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Frictional Contact Solving for Material Point Method

Etienne Ménager∗ and Justin Carpentier∗

Abstract— Accurately handling contact with friction remains
a core bottleneck for Material Point Method (MPM), from
reliable contact point detection to enforcing frictional contact
laws (non-penetration, Coulomb friction, and maximum dissi-
pation principle). In this paper, we introduce a frictional-contact
pipeline for implicit MPM that is both precise and robust.
During the collision detection phase, contact points are localized
with particle-centric geometric primitives; during the contact
resolution phase, we cast frictional contact as a Nonlinear
Complementarity Problem (NCP) over contact impulses and
solve it with an Alternating Direction Method of Multipliers
(ADMM) scheme. Crucially, the formulation reuses the same
implicit MPM linearization, yielding efficiency and numerical
stability. The method integrates seamlessly into the implicit
MPM loop and is agnostic to modeling choices, including
material laws, interpolation functions, and transfer schemes. We
evaluate it across seven representative scenes that span elastic
and elasto-plastic responses, simple and complex deformable
geometries, and a wide range of contact conditions. Overall, the
proposed method enables accurate contact localization, reliable
frictional handling, and broad generality, making it a practical
solution for MPM-based simulations in robotics and related
domains.

I. INTRODUCTION

Accurately handling contact in deformable simulation is
essential for robotics systems, where robots make and break
contact to move or manipulate objects [1], [2], [3], [4].
While the Finite Element Method (FEM) supports soft-body
simulation [5], [6], large deformations, remeshing, and
path-dependent plasticity remain challenging. The Material
Point Method (MPM) offers a compelling alternative.
MPM mixes an Eulerian and a Lagrangian view of matter:
the Lagrangian view represents each body as a set of
material points (particles). In contrast, the Eulerian view
advances dynamics on a background computational grid.
The particle’s state is projected to the grid, where the
equations of motion are solved; the updated grid state is
then mapped back to particles. This dual view enables large
deformation and complex constitutive behavior without
remeshing [7], [8] and has been leveraged in recent robotics
works for differentiable control and learning [9], [10], [11].

Yet, robust frictional contact remains a bottleneck for
MPM. Detection is often performed on grid nodes. When
two materials contribute mass to the same grid node, a
contact is inferred and a normal is built from mass/volume
gradients [12], [13], [14], [15]. This approach is robust,
but intrinsically diffuse at the cell scale. Boundary-aware
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alternatives improve geometry - e.g., particle-boundary level-
set [16], [17], cell/sub-cell integration near interfaces [17],
boundary material points [18], [19], hybrid MPM / discrete
elements scheme [20], [21], [22] - but typically add
modeling layers or penalties, and are frequently coupled
to explicit stepping. On the resolution side, classical
node-based approaches enforce no-penetration and no-slip
implicitly by sharing the same interpolation space at a
standard grid node [12]. Many methods remain local and
sequential: a normal reaction from velocity projection
or penalty is computed nodewise, then tangential forces
are calculated using Coulomb law [17], [18], [23], [15].
These methods require penalty tuning and ignore global
coupling between contacts. Recent convex formulations [24],
[25] restore global structure but approximate the original
complementarity model and introduce regularization choice.

To overcome these limits, we target both collision
detection and collision resolution. For collision detection,
we localize contacts at a sub-cell scale from particle-centric,
geometry-aware primitives. For collision resolution, we cast
frictional contact as a Nonlinear Complementarity Problem
(NCP) on contact impulses and solve it with an Alternating
Direction Method of Multipliers (ADMM)-based scheme,
following rigid-body and FEM formulations in robotics [26],
[27]. We implement the pipeline inside an implicit MPM
loop to enable large time steps and to reuse the same
linearization already factored for internal mechanics and
constraints. The method integrates naturally in MPM,
remains agnostic to material laws, interpolation and transfer
schemes, and scales to multi-object scenes. We evaluate
seven representative scenarios spanning elastic and elasto-
plastic behavior, sticking–sliding transitions, and diverse
geometries, demonstrating precise contact localization,
robust frictional resolution, and broad compatibility.

This paper is organized as follows. Section II introduces
MPM notation and implicit stepping. Section III details
detection and frictional-contact resolution within implicit
MPM. Section IV presents experiments, and Section V
concludes and outlines future directions.

II. BACKGROUND AND NOTATIONS

This section recalls the continuum equations we simulate
and derives the implicit MPM we use throughout the paper.
We emphasize the mixed Eulerian-Lagrangian view, high-
lighting (i) how particle and grid exchange information, (ii)
how the implicit linearization produces the admittance matrix
that is later reused for contact, and (iii) how constitutive laws



and plasticity fit into this pipeline. We close this section with
the contact-space notation employed by our solver. We refer
the reader to [8] for a detailed description of MPMs

A. Continuum model

Let Ω0 be the reference configuration (undeformed body
at t = 0), and let XXX ∈ Ω0 be a material point. The current
position of the material point is xxx(XXX , t), with deformation
gradient FFF = ∂x

∂X and volume variation J = detFFF . Balance of
linear momentum in the reference frame is written as:

ρ0ẍxx = ∇XXX ·P+ρ0 fff , (1)

where ρ0 is the reference density, fff the body force, and
PPP the first Piola-Kirchhoff stress. For hyperelastic material
with energy W , PPP = ∂W

∂FFF . Boundary conditions complete the
model. In MPM, we discretize the weak form of (1). This
leads to the particle-sums that appear in the formulas below.

