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Abstract

Simulating flow problems is at the core of many engineering applications but often requires high computational effort,
especially when dealing with complex models. This work presents a novel approach for resolving flow problems using
the LATIN-PGD solver. In this contribution, we place ourselves within the framework of Newtonian compressible and
laminar flows. This specific and relatively simple case enables focusing on flows for which a state equation provides
a direct relation between pressure and density. It is then possible to use the LATIN solver to set up a pressure-velocity
decoupling algorithm. Moreover, Proper Generalised Decomposition (PGD) is natively included in the solver and
yields two independent space-time decompositions for the velocity and the pressure fields. As a first step, the solver
is validated on a problem for which an analytical solution is available. It is then applied to slightly more complex
problems. The results show good agreement with the literature, and we expect that the solver could be used to compute
more complicated material laws in the future.

Keywords: Newtonian flows, decoupling strategy, proper generalised decomposition, LATIN-PGD

1. Introduction

Despite the formalisation of Navier-Stokes equations in the first half of the 18th century, analytical solutions were
only obtainable for particular cases for many years. During the 1950s, advancements in the field of computational
science enabled the resolution of the intricacies inherent within these equations. The first computational approach
to solving incompressible flow problems utilised finite differences [1, 2] while Taylor [3] proposed a method that
employed finite elements a few years later, thereby allowing the management of more complex geometries.

Numerical solvers dedicated to flow problems are constantly evolving to meet specific needs. For example, recent
studies have employed various methods, including advanced stabilisation techniques [4], log-conformation reformu-
lation for viscoelastic flows [5], and the PFEM for evolving domains [6]. Direct coupling methods, also known as
pressure-velocity formulations, are widely used to solve fluid problems. These methods involve gathering all the equa-
tions of the problem into a single matrix, which can lead to high computational costs, as mentioned in [7]. Therefore,
one can resort to pressure-velocity decoupling strategies presented in [8, 9].

However, all these approaches require high computational effort, mainly due to the problem’s non-linearities. In
this context, it is advisable to investigate surrogate models or model order reduction techniques. Despite being non-
intrusive, surrogate approaches (such as metamodels or neural networks) are designed to compute specific quantities of
interest, and one needs to fully reconstruct the model if they want to access other data. For in-depth studies where we
compute many fields, building a reduced-order model seems more appropriate. In most cases, model order reduction
techniques consist of two stages: the offline phase, which is computationally expensive, and the online phase, which is
significantly faster. The offline phase involves computing several high-fidelity solutions, referred to as snapshots, for
various parameter sets. One uses the snapshots to compute a reduced-order basis, and once it is obtained, the online
phase enables the rapid computation of solutions for new problems. Proper Orthogonalised Decomposition (POD)
[10] is a widespread model order reduction technique. During the online phase, it involves projecting the equations
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of the new problem onto the reduced basis to obtain a fast and accurate solution. We encounter POD in many CFD
problems [11, 12, 13], but methods like gappy-POD [14], reduced basis [15], or manifold interpolation [16] might
also be suitable. All of these methods prove to be efficient in parametric studies, but the offline phase becomes costly
and not worthwhile in the frame of studies with few computations. Therefore, one can imagine to investigate model
order reduction techniques, which provide a progressive enrichment of the solution throughout the computation.

The Proper Generalised Decomposition (PGD) [17, 18] offers such a possibility in the frame of flow problems. In
the first application of PGD for Navier-Stokes equations [19], the separated variable decomposition focuses only on the
space variables. Later, PGD has been applied to simulate harbour agitation [20] and the solution field is decomposed
in space functions and functions depending only on the wave direction and frequency. The fluid resolution schemes
are indeed generally incremental, and it is therefore impossible to build a solution across the entire space-time domain
without considering all time steps. This issue is crucial for the application of PGD, and one must develop non-
incremental schemes to allow a space-time decomposition. A first attempt is presented in [21], where a fixed-point
algorithm is used to generate new modes. Performing a linearisation around the solution obtained at the previous
iteration enables us to consider non-linearities. However, the authors recognise that this linearisation technique is not
optimal [22]. In this context, looking for an appropriate non-incremental and non-linear solver seems essential.

In the 1980s, Pierre Ladevèze proposed a novel approach, known as the LATIN method, to address non-linear
structural mechanics problems [23, 17]. Moreover, the method includes natively PGD and thus enables a space-time
decomposition of the solution. The LATIN-PGD solver has been applied to various fields, including geometric and
material non-linearities, contact, and composite damage, among others. In the domain of fluid mechanics, a strategy
based on the LATIN solver combined with multiscale domain decomposition methods has been developed for fluid-
structure interaction [24]. However, this approach does not make use of PGD. One can find more details on the
domains of application of the LATIN solver in [25]. In particular, the LATIN-PGD version for multiphysics problems
may be of interest here, as coupling strategies between velocity and pressure are crucial in the Navier-Stokes equations.
Initially presented in [26] for poroelasticity problems, the solver relies on the separation of the difficulties. Each
iteration of the algorithm consists of two stages: one that utilises only the coupled non-linear constitutive relations
and another that employs global admissibility equations for each physical fields independently. The method proves
to be very modular, enabling the construction of an independent basis for each primal fields and the use of different
discretisations in time and space [27, 28]. More recently, the solver has been extended to more complex multiphysics
problems (thermo-poroelasticity) in a more robust version [29]. This latter turns out to be favourable when tackling
parametrised problems.

This paper presents a novel approach based on the LATIN-PGD method to solve the Navier-Stokes equations. To
the best of the authors’ knowledge, such work has not been previously presented in the literature. It could overcome
several difficulties related to non-linear flows: reducing the complexity of the problem through a decoupling strategy,
enhancing computational efficiency with PGD, dealing with non-linearities, and introducing complex material laws at
the local stage. To demonstrate the solver’s capability to solve flow problems, we focus here on relatively simple 2D
and 3D problems, specifically Newtonian laminar flows. Moreover, to have a constitutive law that couples pressure
and velocity, the study focuses on compressible flows.

The paper is organised as follows. In Section 2, the continuous governing equations of the reference flow problem
are presented, followed by their numerical discretisations in Section 3. Section 4 focuses on the LATIN-PGD solver in
the frame of fluid studies. In Section 5, we prove the relevance of the method on three numerical examples. The first
example consists of a simple case for which an analytical solution is available. We then reproduce the well-known
benchmark of a flow around a cylinder. Finally, one shows the extendability of the code to 3D geometries. Section 6
yields concluding remarks and possible outlooks for this work.

