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Epidemic models in measure spaces: persistence, concentration
and oscillations

JEAN-BAPTISTE BURIE, ARNAUD DUCROT AND QUENTIN GRIETTE

Abstract. We investigate the long-time dynamics of a SIR epidemic model in the case of a population of
pathogens infecting a homogeneous host population. The pathogen population is structured by a genotypic
variable. When the initial mass of the maximal fitness set is positive, we give a precise description of the
convergence of the orbit, including a formula for the asymptotic distribution. We also investigate precisely
the case of a finite number of regular global maxima and show that the initial distribution may have
an influence on the support of the eventual distribution. In particular, the natural process of competition
is not always selecting a unique species, but several species may coexist as long as they maximize the
fitness function. The dynamics admits a continuum of equilibria which are all non-hyperbolic and whose
spectrum cannot be split; this makes the identification of the asymptotic dynamics particularly involved.
Nevertheless, in many cases it is possible to compute the eventual distribution of the surviving competitors.
In some configurations, species that maximize the fitness may still get extinct depending on the shape of
the initial distribution and some other parameters of the model, and we provide a way to characterize when
this unexpected extinction happens. Finally, we provide an example of a pathological situation in which the
distribution never reaches a stationary distribution but oscillates forever around the set of fitness maxima.

1. Introduction

In this article we investigate the large time behavior of the SIR epidemic model
Si(t)y=A—-0S8@) — S(t)/ Bx)I(t,dx),
Ii(t,dx) = B(x)S()1 (1, dx;(— y (01 (z, dx), (1.1a)
R (1) = /X y ()1, dx),
with the initial data
S(0) = So € (0, +00), 1(0,dx) = Ip(dx) € M, (X), R(0)= Ry € (0,+0c0), (1.1b)

where X is a Polish space and M (X) is the set of non-negative Borel measures on
X.

Mathematics Subject Classifications: 34D05, 92D25, 37L15, 37N25
Keywords: Ordinary differential equations, Asymptotic behavior, Population dynamics, Radon measure,
Evolution.
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This model describes the evolution of a population of hosts that can be, at any time
t > 0, either free of infection (S(z), the susceptible population), infected by a pathogen
of typex € X (I(t, dx), the infected population of type x) or removed from the system
(R(t), the recovered population), the latter class including two possible outcomes of
the infection, complete immunity or death. The parameter A > 0 models a constant
influx of susceptible hosts, & > 0 the death rate of the hosts in the absence of infection,
B(x) the transmission parameter of the pathogen of type x and y (x) the recovery rate
of a pathogen of type x. Both 8(x) and y (x) are bounded continuous functions. SIR
models are ubiquitous in the literature concerning mathematical epidemiology and
have been extensively studied. Without the pretention of reconstructing the entire
history of the model, let us cite the works of Kermack and McKendrick [29] that
might well be its first occurrence in the literature, and was immediately applied to a
plague outbreak in the island of Bombay.

In this article we consider that the phenotype of the pathogen (that is, the values
of B(x) and y(x)) depends on an underlying variable x € X, where X is a set of
attainable values that possesses a few mathematical properties. This variable x may be a
collection of quantitative phenotypic traits involved in the mechanism of transmission,
reproduction or replication of the pathogen (expression of surface protein at the cellular
or viral level, impact on the host’s behavior, etc.) or the underlying genes that determine
the values of §(x) and y (x). We do not specify the particular mechanisms that link the
underlying variable x € X and the phenotype (8(x), v (x)) but focus on the dynamics
of the population under (1.1) conditionally to the knowledge of these mechanisms.
By analogy, because it stands for a hidden process that determines an observable
quantity, x will be called the genotypic variable, even if it could well stand for hidden
quantitative phenotypic variables. We do not take mutations into account and consider
that the pathogen is asexual; therefore, (1.1) can be considered a pure competition
model where the pathogens compete for a single resource (the susceptible hosts).

When Iy(dx) is a finite collection of Dirac masses,

n
Io(dx) = ) 58y, (),
i=1
our problem is reduced to a system of ordinary differential equations,
d
5O =A=0S0) = SOBI D) + Bl + -+ Bul" ()
d o o _ Ty 1
— 1) =S (1) =yl (1)

dr (1.22)

d
51"0) = BaSWOI" (1) — yuI" (1),

with the initial data

S(0) = Sp € (0, +00), I'(0) = I} € (0,400), ..., I"(0)=1I € (0,4+00), (1.2b)
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where B; = B(x;), i = y(x;) and I(¢,dx) = Z?:l Ii(t)8xl, (dx). In this context,
Hsu [24,25] showed for closely related systems of ordinary differential equations that
the solution eventually converges to an equilibrium which may not be unique but is
always concentrated on the components that maximize the fitness $;/y;. One of the
objectives of the current article is to establish an equivalent result in the context of
measure-valued initial conditions that are not necessarily finite sums of Dirac masses
(this will be given by Theorem 2.2).

In a recent work [10] we clarified the asymptotic behavior of an extension of (1.2)
in the case of an infinite number of equations. This discrete setting is a particular case
of the results that we present here, and we provide a number of illuminating examples
that give a glimpse of the diversity of different behaviors that can be expected for
solutions to (1.1). In particular, we show that, when the assumptions of Proposition
2.7 are not satisfied, it is possible to construct exotic initial data for which the total mass
of pathogen |. x I (¢, dx) does not converge to a limit but oscillates between distinct
values. We refer to [10] for details.

The problem of several species competing for a single resource has received a lot of
attention in the literature. In this context, the “competitive exclusion principle” states
that “complete competitors cannot coexist,” which in particular means that given a
number of species competing for the same resource in the same place, only one can
survive in the long run. This idea was already present to some extent in the book of
Darwin and is sometimes referred to as Gause’s law [22]. This problem of survival
of competitors has attracted the attention of mathematicians since the 1970s, and
many studies have proved this property in many different contexts—Ilet us mention
the seminal works of Hsu [24] and Hsu, Hubbell, and Waltman [25] followed by
Armstrong and McGehee [2], Butler and Wolkowicz [12], Hsu, Smith and Waltman
[23], Li [30], Rapaport and Veruete [39], Wolkowicz and Lu [41] and Wolkowicz
and Xia [42], to cite a few—and also disproved in other contexts, for instance in
fluctuating environments, see Cushing [13] and Smith [40]. Ackleh and Allen [1]
study the competitive exclusion in an epidemic model with a finite number of strains
and describe how different species can coexist in some cases.

In our model, the fitness of a pathogen with genotype x is given by the formula
Ro(x) = 25 ((f)) = %(x(x), where a(x) = f g;, the competitive exclusion principle
implies that the only genotypes that eventually remain are the ones that maximize
Ro(x). When Ro(x) has a unique maximum, then it is clear that / (¢, x) converges to
a Dirac distribution concentrated at the maximum. But if Ro(x) attains its maximum
at a more complex set—from two isolated maxima to an entire line segment—then
the eventual weight of each fitness maximum in the population is less clear. We will
give a partial description of this distribution here that depends on the initial repartition
of infected as well as on the repartition of the phenotypic value y (x) in the vicinity
of the set of fitness maxima. We will show in particular that, while it is true that the
species have to maximize the fitness function in order to survive, the natural process
of competition is not selecting a unique genotypic value, but several may coexist as
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long as they maximize the fitness function. In many cases it is possible to compute the
eventual repartition of the surviving competitors. In some cases, species that maximize
the fitness may still get extinct if the amount of initial population is not sufficient, and
we provide a method to characterize when this unexpected extinction happens.

Considering a situation where Ro has more than one maximum at the same exact
level may appear artificial but is not without biological interest. Indeed, the long-time
behavior that we observe in these borderline cases can persist in transient time upon
perturbing the function R¢. For example in the epidemiological context of Day and
Gandon [14], it has been observed that a strain 1 with a higher value of y and a
slightly lower R value than a strain 2 may nevertheless be dominant for some time
(wereproduce such a behavior numerically in Fig. 5). These borderline cases shed light
on our understanding of the transient dynamics, see also Burie, Djidjou-Demasse and
Ducrot [8] where we explicit transient dynamics for a related evolutionary model
depending on the local flatness of the fitness function.

Quantitative traits such as the virulence or the transmission rate of a pathogen,
the life expectancy of an individual and more generally any observable feature such
as height, weight, muscular mass, speed, size of legs, etc., are naturally represented
using continuous variables. Such a description of a population seems highly relevant
and has been used mostly in modeling studies involving some kinds of evolution
[3,4,6,16,18,21,28,33-36,38]. In this context, this has been remarked before [16,32],
concentration on the maximum level set of the fitness function Ry (x) means that the
classical mathematical framework of functions is not sufficient to describe accurately
the dynamics of the solutions to (1.1). In this article, we will therefore extend our
analysis to the case of Radon measures. Note that it is also natural to consider measures
as initial data in epidemic models with an age of infection structure to model cohorts
of patients, see Demongeot et al. [15].

When X = RV, System (1.1) arises naturally as the limit of a mutation-selection
model of spore-producing pathogen proposed by [31] and studied mathematically by
Burie, Djidjou-Demasse and Ducrot [8,9], Burie et al. [11] Djidjou-Demasse, Ducrot
and Fabre [17] and Fabre et al. [19] when the dynamics of the spores is very fast. The
system (1.1) corresponds to the case of no mutations at all or, equivalently, the case
of a fully concentrated kernel (equal to a Dirac mass at 0).

Despite our efforts, we were unable to find a precise description of the behavior
of the solutions of (1.1) in the literature when the initial condition /p(dx) is a Radon
measure. Here we remark that the vector field of (1.1) is locally Lipschitz continuous
in the space Ry x M (X) x R4 (when M(X) is equipped with the total variation
norm), so the existence of solutions is not the main difficulty. The solution / (¢, dx)
can be written as

1(t,dx) = eﬁ(x)f(; S(s)ds—ty(x)lo(dx)’

so the solution is always a bounded continuous function multiplied by the initial data
Ip(x) at any finite time # > 0. But to describe what happens as t — 400 is not
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function Aa(a1, z2) function I(z1, x2)

function S(t)
18 function I(t,x, x2) at time ¢t =50

0 5 10 15 20 25 30 35 10

Figure 1. Illustration of Theorem 2.2 in the case i), i.e., when
Ip({a(x) = «*}) > 0. Parameters of this simulation are:
A=20=10ax =05+ (T—04-02x1) + Ljo208/(x1))
]1[7().6,().6](.)(2) where x = (xl, xz) € Rz and T[70‘4,70.2] is the
triangular function of height one and support [—0.4, —0.2], and
y = % Initial condition is given by Iy(dx) = Ip(x1, x2) dx where
Io(x1,x2) = T[-05,0.51(x1) cos(mwx1)L[—0.5,0.5(x2) cos(wxz). In
particular, we have «* = 3/2 and {o¢(x) = «*} = ({—0.3} U
[0.2,0.5]) x [-0.5,0.5]. Function t — S(¢) converges toward
1/a* = 2/3 and function x — I(¢, x) at time ¢t = 50 is almost
concentrated on {a(x) = «*} = ({—0.3} U [0.2, 0.5]) x[—0.5, 0.5]

at all trivial. In Theorem 2.2, we distinguish two typical situations. When there is
a positive initial mass on the set of maximal fitness ( f () =ar* Ip(dx) > 0, where
af = SUP, csupp Io a(x) and we recall that a(x) = B(x)/y(x)), then we can show
that the distribution of pathogens converges to a stationary distribution that we can
compute explicitly. This is done with the help of a Lyapunov function that is essentially
the same as the one used by Hsu [24]. This is point i) of Theorem 2.2. The case when
there is no initial mass on the set of maximal fitness ( fa(x):a* Ip(dx) = 0) is less
clear. We compactify the orbits by using the weak-* topology of measures and use this

compactness to show the uniform persistence of the population thanks to a general
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function I(¢, a1, x2) at time ¢ =10 function I(f, a1, x2) at time ¢ =20

40 1 40
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35 35
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0.4

25 0.2 25

20 g o0 20
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-0.4
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0 = 0

function (t,a1, 2) at time ¢ =40

40
8
35
30
25
& 20
b 15
10
0.6
5
8
0

function I(t, 21, 7) at time ¢ =30

25

20 &

15

10

Figure 2. Illustration of Theorem 2.2 in the case i), i.e., when
10({a(x) = oc*}) > 0. Function x — I (¢, x) attime ¢t = 10, 20, 30
and 40. The function / remains bounded in this case

argument from Magal and Zhao [37]. Then we show that the population on the sets
of high fitness always grows faster than the one on sets of low fitness, and this allows
us to control uniformly the Kantorovich-Rubinstein distance between the solution
1 (¢, dx) and the space of measures that are concentrated on the set of maximal fitness,
/\/l+({oz (x) = a*}). Thus in this case also we can prove that the solution eventually
concentrates on the set that maximizes the fitness. This is point ii) of Theorem 2.2.

In general, it is not true that the distribution 7 (¢, dx) eventually reaches a stationary
distribution. We construct a counterexample in Sect.2.3. By carefully choosing the
initial data and the fitness function «(x) = B(x)/y (x), we construct a solution of (1.1)
with 7 (z, dxdy) that approaches the unit circle of R? but never stops turning around
it. This fact is illustrated numerically in Sect.3.3. We prove in Claim 2.14 that the
w-limit set of the integral of 7 (¢, dxdy) on the upper half-plane, foR+ 1(¢, dxdy),
contains at least two values; therefore, I (¢, dxdy) does not converge to a stationary
distribution. We also refer to [10] where we construct an example in a discrete setting
where the total mass f y I (z, dx) does not converge to a single value but oscillates
between several values.

