scholkopf et al. |27, 26] to derive properties of kernel methods
and apply them to this tensor-based approach. Noticeably we were able to obtain an m-tensor
PCA from the well-known kPCA. From those observations we managed to derive powerfull
methods, making the use of m-tensors a salient tool to solve high dimensional regression prob-
lems.

7 Numerical examples

In this section we present several numerical example of use for the m-tensor regression frame-
work. The aim is to demonstrate how easy m-tensors are to use and their efficiency to solve
high dimensional problems. All those examples are available on GitHub? along with our m-
tensor toolbox. For a toy example explaining all stages on a least squares problem, we develop
a polynomial toy example in appendix section B. In what follows we consider the relative error,

defined by denoting x and X the real system and its approximation respectively, as
g, = X=Xl
1]

7.1 Rosenbrock function approximation

We first demonstrate the scaling in complexity of the approach. To that end we build a
regression of the Rosenbrock function generalized from 20 input parameters to 300: n €
{20, 50, 100, 200, 300}. We chose the Rosenbrock function for ease of implementation and its
arbitrary definition with respect to the input’s dimension. The Rosenbrock function is usually
defined over the domain D = [—5, 10]®" in dimension n as

Fx) =100 ([xisr — [x2)7 + (Ix]: — 1)*.

i=1

Which results in seeking an order n coefficient tensor C € R>*°**% 5o that the aproximation
is given as a n-way contracted product:

f(x) =p(x) x C.

2GitHub repository with all examples: https://github.com/RemiC-OV /MTensor.
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We consider that for a dimension n, we are given a Latin Hypercube Sampling (LHS) of m points
over the definition domain D. We will consider a linear scaling of the sampling with respect
to the dimension to demonstrate the efficiency of the approach in massively underdetermined
cases, i.e. m = an. We will evaluate the efficiency and accuracy of the approach for varying
a € {5,10,20,30,40}. We denote P = {x;, X2, ...,X;,} the LHS and y the evaluation of the
Rosebrock function on that sampling:

We build the m-tensor from the definition of ¢ and the given samples P. To do so, we simply
evaluate the core matrices. In this case, those are Vandermonde matrices given for each input
variable

U [l [xml? xal? (%l
Given those matrices, the m-tensor regression operator is fully defined and we can readily build
our approximation. We denote the m-tensor ® defined as

We plot surface results for models built for all combinations of dimension n € {20, 50, 100,
200, 300} and sample size per axis a € {5,10,20,30,40}. All models are built on a LHS,
therefore we build them 3 times and plot an average to account for representativity issues of
the sampling. There is no significant variability observed throughout samplings. The aim is to
make complexity tendances appear clearly. Figure 1 presents the offline construction cost of the
models, it is evaluated in seconds without parallelization. Those costs are assumed only once.
They demonstrate in practice the theoretical complexity scalings given for m = an in table 1.
The incremental size of the ALI regression system at each step of the algorithm makes it hard to
exactly estimate the degree of the scaling on n but we can state that the upper bound provided
in table 1 is far from being reached in the studied domain. The higher computational overhead
observed for the spectral truncation is explained by the need for both SVD and inversion steps,
both scaling as O(m?).

Table 1: Theoretical complexity evaluations for construction and inference costs for different

regressions.
‘ Least squares ‘ Spect. Trunc. ‘ ALI Reg.
Construction O(a’n?) O(a’n?) O(a?n?) (up. bound)
Inference O(an?) O(an?) O(mn)

The observed quantity of figure 2 is the unit inference time. It corresponds to the average
time to compute a solution using the approximation we built. Results are plotted for the least
squares model and the ALI regression model. The inference time for the spectral truncation
model is the same as for the least squares. Those plots demonstrate the ability of the ALI
regression model to fully linearize the cost with respect to the dimension.

Figure 3 presents the relative /5 error of our models on a LHS of 3m unseen points. We
notice that errors are worse for lower dimensions, where hyperparameters are harder to chose
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Figure 1: Evolution of the model construction times [s| for the least squares, spectral
truncation and ALI regularization models in function of the number of samples per axis and
the input dimension.
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Figure 2: Evolution of the unit inference time for the least squares and ALI regularization
models in function of the number of samples per axis and the input dimension.

and models appear more sensitive. In higher dimensions, all models perform at about 2% error.
The low convergence rate of the error with the number of training samples is inherited by
the linear scaling of the sampling whereas the ideal sampling (interpolative) would be scaling
exponentially. Therefore we suspect that our plots must show an extremely localized point on
a larger convergence curve that would require too many points to build but starts to shape out

at dimension n = 20.
7.2 Prediction of dynamical systems in time

In the context of dynamical systems, regression is used to predict the evolution in time of the

system. If the state is denoted x(t) € R, then there exists a law f that describes the variation
of the state in time. This results in the general form

ox
ot = f(x).
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Figure 3: Evolution of the relative {5 error for the least squares, spectral truncation and ALI
regularization models on a LHS of unseen points in function of the number of samples per
axis and the input dimension.

