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Fast and General Automatic Differentiation for Finite-State Methods

Lucas Ondel Yang' Tina Raissi

Abstract

We propose a new method, that we coined the
“morphism-trick”, to integrate custom implemen-
tations of vector-Jacobian products in automatic
differentiation softwares, applicable to a wide
range of semiring-based computations. Our ap-
proach leads to efficient and semiring-agnostic
implementations of the backward pass of dynamic
programming algorithms. For the particular case
of finite-state methods, we introduce an algorithm
that computes and differentiates the &-sum of all
paths’ weight of a finite-state automaton. Results
show that, with minimal effort from the user, our
novel library allows computing the gradient of a
function w.r.t. to the weights of a finite state au-
tomaton orders of magnitude faster than state-of-
the-art automatic differentiation systems. Imple-
mentations are made available via an open-source
library distributed under a permissive license.

1. Introduction

Most machine learning algorithms rely on the optimization
of a cost function. When the data exhibits some kind of
organisation, it is often desirable to design functions cap-
turing the underlying structure of the data or enforcing a
priori adequate constraints. The problem or structured pre-
diction (or structured learning) is the problem of designing
and optimizing such functions.

A broad family of structured prediction methods (Goodman,
1999; Mohri, 2002; Rush, 2020; Ondel et al., 2022) is con-
cerned with optimizing functions that are decomposable into
a finite number of terms via two abstract operators, a “mul-
tiplication” (®), and an “addition” () forming a semiring.
Such functions are conveniently represented as a directed
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acyclic graph, facilitating the exploration of the structure,
and they are efficiently evaluated via Dynamic Program-
ming (DP) (Bellman, 1952). From a formal perspective, this
family of finitely semiring-decomposable functions can be
expressed in a unified way via the framework weighted fi-
nite state automata (Mohri et al., 2002). This formalism has
enabled the development of general, efficient, and scalable
softwares (Mohri et al., 2000; Riley et al., 2009) for DP
algorithms on graphs for structured prediction problems.

However, DP algorithms, and semiring-abstracted computa-
tions in general, raises major challenges from the perspec-
tive of automatic differentiation. Because the semiring is
user-defined and unknown beforehand, room for optimiza-
tion is strongly limited. As a result, while it is technically
possible to automatically differentiate semiring-based com-
putations with tools such as (Innes, 2018), the computational
cost is prohibitive. This is a major obstacle in the integration
of large scale structured prediction methods in end-to-end
pipelines which rely on gradient descent for optimisation
method.

This work proposes the following contributions.

1. We introduce the “morphism-trick”: if the semiring’s
@-addition is isomorphic to the addition of real num-
bers, the computation graph to backpropagate the
derivatives can be “flattened” and a vector-Jacobian
product algorithm can be implemented without know-
ing the semiring beforehand.

2. We show that the morphism-trick can be a applied to
a broad family of semirings, including multi-valued
semiring and the tropical semiring.

3. Using the morphism-trick and the WFSA formalism,
we propose a general and efficient DP algorithm and its
corresponding vector-Jacobian product. An implemen-
tation of this algorithm is provided in an open-source
software.

2. Related Works

To alleviate the computational load of direct AD of semiring-
based linear algebra operations, they implement optimized
functions and the corresponding vector-Jacobian product
for a group of carefully chosen semirings. This necessary
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optimization limits the flexibility of their approach: a new
structured prediction algorithm requiring a different semir-
ing involves rewriting and optimizing key operations and
their corresponding vector-Jacobian product. Finally, since
they use exclusively dense operations their approach is not
suited for finite state automata which are inherently sparse
objects.

Differentation of finite state automata has been explored
by Hannun et al. (2020) and Hannun (2021) where they
focus exclusively on the log-semiring and, to a lesser ex-
tent, on the tropical semiring. In a similar vein, the k2-fsa
software (Povey & Kuan, 2020) proposes a practical im-
plementation of vector-Jacobian products for finite state
automata operations limited to the log-semiring. Balakrish-
nan & Deshmukh (2024) proposes to directly use AD tools
to differentiate through finite state automata computation
over arbitrary differentiable semirings. However, they il-
lustrate their approach on small problems (a 5-states and a
3-states automaton) far from the scale seen in, say, natural
language processing.