With some additional assumption we improve the description of the asymptotic
behavior of I (¢, dx) compared to Theorem 2.2 in case ii). In Assumption 2.5 we
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‘ function Io(w1, x2)
function 4 a(zy, z2)

function S(t) function I(t,x1,x2) at time ¢t =100 $56

0 10 20 30 10 50 60 70 80

Figure 3. Ilustration of Theorem 2.2 in the case ii), i.e.,

when f a(r)=a* Ip(dx) = 0. Parameters of this simulation are:
A =20 =1 akx) = 0.5+ T—o.1,08 1) L[-0.5,0.5(x2)
where x = (x1,x3) € R? and Ti—o0.1,08] is the triangu-
lar function of height one and support [—0.1,0.8], y = %
Initial condition is given by Io(dx) = Io(xy,x2)dx where

To(x) = 1—0.5,0.51(x1) cos(wx1) L [—0.5,0.51(x2) cos(wx2). In partic-
ular, * = 3/2 and {a(x) = a*} = {0.35} x [—0.5,0.5]. The
function t+ — S(¢) converges toward 1/a* = 2/3. The func-
tion x — [I(z,x) at time t+ = 100 is almost concentrated on
{a(x) = a*} = {0.35} x [—0.5,0.5]

impose a condition on the disintegration of Ip(dx) with respect to «(x) to impose
that the distribution of Ip(dx) is uniformly positive around the maximum of y (x),
Y* = SUPy(y)—e+ ¥ (x). Under this assumption, in Proposition 2.7, we refine the
localization of the asymptotic concentration set of I (¢, dx) and we prove that the
total mass of (¢, dx), f x 1, dx), converges to a limit value. We also focus on the
special case when the fitness function « (x) attains a finite number of interior regular
maxima in the interior of supp Iy, and when X = R¥. In Theorem 2.10, we show
that the initial distribution around the maxima of the fitness function plays a crucial
role in the asymptotic behavior of the solution. We show that the fitness maxima that
maintain a nonzero asymptotic population are the ones that maximize an ad-hoc score
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function I(t,x1, z2) at time ¢ =40

150

100

50
E 0

function I(t,z1, x2) at time t =80

function I(t,x1, x2) at time t =20

150
100
50

” 0

function I(t, 21, a2) at time ¢ =60

150
100
50
5 0 =

Figure 4. Illustration of Theorem 2.2 in the case ii), i.e., when
Io({er(x) = «*}) = 0. Function x — I(z, x) at time ¢ = 20, 40, 60
and 80. The function / asymptotically converges toward a singular
measure

150

that involves the value of y (x) but also the dimension of the Euclidean space X and
the polynomial decay of the initial data around the fitness maximum.

The structure of the paper is as follows. In Sect. 2 we present our main results. More
precisely, we state our results for persistence and concentration in Sect.2.1, we give
precise statements of our results concerning fitness functions with a finite number
of regular maxima in Sect. 2.2, and in Sect.2.3 we provide a counterexample to the
convergence of the distribution 7 (¢, dx) when the initial mass of fitness maxima is
negligible. In Sect.3 we illustrate our results with numerical simulations. The corre-
sponding figures are added at the end of the article. In Sect.4 we prove our results
concerning general measure initial data (corresponding to the statements in Sect. 2.1).
In Sect.5 we prove our statements on the systems with a fitness function «(x) having
a finite number of regular maxima (corresponding to the statements in Sect.2.2).



J. Evol. Equ. Epidemic models in measure spaces: persistence Page 9 of 60 32

T 15
18 4
1.6 4
14 4
1
1.2 4
1 4
0.8 4
0.5 -
0.6 4
0.4 4
0.2 4
0
-0.5 0.5

120

=
b
U ;
0.5 4
[US

Figure 5. Illustration of a transient behavior for (2.1). Parameters of
this simulation are: A = 2,60 = 1, a(x) is given by (3.1), Ip(x) by
(3.2) and y (x) by (3.3). In particular, «* = 1, {a(x) = a*} = {x2}
with x; = —0.5, xo = 0.5. Other parameters are k| = 2, ky = 2,
y(x1) = 1/2, y(x2) = 1/4. The value of the local maximum at x,
a(x1) = 0.95, being very close to a*, observes that the distribution
1 (¢, x) first concentrates around x; before the global maximum x;
becomes dominant (bottom right plot)

function §a(x) function Iy(z)

0
z

function y(z)

=
o
S

@
)

o
S

function I
N &
3 3

-

2. Main results
Without loss of generality, the system (1.1) can be rewritten as

Si(t) = A —08@1) — S(t)/ a(x)y ()1 (1, dx),
X

(2.1a)
I(t,dx) = (¢(x)S@) — 1)y (x)I(1,dx), x € X,

with the initial data
S(0) = Sp € (0, +00),  1(0,dx) € M, (X), (2.1b)

by setting o (x) := B(x)/y (x), and removing the third equation, which has no impact
on the dynamics of the system. In the rest of the article we will study the system (2.1)
instead of (1.1).
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function §a(z) function Iy(z)

0.5 F

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

function y(z)

function I(¢,) at time ¢ =40

! |

=

-1 05 0 0.5 1 -1 05 0 05 1
xT

Figure 6. Illustration of Theorem 2.10 and Corollary 2.11. Param-

eters of this simulation are: A = 2,0 = 1, a(x) is given by
(3.4), Ip(x) by (3.5) and y(x) by (3.6). In particular, o* = 1,
{a(x) = a*} = {x1,x2} with x; = —0.5, x, = 0.5, k1 = 8,

kp = 2, y(x1) = 1/2, y(x2) = 1/4, p = 6 and J = {2}. The
initial condition I vanishes more rapidly around x; than x, so that
the solution / (¢, x) vanishes around x| as ¢ goes to 0o, even though
y(x1) > y(x2), while around x, it takes the shape given by expres-
sion (2.11)

Before going to our results, we introduce some notations that will be used along this
work. We work on a Polish space X (i.e., a metrizable space which is separable and
complete for at least one metric) equipped with a complete distance d. We denote by
M(X) the set of finite signed Radon measures on X. Recall that M (X) is a Banach
space when endowed with the total variation norm given by:

liellry = |ul(X) = /X lnl(dx), Y € M(X).

This fact is proved for instance in Bogachev [5, Vol. I, Theorem 4.6.1 p. 273]. When
X is compact, it is possible to identify M (X) with the dual of the space of continuous
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t=0.0 t=10.0 t=100.0

t=1000.0 t=10000.0 t=100000.0

Figure 7. Numerical solution of the example provided in Sect.2.3
of the main text with L = 1. The x, y-axes correspond to the un-
derlying physical space, and we plot /(#, T) on the z-axis at ev-
ery x = (1 —e %)cos(r) and y = (1 — e~ ") sin(r). The ob-
servation times are spaced exponentially from one another (r =
0, 10, 102, 103, 10%, 10%) to observe constant shifts of the fixed as-
ymptotic profile. These plots are snapshots of the supplementary
movie spiraling.avi

functions over X, C(X). This is the Riesz representation theorem [5, Vol. II, Theo-
rem 7.10.4 p.111]. When X is an arbitrary Polish space, while it is true that every
measure u € M(X) yields a continuous linear functional on BC(X) (the space
of bounded continuous functions), the converse is no longer true [5, Vol. II, Exam-
ple 7.10.3 p.111].

We denote by M (X) the set of the finite non-negative measures on X. Observe
that one has M (X) € M(X) and M, (X) is a closed subset of M(X) for the
norm topology of || - ||[7v. An alternate topology on M (X) can be defined by the
Kantorovich-Rubinstein norm [5, Vol. II, Chap. 8.3 p. 191],

llello == Sup{ fdw: f € Lip(X), Suglf(X)l < 1},

wherein we have set
Lipy(X) := {f € BCX) & £ () = fO] = dx, ), Vi, y) € X2}

Let us recall [5, Theorem 8.3.2] that the metric generated by || - [lo on M4 (X) is
equivalent to the weak-* topology generated by tests against bounded continuous test
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functions. Note however that this equivalence is true only for M (X) and cannot be
extended to M (X) since the latter space is not (in general) complete for the metric
generated by || - [lo. We denote by dg this metric on M (X), that is

do(u, v) == |l — vllo forall p, v € My (X). (2.2)

About the parameters arising in (2.1) our main assumption reads as follows.

Assumption 2.1. The constants A > 0 and 8 > 0 are given. The functions «(x) and
y (x) are bounded and continuous from X into R, and there exist positive constants
a® and yp < y° such that

ax) <a®, O0<ypy =<y <y*® forall x € X.

We let Sy > 0 be given and Ip(dx) s O be a finite non-negative Radon measure. We
define the two quantities o« > 0 and R (lp) by

*

A
a* = sup a(x)and Ro(lp) := 50{*. (2.3)

xesupp I

We finally assume that Ro(lp) > 1 and that the set

L:(Ip) ={xeX:akx)>a*—e}Nsupply={x €supply: a(x) >a* —¢}
2.4)

is compact when ¢ > 0 is sufficiently small.

Let us observe that if So > 0 then (2.1) equipped with the initial data S(0) = Sy
and 7(0,dx) = Ip(dx) has a unique solution S(z) > 0 and I (¢, dx) € M (X) for
all + > 0. This is a direct application of the Cauchy-Lipschitz Theorem in the Banach
space R x M (X). Itis not difficult to show that S(¢) and / (¢, dx) are a priori bounded
(this will be proved in Lemma 4.1); hence, the solution is global. In addition 7 is given
by a quasi-explicit formula:

t
I(t,dx) =exp (y(x) (oz(x)/ S(s)ds — t)) Ip(dx). (2.5)
0

The above formula ensures that supp 7 (¢, -) = supp Ip for all + > 0.

When all other assumptions in 2.1 hold but Ro(lp) < 1, weexpectthat I (¢,dx) — 0
in the total variation norm. We do not expect that the proof of this result will be
particularly involved and, as our aim in this work is the persistence of the infected
population, we do not consider this case. Thus we focus on the dynamics under the
assumption Ro(lp) > 1.

We now split our main results into several parts. We first derive very general results
about the large time behavior of the solution (S, /) of (2.1) when Iy is an arbitrary
Radon measure. We show that / (¢, dx) concentrates on the points that maximize both «
and y . We then apply this result to consider the case where /o (dx) is a finite or countable
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sum of Dirac masses. We continue our investigations with an absolutely continuous
initial measure with respect to Lebesgue measure and a finite set {&(x) = «*}. In
that setting we are able to fully characterize the points where the measure / (¢, dx)
concentrates as  — 0Q.

2.1. Persistence and concentration

As mentioned above this subsection is concerned with the large time behavior of
the solution (S, I) of (2.1) where the initial measure Ip(dx) is an arbitrary Radon
measure. Using the above notations our first result reads as follows.

Theorem 2.2. (Asymptotic behavior of measure-valued initial data) Let Assumption
2.1 be satisfied and suppose that Ro(lp) > 1. Let (S(t), I (¢, dx)) be the solution of
(2.1) equipped with the initial data S(0) = So and 1 (0, dx) = Ip(dx). We distinguish
two cases depending on the measure of the set {a(x) = o™} with respect to Iy:

i) Iffa(x):a* Io(dx) > 0, then one has

1
S(t) —— — and 1(t, dx) ——— 1%°(dx) := Ly(r)=a* (x)e" P Iy(dx),
t—+o0o0 o t— 400
where T € R denotes the unique solution of the equation
Ty () 4
Y () Ly (x)=ax (x)e lo(dx) = E(Ro(lo) —-1).
X

The convergence of 1 (t, dx) to 1°°(dx) holds in the total variation norm || - || 7v.
ii) Iffa(x):a* Ip(dx) = O, then one has S(t) — al* and 1 (t,dx) is uniformly
persistent, namely

lim inf/ I(t,dx) > 0.
t—>+o0 Jy

Moreover I (t, dx) is asymptotically concentrated ast — o0 on the set {o(x) =

a*}, in the sense that

do (1. dx). My ({er(x) = &) —— 0,

where dy is the Kantorovich-Rubinstein distance.

In the statement of Theorem 2.2 and in the rest of the paper, we stress for clarity
that /\/l+({a x) = a*}) is the set of finite positive measures on the closed set {x €
X @ a(x) = a*}. This set is naturally embedded as a subset of the space M+(X ),
which is closed for the topology induced by the total variation norm || - |7y and also
the one induced by the Kantorovich-Rubinstein distance dy.

Theorem 2.2 can be interpreted as follows. In case i), when the set of pathogens
with maximal fitness is “already populated,” the behavior of the dynamical system
is no different from the case of a finite system: it converges to a equilibrium which
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is concentrated on the set of maximal fitness. The case ii), when the maximal fitness
is not attained for the population but can only be reached asymptotically, is more
intricate and we can only prove that the population of pathogens is uniformly persistent
and asymptotically concentrated on the set of maximal fitness. We cannot prove the
convergence to an equilibrium distribution in general; in fact, it is false, see the example
in Sect. 2.3 below and also the counterexamples in [10]. In fact, as shown in the latter
reference, it is not even true in general that the total mass of pathogen || x 1, dx)
converges to a limit.

We continue our general result by showing that under additional properties for the
initial measure I, the function 7 (¢, dx) concentrates in the large times on the set of
the points in {&(x) = «*} that also maximize the function y.

The additional assumptions for the initial measure /p(dx) are expressed in terms of
some properties of its disintegration measure with respect to the function & on L (/o)
with ¢ sufficiently small. We refer to the book of Bourbaki [7, VI, § 3, Theorem 1 p. 418]
for a proof of the disintegration theorem which is recalled in Appendix, Theorem C.
4.

Let A(dy) be the image of /y(dx) under the continuous mapping « : X — R, then
there exists a family of non-negative measures Ip(y, dx) (the disintegration of Iy with
respect to o) such that for almost every y € a(supp /y) with respect to A we have:

supp Io(y, dx) C {x € X : a(x) = y),
/ Ip(y,dx) = 1 and Ip(dx) = / Ip(y,dx)A(dy) (2.6)
a(x)=y
wherein the last equality means that

/ f(x)Ip(dx) =f / f(x)Iy(y,dx)A(dy) forall f € BC(X).
X YER Ja(x)=y

Note that, by definition, the measure A is supported on the set o (supp Ip). The mea-
sure A is called the pushforward measure of Iy under the mapping «. Note that the
disintegration is unique up to a redefinition on an A-negligible set of fibers, see the
disintegration theorem recalled in the Appendix, Theorem C. 4.