2. Reference flow problem

This section describes the reference problem by presenting the equations related to compressible Newtonian flows.
We carry out the study on a bounded domainΩ ⊂ R3 during the time interval I = [0, T ]. Equations of flows are derived
from conservation principles [30]. The mass conservation yields the continuity equation (1):

∂ρ

∂t
+ ∇ · (ρv) = 0 (1)
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where ρ is the fluid density and v the flow velocity.
The second flow equation comes from the conservation of momentum (2):

∇ · σ + b = ρ
dv
dt

(2)

with σ the symmetric stress tensor, b the volumic body forces. dv
dt designates the material derivative of the velocity

and is defined as (3):
dv
dt
=
∂v
∂t
+ ∇(v)v (3)

Constitutive relations close the system of equations. The expression for the stress tensor is given in (4) where τ is
the deviatoric stress and p is the pressure.

σ = τ − pI (4)

As emphasised in the introduction, the study is restricted to Newtonian compressible flows. In such case, the deviatoric
stress is given by (5), whereM is the viscosity tensor of order four and µ and λ respectively designate the dynamic
viscosity and the second viscosity [31]:

τ =M : ∇symv = 2µ∇symv + λTr∇symvI (5)

The second constitutive equation relates to the density ρ. For compressible flows, a state equation links density
and pressure. Here, we use the ideal gas equation (6) where R is the ideal gas constant and M the molar mass:

p = f (ρ) =
R
M

Tρ = rTρ (6)

For air, one can take r = 287.04 J kg−1 K−1 [32]. Again, we assume that the temperature is constant, and set
T = T0 = 293 K.

Finally, one needs boundary and initial conditions. Boundary conditions are of Dirichlet type (7a), (7b) and
Neumann type (7c): 

p = pd over ∂pΩ × I

v = vd over ∂vΩ × I

σn = Fd = −pd n over ∂FΩ × I

(7a)
(7b)
(7c)

The initial conditions (8a) and (8b) are for the density and the velocity, since the flow is compressible:ρ(t = 0, x) = ρ0 = f −1(p0) ∀x ∈ Ω
v(t = 0, x) = 0 ∀x ∈ Ω

(8a)
(8b)

where p0 is the initial pressure in the medium.

3. Numerical discretisation

This section deals with the numerical discretisation: we first discretise the space and then the time. Here, H1(Ω)
designates the Sobolev space of square-integrable functions whose first-order derivatives are also square-integrable.

Let us define the following function spaces:

• V = { v | v ∈ H1(Ω), v = vd over ∂vΩ };

• V0, the associated homogeneous space ;

• P = { ρ | ρ ∈ H1(Ω), ρ = ρd over ∂ρΩ };

• P0, the associated homogeneous space.
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The balance equations (1) and (2) given in Section 2 can be written in a weak form using a variational formulation.
Therefore, after integration, the compressible flow problem is:

Find v ∈ V, ρ ∈ P such that ∀t ∈ I:∫
Ω

∂ρ

∂t
ρ⋆ dΩ +

∫
Ω

ρv · ∇ρ⋆ dΩ = 0 ∀ρ⋆ ∈ P0 (9a)

∫
Ω

ρ
dv
dt

v⋆ dΩ +
∫
Ω

σ : ∇symv⋆ dΩ =
∫
Ω

b · v⋆ dΩ +
∫
∂FΩ

Fd · v⋆dS ∀v⋆ ∈ V0 (9b)

v(x, t = 0) = v0 ∀x ∈ Ω (9c)

ρ(x, t = 0) = ρ0 ∀x ∈ Ω (9d)

When replacing the stress tensor and the pressure by their expressions given by the constitutive relations (4) and
(6), one gets the subsequent weak form of the problem:

Find v ∈ V, ρ ∈ P such that ∀t ∈ I:∫
Ω

∂ρ

∂t
ρ⋆ dΩ +

∫
Ω

ρv · ∇ρ⋆ dΩ = 0 ∀ρ⋆ ∈ P0 (10a)

∫
Ω

ρ
dv
dt

v⋆ dΩ+
∫
Ω

2µ∇symv : ∇symv⋆ dΩ +
∫
Ω

λTr∇symv Tr∇symv⋆ dΩ

−

∫
Ω

f (ρ)Tr∇symv⋆ dΩ =
∫
Ω

b · v⋆ dΩ +
∫
∂FΩ

Fd · v⋆dS ∀v⋆ ∈ V0

(10b)

v(x, t = 0) = v0 ∀x ∈ Ω (10c)

ρ(x, t = 0) = ρ0 ∀x ∈ Ω (10d)

The system to solve is a non-linear coupled PDE system for which the density and the velocity are the unknowns.
We use the finite element method to discretise the domain spatially. For stability reasons, we use Taylor-Hood elements
[33]. Moreover, it is recommended in [34] to use quadrangle elements in 2D (respectively hexahedron in 3D) rather
than triangle ones (respectively tetrahedron). Thus, we will use Qua4/Qua9 elements for the 2D flow problems and
Hex8/Hex27 elements for the 3D problems.

The discretised unknowns ρ and v are gathered in the vector of unknows X = (ρ v)T. The time derivatives for
the unknowns are written as v̇ and ρ̇, and the right-hand side containing the external loadings is written F. Therefore,
the matrix form of the problem is (11):

M(v,ρ)Ẋ +K(v,ρ)X = F (11)

Equation (11) is in a semi-discretised form, as the finite element method focuses only on the space domain Ω.
The time domain I = [0, T ] is discretised in Nt time steps, and we use a backward Euler scheme for the temporal
integration.

4. The LATIN-PGD solver for compressible flows

This section describes the LATIN-PGD algorithm for Newtonian compressible flows. The LATIN-PGD solver
is an iterative non-incremental algorithm. It means that at each iteration of the solver, one gets a solution defined
on the whole space-time domain. Two variants exist for this: the functional formulation and the internal variables
formulation. For the sake of saving in computation times and memory, it is recommended in [25] to employ the
functional formulation. In Section 2, we pointed out that flow models rely on conservation principles. Moreover,
as underlined in the constitutive relations, the problem is coupled. The unknowns are the velocity and the density,
which can be directly related to the pressure. Therefore, it is welcome to take inspiration from the multiphysics solver
presented in [26] and adapted in a functional formulation in [35].
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4.1. Reformulation of the problem

The LATIN-PGD method relies on the separation of difficulties, which involves dividing all equations into two
groups called Ad and Θ. The first set of equations comprised in Ad should be linear and decoupled, and possibly
global. The second group Θ is composed of all local equations, possibly coupled and non-linear. The reference
solution is thus at the intersection of both sets of equations. We now clarify the equations that compose both sets Ad
and Θ. We introduce new variables to satisfy the properties of both groups stated above.