Another line of work focuses on latent structures in neu-
ral networks (Niculae et al., 2025), i.e. structures that ap-
pear as intermediate computation inside a neural network
(Kim et al., 2017). To this end, several methods have been
proposed, including differentiating through regularized dy-
namic programming algorithms (Mensch & Blondel, 2018;
Corro & Titov, 2019), efficient explicit marginalization via
sparse distributions (Niculae et al., 2018; Correia et al.,
2020), general frameworks based on perturbed optimiza-
tion (Berthet et al., 2020; Stewart et al., 2023) and implicit
differentiation (Blondel et al., 2022), among others.

Finally, a concept of derivatives (Brzozowski, 1964) and
partial derivatives (Antimirov, 1996) for regular expres-
sions and finite state automata has already been defined and
extended to weighted finite state automata (Lombardy &
Sakarovitch, 2005). Despite a resemblance with the present
work, this is merely homonymy: we aim at computing the
rate of change of a function with respect to some parameters
whereas their concept of derivatives aims at providing a
canonical representation of (weighted) regular expressions.

3. Preliminaries

In this section, we introduce relevant terms, concepts, and
notations used throughout this work.

A monoid (Perrin, 1997) (M, ®, €) is an algebraic structure
over a non-empty set M where © : M x M — M is an
associative binary operation, that is for all z,y, z € M:

(z0y)02z2=20(y0O 2),

and € € M is a neutral element, that is Vo € M:
rOe=eOr=c°¢.

A monoid M is said to be commutative if ® is a commuta-
tive operator, i.e.,Vz,y € M : 2 Oy =y O x.

A monoid morphism (or simply morphism) is a mapping
w from a monoid (M, ®, €) to another monoid (M’, e, ¢’)
such that for all x,y € M:

Wz ©y) = pu(x) e pu(y)
u(e) = €.

A monoid morphism g is an isomorphim if p is bijective.
The monoids (M, ®,€) and (M’, e, €') are said to be iso-
morphic if they are linked by an isomorphism.

A semiring (Golan, 1999) (S, ®,®,0,1) is an algebraic
structure over a set S where (S,®,0) is a commutative
monoid and (S, ®, 1) is a monoid such that ® distributes
over &, thatis for all z,y, z € S:

2R @Eoy)=(:01)8(2®Yy)
and (z®y)®z=(r®a)® (y® 2).

Moreover, 0 is an absorbing element with respect to ®, i.e.,
VeeS:z20=0®x=0.

The matrix semiring is the semiring formed by the set of
square matrices SkXE with addition as the elementwise
@-addition of S, and multiplication as the standard matrix
multiplication defined with ¢-addition and ®-multiplication
of S. When the context is clear, we use the standard notation,
i.e., for A,B € S*** the semiring-matrix addition is noted
A + B, and the semiring-matrix multiplication is noted AB.
The additive neutral element is the matrix noted 0 with all
entries set to 0, and the multiplicative neutral element is
the matrix noted I with diagonal elements set to 1 and the
others set to 0. We note A™ the n-iterated multiplication of
A and we define A £ 1.

A weighted finite state automaton (WFSA) is a 6-tuple
(S,Q,%, E, )\, p) consisting of a semiring (S, ®, ®,0,1), a
finite set of states (@, a finite set of label X, a finite set of
transition £ C @ x ) x ¥ x S, an initial mapping function
A @ — S, and a final mapping function p : @ — S.

For a transition e € E, we write o(e) its origin state, d(e)
its destination state, o(e) its label and w(e) its weight.

We define the set of initial (resp. final) states I (resp. F)
as the set of states for which the mapping A (resp. p) is not
0,ie. I ={q:A(g) # 0,9 € Q} (resp. ' = {q|p(q) #
0,q € Q).

A path p = (ey,...,e,) € E™is a sequence of transition
such that, for all 1 < ¢ < n, we have d(e;) = o(e;+1). The
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set of paths from state ¢ € @ to state r € @ is noted P(q, r).
The weight of a path is defined as:

w(p) =w(er) @ ... @ w(ey).

