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Microscopic derivation of a one-dimensional lubrication model
including rough repulsive layers

A. Lefebvre-Lepot* M.A. Mehmood! C. Perrin! E. Zatorska$

January 29, 2026

Abstract

We derive a hydrodynamic model for the motion of inertial particles with a spherical hard core, inter-
acting through lubrication forces and pairwise repulsive forces. The repulsion arises from the assumption
that each particle is surrounded by a thin rough layer of reduced permeability. We prove that, as the
number of particles tends to infinity (and their size tends to 0), the microscopic dynamics converges to a
macroscopic hydrodynamic model in which congestion effects are encoded directly into the macroscopic
interaction forces, depending on a local critical density transported by the flow. In particular, we extend
the work of Lefebvre-Lepot and Maury [21] where non-inertial particles, submitted to only a lubrication
force were considered, and present the convergence proof when inertial effects and roughness are taken
into account.

Keywords: particle model, hydrodynamic model derivation, lubrication model, compressible Navier-
Stokes equations, density-dependent viscosity, weak solutions, one space-dimension.

MSC 2020: 76T25, 35Q30, 35Q84 74Q15.

1 Introduction

The dynamics of dense suspensions of rigid particles immersed in a viscous fluid have attracted sustained at-
tention across applied mathematics, physics, and engineering. At high particle concentrations, the behaviour
of such systems is governed by strong short-range interactions that arise when neighbouring particles ap-
proach one another. The leading-order hydrodynamic effect in this regime is the lubrication force, which is
known to become singular as the interparticle distance tends to zero. These singular interactions prevent
direct contact between smooth particles and strongly influence the macroscopic behaviour of the suspension.

A mathematical description of this phenomenon was established in [16] by Hillairet and Kelai at the
microscopic level of the grains, and a first one-dimensional hydrodynamic limit was obtained by Lefebvre-
Lepot and Maury [21] for a system of non-inertial smooth particles interacting solely through lubrication
forces. Their macroscopic model, derived in the limit of large particle number (small size), captures the
emergence of congestion through a singularity in the density-dependent viscosity. This derivation and postu-
lated “hard-congestion” limit, corresponding to the vanishing-viscosity regime, have since inspired numerous
rigorous studies of the macroscopic model of lubrication |6} [27} [32].

However, real particles are rarely perfectly smooth [33, |35]. Experimental and theoretical studies have
shown that surface roughness, polymer coatings, or thin low-permeability layers may allow physical contact
to occur even when lubrication forces alone would forbid it, see for instance |11} 1] and the references therein.
Such microscopic irregularities generate effective repulsive forces at small distances, often modelled through
short-range potentials or through minimal admissible gaps |31} |12, [2]. Incorporating these effects at the
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microscopic scale, and understanding their impact on the hydrodynamic limit is the main motivation for this
work.

We derive a macroscopic hydrodynamic model starting from a one-dimensional microscopic system of
inertial rigid spheres of radius e, which interact through both lubrication forces and pairwise repulsive
forces. The repulsive forces model the presence of a thin rough or low-permeability layer surrounding each
particle, which introduces a short-range repulsive mechanism penalizing interparticle distances d < d* where
d* denotes a pair-dependent threshold distance defined in the next section. In the limit as the number of
particles tends to infinity and € — 0, this microscopic constraint gives rise to a macroscopic critical volume
fraction (or, in this one-dimensional context, critical density) p*, transported by the flow, at which congestion
effects induced by roughness become significant.

Our contribution is twofold. First, we provide a unified microscopic description that couples lubrication
forces with a repulsive potential, allowing for limited overlap of the effective rough surfaces. Second, and
most significantly, we prove that in the hydrodynamic limit the empirical particle density, the velocity field,
and the critical density converge (in a suitable weak sense) to a continuum system of conservation laws
with nonlinear singular viscosity and a “soft-congestion” pressure. To the best of our knowledge, this is
the first rigorous hydrodynamic limit that simultaneously incorporates singular lubrication forces, repulsive
rough-layer interactions, and inertial effects.

The resulting limit system includes three coupled equations: a continuity equation for the density p, a
momentum equation for the velocity u, and a transport equation for the critical density p*:

Op + Oz (pu) =0,

.
O (pu) + 0y (pu?) — 0, (1’up8$u> + 0y (pp*) =pf, (1.1)

Oip* +udp* = 0.

The first two terms in the momentum equation come from the inertia of the particles at the microscopic
level, the third term represents the singular viscosity induced by lubrication, and the fourth term is a soft-
congestion pressure penalising densities exceeding p*, in the spirit of [23], and induced by the repulsive
forces at the microscopic level; f is the external force. Such penalisation (/congestion) pressures are indeed
commonly used in a wide range of applications, including traffic and crowd dynamics [30, |26], the motion
of floating objects or flows in constricted geometries [9], tumour growth and biological tissues |4} |8} |34} |10],
and are also widely implemented at the microscopic level of contact mechanics [17].

This macroscopic model and the associated hydrodynamic limit extend the framework of Lefebvre-Lepot
and Maury by incorporating both repulsive interactions and inertial effects. The presence of inertia notably
complicates the analysis, particularly the compactness arguments necessary to obtain the identification of
the limiting nonlinear convective and pressure terms.

The remainder of the paper is organised as follows. In Section [2] we introduce the microscopic model
and describe the lubrication and repulsive forces in detail. Section [3] states the main convergence theorem.
Section [d] is devoted to the analysis of the discrete system, including global-in-time existence and uniform
bounds. In Section [5] we derive the PDE representation and establish compactness properties sufficient for
passing to the limit. Our results are complemented by a series of numerical simulations carried out in Section
[l Lastly, in Appendix [A] we discuss an extension of our main result to the case of partially congested initial
data, and in Appendix [B] we detail the numerical solver used in section [0}

2 The microscopic dynamics

We consider a distribution of N + 1 three-dimensional particles Py, ..., Py suspended in a viscous fluid,
moving along an axis. The particles have solid spherical cores, all with a radius €, and are characterized by
their positions (g;)i=o.... v along the axis and their velocities (u;)i=o,... v, see Figure|ll We suppose that the
solid cores do not overlap, so that the distance between them is non-negative, that is, d; := ¢; —¢;—1 —2¢ > 0,
fori=1,...,N. We assume that the system lies in the interval I = [0, 1]; the positions and velocities of the
two extremal particles are fixed and equal to (go,uo) = (0,0), (gn,un) = (1,0), respectively.
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Figure 1: Discrete particles moving along the horizontal axis.

The positions and velocities of the other particles depend on the hydrodynamic forces, that is the in-
teractions with the surrounding fluid. In this system, there are a number of different physical effects that
contribute to the total hydrodynamic forces exerted on the particles such as drag, lift (in the case of two
dimensions) or Basset forces (which essentially arise due to temporal delay in boundary layer development
as the relative velocity changes with time). In this work, we focus on the modelling of the lubrication forces
which are due to short-range hydrodynamic interactions between close particles. The importance of lubri-
cation increases with the particle volume fraction as the average distance between particles decreases and
eventually becomes the dominant term in hydrodynamic interactions for dense suspensions [2].

2.1 Description of forces

As established in 7], when the distance between two neighbouring spheres ¢ and j goes to zero (j =i —1 or
j =i+ 1 in our configuration), the leading term in the asymptotic expansion of the lubrication force exerted
on particle ¢ by the fluid in the narrow gap between the two spheres is:

2.2
& €5 Ui — Uj

(ei +e5)* diy

Fj—)i = —27mv

where v is the viscosity of the interstitial fluid, d;; is the distance between the two particles, and (e;, u;) and
(€j,u;) are the radii and velocities of particles ¢ and j respectively. Therefore, in the configuration described
above, the asymptotic expansions of the two lubrication forces exerted on particle ¢ by its neighbours are

o U; — Uj—1

UL and P = —p(2e) P (2.1)

Fi14 = —p(2e) diy
it

where p := 27v/4 is a constant introduced for convenience.

If one considers two particles at distance d, the lubrication force scales as fqb(d)d', where the primitive
of the function d — ¢(d) = 1/d blows up as d — 0. By exploiting this property, applying Newton’s second
law, and invoking the Cauchy-Lipschitz theorem, one can show that such forces prevent the contact between
particles in finite time. It is worth noting that the lubrication force places the system at the threshold
of contact: any weaker force — such as ¢(d) = 1/d*~" with n > 0 — would allow particles to come into
contact. This non-contact property is specific to smooth particles and was also obtained for the full coupled
Stokes/rigid particles system [14] [15]. In contrast, rough (non-smooth) particles can experience contact.
Experimental measurements indicate that a rough sphere behaves equivalently to a smooth sphere that is
slightly smaller than the rough one [33],|35]. Similarly, from a mathematical standpoint, it was established
in [11] that the lubrication force exerted on a sphere by a corrugated wall behaves as if it were exerted by a
shifted smooth plane. As a consequence, while the lubrication prevents contact between the smooth surfaces,
it allows for contact between the rough surfaces. To model this behaviour, we consider that ¢ is the radius
of the equivalent smooth spheres and that each particle P; has a roughness radius r; (see Figure .

For each pair of neighbouring particles, i — 1 and ¢, we introduce a critical distance d} for which the
rough surfaces touch:

d: =7r,_1+ T, (22)

so that the distance between the particles should remain greater than this value, if the rough areas are
impermeable. We denote by d* = (dj, d5, ..., d% ) the set of critical distances. The non-overlapping property
is relaxed by considering a collection of regularized repulsive contact forces G* = (Go-1, ... ,G(N—1)5N),

where G(;_1)_,; represents the force exerted by particle i — 1 onto particle i. Conversely, particle i — 1



Figure 2: Two touching rough solid particles, d; = d.

undergoes the force —G(;_1)_,; from particle i, where

(2.3)

d; —i—25>7

Gi1)mi = (2¢)? <d- T oe

for some v > 1. The factor of (2¢)? reflects the modelling assumption that the interaction force is proportional
to the size of the interaction surface seen by the neighbouring particles. Note that, when ~ is given, this
force is non stiff when d; goes to df, so that it allows overlapping of the roughness areas (d; smaller than
d¥). This can be understood as the possibility for the rough surface to deform when they get in contact.
When 7 increases, the repulsive force is more and more stiff and finally behaves as a contact force between
rigid rough surfaces, imposing d; > d}. Note that such a relaxed repulsive model can also be considered for
repulsive colloidal particles or for active entities that would repulse its neighbours.