For the density part, we introduce the variables Z, W and ξ and reformulate the continuity equation (1). The
resulting equations (12) are in Ad: Z = ∇ρ overΩ × I

− ∇ ·W = ξ overΩ × I
(12)

For the velocity part, we introduce the variables ε and Γ and reformulate the conservation of momentum (2). The
resulting equations (13) in Ad: ε =

1
2

(∇v + ∇vT) overΩ × I

∇ · σ + b = Γ over Ω × I
(13)

We also include in Ad all the boundary conditions (14):
ρ = ρd over ∂ρΩ × I

v = vd over ∂vΩ × I

σn = Fd over ∂FΩ × I
(14)

Θ gathers all equations that can be interpreted as constitutive ones (15):

σ =M : ε − f (ρ)I

Γ = ρ dv
dt = ρ

∂v
∂t
+ ρv∇(v)

W = ρv

ξ =
∂ρ

∂t

(15)

Those constitutive relations include time derivatives. Therefore, initial conditions (8a) and (8b) are also included in
Θ.

4.2. Iterative algorithm with two alternated search directions

As explained in the previous subsection, the reference solution of the flow problem satisfies:

sref = Ad ∩Θ (16)

The algorithm iterates between Ad andΘ until finding a good enough approximation of sref . For that, each iteration
of the algorithm is composed of two stages:

• A local stage: from a known solution sn ∈ Ad, we compute a solution ŝn+1 ∈ Θ using a search direction H+;

• A global stage: from a known solution ŝn+1 ∈ Θ, we compute a solution sn+1 ∈ Ad using a search direction H−.

The search directions H+ and H− linking quantities at the local and global stages are given by:

H+ ≡

∆s = (∆sv,∆sρ)

∣∣∣∣∣∣∣∣∣∣∣
∆σ + H+εσ : ∆ε = 0
∆Γ + H+vΓ∆v = 0
∆W + H+ZW∆Z = 0
∆ξ + H+ρξ∆ρ = 0

 (17)
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H− ≡

∆s = (∆sv,∆sρ)

∣∣∣∣∣∣∣∣∣∣∣
∆σ − H−εσ : ∆ε = 0
∆Γ − H−vΓ∆v = 0
∆W − H−ZW∆Z = 0
∆ξ − H−ρξ∆ρ = 0

 (18)

where ∆□ is the difference of the quantity □ between two consecutive stages. The choice of the search directions
greatly influences the convergence rate of the algorithm [36]. As suggested in [37, 29], it is relevant to choose here
H+ and H− based on the constitutive laws (15) to optimise the convergence rate. Thus:

Hεσ = H−εσ = H+εσ =M

HvΓ = H−vΓ = H+vΓ =
1
tv

I

HZW = H−ZW = H+ZW = −
L2

c

T
I

Hρξ = H−ρξ = H+ρξ =
1
tρ

Lc designates a characteristic length of the geometry, and T corresponds to the final time step of the simulation.
tv and tρ are respectively characteristic times for the velocity and the density parts that can be estimated with the
demonstration in [29].

4.3. Practical developments
In this section, we provide a more detailed explanation of the operations required at each step of the LATIN-

PGD algorithm. Before performing its iterations, the algorithm begins with an initialisation. It consists of computing
two fields ρ0 and v0, both belonging to Ad. Details concerning the problem solved at initialisation will be given in
Section 4.3.2.

4.3.1. Local stage
Knowing the solution from the previous iteration sn ∈ Ad, one computes the solution ŝn+1 ∈ Θ. The search

direction H+ yields: 

σ̂n+1 + Hεσ : ε̂n+1 = σn + Hεσ : εn︸           ︷︷           ︸
An

Γ̂n+1 + HvΓ̂vn+1 = Γn + HvΓvn︸       ︷︷       ︸
βn

Ŵn+1 + HZW Ẑn+1 =Wn + HZW Zn︸          ︷︷          ︸
δn

ξ̂n+1 + Hρξρ̂n+1 = ξn + Hρξρn︸       ︷︷       ︸
γn

(19a)

(19b)

(19c)

(19d)

Using the constitutive equations, one gets:

(M + Hεσ) : ε̂n+1 − f
(̂
ρn+1
)

I = An

ρ̂n+1
∂̂vn+1

∂t
+ ρ̂n+1̂vn+1∇̂vn+1 + HvΓ̂vn+1 = βn

ρ̂n+1̂vn+1 + HZW Ẑn+1 = δn

∂ρ̂n+1

∂t
+ Hρξρ̂n+1 = γn

(20a)

(20b)

(20c)

(20d)

(20d) is an uncoupled ordinary differential equation and is solved using a backward Euler scheme. Then, injecting
ρ̂n+1 in (20a), one directly gets ε̂n+1. Knowing ρ̂n+1, the only unknown in (20b) is v̂n+1. However, (20b) is a non-linear
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equation. To solve it, we can use a Newton-Raphson algorithm. Finally, assuming ρ̂n+1 and v̂n+1 are known, the density
gradient Ẑn+1 is directly computed with (20c). As all of these equations are local, they can be solved independently
for each integration point.

The study focuses here on laminar flow, which means that the non-linear term in (20b) can be neglected. Therefore,
the resolution of the equation just requires classical methods to solve an ordinary differential equation of order 1. The
system solved at the coupled stage is simplified to:

(M + Hεσ) : ε̂n+1 − f
(̂
ρn+1
)

I = An

ρ̂n+1
∂̂vn+1

∂t
+ HvΓ̂vn+1 = βn

ρ̂n+1̂vn+1 + HZW Ẑn+1 = δn

∂ρ̂n+1

∂t
+ Hρξρ̂n+1 = γn

(21a)

(21b)

(21c)

(21d)

Finally, one deduces the dual quantities with the search direction H+ as:

σ̂n+1 = An − Hεσ : ε̂n+1

Γ̂n+1 = βn − HvΓ̂vn+1

Ŵn+1 = δn − HZW Ẑn+1

ξ̂n+1 = γn − Hρξρ̂n+1

(22a)

(22b)

(22c)

(22d)

4.3.2. Global stage
The search direction H− yields: 

σn+1 = (σ̂n+1 − Hεσ : ε̂n+1︸                ︷︷                ︸
Ân+1

) + Hεσ : εn+1

Γn+1 = (Γ̂n+1 − HvΓ̂vn+1)︸               ︷︷               ︸
β̂n+1

+HvΓvn+1

Wn+1 = (Ŵn+1 − HZW Ẑn+1)︸                  ︷︷                  ︸
δ̂n+1

+HZW Zn+1

ξn+1 = (̂ξn+1 − Hρξρ̂n+1)︸              ︷︷              ︸
γ̂n+1

+Hρξρn+1

(23a)

(23b)

(23c)

(23d)

Let us first focus on the weak formulation of the continuity equation in which equations (23c) and (23d) are
injected. The global problem to solve is then:

Find ρn+1 ∈ P such that ∀t ∈ I:

−

∫
Ω

∇ρn+1 · HZW∇ρ
⋆ dΩ +

∫
Ω

ρn+1Hρξρ⋆ dΩ =
∫
Ω

δ̂n+1 · ∇ρ
⋆ dΩ

−

∫
Ω

γ̂n+1ρ
⋆ dΩ ∀ρ⋆ ∈ P0

(24)