The shortest-distance between g € @ and r € (@ is defined
as:

Digrl= @ w).
PEP(q,r)

The shortest-distance between two states can be evaluated
efficiently via DP using the following recursion:

Dig,r] = @ Dlg,z] ® D[z, r]. (1)
zEP(s,T)

The weight of an automaton A is defined as

vA) = P

(¢,m)EIXF

AMgq) ® Dlg,7] @ p(q)- 2

The concept of weight of an automaton is central in struc-
tured prediction as it formalises the notion of cost function
in structured prediction problems representable as a directed
acyclic graph (assuming an acylic automaton .A). Under
various disguises, it is the likelihood function of many prob-
abilistic models (e.g. Hidden Markov Models (Rabiner,
1989), Conditional Random Fields (Lafferty et al., 2001),
...), it is a special instance of the sum-product algorithm
in factor graphs (Kschischang et al., 2001), and it is a key
computation in most, if not all, structured loss functions
for speech processing (Graves et al., 2006; Graves, 2012;
Heigold et al., 2012; Hoffmeister et al., 2012; Hadian et al.,
2018; Pratap et al., 2022; Variani et al., 2022; Laptev et al.,
2023).

4. Automatic Differentiation of the Semiring
Dot Product

Differentiating through semiring-based operations is very
challenging when the semiring is unknown to the AD system.
The problem does not come from evaluating the derivatives
themselves but rather from scaling the computation. Even
if the function to differentiate is efficiently implemented,
the process of differentiation quickly becomes inefficient
if not helped with specialized implementation of relevant
vector-Jacobian products. We dissect here the steps of differ-
entiating through semiring-based computations to illustrate
this issue. Our discussion assumes the use of reverse-mode
differentation (Rall, 2006; Baydin et al., 2018) where the
function to differentiate is first evaluated for a given input
(forward step) and then the derivatives are backpropagated
through the computation graph (backward step) via iterated
vector-Jacobian products.

Let (S,®,®,0,1) be a semiring with @& and ® differen-
tiable with respect to both arguments. We assume the fol-
lowing derivatives

Jr®y OJdr®y OJxdy and dr Py
oxr oy ’ oxr ’ Ay

to be computable by the AD system with negligible cost.

We consider a dot product operation defined for two vectors
x,y € S¥ as:

2=(21Q11) D (2@ y2) D B (2x ®Yr). ()

Not only this operation is a typical in semiring-based compu-
tation, it is also at the heart of DP algorithms as illustrated by
(1). A concrete (sequential) implementation of (3) requires
computing the ®-products:

U =2 QY; “
and then to perform the @-accumulation

ZrK-1=Ur-1 DUk (5)
Zi = Ui D Ziy1- (6)

The final result is obtained with z = z;. In this case,
assuming constant cost for the @ and ® operations, the
forward computation has a linear complexity O(K).

To compute the partial derivatives % one has to unroll the

computation by application of the chain rule:

| S —

Iz

du;

An illustration of the computational graph for the forward
and backward steps is shown in Fig. 6 (Appendix A).

Since we assume reverse-mode AD, (7) is calculated from
left to right and corresponds to a top-down traversal of the
computational graph. Note that the computation graphs of
the forward and backward steps have the same topology,
and therefore, both steps have the same algorithmic com-
plexity' and, presumably, a similar run-time. In practice,
however, the run-time between the forward and backward
steps of semiring-based computations tends to differ signif-
icantly. We illustrate the issue in Fig. 1 where we report
the run-time of the forward an backward steps of the dot
product under the log-semiring (Droste & Kuich, 2009),
where x @ y = log(e® + e¥) and z ® y = = + y, using two
popluar AD softwares of the Julia programming language
ecosystem: Zygote (Innes, 2018) and Enzyme (Moses &
Churavy, 2020). Zygote benefits from highly optimized im-
plementations of vector-Jacobian products for linear algebra

'We assume that the & and ® operations and their derivatives
have the same complexity.
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run-time (s)
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Figure 1. (left) Run-time of the product under the log-semiring (forward) and the AD of the computation with Zygote (Innes, 2018),
Enzyme (Moses & Churavy, 2020) and Zygote augmented with a generic vector-jacobian product (our proposed method). Our approach
scales well as it bypasses the needs to allocate and maintain the computational graph in memory. (right) Number of heap allocations
realized by the different AD methods. Note that the computation of the semiring dot-product itself does not require dynamic memory

allocations.

operations (over the field of reals), Enzyme has a mini-
mal set of optimized implementations of vector-Jacobian
products, but achieves high-performance by differentiating
the optimize low-level LLVM’s intermediate representation
of the program. In both cases the AD process is several
orders of magnitude slower than the forward computation
despite having the same theoretical complexity (Griewank
& Walther, 2008). This performance gap is explained by the
need to store in memory the computation graph necessary
for the backward step. As one can see in Fig. 1, the total
number of allocations made by the AD system grows with
the depth of the computation tree strongly impacting the
run-time.