Finally, we consider an external force Ff*'(t) exerted on each particle, which is derived from a force
density fs34(t,z,y, 2):

qite
F;ezt(t) = / f3d(t7x7yvz) deIdde = / (/ f3d(tax7y7z) dde) dCE,
PE(t) qi—€ Ds (t,x)

where Pf is the 3-dimensional domain covered by particle ¢ at time ¢ and DS (¢, x) is a slice of this domain

at abscissa x. The point  being given, the inner integral scales as 2 when € goes to zero, so that we write
the following model for the external force:

qite

Fe) =2 [ St

qi—¢€
where f is given and will be assumed to be Lipschitz in space and time. If we now define a mean linear
density at time t on particle ¢ by:

qi+e
ﬁm—l/ F(t,2) da (2.4)

2e Jgi—e

we obtain -
FEi(t) = (2¢)° f (1)
2.2 The microscopic model

We now give a full mathematical description of the microscopic problem for positive times. Consider N + 1
particles on I = [0, 1], each of them of radius e (later, £ will depend on N), where initially the positions,
velocities and critical distances are denoted by (q§, u§, dy®), where

qp = (Q(E),h'"aqg,N—l)v
Up = (ug,lv"'vuaN—l)’ (2.5)

*,E [ 7%,E *,E
d;,” = (d0,17 "'>d0,N—1)a



and for positive times the positions, velocities and critical distances are expressed as

a*(t) = (g5 (1), -, g1 (1)),
u(t) = (ui(t), ., uy 1 (1)), (2.6)
d®5(t) = (7" (1), oy ANy (1) = ()T, -ors gy —1)-

Notice that each d;* is constant in time, since it depends only on the roughness profile of the pair of particles
P;_; and P;. We assume the initial positions qg are such that no two particles are in contact, i.e. that

0,i *=40,i — 90,i—1 — 26 >0 (2.7)

for each 4, and that the first and last particles are fixed at = 0 and = = 1 respectively. Taking into
account the interaction forces described above, the equation of motion at time ¢ for particle P;, for each
i=1,....,N —1, is given by

mqf(t) - F(7,+1)~>z(t) + F(zfl)ﬁz(t) + G(Z+1)*>Z(t) + G(Zfl)*”(t) + Fiemt(t), (28)

where m := (2¢)3 is the volume of each particle. For the sake of simplicity we will adopt the notation
G () = Gila®(t),d=(1)], where

o 4+2\"
it 5) (2.9)

GE(0) = 22 G lt) = ot

Then using the symmetry of the lubrication and interaction forces and dividing (2.8)) by (2¢)?, we arrive at
the simplified balance of forces for particle P;:
€ t) — us(t E(t) — us t _
2eip(t) = p (DD OO e -6t 0) 420 @10
i () d; (t)
It will also be useful to express the balance of forces in matrix form. We can define A(q®(¢)) to be the
(N —1) x (N — 1) tri-diagonal stiffness matrix

1 1 1
EO T ED A 0 0

o T U U 0

O & T EOH T ED
Ala®(t)) = p 0 : S (2.11)
. . _ 1 1 + 1 _ 1
: TL0 L0 T EL® L0

0 0 a O] G O]

We also define the vectors

b(a®(1),d™%) = (05 (1);5)" = (G1(t) — G5(1), G5(t) — G5(t), ..., Gy_1 (1) — G (1)), (2.12)
£(t,a%(1)) = 2e(fi (), -, fRr—1(1))- (2.13)

Then the equation of motion for Py, ..., Py_1 can be rewritten as
2eq°(t) = —A(q"(1))a"(t) + b(q°(t),d™") + £(, q°(1)). (2.14)

The initial distances dg ; being positive (2.7), we have by continuity of the distances that the matrix (2.11)) is
well-defined at least on a short time interval. In summary, a solution to the microscopic model is a mapping
t— (q°(t),u®(t),d**°) that solves the ODE

qE — uE
2e0® = —A(q®)u® + b(q®,d*°) + £(¢,q°), (2.15)
d** =0,



with some initial data

a°(0) = qo = (q5,,)7",
u®(0) =ug = (ug )i, (2.16)

d*£(0) = d§ = (dg;)iy -

Finally, let us also note that if two particles are in contact initially (i.e. dj, = 0 for some i = 1,..., N),
then one needs to re-interpret the balance of forces ([2.10)). For now, we will not assume that any two particles
can be in contact initially. This case will be discussed in the Appendix.

3 The main convergence result

Our main result states that for any well prepared initial data, we can construct weak solutions to the
macroscopic system (|1.1)) as the limit of a microscopic approximation satisfying (2.15)).

3.1 The macroscopic model

We are interested in the asymptotic limit N — oo of system (2.15)) with initial data (2.16) satisfying (2.7)).
We impose the scaling e(N) o N~1, so that the size particles € = ¢(IN) — 0. In this limit, we expect that

a solution (q°,u®,d**). to (2.15) converges, in some sense, to a weak solution (p,u, p*) of the macroscopic
system (|1.1)) considered on (0,T) x I and supplemented with Dirichlet boundary conditions for the velocity.

Definition 3.1. Let f € WH°([0,T] x I), po, p§ € [L=(I)]* with po € [0,1), p§ € [0,1] and ug € H(I).
We say that the triple (p,u, p*) is a weak solution to problem (1.1) with zero Dirichlet boundary conditions
for w and initial conditions

P(Oa ) = po,
u(0, +) = uo, (3.1)
p*(0,) = pg;
e p€l0,1), p* €[0,1] and the triple (p,u, p*) belongs to the following reqularity class
(p,u, p*) € C([0,T]; L>(I)) x L*(0,T; Hy (1)) x C([0,T]; L=(I)), (32)
with
pu € Coear ([0, T]; L*(I)); (3.3)

e the continuity equation

T T
//p@@(t,x) da:dt—l—/po(x)qﬁ(O,w) dx—l—/ /pu@wd)(tx) drdt =0, (3.4)
0JI I 0JI
holds for all ¢ € C1([0,T) x I);

e the momentum equation

T T
O p(t,z) dxd 0,z)d 20,0(t, z) dzd
| [oosteoravde+ [ puawrow.ode+ [ pio.o.a) dods

// 8u81¢tﬂcdxdt+//< ) 0, P(t, ) de dt = //pf¢txdxdt

holds for all ¢ € CL([0,T) x I);



e the transport equation

/OT/IP*at¢(tan) dxdt‘f'/IPS( (0,2 dw—i—// . (ud)(t, z) dedt = 0, (3.6)

holds for all ¢ € CL([0,T) x I).
Before stating the theorem more precisely, we first define the auxiliary approximate functions connecting
the discrete quantities (q°, u®, d**).s¢ to their macroscopic limits (p, u, p*).
3.2 Approximation of initial data (po, uo, pj)

First, given the initial data of the microscopic system (q§, u§, dy’©), the approximate initial density pf(z) =
pilas] and critical density pg°(z) = pylaf, dy "] are defined as (see Figure [3)

Z df + 26 Ligg y.05,0 (%), (3.7)
N
=2 dé T+ 3z L i 0 (2 (3.8)
i=1 4

The macroscopic representation of the initial velocities u§ is denoted by u§ = u§[qf, uf], and defined as (see

Figure [4) N
c o c UGy — UG i1 c
ug () = E ug; | | (@ —gg,i-1) 1[q87i_1,q87i)($)' (3.9)

do,; — 40,i—1

3.3 Approximation of solutions (p, u, p*)

We assume that f is Lipschitz in both variables and dg,; >0 7 and seek a solution to the ODE ([2.15)).
Note that such a solution ¢ — q°(¢) is necessarily continuous and so the distances d;(t) must be positive on
some short time interval, meaning that the matrix (2.11)) is well-defined at least for short time. Therefore
we can safely apply the Cauchy-Lipschitz theorem t to obtain the existence of T} > 0 such that we
have a unique solution t — (q(t), u®(t),d**(t))e>0 on (0,77), where

a*(t) = (g1 (@), - gy -1 (1)),
us(t) := (ui(t), .., uy 1 (1)),

and d*¢(t) = dy°, since d*°(t) = 0 from (2.15). Then we can extend the definitions of p§ and py° to
positive times. The density p° = p°[q°] is defined as

(3.10)

N
ds (t) 2e
Et = Et]_s & Etjlf a = 311
p ( ,x) Z:E - pl( ) [a5_,(t),q (t))(I)7 Pz( ) Qf(t) _ qz‘il(ﬂ df(t) + 2¢’ ( )

where the distances ¢ — d5(t) are defined as
d;(t) :==q;(t) — ¢;_1(t) —2e, foreachi=1,...N —1, (3.12)

and similarly for the critical density p*¢ = p*[q°, dy*],

N
2e
(L, x) = ()1 ge c 0 = —o———. 3.13
pre(t, ) 2 Py (O Lige_ (t).a5 1)) (@), Pi i+ 2e (3.13)
Finally, we associate with u®[q®,d**,f°] = (uj,...,u5_;) the piecewise linear function u® = u®[g°,u®] :



5() wl. Pvat).
T i i LG 10
p*,(g) E : pit) : PN
() 5 ; = : ; P (1)
: p3°(t) : :
[ ] [ 1] ] e ......... [ ] [ 1,
L | L I 1 | L : | L | L I
q(t) =0 a(t) 4(t) a3(t) an-1(t) gn(t) =1
Figure 3: p® and p** at time ¢t > 0
£(t) ui(t)

Figure 4: u® at time t > 0

[0,7*] x I — R such that
N
ui (t) —ui 4 (t)
u(t,r) = ; {%51(75) + (M (= a1 | gz (0).05 (1)) (T)- (3.14)
As a first step, we will prove in Section [£:2] that this local solution can be extended to a global one,

namely that df > 0 on any interval (0,T"), T > 0.

3.4 The main theorem

We are now ready to state our main result.

Theorem 3.2. Let T > 0 and let f € WH2°([0,T] x I), (po,ps) € [WH(I)]? satisfying po € [6,p] and
o5 € [6,1] for some 0 < 6 < p < 1 be given. Moreover, suppose we have ug € H(I).

1. There exists a sequence (q§, u§, dy)e>0 satisfying the following properties:
(i) There exist positive constants co, Cy independent of € such that for each i =1,...,N,
0 < coe < djy; < Cpe, 0 < dyy < Coe, (3.15)
and, for eachi=1,...,. N — 1,
|d6,i+1 - dé,il < 00527

) (3.16)
|d6,¢+1 - d6,¢| < Cpe”.

(ii) We have
of— po and py* = o} in L(1), (3.17)

where p§, py’© are the approzimate initial densities and critical densities respectively, defined by (3.7)
and (3.8]) respectively.



(iii) We have
ug — ug in C(I), (3.18)

where uf is defined by (3.9) and for eachi=1,..,N —1,
[uo,i| < lluollpe-- (3.19)

2. There exists a unique solution t — (q°(t), u®(t),d*=(t)) to the ODE ([2.15))-(2.16) on (0,T) with initial

data (q5,u§,dy°). satisfying (3.15)-([3.19) and £ given by [2.4), (2.13). The macroscopic representation of
this solution, (p°,us, p*°) given by (3.11), (3.13) and (3.14), satisfies

1ol Bv 0,7y x1) + 10:0° | 20,7551 (1)) < C(T),
[l 20,02 (1)) < C(T), (3.20)

o™=

L=0,1:8v (D) T 10:p™ | L2015 -1 (1)) < C(T).

3. The system (L.1)) with zero Dirichlet boundary conditions and initial conditions (po,ug, p§) admits a
weak solution (p,u, p*) in the sense of Deﬁm’tion such that for p € [1,00), up to a subsequence,

p° — p strongly in C([0,T]; LP(I)),
u® — u weakly in L*(0,T; H}(I)), (3.21)
pf = p* strongly in C([0,T); LP(I)),

where
p,p € LBV, NBV,,, 0<p<1l, 0<p"<L

Remark 3.3. Throughout the paper, the limit of sequences indexed by € should be understood as the limit
when N — oo where the associated particle radius e(N) — 0. For notational simplicity, we will always write
this parameter simply as € even though it is implicitly tied to N.

Remark 3.4. As we will see from the proof of Theorem the density p*(t,-) < 1 for all t > 0 whenever
p°(0,) <1 (i.e. no particles will come into contact in finite time if no two particles are in contact initially).
This is because the lubrication force prevents collisions from forming - see Proposition[{.5 for a quantification
of this statement.

Remark 3.5 (Notation). It is important to note that each of the microscopic quantities we have defined so
far (gi,uw;,d; and df) depend on e, but we will drop this dependence from now, for the sake of brevity.

The superscript € will only be used for the vector quantities (q°,u®,d**) and those that depend on space.
For instance, we will write p° since it varies spatially, but not ¢(t); instead, we write ¢;(t). Furthermore,
we will use the notation XY, to denote the Bochner space X (0,T;Y (I)) for suitable Banach spaces X and
Y.

The proof of Theorem [3.2]is conducted in Sections[dand 5] We first analyze the microscopic ODE system
(2.15)) providing the results for its local and global solvability in Section |4} Following that, in Section, |5 we
turn to the macroscopic functions p®, u¢, p*¢ (originally introduced in , and respectively)
and obtain a PDE representation of the microscopic system. In Subsection [5.2] we derive some uniform in
¢ estimates for the macroscopic quantities. Much of the difficulty lies in obtaining sufficient bounds on the
macroscopic velocity u® and its gradient. The uniform estimates allow us eventually to take the limit € — 0

in Subsection leading to system ([I.1]).