We shall also make use, for all y A—almost everywhere, of the disintegration mea-
sure of Ip(y, dx) with respect to the function y, as follows

Io(y. dx) = /R 197 (y, 2, d0) I8 (3, d2), 27

where Ig’y(y, z, dx) is concentrated on the set {x : a(x) = y and y(x) = z}. This
allows to the following reformulation of Io(dx):

Ip(dx) =/ f 19" (v, 2. dx)I§ (v, dz) A(dy).
yeR JzeR
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Remark 2.3. (Explicit disintegration in Euclidean spaces) Suppose that X = R" and
Iy € L' (RVN). Since we restrict to measures which are absolutely continuous with
respect to the Lebesgue measure here, with a small abuse of notation we will omit the
element dx when the context is clear. Assume that « is Lipschitz continuous on RY
and that

Io(x)

L'(RM). 2.8
Vo) (R™) (2.8)

The coarea formula implies that, for all g € L! (RN ), we have
/ g(x)Va(x)ldx = f / g(x)Hy-1(dx)dy,
RN R Ja(x)=y
where Hp—1(dx) is the (N — 1)-dimensional Hausdorff measure (see Federer [20,

§3.2).
Therefore if g(x) = f(x)<2%L we get

[Va(x)]
_ Io(x)
/ £ To()dx = / / £ Hyoi@dody,  (29)
RN R Ja(x)=y [Va(x)]
and if moreover f(x) = p(a(x)) we get
1
/(p(y)A(dy)Z/ <P(Ol(x))10(x)dx=/90(y) o) ———Hn_1(dx)dy,
R RN R a(x)=y [Va(x)]

where we recall that A(dy) is the image measure of /y(dx) through «. Therefore we
have an explicit expression for A(dy):

In(x)
A(dy) = —H dx)d 2.10
(dy) /W) @ty (2.10)

and (recalling (2.9)) we deduce the following explicit disintegration of Iy:

1
I]-{Xla(x)—y} ‘V%((xx))‘ Hy-1 (dx)
7% :
Ja=y wacy HN-1(d2)

Equations (2.10) and (2.11) give an explicit formula for the disintegration introduced
in (2.6).

To(y,dx) = (2.11)

Remark 2.4. In particular, if o is a C? function with no critical point in supp Iy except
for a finite number of regular maxima (in the sense that the bilinear form D%a(x)
is non-degenerate at each maximum; this is a typical situation), then the assumption
(2.8) above is automatically satisfied if N > 3 and Iy € L¥(RY). If N = 2 then a
sufficient condition to satisfy (2.8) with Iy € L% (RN) should involve I vanishing
sufficiently fast in the neighborhood of each maximum of «.

Now equipped with this disintegration of Iy with respect to « we are now able to
state our regularity assumption to derive more refined concentration information in
the case where fa(x):a* Io(dx) = 0.
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Assumption 2.5. (Regularity with respect to «, y) Let us define y* > 0 by

y*i= sup yx). (2.12)
a(x)=a*
We assume that, for each value y < y* in a neighborhood of y*, there exist constants
8 > 0 and m > 0 such that

m < / Io(y, dx) for A-almost every y € (a* — 8, a™].

y (x)€ly.y*] and a(x)=y
Remark 2.6. Assumption 2.5 means that the initial measure /y(dx) is uniformly posi-
tive in a small neighborhood of {a(x) = a*} N {y (x) = y*}. For instance, if Assump-
tion (2.8) is satisfied and if there exists an open set U containing {@(x) = o«*}N{y (x) =
y*} on which Ip(x) is almost everywhere uniformly positive, then Assumption 2.5 is
automatically satisfied.

The next proposition ensures that, when the initial measure I satisfies Assumption
2.5, then the function 7 (¢, dx) concentrateson {x € X : a(x) = «® and y (x) = y*}.

Proposition 2.7. Let Assumption 2.1 hold. Assume moreover that |, o
and that Assumption 2.5 holds, then:

Io(dx) = 0

(x)=a*

i) The measure I (t,dx) concentrates on the set {a(x) = o«*} N {y(x) = y*}:

do (1(1,dx), My ({fa(x) = «"} N {y(x) = y*})) —— 0.

t—+00

ii) The total mass of 1 (t, dx) converges to a limit value:

6
/ 1(t,dx) ——> (Ro(Ip) — 1).
X t——+00 a*y*

ii) If there exists a Borel set U C X such that U N {x : a(x) = ™ and y(x) =
y*} # & and
A(dy) 15 (v,d2) N
liminf essinf ess inf f Io’y(y, z,dx) > 0,
U

e—>0 yela*—e,a*] ze[y*—e,y*]

then the following persistence occurs

liminf/ I1(t,dx) > 0.
U

—>00

wn(dy)
Here the notation essinf denotes the essential infimum taken on the set K and
K

relatively to the measure u (i.e., up to redefinition on p-negligible sets). The condition
on the set U in iii) means that the distribution of the population does not vanish in
a neighborhood of {x : a(x) = o™ and y(x) = y*} in U; the existence of a set U
cannot be guaranteed in general, in particular, no such U exists in the case of the
counterexample given in Subsection 2.3.
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2.2. Refined concentration estimates: regular fitness maxima in Euclidean spaces

We now deepen our analysis of (2.1) set on X = RY when the fitness function has a
finite number of regular maxima. We will not discuss here the case of a unique global
maximum, in which the precise asymptotic behavior can be completely determined:
see Appendix for a statement of what we obtain. Rather, we describe the large time
behavior of the solutions when the function « has a finite number of maxima on the
support of Iy(dx). We consider an initial data (Sp, Ip) € [0, 00) x M (RY) with Iy
absolutely continuous with respect to the Lebesgue measure dx in RY (in other words
and with a small abuse of notation, Iy € L'(RV))in a neighborhood of the maxima
of the fitness function. Recalling the definition of «* in (2.3), throughout this section,
we shall make use of the following set of assumptions.

By a small abuse of notation, we will identify in this section the function Iy €
L'(RV) and the associated measure Io(x)dx € M. (RY) when the context is clear.

Assumption 2.8. We assume that:

(i) the set {or(x) = «*} is a finite set, namely there exist x1, ..., x, in the interior of
supp /o such that x; # x; forall i # j and

Aa*
> 1.

{a(x) =™} ={x1,...,xp}and R :=

(ii) There existeg > 0, M > 1 and k1 > 0,..,k, > O such that foralli =1, .., p
and for almost all x € B(x;, &g) C supp (Io) one has

M~ x — x| < To(x) < Mlx — x|

Here and along this note we use | - | to denote the Euclidean norm of RV .
(i1i) The functions « and y are of class C?, and there exists £, ¢~ > 0 such that for
eachi =1, .., p one has

201812 < D?a(x;)E < =207 |E)?, VE e RV,

Remark 2.9. Let us observe that since x; belongs to the interior of supp (/y) then
Do (x;) = 0.

In order to state our next result, we introduce the following notation: we write
f(t) < g(t) ast — oo if there exist C > 1 and T > 0 such that

C g < |f@)| < Clg®)|, Vi > T.

According to Theorem 2.2 (ii), one has a*S(t) — 1 ast — o0, and as a special
case we conclude that

_ 1 ! 1
S(l):—/ S()dl - — ast — oo.
t Jo o*
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As a consequence the function
n@t) :=a*S@t) — 1 (2.13)

satisfies n(t) = o(1) as t — oo. To describe the asymptotic behavior of the solution
(S(#), I(t, dx)) with initial data Sy and Iy as above, we shall derive a precise behavior
of n for + > 1. This refined analysis will allow us to characterize the points of
concentration of 7 (¢, dx). Our result reads as follows.

Theorem 2.10. Let Assumption 2.8 be satisfied. Then the function n = n(t) satisfies
the following asymptotic expansion

Int 1
n(t)=97+0 =) ast— oo (2.14)
wherein we have set
N .
0= min % 2.15)
i=1,,p 2y (xi)

Moreover there exists €1 € (0, &9) such that forall0 < ¢ < ey andalli = 1,..,p
one has

N+
/ 1(t,dx) =< 170D~ g5t — oo. (2.16)
[x—x;|<e

As a special case, for all ¢ > 0 small enough and all i =1, .., p one has

< 1lifiel
I(t,dx) . ast — 0o,
Ix—x;|<e —->0ifi¢gJ

where J is the set defined as

(2.17)

N .
J:={i=1,..,p: l= }

2y (x;)

The above theorem states that the function / (¢, dx) concentrates on the set of points
{x;j, i € J} (see Corollary 2.12 below). Here Assumption 2.5 on the uniform pos-
itiveness of the measure Ip(dx) around the points x; is not satisfied in general, and
therefore the measure / concentrates on {«(x) = «*} as predicted by Theorem 2.2,
but not necessarily on {a(x) = o*} N {y(x) = y*} as would have been given by
Proposition 2.7. In Fig. 6 we provide a precise example of this non-standard behavior.

In addition, the precise expansion of = 1(¢) provided in the above theorem allows
us to obtain the self-similar behavior of the solution / (¢, dx) around the maxima of
the fitness function. This asymptotic directly follows from (4.2).

Corollary 2.11. For eachi = 1, ..., p and f € C.(RN), the set of the continuous
and compactly supported functions, one has ast — 00:

N+xi

[% / f ((X —Xi)\/;> I(t,dx) < (Y ie—"7
RN
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/ )] exp(y( YED B )x) (2.18)

Our next corollary relies on some properties of the w—limit set of the solution
I (¢, dx). Using the estimates of the mass around x; given in (2.16), it readily follows
that any limit measures of / (¢, dx) belong to a linear combination of é,, withi € J
and strictly positive coefficients of each of these Dirac masses. This reads as follows.

Corollary 2.12. Under the same assumptions as in Theorem 2.10, the w—limit set
O(ly) as defined in Lemma 4.6 satisfies that there exist 0 < A < B such that

O(lo) € 1Y ciby ¢ (cidies € [A,BJ’}.

ieJ

2.3. Oscillations

Here we construct a counterexample which shows that, in general, it is hopeless to
expect convergence of the genotypic distribution to a stationary measure on X = RZ.
Such a counterexample is new in the case of “continuous” spaces; we provided some
counterexamples in the case of discrete spaces in [10].

Fix L > 0 and let 2 be the parametric curve described as

Q= [w(r) = (1 — e_T) (cos (%r) , sin (%r)) i TE R+} ,

and define Ip(dxdy) € M(R?) as the pushforward of the measure e~ *1,>0d7 by w.
That is to say,

/ @(x, y)lo(dxdy)
]RZ

= /w e Ty ((1 — e 7)cos (%r) , (1 —e7)sin (%r)) dr, forall ¢ € BC(R?).

Then we select

alx,y) :=1—'1—,/x2—i—y2 ,

In this setting, « attains its global maximum on the unit circle in R?, while the support
of Iy (the curve €2) approaches the unit circle from the inside with an exponentially
decreasing mass as the radius converges to 1. We are thus in the situation described
in case ii) of Theorem 2.2; in particular, it is true that S(¢) = % fot S(s)ds — 1 as
t — 4o00. Yet, explicit computations show that

y(x,y) =1L

1(t, dxdy) = e1=¢" Jo SO~ jo 2y (dr)
— (=S O~1=7 4, (d7) =: (1, T)w(d7),
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where we denote w (dt) the pushforward of the Lebesgue measure on R onto 2 and,
with a small abuse of notation, Ip(t) = e~ "1, > 0. More precisely,

/ﬂ; @(x, y)I (1, dxdy)
- Aw 1.0 (1= )cos (F7) . (1=e)sin () dr. forallp € BOE?),

Now by using explicit computations, we establish the following claim.

Claim 2.13. The function / (¢, 7) is, up to amultiplicative error of order zero, a solitary
wave whose position behaves like 7o(¢) := In(7):

I(t,7) = "7 Fo), (2.19)
where u(t) =In(Z®°) —e " —tand I := (%(Ro — 1) is given by Proposition 2.7.

We now prove the claim. We note that Assumption 2.5 is clearly satisfied since
y = 1 therefore, by Proposition 2.7, we have f0+°° I(t,7)dt = Z°° + o(1) with
I®:=0 (%a* - 1) > 0. By computing the integral of I (¢, t), we will now obtain a
precise description of the behavior of S(f) as t — +o0c. Indeed,

+00 1S()—t  ptoo - S(t)—t ot
f I, )dr = S (Ste Te S0 T gr = & [e*“(')e ]
0 tS) Jo tS(t) 0

ez?(z)ft

tS(t)

tS(t)—t —t 1S(1)—t

(1-e0) = - —— =S 10,
tS(t) tS(1) tS(1)

therefore, recalling S(r) = 1 + o(1), we have e!SO—t — 470 4 o(t), and finally

S =1+ 1“(” h“f )+0<1).

t
We deduce that

I(t,t +70(0) = exp ((1 — e D) (¢t +1In(t) + In(Z) + 0(1)) — 1 — (1 + ro(z)))

((
o

p (ln(z) + ln(IOO) +o()+e " —1—1n (t))
p(InZ>®) —e " =t +o0(l),

) In(t) +In(Z%) + o(1)) — te= T+ — (r 4 ro(t))>

= €X]

= €X|

which proves the claim.

Note that the above computations and in particular the result of Claim 2.13 are
completely independent of the parameter L. We see that 1 (¢, dxdy) is asymptotically
equivalent to a rotating mass which becomes concentrated on the unit circle and does
not converge to a static distribution. We illustrate this fact in numerical simulations in
Sect.3.3. We can also prove that the distribution does not reach stationarity when the
rotation speed of the spiral (which behaves like L™") is very slow. Indeed, the integral
in the upper half-space never reaches a stationary value, as we show in the following
claim.
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Claim 2.14. There exists a function £(L) > 0 such that ¢(L) — 0 as L — oo, and

two sequences t! 1= e /DL 5 L ooand 12 := @ 3/DL 5 400 such that
lim inf f (), dxdy) > T — e(L) (2.20)
n—+00 Jry R+
and
lim sup/ 1(t2, dxdy) < e(L). (2.21)
n—+o0o JRxR*

Indeed, we have

+00 L (2k+1)L 100 A (2k+1)L
/ 1, dxdy) _ Z/ I1(t,7)dt = Z/ elt(f*fo(f))"’[}(l)d-[
RxR+ k=0 Y 2kL k—0 Y 2kL

10 AQk+1)L—19(t)

=(1+o00 / umq
(14 o( ))Z 5 e T

k=0 kL—10(t)

10 Qk+1DL—7(1) .
=(1+o(l) I%e™¢ ~Tdr
(1+0() 3
k=0 2kL—1o(1)
+00
= (1+0(1)) ZIOO (exp (_e—(2k+])L+t0(t)) —exp (_e—ZkL+rO(t))> .

k=0
(2.22)

sowhen t =t} = ¢@"T1/2DL we have

+o00
/ 1(;,}, dxdy) = (1 + 0(1)) ZIOO (exp (_e—(2k+1)L+(2n+l/2)L>
RxR+ k=0

—exp (_e—2kL+(2n+1/2)L>>

+00
— Ioo(l + 0(1)) Z e_e—ZkL—L/2 . e_e—ZkL+L/2.

k=—n

_—(k+1/2)L —(2k—1/2)L
We note that e ¢ < e

we have by a Taylor expansion:

as L — oo when k < —1, and that for k > 1

_,—(k—=1/2)L _po—(k+1/2)L —(2k—

le=¢ _ ¢ | < Cem@-1/2L,

for some constant C > 0 independent of L and k. Therefore by the dominated con-
vergence theorem we have

-1

o0
. _—2kL—L)2 _—2kL+L)2
hm(g +E)’ee —e ¢ =0.
k=1

=—00

_ —2kL—LJ2 _ —2kL+L/2 _ L2 L2
Now for k = 0 we have e~ ¢ —e ¢ = e ¢ —e — 1 as

L — +00. We have shown
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lim inf lim inf / 1(t!, dxdy) = T,
RxR+

L—+o00 n—>+00

which proves (2.20). Now (2.22) with t = t,% = ¢Z+3/DL Jeads us to

400
/ I(t’%, dxdy) — (1 + 0(1)) Zzoo (exp (_e_(2k+l)L+(2n+3/2)L>
RxR+ k=0

—exp (_e—2kL+(2n+3/2)L>)

+00
_ Ioo(l n 0(1)) Z e_e—ZkL+L/2 _ e_e_ZkL+3L/2.

k=—n

Note that we have

! = 2kL+L/2 2kL+3L/2
. _p—2kL+ = 2kLA43
lim (Z —{—Z)‘ee —e ¢ =0,

=—00 k=1

. _ —2kL+L/2 _—2kL+3L/2
by the dominated convergence theorem and, for k = 0, e —e ¢ =

L2 _3L)2 .
e ¢ —e ¢ — 0 as L — oo. This shows

lim sup lim sup/ I(t,%, dxdy) <0,
RxR+

L—+o00 n—>—+00

which finishes the proof of Claim 2.14.