5. Differentiation via the “Morphism-Trick”

We have seen that the performance bottleneck in AD of
semiring-based computations is related to the depth of the
computation graph, which incurs many unavoidable heap
allocations. In this section we describe a method to “flatten”
the computation graph for the backward step by using a
unique implementation of vector-Jacobian products for a
broad family of semirings.

Proposition 5.1. (Morphism-trick) Let (S, ®, ®,0, 1)
be a semiring such that the monoid (.S, &, 0) is isomor-
phic to (R, +,0), and let i : S — R be the associated
morphism and p~! its inverse. For all x,y € SX, if

then:

0z 0Oz Op(x; R y;) 0x; @ y;
ox; Ou(z) Or; @y, ox;

Proof. Using the morphism, we have

2= u(2)]
— Mfl[lu,(xl ® yl) + ...+ /«L(l'n ® yn)]

and applying the chain rule gives:

0z 0z Ouplz) O0r; @y;
Ox;  Ou(z) 0r; @y; Owy

Observing that 655(;)% simplifies to %&gﬂ” leads to the

desired result. O

Proposition 5.1 shows that, under certain conditions, the
computation of g—;i does not require any more unrolling the
recursion in (6). From a graph perspective, this implies that
the computation graph for the backward step has a depth of
O(1) (see Figure 2) and no longer requires storing the z;
values saving therefore many heap allocations.

Using this approach, one can incorporate an optimized im-
plementation of vector-Jacobian products in the AD system
valid for any semiring equipped with a morphism g. It is suf-
ficient for the end-user to provide to the AD system routines
to evaluate the following computations:

da Ou(b) da®b andaa@b.

Ou(a) b ° da ° b ®
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Jz

ou(z)
ou(w) T Oplux)
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Figure 2. Computation graph of the backward step of z via the
morphism-trick.

An example of a pseudo-algorithm of the vector-Jacobian
product of semiring dot product in provided in Alg. 2 (Ap-
pendix B).

As an example, consider the log-semiring and observe that
the morphism p(z) = e” statisfies the constraints in Propo-
sition 5.1 and is invertible. It follows that

da Ou) e

ou(a) b e
Oa Rlog b . da Rlog b 1
da b ’

Using these definitions in Alg. 2, allows to backpropagate
the derivatives without storing the computation graph of the
forward step.

In Fig. 1, we measure the run-time of the AD of the semiring
dot product using a general implementation of the vector-
Jacobian product with Zygote. In this case, there is no signif-
icant difference between the forward step and the backward
step: the forward graph is not stored and the overhead of the
AD process is negligible.

We end this section on a practical remark: the morphism g
allows to shortcut dependencies in the chain of derivatives.
As a result, the implementation of backpropagation can
be decoupled from the semiring, relying on an abstract
definition of the functions in (8). This mirror the design of
finite state automata libraries, as described in Mohri et al.
(2000), where concepts of object oriented programming help
to separate of graph-related algorithms from the semiring
abstraction of the transitions’ weight.

6. Applicable Semirings

We now present examples of semirings satisfying this con-
straint, but also possible workarounds to differentiate some
idempotent semirings, that is extending the proposed ap-
proach to semirings beyond ones strictly satisfying the con-
ditions of Proposition 5.1.

6.1. Semirings Isomorphic to the Real Line

The proposed approach is applicable when the semiring’s
monoid (.9, @, 0) is isomorphic to (R, +, 0), where “+ is

the natural addition, under the monoid morphism y : S +—>
R. The existence of the isomorphism y for a semiring S
implies the -operation to be defined as:

z@y=p () + py)). )

This evidently applies with p(x) = x for the semiring of
real numbers and with the semiring of complex numbers
frequently used in quantum finite-state methods (Say &
Yakaryilmaz, 2014).

