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Boundary Output Feedback Stabilization of Nonlinear Diffusion
Equations

Hugo Lhachemi, Ionut Munteanu, and Christophe Prieur

Abstract—This paper studies the problem of output feedback
stabilization of a nonlinear diffusion equation, generally referred
to as the generalized porous media equation. This equation
occurs in a number of physical phenomena involving fluid flow,
heat transfer or nonlinear diffusion. The generalized porous
media equation differs from classical reaction-diffusion equations
due to the presence of a nonlinear version of the Laplacian
operator. This nonlinearity induces numerous challenges in terms
of stability assessment and control design. In this context, the
present paper reports one of the very first contributions regarding
the output feedback control of the porous media equation. The
reported approach takes advantage of the monotonicity property
of the nonlinearity and adopts a perturbation-based approach
by leveraging spectral reduction methods.

Index Terms—Generalized porous media equation, output
feedback, monotonicity

I. INTRODUCTION
A. Nonlinear diffusion: description and relevance of the model

This paper addresses the control design problem of the
following so-called porous media equation [18], described by

2t = ( ( ))wz +g( )’ (1a)
2(0,2) =0, B(z(1,t)) = u(t), (1b)
z2(x,0) = zo(z), )

for t > 0 and z € (0,1). Here, the unknown function
is z = z(x,t). We used the notation (-); = 9J(-)/0t and
(1)2 = O(-)/ 0z for the partial derivatives with respect to time
t and space z, respectively. Function 3 is nonlinear, piecewise
differentiable and strictly monotone such that 3(0) = 0.
Function g is assumed to be Lipschitz continuous such that
¢(0) = 0. Additional regularity assumptions will be introduced
next for ensuring the well-posedness and for deriving an
adequate control strategy. The input v stands for the boundary
control.

When 3 is linear, (1) reduces to a traditional semilinear
reaction-diffusion equation which has been largely studied in
the literature. The porous media equation embraces the case
of nonlinear diffusion terms captured by a nonlinear function
(. The introduction of this model was originally motivated
by the study of fluid flows through porous media, giving its
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name to the equation, modeled by z; = (2™),, for m € N*,
One of its most well-known applications is the description
of the flow of an isotropic gas through a porous medium,
as modeled independently by Leibenzon [12] and Muskat
[16] around 1930. An earlier application of the porous media
equation can be found in the study of groundwater infiltration
by Boussisnesq in 1903 [1]. Later, this class of equations also
arised in the modeling of a number of other physical phenom-
ena such as non-homogeneous media, nonlinear heat transfers,
Stefan problem for phase separation, see, e.g., [6]. See also
the heat radiation in plasma model developed by Zel’dovich
and coworkers around 1950 in [19] and the monograph [18,
Section 2.1.1]. In the case of heat transfers, the process is
described in the presence of a heat source g as

9(T) 2)

where 7' is the temperature and & is the thermal conductivity.
It appears that the thermal conductivity may depend itself on
the temperature, i.e., k = k(7). In this case, one can recast
(2) into

Ti = (B(T))ax + 9(T) 3)

where the function § is given by (T fo s) ds. Under
this form, Equation (3) is a particular case of the porous media
Equation (1). In the case of the Stefan problem that models
the evolution of the boundary layer between two phases of
a material undergoing a phase change, the modeling consists
of solving heat equations in both regions, which is modeled
by (1) with S(r) = cir in a region and 3(r) = cor in the
other region, for two different constants ¢y, co > 0. For further
details, see [6]. These equations that model nonlinear diffusion
phenomena are sometimes referred to as generalized porous
media equations.

B. State-of-the-art on control design and contributions

Feedback boundary control strategies for the porous media
equation have been reported in the literature for few particular
cases of the 3 function and in the sole case of a state-feedback.
The case 5(r) = r™ with no reaction term (g = 0) was studied
in [8], [9]. The particular case 3(r) = r? corresponds to the
so-called Boussinesq equation, related to groundwater flow.
Internal control have been reported in [11] while a boundary
control was studied in [17]. It is also worth mentionning the
case of the Burgers’ equation, often seen as a toy model related
to the Navier-Stokes equation [10]. The case of a more general
B function was studied in [15]. For other PDE equations
related to the porous media equation see, e.g., [18]. Besides
these references, quasi-linear heat equations have also been
studied [6].