At each iteration, we compute a correction ∆ρn+1 such that: ρn+1 = ρn + ∆ρn+1. Therefore, the problem transforms to:

−

∫
Ω

∇(∆ρn+1) · HZW∇ρ
⋆ dΩ +

∫
Ω

∆ρn+1Hρξρ⋆ dΩ =
∫
Ω

δ̂n+1 · ∇ρ
⋆ dΩ −

∫
Ω

γ̂n+1ρ
⋆ dΩ∫

Ω

∇ρn · HZW∇ρ
⋆ dΩ −

∫
Ω

ρnHρξρ⋆ dΩ ∀ρ⋆ ∈ P0

(25)
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At the initialisation, one takes δ̂0 = 0 and γ̂0 = 0. We seek an initial guess of ρ by computing the finite element
problem (26) corresponding to (25): Hρρρ0(t) = fρ(t) overΩ

ρ0(t) = ρd(t) over ∂ρΩ
(26)

where fρ represents the external loadings. The matrix Hρρ is bound to HZW and Hρξ in such way:

Hρρ = −HZWKρρ + HρξCρρ (27)

where Cρρ and Kρρ are the finite element matrices respectively corresponding to the integral over the domain of
shape functions products and the integral of their 1st-order derivatives products.

At any iteration n > 0, the discrete form for the weak formulation is given by (28):Hρρ∆ρn+1(t) = gρ(t) inΩ
∆ρn+1(t) = 0 on ∂DΩ

(28)

with gρ = f̂δ + f̂γ −Hρρ(ρn −ρ0) where f̂δ and f̂γ refer to the right-hand side computed with the local stage quantities.
The same procedure is applied to obtain the initialisation v0 and correction ∆vn+1 of the velocity. Using equations

(23a) and (23b) yields the following weak form:
Find vn+1 ∈ V such that ∀t ∈ I:∫

Ω

ε(∆vn+1) : Hεσ : ε(v⋆) dΩ+
∫
Ω

∆vn+1 · HvΓv⋆ dΩ =

−

∫
Ω

Ân+1 : ε(v⋆) dΩ −
∫
Ω

β̂n+1 · v⋆ dΩ

+

∫
Ω

b · v⋆ dΩ +
∫
∂NΩ

Fd · v⋆ dS

−

∫
Ω

ε(vn) : Hεσ : ε(v⋆) dΩ −
∫
Ω

vn · HvΓv⋆ dΩ ∀v⋆ ∈ V0

(29)

At the initialisation, one takes Â0 = 0 and β̂0 = 0 and we compute the initial guess v0 by solving:Hvvv0(t) = fv(t) overΩ
v0(t) = vd(t) over ∂vΩ

(30)

where fv represent the external loadings. The matrix Hvv is bound to Hεσ and HvΓ in such way:

Hvv = HεσKvv + HvΓCvv (31)

Kvv and Cvv are defined in the same way as Kρρ and Cρρ but correspond to the velocity elements.
At any iteration n > 0, the discrete form for the weak formulation is given by (32):Hvv∆vn+1(t) = gv(t) inΩ

∆vn+1(t) = 0 on ∂vΩ
(32)

with gv = fÂ + fβ̂ −Hvv(vn − v0) where fÂ and fβ̂ refer to the right-hand side computed with the local stage quantities.

4.3.3. Proper Generalised Decomposition within the LATIN framework
The strength of the method lies in solving the decoupled stage using Proper Generalised Decomposition (PGD).

Thus, it allows us to express the primal fields as a combination of time and space functions. After n iterations of the
algorithm, the density ρ and the velocity v are expressed as follows:

vn(t) = v0(t) +
k∑

i=1

λi(t)vi k ⩽ n

ρn(t) = ρ0(t) +
l∑

i=1

γi(t)ρi l ⩽ n

(33)
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At each iteration and for each primal variable, one seeks a new pair of modes in the form given in (34) if needed:∆vn+1(t) = λ(t)v
∆ρn+1(t) = γ(t)ρ

(34)

The decoupled stage always begins with an update step that changes all time functions at a significantly lower
cost compared to generating a new spatial mode. If the update step has sufficiently improved the solution, we do not
perform any mode generation afterward. For more practical details on the use of PGD at the LATIN decoupled stage,
one can refer to [38].

4.4. Convergence indicator

It is necessary to define a consistent criterion to stop the iterations. We define an error indicator quantifying the
gap between two successive solutions ŝn+1 and sn+1 at the end of an iteration. When we reach a sufficiently small
difference, the stopping criterion claims that the approximation of the reference solution is good enough.

We introduce two error indicators, one related to density and the other to velocity. For each of these indicators,
we introduce a specific energetic norm.

The density error indicator is given by:

ηρ2
=

∥∥∥sρn+1 − ŝn+1
∥∥∥2

Hρξ

1
2 (∥sρn+1∥

2
Hρξ +

∥∥∥̂sn+1
∥∥∥2

Hρξ
)

with ∥sρ∥2Hρξ =
∫

I×Ω
ρHρξρ dΩdt (35)

The velocity error indicator is given by:

ηv2
=

∥∥∥sv
n+1 − ŝn+1

∥∥∥2
Hεσ

1
2 (∥sv

n+1∥
2
Hεσ +

∥∥∥̂sn+1
∥∥∥2

Hεσ
)

with
∥∥∥sv
∥∥∥2

Hεσ
=

∫
I×Ω
ε : Hεσ : ε dΩdt (36)

One provides a tolerance threshold denoted ηc and the algorithm ends when η = max
(
ηv, ηρ

)
< ηc. Therefore, one

can stop computing the global stage of one part if it has converged faster than the other.

4.5. Summary of the algorithm

The flowchart in Figure 1 sums up the LATIN-PGD algorithm for Newtonian compressible flows.

5. Results

5.1. Laminar flow in a channel

We first apply the method to a simple example involving a channel subjected to a pressure difference between its
inflow and outflow boundaries. We will first compare the results to a given analytical solution at steady state. Then,
we will display the results for the entire space-time domain and provide further details about the PGD modes obtained
during the simulation.

5.1.1. Presentation of the problem
The geometry and boundary conditions of the problem are represented in Figure 2, where the x-axis is oriented

along the channel axis. We consider a pressure pin = 2 Pa on the inflow boundary Γin and a pressure pout = 1 Pa on
the outflow boundary Γout. On the top and bottom boundaries ΓD, we consider a homogeneous Dirichlet condition for
the velocity part (no-slip boundary condition). Moreover, for the velocity part, one must consider Neumann boundary
conditions due to the inflow and outflow pressures, respectively, on Γin and Γout.