B. MPM: mixing Lagrangian particles and an Eulerian grid

MPM combines two representations of the same body.
The Lagrangian view stores material history on a finite set
of particles p, carrying mass mp, volume Vp, position xxxp,
velocity vvvp, deformation gradient FFF p, and possible internal
variables (e.g., relative to plasticity). The Eulerian view uses
a background grid as a computational backend to solve the
momentum equation. At each step, particles transfer mass
and momentum to nearby grid nodes through interpolation.
The grid then performs the time update, and the updated grid
state is interpolated back to the particles.

Let Ni(xxx) be the interpolation function of grid node
i, Nip = Ni(xxxp) and ∇Nip = ∇Ni(xxx)|xxxp . Let n denote the
current time-step index. The particle-to-grid (P2G) transfer
accumulates nodal mass and momentum on the grid,

mi = ∑
p

mpNip, (2)

pppi = ∑
p

mpvvvpNip,

and computes internal nodal forces from particle stresses
based on virtual-work,

fff int
i =−∑

p
VpPPPp∇Nip. (3)

External forces fff ext (e.g., gravity) are either added on the
grid or on the particles and transferred to the grid using an
interpolation function.

After the grid update (see Section II-C), grid-to-particle
(G2P) interpolates velocities and positions back,

vvvn+1
p = ∑

i
Nipvvvn+1

i , (4)

xxxn+1
p = xxxn

p +∆tvvvn+1
p ,

and advances the deformation gradient with the grid velocity
gradient,

FFFn+1
p = (III +∆t ∑

i
vvvn+1

i ⊗∇Nip)FFFn
p. (5)

Stresses are then recomputed at particles from FFFn+1
p .

C. Implicit time stepping and the admittance matrix

We adopt an implicit update on the grid for stability and
larger time steps. Linearizing the discrete equations over a
time step ∆t yields a symmetric positive-definite system for
the stacked nodal velocity increment ∆vvv = vvvn+1 − vvvn ∈ R3ng

(MMM+∆tDDD+∆t2KKK)︸ ︷︷ ︸
AAA

∆vvv=∆t( fff ext − fff int)︸ ︷︷ ︸
bbb

+Lagrange multipliers,

(6)
where ng is the number of grid nodes, MMM = diag(mi) is the
lumped mass, DDD is the damping matrix (computed here as
Rayleigh damping), and KKK the tangent stiffness arising from
the variation of internal forces. AAA−1 is the admittance matrix
we will reuse for contact solving. Solving AAA∆vvv = bbb gives
vvvn+1 = vvv+∆vvv.

The stiffness matrix KKK is computed from (3). A pertur-
bation of nodal velocities perturbs FFF p via the grid velocity
gradient, which in turn perturbs PPPp. Collecting contributions
over particles yields KKK as a sparse block matrix whose entries
depend on ∂PPPp

∂FFF p
, FFF p, and ∇Nip.

D. Transfer and interpolation for stability

Basic transfers can be affected by dissipation and cell-
crossing artifacts. Several approaches exist to improve sta-
bility. Affine Particle-In-Cell (APIC) [28] augments particles
with an affine velocity that preserves angular momentum
and reduces numerical diffusion. Moving Least Squares
MPM (MLS-MPM) reconstructs grid and particle velocities
using moving least squares to handle strong distortion bet-
ter. Regarding interpolation, higher-order B-spline interpola-
tion [29] enlarges the support and yields smoother gradients.
More recently, CK-MPM [30] proposes a C 2 compact kernel
and a dual-grid framework that mitigates cell-crossing with
reduced numerical diffusion, while remaining compatible
with APIC/MLS, offering a stable and efficient alternative
to wide B-spline supports.

E. Constitutive behavior and plasticity

We support standard elastic and hyperelastic laws (linear,
St. Venant-Kirchhoff, co-rotational, and Neo-Hookean) as
well as elasto-plastic extensions. Plasticity is handled at
particles by the multiplicative split FFF = FFFeFFF pla: after the
elastic trial update, a plastic projection (e.g., SVD-based
projection) enforces the yield constraints and updates FFF pla.
Stresses PPP(FFFe) then follow from the post-projection state.
This particle-level mechanism allows considering plasticity
while keeping the grid unchanged.