4 Analysis of the microscopic system

4.1 Construction of initial data and existence of a local-in-time solution

The following proposition shows that from well prepared macroscopic initial data (pg, uo, p5) we can construct

discrete initial data satisfying (3.15)-(3.19).



Proposition 4.1. Let (po, ug, pg) € WHo(I) x H(I) x WEo(I) satisfying po € [0,p] and p§ € [6,1] for
some 0 < § < p < 1 be given. Then there exist (qf,uf,dy ) (or equivalently (d§,u§,dy):) a number of
particles N oc e depending on py, and some constants cy, Cy > 0 depending on 8, p, but independent of ,
such that the following estimates hold

0 < coe < dp,; < Coe, 0 <dj; < Coe, (4.1)
\do,i+1 — do,i| < Coe?, (4.2)

|41 — d5i] < Co?, (4.3)

[uo,i| < |luol| Lo (4.4)

foralli=1,...,N — 1. Moreover, defining

N
R 2e
p(0.2):=) 7o 32 Haoio 0.0 (9); (4.5)
i=1
Zd* 4+ 2 [qo,i—hqo,i)(x)’ (4'6)
N €
UGy — UG i1
= |hio + (= q0.-1) | Lgo 1000 (), (4.7)
i—1 q0,i q0,i—1
we have the following convergences:
p°(0,:) = po and p*=(0,-) = py in L>=(I), (4.8)
u®(0,-) = ug in C(I). (4.9)

Proof. To begin, for fixed N > 1, we take ¢ = ¢(N) =
set go,0 = 0. We then find ¢g,; such that

Mo | where My = fo po(x) dz is the total mass, and

q0,1
/ po(x)dx = 2¢.
0

The existence of go,1 € (0,1) is guaranteed by the positivity of pg and the fact that the total mass is larger
than 2¢ for sufficiently large V. Similarly, we construct recursively qo; for ¢ = 2,..., N, such that

/qo,i po(z)dx = 2¢. (4.10)

q0,i—1

Note that our construction ensures that gy v = 1, and that pg;, ¢ = 1,..., N, is equal to the mean value of
po on (qoi—1,qo,;). Indeed, from the definition of pg; (3.11)) we have

2e 2e 1 90,4
po,i = = = / po(z) dx. (4.11)
doi+2¢  qoi—qoi-1 Qo — 40i—1 Jgy, ,

Let us also note that using the lower bound py > § the equality (4.10) leads to the bound

2e
Qo.i = qo.i-1 S (4.12)
or in other words, using that do; = qo,s — qo,i—1 — 2¢
1
dO,i < 2 (5 - 1) = C()E. (413)
Similarly we can use the upper bound py < p to get
1
d07i > 2¢ ( — 1> =:cpe > 0. (414)
I
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Having fixed positions qo; and pj being given, we choose dg ; for i = 1, ..., N so that pf ; is equal to the mean
value of p§ on (qo,i—1,90,:):

1 /‘IOTi 25
S o(z)de = ———. 4.15
q0,i = q0,i-1 Jgo,_4 Po() dy; +2e (4.15)

As above we can use the upper/lower bounds § < p§ < 1 to show that this implies
1
0<d5,; <2 (5 - 1> = Coe. (4.16)

Next, fixing « € [go.i—1,¢o0,:) for i € {1,..., N}, we observe that for p°(0,-) defined in (4.5) thanks to (4.11)),

we have

19°(0,2) — pola)| = | — / po(y) dy — po(x)

qo,i — 40,i—1 Jgo,; 1

1 q0,i
<L / 1Po() — po(2)| dy (4.17)
qo,i — q0,i—1 qo,i—1

2e
< Lolqgo,i — qo,i—1| < L()?’
where L is the Lipschitz constant of py and we have used (4.12)). Therefore, p=(0,) converges to pg in
L>=(I).
Similarly, using po ; > 0, we have for ¢ = 1,.., N — 1 that

2e
|d0,i+1 - dO,i| = 7|P0,¢ - p0,¢+1|
£0,iP0,i+1
2e 1 0,41 1 q0,i
<% 7/ po(x) dzr — po(qo,i) — 7/ po(z) dz + po(qo,:)
q0,i+1 — q0,i Jqp , q0,i — 40,i—1 Jqo,; 1
2¢ 1 qo,i+1
S5 lqo o / lpo(@) — po(go,i)| dw
5 st Y qo,i

+ . /qw lpo(x) — po(qo,s)] dx]

q0,i —40,i—1 Jqo;_4

2¢ LO q0,i+1 LO q0,i
§7 7/ |$_q0,i|d$+7/ |CC—C10,i| dx
d 4o,i+1 — 40,i Jqo ; q0,i — 90,i—1 Jgo ;_1

0,4
2e
< 52 [Lo (10,i+1 — qo,i| + |g0,i — qo,i—1])]

L
S 867:(;52 S 00627

by using (LT2).
Repeating similar estimates for p*<(0,z) (defined by (4.6)) gives us that for x € (go,i—1,qo,i)s

* * 2e
0 (0,2) — 9 (0,0)] < L =
and .
|d5,it1 — dp | < 530 £? < Cye?

where L is the Lipschitz constant of p§. Since these bounds are independent of ¢ we can conclude that (4.8])
holds.

To define the approximation of initial velocity, we simply set

uf) = (11,()717 . e ,U07N_1) with Ug,; = UO(QO,'L'); for each i = 1, ceey N —1. (418)
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Since ug € L°°(I), we have for free (4.4]) and a uniform control in L> on u*(0, -) (defined by (4.7)). Moreover,
using the regularity ug € H} and the Cauchy-Schwarz inequality, we have for = € (90,i-1,Go0,5):

|u=(0, 2) — uo ()] < |u”(0,2) — uo(go,i~1)| + [uo(qo,i—1) — uo(2)]

T —qo,i—1

< Juo(qo,s) — u0(qo,i—1)| . Y2

+ |luoll 11g0,i-1 —
0,i — 40,i—1 (4.19)
< 2|luollrr1 190, — q0,i-1/*"?
< CeY/2.

As a consequence, we can show that the sequence (uf(0,-)). is uniformly-equi-continuous. Indeed, since u°

is uniformly-continuous, for any « there exists n > 0 such that if z,y € (go,i—1, qo,;) satisfy |z —y| < n then
o(2) — wo(y)| < o and
[u®(0,2) —u*(0,y)| < |u(0,2) — uo(x)| + |u(0,y) — uo(y)| + |uo(x) — uo(y)]
< Ce'? 4+ a < 2a,

for sufficiently small . Since moreover, by definition ||u®(0, )|z~ < ||uo||L~, we can apply Arzela—Ascoli’s
theorem and obtain the uniform convergence (4.9)). O

Local-in-time existence of the discrete solution. We have now shown that we can construct initial data

(a§, u§, d5°)=>o satistying (3-15)-(3-18).
The right-hand side of the ODE (2.15]) is Lipschitz in U := (q,u,d*). Indeed, the external force f

is assumed to be Lipschitz in z, implying that f is Lipschitz in q; b is Lipschitz in q and d* in view

of (2.9),(2.12)) for non-negative df,d;, and finally A defined by (2.11) is Lipschitz in q for positive d;’s. In
particular, our construction ensures that do; > coe, dj,; > 0. Therefore, we can apply the Cauchy-Lipschitz

theorem to the ODE (2.15) complemented by the initial datum (q§,u§,dy ) to obtain, for fixed € > 0, a
solution (q°(t), u®(t),d*<(t)), with d*¢(¢) = d’°, on some time interval (0,7*) with 7 > 0 small enough.
Moreover, on that time interval, we ensure that d;(¢) > 0.

4.2 Extension to a global solution

In this subsection we aim to show that the solution to the ODE ([2.15) is in fact global-in-time, i.e. we can
take T =T for any T' > 0. To do so, we will show that, at € fixed, the distances d; remain “far” from 0. To
begin, let us assert an L> bound in time on the interaction potential G; = G;[q®, d*] defined by (2.9)).

Lemma 4.2. Let e > 0 be given and consider (q%,u®,d**) the local solution to the ODE (2.15|) constructed
previously on [0,T*]. We have, for eachi=1,....N

Gill Lo~ (0,72) < C, (4.20)
for some C' > 0 independent of T} and €.

Proof. Using the bounds (4.1]), we have for each i = 1,..., N that
dr+2¢ \" dr +2¢\" Co+2Y\"
G= (L) < (% < (=02 4.21
(=) =(555) (% 2y

Next, we carry out a discrete energy estimate.
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Lemma 4.3 (Discrete energy estimate). For any e >0 and t < T,

Nﬁl( ')Q(t)+LZN:(d'(t) +26)G; + “zN:/t Jui(r) —uwia (NP
£ 2 Us; v — 1 P 7 9 i 4 2 J, dl(T) T
> Ly Ligp2 (4.22)
=1 i=1

1
=:& + ;Hf”%ﬁ((o,t);Ll(I))DN(O)'

where we have defined Dy (t) := Zil d;(t) which is independent of t and €.

Proof. Fix t € (0,Tr). Multiplying the balance of forces (2.10) by u; and summing over i = 1,..., N — 1 gives

d O (i () — () wit) — i (2)
) i=1 ﬁ(m(t)y - ; < +di+1 t) - di(t) )Ui(t)
£ (Clt) ~ o (O) wlt) 22 Y Fita(o). (423)

Now since the first and final particles are fixed at = 0, 1 respectively, their velocities are 0, i.e. ug(t) =
un(t) =0 E| for all ¢ > 0, summation by parts tells us that

3 () w0t

= uy uN(t)djvgl(t) s (t) u (t 1—(t;to(t) B Jj_ll ui+1d(21—t;u D e ®) — w(®)
_ |U1(t)d1_(:)0(t)|2 ~ ]jzj i1 C(it)+ :(SZ(t)l

:_éwméaﬁm

In a similar way, using again ug(t) = un(t) = 0, we have for the interaction term

N—1

‘ (Gi(t) = Giy1 (1) ui(t)

7171\7—1

= Z Gi(t)(ui(t) —ui—1(t)) — Gy (H)un-1(t)

N
D Gil)(ui(t) — uia(t)).
i=1

IThere is an ambiguity with the notation ug here which should be clarified. Here, ug represents the velocity of particle 0 at
time t, but previously (particularly in Section [4.1]) ug was the initial data for the velocity.
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Now, since u;(t) — uj—1(t) = 2 (di(t) + 2¢),

Gl (wa(t) — s+ Tors)

( di(t) +2 dt

i d*—|—25

dt \ (1 - t) +2e)7—
ﬂ Z +25

p .