Table 1 summarises the material properties. One notices a considerable difference between the numerical values
of the first and second viscosities, as shown in [39, 31].
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Initialisation of density and velocity:
Solving two linear global problems

{
Hρρρ0(t) = fρ(t) over Ω

ρ0(t) = ρd over ∂ρΩ

{
Hvvv0(t) = fv(t) over Ω

v0(t) = vd over ∂vΩ

Local stage: Solving a local coupled system




(M+Hεσ) : ε̂n+1 − f (ρ̂n+1) I = An

ρ̂n+1
∂v̂n+1

∂t
+HvΓv̂n+1 = βn

ρ̂n+1v̂n+1 +HZW Ẑn+1 = δn

∂ρ̂n+1

∂t
+Hρξρ̂n+1 = γn

Global stage:
Solving two linear global problems with PGD

Solutions sought as ∆ρn+1(t) = γn(t)ρn and ∆vn+1(t) = λn(t)vn

{
Hρρ∆ρn+1(t) = gρ(t) over Ω

∆ρn+1(t) = 0 over ∂ρΩ

{
Hvv∆vn+1(t) = gv(t) over Ω

∆vn+1(t) = 0 over ∂vΩ

Convergence indicator:
Compute ηρ and ηv

Convergence criterion:
max(ηρ, ηv) < ηc

Solution:
sn+1 =

{
sρn+1, s

v
n+1

}

yes

no
n = n+ 1

Figure 1: Flowchart of the LATIN-PGD algorithm for compressible flows

For the initial conditions, one takes:
v(t = 0, x) = 0 ∀x ∈ Ω

ρ(t = 0, x) = ρ0 =
p0

rT0
∀x ∈ Ω

p(t = 0, x) = p0 = 1 Pa ∀x ∈ Ω

(37a)

(37b)

(37c)
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Figure 2: Scheme of the studied problem

Table 1: Fluid material parameters used for the laminar flow in a channel problem

Parameters Value (SI units)
Dynamic viscosity µ 1 kg m−1 s−1

Second viscosity λ 1 103 kg m−1 s−1

Reference temperature T0 293 K
Universal gas constant R 8.314 J K−1 mol−1

Molar mass M 28.9645 10−3 kg mol−1

We use a structured mesh with 128 elements along the length of the channel and 16 elements along the height of
the channel, totaling 2048 Qua4/Qua9 elements. It results in 16,962 DoFs for the velocity and 2,193 DoFs for the
density.

5.1.2. Results at steady state
We first focus on the results at steady state for which an analytical solution is known. Under the assumption of

stationarity, one has to solve the Stokes equations and analytically finds:
v(x) =

(
(h/2)2 − y2

)
2µ

|∆p|
L

ex ∀x ∈ Ω

p(x) = pin +
∆p
L

x ∀x ∈ Ω

(38a)

(38b)

with ∆p = pout − pin. The velocity is then maximal on the mean line and equal to (39):

vmax =
(h/2)2

2µ
|∆p|

L
(39)

For the studied problem, we have the numerical value vmax = 8 10−3 m s−1.
The velocity and pressure fields obtained with the LATIN-PGD method are depicted in Figure 3.
We qualitatively recover the abovementioned properties for both fields. The pressure field is uniformly decreasing

along the x-axis, and the velocity field is constant in each channel cross-section, reaching its maximal value on the
mean line. On Figure 3a, one sees that the y component of the velocity field is equal to zero almost everywhere except
at the boundaries. We indeed expect the flow to be oriented towards the mean line at the inflow and outwards at the
outflow.

On Figure 4a, we plot the value of velocity along the y-axis at different sections xk such that xk = k × 0.3125 m, k ∈
N. First, one can check that the velocity is almost constant in each section of the channel. Secondly, the velocity field
has exactly the shape of a parabolic function. Finally, the maximal value is very close to 8 10−3 m s−1, which is the
value expected. On Figure 4b, we depict the x component of the velocity and the pressure field along the mean line of
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(a) Velocity [m/s]: x-axis component

(b) Pressure [Pa]

Figure 3: Fields at steady state

the channel. We clearly notice the linear decrease in pressure. The velocity is almost constant everywhere, except at
x = 0 and x = L, where boundary effects occur.

We plot on Figure 5 the relative error between the LATIN-PGD solution and the analytical one.
We have a very low error rate, specifically in the pressure data. Close to the boundary, we remark slightly higher

errors due to the error in the y component of the velocity. We explain those errors by assuming an infinite channel in
the analytical calculations.

5.1.3. Results for the whole space-time domain
The results presented in the previous section align with the solution of the Stokes equation when the steady state is

reached. However, the Navier-Stokes equations include time-dependency. Thus, this section will focus on the results
for the whole time domain I = [0, 5] ms. The time domain is divided into 100 time steps, resulting in a time step size
of ∆t = 5 10−2 ms.

One can first examine the evolution of the velocity x-component and the pressure over time. We plot both quantities
in Figure 6 as a function of position along the mean line and time.

We observe that the solution now exhibits a time dependency and reaches its steady state within a few milliseconds.
In order to have a closer look at the unsteady state, we display on Figure 7 velocity and pressure at the point (1.25, 0)
(corresponding to the middle point of the channel). The unsteady state lasts from 0 ms to approximatively 3 ms. The
quantities at steady state fit then with the numerical values expected in the middle of the channel.

It is also important to discuss the modes generated by PGD. Figure 8 displays the convergence indicators ηv

and ηρ along iterations and the error towards a full-order solution obtained with a very low convergence threshold
(ηc = 1 10−8). Moreover, one can read the number of modes along the computation. We used the numerical values
tv = T f and tρ = T f /10 to obtain following results.

The number of modes is higher for the velocity than for the density, which is expected, as the solution is more
complex. To understand why we require more modes to describe the velocity, it is interesting to observe the first
velocity modes generated (see Figure 9).

The first two modes mainly depict the velocity changes near the inflow and outflow boundaries. As we employ
an on-the-fly reduction technique, it is logical that the first modes are not the optimal ones. Indeed, we initialise the
algorithm with a solution far from the reference solution. The modes generated afterwards (modes 3 to 8) represent the
evolution of velocity inside the channel. With these first eight modes, we qualitatively recover the shape of velocity
from the reference solution. However, the error is still comprised between 5% and 10%. The following modes have a
lower amplitude and locally improve the solution.
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Figure 4: Velocity and pressure results at steady state

5.2. Resolution of the 2D-1 benchmark

We now want to reproduce the 2D-1 benchmark for laminar flows. We consider a channel of length L = 2.2 m and
height h = 0.41 m, where x-axis is oriented along the channel main axis. As described in [40], it includes a cylinder
of radius r = 0.05 m whose origin is located at (0.2, 0.2)m. The structured mesh used for this benchmark is given in
Figure 10. The mesh is divided into 2,368 quadrangle elements, resulting in 16,896 DoFs for the velocity and 2,176
DoFs for the density.

The material properties are the same as the ones given in Table 1.
Figure 11 displays the velocity and pressure fields at the last time step. We observe a maximum velocity at the

cylinder boundaries, which is consistent with the literature [40]. Compared to other studies, we have perfect symmetry
in the velocity fields between the left and right sides of the cylinder, since we vanish the nonlinear convective term
entirely.