Example 6.1 (log-semiring). The log-semiring on the
set R is defined as follows:

z®y =7 log (exp(rz) + exp(Ty) ),
0=—-oco0 and 1 =0,

where 7 > 0 is a configuration temperature. The iso-
morphism is given by:

pu(x) £ exp(r)

The log-semiring is an important example as it appears in
the computation of the log-partition function for conditional
random fields and hidden Markov models.

More generally, x-calculus (Kaniadakis, 2002) defines de-
formed exponential and logarithmic function that are basis
for power-law distributions:

- xF
exp,(z) = — (10)
log, (z) = (V1 + #222 + i)~ an

The generalisation of the log-semiring with these functions
is compatible with our framework.

Example 6.2 (log,.-semirings). The log,-semiring on
the set R is defined as follows:
€T @N Y= 1Ogn [expm (.17) + eXpn (y)]?

2@y =2/1+ 22 +yV/1+ K222,
0=—00 and 1 =0.

The isomorphism is given by:

p(z) = exp,(z)

The log,.-semiring reduces to the standard log-semiring
when x approaches 0.

6.2. Multi-valued Semiring

Our approach is also applicable to multi-valued semirings,
i.e. semirings for which the set S is a ary tuple of values. A
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typical example is the expectation semiring (Eisner, 2002)
and its higher order generalization (Li & Eisner, 2009).
Consider a couple-valued set S = 7 x Ss and the couple
of binary operations defined as & = (@1, ®2). Then, for
(z,a) € Sand (y,b) € S, we write:

(r,0) ® (y,b) = (x D1y, a B2 b). (12)

Notice that when dealing with multi-valued semirings, the
partial derivatives in (8) are not scalar but Jacobian matrices.
This is not an issue in practice as we do not need to instanti-
ate these matrices explicitly to compute the vector-Jacobian
products.

Example 6.3 (log-expectation semiring). The log-
expectation semiring is defined on the multi-valued
set R x R

(z,a) ® (y,b) = (log(e” + €¥),a + b)
(z,a) ® (y,b) = (z +y,e"b + €Ya)
0= (—00,0) and 1= (0,0).

The isomorphism is given by:

pl(z,a)] £ (exp(w), a)

6.3. Idempotent Semirings

The morphism-trick is not applicable generally on idempo-
tent semirings, i.e., semirings for wich z & x = z for any
x € 5, as they do not satisfy (9). Nevertheless, some idem-
potent semirings can be integrated into our framework by
considering weaker constraints and augmenting the semiring
with other values necessary for the backward step. Consider
the sum

z2=21D..DzN (13)

with z; € S, and let assume that:

1. There is a mapping f,(+) such that
f2(2) = fa(z21) + oo + fa(2n). (14)
2. f.(+) is invertible at z.

With these two conditions, it is easy to see that the partial
derivative of z with respect to any term of the sum undergoes
a simplification similar to the morphism case. We draw the
reader’s attention that f, is not necessarily a morphism and
that another @-summation, say z’, may require different
mapping f.,, and f,(z) is not equal to f,.(x) in general
for x € S. These conditions do not suppose the existence
of the isomorphism p but require implementing a general
vector-Jacobian product for the whole familly of mappings

f-(-). As an example, we illustrate how the (idempotent)
tropical semiring, defined with @ y = min(z,y), can
be differentiated with our framework using these relaxed
constraints. Let 1,,(x) be the indicator function which
returns 1 if z = m and 0 otherwise. We define the function
f parameterized by m and C' as:

21y ()

C

For each z =  min(zy,...,2,) we define C, =
S Lim(24), ie., C, is the number of argument z; equals
to z. Then, we have the following relationship:

fm,c(x) = 15)

2=21D..DzN
s Zn)
= foo.(z1) + ..+ fr0.(Zn). (16)

= min(zq, ...