The function f might be nonlinear. The aim is to approximate at best this function in order
to be able to predict future time increments. We propose to demonstrate the efficiency of the
m-tensor regression to identify the dynamics. For small errors in the identified model, the
approximation might diverge extremely fast from the real system, therefore this represents a
good way to demonstrate the robustness of our approach.

7.2.1 3D Lorenz attractor

In a first example, we describe the approach in a didactic way and demonstrate the robustness
of our method. Therefore, we build the regression of a 3D Lorenz attractor [20]. In this case
the model is overdetermined, it is presented to show the implementation approach and its
simplicity. The models provided by the different regularization proposed before are then used
to integrate the system in time from random initial conditions.

The model is 3D, i.e. x € R3 and f is defined as

Oxi _

E = o([x]2 — [x]1)

?2 = plx)i — [x]2 — [x1[x]3
0 X]3 .

5 = Xhilxl — Blxls

The parameters are chose as ¢ = 10, p = 28 and g = 2.667. The system is initialized as
x(t=0)=1[0 1 1.05]" and solved in time with the scheme

x(t + At) = x(t) + f(x(t))At.

We chose a timestep At = 0.001 and evaluate the behaviour of the system over m = 500 steps.

To apply the m-tensor methodology, we chose to define the mapping % (z) = [1 x} which
allows us to build the m-tensor ® as

3
= (X
i=1
where we define row j of core i, denoted by [¥;];, as

Vi, 1<i<3, Vi, 1<j<m, [¥];=39(x;).
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We then seek to predict the derivative %—f from the current state x. For that reason, we build
the right hand side of the system to solve as the matrix
Olx;li

ot

The resolution then follows the approaches presented before to give an approximation of f.
This implicitely solves for

Vi, 1<i<3,Vj, 1<j<m, [V]i=

PxC=Y
by building the approximation of f as
f0) = (p(x) x @, 2),

where we define the matrix Z based on the regularization we want to apply and ¢p(x) =
>, ¥([x];). We present our results for the least squares, spectral truncation (with rank 8)
and ALI regressions (retaining only 8 rows of ®, it means that for ALI regression, Z € R®*3).

— real

"""" Least squares
Spec. trunc.

rrrrrrr ALl reg.

10 -20 0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000
20 Timestep Timestep

(a) Real and predicted (b) ¢5 error of the proposed (c) ¢y error of the ALI

trajectories for the trained models for the trained initial regression model on 50
initial conditions. conditions. random unseen initial
conditions.

Figure 4: Evaluation of proposed regression models of a Lorenz attractor from a training on
500 timesteps on 25000 timesteps.

We show the results of our method in figure 4. Figure 4a shows the trajectories followed
by all three models and the real one on the trained initial conditions for 25000 timesteps,
i.e. 50 times the trained period. Figure 4b presents the {5 error over the same span, still on
the trained initial conditions. We also test the ALI regression on 50 randomly selected initial
conditions and plot the /5 error of the trajectories over a span of 25000 timesteps to demonstrate
generalizability of the learnt model. This is the plot of figure 4c. The only way to make these
models more robust would be to eliminate fully the coefficients close to zero that ultimately
add up to make the model move away from the real trajectory. This translates into enforcing a
fy norm minimization which is an ongoing topic of research for this dimensionality of problems.

7.2.2 Kuramoto oscillators

The next example demonstrates the ability of the proposed tensor regression framework to scale
well with dimension with only a few data points as input. We therefore take interest in the
Kuramoto oscillator model [18]. The model is defined for an arbitrary number n of oscillators,
all coupled through the equations

. . a[X]i K& .
Vi, 1<i<n, o :wﬂrﬁ;sm([x]j—[xh).
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The factor K is a coupling constant chosen here to be shared by all oscillators, each described

by their phase [x]i<i<, (the state we estimate) and their natural frequency wi<;<,. We define

the natural frequencies randomly in the interval [—5, 5] and set the coupling factor K = 2.
We build our model by including bases %; and %, defined for each variable as

Yi(z) =[1 sin(z)] and Po(z) =[1 cos(z)].