N-1 N
Y (Gil0) = Gona () ilt) = —th (“Eem).

i=1

—(d;(t) + 2¢)

Therefore,

(4.24)

For the remaining term of the estimate, we use the following “discrete Poincaré” inequality (using the

boundary condition ug = 0):
N
max |ug(8)] < D Juk(t) — k-1 (1)),
k=1

and deduce that

N-1 N-1
2¢ Y filthui(t)| <2 Y |Ful)l]ui(t)]
i=1 i=1
N-1
< 2e max |u; (t)] |f:(0)]
i=1
N-1| rgi(t)+e
= max |u;(t)] / f(t, z)dx
v =1 1(t)_8

< |7, IIle\uz ) = ui—1(t)]-

We now multiply and divide by /2d;(t)/u to get

25 Z fl uz < ||f HLl([) Z f |U'L — Ui— 1 /

Ry e
N 2
%; et OF 4 Ly 0,1, 0 0)

All in all, we have for any € > 0 and ¢ € (0,T7) :

— 5 Ui(l) — Uj— 2
EEi(“z +Zdt< = GMMZ' = di(t)l(t” gi”f“")”%iDN(O)'

v—1
Integrating in time, we arrive at -

N—1 N N oot () —ui—1(7)]?
6. (ui)z(t)+ZWGi(t)+ZZ/o Jui( )di(T) (7)] dr
N-1
<e (uz)2(0)+zdl(§))_—i2€Gz( )+ I fllzz L D (0)
=1 i=1

(4.25)

(4.26)

(4.27)

(4.28)



O

Corollary 4.4 (Bounds on u®). Using the notations of the previous lemma, we have for eachi=1,...,N —1
the following bound on the components of the velocity vector uc:

Dy (0)
uwillLro.rx) < &0+ (”f”%Q(O,TE*;Ll(I)) + t) T (4.29)
and on the macroscopic velocity:
o oy < 5 (604 LIS Briorean iy D(0)) (4.30)

Proof. Using again a discrete Poincaré inequality, we have thanks to (4.22)), for eachi=1,...,N — 1

|uz )| dr < Z |uk — up—1(7)| dr

N
H Clun(n) w1 (4.31)
< Z;/O 70 dr + MDN(O)t

1 t
<&+ ﬁ”f”%?(o,t;Ll(I))DN(O) + ;DN(O)~

For 0,u®, we can use the definition of u® from ([3.14)) to get for ¢t > 0,

0. €,y = 3 /
=1

Therefore, using ¢;(t) — ¢;—1(t) > d;(t), and integrating the above expression in time, we get from (|4.22))

q:(t)

U' t —ui 1 t |Uz _uz 1(t)|2
— | dr= . 4.32
qi(t) — qi—1(t) ‘ Zz: ) — qi—1(t) (4.32)

qi— 1(t)

|ul _uz l(t)|2
1824122 (0,7 x 1) < Z dt u Eo+— Hf||L2 o151 (1) P (0) ) - (4.33)

O

Proposition 4.5 (Upper and lower bound on the distances d;). For any t € (0,TF) and any index i €
{17 ) N}7

0 < cr(t)e < di(t) < Caot)e, (4.34)
with ¢1(t), Co(t) € (0, +oo) for any finite t > 0, and independent of €. As a consequence, the solution

t — Ut) = (q(t),u(t),d*) to (2.15) obtained via the Cauchy-Lipschitz theorem exists in fact on any finite
time interval [0,T], T > 0.

Proof. Let k and 7 be given and prove the lower bound for d (7). On the one hand, if dy(7) > dx(0), we use
the hypothesis d(0) > ae (3.15]) on the initial distances to conclude. On the other hand, if di(7) < di(0),
using the fact that 21 d;(t) is constant in time, one can find an index m such that d,,(7) > d,,(0). If m < k
(the converse case is similar), we sum up the balance of forces ([2.10) - ) from particle ¢ = m to particle i = k—1
and get

k—1 : : k—1
. dy, dm _
2e 3 (1) = 2o(0) = 220 = (Gu(t) = Gm(®) +22 3 i(0), (4.35)
j=m m j=m
and integrate in time from time 0 to time 7, to obtain

In (Z:Eg;) =In <§:E8> + 2e g(uj(ﬂ —u;(0)) + /OT (Gi(s) = Gm(s)) ds— kg—:l /OT /:1 f(s, ) duds.
(4.36)
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In other words,

a(0) dm(O exp 252 u; (1) +u (0 )—i—/OT (Gi(s) — ) ds — Z/ / (s,z) dzds

j=m

(4.37)
To estimate the velocity term, we can use Young’s inequality, exploit the energy estimate (4.22)) as well as
the boundedness of u®(0) (cf (4.4)):

k—1
2 Z(ui(T) — u;(0))

N-1 N—-1
<2 > Jui()] +2e Y [ui(0)
=1 i=1

<2 Z g ()2 + 2o || e (4.38)

1
2(& + ;DN(O)HingL; + [luol[ o).

Returning to (4.37)), using the previous estimate, together with the bound on G; given by Lemma and
the fact that d,,,(7) > d,,(0) we have

1
di(7) > di(0) exp (— [2(50 + fluoll L + ;DN(O)”f”%z(O,Jroo;Ll(l))) +2CT + ||f||L1((O,+oo)><I):|> . (4.39)

Finally, using the hypothesis di(0) > coe (3.15) we obtain
di (1) > coeexp(—C(1)), (4.40)

with C(7) > 0 independent of &, which concludes the proof of the lower bound in (£.34). To obtain the
upper bound, one can repeat the same argument. The index k and time 7 being given, if di(7) < di(0), we
conclude using the hypothesis di(0) < Coe (2.9). On the other hand, if di(7) > di(0), one can find an index
m such that d,,(7) < d,,,(0) and obtain the required estimation.

d
Now, we write the ODE (2.15) as %U(t) = F(t,U(¢)). Thanks to the previous lower and upper bounds on

the d;’s, we can control the right-hand side by a linear function of ||U|[:

(& U lreev—1 < | Fllzoe0.x0) + BellUllracv—)

with 8. > 0. So, by a Gronwall inequality on ||U||gsv-1), we can conclude to the global-in-time existence of
the solution. O

5 Toward the macroscopic system

5.1 Obtaining a PDE representation

In this subsection we introduce continuous representations for the non-linear terms in our system, and derive
the PDE satisfied for all £ > 0. For convenience, we introduce the notation P;(t) := [¢;(t) — €, ¢;(¢) + €] for
i=1,..,N—1and Py(t) :=[0,¢], Pn(t) :=[1 —¢,1]. For each t € (0,T), we denote

U; (t) — Uj—1 (t)

w; (t) = di (t) 5

(5.1)

so that, for all x € (¢;—1(¢), q:(t)),
1

1—pf(t)

?

w;(t) = O u (t, x),
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where we used the definition of p§ from (3.11). Then the function w® € C([0,T] x I) is defined as

N-1

’lUE(t; fE) = Z sz(t) —+ %g)ie)(wi—i-l(t) — wl(t))> ]-Pi(t) (:T]) —+ w“‘l(t)l(Qi(t)+E,qi+1(t)—s) (l’)
+ {wle(t) m} Lpy(y (@) + [wN(t) _wn(t) (x—(1—- 5))] 1py ) (z), (5.2)

which is depicted in Figure [5| below. The interaction force G5(t), defined through (2.9), can be rewritten as

Gi(t) = <0lf(i>++2;>W = (pfo(;)y, (5.3)

where the definitions (3.11)) and (3.13) has been used again. The associated continuous representation
G € C(|0,T] x I) is then defined as

N-1
6.0 = 3 | (G0 + TEIZDG0a0) - Gil0)) 1m0 (@) + ot Ol cnno-0 2)

Gn(1)

+ {Glg(t)x} 1y (@) + [GN(t) — (z—(1~- €)] 1py ) (2),

and depicted in Figure [5 as well.

a(t)

Figure 5: w® and G° at time ¢

We also introduce an alternative representation of the density, namely the volume fraction x*:

N

X (t,z) == Z 1p,1)(x). (5.5)
=0
x°(t,z)
N T N oza®
AP et L
s : () ' : ' '
I i I 1T ] I—I ......... I ] | I
1 1 1 1 1 1 * 1 I 1 I |
qo(t) =0 ai(t) q2(t) q3(t) qn-1(t) qn(t) =1

Figure 6: p° (blue) and x° (pink) at time ¢
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To obtain a suitable PDE representation, we finally introduce a new velocity v* defined as (see Figure
below)

N-1
u;(t uZ t
“(t,x) = Z u; (t 1p (t) )+ Z |: i ):| (x — qi—1(t) — 5)1(Qi—1(t)+57lh'(t)75) (x). (5.6)

This representation v° of the velocity allows us to formulate an approximate momentum equation for any

ug(t)

up(t) = S S Lo

[ = I R 1 R | | ——

1 - 1 | - 1 L - 1 L M : h
qo(t) =0 q(t) q2(t) q3(t) qn-1(t) gn(t) =1

Figure 7: Depiction of v® (purple) and u® (green) at time ¢. Note that v® is constant on each particle.

€ > 0 on a common “grid”, since we define d,w® and 9,G* to be constant on each particle. On the other
hand, u® is the natural approximate velocity to obtain the transport and conservation equations. In Section
we will show that v® and u® converge to the same limit, meaning that both are valid macroscopic
representations of the limit velocity field.

We can now derive the approximate PDE system that we will eventually use to pass to the limit ¢ — 0
and obtain the macroscopic model.

Proposition 5.1 (Approximate PDE system). The following system is satisfied in D'([0,T) x I) for any
e>0:

Op® + 0 (p°u) = 0, (5.7a)
D (X°V%) + 05 (X°(v°)?) — Opw® + 0,G° = f°, (5.7b)
atp*,e + us Ip*,s — 0, (57C)

where fe(t,x) = Zivz_ll ﬁ(t)lpi(t)(x)'

Proof. For the continuity equation (5.7a), recall that p®(t,z) = Zf\il Pi(t)L[g,_, (#),0:¢))(x). Then using
pi(t) = 2¢/(d;(t) + 2¢), a straightforward computation shows that, for any ¢ > 0 and any x € [g;—1(t), ¢;(¢)),

2e

A =~ 2

(ul(t) - ui—l(t)) = _pi(t)axus(t’x)l[qwﬂt),m(t))(x)v

where we have used d;(t) = u;(t) — u;_1(t). Therefore in the distributional sense,

Oup°(t,-) = —p°(t,- +Zm ()0 a=qi ()} — Wim1 ()3 (a=qi_1(1)}) -

Finally, notice that

N
O (07l (1) = p° (1, )0 (1, ) + w8, ) (Z pit) [Ofamgi () — 6{z_qi<t>}]>
=1

= p(t,- +Zﬂz (i1 (1) o=qi (1)} — wi(D)S(a=qi (03] »

and so ([5.7al) holds.
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We now move on to the transport equation ([5.7¢)). For p*¢, we have that for any ¢ > 0,

0yp** Zpl u;(t (5{z ai(t ui*l(t)g{z:qi_l(t)}L (5.8)
while
(0zp™* sz 5{L qi-1(t)} 5{95 qz(t)}] (5.9)
=1

Multiplying by u®, we get

N
(W 0ep™)(t,) = > piltti1 (D)0 g,y (1)) — i (£)S(amg,(1}), (5.10)

i=1

and therefore, adding (5.8]) and (5.9)) leads to the transport equation (|5.7c)).
At last, we drive the momentum equation (5.7b)). Summing up the balance of forces (2.10) for each
particle and dividing by 2¢ gives us, for all ¢ > 0 and « € [0, 1],

N-1 N—-1 N—1 N-1
> wi(O1p () =p Y dew (t,2)lpp(x) = Y 0:G(ta)lp () + Y filhlpw(z).  (5.11)
i=1 i=1 i=1 i=1
Now using the definition of v¢ from (/5.6)), we have in the distributional sense, for all ¢ > 0,
N—1
(x = > [u®)1re — w®)) S amg@ -2 + 0 0) S amgra] (5.12)
=1
while
N—1
B (X* () (t,-) = ) [(wi(®))*O(amguty—ey — (Wi(t))*pamqi(t)1ey] - (5.13)
i=1

Therefore, we have, for all ¢ > 0 and = € [0, 1],

N-1

O (V%) (t, ) + O0p(X° Z @i (t)1p, 1) ( (5.14)

i=1

Since w® and G€ are piecewise linear, continuous and constant in between particles, we have

N-1
Z Oaw (t,)1p, ) and 0,G°(t,) = > 9,G°(t,)1p,)
i=1
almost everywhere in (0,7) x I, from which we conclude using (5.11)). O

5.2 Uniform bounds on the macroscopic variables

*¢ as well as the non-linear

In this subsection we derive uniform in ¢ estimates for the functions p®,u®, p
functions w® and G¢ introduced above.
Let us first summarize what bounds we currently have on the macroscopic functions as a consequence of

our estimates so far.
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Corollary 5.2. Let us assume the hypotheses of Theorem[3.4 With the notations of the previous subsection,
we have the following bounds:

0< 2 )< — 2 <1 (5.15)

21 Co(t) =P r2 T '

< poe(t,) <1 1
0<CO+2_p(7)_, (5.16)

Co+2\"
||GE||Lt°f’T§< > ) , (5.17)
€ 4 1 2

w2 Sp 5o+;||fHLfL;DN(O) ) (5.18)

where Cy and c1(t), C2(t) > 0 have been previously defined in Propositions and[{.5

In order to pass to the limit in the non-linear terms of (5.7a))-(5.7¢|), we will need further bounds on 9,G*¢
and the densities p°, p*¢. We now derive a bound for 9, G¢ which is correlated to a control of the increments
diy1 — d;.