One of the main challenges that arises in the feedback
control of the nonlinear diffusion equation lies in the regularity
of the system trajectories. Indeed, while for linear functions
S the open-loop equation (1) is well-posed in L?(0,1), the
case of a nonlinear S functions requires to embed the study
into H=1(0,1), see e.g. [2], [18]. This regularity makes chal-
lenging the control design problem of the nonlinear diffusion
equation. In this context, the contribution of this paper is
threefold:

1) we report an observer-based output feedback control
strategy for the stabilization of a class of nonlinear
diffusion equation;

2) we assess the well-posedness of the resulting closed-
loop system;

3) we guarantee the global exponential stability of the
closed-loop dynamics in suitable norm.

As far as we know, there is no available result on the output
feedback control for the nonlinear diffusion equation (1). This
work presents a first result in that direction.

The approach developed in this paper relies on spectral re-
duction methods. Indeed, one can observe that with 5(r) = ar
for some o > 0, equation (1) reduces to the semilinear heat
equation described by z; = az,, + ¢g(z). The literature is
plentiful of results for the either state or output feedback sta-
bilization of such a system [13]. One of the main approaches
lies in the use of the fact that the Laplace operator —3,, has a
countable spectrum with underlying eigenvectors that form an
orthonormal basis. This allows to carry on spectral reduction
methods to reduce the PDE into a countable infinite number
of ordinary differential equations whose only a finite number
of them have to be actively controlled. Such an approach does
not solely hold for the heat equation but actually applies to
PDEs for which the associated unbounded operator presents
(generalized) eigenvectors that form a Riesz basis; see e.g. the
case of the wave equation in [4]. The key idea of this paper
is to leverage these methods by writing

for some o > 0. We interpret here «d,, as the leading
operator for spectral reduction while (5 — ), is seen as a
perturbation. Proceeding this way, the spectral decomposition
approach becomes a suitable approach for the well-posedness
and the stabilization by a suitable output feedback law.

C. Outline of the paper

The outline of the paper is the following: in Section II we
introduce the main notations of this work, we discuss about the
well-posedness of the plant and the control objective. Then,
in Section III we employ the spectral decomposition method
and design the corresponding finite-dimensional observer-
based controller. In Section IV we state and prove the main
stabilization result. To illustrate the derived results, we provide
a numerical example in Section V. The paper ends with
an appendix assessing the well-posedness of the closed-loop
system.

II. PRELIMINARIES AND CONTROL OBJECTIVE
A. Notation and properties

We denote by N* = N\ {0} the set of all positive integers.
Spaces R™ are endowed with the Euclidean scalar product
(-,+),, and norm || - ||,,. L(0, 1) stands for the space of square
Lebesgue integrable functions on (0,1) and is endowed with
the inner product (z,w) = fol z(x)w(x)dx with associated
norm denoted by ||-||. For any integer m, the m—order Sobolev
space is denoted by H™(0,1) and is endowed with its usual
norm denoted by || - || = . We set H}(0, 1) for the completion
of the space of infinitely differentiable functions, which are
nonzero only on a compact subset of (0,1), with respect to
the Sobolev norm || - || 1. We denote by H~1(0,1) the dual
space of Hg(0,1) (for details, see e.g. [7, Section 5.9.1]). For
a symmetric matrix P € R"*" P > 0 (resp. P > 0) means
that P is positive semi-definite (resp. positive definite). We set
I for the identity matrix. We shall frequently use the Young’s
inequality:

1
ab < ea® + C.b% where C. = P 5)
€

for all a,b € R and all € > 0.

Let us next introduce the Dirichlet-Laplace operator A :
D(A) — L2%(0,1), Az = —zu, Vz € DA =
{z € H*(0,1) : 2(0) = z(1) = 0} . It is well known that the
Dirichlet-Laplace operator has a countable increasing set of
positive eigenvalues, {\; = 7r2j2}j cn-» Which accumulate
to infinity, and with the corresponding eigenfunctions set
{#; = v2sin( jm:)}j o that forms an orthonormal basis in
L?(0,1). For details, see e.g. [7, Section 6.5]). Then, the
Parseval’s identity reads as ||z[|? = > e (2 ¢j)2, Vz €
L?(0,1). Moreover, A induces an isomorphism from H} (0, 1)
onto H~1(0,1). Therefore, we can define an inner product in
H71(0,1) as

(z,w) s = <A’1/2z,A’1/2w>, Vz,w e H7H(0,1).