The resulting m-tensor is therefore built as a larger m-tensor product of two bases by variable.
By denoting the cores built on each input for both basis ¥}, and ¥i_,, the m-tensor of
the regression problem is built as

(B ):(87)

The ability of our method to produce robust models is tested by building for dimensions n €
{3, 10, 100} a model, 5 times each to evaluate average results. Each model is built with
different random natural frequencies and initial conditions. We plot the ¢, errors for predicted
phases in time over 50000 timesteps in figure 5 for n = 3, 10, 100 respectively in figures 5a, 5b
and Hc. Results are based on the same training period of 1000 timesteps and then run using the

—— Least squares —— Least squares
100 ALl regul. 100 ALl regul. 10°

3 3
10°° 10 1076
4 g 8
G S ©
N 1070 N 107° o 107
12 12

w 10-15 10-15

10718 1078 1078
0 10000 20000 30000 40000 50000 4 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
Timestep Timestep

mmmmmmmm Timestep

(a) Relative error of the (b) Relative error of the (c) Relative error of the
regression models of regression models of regression models of
Kuramoto oscillators for Kuramoto oscillators for Kuramoto oscillators for
n=3. n = 10. n = 100.

Figure 5: Relative errors of the least squares and ALI regression models for Kuramoto
oscillators for n € {3, 10, 100} over 50000 timesteps from 1000 seen timesteps.

same initial conditions as for training. Area between min and max ¢, relative error are plotted
around averaged results over the 5 run. We can see that ALI regression generally performs
worse but systematically runs faster by retaining only 65, 360 and 370 (rounded averages) rows
of ® for n = 3,10, 100 respectively. The growing error through dimensions is explained by the
fact that the amount of given data does not evolve. Models trained over 1000 timesteps in the
case n = 100 are massively underdetermined and still perform at about 2% error.

7.3 A practical note

A detail left until now in the implementation is that of numerical overflow. If we use the kernel
trick to avoid computing all elements of the tensors at hand, it is strictly equivalent in practice.
This means that working with a problem involving a dot product between two rank-1 tensors
of order n and dimension (p, p,...,p) will effectively lead to a result that multiplies and sums
p" elements together. This leads to results that are unmanageable numerically. Therefore the
one-dimensional mappings ¥ are built with a hyperparameter that scales the input down in
high-dimensional contexts.
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This hyperparameter is inherent with the method and a right tuning provides massive
gains in term of precision. As it results purely from numerical issues, i.e. the mathematical
background is sound otherwise, there must exist a normalization dependent on the input to
be systematically applied, however this normalization has not yet been determined. In our
examples, bases in low dimension (<10) are not scaled down, but higher dimensions are scaled
with a factor 1077,

The real significant choice that remains is that of one-dimensional bases 9. This choice of
basis function can be made different for each axis depending on the problem at hand but the
first choice we have systematically made was to start with

Y(z) = [1 Z‘} )

This choice, although simple builds all combinations of parameters at the lowest computational
cost. If more precision is sought, the degree can be adapted incrementally, seing how low the
cost is to compute a solution. Cyclic behaviour can be represented using a sinusoidal polynomial
basis or Fourier basis. A solution left unexplored in this paper is the choice of local bases along
each axis. One may discretize each axis with local bases, even with compact support. The
resulting tensor regression operator will capture localized effects in the n-dimensional mesh
that is implicitely built. Moreover cores would be sparse, providing a potential further speedup
to the method.

All examples presented here are publicly available from data generation to result plotting.
The implementation uses a toolbox leveraging the previously presented operations based on
m-tensors. Curious readers can access this code at: https://github.com/RemiC-OV /MTensor.
The examples and tools presented were developped fully in a NumPy implementation, it is
therefore simplistic and can be optimized. We leveraged algebraic structures to gain in memory
use and computational efficiency but we did not implement any form of parallelism. It is one
of the main development perspectives to demonstrate the gains possible. Most operations
presented in this paper are parallelizable throughout dimensions and/or samples.

8 Discussion

We briefly discuss the advantages and drawbacks of the proposed approach. We chose to
compare the performances of our formalism to that of kernel regression, TT-based approaches
and s-PGD as we consider those to readily compare.

We consider our framework to fall into the category of kernel regression methods as we have
seen in section 6. The way we enrich the area of kernel regression is by efficiently reaching all
combinations of a choice of one-dimensional functions. We suffer the same limitations as kernel
methods 7.e. the necessity to select the bases to work with and poor conditioning, to which we
answer by several regularization approaches.