The Figure 12 displays a zoom around the cylinder, enabling one to see the streamlines around the cylinder. The
velocity streamlines are bypassing the cylinder in a regular way, which is relevant for laminar flows.
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(a) Relative error on velocity magnitude [-]

(b) Relative error on pressure [-]

Figure 5: Relative error between numerical and analytical solution
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Figure 6: Velocity and pressure on the mean line along time

At the end of the computation, we have built a basis representing the velocity with 15 modes and another with 6
modes for the pressure. With such bases, we achieve a global relative error of 0.1% for the velocity and 0.3% for the
pressure in 39 iterations. Despite the higher complexity of the benchmark, the convergence speed and basis size are
very similar to those presented in Section 5.1.

5.3. Extension to 3D problems

The motivation of this section is to demonstrate that the solver also works for 3D problems. We propose to study a
reducer composed of two coaxial channels with different diameters. Like in the two previous examples, the reducer is
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Figure 9: Some velocity modes at the last time step given by the LATIN-PGD algorithm
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Figure 10: Mesh used for the 2D-1 benchmark

(a) Velocity [m/s]

(b) Pressure [Pa]

Figure 11: Fields at last time step for the 2D-1 benchmark

Figure 12: Velocity field and stream lines around the cylinder

submitted to a pressure pin = 2 Pa on the inflow boundary and pout = 1 Pa on the outflow boundary. We also consider
a no-slip boundary condition for the velocity on the external surface of the reducer. The boundary conditions and the
geometry of the problem are represented in Figure 13.

We use a structured mesh constituted of 12,026 elements which leads to 256,851 DoFs for the velocity part and
11,176 DoFs for the density part.

The results for the velocity and the pressure are depicted in Figure 14. The pressure regularly decreases along the
main axis. For the velocity, we distinctly notice the two areas with different cross sections. When the fluid enters the
channel with the smallest cross-section, its velocity increases significantly. Moreover, using streamlines, we observe

16



Figure 13: Scheme of the studied problem

the viscous effects at the points where the channel diameter changes.

(a) Velocity [m/s]

(b) Pressure [Pa]

Figure 14: Fields at last time step inside the reducer

The simulation yields these results in 40 iterations. However, these iterations take longer than the previous two
problems as the reducer has a significantly higher number of degrees of freedom. The velocity basis contains 20
modes, while the pressure basis contains 9. Using these bases, we achieve a global relative error of 0.2% for the
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velocity and 0.2% for the pressure.
Therefore, we have demonstrated that the code works for different 2D and 3D geometries. It is then predictable

that the method could also be applied to more complex meshes.

6. Conclusion

Previous work has used PGD to address flow problems or the LATIN solver to handle the specific case of fluid-
structure interaction. However, this work represents the first attempt to apply the LATIN-PGD method to the resolution
of fluid problems. The first results demonstrate that this solver effectively computes relevant solutions. We have
recovered analytical results for a Poiseuille flow and reproduced results from the literature on a standard benchmark.
Moreover, it is also possible to compute problems for 3D geometries. For all these examples, the pressure and velocity
have been decomposed into a space-time separated variable form. With a relatively small basis, it is possible to get
accurate approximations of a full-order simulation.

However, several assumptions have been made in our models. We restricted ourselves to Newtonian compress-
ible laminar flows. Considering the nonlinear convective term would require including a classical Newton-Raphson
scheme at the local stage. We could also tackle the classical case of incompressible flows by drawing inspiration from
velocity-pressure decoupling strategies, such as those presented in [7, 41].

More importantly, this work represents just the first step in the field of fluid problems and offers numerous possi-
bilities for future research. As a recall, the LATIN-PGD solver has proven relevant for integrating complex material
constitutive laws in solid mechanics. Thus, this solver could be relevant for tackling complex non-Newtonian flow
problems. For such problems, the viscosity is no longer constant, and models of varying complexity have been pro-
posed in the literature ([42, 43, 44]). The solver would also be of interest for parametrised problems, either on the
geometry, the material or the boundary conditions.

Declarations

• Availability of data and materials
No data or material was used for the research described in the article.

• Competing interests
The authors declare that they have no known competing financial interests or personal relationships that could
have appeared to influence the work reported in this paper.

• Authors’ contributions
E. F.: Writing – original draft, Software, Methodology, Investigation, Conceptualization. P.-A. B.: Review &
editing, Supervision, Methodology. F. L.: Review & editing, Supervision, Methodology. D. N.: Review &
editing, Supervision, Methodology. P.J.: Review & editing, Supervision, Methodology, Investigation, Concep-
tualization.

• Acknowledgements
This work was performed using HPC resources from the “Mésocentre” computing center of CentraleSupélec
and École Normale Supérieure Paris-Saclay supported by CNRS and Région Île-de-France https://mesocentre.
universite-paris-saclay.fr/. The authors gratefully acknowledge the support from the German Re-
search Foundation (DFG) within the International Research Training Group 2657 (IRTG 2657) entitled “Com-
putational Mechanics Techniques in High Dimensions” (Grant No. 433082294).

References

[1] A. J. Chorin, A numerical method for solving incompressible viscous flow problems, Journal of Computational
Physics 2 (1) (1967) 12–26. doi:10.1016/0021-9991(67)90037-X.

[2] A. J. Chorin, Numerical solution of the Navier-Stokes equations, Mathematics of Computation 22 (104) (1968)
745–762. doi:10.1090/S0025-5718-1968-0242392-2.

18

https://mesocentre.universite-paris-saclay.fr/
https://mesocentre.universite-paris-saclay.fr/
https://www.sciencedirect.com/science/article/pii/002199916790037X
https://doi.org/10.1016/0021-9991(67)90037-X
https://www.ams.org/mcom/1968-22-104/S0025-5718-1968-0242392-2/
https://doi.org/10.1090/S0025-5718-1968-0242392-2


[3] C. Taylor, P. Hood, A numerical solution of the Navier-Stokes equations using the finite element technique,
Computers & Fluids 1 (1) (Jan. 1973). doi:10.1016/0045-7930(73)90027-3.

[4] D. Arndt, H. Dallmann, G. Lube, Local projection fem stabilization for the time-dependent incompressible
navier–stokes problem, Numerical Methods for Partial Differential Equations 31 (4) (2015) 1224–1250.

[5] F. Habla, M. W. Tan, J. Haßlberger, O. Hinrichsen, Numerical simulation of the viscoelastic flow in a
three-dimensional lid-driven cavity using the log-conformation reformulation in openfoam®, Journal of Non-
Newtonian Fluid Mechanics 212 (2014) 47–62. doi:https://doi.org/10.1016/j.jnnfm.2014.08.005.