We denote by || - ||7-: the corresponding norm. We have
o) 1 ) -
el =Y 3 20, Ve HT0,).
g=1""

B. Main assumptions and examples from the literature

We make the following standing assumptions for the func-
tions § and g.

Assumption 1: The function 3 : R — R is bijective, piece-
wise differentiable, with nonzero derivative, satisfies $(0) = 0,
and is strictly monotone, i.e., there exists o > 0 such that

(B(r) = B(s))(r = s) = a(r —5)*, VrseR.  (6)

J

Assumption 2: Function g : H=*(0,1) — H~1(0,1) is

Lipschitz continuous and satisfies g(0) = 0. J
Assumption 3: There exist p > 0 and Ly, € R such that

B(r) —ar| <plr|, VreR,

l9(2) = Lgzllm-+ < pllzllm-1,

(7)

Vze H-1(0,1). (7b)
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The last assumption motivates the definition f = g — L,1,
hence we have

g=L,1+f ()

where f is seen as a perturbation around the linear operator
L41, 1 standing for the identity operator.

Remark 1: The introduced assumptions are compatible with
the nonlinear heat transfert model (3) with B(T') = fOT k(s)ds
provided that k is positive, continuous, and |k(s) —a| < p for
all s€ R. This framework is also compatible with the Stefan
problem for which [3 is piecewise linear, see [6]. Note however
that in the case of the porous media equation for which B(r) =
r™. m > 1, Assumptions 1 and 3 fail to hold. aJ

Remark 2: The monotonicity assumption (6) for 3, as well
as its piecewise differentiability, are needed for well-posedness
assessment in virtue of the results in [2, Corrolary 31] as
decribed in the next subsection. However, for stability analysis,
we merely need the following significantly weaker property:
B(r)r >0 for all r € R. g

C. Discussion on the regularity of the system trajectories

The well-posedness of the open-loop plant (1), that is
for u = 0, has been intensively studied in the literature,
see [2, Corollary 31] and the monograph on porous media
equations [18]. From the current state of the art, the existence
of solutions can be proved either in the space L!(0,1) or in
the space H~1(0,1). While the well-posedness in the space
L1(0,1) seems more attractive at first sight, we focus in this
paper on solutions in the space H~!(0,1). The main reason
is that even if L(0,1) is a Banach space, it is not a Hilbert
space, i.e., its norm is not associated with an inner product.
However, the possibility to dispose of an inner product gives
powerful tools for control design in order to carry on spectral
reduction methods. This is the key reason why we focus our
study on solutions in the space H~1(0,1).

D. Control objective

Based on the above well-posedness considerations, our
objective is to derive an output feedback control strategy that
achieves the exponential stabilization of (1) in H~!-norm
using the distributed measurement

y(0) = 1 ((0), ) gy :/0 o(2)2(z,)de, t >0, (9)

where o € H}(0,1).

Remark 3: Since the nonlinear diffusion equation is well-
posed in H=1(0,1), that is 2(-,t) € H=1(0,1), it is not pos-
sible to consider pointwise measurement of the form z(&,,,t)
for some &, € [0,1] because it is not well-defined. How-
ever, in practice, an in-domain pointwise measurement, such
as temperature measurement, is generally an ideal version
(obtained as the limit when 6 — 0) of a local measurement
obtained as the average value of the measured quantity
over a small spatial domain: y(t) = fol o(x)z(x,t) dx with
suppo C [ — 0,&m + O] for some small § > 0 and with
fol o(x)dx = 1 (for further details, see [5, Example 1.1.3]).
This case fits within our framework provided o € HE(0,1).