Our formalism differs from that of tensor trains by specialising our tools to regression. Seeing
the works of Gelk et al. with MANDy, one can see the direct equivalence of m-tensors to the
diagonal slice structured cores. They gained efficiency in high dimensions by switching to kF'SA
which resorts to the kernel trick through inner products of tensor trains instead of the sequential
computation of the TT-SVD and pseudoinverse. By scrapping the need for generalized algebra
offered by tensor trains, we avoid storing and operating on a massive amount of zeros as is
done in the TT equivalent to our method. It follows that the m-tensor formalism is not fit
for as much generalization as the tensor trains. This might prove limitting in more complex
applications of the m-tensor formalism.

We view our approach as a generalization of the PGD framework and the sparse-PGD for
the case of scarce data. We avoid seeking greedily the best rank-1 tensor to add to the sought
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coefficients and instead find without iterative scheme the least squares optimal coefficients. We
avoid the ALS solution and gain greatly in efficiency at the solving stage. However the m-tensor
regression results in coefficients that are not readily manageable as would be in the case of the
PGD that may store them as a sum of few rank-one tensors. A key advantage for future works
that is inherited from the structure of s-PGD is the ability to compute inverse problems [25].
The separated variables structure allows to evaluate derivatives with respect to each parameter
by only computing only the derivatives of one-dimensional bases.

We did not explore comparisons with any Tucker-based formalism. Even though the Tucker
format is a natural choice, it still inherently suffers the curse of dimensionality through the
storage of its core. In fact few approaches are found that use the Tucker format above dimen-
sion 3. This is a huge limitation that requires tricks that make working with them in higher
dimensions more conceptually complex. For instance one may decompose the Tucker core as
a tensor train but we argue that it does not provide a straightforward understanding of the
relationship to the choice of bases.

9 Conclusion and perspectives

In this paper we presented a tensor formalism for high dimensional regression of nonlinear
models. The introduced m-tensor formalism is tailored for high dimensional regression in scarce
data contexts. By leveraging tensor algebra, we provided properties from kernel methods
with good scalability. The formalism smoothly generalizes well-known properties of matrix-
based approaches to provide optimality to tensor structured models. We generalized different
regularization techniques that seek to make models robuts and generalizable from the low
amount of data available. Those regularization techniques prove robust and yield low errors
while limitting the scaling when faced with a high number of parameters. The proposed ALI
regularization technique allows for further gains in computational and memory costs, achieving
linear scaling at online stage on the provided examples.

The m-tensor formalism was shown to break the curse of dimensionality with, in the worst
case, cubic scaling on the number of parameters. Linear scaling of memory use with the
dimension of the problem and parallel capability are inherited from the separated variables
approach.

The proposed approach was applied on a general benchmark to demonstrate scaling and
low relative errors. Robustness was demonstrated by applying the different regularization
techniques to identify the nonlinear dynamical behaviour of two systems. In the first case,
we show good generalizability for a Lorenz chaotic system. In the second one we show again
both generalizability and scalability up to 100 parameters with limitted data on Kuramoto
oscillators.

In the future, we will seek different developments, most probably stemming from randomized
numerical linear algebra to further accelerate our tools and enhance their scaling. The same
approach might lead us to £y norm minimization. We will seek to expand the validity domain
by exploiting rational forms of approximation. On the application side, the tool seems most
adapted to model order reduction, data-driven operator inference, large-scale optimization or
classification. Generalization of the m-tensor formalism might prove useful also for solving
parametric PDEs, at this stage most likely through a collocation method.
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The M-Tensor Format

A Tensor operations complexity analysis

In this section we demonstrate the low complexity of the tensor operations previously intro-
duced. Those are what makes the proposed tensor formalism efficient and constitute the main
tricks we leverage. In practice those mostly rely on the low computational complexity of rank-1
tensor operators.

In what follows, we consider that for a given matrix A or m-tensor T, [A], and [T|; respec-
tively denotes the k-th row (vector) of A and k-th row (rank-1 tensor) of T. We defined in
section 3 two specific tensor contractions, in this section we define a more general operator. Let
T € RPr*P2X*Pn denote an arbitrary order n tensor. Then the contraction operations are de-
fined as summations over one or more dimensions of the tensor. We denote contracty, k,... k. (*)
the operator computing the contraction of a tensor over axes ki, ko, ..., k,. Elements of the
resulting tensor are defined as

[contractkl,kz,...km (T)]hiz---ikl—1ik1+1---ik2—1ik2+1---ikm—1ikm+1---in =

pkl pkg Pk,

2 : 2 : z : [ ]i1i2---ik1—1j1ik1+1---ik2—1j2ik2+1---ikm—1jmikm+1---in

j1:1j2:1 jnL:l
Vie, 1 <ip <pu, V6, 1<k <n, k& {ki,ka, ... . kn}

And ContraCtkl,kQ,...km(T) c RPIXPZX'”kalfl><1><pk1+1X"'kazfl><1><pk2+1X"'kam—lXlXPkarlX"'Xpn, the

contracted dimension are reduced to 1.