Lemma 5.3. We have ,
/ (s (7) — di(7)] dr < C(£)e?, (5.19)
0
where C(t) € (0,400) for allt > 0, and therefore
10:G* |10, 752 (1)) < C(T), (5.20)

for some positive constant C(T') independent of €.

df+2e )’Y

Proof. We first estimate 0,G® on each interval (g;(t) — ¢, ¢;(t) + €) using the definition G;(t) = (di(t)+2€

dig +2e\7 (dr2e\”
di+1+28 d;+2¢e

2¢e

Giy1— G
2¢e

|8zG61(qz‘(t)*€,ql’(t)+€)| = ‘

B ‘ (A +25)7 (s +25)7 = (df + 2) (dis +29)7 | )

26(di+1 + 28)7(di + 26)7

Suppose firstly that (df, | +2¢)(d; + 2¢) > (d + 2¢)(di41 + 2¢). Using the inequality |a¥ —b7| < y|a — bla7~*
fora>b>0and v >1, we get
. v((ds + 2e)(dfyy — df) — (df +2¢)(dia — da))(df 4 +26)7 " (di + 22)7 |
102G L (gs ()i +o)| <
2e(diy1 + 2€)7(d; + 2¢)7

(i +26)(dfyy — df) — (df +26)(digr — di))| (dfyy +26\77
2E(d7;+1 + 26)((11 + 25) di+1 + 2¢

dr 2¢\ 77t 2\t
= |Hj| Giy1t2¢ < |Hi| Co + ’
di+1 + 2¢ 2

where we used the upper bound on G; from (4.21). We may express H; as

v d; + 2¢ " . dy + 2¢
H; = [( )(di+1_di)_< 2 )(diJrl_di)}

(dz + 26)(d¢+1 + 26) 2¢e
) ) (5.22)
Y * *
= —(d; —dif) — — dz — dz .
(di +2¢)(dit1 + 2¢) [Pi( i~ ) Pf( i )}
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Thus, using the bounds on d; (4.34) and dF (4.34), we have

< 7(Co +2)7 [ldx
a0+ S 0+ 22) (dpaa (1) + 22) L0

102G 1 (4, (1) —di| + |disa (t) — di(t)]] - (5.23)

The same bound can be obtained in the case where (dj, | +2¢)(d; 4 2¢) < (df +2¢)(d; 41 + 2¢). In that case,
we can apply the inequality |a” — Y| < v]a — b|b*~! to (5.21)) and proceed as above. Using the positivity of
the d;’s and estimate (4.3)) on the increments d;, ; — d;, we get

Y(Co +2)7
|axG81(qi(t)—s,q,;(t)+s)| < (2"/“‘7252) [0062 + ‘dl+1(t) — dz(t)H . (524)

Thus, it remains to obtain a suitable bound on |d;41(¢) — d;(t)]. We now aim to prove that the bound (4.2))
propagates as (5.19)) for positive times. To do so, we return to the balance of forces (2.10) for particle i.
Integrating in time and taking the modulus gives us

'm <dd+(1t()t)>‘ _ ‘m (dd+é(();))) _ / (Gip1 — Gy) dr + / / . fdwdr — 2e(ui(t) — us(0))|  (5.25)

Fixt € (0,T). Using 1 — 1/x <In(z) <z — 1 for z > 0, we have

[di+1(0) = diO)] 4 10y > ay(0)
. ( di+1(0)>' _ 4,(0) (5.26)

\di41(0) — d;(0)]
T (0 <o)

Now using the lower bound on the distances at initial time (3.15]), we obtain

]m ("‘gi;éf))] < L i1 (0) - i 0)], (5.27)

Co€

Similarly,
|diy1(t) — di(t)] if diq (t) > di(t)

di+1(t) di+1(t) ’
In > 5.28
‘ < d;i(t) )‘ |di+1(t)fdi(t)|7 i da () < di(0), (5.28)

di(t)
and using the upper bound (4.34]) we can also show that

1 dit1(t)

—|diy1(t) — d;(t)| < |1 . 5.29
ol ) - o) < m (%521 (5.20)
Note that we can write Giy1(t) — Gi(t) = 2¢0,G°1p,(y), which follows from the definition of G* (5.4).
Substituting this along with (5.27)) and (5.29)) into ([5.25)), results in

1 1 i
Ehtenn ()= 0] < ldia©) = 0]+ 22 ([ 10,67 1 yr 4 11z + i) = i) ) (530
2€ Co€ 0

Combining ([5.24)) and ( gives us

G Coy(Co +2) '
s = (0] € 21dier©) = )+ IR et [ (o) = (o) | (531)

+ 2058 (Il + lus(®) = w 0)]).

Integrating in time again from 7 = 0 to 7 = ¢, recalling (4.2)), we get
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t t
/ |di+1(7') 7dZ(T)| dTS C(1+ ||f||L%Lgo)52t+C€2t2+CE2/ |ul(7)7u2(0)| dr
0 0

+ C/Ot (/OT |di1(s) — di(s)] ds) dr

We can use the bound on the velocities u;(t) from (4.29) with the boundedness of u;(0) from (3.19) to
estimate

(5.32)

t
/ us(7) — wi(0)] dr < lJusll s 0y + Hus(0)] < C(8).
0

Inserting this bound into (5.32)) and applying Gronwall’s inequality gives us the desired bound (5.19))

/0 t |di1(T) — di(T)| dT < C(t)e2. (5.33)

Returning to (5.24]) and integrating in time, we get for any ¢ € [0, T,

K 7(Cop + 2)7
/ |0, G* g (m)—e.qi(m) +5)| dr < (2“/0+2 5 [ 2t+/ |dip1(T) — di(7)] dT| < C(¥), (5.34)

where C(t) > 0 is independent of ¢ and ¢ and remains finite on [0, T]. This completes the proof. O

Lemma 5.4 (Uniform boundedness of u®). We have
miinuz‘(o) — 102G lprpee — 1fllLipe < wilt) < mflxui(o) + 102G [|Lrpee + 1 fllLrnee (5.35)

and therefore
[uf][Lge, < C(T). (5.36)

Proof. Our proof follows a maximum principle strategy. Firstly, the Cauchy-Lipschitz theorem ensures that
the solution to the microscopic problem (2.15)) is regular for ¢ fixed, i.e. that u; € C1([0,T]) for any T > 0.
Therefore, the function

() := max  u;(t
y () ie{l,...N—1} i(®)
is continuous. As a result, we can decompose the full time interval [0, T] into K subintervals, where on each
subinterval, there exists a particle that possesses the maximum velocity for any time in that subinterval.
More precisely, we have the decomposition

[0,7] = [0,t1] U[t1,t2] U+~ U [tr1, ti] U+~ U [tre_1, T,

such that for any ¢ in the subinterval [tx_1,tx], we have y°(t) = u;, (t) for some i, € [1, N]. Note that
the continuity of y° means that we can assume without loss of generality that each interval has non-zero
measure. Indeed, every interval of zero measure can be absorbed into a neighbouring interval. Now, fix a
time ¢ € [0, T]. Assuming ¢ € [tx_1, tx] for some k € [1, K], the balance of forces for particle i reads as

, Wiy 1 (8) = wiy (1) wiy, () = wiy 1 (F)
2eu;, (1) = — - (G; t)— G (t 2 t))i-
ciny () = (M40 — (G (t) — Gy (1)) + 2201
Since y°(t) = w;, (t), we have that both w;, (t) —u;, —1(¢) and w;, (t) — u;,+1(¢) are negative. Therefore, upon
integrating in time between t;_1 and t,

t

t
22, () s () <22 [ Gz ds k22 [ ) az d,

th—1 te—1

i.e. that
t

g (1) < wiy, (t—1) +/ 102G (s, )|l Lo d3+/ [£(s,)lLee ds. (5.37)

te—1 th—1
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Using the fact that w;, (tx—1) = ui,_, (tx—1) (due to the continuity of y), we can perform a similar estimate
for particle i;_1 and obtain:

tre—

te—1 1
Uiy, (te—1) = iy (tp—1) < wiy_, (te—2) +/ 102G*(s,)|[Lge ds +/ [£(s: )L ds.

th—2 th—2

Substituting this expression into (5.37)) gives us

t

t
wi (£) < iy (o) + / 10,6 (5, )l ds + /

tr—2 tr

£ (85 )Lz ds.

Iterating this argument over all subintervals, we arrive at the estimate

t t
i (t) SmaXUi(O)Jr/ 102G (s, )l e ds+/ 1F (s )ege ds.
i 0 0

Using the L} LS bound on 9,G¢ from Lemma and the regularity of f allows us to conclude the upper
bound. Repeating this argument for minimum instead of maximum concludes the proof. O

We are now in a position to improve the estimates from Lemma [5.3

Corollary 5.5. We have the uniform bound

|div1 () — di(t)] < C(T)e?, (5.38)

foranyi=1,.... N — 1, and therefore
0G| Lo < C(T). (5.39)
Proof. Simply return to (5.31)) and use the boundedness of the velocity |u;(t)| to obtain (5.38]). Using (5.38)
in ((5.24]) leads to the bound on 9,G*. O

Our next goal is to obtain estimates for p* and p*™*°.
Proposition 5.6. We have
10| 0,758V (1)) + 107 ([ Lo 0,758V (1)) < C(T), (5.40)
and
6%l v (0,myx 1y + 10"l BV ((0,1)x 1) < C(T). (5.41)
For the time derivatives, we have
[0:0%[|L2(0,7;1-1(1y) + 10ep™ L2 (0,71 -1(1)) < C(T). (5.42)
Proof. We first recall that, for  open subset of R™ and g € L*(Q), ||gllsv(a) := 9]l ) + TVa g, where

TVq g = Su}? /g(x) divp(x) dx  with  Fo = {p € D(Q) : [[¢llr=@) < 1}
peFa JQ

Let us now prove (5.40). Since [[p®||r, <1 and [[p*%| L, <1 from (5.15) and (5.16), it is enough to show
TV p°(t,-) < C(T) and TV p*(¢t,-) < C(T) Ve (0,T).

To this end, using the fact that p°(¢, -) is piecewise constant, together with p;(t) = 2¢/(d;(t) +2¢) from ((3.11)
and the bound |d;;1(t) — d;(t)| < C(T)e? from (5.38)), we have

N-1 N-1
PipPi

TV p°(t,-) = Z lpir1(t) — pi(t)] = 72;1 Z |di1(t) — di(t)]

i=1 i=1 (5.43)

1

<
— 2¢

Ne?C(T) < O(T).
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Similarly,
, pz pz+1 * 1 2
TV, p*e(t, - Z iy = di| < - NE*C <G, (5.44)
using the definition of p} from ) and |d}, df\ < Ce? from (4.3). This proves ([5.40)).