J

III. SPECTRAL REDUCTION AND CONTROL DESIGN
A. Spectral reduction

Let us denote z,(t) = (z(-,t), ¢n), n > 1. We proceed with
the spectral reduction of the problem: multiplying equation (1)
by ¢,, integrating over (0, 1), and integrating by parts, the
dynamics of the nth mode is expressed by

%Zn(t) = = (B(2(- 1)), dn) —u(t) @ (1) +(g(2(- 1)), dn) -

Remark 4: Since the solutions to (1) are in H=1(0,1)
[2], [18], they are expressed under a variational form. Thus,
the above relation is rigorously derived by lifting the non-
homogeneous boundary condition (as done in appendix) and
applying the variational definition of the solutions with the
particular test function ¢,, n > 1. a

Following the idea (4) and in view of (8), we have

d
%Zn(t) = (*O‘)‘nJFLg)Zn7u(t)¢;(1)+Rn(t)+fn(t) (10)
for all ¢ > 0 and n > 1 where

fn(t) = <f(z(at))7¢n> ;
Rn(t) = =An (B(2(+, 1)) — az(, 1), ¢n) -

The idea is now to carry on the control design by consid-
ering the last two terms R,, and f,, of (10) as perturbations.
To do so, let § > 0 be the targeted exponential decay rate for
the closed-loop system solutions. We fix the integer Ny > 0
so that —aAn,+1 + Ly < —0. Introducing now

(11a)
(11b)

Zl = (Zl zZ2 ... ZNO)T

A = diag(—a)\1 + Lg, —ag + Lg, .
By = (¢4(1) ¢h(1) ... ¢y, ()7,
Ri=(Ri Ry ... Ry,)",

Fi=fi fo i o),

we infer that

d
aZl = A1Z1 —B1U+R1 +]:1

The pair (A1, By) is controllable; see [13] for details. Hence,
there exists a spectrum shifting matrix K € R'*™o such that
Aj — B1 K is Hurwitz with spectral abscissa strictly less than
—4.

Let an integer N > Nj to be selected latter on. In order
to define the control strategy, let us introduce the following
additional definitions:

b

7_a>\N0 + Lg):

Zo = (2Ng+1 ZNot2 -+ ZN)

Ro = (Rng+1 Bngs2 --- Bn)T,

Fo = (fNot1 fNot2 - fN) T,
Ay = diag(—aAny+1+ Lg, ..., —ain + L),

By = (¢yy 11 (1) dypra(l) ..o d(1)T.

We take u of the form u(t) = KU (t), where the vector-valued
function U (-) will be precised latter on. Then, we can rewrite
(10) as

d

— 71 =A171 — BIKU + R, + F1

7 (12a)



d
fZQ :AQZQ — BQKU + RQ +f27

12b

7 (12b)

%zn =(—aX, + L)z, — ¢, (1) KU
+Ry+ fn, n>2N+1 (12¢)

B. Control strategy
The adopted control strategy takes the form

d - A
—7y = A7) — B1KU

dt 1 N
- {/0 o(x) (Z m(w)ék) dz — y} . (13)

k=1
d - .
T %2 = A2y = BKU, (13b)
U=2, (13¢)
where 7; = (%1,..., éNO)T and Zo = (ENo+1s---» N T

Here, L € RMoX! is the vector consisting of the observer
gains.

C. Representation of the closed-loop system dynamics

We now write the closed-loop system dynamics in suitable
form for stability analysis. To do so, we first denote the
estimation errors By = Z; — Zl and By = Z5 — 22. Using
the definition (9) of the output y and the series expansion
Z =13 .51 Zn®n, We note that

1 N
| o) (Z ¢k<x>2k> dz —y
0 k=1

1 N
:/o o(@) | D én(@)i =D zaon(@) | de
k=1

n>1
No N
:Z(ik*«zk)diﬂr Z (2 — z1)or — ¢
k=1 k=No+1

=C1E1+CyEs + ¢

where o, = (0,¢,), n > 1. Here C; = (01 02 ... on,),
02 = (O'N0+1 ONg+2 - -- O'N), and( = ZHZNJH OnZn-
Combining the above identity with (12) and (13), we infer
that

%Z} = [A) — B1K]Z, + LC1 By + LCy,Ey + L,  (14a)
%El = (A; — LCY)Ey — LCyEy — L 4 Ry + Fu, (14b)
%22 = AyZy — BoK 7y, (14¢)
& By = ABy + Ry 4+ o (14d)

For latter purpose we need to rescale some of the variables.