Therefore, a tropical G-summation z can be decomposed
as a regular sum using f, ¢, (-) and the latter is invertible
(only) at z. Consequently, the backpropagation of tropical
computations can be theoretically differentiated with our
approach as any other semiring satisfying (9). A difference
subsists as the partial derivatives

1 z (Zz )

0: 0z 0fec.(z)
0% 0fo(z) o0nm G (17)

depend on a parameter C',, wich must be stored for the back-
ward step. This easily done by considering the following
composite semiring

(R x R, ®,®, (+00,0), (0,1)), (18)
where

(x,Cy) @ (y,Cy) = (min(z,y),Cy + Cy) (19)

The advantage of integrating the evaluation of the C, pa-
rameters in the semiring computation is that it avoids the
need to implement a specific vector-Jacobian product for the
tropical semiring. It is sufficient to use the extended-tropical
semiring defined above with the appropriate implementation
of (8) and (17). A similar treatment applies to any idem-
potent semiring with é@-addition defined with min or max.
This includes, among others, the tropical semiring, the arctic
semiring, and the Lukasiewicz semiring (Droste & Kuich,
2009).

7. Differentiating DP Algorithms with Finite
State Methods

So far, we have exposed our approach on the generalized dot

product, the core operation of DP algorithms for structure
prediction problems. In this section, we derive a general
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Figure 3. (left) Run-time of computing v(.A) under the log-semiring (forward) and the AD of the computation, Enzyme (Moses &
Churavy, 2020) and Zygote augmented with a general vector-jacobian product (proposed). (right) Number of heap allocations realized by
the different AD methods. For both plots, K represents the number of states of plus the number of transitions of .A. The automata used
for this benchmark were artificially created by iterated concatenations of the automaton illustrated in Fig. 7a (Appendix C).

differentiable DP algorithm to compute the weight of an
automata v(.A). Recall from Section 3 that v(.A) formalises
all possible cost functions for structure prediction problems
on directed acyclic graphs. The DP recursion to evaluate
v(A), as defined in (1), requires exploring the graph of the
structural constraints represented by the automaton 4. This
is usually done via a queue-like mechanism, where states
to explore are added progressively (Mohri, 2002). From a
software perspective, queue-like mechanisms present major
challenges as, (i) they are sequential in nature and cannot
easily leverage parallel optimization, and (ii) they are diffi-
cult to differentiate through as it is necessary to keep track
of the internal state of the queue over time to ensure gradient
correctness. Because of these difficulties, it is common to
have task-specific implementation of DP algorithms (and
their derivatives), rather than general ones. A glaring ex-
ample is the widely used CTC loss (Graves et al., 20006):
common implementations, as in PyTorch (Paszke et al.,
2019), rely upon a fixed structure to derive a parallel and
optimized implementation. Therefore, exploring a slightly
different structure, as in (Pratap et al., 2022), necessitates
the development of new complex softwares (Hannun et al.,
2020).

Inspired by modern numerical methods for graphs (Kepner
& Gilbert, 2011), we present, in this section, a general DP
algorithm expressed entirely in terms of semiring linear
algebra operations, bypassing the difficulty of the queue-
based graph exploration. Then, we apply the morphism-trick
on this new algorithm to derive an efficient and general of
the corresponding vector-Jacobian product.

7.1. Computing v(.A)

Let A= (5,Q,%, E, )\, p) be an acyclic and topologically
sorted finite state automaton. We define the matrix T €
S1QI*1Ql such that the element at the ith row and jth column,
denoted T3, is the ©-sum of all the transitions’ weight going
from state 4 to state 7, i.e.,

T;; = @ 6ij. 0). 1)

oED

We further define the vector « (resp. w), taking value in
S%, such that a; = A(i) (resp. w; = p(i)). Since A
is topologically sorted, it follows that T is strictly upper
triangular, i.e. T;; = 0 for wheni > j.

Using T, «, and w, the weight of .4 can be expressed as:
v(A) =a T w, (22)

where T denotes the star operation in the matrix semiring,
ie.,, T+ T! + T2 + ... Intuitively, (22) is the sum of the
weights of all the paths of length 0, 1, 2, and so on. The
intermediate computation

d'=a'T* (23)

is known as the single-source shortest-distance algorithm
(Mohri, 2002) and is the bulk of the algorithm’s complexity.

To derive an efficient recursive algorithm for d, we make
use of the following proposition (adapted from Theorem
2.17 in Esik & Kuich (2009)):

Proposition 7.1. Let (S, ®, ®,0, 1) be a semiring, k
a positive integer, o € S* a vector, and T € S¥*F a
matrix. If d” = a " T*, then, the following equality
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holds:

d'=a’ +d'T.