We now prove (5.41)) for p°. Again, since [p°|re <1 from (5.15)), it is enough to obtain
TViorx1 p° < C(T),

TVioqxr p° = sup (// (t,2)0pp(t, x) dmdt—l—// (t,x) wgptx)dacdt)
apE]-'

The bound for the spatial derivative comes from the integration in time of ([5.43]). For the temporal derivative,
let us first consider » € Fjo 1)< given. We can use the continuity equation d;p = —0,(p°u®) to get

where

T T
/ / P (t, 2)Orplt, ) da dt = / Balp™u®) (1, ), (8, N1y
0JI 0
T
- / (W (1, )00 (8, Yo (s Vo ey (5.45)

T
+ / (57 (8, )0 (£, ), 0t N 1y -
0

We begin by estimating the first term in the right-hand side. From the definitions of p° (3.11) and u® (3.14)),
we have

N-1
up®(t,) = Y (pir1(t) — pi()0a=q, (1)
i=1
N-1
u®(t, )0, p°(t,-) = (Pi+1(t) — pi(1))wi(t)d{a=q, ()}
i=1
so that
N-1
(W (£, )02p% (£, ), o(t, ) Dr (1D (1) Z pit1(t) = pi())ui(t)p(t, ai(t)).

Integrating in time and using again the definition of p; from and the bound on d;1q — d; from (5.38))
we get

N-1

T
< / (pisa(8) — pa(t))us (D)o (t, ()]
0
N

T - -1
/0 pi(t)pita(t) p1+1 |dit1(t) — di(t)|Jui(t)o(t, qi(t))| dt
i=1

1 N-1 .7
< gollutliog, lellzg, Z/O |di1(t) — di(t)] dt
=1

< O llge, el Lge, -

T
/0 (W (t, Y007 (£, ), (8, V) 1y

IN

Then, coming back to (5.45) we obtain

T T
/ / o (200 (t, 3) d dt < O e lellnz, + | [ [ 107t ) 1000t 2) (2, )] d
0JI I

< CD)w Nz, llellzgs, + o7l s, 102022 llellzz
< (1),
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where we used the bounds on p° (5.15)and u* (5.18). This allows us to conclude that ||p%|| gy (jo,71x1) < C(T).
The same argument can be repeated with p*¢, using the transport equation 0;p*¢ = —u®d,p*° instead of
the continuity equation. Using the embedding M(I) < H~'(I), the bounds (5.42)) on the time derivatives
follow.

O

Corollary 5.7. We have
HaszHLch;l + Hamp*’EHLgGH;l < (1) (5.46)

Proof. By definition of BV (I), we have O,p(t,-),0yp*=(t,-) € M(I). The result then follows from the
embedding M(I) — H~(I). O

We now combine the energy estimate (4.22) with the bounds on the distances (4.34)) to obtain a uniform
estimate for w®, which is defined through (5.1) and (5.2).

Proposition 5.8. We have
w2 < C, (5.47)

for some C > 0 independent of €.

Proof. First note that from the lower bound on d; (4.34]), we have for any i = 1,..., N,

o _ _Jui®) —uia (P _ fui(t) — wia ()
@@®)? = di®)a(l)

Therefore, summing up the above inequalities over ¢ = 1, ..., N, integrating in time, and using (4.22]), we get

e(wi(t)) (5.48)

53 /0 i (D)2 dt < C(T), (5.49)

which yields the control of the Lix norm on the macroscopic w® (using the fact that w® is affine by part —

see the definition (5.2)). O

Next, we estimate the alternative velocity v° (see definition (5.6) and Figure [7). The following result
confirms that this is indeed a suitable approximation for the velocity.

Proposition 5.9 (Bounds on the velocity v®). We have

[0l 2z, + 1020%| 2 < C(T), (5.50)
as well as
[v° —u||p2pee < C(T)Ve, (5.51)
and for the initial data
[v5(0,-) = ol Lo (1) < CVe. (5.52)

Proof. By definition of v¢, we have |[v°|Lee = ||u®|[ze and so the boundedness of v follows from (5.36).
The control on the derivative in (5.50]) results from the observation that

N-1

axvg(ta (E) = Z wi(t)l((Ii+5,(Ii+1_5)'
i=1

and the bound ([5.49) on the components of w*®.
Next, coming back to the definitions of u® (3.14) and v* (5.6]), we observe that on [g;—1(¢), ¢;(¢)], both u®
and v° take values in between u;_1(t) and u;(¢), so that

[us(t, x) — v (t, 2)| < |u;(t) — ui—1(8)]. (5.53)
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Since, moreover,

- [s(t) — i (1)
mzax|ui(t)—ui 1 Z ) — w1 () <maxd Z : di(tl)_l , (5.54)

=1

we can integrate in time and use the energy estimate (4.22]) combined with the upper bound on d; (which is
independent of i) from (4.34)) to get

T T
/ sup oS (h @) — uS (4 2)[? dt < / max [u; — us 1 [2(t) dt < C(T)e
0 =z€(qi—1(t),q:(t)) 0 g

as desired. For the initial data, we can substitute ¢ = 0 into (5.53)) and repeat the argument of This
gives

[05(0, ) = woll Lo (1) < [[u(0, ) — woll Lo (r) + [[u*(0,-) = v=(0, )| Lo (1)
< Ce'/? 4+ max |u; (0) — ui_1(0)]

(5.55)
< Cel/2.

O
In order to pass to the limit in the non-linear convective term in the momentum equation we need
154 €€

to bound O¢x© and 0¢(x°v°) where we recall x© is defined in (5.5)).

Proposition 5.10. We have ||0:x®| oo y—1 + [|0:(Xx°0%)|| 2 y—1 < C.
t 1z i

Proof. Note that in the distributional sense, we have

Z

OxE(t, ) = [_

1

ui(t)d{z:qifg} + ui(t)(S{z:qurE}] ,

.
Il

2

1

a:vXE(t7 ) = [5{35:%_5} — 5{27:9i+5}] .

-
Il
-

Also, since v¢(t,x) = u;(t) for z € (¢;(t) — €, qi(t) + €), we have

N—1
Z uZ 1((11(t —e,q:(t)+¢e)» (556)
i=1
and therefore
N-1
O Z ()0 (a=qi—c} — i(t)d{z=gie}] = =X (L, ).
i=1

Therefore for any ¢ € H'(I), using x° < 1, we have for a.e. t:

O (1), D)) < / XV (8, 2)] |0 6(2) | e

< ol 22102l 21y

thanks to the bounds on v¢ from Proposition Taking the esssup in time, and using that [|ve|rer2 <
V| [vellpgs, = llvellzge,, we get the L Hy bound claimed in the proposition. For x°v¢, fix ¢ € H*(I) and
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a time ¢ € (0,7). We get from ((5.7h))

(0 (x*0°)(t, ), @) < 1O (0%)2(, ), Du)| + [(w (2, ), )| + [(GE (2, ), 020)| + |<i filp. ) 9)|

N-1
< <||v5(t,')|L;cv€(tw)lng + (¢, )llze + G )z + 11 filpimlng) Kl F7exes)

=1

< (lo° (8 ) Zge + It )2z + G (g + 1z )@l -

(5.57)
Since w® is bounded in L2((0,T) x I) (Propositions[5.8), while the other terms are bounded in L>((0,T') x I),
we deduce that 9;(xv®) is controlled in L?H_ L. O

5.3 Limit passage

We now use the uniform bounds obtained in the previous section to derive convergences and identify the
limits of each of the terms appearing in the PDE formulation (5.7a)-(5.7¢).

5.3.1 Convergences for the convective term
We start by extracting convergent subsequences for the density p® and critical density p*c.

Proposition 5.11. There exists p, p* such that, up to a subsequence, p* — p strongly in C(]0,T]; LP(I))
and p*= — p* strongly in C([0,T]; LP(I)) for any p € [1,00).

Proof. Firstly, due to the bounds on p° and p*° (see (5.15))-(5.16])), we have that there exist p € LS, with
0 < p<1land p* € L, with 0 < p* <1 such that, up to a subsequence,

t,x
p° —=* p weakly-* in L>°((0,T) x I), (5.58)
Pt —=* p* weakly-* in L*°((0,T) x I). (5.59)
Recall that, from Proposition [5.6, we have the uniform Lg° BV, estimates for both p® and p* and uniform

L?H! estimates for 9;p° and 9;p*<. Therefore, using the Aubin-Lions-Simon lemma (see Theorem 11.5.16
p.102 [5]), for p € [1,00), we obtain:

p° — p strongly in C([0,T]; L*(1)),
(5.60)
pf — p* strongly in C([0,T]; LP(I)).

O
We can also show that x© shares the same limit as p°.
Proposition 5.12. x° —* p in L.
Proof. We decompose
X*=p=0—p)+ (0" =)
It is easy to verify that qu-i(f)(t) (x* — pf)dx = 0 for any ¢ = 1,...,N. One can combine this with the
convergence of p® from (5.60)) to conclude. We refer to the proof of Lemma 3.6 in [21] for the details. O

From the control of the velocity u®, there exists u € L?(0,T; Hj (1)) N L>((0,T') x I) such that up to a
subsequence,
u® — u weakly in L*(0,T; Hy (1),
(5.61)
u® — u weakly-* in LOO((O,T) X I).
Thanks to a compensated compactness theorem, we are now able to pass to the limit in the nonlinear
convective terms
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Proposition 5.13. x*v — pu and x°(v¥)? — pu? weakly in L*(0,T; L>(I)).

Proof. We combine the estimate on 0;x° from Proposition with the estimate for 0,v° and apply
a classical compensated compactness argument (e.g. Lemma 5.1. of [22]) to get x°v® — pu in the sense of
distributions. Then using the boundedness of [[x*v®[|f2e (from and |x¢| < 1) and the uniqueness
of limits in D’, we obtain the specified convergence. For x(v¥)?, the argument is the same but we use the
estimate for d;(x*v) from Proposition instead of the estimate for 9;x°. O

5.3.2 Convergences for other non-linear terms

A key difficulty of the limit passage is identifying the limits for the non-linear terms w® and G¢. The former
follows from the strong convergences of p° and p* obtained in Proposition [5.11

Lemma 5.14. G5 — G in L}

t.o where G = (p/p*)Y almost everywhere.

Proof. Defining G¢ = (p=/p*°)7, first note this function is bounded due to the bounds on p° and p** in

(5.15) and (5.16) respectively. Then it is clear from the strong convergences (|5.60) thatﬁ?s — (p/p*)Y in
Ltl,x' We can compare this with the definition of G¢ from (5.4]). Computing the difference G° — G* for a fixed

time ¢ on each particle, one can also verify that (see the proof of Proposition for a similar computation)
IG=(t,) = Gt )z (r) < max|Giya(t) — Gi(), (5.62)

and so R
HGa — GEHLfCI < 26“6IG6HL?E —0 (563)

as ¢ — 0, thanks to the boundedness of 9, G shown in Lemma Of course, this implies convergence in Ltlﬁx.

Finally, we combine the above convergences with the decomposition G°—(p/p*)Y = (G°—G®)+(G=—(p/p*)")
to obtain the claimed result. O

We now identify the limit of w®. From Proposition there exists a limit w such that, up to a
subsequence,
w® — w weakly in wa. (5.64)

and the next lemma allows us to identify this limit in terms of u and p.
Lemma 5.15. w = 0,u/(1 — p) a.e. in (0,T) x I.