[6] M. Cremonesi, A. Franci, S. Idelsohn, E. Oñate, et al., A state of the art review of the particle finite element
method (pfem), Archives of Computational Methods in Engineering 27 (5) (2020) 1709–1735.

[7] H. Wang, H. Wang, F. Gao, P. Zhou, Z. J. Zhai, Literature review on pressure–velocity decoupling algorithms
applied to built-environment CFD simulation, Building and Environment 143 (2018) 671–678. doi:10.1016/
j.buildenv.2018.07.046.

[8] V. Haroutunian, M. S. Engelman, I. Hasbani, Segregated finite element algorithms for the numerical solution of
large-scale incompressible flow problems, International Journal for Numerical Methods in Fluids 17 (4) (1993)
323–348. doi:10.1002/fld.1650170405.

[9] A. C. Benim, W. Zinser, A segregated formulation of Navier-Stokes equations with finite elements, Com-
puter Methods in Applied Mechanics and Engineering 57 (2) (1986) 223–237. doi:10.1016/0045-7825(86)
90015-0.

[10] A. Chatterjee, An introduction to the proper orthogonal decomposition, Current science (2000) 808–817.

[11] G. Berkooz, P. J. Holmes, J. Lumley, The proper orthogonal decomposition in the analysis of turbulent flows,
Annual Review of Fluid Mechanics 25 (2003) 539–575. doi:10.1146/annurev.fl.25.010193.002543.

[12] M. A. Mendez, M. Balabane, J.-M. Buchlin, Multi-scale proper orthogonal decomposition of complex fluid
flows, Journal of Fluid Mechanics 870 (2019). doi:10.1017/jfm.2019.212.

[13] M. Beckermann, M. Cremonesi, A. Barbarulo, Manifold reducibility for a Lagrangian finite element solver with
remeshing, Computer Methods in Applied Mechanics and Engineering 446 (2025) 118212. doi:10.1016/j.
cma.2025.118212.

[14] K. Willcox, Unsteady flow sensing and estimation via the gappy proper orthogonal decomposition, Computers
& fluids 35 (2) (2006) 208–226.

[15] A. Quarteroni, G. Rozza, Numerical solution of parametrized navier–stokes equations by reduced basis methods,
Numerical methods for partial differential equations: an international journal 23 (4) (2007) 923–948.

[16] T. Franz, R. Zimmermann, S. Görtz, N. Karcher, Interpolation-based reduced-order modelling for steady tran-
sonic flows via manifold learning, International Journal of Computational Fluid Dynamics 28 (3-4) (2014) 106–
121.

[17] P. Ladevèze, Nonlinear Computational Structural Mechanics: New Approaches and Non-Incremental Meth-
ods of Calculation, Mechanical Engineering Series, Springer, New York, NY, 1999. doi:10.1007/
978-1-4612-1432-8.

[18] F. Chinesta, P. Ladevèze, E. Cueto, A Short Review on Model Order Reduction Based on Proper Generalized
Decomposition, Archives of Computational Methods in Engineering 18 (4) (2011) 395–404. doi:10.1007/
s11831-011-9064-7.

[19] A. Dumon, C. Allery, A. Ammar, Proper general decomposition (PGD) for the resolution of Navier–Stokes
equations, Journal of Computational Physics 230 (4) (2011) 1387–1407, publisher: Elsevier BV. doi:10.
1016/j.jcp.2010.11.010.

19

https://doi.org/10.1016/0045-7930(73)90027-3
https://doi.org/https://doi.org/10.1016/j.jnnfm.2014.08.005
https://www.sciencedirect.com/science/article/pii/S0360132318304542
https://www.sciencedirect.com/science/article/pii/S0360132318304542
https://doi.org/10.1016/j.buildenv.2018.07.046
https://doi.org/10.1016/j.buildenv.2018.07.046
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.1650170405
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.1650170405
https://doi.org/10.1002/fld.1650170405
https://www.sciencedirect.com/science/article/pii/0045782586900150
https://doi.org/10.1016/0045-7825(86)90015-0
https://doi.org/10.1016/0045-7825(86)90015-0
https://doi.org/10.1146/annurev.fl.25.010193.002543
https://doi.org/10.1017/jfm.2019.212
https://www.sciencedirect.com/science/article/pii/S0045782525004840
https://www.sciencedirect.com/science/article/pii/S0045782525004840
https://doi.org/10.1016/j.cma.2025.118212
https://doi.org/10.1016/j.cma.2025.118212
http://link.springer.com/10.1007/978-1-4612-1432-8
http://link.springer.com/10.1007/978-1-4612-1432-8
https://doi.org/10.1007/978-1-4612-1432-8
https://doi.org/10.1007/978-1-4612-1432-8
http://link.springer.com/10.1007/s11831-011-9064-7
http://link.springer.com/10.1007/s11831-011-9064-7
https://doi.org/10.1007/s11831-011-9064-7
https://doi.org/10.1007/s11831-011-9064-7
https://linkinghub.elsevier.com/retrieve/pii/S0021999110006121
https://linkinghub.elsevier.com/retrieve/pii/S0021999110006121
https://doi.org/10.1016/j.jcp.2010.11.010
https://doi.org/10.1016/j.jcp.2010.11.010


[20] D. Modesto, S. Zlotnik, A. Huerta, Proper generalized decomposition for parameterized helmholtz problems in
heterogeneous and unbounded domains: Application to harbor agitation, Computer Methods in Applied Me-
chanics and Engineering 295 (2015) 127–149.

[21] M. Aghighi, A. Ammar, C. Metivier, M. Normandin, F. Chinesta, Non-incremental transient solution of the
Rayleigh–Bénard convection model by using the PGD, Journal of Non-Newtonian Fluid Mechanics 200 (2013)
65–78. doi:10.1016/j.jnnfm.2012.11.007.

[22] A. Ammar, M. Normandin, F. Daim, D. Gonzalez, E. Cueto, F. Chinesta, Non incremental strategies based on
separated representations: applications in computational rheology, Communications in Mathematical Sciences
8 (3) (2010) 671 – 695.

[23] P. Ladevèze, Sur une famille d’algorithmes en mécanique des structures, Sur une famille d’algorithmes en mé-
canique des structures 300 (2) (1985) 41–44, place: Paris Publisher: Gauthier-Villars.

[24] E. Vergnault, O. Allix, S. Maison-le Poëc, Fluid-structure interaction with a multiscale domain decomposition
method, European Journal of Computational Mechanics/Revue Européenne de Mécanique Numérique 19 (1-3)
(2010) 267–280.

[25] R. Scanff, S. Nachar, P. A. Boucard, D. Néron, A Study on the LATIN-PGD Method: Analysis of Some Variants
in the Light of the Latest Developments, Archives of Computational Methods in Engineering 28 (5) (2021)
3457–3473. doi:10.1007/s11831-020-09514-1.