Proof. Pluggingd’ = o' T* on the right-hand side of the
equality gives:

d'=a’ + (a'TH)T
:aT(I—i—Tl +T?+..)

and noting that, by definition, T® = I, completes the proof.
O

From Proposition 7.1 and the fact that T is strictly upper
triangular, it follows that the ¢th dimension of d is given by:

d = o; @ (é;ldj O Ty1)- 24)
j=1

Since d; depends only on other values d; when j < i, it can
be evaluated recursively starting from d; = «;.

Since each element T;; will be multiplied and added ex-
actly one times, and taking into account the addition of
the vector a, computing d requires O(|Q| + |E|) semir-
ing operations. This matches the complexity of other DP
algorithms on topologically sorted directed acyclic graphs
(Mohri, 2002). On an ideal parallel system, the cost of
adding o becomes constant and the sums in (21) and in
(24) can be distributed logarithmically which leads to an
algorithmic depth of O(|Q| log o), where o is the maximum
number of transitions leaving a state in .A.

7.2. Differentiation with the morphism-trick

We now turn to the problem of propagating back the deriva-
tives though the three steps of the computation, namely (21),
(23), and the dot product d " w. The main challenge con-
sists in computing the derivatives of v(.A) with respect to d
from which the derivatives of o, w and T naturally follows.
First, observe that irrespective of the semiring we have the
recursion:

ov(A)  od'w @
od; — 0d;

8dj 81/(A)
— 9d; dd; (23)
+1

which requires computing the derivatives of a semiring dot

8d w
product <5 T

term %. Since (24) has the same functional form as (3),

we can use the morphism trick, i.e. differentiating through
wu~t[p(d;)], which yields:
8d,~ adz 3u(dj (29 sz) 8d] ® ,Tij

adj - 8u(dl) 8d] ®Tij 8dj

, which we have already discussed, and the

(26)

As in the case of the dot-product, the gradient depends on
the semiring only through terms with the same form as
(8) which can be provided externally by the practitioner
allowing therefore a general implementation of the vector-
Jacobian product of v(A). The pseudo-code for such im-
plementation is provided in Alg. 1 (Appendix B) as an
example. The comparison of run-time of the AD of v(A)
with Enzyme on the one hand and Zygote augmented with
our Alg. 1% on the other hand is reported in Fig. 3. As
for the case of the semiring dot product, the speed up is
drastic thanks to a minimal number of dynamic memory
allocations.

The DP algorithm defined by the recursion in (24) is
made available in the open-source WFSA library Tenso-
rAutomata.jl>. Our implementation makes uses of the sparse
row compressed storage format (Tinney & Walker, 1967) for
the matrix T, enabling large scale application. The library
also implements the corresponding general vector-Jacobian
product via the ChainRules.jl library*. Therefore, our algo-
rithm is differentiable as is for all AD engines compatible
with ChainRules.jl. In practice, we have used our software
to differentiate through the DP recursion on graphs with
millions of states and hundreds of millions of transitions.
Computation on GPU is currently not supported but planned
for future releases. Illustration of gradients computed with
TensorAutomata.jl are shown in Appendix C.

8. Conclusion

This work proposes a principled method to address the im-
plementation of general vector-Jacobian products for DP
algorithms and semiring-based computations in general. To
avoid reimplementing these routines for each possible semir-
ing, it is assumed that the 5-summations in a chosen semir-
ing can be morphed into a regular summation, allowing
simplification in the chain of derivatives. We coined our
method the “morphism-trick”. As a consequence, the back-
propagation graph can be “flattened” saving many dynamic
memory allocations, a major performance bottleneck in AD
systems. To integrate a new semiring into the framework
it is sufficient for the end-user to provide implementation
of three elementary derivatives listed in (8). Experimental
results show that augmenting AD systems with semiring-
agnostic implementation of vector-Jacobian products brings
several order of magnitude speed up compared to state-of-
the-art AD systems. Our approach is applicable to semir-
ings representing a smooth deformation of the semiring of

The results for Zygote alone are not shown as they were sig-
nificantly worse and impractical to measure for non-trivial size
automata.