3. Numerical illustrations and comments

In this section we provide numerical illustrations to some of our results followed
by some comments on their possible biological consequences. Note that the figures
are included at the end of the manuscript.

3.1. Numerical illustrations: the main Theorem

We start with an illustration of the long-time behavior of the solution to (2.1) when
the initial mass of the fitness maximum is positive (Io({a(x) = «*}) > 0) in Fig. 1
(Point i) of Theorem 2.2). To help with the visual representation, in our example, I
is chosen absolutely continuous with respect to the Lebesgue measure, i.e., carried
by a L' (R?) function. We provide a plot of the fitness function which is proportional
to « (top left sub-figure) and the initial data (top right). The fitness function attains
its maximum on the union of a rectangle [0.2, 0.5] x [—0.5, 0.5] with a line segment
{—0.3} x [—0.5, 0.5], and the support of the initial data intersects this set with non-
negligible intersection. We plot the time evolution of the converging function S(z)
(bottom left) and a snapshot of the distribution / (¢, dx) at t = 50 (bottom right). We
observe that the mass that was initially located outside of the fitness maximum has
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vanished. What remains is a distribution of mass in the initial rectangle of maximal
fitness (according to Theorem 2.2, the precise distribution can be computed). The
distribution located at {x; = —0.3} is still positive, but is negligible with respect to
the Lebesgue measure and does not contribute to the mass. In Fig.2 we present four
snapshots of the distribution / (#, dx) to monitor the time evolution of this distribution
with the same initial distribution.

Figure 3 illustrates the case when the maximal fitness is negligible for the initial
measure (Point ii) of Theorem 2.2). We provide a plot of the fitness function (top
left-hand side) and the initial data (top right-hand side). The fitness function attains its
maximum on a line segment with negligible Lebesgue measure, and the support of the
initial data is absolutely continuous with respect to the Lebesgue measure. So the set
of maxima for the fitness function is negligible for the initial measure. We also plot the
time evolution of S(#) (bottom left-hand side) and a snapshot of the distribution 7 (¢, x)
at + = 100. We observe that the mass that was initially located outside of the fitness
maximum has vanished (bottom right-hand side). What remains is a distribution of
mass around the initial line of maximal fitness, which is negligible for the initial data;
however the distribution takes very high values. Figure 4 consists of four snapshots of
the example presented in Fig. 3.

3.2. Transient dynamics on local maxima: a numerical example

In many biologically relevant situations it may be more usual to observe situations
involving a fitness function with one global maximum and several (possibly many)
local maxima, whose values are not exactly equal to the global maximum but very
close. In such a situation, while the long-term distribution will be concentrated on the
global maximum, one may observe a transient behavior in which the orbits stay close
to the equilibrium of the several global maxima situation (corresponding to Theorem
2.10), before it concentrates on the eventual distribution. We leave the analytical
treatment of such a situation open for future studies; however, we present a numerical
experiment in Fig. 5 which shows such a transient behavior.

In the scope of this section, we define the function Uy, ;) (x), the downward parabolic
function of height one and support [, b] by the formula

(a+b—2x)270>

Ulg,p)(x) := max (1 — @b

In this simulation, we take a fitness function presenting one global maximum at
x2 = +0.5 and a local maximum at x; = —0.5, whose value is close to the global
maximum. The precise definition of «(x) is

a(x) = 0.95 x ULy, —s.x,451(X) 4+ Upey—s.xy8)(x) with 8 = 0.2. 3.1)

The function Ip(x) is chosen as

Io(x) = min (1, 4(x — x1)2) min (1, 4(x — x2)2) 1i_11(x), (3.2)
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so that k1 = 2 and k> = 2. Finally,

1
(x) = (3.3)
’ 1+ Uy =8, 481 (%) 43Uy -5, 10481 (X)

so that y (x1) = % and y (xp) = 4—1‘. Summarizing, we have

=3 <6= .
2y (x1) 2y (x2)

N+« 3 _N+/c2

If o (x) had two global maximum at the same level, Theorem 2.10 would predict that
the mass / (¢, dx) vanishes near x, and concentrates on x;. Since the value of «(xy) is
slightly higher than the value of «(x1), however, it is clear that the eventual distribution
will be concentrated on x>. We observe numerically (see Fig.5) that the distribution
first concentrates on xj on a transient timescale, before the dynamics on x, takes
precedence. We refer to Burie, Djidjou-Demasse and Ducrot [8] for a related model
with mutations where these transient behaviors are analytically characterized.

In Fig.6 we provide an illustration of the conclusion of Theorem 2.10. Here the
function «(x) is chosen to have two maximum points x; = —0.5 and x, = 0.5; its
precise definition is

a(x) = Uy =50, +61(X) + Upry—s.x,481 (x) with § = 0.2. (3.4)

The function «(x) has the exact same local behavior in the neighborhood of x; and
x7. The function Iy(x) is now chosen as

Io(x) = min (1, 1024 (x — x1)8> min (1, 4(x — x2)2) I i), (3.5

so that k1 = 8 and k> = 2. Finally we take

1
(x) = (3.6)
’ 1+ Uy 6,0, +81(X) + 3ULr, —5, 2,457 (X)

so that y (x1) = % and y (xp) = ‘—1‘. Summarizing, we have

N N
+ K1 9= 6= + K2

=9>6=——,
2y (x1) 2y (x2)

so that Theorem 2.10 predicts that the mass / (¢, dx) will vanish near {x1} = {a(x) =
a*} N {y(x) = y*} and concentrate on x;.

3.3. Numerical illustration: oscillations

In Fig.7 we present a numerical simulation that illustrates the example provided
in Sect.2.3. The parameter L is set to 1. A supplementary movie is also available
(spiraling.avi).
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3.4. Comments

We have studied the asymptotic behavior of a simple epidemiological model whose
originality is that the population is structured by a continuous genotypic variable.
Thus the population is divided into a compartment of susceptible and infected by a
certain strain of pathogen. The duration of the infectious period (1/y) and the basic
reproduction number (o, up to a multiplicative constant) of the disease depend on the
trait considered.

In this work, the pathogen population does not mutate, and therefore if a trait
is absent from the initial pathogen population, it cannot appear in the population
afterward.

Assuming that the basic reproduction number has a maximum strictly greater than
one for at least one phenotypic trait of the initial population, we have shown the
convergence of the solution of this model toward an endemic equilibrium. Firstly, in
the case where the maximum value of the basic reproduction number is reached on a
continuum of phenotypic traits of the initial population, we can completely describe the
asymptotic number of susceptibles as well as the distribution of the infected population
with respect to the different variants.

Secondly, in the case where the maximum of R is reached on a set of zero mea-
sure, we have shown the persistence of the infectious population and its asymptotic
concentration on a subset of the set of the traits maximizing both the R and the addi-
tional mortality rate due to the pathogen (or in other words minimizing the infectious
period).

To go further in the analysis, we then considered the case of a finite number of
traits maximizing the Rg. In this case, we were able to describe more precisely the
set of traits around which the population of infected (and therefore of pathogens) is
concentrated, as well as the profile of the asymptotic distribution of infected around
these traits. In particular, we observed that even if there are no infected individuals
with a trait maximizing the R initially, the population can concentrate around this
trait (but not on this trait since there is no mutation in this model). The selection of
traits around which the population concentrates thus depends not only on the value
of Ro and the additional mortality rate, but also on the initial population distribution
around the trait. A non-standard behavior may thus appear where the selected strain no
longer maximizes y, the virulence. The question arises whether such a configuration
can be observed in vivo.

4. Measure-valued solutions and proof of Theorem 2.2

4.1. Persistence and concentration: Proof of Theorem 2.2

In this section we derive general properties of the solution of (2.1) equipped with the
given and fixed initial data S(0) = Sp € (0, 00) and Ip(dx) € M, (X). The existence
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and uniqueness of a solution (S(t), I(t, dx)) € R x M(X) corresponding to (So, /o)
in the Banach space R x M(X) (where M (X) is equipped with the norm || - ||7v)
follow directly from the Cauchy-Lipschitz Theorem.

To avoid repeating the same arguments several times, we divided the proof of Theo-
rem 2.2 into a collection of lemmas, which are organized so that each result relies only
on results that have already been proved earlier in the paper. Let us describe briefly
the idea behind the proof of Theorem 2.2. We remark that 7 (¢, dx) can be written as

t

< _ 1
1(t,dx) = Io(dx)e’y(”(“(x)s(”*l), with S(t) = ;/ S(s)ds. “.1)
0

Hence the behavior of 7(z,dx) depends only on the Cesaro mean of S, S(1). By
using the differential equation satisfied by S(¢) and I(¢), we can prove that S(¢)
is bounded above and below by positive constants and that | ¢ I (#, dx) is bounded
(Lemma 4.1). Hence S(7) is bounded above by al*; otherwise, f x 1z, dx) would go
to +00 (Lemma 4.2). We can also show that, if S(¢) stays uniformly below al* along a
sequence t, — 00, then f x I (tn, dx) — 0 along this sequence (Lemma 4.3). We can
prove the weak uniform persistence of f x I (t, dx) (Lemma 4.4), that is to say,

limsup/ I(t,dx) >0

t—>—+00

but it is not enough to conclude yet, because we do not rule out that [ (7, dx) gets
close to 0 before growing back.

A key element of our analysis is the compactness of the orbits in the space R x
M (X) (proved in Lemma 4.5), where M (X) is equipped with the weak topology
of measures. That allows us to prove the strong uniform persistence of | x 1@, dx)
(Lemma 4.6), and thus that S(¢) converges to al* (Lemma 4.7).

The next ingredient in our construction is the Lyapunov functional of Hsu [24] which
can be adapted to the special case of a constant fitness function «(x) over the support
of Iy (Lemma 4.9; y (x) need not be constant). Although it is not a true Lyapunov
functional, it serves to establish a kind of a LaSalle principle (Lemma 4.11), which
proves that for any (§°°, I°°(dx)) in the w-limit set of the orbit, we have S = O%
Thus S(#) converges to ai*

At this point we can prove Theorem 2.2 i). Assume fa(x):a* Ip(dx) > 0. Recalling

n(t) in (2.13), we write I (¢, dx) as
1. de) = Io(aetr e -e0)

and by using a combination of Jensen’s inequality and the boundedness and uniform
persistence of f x 1(t, dx), we can prove that ¢7(¢) is uniformly bounded in ¢t > 0
(Lemma 4.10). Then the first line of the equation (2.1) allows us to identify uniquely
the limit of #1(¢) and thus prove the convergence of / (¢, dx) to a limit distribution in
a strong sense (Lemma 4.12).
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There remains to prove Theorem 2.2 ii). In this case we cannot identify the limit
distribution (in fact, it may not be unique in general), but we can prove that the
orbit asymptotically belongs to the set of measures concentrated in the set {a(x) =
a*} (Lemma 4.13) thanks to Lemma 4.3 and an estimate from measure theory of
independent interest that we establish in appendix, Lemma B. 5. This ends the proof
of Theorem 2.2.

Apart from Lemma 4.12 that is specific to case i) and Lemma 4.13 that is specific
to case ii), all other lemmas are involved in both proof of Theorem 2.2 i) and Theorem
2.2 1i).

Now we proceed to the proofs. The following lemma holds true.