More precisely, we set
Zo=NA;'Zy, By=A;'B,

where Ao := diag(Any+1,-.-,An). Introducing now the

finite-dimensional state vector

X :COI(Zl, El, Zg, EQ)

and the matrices

A1 — BlK LCl 0 LCQ
P 0 A —LCy 0 —LC
B —ByK 0 As 0 ’
0 0 0 Ao
0 0
I 0
G= 0 0|’
0 I

we rewrite (14) as

d
X =FX+L(+C (RF)

col(L,—L,0,0), R =

15)

where L =

col(Fy, Fa).
The finite-dimensional system (15) is complemented with

the rest of the modes:

d

dt

col(R1,R2) F =

Zn = (—aAn+Lg)zn — ¢ (1)K Z1 + Ry + fr, n > N+1.
(16)
In view of the matrix F', the observer matrix L must be
computed in order to place the eigenvalues of A; — LC. This
is possible if the pair (A;, Cy) is observable. Since the matrix
Aj is diagonal with simple eigenvalues while the measurment
is scalar, the application of the Hautus test shows that the pair
(A1, C1) is observable if and only if the following assumption
holds.
Assumption 4: The function o € H}(0,1) is such that

1
On = \/5/ o(z)sin(nrx)de #0, 1<n< Nj.
0

.
This allows to select the observer gain matrix L € RNo such
that A; — LC; is Hurwitz with spectral abscissa strictly less
than —4. In this case, since the three matrix A, — B1 K, A1 —
LC7 and As are Hurwitz, a block matrix reasoning shows that
the matrix F' is Hurwitz as-well.

IV. STABILITY ANALYSIS

Our main result is stated by the following theorem.

Theorem 1: Let L, € R and o, 0 > 0 be given. Let Ny > 0
be such that —aAn,4+1 + Ly < —d. Under Assumption 4,
let K € R"™>*No and L € RNo be such that A; — B; K and
A; — LC have a spectral abscissa strictly less than —d. Then,
there exist IV large enough and p small enough, such that for
any (3 and g obeying Assumptions 1-3, the closed-loop system
formed by the nonlinear diffusion equation (1), the output
(9), and the controller (13) admits a unique strong solution
in C'(0,00; H~1(0,1)). Moreover, this closed-loop system
is exponentially stable: there exists M > 0 so that, for all
20 € H1(0,1), Z1(0) € RNo, Z,(0) € RN=No and for all
t > 0, it holds

DI + 12101, + 1220,
< Me 2 (|lz)3 - + 1 21 0)1, + 122(0) 3, ) -

Proof : The well-posedness of the coupling between the
generalized porous media equation (1), the output (9), and the



controller (13) is shown in the appendix. The remainder of this
section is devoted to the proof of the stability part of Theorem
1. To do so, we define the Lyapunov function candidate as

=X"PX+ Y L

n>N+1 n
for X e R*N, 2 =3 _ v.12n¢n € H71(0,1), and for some

P = 0 to be defined. The derivation of V, along the solutions
to (15)-(16) gives

V(X,z)

V+2V=X"{FTP+PF+25P} X +2X ' PL(
1
+2XTPGR+F)+2 > —(—ary+ Ly +0)2}

n>N+1 "
+2 Z

KZl ‘i‘R ‘i'fn) Zn- (17)
n>N+1

’ﬂ

Due to Young’s inequality (5), we have

> igb;(l)Klen

n>N+1 n

S 2z, YL ¢’

n>N+1 n>N+1

60

n>N+1

< K21)2

IN

Wl w2 w|e w|Q

(18)

where K := (K,0,0,0). Above, we have used the fact that
D on>N41 i % Next, due to the monotonicity property (6)
of 3, we ave

Z Z)\R’Z" Z Rzn

nENE M =t =
N
(i) D (B(2) — az,dn) (2,¢n) — > Eann
n>1 i
) N
:‘i/iﬁw)—aﬂz“*_E: Bnzn
0 =t
© N 1 (11b) ol
<= R Y (B(=) — az ) 2
n=1"" =t
5) al S
SpD A0 ) {B(2) — 0z, )
n=1 n=1

N
<Py zm+CllBz) —az|®

n=1

< pzz +Cpp® IIZIIQ—pZZ +*||Z||2

19)