A.1 Rank-1 tensor contraction

We highlight the fact that the contraction of a rank-1 tensor consists in the product of the
contractions over each axes on their own. Let T = ®?:1 u; with u; € RP¢, then its contraction
is computed as

n
contracty o ,(T) = contracty o, (® ui) ,
i=1

p1 p2 Pn n
3y Y R ,
n=lje=1 gn=1 Li=l J1j2--dn

P p2 Pn n
=22 2 I,

j1=1j2=1 Jn=11i=1

p1 p2 Pn
- Z [ul]jl Z [u2}j2 o Z [u”]jn )
ji=1 ja=1 ne1
n
= H contract; (u;).

=1

If we consider p; = p; = p for ease of notation, this results in a complexity of O (np).

A.2 Rank-1 tensors Hadamard product

We highlight a property of the Hadamard product of rank-1 tensors. Let Vi, 1 < < M, T; =
®?:1 u§ with ué- € RPi for any arbitrary number M of rank-1 tensors. We demonstrate that
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the Hadamard product of M rank-1 tensors is the tensor product of Hadamard products:

M M n .
OTi=OQu,
i=1

i=1 j=1

We can prove it by analyzing the behaviour of each component of the Hadamard product:
M M n

OT =111 [

i=1

kikg..kn,  1=1j=1
The product here being commutative, we can interchange Hadamard and tensor products.

A.3 M-product complexity

In this section we demonstrate the low complexity of the m-product inherited by the prop-
erties of the rank-1 tensor contraction and the commutativity of Hadamard and tensor prod-
ucts for rank-1 tensors. Let us consider the two m-tensors T; € R™*P1xp2XXPn gnd Ty €
R™M2XP1xp2xXPn he m-tensors respectively based on cores {A} }1<i<, and {A?}1<icp:

R 4 . T- [® A4
=1 =1

We can build an element of T! x (T?)T € R™*™2 as the inner product of order n — 1 rank-1
tensors. Elements of that product are defined as

[Tl X T;]kll@ = <[T ]klv [T2]k2>

p1 p2
- E E E k11112 ’Ln T2]k221122 ’Lna
i1=112=1 in=1

= contract, ([T1]g, ® [Talk,) ,

= contract, ((@[Azl ]k1> O] ( A7
i=1 i=1
= contract, (@[Azl]kl © [A?]kz> 5

i=1

3
§'_'
N——
N—

= Hcontractl ] O] [Az]kz) )

_H< il A2k2>'

The overall computation results in the Hadamard product of matrix product of corresponding
cores of both m-tensors: .
T, 7] = () AN

i=1
Considering, for ease of notation that m; = my = m and Vi, 1 < ¢ < n, p; = p the complexity
of the m-product is O(m?pn). This complexity scales only linearly with dimension n and is
dominated by m?. The n-way contracted product of arbirary tensors with the same dimensions
would result in a complexity of O(m?p™).
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B Polynomial toy problem

In this section we give a very simplified vision of the approach on a polynomial toy problem. The

model aims at approximating a two-dimensional polynomial function defined on D = [—1, 1]®2
as
D —R
i 5 3 — [x]2 — 15[x]2[x]2 — 3 2 ]2 .
x 5= x|+ 3[x1[x]2 — [x]] — 15[x]{[x]3 — 3[x1[x]3 — [x]i[x]

This function is evaluated on a set of m points that we denote P C D. We define the RHS of
the linear system to be solved as

We choose to represent one-dimensional problems as second order polynomials, so we define
Y()=[1 z 2?].

This mapping is applied to each component of each point of P to build the cores

Wreqr2ii = W ([xilw)];-

Those cores define the m-tensor regression operator ® as
=V, ® V.

The matrix-based approach would have been built from their face-splitting product, i.e. the
mode-1 unfolding of ®. We consider for instance the three-points set

P = {(_17 _1>’ (07 1)7 (1’0)}'
Cores are defined as

1 -1 1 1 -1 1
\Dl = |1 0 0 and \Dg = |1 1 1
1 1 1 1 0 0
Whereas the mode-1 unfolding of ® (matrix-based equivalent) gives

—1 —1 —1 —1

1 1 1 1 1
ép=|1 1 1 0 0 0 0 0 O

1 0 01 0 0 1 0 O
Even that simple example shows the memory gain (1/3 in that case) of storing the factorization
instead of building the full operator. The linear system to be solved writes for the m-tensor
and matrix case respectively

ex(C=y and @Hc=y,

where
y = [f(-1,-1) f(0,1) f(1,0)]"=[-2 5 3] .