Lemma 4.1. Let Assumption 2.1 hold. Denote (S(t), 1(t, dx)) € R x M(X) be the
corresponding solution of the ordinary differential equation (2.1). Then (S ), I(t, dx))
is defined for all t > 0 and

min(0, yx)

A
< - <liminf §(#) <limsup S(¢t) < — < +o0,
OAmMIn(0, yx) +a*y* 7 i+ 1400 0

A
lim supf I(t,dx) < —— < +o0,
t—+oc0 JX min(0, yx)

where yy 1= infycqupp o ¥ (X), ¥* 1= SUP, esupp 1 ¥ (X) and o = SUP, esupp Iy & (X)-

Proof. We remark that

a4 (S(t) +/ I(t,dx)) <A—-0S@t) — y*/ 1(t,dx),
dr X X

therefore

A A .
S(1) +/ I(t,dx) < —— + (So +/ Io(dx) — —> e~ min@.y0),
X min (6, yx) X min(6, yx)

In particular, / (¢, dx) is uniformly bounded in M (X)) and therefore we have the global
existence of the solution as well as

A
limsup/ I(t,dx) < ——  and limsup S(t) < —.
1400 JX min(6, y) t—>+00 min(6, y)

Next we return to the S-component of equation (2.1) and let ¢ > 0 be given. We have,
for ¢ sufficiently large and ¢ > 1o,

S, =A— (9 +/ a(x)y ), dx)) Sit)> A — <0 +afytf——— + 8) S(1),
X min(6, yx)
therefore
. _
Sy = e (P )0 g )
A min(0, y) | 87<Q+%+8)(17m)
(0 + &) min(0, yx) + Aa*y* 7
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so that finally by letting + — +o00 we get

in(0, v A
lim inf (1) > min(0, ) .
t—+00 (0 + &) min(0, yy) + Aa*y*

Since ¢ > 0 is arbitrary, we have shown

in(6. v.) A
liminf §(r) > —n© %) .
1—+00 O min(, yx) + Aa*y*

The lemma is proved. O
Lemma 4.2. Let Assumption 2.1 hold. Let (S (), I(t, dx)) be the corresponding so-
lution of (2.1). Then one has

1 [T 1
lim sup 7/ S(ndr = —,
0 o

T—+o00
where a* is given in (2.3).
Proof. Let us remark that the second component of (2.1) can be written as

1. dx) = Io(dx)ey(x)(a(x) s S(s)ds—t)

d t
= Ip(dx) exp (y(x)/(; S(s)ds |:ot(x) — m]) . “4.2)

Assume by contradiction that the conclusion of the lemma does not hold, i.e., there
exist ¢ > 0 and a sequence 7, — +o0 such that

! an S(t)dt > ! +
—_— — E.
T, Jo T oat

Then

T, 1
=7
Jo" S@)dr 4
a*

/
<a*—¢,

where ¢/ = (oz*)2 & 4+ o(¢e). Since the map x +— «(x) is continuous, the set L, (lp) =
{x € supplp : a(x) > a® — v} (defined in (2.4)) has positive mass with respect to
the measure Iy(dx) for all v > 0, i.e., f Lo(lo) Ip(dx) > 0. This is true, in particular,

/
for v = &, therefore

Tn
[ =] e (y(x) [ sas [a(x) - TTD Io(dx)
Lo (o) Ly 5 (To) 0 [O " S(s)ds

T &
> / exp (y*/ S(s)ds - —) Ip(dx)
Ly 5 (To) 0 2
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/ Th
= [ Ip(dx) exp (8 b / S(s)ds) s
Ly y(lo) 2 Jo

where i = infyesupp 1o ¥ (x). Since ngl/z(Io) Io(dx) > 0 and foTn S(dt — +oo

when n — 400, we have therefore

t—+00 n——+00

lim sup/ I(t,dx) > lim sup/ 1(T,,dx) = +o0,
X Ly p(Io)

which is a contradiction since (¢, dx) is bounded in M(X) by Lemma 4.1. This
completes the proof of the lemma. g

An important tool in later proofs is that the mass of 7 (¢, dx) vanishes on any set suf-
ficiently far away from the set «(x) = a* when the Cesaro mean S(t) = % fot S(s)ds
1

of § is sufficiently close to %> which we prove now.

Lemma 4.3. Let Assumption 2.1 hold and (S(t), 1(t, dx)) be the corresponding so-
lution of (2.1). Let {t;} be a net t; — 00 and € > 0 be such that we have eventually

_ 1 [t
S(tr) = —/ S(s)ds < forall t. 4.3)
Ir Jo a* —e¢
Then for any p > 1 we have
f I(t;,dx) —— 0. 4.4)
{a(x)foz*—ps} tr—>+400

Proof. Indeed, we can write

/ I(t;, dx) =/ exp [y(x)tzf(tz) (a(x) - 71 )} To(dx)
{o(x) <a*—pe} {a(x)<a*—pe) S(tr)

_ 1
< ( )trs(tr)( Y —pe— = >]I (dx)
-/(oz(x)ga*—ps} P |:y ! “ be S(t) o

= _/ exp [y ()1 S(t) (1 — p)e] Ip(dx).
{a(x)<a*—pe}

Since p > 1 and liminf S(¢;) > 0 by Lemma 4.1, the argument of the exponential
converges to —oo as t; — +00 therefore

/ I(t;,dx) —— 0.
{o(x) <or*—pe} fr=>+00

The lemma is proved. O

While the introduction of the parameter p in the statement of Lemma 4.3 may seem
artificial at this point, the additional flexibility allowed by this parameter is key the
proofs of other results, see, e.g., Lemma 4.13.

The following weak persistence property holds.
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Lemma 4.4. Let Assumption 2.1 hold. Let (S(t), I(t, dx)) be the corresponding so-
lution of (2.1). Then

%
lim sup/ I(t,dx) > ﬁ(RO(IO) —1) >0,
X oty

t—>—+00

where y* := SUp, cqupp 1, ¥ (X)-

Proof. Assume by contradiction that for 7y sufficiently large we have

%
/ I(t,dx) < <t =: ﬁ(Ro(lo) — 1) forall 7 > 1,
X ary

with ¢’ > 0.
As a consequence of Lemma 4.2 we have
liminf S(z) < 1li ! fT S(tydt < ! 4.5)
im in imsup — —. .
1—>+00 - T%Jrog T Jo oot

Let S := liminf;_, { o S(#). Let (#,),>0 be a sequence that tends to co as n — 00
and such that lim,,, ;oo S'(t,) = 0 and lim,,_, yo0 S(ty) = S. As [ I(t,,dx) < ¢’
for n large enough we deduce from the equality

S'(t,) = A —65(,) — S(tn)/ a(x)y (x)I(t,, dx),
X

that
0>A—6S—Sa*y*¢
so that
A A
S > >
— T 0+ atyrr 04 atyre
and by definition of ¢
s A
> — = —,
- 0Ry o*
which contradicts (4.5). O

Let us remind that M4 (X), equipped with the Kantorovich-Rubinstein metric dy
defined in (2.2), is a complete metric space.

Lemma 4.5. (Compactness of the orbit and concentration) Let Assumption 2.1 hold
and let (S(t), 1(t, dx)) be the corresponding solution of (2.1). Then, the closure of
the orbit of (So, Ip),

O(So, Ip) := { (s, n) € R x M (X) : there exists (t,) such that do(I (1, dx), @)
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—> 0and |S(ty) — 5| ——> } ,
n——+o00 n——+00

is compact.
Moreover if Ro(lp) > 1 and t, — 400 is an arbitrary sequence along which

n—-+0o

lim inf f I(ty, dx) > 0, (4.6)
X

then one can extract from (t,) a subsequence (t,,) such that the shifted orbits

1> (St + 1), 1(1 + 1y, dx))
converge weak-* pointwise to a complete orbit (S°° (), I*°(t, dx)) satisfying the fol-
lowing properties:

/ I°°(t,dx) > O forallt € R, 4.7)
X

and
f 1°(t,dx) = 0. (4.8)
a(x)<a*

Finally the convergence S(t + t,,) — S°°(t) holds locally uniformly in C'(R).

Proof. First of all let us remark that

f(; S(s)dsot(x)—t)y(x)

I(t,dx) = e< Io(dx),

and therefore the orbit ¢ — I (¢, dx) is continuous for the metric dj.
By Lemma 4.2 we have
T 1

lim sup — S(s)ds < —

T—+o0 0 o
where o* is defined in (2.3). We prove that the family {/ (¢, dx), ¢ > 0} is uniformly
tight. Let ¢ > 0 be sufficiently small, so that the set L.(/o) (defined in (2.4)) is
compact. By Lemma 4.3 and Lemma 4.2 we have

lim sup/ I(t,dx) =0.
1—+00 JX\L(lo)

Thus given any threshold v > 0, there is 7, such that I (f, X\L.(lp)) < v for all
t > T,,andsince I ig Radon there exists acompact set K, C X suchthat Ip(X\K,) <
ve ¥ T supo<s<r, SG) g4 that

/ 101, dx) < / To(dxye? T posyer, SO-D <
X\K, X\K,
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where y*° and a® are the constants defined in Assumption 2.1. Thus for all ¢+ > 0
we have I(t, X\(KU U Lg(lo))) < v. The set {{(t,dx) : ¢t > 0} is uniformly tight.
Moreover it is bounded in the total variation norm (see Lemma 4.1) in the complete
separable metric space X, therefore precompact for the weak topology by Prokhorov’s
Theorem [5, Theorem 8.6.2, Vol. II p. 202].

Next let (¢,) be an arbitrary sequence along which (4.6) holds. Thanks to the com-
pactness of the orbit, we extract from (S(#,), I (t,, dx)) a subsequence still denoted
tn, such that S(t,) — S and I(t,, dx) — I5°(dx) weakly. Observe now that (4.6)
ensures that

/ I5°(dx) > 0. (4.9)
X

Clearly S’(z +1t,) is bounded independently on n; differentiating the first line in (2.1a)
we see that S”(r 4 1,) is also bounded independently on n when ¢ is in an arbitrary
compact set. Thus, up to a diagonal extraction, we may assume that both S(z 4-#,) and
S'(t + 1) converge locally uniformly in ¢ to a limit S°°(¢) and (S°°)’(¢). This proves
the final statement of the lemma. We can now take the weak-* limit in the formula

t
I(t +t,,dx) = I(t,, dx) exp |:y(x)t (oe(x)%/ S(t, + s)ds — 1>:| (4.10)
0

which shows that, for fixed but arbitrary ¢ € R, we have that / (¢, + ¢, dx) converges
weakly to

t
I®(t,dx) := I(‘)x’(dx) exp [y(x)t <a(x)%/ S®(s)ds — 1)i| .
0

In particular ($°°(¢), I°°(z, dx)) is a complete orbit of the equation (2.1). Since 1 €
BC(X) we have that

/I“(t,dx):/ 11°°(t,dx) = lim /1I(t+tn,dx)>0,
X X n—>+o00 Jx

where the positivity of the limit comes from (4.10) together with (4.9). This shows
4.7).

Next it follows from Lemma 4.2 that lim sup,,_, | é fé” S(s)ds < O% and thus by
Lemma 4.3 that

I5°(dx) = lim I(t,,dx) =0, forallk € N.

—/a(x>sa*—,£ =0 Ja(n<ar

Thus by Fatou’s lemma

/ I5°(dx) < lim I5°(dx) = 0.
a(x)<a* k—+00 Jo(x)<a*—1

This proves (4.8) and completes the proof of Lemma 4.5. 0
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Next we show the uniform persistence property.

Lemma 4.6. (Uniform persistence) Let Assumption 2.1 hold. Let (S (1), I(t, dx)) be
the corresponding solution of (2.1). Then

1iminf/ I(t,dx) > 0.
X

t——+00

Proof. We adapt here the argument of Magal and Zhao [37, Proposition 3.2] to our
context. Suppose by contradiction that there exists a sequence f, — +o00o such that

lim I(ty,dx) =0.
X

n——+00

By Lemma 4.1 we know that S(z,) > S > 0 for all n € N. By Lemma 4.4, for each
n € N sufficiently large, there exists s, < f,, such that

0
/ I(s,,dx) = (Ro(lo) — 1) and
X 2oy

4
/Xl(t,dx) < 2a*y*(Ro(lo) — 1) foralls, <t <t,. (4.11)

Up to replacing #, by a subsequence, we will assume without loss of generality that
th—1 < Sp < t, for all n € N. Thanks to Lemma 4.5 and up to a further ex-
traction, the shifted orbits (S(t + 5,), It + 55, dx)) converge to a complete orbit
(Soo(t), 1°°(¢, dx)) which satisfies 0 < § < §%@F) < % and fx 1°°(t,dx) > 0 for
all t € R. Moreover 1°°(¢, dx) is concentrated on the set {x : a(x) = «*}, and in
particular Ro(1°°(0, dx)) = Ro(lp) > 1. By Lemma 4.4 we have therefore

0
lim sup/ I1°°(t, dx) > —(RO(IQ) — 1). (4.12)
t—>+o00 JX a*y*
Next we investigate the time 7,, := t, — s,. Up to extracting a subsequence, there are

two options.

e T, — T asn — +o0. In that case we have fX I°°(T,dx) =0s0 I®(T,dx) =
0, and by the uniqueness of the solution to (2.1) we have 1°°(¢, dx) = O for all
t > T. This contradicts (4.12).
e T, — +ooasn — +oo. In that case, recalling (4.11), we have fX I°°(t,dx) <
2afﬁ(Ro(Io) — 1) for all # > 0, and this also contradicts (4.12).
This completes the proof of Lemma 4.6. U

Lemma 4.7. Let Assumption 2.1 hold. Let (S 0, I, dx)) be the corresponding so-

lution of (2.1). Assume that Ro(lp) > 1. Then
S 1
liminf — S)dr > —,
T—+4o00 T 0 o*

with a* given in (2.3).
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Proof. Assume by contradiction that the conclusion of the lemma does not hold, i.e.,
there exist ¢ > 0 and a sequence 7,, — +o0 such that

1 T 1 1
— SHdt < — —g = ———,
T, Jo ¥ a* 4+ ¢

for &’ = a* (ﬁ - 1) > 0. Up to reducing ¢ we may assume that o* — &’ > 0.
Then

/ [(Tn’dx)S/ Ty @@ [ sds—gk) | (@)
a(x)>a*—e

a(x)>a*—g’

o —¢) n—400

< TS / Io(dx) =550,
a(x)>a*—g'

where yy is as defined in 2.1. Next since

T 1 1
— S(t)dt<——s<—§ =
a* a* Ol*—%

we may apply Lemma 4.3 to find

lim I(T,,dx) =0.

n—>+00 a(x)<a*—g'

Thus

liminf/ I(t,dx) < llmlnf/I(Tn,dx) =0

t——+00 n—+00
which is in contradiction with Lemma 4.6. This proves the lemma. U

Remark 4.8. By combining Lemma 4.2 and Lemma 4.7 we obtain that % fOT S(t)dt
admits a limit when 7" — +o00 and

1 T
li — S(t)dt = —
im T/O (1)

T—+o0

The nextlemma appears to be of limited importance at first sight, because it concerns
the very particular case of a constant fitness function « (x). However it is of the utmost
importance for the rest of the proof, because the w-limit set of any orbit for the
weak topology of measures is composed of measures that are concentrated on the set
a(x) = o, and in particular, on which «(x) is a constant function. So Lemma 4.9 will
be useful to gain information on the w-limit set of the orbits starting on non-constant
a(x).