Proof. First let us show that d,u. /(1 — p.) — w. converges strongly in L' to 0. We recall that by definition
U; — Ui u®

p° is on constant on (g¢;—1,¢;) equal to p;, as well as d,u® which is equal to —— =1 Hence 1 a - =

qi — qi—1 —p

coincides with w* on the intervals (¢;—1 + €,¢; — €). To demonstrate the

Ui — U1 L u®

= w;, and
d; ‘ 1—p*
convergence to 0, it remains then to estimate the difference between the two quantities on the rest of the

interval (g;—1,¢;), namely on (g;—1,¢i—1 +¢) and (¢; — €,¢;). On the interval (¢;—1,¢;—1 + €), we have

azue 5 xr — (Qi—l — 5)
( —w > 1(ql‘—1,qz'71+5) = w; — <wi—1 + T(wz — wi—l)

1—pe
= (1 - x_(q;;l_g)) (wi — wi—1)

while on (¢; — &, ¢;):

Opuf x— (g —¢
( - “’8> L(gi—eqi) = Wi — <U’z + (275)(%“ - wi))

r—(q; —¢)
,T(

Wi41 — wz)
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As a consequence, we have

T T N )
0. uf qi O.u
// xiug_ws dxdtg/ Z/ xiue_ws dxdt
o/Jrit=p 0 =174 L=p
T N dgi-1te | 9 T N qi 9
S/ Z/ e dmdt+/ Z/ P e dudt
0 ,=17qi—1 1-p o = Ja-- 1—p

T
§2/ 5Z|wi+1_wi|
0 i
T
<4 eXjuil
0 i

Now, since the d;’s remain of order ¢ (cf. proposition [4.5)), we have

Ui — Wi
elw;| < C\@%v
?

and therefore we get by the discrete energy estimate (4.22)) and a Cauchy-Schwarz inequality

T
| X huil < OVEE+ 170 D 0) 2,
0 i

€

Hence — — we converges to 0 in L; .. Moreover, d,u® converges weakly in L7, to d,u, p° converges
— p ? ’
uE
strongly (in o p < 1 and w, converges weakly in o w, so tha — w, converges to —w
trongly (in L7 ,) to p < 1 and kly in L2 t thtlg”s to 7
U
in the sense of distribution. By uniqueness of the limit , we conclude that w = % a.e
O

Lastly, we show the convergence of the forcing term.
Proposition 5.16. We have the following convergence: Zfi_ll ﬁlpi(t) —*pf in L*>((0,T) x I).
Proof. Let f¢ := ZZI\SI ﬁlpi(t). We start with the decomposition
fE=pf ==X+ Kf-pf) (5.65)

For the first term, we use the definition of x° from (5.5) to write

(f*=xNtz) = Z 1p, 1) (2) [25 - f(ty) dy — f(t’x)l
= l (5.66)
a 1
= ;13&)(@ [25 /Pi(t)(f(t’y) — f(t,z)) dy] .
Using f € WH°((0,T) x I), we have
N
|(F° =Xt a)| <26 Ly (@). (5.67)

=0

Therefore, we have (f° — x°f) — 0 strongly in LgS,. For the second term of (5.65), Proposition tells us
that x* —* p weakly-* in Ly . This concludes the proof. O
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5.3.3 Limit passage in the weak formulation

We have shown the following convergences for the density p°, the critical density p*¢ and velocity u®:

p° — p strongly in C([0,T]; LP(I)), (Prop.

p° — p* strongly in C([0,T7]; LP(I)), (Prop.

u® — u weakly in L*(0,T; Hg(I)). (Cor.
In Proposition we showed that the continuity equation (5 and the transport equation (5.7¢)) hold in
the sense of dlbtrlbutlonb for any fixed €. More precisely, for any £ > 0 the weak formulations (3.4)-(3.6
hold.

Using the above convergences as well as the convergences and for the initial data (p§, u§, pg’°),
we can pass to the limit in each term. The strong convergence of the densities is used to do so in the
initial/terminal conditions that appear in the continuity/transport equations. This allows us to conclude
that (p, p*) solve the continuity and transport equations respectively with velocity u, in the sense of

and (3.6)).

We now look at the weak formulation of the momentum equation (5.7b). For any ¢ > 0 and ¢ €
CL([0,T) x I), we have

// SO o(t, d:cdtJr/xstgb(O,z) dx
// ¢(t,x) dx dt — // 0, 0(s, x)dmdt—&—//Gs Op@(t, x) dx dt (5.68)

T N717
= _/ / Z filp,yo(t, x) dx dt.
0/ =y

We have previously shown that

xX° =" p weakly-* in L>(0,T; L>(I)), (Prop [5.12)
X°v¢ — pu weakly in L2(0,T; L°°(I)), (Prop |5.13))
X (v°)? = pu? weakly in L2(0,T; L>°(I)). (Prop |5.13))

This allows us to pass to the limit in the first and third terms of . For the remaining terms, we recall
the weak convergence of w® from he L}, convergence of G from Lemma and the convergence
of the forcing term from Proposition Additionally, we have the convergence of the initial data
and (3.18). We can also deduce the convergence v°(0,-) = uo in C(I) from (5.52). This is enough to pass
to the limit in .

To conclude the proof, let us verify that p, p* and pu belong to the correct functional spaces. The strong
convergences (and boundedness) of p° and p*¢ from Proposition [5.11] imply that p, p eC ([0 T ] L°°(I ).

Finally, let us prove that pu € Cyeqr([0,7); L*(I)). Take ¢ € H'(I) and let F.(t) == [, x"v (x)dux.
Note that ||F¢| s,y < C uniformly. Using the momentum equation ({5 ,

%Fe(t) - /1 [(v%)? — wf +G°] ¢’ da + /I £ do (5.69)

is uniformly bounded in L?(0,T), since x%,v¢,G¢ are uniformly bounded and [w|lz2 < C. Therefore

| F2ll a0,y < C uniformly and so there exists F € H'(0,7)) such that up to a subsequence, F¢ — F in
C([0,T]). On the other hand, we have F* — [, pu¢dx in L?(0,T) since x*v° — pu in L7L3® (Proposition
5.12)). Therefore, we have

F(t) = /Ipu(t,:r)gb(x) de € H'(0,T) c C([0,T7)), (5.70)
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which gives
pu € Cuear([0,T); L*(I)). (5.71)

This completes the proof of Theorem [3.2]

6 Numerical illustrations

The goal of this section is to provide a series of numerical illustrations to help us visualise the behaviour of
solutions to the limiting system

Op + 9 (pu) =0,

i
ou(pu) + 0, (®) ~ 0s (o) 0. (£) =, (61)
Op™ + udyp* =0,

where u > 0,y > 1, f is a given source. We impose the no-slip boundary conditions for u, i.e v = 0 for
x = 0,1. This system can be interpreted as a compressible Navier-Stokes system with a singular viscosity
and a pressure that becomes stiff in the limit v — co. The numerical discretization of these equations
is challenging due to the singular behaviour of the viscosity as p approaches its maximal value p = 1.
On the one hand, the blow-up of the viscosity induces severe stability constraints, leading to a restrictive
diffusive CFL condition. On the other hand, numerical errors may cause the density to exceed the physical
bound p = 1, which must be carefully prevented at the discrete level. In [6], the diffusion term was treated
implicitly in time and the system was reformulated in terms of an effective velocity. In the present work,
we propose to carry out numerical experiments using neural networks, more specifically “Physics-Informed
Neural Networks” (PINNs). The experiments in this section are not intended to provide an optimal solver
for the limit system, but rather to illustrate its qualitative properties and to demonstrate a solver that can
be naturally extended past 1D. In the remainder of this section we include only the final results, while the
details of the implementation are postponed to Appendix [B]

We counsider three cases of initial data. We take v = 1 (except for the final experiment which compares
values of ) and f = 0 in each of our experiments.

6.1 Case 1: constant, equal initial densities.

We take equal, constant initial densities po, pf and a compressive velocity:
(po, ug, py) = (0.7,0.5sin(27z), 0.7). (6.2)

The compressive velocity causes the density to grow, while the singular viscosity — arising due to the lu-
brication force at the microscopic level — imposes p < 1. At the same time, the pressure term 8, (p/p*)”
— arising due to the repulsive force at the microscopic level — becomes stronger because p becomes much
greater than p*. Eventually, this forces the density to decrease (see t = 0.2 to ¢t = 0.3 in Figure . Note
that p*(¢,-) = p} < 1 for positive times since it is transported. Thus the key effect of the pressure in this
example is that it restricts the growth of the density. To see this more clearly, we demonstrate later on in
Figure [J] the same case when the pressure term (and p*) are removed. In the long-time regime (see the last
column of Figure , the density returns to the steady state p = p* = 0.7.
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Figure 8: Case 1: the blue curve represents p and the orange curve represents p*.

6.2 Case 2: congestion formation
Case 2a: without pressure

We first carry out an experiment for our system without the presence of p* and its transport equation. In
this case, the system is reduced to (setting the forcing term to 0):

, 1 (6.3)
O(pu) + 0 (pu~) — Oy (1_,03;811> =0.

This is a compressible pressureless Navier-Stokes system, which is equivalent to the dissipative Aw-Rascle
system studied in [6]. There, the authors carried out numerical simulations for the system for initial data

(po,uo) = (0.7,0.5sin(27x)). (6.4)

Again, the singular viscosity prevents the density from reaching 1. Compared to Case 1, since the pressure
term, which plays a repulsive role, has been removed, we expect high-density regions to form more easily
and to persist over long times. In order to validate our neural network solver and to additionally understand
the effects of the pressure term in more detail, we display the solution obtained by our PINN for this case

of initial data in Figure [0}
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Figure 9: Case 2a: Congestion formation in the macroscopic system without the pressure.

As expected, we see in Figure |§| that once a region becomes congested (i.e. p close to 1), it remains
congested thereafter. Note that the results line up with the simulations seen in @, where a more traditional
finite-difference numerical scheme was used.

Case 2b: with pressure

We now increase the initial value of p§j to 1.0, in order to highlight more clearly the effect of the pressure
term 9, (p/p*)7 in system (6.1). We take the initial data

(po, ug, py) = (0.7,0.5sin(27z), 1.0). (6.5)

The results can be seen in Figure[I0] In this case, the pressure term is smaller than in Case 1, which results
in the formation of a congestion state, as observed at ¢t = 0.2 in Figure [[0] This congestion is due to the
lubrication force, which prevents the density from reaching 1. Unlike Case 2a, due to the pressure term, the
density subsequently decreases for ¢ > 0.2. However, this decrease occurs more slowly than in Case 1, as the
ratio p/p* is smaller.
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Figure 10: Case 2b: with pressure.

6.3 Case 3: non-constant constraint p*

We now consider initial data where the densities are not constant. More specifically, we take the initial
densities to be Gaussian pulses such that py is above p§ in some region of the domain, and wg is again
compressive:

(pos uo, py) = (0.6 +0.2exp (W) ,0.5sin(27x), 0.6 — 0.2 exp (W)) : (6.6)

We see that the density is divided into two peaks which travel apart due to the velocity. An interesting
observation here is that in the long-time regime, we obtain states where p > p*, for which the lubrication
and pressure effects compensate.
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Figure 11: Case 3: the blue curve represents p and the orange curve represents p*.

6.4 Effects of variable v

Finally, we carry out a small experiment using the initial data of Case 1 with varying values of v = 2,5,10
to better understand its effects on the dynamics. We see in Figure [12] that the bigger ~ is, the stronger the
force imposing the expected maximal density becomes. The maximum value of p decreases as 7y increases.
This is due to the fact that the penalisation of p > p* becomes stronger as < increases, since the pressure
term is exponential in v. At the limit v — oo, we expect to converge to a hard constraint p < p*.
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Figure 12: The effect of varying ~ for the data of Case 1. For the velocity, the blue curve corresponds to
~v = 2, the orange curve to v = 5 and the green curve to v = 10.
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A Extension to a congested model

In this section we explain how Theorem can be extended to the case where the limit density may reach
1, i.e. pp =1 on a subset of [0,1]. At time ¢t = 0 we now allow for a configuration (q§, u§,d* ). where two
or more particles may be in contact creating a cluster. By a cluster we understand cluster to any group of
particles that are stuck together at initial time. If a cluster exists initially then the particles that created
it move stuck together with constant velocity for all positive times. Therefore, we may essentially treat a
cluster of k—particles as a single particle of radius ke. A possible configuration is depicted a the Figure

11’5‘\,7 1 (f)

Girer () inroa1(2) Gip (1) =1

Figure 13: A particle configuration with clusters

Following [21], to describe the balance of forces in this situation, we introduce some new notation.