For the matrix case, the least squares solution ¢ is found by using the Moore-Penrose inverse
of @y, denoted <I>Il). That pseudoinverse is computed from the SVD of the operator, if we

consider @) = UXVT, then <I>J(rl) = VX ~1UT. The least squares solution is then given as
A BT
c= <I>(1)y.
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It yields numerically (with rounding at 1072 for readability)
cl = [1.706 2.235 1.059 1.235 —0.588 0.588 0.059 0.588 —0.588} .

In the case of the m-tensor least squares, we first build P = ® x ®. We notice that it yields a
3 x 3 matrix. Then we solve for z in
Pz =y.

This is solved by inverting P, it yields (still rounded at 1073)

z" = [-0.588 1.647 0.647].

Then computing the coefficients C requires using a tensor-dot product we did not present in
this paper but comes naturally when familiar with tensor algebra. Formally it would be defined
as

C = contract, ((diag(z)¥,) [0 U5),
= contract, (¥ |9(diag(z)¥s)),

where diag(z) builds the 3 x 3 matrix whose diagonal is z. In the end, elements of C are defined

as
3

[Clij = _[®]uijlz]i-

k=1

This definition results in C' € R3*3 explicitely

R 1.706 1.235  0.059
C'= (2235 —0.588 0.588 |,
1.059 0.588 —0.588

1.e. the same coefficients as in the matrix-based case with a preserved structure. We demon-
strated for a toy problem that solving the m-tensor system is strictly equivalent to building
the matrix system, even though that matrix rapidly becomes unmanageable with a growing
number of input parameters. We do not further examine the quality of the solution for this
low-dimensional toy problem.

The computational bottleneck in each case is in the inversion of the operator, ®;y and P
for the matrix and m-tensor approaches respectively. The first requires the computation of the
pseudoinverse of a 3 X 9 matrix versus the inversion of a symmetric positive definite 3 x 3 matrix
in the second case.

remark The computational cost of computing the pseudoinverse of a m x n matrix with
n > m is dominated by the computational complexity of the SVD, that is O(m?n). The cost
of inverting an unstructured m x m matrix is O(m?). In our example (m = 3 and n = 9) this
shows that the m-tensor least squares is clearly preferable to the matrix-based approach when
variables are separable in the operator.

C Algorithms to compute ALI decomposition

In this section we provide algorithms to compute the ALI decomposition of m-tensors. As
we stated in the document, we have two ways of constructing it. The first is the greedy
way, inspired from online learning of streamed data. We qualify the second as the optimal
decomposition. We first review the greedy way and then provide arguments for the more
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costful optimal decomposition. We note that review of randomized numerical linear algebra
and the work of Mahoney and Drineas on CUR matrix decomposition [21] lead us to seek a
near optimal algorithm leveraging randomized approaches with a low computational cost.

As a reminder and to settle notations for this section, we consider an m-tensor T with c-dim
m and provide its ALI decomposition with a tolerance € as

IT - WT|?*<e.

In the remainder of the section, we give a geometric interpretation to the incremental construc-
tion of the subset of rows from a given m-tensor. We consider each row to be a point in a high
dimensional space. Providing the distance definition from the inner product of two of those
points, i.e. the inner product of rank-1 tensors, we seek to maximize at each step the distance
to the previous subspace.

C.1 Greedy decomposition

The greedy construction of the ALI decomposition of an m-tensor considers that we sweep
once through the rows of an m-tensor T or treat rows as they are streamed (or equivalently the
rank-1 tensor mapped from streamed data) to select the best ones on-the-fly. This is considered
a greedy approach because it builds the best subset from available data as it comes.

Element 1

The first provided row [T]; is used by default to initialize T. Weights W, are initialized as an
array containing only 1. By convenience we define

Ly = [[[T]]-
From that given point, we build a subspace span({[T];}). For the next point, we evaluate the
distance to that subspace. For a new row [T]s, we compute J5 defined as
2
[

$, = min |[T]; — [T,

Given by the minimizing w defined as

(], [T]s)

RV

This minimizer is obtained by expanding the norm in the definition of § and deriving the
minimum of a quadratic polynomial in w. Using that minimizer, § will be given by

02 = [|[T]|* ~ (%) |

By comparing 9, to the precision criterion ¢, the point is kept or not. If it is kept, [T]o is
appended to T and L is updated as

Ly 0
L= ,
’ [ IITTLI2 - ]
where s is defined as
o [Th, [T]2)
Ly
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The weight matrix W is updated as

w0
w= [

Otherwise, if 5 < ¢, only the weight matrix is updated as

w- ]

Element k

For any new row [T];, we adopt the incremental construction for T as follows. Consider we
retained k elements in T until that point. This means we need to evaluate the distance of [T];
to a k-dimensional subspace. We define the vector b defined from the already selected rows
and the new one as

b=Tx [T]].