Lemma 4.9. Let Assumption 2.1 hold and suppose moreover that a(x) = o™ for
all x € supp ly. Let (S(t), 1(¢, dx)) be the corresponding solution of (2.1) and let
S* = aL* and i*(x) 1= ™) where T € R is the unique solution of the equation

/ Y ()™ W Ih(dx) = i* (Ro—1). (4.13)
X o
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Define g(x) := x — In(x) and let

Io(@x) i (x) 0}
o |

D(V) = {(S, i(x)) e R x L¥X(lp) : S > 0and essinf
where LY (Io) is the weighted L™ space equipped with the norm ||ill1oo(,) =
I l’—* L (1p)- Then D(V) is open in R x LY (1) and the functional

. « (S e i(x)
V(S,i) :=S5"g (§> +/Xt x)g (i*(x)) Ip(dx)

is well-defined and continuous on D(V'). Moreover if i(t, x) is the Radon—Nikodym
derivative of I (t,dx) with respect to Iy (in other words, 1(t,dx) = i(t, x)Ip(dx)),
thent — V(S(t),i(t, x)) is of class C! and we have

d . (S() = 5*1))*
aV(S(t), i(t,x)) < —GTfor allt e R. (4.14)
Proof. The well definition of t is clear since the left-hand side of (4.13) is strictly
increasing and connects 0 when T — —o0, to +00 when T — +00. The openness of
D(V), the well definition and continuity of V (S, i) are also clear.

Let us check (4.14). We first remark that i (¢, x) = 7V O@WSO= g0 it is clear
that i (f, x) € D(V) and that t — V(S(),i(t, x)) € C'(R).

We show (4.14). Let us write V;(S) = S*g (%) and Va(1) = [y i*(x)g ("(”))

i*(x)
Iy(dx), then we have

fon S, (S0 _ _ B " . _ A\
Vie)=S§ 5 g ( - >_ (A 6S(t) S(t)/;(oc y(x)l(t,x)lo(dx)) (1 S(Z))

= (A —08() — S(l)/ a*y(x)i(t, x)Ip(dx) — A+ 605" + S*/ a*y(x)i*(x)lo(dx))
X X

(- 5)
1—
S()

_ k)2
=080 (5 [ arvwrmn@ - so [ aywicone)
) b e X
(- 5)
S(t)
S —§* 2 S* 2
= % +S*/;(a*y(x)i*(x)10(dx) — (S(t)) on*y(x)i*(x)lo(dx)

—S(t)/ a*y(x)i(t,x)lo(dx)—i-S*/ a*y (x)i(t, x)Ip(dx),
X X

and

ron e i x) (i, x)
o = [ e (i*<x)>1°(dx)
()

:/Xy(x) (*S@) —1)i(t, x) (1— Z,(w))lo(dx)
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= /X y (@) (*S(t) — 1) (i(t, x) — i*(x)) Io(dx)
=/X)/(x)a*S(t)i(t,x)Io(dX)—/XJ/(X)i(t,X)Io(dx)
—/X)/(X)a*S(t)i*(X)Io(dX)
+/Xy(x)i*(x)10(dx).
Recalling $* = L, we have therefore

%wsm, i, ) = %vl )+ %vzm
_ B0 -5
S(t)
(5%)2

TS0 Jy ™y (0)i* (x) Io(dx)

— /on*y(x)S(t)i*(t)Io(dx).

+2/ y (0)i*(x)Io(dx)
X

Since
(5%)?
S(t)

/ ™y (0)i* (x) (S(t) + ) Ip(dx) = / o’y ()i (x) x 28 Ip(dx),
X X

which stems from the inequality a + b > 2+/ab, we have indeed proved that (4.14)
holds. O

Next we can determine the long-time behavior when the initial measure I puts a
positive mass on the set of maximal fitness.

Lemma 4.10. Let Assumption 2.1 hold. Assume that Ro(ly) > 1 and suppose that
Io({a(x) = o™*}) > 0, or in other words,

/ Ip(dx) > 0.
a(x)=a*

Let n(t) be defined by (2.13), then there exists a constant i such that
—00 < =N <1n(t) <7 < 400, (4.15)

forallt > 0. If moreover liminf, , _ [,
constant 1, (4.15) holds for all t € R.

I1(t,dx) > O, then up to changing the

(x)=a*
Proof. We first remark that 7 (z, dx) can be written as

t
1(t,dx) = exp <y(x)t |:77(t) + (a(x) — a*)% /0 S(s)ds]) Io(dx).
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By Jensen’s inequality we have

Ip(d Ip(d
exp f y ()2 5/ rmo__ Tol@0
a(x)=a* /oz(x):a* Io a(x)=a* foz(x):ot* Io(dz)

so that

() < Jay=ar 10 n / ey(x)tn(l)M
fa(x):a* V(X)IO(d'x) a(x)=a* -/Ol(X):a* 10

—g* IO 1
= Jatw=a In f 1(t,dx) ).
f(x(x):c{* V(X)IO(dx) fa(x):ol* Iy a(x)=a*

Applying Lemma 4.1, I(¢, dx) is bounded and we have indeed an upper bound for
tn(t). Next, writing

t
I(t,dx) =exp (y(x)tn(t) + (a(x) — a*)/ S(s)ds> Ip(dx)
0

and recalling that fot S(s)ds — 400 ast — 400, the function exp (y(x)tn(t) +

(x(x) — a™) fot S(s)ds) converges almost everywhere (with respect to Ip) to 0 on
X\{a(x) = o™}, so that by Lebesgue’s dominated convergence theorem, we have

1= 400 Jx\fr(x) =er*) X\fa(x)=a¥} 1> +00
t
exp (y(x)m(r) + (@) —a®) f s<s)ds) Io(dx) = 0.
0

Next it follows from Lemma 4.7 that lim inf,_, { » I (¢, dx) > 0, so that

t——+00

liminf/ I(t,dx) = liminf/ I(t,dx) > 0.
a(x)=a* t—>+oo [y

Assume by contradiction that there is a sequence (#,) such that ¢,7(t,) — —oo, then

/ I(t,dx) = / eV(X)tnﬂ(tn)IO(dx)
a(x)=a* a(x)=a*

< / ey*t”n(t")[()(dx) — eV*tnn(tn)/ Io(dx) > 0,
a(x)=a* a(x)=a* t——+00

where y; := infyequpp 1, ¥ (x) > 0. Thisis a contradiction. Therefore there is a constant
n > 0 such that

tn(t) > —n > —00.
In particular, the function ¢ — #n(¢) is bounded by two constants,
—00 < —n <in(t) <7 < +o0.

This completes the proof of Lemma 4.10. 0
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Finally we prove that any complete orbit that is already concentrated on {&(x) = o™}
is constant, provided the mass can be bounded whent — —oo. This is akind of LaSalle
principle, since we have a partial Lyapunov functional by Lemma 4.9.

Lemma 4.11. Let Assumption 2.1 hold and assume thata(x) = o™ forall x € supp Ip.
Suppose that (S(t), I(t, dx)) is a complete orbit of (2.1) with initial data (So, Iy (dx)),
and assume that

liminf/ I(t,dx) > 0.
X

——00

Then
1
St)=—., forallt € R.
o

Proof. Thanks to our assumption and the results of Lemma 4.10, we know that
tn(t) (where n(t) is defined by (2.13)) is bounded for ¢t € R; moreover by Lemma
4.9, the functional V (S(¢),i(t, x)) is well-defined and decreasing along the orbit
(S(t), i(t, x)), t € R. Since V(S(¢),i(t, x)) is bounded and decreasing there exists
V=% € R such that

V(S(t),i(t, x)) — |2

Lett, — —oo be a sequence with S(t,) — S~ and 1,n(t,) — n~°>° whent, —
—00, 50 that I (#,, dx) = €17 ) [y(dx) converges when t — —o0 to I, *°(dx) :=
"~ I(dx). Then the shifted orbits (S(t+tn), I(t+ty, dx)) converge, ast, — —00,t0
acomplete orbit (S™°°(r), 17°°(z, dx)) with 1 ~°°(0, dx) = I, *°(dx) = e Io(dx).
By the continuity of V, along the new orbit (S™°°(¢), I~*°(r, dx)), we have that

V(S70), I7®(t,dx)) = V™=
is a constant. Thus &V (S™°(1), I7°(¢, dx)) = 0 and, by (4.14),
ST =8* = ai* and (§~%°)/(¢) = 0forall t € R.

Then it follows from the first line in (2.1a) that

0=A—-0S8"—S* /x a*y (x)I~°(t,dx) forall t € R,
therefore in particular

/ y()e! 7O I(dx) = %(Ro —1).
X o

Thus n~° is a solution of (4.13) and, by the uniqueness of the solution, we have
n~* = 7 and I, *°(dx) = i*(x)Ip(dx). Thus

VTR = V(§7, e YWY = v (5¥,i%(x)) = 0.
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Thus V ~%° is the smallest possible value of V (S, i(x)). Since t — V (S(¢), i(t, x)) is
non-increasing, we have therefore

d
V(S(t), i(t,x)) =0, EV(SU)’ i(t,x)) =0, forallt € R.
By (4.14), we have therefore
1
Sit) =8* = — forall7 € R,
o

which completes the proof of Lemma 4.11. U
The next lemma is specific to case i) of Theorem 2.2

Lemma 4.12. Let Assumption 2.1 hold. Assume that Ro(lo) > 1 and suppose that
Ip({a(x) = a™}) > 0, or in other words,

/ Ip(dx) > 0.
a(x)=a*

Then
1
S(t) —— —and ||I(t,dx) — I*®°@@x)||ry —— 0,
t—+oo o t— 400

where we have the following formula for 1°°(dx), with T being the unique solution of
(4.13),

1%°(dx) = ¢ 1) —a+ Io(dx).
Proof. Suppose that there exist a sequence t, — +o00 and n* € [—7, 7] such that
. _ *
HEI}}OO tnn(tn) o T] ’

where 1(¢) is defined by (2.13). By Lemma 4.5, the shifted orbits (S(t +ty), I(t +

s dx)) converge up to the extraction of a subsequence to a complete orbit (S (1),

1°°(¢, dx)) with 1(¢,, dx) —+> e? (I’ Lo)=a+lo(dx) = I°°(t, dx). We know
n—-+0odo

that supp I*>°(¢, dx) C {a(x) = «*} and by Lemma 4.5 we have
/;{I"o(t, dx) > Oforallz € R.
Thus we can apply Lemma 4.11 which shows that
S®@1) = % forallt € R.
Thus (§°°)’(¢) = 0 and by using the first line in (2.1a) we find that

. 0
/Xy(x)e" YO g 1y =ar To(dx) = 5(720(10) —1).
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This is (4.13) which has a unique solution n* = 7. Since we can extract from any se-
quencet, — +o00 asubsequence witht,1(f,) — 7,weconclude thatlim,_, ;5 tn(t) =
t therefore

1, dx) % e Oy 1 To(dx).

We show similarly that S(t) — O% ast — +oo. O

When the set of maximal fitness {«(x) = «*} is negligible for I, it is more difficult
to obtain a general result for the long-time behavior of / (¢, dx). However we can prove
the concentration on the set of maximal fitness. The next lemma is specific to case ii)
of Theorem 2.2.

Lemma 4.13. Let Assumption 2.1 hold. Let (S (1), I(t, dx)) be the corresponding
solution of (2.1). Then one has

do (I(t,dx), My ({a(x) = a™})) —— 0.

t——+00

Proof. Let ¢ > 0 be given. By Lemma 4.2, there exists T > 0 such that forallt > T
we have

t . €

ooz 5.
Jo S(s)ds 2

Hence Lemma 4.3 implies that

/ I(t,dx) —— 0,
X\L¢ (o) t=>+oo

where L (lp) is defined by (2.4). In particular, if / (¢, dx)| L, (1,) denotes the restriction
of I(t,dx) to Lg(lp), we have || I (¢,dx) — I(t,dx)|r. o) lTv —+> 0 and hence
—+00

do(1(t,dx), 1(t,dx)| (1)) < drv (12, dx), 1(t,dx)|1,19)) — O.

t—+00

Here ¢ > 0 can be chosen arbitrarily small. By Lemma 4.1 we know moreover that

A
lim sup/ I(t,dx) < —,
t—+oo Jx min(6, ys)

so that for ¢ sufficiently large, we have

A
/ I(t,dx) <2—/———.
X mln(99 J/*)

Finally by using Proposition B. 5 (proved in Appendix), we have

do(1(t, dx), My (fa(x) = ™)) < do(I (1, dx), I (1, dx) |1, (1))
+do(I(t, dx) |1, (1), M+ (fe(x) = ™}))
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<do(I(t,dx), I(t,dx)|1, (1))

——— sup d(x. {a) =a*)).
min(0, V«) xer, (o) ( )

Since

sup d(x, {a(x) = ot*}) — 0,
xeLe(lp) 60
the Kantorovich-Rubinstein distance between /(z, dx) and M({a(x) = «*}) can
indeed be made arbitrarily small as t — +-00. This proves the lemma. U

We are now in the position to prove Theorem 2.2.

Proof of Theorem 2.2. The convergence of S(¢) and I (¢, dx) in case i) was proved in
Lemma 4.12.
Let us focus on case ii), that is to say, we assume

/ Ip(dx) = 0.
a(x)=a*

The uniform persistence of / (¢, dx) is a consequence of (4.6). The concentration on
the maximal fitness was proved in Lemma 4.13. Let us show that S(¢) — O% Suppose
by contradiction that it is not the case, then there exist ¢ > 0 and a sequence f,, — +00
with |S (ty) — al* > ¢. By Lemma 4.5 we can extract ,, a subsequence such that the
shifted orbits (S(7 + £,), I(t + t,, dx)) converge to (S%°(r), I°°(t, dx)). We have

Joay < 1(2.dx) = 0, [, I(t,dx) > 0, and

t——00

liminf/ I°(t, dx) > inf/ I°°(t,dx) > liminf/ I1(t,dx) > 0,
X teR Jx t—>+oo [y
because

f[oo(t,dx)z lim I(t +t,,dx)
X n—+oo Jy

zliminf/ I(T + 1y, dx) =liminf/ (T, dx)
X T—+o00 Jx

T—+o0

for any t € R. By Lemma 4.11 we have therefore
1
. _ o0 _
nlir—il:loos(tn) =570 = ot

This is obviously a contradiction. Theorem 2.2 is proved.