We denote by Z,, and e, for 1 < n < Ny, the components of
Z1 and F, res ectively Hence we have e,, = z,, — 2,,, giving
Zg‘) L 20 = 2oney (Zn+2en 2, +e,). Similarly, we denote by
Zn, Zn and e, for N0+1 < n < N, the components of ZQ, ZQ,
and FEs, re ]\Pectively Thus we have e,, = 2, — 2, = Zn—AnZn,

giving >, No+1 z = Zfzv No +1()\EL23L + 2\ Znen + €7)..
Overall, we infer that

N
Zzi:XTQX (20)
n=1
where
I I O O
I I O O
=10 0 A2 A, @D
O O Ay I
It thus follows by (19)-(20) that
1 50 T P~ 2
> 3Rz S pXTOX 4T 30 2 22)
n>N+1 n=N+1
Finally, again using Young’s inequality, we get
L oo
> thush ¥ ey ¥oh
n2N+1 n>N+1 n>N+1
1 2
<3 X A IR
n>N+1
(7b)1
2 Z )\ n+ p HZHH 1
n>N+1
1 1, 1,1,
=3 ) Nt gp Zgzn
n>N+1 n=1
al 1 1
2 2 2 2
n=1 n>N+1
(20>p T 1 22
—X QX 1 —zn. (23
5 50+ 02) ZNj e @3

Setting X = col(X,¢, R + ) and inserting into the relation
(17) the estimates (18)-(23), we deduce that

‘ i ® PL PG
V+25V<X'"| L™ P 0 0 |X
G'P 0 0
+2 Z [ ()A +Lg+6+ 2 (1+p) .
n>N+1 An

(24)

where &g = F" P+ PF +25P + %KTIN(—F (57’) + p2) Q.
Note that the application of Cauchy-Schwarz inequality gives:
2

E OnZn

n>N+1

Z)\U

n>N+1

1
o177 n
0 A

n>N+1 n

CQ

IN

> N

n>N+1

IN

(25)



while using Parseval formula we get that

N
NR+F)"(R+F) =0 (R + fa)?

n=1

N
—az, ¢n>2 +2n Z (f(2), ¢n>2

an

< 2172)\2

N
1
<2\ Z =% 6n)" 4 2 3 3G o)’
< 2% Z —az,¢n)” + 2n\y Z 2), ¢n)’
1

— o3 / (B(2) — az)?da + 20Aw | f(2) 3

0
@] 9 9
< 2 (A + 1)p% 2|
=2pn (v +1)p? [ XTaX + > (26)

n>N+1

Using estimates (25)-(26) into (24) we infer that

: . 1
V42V <XTeX+2 3 Pz

n>N+1 n
with
P, PL PG
O=| LTP — L 0 ,
G'P 0 —nI
where
(I)l = (I)O + QnAN(AN + 1)p29
12C,
)
+ {2 + (14 2nAn(An + 1)) p] P
and

2
By, =— (;‘—Z—nAN(ANH )An

al|2,
ullo % I
Hence, assuming there exist N > Ny, p, u,n >0, and P > 0
such that © < 0 and ®5,, <0 for all n > Ny, we infer that
V + 26V <0, giving the claimed stability estimate.

Let us show that for NV large enough, there always exists
p > 0 small enough, p,7 > 0 and P > 0 such that © < 0
and @5, < 0 for all n > N + 1. To do so, let P be such
that TP+ PF +26P = —1I. The application of the Lemma
reported in Appendix of [13] shows that |P|| = O(1) as
N — +oo. Let us also fix u = n = /Ay and p = 1/2%;.
Noting that 2 < 2/\?\,1 , we infer from he Schur complement
that © < 0 for N large enough. Furthermore, selecting NV large
so that 22 — & —nAy(Ay +1)p? = 22 — 77’\§3+1 2>0,

we infer that @5 ,, < &y 4y for all n > ]\?]—i— 1 wflvlle based
on the above selection of p,n, > 0, it can be seen that
®y Ny+1 — —00 as N — 4-00. This completes the proof. [J

+Ly+6+

V. NUMERICAL EXAMPLE

We report in this section a numerical example. Inspired
by the Stefan problem, we consider the case of the nonlin-
ear diffusion equation (1) with the below piecewise linear
functions f3, g. First we define 3(r) = cgqr for |r| < rg,
B(r) = cgairg + cp2(r — rg) for v > rg, and B(r)
—cp1rp + cpa(r +1g) for r < —rg with cg1,¢2,r3 > 0.
Function ¢ is defined by g(z) = ¢(||z||H71)m where
d(r) =cparfor 0 <r <rgand ¢(r) = cy 176 +Cp2(r—14)
for r > ry with ¢y 1,¢4,2,7¢ > 0. It can be checked that 3, g
do satisfy Assumptions 1-3. For numerical simulation, we set
cg1 =0.5,cp0=1,cp1=05,cpo="7 and rg =1y = 1.