The distance 5, between [T and span(T) is evaluated as
12 g
5, = min H[T]k - WTTH — [I[T]u]l? = bTP b,

where P = T x TT is symmetric positive definite and whose Cholesky factors are given by Ly,
1.€. B
P = L,;Lg.

Therefore we define the vector s from Lj directly as
-1
s = LI~€ b,

which can be computed by downward backsubstitution. Given the vector s, the second term of
the definition of § can be efficiently computed as bTP~'b = sTs. Then by confronting 8y to the
tolerance e, [T is kept or not. If &, > e, then [T], is appended to T and the Cholesky factor
is updated as

L; 0 ]

Fra { [T [~ s7s
The weight matrix W is updated as

Wi 0
Wk)+1:|:0k 1:|

Otherwise, if J; < e, only the weight matrix is updated as

W
Wit = [W’:] ;

with w = (Li)*ls, which can be computed by upward backsubstitution. This construction is
excessively efficient as it loops only once on the rows of T, it does not suffer from numerical
instability as we avoid computing the inverse P! Instead we leverage its incrementally con-
structed Cholesky factors Lj. For that reason it is fit for streamed data if the hyperparameter
€ can be chosen a priori. We describe this construction in the pseudoalgorithm 1.

In their work, Engel et al. [3] give a proof that the number of kept tensors k will always be
finite under mild conditions. This means that the algorithm will eventually stop adding tensors
to T.
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Algorithm 1 Greedy ALI decomposition

Input: ¢, [T];
Output: T, W
Initialization
T « [T),
Ly + [[(Th|
k+1
W« [1]
for any new [T];, £ > 1 do
Compute b
b+ T x [T}
Compute s by backsubstitution
S Lilb
Evaluate 9y,
O = [|[T]el|* — sTs
if 9, > ¢ then
Update reduced m-tensor T
~ T
e [[T]k]
Update number of kept tensors k
ke—k+1
Update Cholesky factor L
L; 0
e |5 e
Update weights W
W 0
W« { 0 J
else
Update weights W
W
W gy
end if
end for
return W, T

> Initialize reduced m-tensor

> Initialize Cholesky factor

> Initialize row index in reduced m-tensor

> Initialize weights

> Loop on rows of initial T or streamed data

> Compare distance to threshold

C.2 Optimal decomposition

Consider we are given a full m-tensor T with c-dim m. We seek the m-tensor T of c-dim
m < m such that all rows of T are almost linearly dependent on the rows of T with respect to
a tolerance €. To build such optimal decomposition, we propose an iterative approach during
which we add the best choice among all rows of T at each step.

Element 1

The first row of T is selected so that its span minimizes the sum of distances with the other
rows. To evaluate the distance of all points to the subspaces spanned by each points, we build

the matrix A; € R™*™ as

[Ai]i; =06}, 6 =min||[T]; — w[T]|*.

weR
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Each element is defined by expanding the norm in the definition of distances provided here.
This expansion provides a quadratic formulation in terms of w which admits a unique minimum
that we inject to build A; with elements defined as

55 = |I[Till? - (W) '

We compute the contraction of each column vector of A; and select the first row of T to
minimize that sum. If all distances in the column vector corresponding to the selected point
were below the precision tolerance e, then T would be sufficient and the algorithm would end
there.

In practice, the elements of the matrix A; can be built from the elements of P = T xTT. The
squared norms are on its diagonal and the inner products in the upper (or lower equivalently)
triangle. It is important to notice that A; is not symmetric.

Element k&

The k-th row of T, k > 1 is selected so that the subspace
span ({[T]Z, 1>i> k})

minimizes the distances to all other points. In order to evaluate these distances, we denote T},
the m-tensor T with rows previously selected in T removed. We define T; as T appended with
the j-th row of T},

T, - [[TTAJ] |

Then we build the matrix Ay, € Rm=k)x(m=k) {5 evaluate the distances of each remaining point
(not in T') to each possible augmented subspaces.