The following lemma is of independent interest and will be used later, in the proof of
Theorem 2.10. We state it at this point because it shows that there is no hope to adapt
the strategy of Lemma 4.12 to the case [ a(r)=a* Ip(dx) = 0. The main idea could
be explained as follows: if 7(#) is bounded, then up to an extraction the distribution
I (¢, dx) converges in norm to a distribution concentrated on {«(x) = «*}, which is
of measure 0 by assumption. This contradicts Lemma 4.6.
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Lemma 4.14. Let Assumption 2.1 hold. Suppose that Iy({a(x) = «*}) = 0and recall
the definition of n(t) by (2.13). Then it holds

tn(t) —— +o0.
—00

Proof. Assume by contradiction that there exists a sequence t, — -+oo such that
t,n(t,) has a uniform upper bound as #, — +00; then, observe that the quantity

eV () (Ol(x)g(ln)* Dty — eV (x)(a(x)fa*)g(tn Yint+y () (tn)tn
is uniformly bounded in #, and vanishes as #,, — +o00 almost everywhere with respect

to Ip(dx). By a direct application of Lebesgue’s dominated convergence theorem, we
have therefore

/1(,n’dx) :/ 7 @S @) =Dt po () 0,
X X ty—>+00

which is in contradiction with Lemma 4.6. We conclude that t5n (1) — 400 ast —
+o0. O

4.2. Concentration on {y (x) = y*}. Proof of Proposition 2.7.

We now turn to the proof of Proposition 2.7, and we first prove that (¢, dx) con-
centrates on the set of points maximizing both « and y. This property is summarized
in the next lemma.

Lemma 4.15. Let Assumptions 2.5 hold. Assume that Ro(ly) > 1 andthat In({a(x) =
a*}) = 0. Recalling the definition of o™ in (2.3) and y* in Assumption 2.5, let To(Ip)
be the set of maximal points of y on {a(x) = a™*}, defined by

Co(lp) :={x: y(x) = y* and a(x) = a™}.
Then one has

do (1(t, dx), M1 (To(10))) ——— 0.

Proof. We decompose the proof in several steps.
Step 1: We show that 7 (¢, dx) and 10{(x)§(t)2 1 (¢, dx) are asymptotically close in
Il - ll7v. That is to say,

17, d) = 1o (55211 ATy ——> 0.
Indeed we have

1(t.dx) = Ly50001 ] (1 d0) = 1y 5001 1 (¢, dx)

=1 eV(X)(Ot(X)E(I)*l)lIo(dx)'

a(x)S()<l
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First note that the function 1, 5.,/ (t, dx) = ]la(x)g(tkley(x)(“(x)g(’)_l)’Io(dx)
is uniformly bounded. On the other hand, recall that S(t) — % for t — o0, so that
1 aSH<1 0 as t — oo almost everywhere with respect to Iy (since Ip({a(x) =
a*}) = 0). It follows from Lebesgue’s dominated convergence theorem that

_ Y (@) (@@)S(@0) =1
Aﬂa(x)s(l)<le Io(dx) m) 0.

Step 2: We show that the measure Ilg([)yzle?(yg(’)_l)’A(dy) is bounded when t — oo
forall y < y*. Recall that A is the pushforward measure of Iy by the continuous map
a. Note that Ip({o(x) = a*}) = 0 implies that A({«*}) = 0 and remark that one has

*

o .
f Lyosin=11 (. dx) = f / eV OSO=D1 15y dx)A(dy),
X B (¢*,1/5(0) Ja(x)=y

min
s0, according to Step 1, for ¢ sufficiently large one has

*

o
/ I(t,dx) = / B /
y(Ely,y*] min(e*,1/85(1)) Ja(x)=y and y (x)€[y,y*]

e’ WOSO=-DI (3 dx)A(dy) + o(1)

*

o
- | /
min(*,1/5(1) Ja(x)=y and y (x)€ly,y*]
e?(yS(t)fl)llo(y, dx)A(dy) + o(1)

*

o
= / _ f Io(y, dx)
min(e*,1/S(t)) Ja(x)=y and y (x)€[y,y*]

7 OSO=D1 Ady) 4 o(1)

*

o -

> m/ e’ SOV A(dy) + o(1),
min(e*,1/5(t))

wherein m > 0 is the constant associated with y in Assumption 2.5 and we used the

Landau notation o(1) to collect terms that converge to 0 as + — +o00. Recalling the

upper bound for / (¢, dx) from Lemma 4.1, we have

s

o -~ 1
lim Sup/ e’ OSO=D1 A(dy) < lim sup a/ I(t,dx) <
X

t—-+00 Jmin(a*,1/S(t)) t—+00

A

—_— <
mmin(6, yo)

Note that, if the constant m is independent of y, then the above estimate does not
depend on y either.
Step 3: We show that f 1,00<yp lﬁ(z)a(x)zl I (¢, dx) vanishes whenever y < y*.

Fixy <y*andlet0 < ¢ < V*T_y Then we have
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*

o
/ 1(t,dx) =/ /
y () <7 and a(x)>1/5(t) min(a*,1/8(1)) Jy (x) <y and a(x)=1/5(1)
eV @OSO=D1 3 4y) A(dy)

*

o
< / / Io(y. dx)
min(e*,1/8(1)) Jy (x)<7 and a(x)>1/S(t)

e()’**zf)(yg(l)*l)lA(dy)

*

o
= f _ f _ Io(y,dx)
min(a*,1/5(1) Jy (1) <y and a(x)=1/5(1)

e EOSO=11 AIOSO-D1 g ().

where | := y* — . Reducing ¢ if necessary we may assume that % > 1. Therefore
it follows from Holder’s inequality that

* n
&

o —
[ wan= ([0 (o)
y(x)<y and a(x)>1/5(1) min(e*,1/S(t))

. a
X / (/ 10()’,dx)>yI N OSO=D1 4 (dy)
min(e*,1/8(1)) a(x)=y

o* _ _ ;T
- (/ e~ PGSOt 71 (ysm—l)rA(dy))

min(a*,1/5(1))

a* o 1= ﬁ
“ / 167 OFO=11 4 (dy)
min(a*,1/5(1))

a* ﬁ a* I 17%
< / A(dy) / eYl(yS(l)—l)lA(dy)
min(a*,1/5(1)) min(a*,1/5(1))

1—£
e o T
= 1oLy _mina, 150y To) 7 (/ eSO Ady)

o (yS(z)—l)rA(dy)) "

=
1 1

71
min(a*,1/8(1))

(4.16)

Since S(r) — 1/a* ast — oo, Io(Lc(Ip)) —0> 0 and by the boundedness of
€—

*

frﬁm(a* 1/5() efl(yg(’)’l)’A(dy) shown in Step 2 (indeed y; = y* — ¢ < y¥), we
have
/ I(t,dx) —— 0,
y(x)<y and a(x)>1/5(1) 1—>+00

and this completes proof of Lemma 4.15. U

Proof of Proposition 2.7. The concentration of the distribution to M ({a(x) = «™}N
{y (x) = y*}) is shown in Lemma 4.15.

Next we prove the asymptotic mass. Pick a sentence t, — 4-00. By the compactness
of the orbit (proved in Lemma 4.6) we can extract from #, a subsequence ¢, such that
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there exists a Radon measure 7°°(dx) with
do(I(¢t,dx), I°°(dx)) —— 0,
t—+00

and since S(t) — al* and upon further extraction, S’(z;) — 0. Therefore,

A—=5'()
S(tr/z) n——+00

/ a(xX)y (x)I (), dx) = a*A—60=60Rollp —1).
X

By the concentration result in Lemma 4.15, I°° is concentrated on {a(x) = o™} N
{y (x) = y*}. Therefore

a*y*/ I°°(dX)=/ a(x)y ()% (dx)

X X

= lim [ a(x)y()I(t,, dx) =06 (Ro(lo) — 1),
n—+o00 Jy

so that

im [ 1, dx) = / I°°(dx) = —— (Ro(Ip) — 1).
X X

n——+00 a*y*

Since the limit is independent of the sequence #,, we have indeed shown that

, 0
til?oo/;(l(t,dx) = a*—y*(Ro(lo) - 1.

To prove the last statement, set

*

a y* _
f@) = / f COSO=DI (A7) A(dy),
Y

min(a*,1/5(t))

where y < y*. It follows from (4.16) that

/ I(t,dx) —— 0,
y(x)<y and a(x)>1/8(1) 1—>+00

therefore, recalling the definitions of Ig 7 and I§ as the disintegration of the measure
Io(y, dx) in (2.7),

*

a y* _
f(t):/ / /{() }eZ@S(”*‘”IS"y(y,z,dx)lg(z,dy)A(dy)
Y yX)=z

min(a*,1/5(t))

I(t,dx)

/);S)/(X)SV* and a(x)>1/S(1)

satisfies

0 < lim inf/ I(t,dx)
X

t——+00



32 Page 46 of 60 J.-B. BURIE ET AL. J. Evol. Equ.

t——+00

= lim inf |:/ I(t,dx) + f(t)] < liminf f(z).
(x)<y and a(x)=1/8(t) {—>+00

Remark that

v*

fX 1y () Lysy Lsey=1] (2, dx) = / Ty (0)esSODEY (y, 2, de) I (3, dz) A(dy)

mm(ot l/S(r))

J
[—
B min(a* 1/5(1)) 12
J

a* y*
3
mm(ot l/S(t))

Zf(t)E,

\

{r )=z}

Ty IS (v, z, dx)ef@SODI &y dz) A(dy)

\

{r )=z}

N\C\

EOSO=Dr ey, dz) A(dy)

provided ¢ is sufficiently large and y is sufficiently close to y*, where
A(dy) I5 (y.dz) o
Y :=liminf essinf  essinf f Liev 1y ’V(y, z,dx) > 0.
X

e—>0 o*—e<y<a*y*—e<z<y*

Therefore

lim inf/ I(t,dx) > f liminf f(¢) > 0.
U 2 t—+4o0

t—+00

This completes proof of Proposition 2.7.

5. The case of a finite number of regular maxima

In this section we prove Theorem 2.10. To that aim, we shall make use of the
following formula

t
1(t, dx) = exp (y(x) (a(x)/ S(s)ds — t)) Io(dx). 5.1)
0

Recall also the definition of 1 (¢):

t
n(t) = o % / S(s)ds — 1 =a*S(r) — 1.
0

Proof of Theorem 2.10. We split the proof of this result into three parts. We first derive
asuitable upper bound. We then derive alower bound in a second step, and we conclude
the proof of the theorem by estimating the large time asymptotic of the mass of 7 around
each point of {a(x) = a*}.

Upper bound

Leti =1, .., p be given. Recall that Vo (x;) = 0. Now due to (ii7) in Assumption 2.8
there exist £7,¢4~ > 0and T > &y 2 large enough such that for all # > T and for all

yEB (O, t_%) we have

—F Iy < a(x +y) —a* < 07|y
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As a consequence, setting
a(x)

a*

L) =y

we infer from (5.1) and the lower estimate of Iy around x; given in Assumption 2.8
(ii), thatforallt > T

/ | 1(t, dx) =/ | €xp (ty(x) (“;(—f (*S@)—1) + aéf) - 1)) Io(dx)
lxj—x|<t™ 2 [xj —x|<t™ 2

> M | 1 exp [T (s + ) = 1y (i + @)~ ey dy.

lylst™2

’

Next since the function I = I (¢, dx) has a bounded mass, there exists some constant
C > 0 such that

/ I(t,dx) <C, vVt > 0.
]RN

Coupling the two above estimates yields forall z > T

[ ep [mor e+ ) - i e ey ay < mc.
ly

|<t2

Hence setting z = y+/7 into the above integral rewrites as
K . _1 _1 —
[ H e [more: +14 -y + o et
lzl=1

dz
[NTEMC’ vVt >T.

Now, since y and « are both smooth functions, we have uniformly for |z|] < 1 and
> 1.

e+ =y +0 (177,

y(xi + t‘%z) =yx)+0 (t_7> .

This yields for all # > 1

/Z|<1 t_%|Z|Kf exp [tn(t) (y(xi) + O (t‘%)) _ V(xi)(a*)_lﬂ+|z|2] % <M,

_1
l‘_%_%em(t)<ym)+o<t 2))f |Z|Kie_}’(xi)(ot*)"ﬁlz\zdz <CM,

lz|=1

that also ensures the existence of some constant ¢; € R such that

N + k;
2

@) (v +0 (1)) - Int < ey, Ve 1,

or equivalently

N +«k; Int 1
nt) < ———+0|-) ast — oo.
2y(xi) t t
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Since the above upper bound holds for alli =1, .., p, we obtain the following upper
bound

Int 1
n(t) < QT + 0 (;) ast — 0o, 5.2)

where o is defined in (2.15).
Lower bound

Let 1 € (0, g9) small enough be given such that for alli = 1, .., p and |y| < ¢ one
has

a(xi+y) <a* — |y
Herein £~ > 0 is defined in Assumption 2.8 (iii). Next define

=
g:=— min min y(x; +y) > 0.
¥ i=1,..plyl<e

Recall that I'(x) = “2® and VI (x) = L (@(x)Vy (x) + y (x) Var(x)). This im-
plies that for any k = 1, .., p one has I'(xx) = y (xx) and VI'(x;) = Vy(xx). Hence
Taylor expansion of the smooth function I" near any x; ensures that there exists some
constant M > 0 such that for all k = 1, .., p and all |x — x| < & one has

IT() =y (k) = Vy () - (x — x| < Mx — xel*. (5.3)

Nextfixi =1, .., pand ¢ € (0, &1). Then one has for allt > 0

a(x) —a*
[ reao=[ e (tF(x)n(t) Ty (a—>> (@)
|x—xi|<e lxj—x|<e

< / exp [rn(t)r(x) —tglx — x,-|2] To(dx).
[x—xi|<e

Next we infer from (5.3) that

/ I(t,dx) < elﬂ(t))/(x,')/
[x—xi|<e [x—xi|<e

exp [t (nOVY () - (& = x0) = (g + O0@))Ix = x:2) | fo(@n).
Now observe that for all # >> 1 one has

NOVy () - (x = x0) — (€ + Om@))x — x> = —(g + 0(n(1)))
_ n0Vye) [P n@AVy el
2+ 0| g+ 0Mm))

X — X
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so that we get, using Assumption 2.8 (i7), that

L @AYy
/ I(t,dx) < "7+ HGronmy - /
[x—xi|=<e [x—xi|=<e

n()Vy (xi)

— 0] -
exp | —(g+ Om())t e+ 060))

X —X; —

2
‘ Io(dx)

L @AYy )P
< Metn(t)y(xz)+74(g+0<,7(,)))

X / lx — x; |
|x—xi|<e

exp [ —(g + O(m()r

nOVy () ‘2
X — X —

2(g+ 0(n())

We now make use of the following change of variables in the above integral
HVy(x;
Y U 0\ OB Y
2(g+ 0(n()))
so that we with

@2 Vy @pl?