The numerical scheme consists of a finite-element method
with 100 nodes. The time-domain evolution of the solu-
tion of the open-loop system (1) for the initial condition
zo(x) = 10(1+522) sin(wz) shows that the system trajectories
do not converge to the origin, confirming the instability of
the plant. We thus consider the closed-loop system formed
by the nonlinear diffusion equation (1), the output (9) with
o(x) = (1 — x), and the controller (13). We set K = —1.59
and L = 66.13 while the dimension of the observer is set as
N = 3. The simulation of the closed-loop system from the
above initial condition z; is depicted in Fig. 1, in compliance
with the theoretical predictions.

VI. CONCLUSION

This paper reports a control design solution to the problem
of output feedback control of the generalized porous media
equation. The adopted approach takes advantage of spectral
reduction methods by adopting a perturbation-based approach.
As a possible future research direction is the extension of these
results to the multi-dimensional case by following the ideas
from the recent paper [14].
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APPENDIX
Let zo € H'(0,1), 29 € RNo, Z9 € RV~No be arbitrary
but fixed. In this section, we prove that for these initial data
there exists a unique solution to the system consisting of the
generalized porous media equation (1), the output (9), and the
controller (13), which reads as

z(x,t) = (B(2(-1)))aa(@) + g(2(- 1))(), (27a)
2(0,t) = 0, B(2(1,t)) = KZy(t), (27b)
%Zl( ) = [Al — BlK]Zl(t), (270)

.y {/ (Z oz > dx — (t)} (27d)
L 2a(t) = Maia(t) - BaK A1), 27¢)
2(2,0) = 20(x), Z1(0) = Z7, Z2(0) = Z3. 276

We restrict the study of (27) on an interval [0,77], with
T > 0 selected latter, and we split the dynamics into two
parts. More precisely, letting W1 (-) € C'([0,T]; RN?), we
show that there exists a unique solution to

ze(x,t) = (B(z(,1)))aa () + 9(2(, 1)) (2),
2(0,t) = 0, B(z(1,t)) = KWy(t), t €[0,T).

To this end, we lift the boundary condition (28b) into the
equation (28a), by introducing, for each v € R, the function

(28a)
(28b)

D(z,v) = B~ Yav), = € (0,1). Setting w(-) := z(-) —
D(-, KWy(-)), we equivalently rewrite (28) as
wy =(B(w, DIKW1)))az + §w, D(KW1)),  (292)
w(0,t) =0, w(l,t) =0, t €[0,T], (29b)
where !
B(r,d) := B(r +d) — B(d), Vr,d € R
and
i(w, 1) == L D(KTIA) + gl + D(KTA)).
Note that
1 o
R T ATl

exists due to the hypotheses. It is easy to see that /3 remains
monotone, in the sense that, for each d € R, we have

(B(r1,d) — B(ra,d))(r1 — 12) > a(ry —12)%, Vri,ra € R.

Moreover, the function § is Lipschitz in H~1(0,1) with
respect to the first variable, uniformly with respect to time.
Therefore, [18, Theorem 10.9] assures the existence of a
unique strong solution w € C([0,7]; H~1(0,1)) to (29),
which implies that there exists a unique solution z €
C([0,T]; H=1(0,1)) to (28).

Now, given z € C([0,T]); H7'(0,1)), we recall the
notation y(t) = g-1 (2(¢), 0’>Hé and the estimate

@ < llollag (Ol g, vt € [0,T].

'We have used the fact that (8(D(KW1)))zz = 0.