[26] D. Dureisseix, P. Ladevèze, B. A. Schrefler, A LATIN computational strategy for multiphysics problems: appli-
cation to poroelasticity, International Journal for Numerical Methods in Engineering 56 (10) (2003) 1489–1510,
_eprint: https://onlinelibrary.wiley.com/doi/pdf/10.1002/nme.622. doi:10.1002/nme.622.

[27] D. Néron, D. Dureisseix, A computational strategy for thermo-poroelastic structures with a time-space interface
coupling, International Journal for Numerical Methods in Engineering 75 (9) (2007) 1053–1084, publisher:
Wiley. doi:10.1002/nme.2283.

[28] D. Néron, D. Dureisseix, A computational strategy for poroelastic problems with a time interface between cou-
pled physics, International Journal for Numerical Methods in Engineering 73 (6) (2008) 783–804, publisher:
Wiley. doi:10.1002/nme.2091.

[29] É. Foulatier, D. Néron, F. Louf, P.-A. Boucard, A strategy with reduced models dedicated to parametrized
nonlinear strongly coupled thermo-poroelasticity problems, Advanced Modeling and Simulation in Engineering
Sciences 12 (1) (2025) 32.

[30] H. Schlichting, K. Gersten, Boundary-layer theory, springer, 2016.

[31] L. Rosenhead, Introduction-the second coefficient of viscosity: a brief review of fundamentals, Proceedings of
the Royal Society of London. Series A. Mathematical and Physical Sciences 226 (1164) (1954) 1–6.

[32] P. H. Oosthuizen, W. E. Carscallen, Introduction to compressible fluid flow, CRC press, 2013.

[33] V. Girault, P.-A. Raviart, Finite element approximation of the Navier-Stokes equations, Springer, 1979.

[34] R. Rannacher, Finite Element Methods for the Incompressible Navier-Stokes Equations, in: G. P. Galdi, J. G.
Heywood, R. Rannacher (Eds.), Fundamental Directions in Mathematical Fluid Mechanics, Birkhäuser, Basel,
2000, pp. 191–293. doi:10.1007/978-3-0348-8424-2_6.

[35] F. Wurtzer, D. Néron, P.-A. Boucard, A modular model-order reduction approach for the solution of parametrized
strongly-coupled thermo-mechanical problems, Finite Elements in Analysis and Design 239 (2024) 104207.
doi:10.1016/j.finel.2024.104207.

20

https://linkinghub.elsevier.com/retrieve/pii/S037702571200256X
https://linkinghub.elsevier.com/retrieve/pii/S037702571200256X
https://doi.org/10.1016/j.jnnfm.2012.11.007
https://doi.org/10.1007/s11831-020-09514-1
https://doi.org/10.1007/s11831-020-09514-1
https://doi.org/10.1007/s11831-020-09514-1
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.622
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.622
https://doi.org/10.1002/nme.622
https://hal.science/hal-00325946
https://hal.science/hal-00325946
https://doi.org/10.1002/nme.2283
https://hal.science/hal-00322483
https://hal.science/hal-00322483
https://doi.org/10.1002/nme.2091
https://doi.org/10.1007/978-3-0348-8424-2_6
https://doi.org/10.1007/978-3-0348-8424-2_6
https://www.sciencedirect.com/science/article/pii/S0168874X2400101X
https://www.sciencedirect.com/science/article/pii/S0168874X2400101X
https://doi.org/10.1016/j.finel.2024.104207


[36] R. Scanff, D. Néron, P. Ladevèze, P. Barabinot, F. Cugnon, J.-P. Delsemme, Weakly-invasive latin-pgd for solv-
ing time-dependent non-linear parametrized problems in solid mechanics, Computer Methods in Applied Me-
chanics and Engineering 396 (2022) 114999. doi:https://doi.org/10.1016/j.cma.2022.114999.

[37] D. Néron, P. Ladevèze, D. Dureisseix, B. A. Schrefler, Accounting for nonlinear aspects in multiphysics prob-
lems: application to poroelasticity, in: International Conference on Computational Science, Springer, 2004, pp.
612–620.

[38] C. Heyberger, P.-A. Boucard, D. Néron, Multiparametric analysis within the proper generalized decomposition
framework, Computational Mechanics 49 (3) (2012) 277–289. doi:10.1007/s00466-011-0646-x.

[39] L. N. Liebermann, The second viscosity of liquids, Phys. Rev. 75 (1949) 1415–1422. doi:10.1103/PhysRev.
75.1415.

[40] M. Schäfer, S. Turek, F. Durst, E. Krause, R. Rannacher, Benchmark computations of laminar flow around a
cylinder, in: Flow simulation with high-performance computers II: DFG priority research programme results
1993–1995, Springer, 1996, pp. 547–566.

[41] V. DeCaria, T. Iliescu, W. Layton, M. McLaughlin, M. Schneier, An artificial compression reduced order model,
SIAM Journal on Numerical Analysis 58 (1) (2020) 565–589.

[42] C. U. Ikoku, H. J. Ramey Jr, Transient flow of non-newtonian power-law fluids in porous media, Society of
Petroleum Engineers Journal 19 (03) (1979) 164–174.

[43] N. Roussel, C. Lanos, Z. Toutou, Identification of bingham fluid flow parameters using a simple squeeze test,
Journal of non-newtonian fluid mechanics 135 (1) (2006) 1–7.

[44] P. Junker, T. Wick, Space-time modeling and numerical simulations of non-newtonian fluids using inter-
nal variables, International Journal for Numerical Methods in Fluids 97 (12) (2025) 1457–1481. arXiv:
https://onlinelibrary.wiley.com/doi/pdf/10.1002/fld.5406, doi:https://doi.org/10.1002/
fld.5406.

21

https://www.sciencedirect.com/science/article/pii/S0045782522002353
https://www.sciencedirect.com/science/article/pii/S0045782522002353
https://doi.org/https://doi.org/10.1016/j.cma.2022.114999
https://doi.org/10.1007/s00466-011-0646-x
https://doi.org/10.1007/s00466-011-0646-x
https://doi.org/10.1007/s00466-011-0646-x
https://doi.org/10.1103/PhysRev.75.1415
https://doi.org/10.1103/PhysRev.75.1415
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.5406
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.5406
http://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1002/fld.5406
http://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1002/fld.5406
https://doi.org/https://doi.org/10.1002/fld.5406
https://doi.org/https://doi.org/10.1002/fld.5406

	Introduction
	Reference flow problem
	Numerical discretisation
	The LATIN-PGD solver for compressible flows
	Reformulation of the problem
	Iterative algorithm with two alternated search directions
	Practical developments
	Local stage
	Global stage
	Proper Generalised Decomposition within the LATIN framework

	Convergence indicator
	Summary of the algorithm

	Results
	Laminar flow in a channel
	Presentation of the problem
	Results at steady state
	Results for the whole space-time domain

	Resolution of the 2D-1 benchmark
	Extension to 3D problems

	Conclusion