N+ .
/ [(t,dx) <t 7 MY Gmoam C(r),
[x—xi|<e

with C(t) given by

. o)
Cty==M Iz + VIO ()T 2
Izl <Vt (e+0 (1))

dz.
Now let us recall that Lemma 4.14 ensures that
lim tn(t) = oo.
—00
Hence one already knows that n(#) > 0 for all # > 1. Moreover (5.2) ensures that
lim /in(1) =0,
—00
so that Lebesgue convergence theorem ensures that
C(t) > Coo i= M/ 1z~ 51 dz € (0, 00) as 1 — 0.
RN

As aconclusion of the above analysis, we have obtained that there exists some constant
C’ such that for all ¢ € (0, ¢1) and all i = 1, .., p one has

, N+« .
/ I(t,dx) < C't= 2 MD76D yp s 1. (5.4)
[x—xi|<e
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Since I (¢, dx) concentrates on {a(x) = ™}, then for all ¢ € (0, &1) one has

I1(t,d I(t,dx)dx + o(1 .
/R (t,dx) = Z/x e (t,dx)dx +o(1) ast — o0

Using the persistence of I stated in Theorem 2.2 (see Lemma 4.1), we end-up with

P
0 <liminf/ 1(t, dx) §limian/ 1(t, dx),
RN 11— P |

t—00 x—x;|<e

so that (5.4) ensures that there exist ¢ > 0 and T > 0 such that

0 2”: ra(mO-555m0) o g (5.5)

Now recalling the definition of ¢ and J in (2.15) and (2.17), the upper bound for 7 (z)
provided in (5.2) implies

. _ N+k;
Zey(x’)(m(t) 2y () lnt) — 0ast — oo,

iglJ
and (5.5) rewrites as
c
- y(xi)(tn(t)—elInt)
<5 Ze , Vi 1L
eJ
This yields
liminf (tn(t) —oIlnt) > —o0,
t—>00
that is
Int 1
n(t)zQT+0 " ast — oo. (5.6)

Then (2.14) follows coupling (5.2) and (5.6).

Estimate of the masses In this last step we turn to the proof of (2.16). Observe first
that the upper estimate directly follows from the asymptotic expansion of n(¢) in
(2.14) together with (5.4). Next, the proof for the lower estimate follows from similar
inequalities as the one derived in the second step above.
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Appendix
A The case of a unique fitness maximum

If the function «(x) has a unique global maximum in the support of the initial
data, then our analysis leads to a complete description of the asymptotic state of the
population. This may be the unique case when the behavior of the orbit is completely
known, independently on the positivity of the initial mass of the fitness maximizing
set {a(x) = a™}.

Theorem A. 1. (The case of a unique global maximum) Let Assumption 2.1 be satis-
fied. Suppose that the function @ = «(x) has a unique maximum o™ on the support of
Iy attained at x* € supp Iy, and that

A
Ro(lp) == ga* > 1.
Then it holds that
S(t ! do (I(t,dx), I%°8,+(d 0
0T DU 780 @) 7 O

where 8.+ (dx) denotes the Dirac measure at x* and

0
I° = ——(Ro(lp) — 1).
o’y (x*)


http://creativecommons.org/licenses/by/4.0/
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B Existence of a regular metric projection

In this section we let (M, d) be a complete metric space. Let JC(M) be the set of
compact subsets in M and let K € KC(M). We first recall that we can define a kind of
frame of reference, internal to K, which allows to identify each point in K.

Recall that (KX(M), dy) is a complete metric space, where dy is the Hausdorff
distance

xekK xekKy

dy (K1, Ky) = max (sup d(x, K3), sup d(x, Kl)) .

Proposition B. 1. (Metric coordinates) There exist a finite number of points x1, ..., x, €
K with the property thateach 'y € K can be identified uniquely by the distance between
yand x1, ..., Xy. In other words the map

d(y, x1)
y 5 : e R},

d(y, xn)

. . . . . . -1
is one-to-one. Moreover ck is continuous and its reciprocal function ¢’ : cx (K) —
K is also continuous.

Proof. Letus choose x| € K and xo € K such that x; # x>. We recursively construct
a sequence x, and a compact set K, such that

Ky ={yeK :d(y,xi) =d(y,x)) forall 1 <i <n},

Xn+1 € Ky,

the choice of x,41 being arbitrary. Clearly K, is a compact set and K,+1 & K,.
Suppose by contradiction that K,, # & for all n € N, then (because K is compact)
one can construct a sequence X,), extracted from x,, which converges to a point

x= lim_ xym € () Kn=: Ko

n—+00
neN

In particular K, is not empty. However we see that, by definition of K,, we have
d(x, x,) =d(x,x;) > 0 for all n € N, which contradicts the fact that

nBTood(x’ Xpn)) = 0.

Hence we have shown by contradiction that there exists ng € N such that K,,, = @
and K,,—1 # &. This is precisely the injectivity of the map cgx : K — R"0.

To show the continuity, we remark that ck is continuous, and therefore for each
closed set F C K, F is compact so that cx (F) is compact and therefore closed.
Therefore (cl_(l)’1 (F) = cx(F) isclosed in cx (K). The proposition is proved. [
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Recall that the Borel o-algebra B(M) is the closure of the set of all open sets in
P(M) = 2M under the operations of complement and countable union. A function
¢ : M — N is Borel measurable if the reciprocal image of any Borel set is Borel, i.e.,
¢ Y(B) € B(M) for all B € B(N).

Proposition B. 2. (Borel function of choice) There exists a Borel measurable map
c: (K(K).dn) — (K, d) such that

c(K") e K' forall K' € K(K).

Proof. Letck : K — R be the map constructed in Proposition B. 1. For a compact
K’ C K we define

c(K'):=c2'( min ,

(K") K (yecK(K’) Y>

where the minimum is taken with respect to the lexicographical order in R0 (which is
a total order and therefore identifies a unique minimum for each K’ € K(K)). Since
the map K C R" — min,cg y is Borel for the topology on (IR"?) induced by the
Hausdorff metric, so is ¢. The proposition is proved. O

Proposition B. 3. (Borel measurability of the metric projection) Let K C M be com-
pact. The map Pg : M — K(K) defined by

Pg(x)={y e K : d(x,y) =d(x, K)},

is Borel measurable.

Proof. First we remark that the map
Pxk(x):={ye K :dx,y)=dx,K)} e K(M),

is well-defined for each x € M, and therefore forms a mapping from M into K(K) C
KC(M).Indeed Pk (x)is clearly closed in the compact space K and therefore is compact.

To show the Borel measurability of Pg, we first remark that, given a compact space
K’ C K, the set

PN (K :={xeM: Pk(x)NK' #2)
is closed. Indeed let x, — x be a sequence in Py 1(K "), then by definition there
exists y, € K’ such that d(x,, y,) = d(x,, K). By the compactness of K’, there exist
y € K’ and a subsequence yy, extracted from y, such that y,,) — y. Because of
the continuity of z — d(z, K), we have

d(x,y) = nEI—&r-lood(x(p(n)’ Vo)) = nETood(xq)(n)» K)=d(x, K),

therefore y € Pg (x) N K’, which shows that x € PEI (K"). Hence P,;l(K’) is closed.
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We are now in a position to show the Borel regularity of Px. Let C € K(K) and
R > Obe given. We define By (C, R) the ball of center C and radius R in the Hausdorff
metric:

By(C,R) = {C' € K(K) : dy(C,C") < R}.
Then
P (Bu(C,R) ={x € M : dy(Px(x),C) < R} = B; N By,
where

By ={xeM :d(y,C)<Rforally € Pg(x)}, and
By ={xeM :d(z Pk(x)) < Rforall z € C}.

It can be readily seen that B; is a Borel set by writing

B = Pg (Ve(©) ) (M\ (;’E(K \VR+,1,<C>>)> :
n>1

where Vg(C) :={y € K : d(y,C) < R}. To see that B, is a Borel set, we choose a
sequence z,, which is dense in C and write

By =) ﬂ;’;_/l(B(zn, R+1/k)).

k>1n>1

Indeed if x € B> then Pk (x) intersects every ball of radius R and center z € C; in
particular Pk (x) intersects every ball of radius R + 1/k and center z,,. Conversely
suppose that Pg (x) intersects every ball B(z,, R + 1/k) forn > 1 and k > 1. If
z € C, then there is a sequence zy) such that z = lim z, ), and (by assumption) we
have Pk (x) N B(zyk), R + 1/k) # @. Therefore we have

, 1
d(z, Pk (x)) = (2o, Pk (x)) < Jim R+ =R.

lim d
k——+o00

Thus x € B, and the equality is proved.

We conclude that Pgl(BH(C, R)) is aBorel set for all C € K(K) and R > 0, and
since those sets form a basis of the Borel o-algebra, Pk is indeed Borel measurable.
The lemma is proved. O

Theorem B. 4. (Existence of a regular metric projection) Let K C M be compact.
There exists a Borel measurable map Pg : M — K such that

d(x, Pk (x)) = d(x, K).

Proof. The proof is immediate by combining Proposition B. 3 Proposition B. 2. [
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Proposition B. 5. (Metric projection on measure spaces) Let K € K(M) be a given
compact set. Let @ € My (M) be a given non-negative Borel measure on M. Then
the Kantorovich-Rubinstein distance between v and M (K) can be bounded by the
distance between K and the furthest point in supp p:

do(p, M4 (K)) < liwlirv  sup d(x, K).
XESupp i

Proof. Indeed, let us choose a Borel measurable metric projection Pg on K as in
Theorem B. 4. Let uX be the image measure defined on B(K) by

1X(B) := u(Pg'(B)), forall B € B(K).
Then in particular for all f € BC (M) we have
f £ (P (0)d(x) = f Fedek ).
RN K

Let f € Lip;(M), then we have
/ fdp — ) = f FO)dp(x) — / Fodp® (x)
RN RN RN
- / FOOdRr) — / F(Px ()dp(x)
RN RN
= /R () = F(Pr())dux)
< f I — Pr (Oldp(x)
supp i

< sup d(y,K) ldp = llulirv sup d(x, K).
yesupp p supp i xesupp K

Therefore do(u, u*X) < llnllry SUP ¢ cqupp K d(x, K) and, since uX € M, (K),

do(p, M4(K)) < do(ue, 1) < Iullry sup d(x, K).
xesupp i

The proposition is proved. 0

C Disintegration of measures
C.1 Bourbaki’s disintegration theorem

We recall the disintegration theorem as stated in [7, VI, § 3, Theorem 1 p. 418].
We use Bourbaki’s version, which is proved by functional analytic arguments, for
convenience, although other approaches exist which are based on measure-theoretic
arguments and may be deemed more intuitive. We refer to Ionescu Tulcea [26,27] for
a disintegration theorem resulting from the theory of (strong) liftings.
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Let us first we recall some background on adequate families. This is adapted from
[7, V.16 § 3] to the context of finite measures of RY . We let 7 and X be locally compact
topological spaces and u € M (T) be a fixed Borel measure.

Definition C. 1. (Scalarly essentially integrable family) Let A : t — A; be a map-
ping from 7 into M (X). Then A is said to be scalarly essentially integrable for
the measure w if for every compactly supported continuous function f € C.(X),
the function ¢t +— fx f(x)As(dx) belongs to Ll(,u). Define the linear form v(f) =
J7 Jx @)X (dx)pu(dr) on C.(X). Hence v is also a measure on X, which is the
integral of the family A, and we denote

/ A p(dt) :=v.
T

Recall that every positive Borel measure p on a locally compact space X defines a
positive bounded linear functional on C.(X) equipped with the inductive limit of the
topologies on C.(K) when K runs over the compact subsets of X. Conversely if 1 is
a positive bounded linear functional on C.(X), there are two canonical ways to define
a measure on the Borel o-algebra.

1. Outer-regular construction. Let U C X be a open, then one can define
p*(U) :=sup{u(f): f € Ce(X),0 < f(x) < Ly()},
then for an arbitrary Borel set B,
w*(B) :=inf {u*(U) : U open, B C U}.

This notion corresponds to that of the upper integral discussed in [7, IV.1 § 1].

2. Inner-regular construction. If U C X is open, we define u®*(U) := u*(U) and
similarly if K C X is compact, then u®(K) := pu*(K). Then for an arbitrary
Borel set B which is contained in an open set of finite measure: B C U with
n®(U) < 400, we define

u®(B) ;= sup{u®(K) : K compact, K C B}.

Else u®(B) = +o0. This corresponds to the essential upper integral discussed
in[7, V.1, § 1].
It is always true that u® < u*; however it may happen that u* # ©® when p* is not
finite, see, e.g., [5, 11 § 7.11 p.113] or [7, V.1, § 1]. If u is a Borel measure, then we
define the corresponding notions of p® and u* associated with the linear functional
f— fx f(x)u(dx). Note that if  is Radon, then u* = u = u°.

Definition C. 2. (Pre-adequate and adequate families) We follow [7, Definition 1, V.17 § 3].
Let A : 7 — X; be a scalarly essentially p-integrable mapping from 7 into M (X),
v the integral of A.
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We say that A is u-pre-adequate if, for every lower semi-continuous function f > 0
defined on X, the function 7 +— f S ()17 (dx) is p-measurable on 7' and

/ FOOV*(dx) = / / FOOR (@)t (do).
X TJX

We say that A is u-adequate if A is u'-pre-adequate for every positive Borel measure
/
wo=

The last notion we need to define is the one of u-proper function.

Definition C. 3. (u-proper function) We say thata function p : T — X is u-proper if
itis -measurable and, for every compact set K C X, the set p~!(K) is u®-measurable
and ;L'(p’l (K)) < +o0.

If v is Radon, in particular, then every p-measurable mapping p : 7 — X (X
being equipped with the Borel o -algebra) is p-proper. The following theorem is taken
from [7, Theorem 1, VI1.41 No.1, § 3].

Theorem C. 4. (Disintegration of measures) Let T and X be two locally compact
spaces having countable bases, | be a positive measure on T, p be a p-proper
mapping of T into X, and v = p(u) the image of u under p. There exists a v-
adequate family x +— i, (x € X) of positive measures on T, having the following
properties:

i) |Axll = 1 forall x € p(T),
ii) Ay is concentrated on the set p~'({x}) for all x € p(T), and A, = O for
x & p(T);
iii) = [ Ay v(dx).
Moreover, if x = ), (x € X) is a second v-adequate family of positive measures on
T having the properties b) and ¢), then )\, = A, almost everywhere in B with respect
to the measure v.
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