Therefore, the classical theory related to linear ordinary
differential systems ensures the existence of a unique so-

lution (Wl,WQ) = (wl,.. wNO,wN0+1,.. wN)T in
C([0,T]; RY) to the system
L = (4 - BiK] 21 (30a)
1 N
L {/ o(z) (me) dx —y}, (30b)
0 k=1
awg AWy — BoKWy, t € [0,T). (30c)

Next, we follow a classical fixed point argument. More
precisely, taking advantage of the above, we can introduce
the map S : C'([0,T];R"°) — C'([0,T);RN°) as: for
W, e C’l([O T] RMNo) we construct the unique solution
z € C([0,T]; H~1(0,1)) to (28). Using the latter, we construct
(W1, W3) € C'([0,T];RY), the unique solution to (30). We
define S(Wl) Wi.

Now, let W1 € CY([0,T);RMNo), 4 =
2t e O([0,T; H (O 1)), ¢ = 1,2, solutions to (28) corre-
sponding to VV2 . = 1,2, respectively. We immediately see
that

1,2. We construct

1) = B(2))ea +9(z") = 9(*),

—~

=

—~
I\

(31a)
(31b)
(3lc)

(1 t) = K(Wi - Wi)().

Successively multiplying (31) by ¢;, j =1,2,...,
we get that

in L2(0,1),

—K(W] — W) (1)
B(=%), ¢5) + (9(z") — 9(z*), 05 ,

. Then, multiplying the above relation by
and summing over j, we arrive at

@<21*227¢j>:
=X (B
forj = 1,2,..
21 2 gb>
-2 =

°°¢>(1
WO

J

2t — 2 ,¢]>
—(B(z) = B(z%), 2" = 2%) + (9(z!) — g(z*), 2" = 2°

Making use of the Young’s inequality, the monotonicity of 3
and the Lipschitzianity of g, from the above we get

Jr-

Sl = 21

171 172\(2 - d);(l) ’ 1 2112
< 2C,|K(W) —WD)P> =)+t -2
j=1 J

1
= 20|zt = 22+ Sz = 22

< e[ Wi = W%, +eallz' = 22151,

for some constants ¢, co > 0. Hence, we obtain that

t
I21(t) = 22Ol - < 61/0 e UIW (s) — Wi ()13, ds,

for all ¢ € [0, 7). This yields

Iz = 22lleorya-10.1)

1
602T —1\2 . R (32)
< <0162) W _W12||Cl([O,T];]RN0)~
Now, let W' = (W,,Wy) € CY([0,T];RN), i =
1,2, the solutions to (30) corresponding to yi(t) =
fo (z,t)dz, i = 1,2, respectively. Setting the matrix
H as
o [ A-BIK—LC ~LC,
= —BK A, )0
we observe that
d 1 __ .
dt(Wl W =HW' —W)+Y, (33)

where
1_,2
y<L(yO y))_

We note by (32) that there exists cg3 > 0 independent to T’
such that

1
WVlogom = IL / o(@)( (. ) — (2, e oo,

1 A
< g (€T 1) W = W lloro,rymmo)-

Invoking the variation of constants formula in (33), we get
that

W' —W)(t) = / - 5)as

0

for all ¢ € [0, T]. Taking into account relation (34), the above
implies that there exists a constant ¢4 > 0 such that

—1 —2
W™ =Wl qo,rmy)
< eg(e2T — 1) (eMHIT — 1) W —

Inserting this into (33) and using (34), we conclude that there
exists a constant c5 > 0 such that

—1 =2
W = W1 o,1imn)

< 5T — 1) el I 1} —

W12||C’1([O,T];RNO)~

W12||Cl([O,T];RN0)~

Recalling that, by definition, S(W7/) = Wi, i =1,2, we
immediately deduce from the above that

IS(WE) = S(WE) e po o)

i R .
< cs(e” — 1) 2l I W — Wl e o, 77mm0)

for all T > 0. Thus, taking 7" small enough, S is a contraction
in C*([0,T); R™0). Then, the contraction mapping principle
ensures that S has a unique fixed point, denoted by Z1,
which, in fact, defines a unique solution (z,Zl,Zg) to the
coupled system (27), on [0,7], for any initial data. Since
T does not depend on the initial data and the system (27)
is autonomous, we can define a unique global solution by
following the classical Peano procedure [3]. This is achieved
by iteratively extending the solution defined on the interval
[0,nT] for some positive integer n to the interval [0, (n+1)T]
by defining the solution on [nT, (n + 1)T] by invoking the
previously developed approach.