2
ALl = oF 0k = min
[ k]” v K weRk

[Tk]z — WTT]'

The minimizing weights w can be computed by expanding the norm and solving for the unique
minimum. This results in the minimized distances given by

0 = I[Tulill* = O)T(B) by,

where we define b = T, x [Ty]I, P/ = T; x T} We notice that P/ is symmetric positive
definite, and therefore admits a Cholesky factorization P} = L (L])T. Seeing that each distance
computation requires the inversion of ﬁg, we use that factor’s definition and reformulate the
second term of the definition of (55]- as

(b)T(B) by = (L)' B)T((L) b)) = (s)) 78y

With this construction, a single upward backsubstitution is needed to compute each s;j We
propose to alleviate the notations and use those formulations. Therefore we suggest the follow-
ing matrix construction for Ay for more readability. We define at step k£ the matrix as

Ay = diag(n) 1, 1 — S;Sk:,

where 1,,_; denotes the square matrix of size m — k filled with ones. Then n is defined as the
vector containing the norms of each row of T, i.e.

n' = [[|[Thil [Tl .. [[Tlm-sll]-
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The matrix S, is defined as
Sk - lelBlm

where Bj, is defined as )
Bk =T x TT,

and Ly is the Cholesky factor of P, = T x TT. As for the first element selection, we sum the
columns of Ay, to obtain a vector §,. We select the index of the best choice in the rows of T}
as the minimizer

1 = argmin, ([0];).

The corresponding row of T}, is appended to T. We check if all values of distances in the i-th
column of Ay are below £, in which case the precision criterion is reached and the algorithm is
stopped. Otherwise, operators are updated and the loop continues.

We note that Lj, can be built incrementally, along with T with Ly = [||[T]]|] and for k > 1
with the formula

Ly 0
L = =
ST s IR g

where sy, is the 2-th column vector of Sy
Once the optimal T of size m is computed, we evaluate the weight matrix using the projector
onto the span of T denoted by Il and defined as

~ ~ ~ -1 _
HT::TT<T><TW> T.

That projector is used to circumvent the fact that our decomposition does not provide an
orthonormal basis. Therefore we cannot simply build the weights in a unique way without
defining a way to project elements on the ALI ’basis’. We identify the weights in the projection
of T

Tx I =WT.

Therefore the weight matrix W is given by
W=TxTP'=TxT(L )L

We provide the pseudoalgorithm 2 to build the optimal m-tensor ALI decomposition from
a full m-tensor. The algorithm uses the Cholesky factor and updates it in the loop. Therefore
it is already an optimized and numerically stable option to implement.

remark We make a remark on the use in the context of regression. In that case, we consider
we are given a set of sample P of size m. We seek the subset P of size 7 such that the span of
the elements of P through the mapping ¢ minimizes the ¢ error of the projection of the full
mapped set with a tolerance €.

The first element x; of P is selected so that the span of its mapping span({(x;)}) minimizes
the sum of distances with the remainder of the mapped set. Then, the k-th element x;, & > 1
of the subset P is selected so that the subspace

span ({gp(x), xePU {Xk}}>

minimizes the distances to all other mapped points. The approach is exactly the same and
leverages the fact that the mapping ¢ maps a point to a rank-1 tensor and a set to an m-
tensor. That way a row [T]; of T is seen as the mapping of a point x; € P. The rows of T are
the points of P mapped through ¢.
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Algorithm 2 Optimal ALI decomposition

Input: T, ¢
Output: T, W

Build matrix Ay

Sum columns of A

[61)i <= DT [Adli

Select first element of T

T < [T);, i = argmin,([8,];)

Initialize Cholesky factor L,

Ly « [IT|] ]

Define reduced m-tensor T by removing 2-th row of T

for k, 1 <k <mdo > Loop on rows of T
Build vector nj of norms of each row of T}
A1 [Tl NTelell - [Tl
Build matrix By,
Bk — T X TL
Compute matrix Sy
Sy LI;IB]C
Compute matrix Ay
Sum columns of A, in vector &y,
(B4l = ST (AR
Find optimal column index 7
i = argmin, ([04];)
Append i-th row of T as k-th row of T
7 [T, [T]7]
Select 2-th column vector of S,

Update Cholesky factor Liiq
Ly [Lk 0 ]
S Ist VTR = s]s

Update T} by removing 2-th row of T},
ifVj 1<j<m-—k, [A]l;; <e then » If all distances to current subspace fall under ¢
Break loop
end if
end for
Compute weights W with respect to final T
W TxTTL, L
return T, w

remark As stated earlier, we realized the gain to be found from the field of randomized
numerical linear algebra. By seeking a m-tensor CUR generalization, we found in the work of
Mahoney and Drineas [21] a path for perspectives leveraging randomized approaches, instead
of what we have done that relates more with the pseudoskeleton approach of Goreinov et al.
[11].
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