*https://gitlab.lisn.upsaclay.fr/PTAL/
Automata/TensorAutomata. jl

*https://github.com/JuliaDiff/ChainRules.
jl
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real/complex such as the log-semiring or the log,, semiring.
It is also applicable to some idempotent semirings (e.g. the
tropical semiring) but requires in this case to augment the
semiring with an extra field to evaluate quantities necessary
for the backpropagation.
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A. Reverse-Mode differentiation

A illustration of the reverse-model differentiation for the
semiring dot-product is shown in Fig. 6.

B. vector-Jacobian product pseudo-algorithms

* Pseudo-Algorithm 2 for the vector-Jacobian product of
the semiring dot-product.

* Pseudo-Algorithm 1 for the vector-Jacobian product of
v(A).
C. Examples of gradient of /(. A)

* Figure 7 shows examples of gradients of v(.A) for a
finite-state automaton under the log-semiring and the
log,.-semiring.
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Algorithm 1 Pseudo-code of a vector-Jacobian product for
the weight of an automata A. T, ¢, w are the input and z is
the evaluated output. Az is the derivative backpropagated
by the AD system.

Vd <0

foriin[Q, ..., 1] do

u; = d; ® w; {uz is reconstructed as it was not stored
during the forward step}

9z Op(ui)  Ouy
Vid; Az- ou(z) %ul " ad;
forjin[i+1, .., Q] do
ad; — dd; Bll«(dj®Tij) ad]‘@Tij
ad; EMCH) ad ®T” ad;
Vd; < Vd; + -5+ - Vd,;
end for
end for
d
&

Algorithm 2 Pseudo-code of the vector-Jacobian product
for the semiring dot product operation. x,y are the input of
the function and z the output. Az is the derivative backprop-
agated by the AD system. The operations ®, uus)

Usq
aul

0z
Ou(z)
,and ayu, are external to the AD system and are provided
by the practitioner.

Ax <0

Ay + 0

forie {1,...,K} do
u; = x; @ y; {u; is reconstructed as it was not stored
during the forward step}

)

. . _0z Op(ui) . Ouy

AJ;’ — Az ou(z) Ox; ox;

. . _ 0z 9p(ui)  du,

Ayi < Az ou(z) Oy; Oz
end for

return Ax, Ay
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(b) Vv(A) (arctic)

Figure 4. Examples of gradient of v(.A) (see A in Fig. 7) under
the tropical and arctic semirings. Dashed gray lines indicates zero-
value partial derivatives.

(0, L1 D G\ 0. 1) o ff3/0.0, 1.0)
b/(-0.41, 1) i

(a) B

a/(l, 1 ° /(4.1
b2, 1)

(b) Vv(B) (log-expectation)

Figure 5. (a) finite state automaton 3 over the log-expectation
semiring: (R xR, @, ®, (—o0, 0), (0, 0)) where (z,a) ® (y,b) =
(log(e” +e”), a+b) and (z,a) @ (y,b) = (z+y, e"b+e"a). (b)
Gradient of z where v(B8) = (z, ¢) with respect to the parameters
of B.

* Figure 4 shows examples of gradients of v(.A) for a
finite-state automaton under the tropical-semiring and
the arctic-semiring.

* Figure 5 shows an example of gradient for a multi-
valued semiring.
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(a) Forward step (b) Backward step
Figure 6. Nllustration of reverse-mode automatic differentiation for the semiring-based dot product z = 21 @ y1 B ... B xr ® yx. The
terms u; are placeholders for the intermediate ®-products z; & y;. First z is evaluated for a given x and y (Fig. 6a) and then, the partial
derivatives are backpropagated via iterated vector-Jacobian products from the root to the leaves of the computation graph (Fig. 6b). The
whole process requires building and maintaining the computation graph in memory between the forward and backward computation.

(b) Vv(A) log-semiring

b/0.53

(c) Vv(A) log-semiring with 7 = 107* (d) Vv(A) log,-semiring with k = 0.5

Figure 7. Examples of gradient of v/(.A) evaluated under different semirings with respect to the parameters of .A. A number x displayed as
“x/q” (resp. “q/x”) for a state circle with number g is the partial derivatives of v/(.4) with respect to the initial (resp. final) weight of the
state q.
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