For any ¢ we denote M¢ + 1 to be the number of clusters (note that a single particle not in contact
with any others is also a cluster), where M¢ < N¢ (equality holds when no two particles are in contact).
We denote by iy, ...,7pe the first particle in each cluster. We additionally let ng + 1 > 1 be the number of
particles in cluster iy, so that cluster k consists of the particles ix,ix + 1, ...,4; + ng. The distance between
clusters k — 1 and k is d;,, so the balance of forces for cluster k is given by

U; — Uy, Uj,, — Uq,y, —
2nkeg;, = “ﬁld, o d; =+ (G'Lk - Gik+1) +2nk€fik’ (A'l)
Tk+1 1k
where
gy = Uip4+1 = oo = Ujp4ny» (A2)
and
oo L [T d A3
ka_%kE/qikE f(s,z) dx. (A.3)

With this analogue of the balance of forces (2.10), we may basically repeat the construction of the
approximate initial data, proof of local and global existence of solutions from Section [ as well as the
uniform estimates and passage to the limit in the PDE formulation from Section [5] with three minor changes.

o The distance d; between particles ¢;—1 and g; is replaced by d;,, the distance between cluster i; — 1
and cluster ix. However, because the clusters are neither created nor destroyed in time, the estimates
for the lower and upper bounds of d;, follow the same way as in Proposition

e Since the limit density p might now be equal to 1, identification of the nonlinear viscosity term w = ?f:),

needs to be revised. Indeed, because division by (1 — p) is not allowed, one first needs to identify 9,u
with (1 — p)w. This is slightly more subtle as w® and p® are defined on “different grids”. Similar
identification has been performed in Lemma 4.9 in [21].

« Finally, the weak formulation of the momentum equation from Definition [3.Ineeds to be re-interpreted
since the function 1/(1 — p®) is no longer well-defined in the pointwise sense. To this end, we define
the space

H, = {v € Hy(I): 9,v =0 in D(w)® and w(z)|0v)? < —I—OO} , (A.4)

D(w)

where D(w) = {z € I : w(z) < +oo}.
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We can now define solutions as a triple of functions (p,u,p*) such that p,p* € (0,1] and u €
L?(0,T; H_1_(I)) such that the momentum equation:
-P

T T
0 dx d 0 d 2396 ,x)dxd
/0/"’“ b(t,2) do t+/pouo<x>¢< ) x%/pu o(t, ) dac dt

//8u8wqbtasdxdt+//( ) 0, P(t, ) dx dt = //pfgbt:lcdxdt

holds for all t € (0,T) and ¢ € CL([0,T); H_1_); all the rest of Definition [3.1| remains unchanged.
1—p

(A.5)

Remark A.1. The requirement that u,¢ € H_1_ in space ensures that the viscous term of (A.5) is bounded.
P
Indeed, using Young’s inequality,

7/ |0z UI2 |3x¢|2
=2

which is bounded since in space we have u, ¢ € H11 .
—p

B Details of numerical illustrations

In this section we give an overview of Physics-Informed Neural Networks and provide full details of the neural
network solver used to generate the simulations in Section [6]

B.1 Physics-Informed Neural Networks

Deep learning methods represent a new approach for the numerical analysis of PDEs. The most popular
paradigm in this area is that of ‘Physics-Informed Neural Networks’ (PINNs), which was introduced by
Raissi et al in [24], as a mesh-free solver for PDEs. Physics-Informed Neural Networks may be defined as
fully-connected neural networks with a physics-informed loss function.

Fully-connected neural networks

A fully-connected neural network is a function whose output is computed as a composition of affine layers
and non-linear activation functions. We now give a precise definition of a fully-connected neural network.
Let x € R? be the input, g(© (x) = x and dj := d. Suppose vy is a neural network with L layers and widths
(di,...,dr). We define vy recursively using each layer [ of the network. The output of layer [ is given by

vil(x) = WO . gD (x) 4 b, gW(x) = o(v{)(x)), 1=1,2,..., L. (B.1)
Then the neural network vy is defined as the output of the final layer:
vo(x) = WEHD L g(8) () 4 D), (B.2)

where W) ¢ Rt xdi-1 p() ¢ R% are the weight matrix / bias vector respectively in the I-th layer, and o is
an activation function. The full set of trainable parameters is given by

0= (WO bMWD B+,

When defining a neural network in practice, we have control over the depth of the network (L above), the
width of the network (d;) and the activation function o (which could be chosen independently in each layer).
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Training PINNs

When defining a neural network in practice, the parameters 6 need to be initialised. A default approach is to
randomly sample the weights and biases from a fixed distribution (usually uniform or Normal). For PINNs;
more sophisticated methods such as Xavier / He initialisation |13} |18] are commonly used in the literature.

After initialisation, we are left with an arbitrary vy. In order for our neural network vy to approximate
a solution v of a PDE L[v] = 0 well, the parameters § must be chosen appropriately. With PINNs; this is
done by defining a loss functional

Ivo] = [L[vollZ2 () + IBValllZ2(o0): (B.3)

where the operator B encodes the boundary/initial conditions. In this sense, we say the neural network is
“physics-informed”. In practice, these norms are approximated using a finite set of collocation points. We
randomly generate points {yl}f\i"1 in the interior domain (0,7 x I, as well as points {z;}2% on the slices
{t =0} x I and (0,T) x OI on which the initial data / boundary conditions are defined, respectively. Then

the empirical loss functional is given by

1 L 1M
Tl = 37 L el + 5 D 180wl B.4)

The training phase then proceeds as follows. With the initialised network, we perform a forward pass to
evaluate vy at the collocation points. The derivatives of the output vy are computed precisely using the
automatic differentiation functionalities of the Tensorflow/PyTorch packages for Python. This is used to
evaluate the loss function J[vg].

We then update the parameters 6 in an effort to minimise the loss J[vg]. This is essentially a finite-
dimensional non-linear optimisation problem:

0" € arg gg%}l} JTvel. (B.5)

We typically employ a gradient-based optimisation algorithm, such as stochastic gradient descent or a variant
(e.g. Adams) to update the parameters. Stochastic gradient descent works by randomly sampling points in
[0,T] x I, computing the gradient of the loss with respect to 6 at those points and using the iterative update
rule:

Opr1 = 0y — 1 - Vo, T [V]. (B.6)

Here, 1 represents the learning rate which controls the step-size of each update. The gradient Vo J[vy] is
computed via backpropagation, which works by applying the chain rule sequentially layer-by-layer to find
the gradient of the loss with respect to each of the trainable parameters. Once the parameters 6 are updated,
one epoch (iteration) of the training cycle is complete. The training stage typically consists of thousands of
epochs. The end result is a neural network vy which approximates v.

B.2 Application of PINNs to the limit system

We now describe how we use PINNs to carry out numerical experiments for the limit system. We define
a neural network vg : (t,2) = (po(t,x),ug(t, ), pj(t,x)). The inputs are the time-space coordinates x :=
(t,x) € [0,7]%[0, 1], and so the input dimension of the network is 2. The output dimension is 3, corresponding
to the solution (p, u, p*). The neural network vy we consider is chosen to be a fully-connected neural network
with L hidden layers of equal width m. This means that vy has the general form

vo(x) = WD gW () 1D x = (t,0) (B.7)
where for ¢ € {1,2,..., L},
g"(x) =0 (W gl D) + b)) g'(x) = x. (B.8)

Here, (W® b®) corresponds to the weight matrix / bias vector in the £’th layer; W) ¢ R™*2 b(1) ¢
R™*1 WO ¢ R™*™ and b®) € R™*! for £ = 2, ..., L. For the output layer, W(E+1) ¢ R3xm p(L+1) ¢ R3x1,
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Furthermore, o is a fixed non-linear activation function applied component-wise. Generally, common choices
for activation functions include ReLU(z) := max(0, z), sigmoid and tanh among many others. For PINNs,
tanh is often used in the literature. The effect of different types of activation functions on the performance
of PINNSs is an ongoing area of research (see 25} |19, [3] for recent works in this area). The set of trainable
parameters of the network is given by

0 .= (W(l),b(l), ...,W(LH), b(L)).
Initialising a neural network vy can be viewed as defining a finite-dimensional trial space
Vp = {(t,x) — vo(t,z) : 0 € RP}, (B.9)

where P is the total number of trainable parameters. The strategy of PINNs is to select 6 so that the resulting
function vy approximately satisfies the governing PDE, initial and boundary conditions in a least-squares
sense. This is the purpose of the training phase.

Network architecture

We choose L = 4 hidden layers of equal width m = 256, and the activation function o(z) = tanh(z).
The parameters 6 of the network are initialised using the Xavier (Glorot) initialisation scheme [13]. This
scheme samples weights from a uniform distribution, which is scaled appropriately to ensure variance of
activations/gradients are roughly constant across layers. This prevents vanishing/exploding gradient issues
from arising during training, which can lead to unstable parameter updates during the optimisation stage.

The output of our neural network is somewhat non-standard. We attach a final transformation onto the
network output which ensures the initial data are always satisfied. The raw network output is denoted by
(dp,dy,dy+). This is combined with an extra transformation to produce the final output:

polt.) = pola)exp 1y (0.0))

wo(t ) = o (x) + %du(t,m),

pi(t,2) = ph(2) exp(A(t)dy (1, 2)).

This choice is primarily made to hard-code the initial data into the network. Indeed, we have (pg, ug, p})(0, ) =
(po, uo, p§y) by construction. The use of the exponential in pg and p} ensures the positivity of these functions,
while it is omitted for u since u can be negative.

Physics-informed loss functional

After initialisation, the next step is to sample a set of collocation points, perform a forward pass and evaluate
the loss function. We uniformly sample points {, p} 7 in the interior domain (0,7T) x I as well as {t} } "
on the slice (0,7) x {0,1} on which the boundary conditions are defined. We choose M, = 7500 and
My, = 2000. Once these points have been sampled, we evaluate the network at each of these points and
compute the loss function. The loss function we use is given by

Jve] := JppE[Ve] + TBc|Ve)- (B.10)
The PDE residual loss is given by
M, A, M ‘
JppE[Ve] == 2 (poue)|* (th, xh) + 2 Z 10105 + updups|* (ty, )
]\; ' = (B.11)
TS Oupsto) + Do) = De(Deto (1 = po)) = o Pt} ).
i=1
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where the weights Ap, are fixed scalars. We choose A\p, = Ap, = 1 and Ap, = 2. We find that, in practice,
a higher weight on the transport equation for p* helps the network to learn the correct dynamics. The
boundary condition loss is given by

Jsolvel = - Z o (thes 1) — ug(the, 0) [ (B.12)

In classical PINN architectures (e.g. [24]), one usually includes a term for the initial condition loss evaluated
on sampled points {x! }M  C {t = 0} x [0,1], given by

u7IC Vg MZ|p0 ) 1(‘ pO ic |2+7Z‘u9 ) 1(' 0( ’ic)|2
(B.13)

M
1 X .
27 D150, ) — o (i) P
i=1

Since our initial condition is hard-coded into the output, we do not incorporate this into the loss 7. Let us
now note that for cases 1 and 2 of Section @ a constant initial p; was used. This implies that the solution
p* will be equal to pf for positive times, due to the transport equation for p*. Therefore, to encourage the
network to learn the correct solution, we penalise variations in p* for cases 1 and 2 by adding the following
regularisation term to the loss function:

NENOE —Z|atpa| (th, z}) +—Z|axpe| (th, 7p)- (B.14)

In order to evaluate the loss function and compute gradients with respect to the parameters of the network,
the automatic differentiation functionality of PyTorch is used. The parameters are then iteratively updated
using an optimisation method. We train the network for 7500 epochs. We use the Adams optimiser [20] for
the first 5500 epochs and finish using the L-BFGS optimiser [29, 28] for the last 2000 epochs.

Numerical evaluation

Once training is completed, the learned approximation (¢,z) — (pg(t, ), ue(t, ), pj(t,x)) is evaluated on
a fixed, deterministic time-space grid that is distinct from the collocation points used during training. We
sample N, = 100 points in time and N; = 100 points in space, and produce a grid of N; x N, points
covering the domain [0, 7] x [0, 1]. The trained network is evaluated pointwise on this grid to produce arrays
[o(ti, z;)], [ue(ts, z5)], [p5(ti, x;)] which are then used to produce the plots.
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