F. Contact notation

To couple contact consistently with the implicit step, we
map grid velocities to relative velocities at contact points
via a contact Jacobian HHHc. For a set of contact frames c with
normal nnnc and tangents tttc,1, tttc,2, the stacked contact velocity
is σσσ c = HHHcvvv, and the contact force is λλλ c = [λc,N ,λλλ c,T ]
constrained by a Coulomb cone. The Delassus operator
GGG = HHHcAAA−1HHH⊤

c encodes how forces change contact veloci-
ties. Advancing the grid without contact yields a free contact



Fig. 1: Particle-centric contact detection and grid-based resolution. Left: A block is discretized into particles (red) and falls
onto a planar surface meshed with tetrahedra (gray). Gray dots represent MPM grid nodes. Center: (broad phase) Overlaps
between particle supports (green) and tetrahedral supports (black) on a shared grid yield candidate pairs. Particles selected
for the narrow phase are shown in blue. Right: (narrow phase and solve) For each candidate (blue), the associated deformed
tetrahedron (dark gray) is used to localize contact points and frames. Contacts are deposited onto the tetrahedra vertices
and then transferred to grid nodes to assemble the contact Jacobian. The global frictional contact is written as an NCP and
solved by ADMM. Grid velocities are corrected by the resulting contact impulses and mapped back to particles.

velocity ggg = HHHcvvvfree, contact then corrects it by solving a
friction problem in λλλ c. The following section formalizes this
as a nonlinear complementarity problem.

III. FRICTIONAL CONTACT FOR IMPLICIT MPM

This section details how we discretize contact between par-
ticles with geometry-aware detection, deposit contact frames
into the grid, and enforce frictional contact as a global NCP
on the grid, solved using ADMM. We end with remarks on
compatibility and multi-object scenes. Figure 1 illustrates the
particle-centric detection and grid-based resolution.

A. Contact discretization on particles

Broadphase. We select potentially interacting pairs using a
uniform background grid shared across objects. Overlapping
cells yield candidate particle pairs (or particle-tetrahedron
pairs for mesh obstacles). This reduces complexity and is
independent of the MPM grid used for dynamics.

Narrowphase. Contacts are then localized from deformed
particle primitives. Each particle carries a tetrahedron whose
vertices are advected by the particle’s deformation gradient.
We query tetrahedron-tetrahedron proximity using a variation
of the GJK algorithm [31]. For each detected contact, we
compute:

• a contact point xxxc on the deformed primitives;
• a unit normal nnnc;
• an orthonormal contact frame RRRc = [tttc,1, tttc,2,nnnc].
This particle-centric, geometry-aware detection provides

sub-cell localization, in contrast to node-wise grid detection,
and ensures the contact geometry is consistent with the actual
deformable shape.

B. Grid deposition of contact frames

Contacts are enforced on the grid, so each contact must
couple to nearby grid nodes. We process in two steps.

Step 1 - Barycentric lift to tetrahedron vertices. A
contact point xxxc lying inside a deformed tetrahedron with
vertices {xxxk}k=1. . . 4 is expressed with barycentric weights
{φk} such that xxxc = ∑k φkxxxk. To ensure active nodal support,
we replace the contacting particle by four vertex proxies at
{xk}. Proxy k carries barycentric weight φk. P2G deposits
contact through these proxies, rather than the particle
centroid, thereby avoiding empty-cell contacts and ensuring
deposition only on nodes with mass.

Step 2 - Vertex-to-grid interpolation. Each vertex con-
tributes to grid nodes i through the same interpolation Ni(·)
as in the P2G/G2P pipeline. Stacking nodal velocities into
vvv∈R3ng , the contact Jacobian row block HHHc, j ∈R3×3ng maps
nodal velocities to contact-frame j relative velocity:

σσσ c, j =

vt,1
vt,2
vn

= HHHc, jvvv, (7)

with

HHHc, j =
4

∑
k=1

φk ∑
i∈N (k)

tttc,1
tttc,2
nnnc


j

⊗Ni(xxxk)eee⊤i , (8)

where N (k) are grid nodes influencing vertex k, and eeei
selects node i’s 3-DOF block. The global Jacobian matrix
is obtained by stacking all contact Jacobian rows. This
barycentric deposition guarantees active nodal support and
preserves geometric locality.

C. Global frictional contact as an NCP on the grid

Contact modeling involves various complementarity phys-
ical principles [32]. First, the so-called Signorini condition
provides a complementarity constraint 0 ≤ λc,N ⊥ σc,N ≥ 0,
where N stands for the normal component of the contact
force and contact point velocity. The Signorini condition
ensures that the normal force is repulsive, the bodies do
not interpenetrate, and the power injected by normal contact



Fig. 2: Illustration of the seven experiments used in this paper: (1) a cube falling onto a plane; (2) multi-object interaction;
(3) a cube sliding on an inclined plane; (4) a plastic cube sliding between two vertical planes; (5) a cube falling into a
fluid-like medium; (6) a soft robotic finger rubbing against a plane; (7) a sphere impacting a quadrupod soft robot.

forces is null. Secondly, the maximum dissipation principle
combined with the frictional Coulomb law ∥λλλ c,T∥2 ≤ µλc,N
of friction µ , states that the tangential component of the
contact forces λλλ c,T maximizes the power dissipated by the
contact. These principles are equivalent to the following
NCP:

Kµ ∋ λλλ c ⊥ σσσ c +Γµ(σσσ c) ∈ K ∗
µ (9)

σσσ c = GGGλλλ c +ggg

where GGG is the so-called Delassus matrix that gives the
admittance matrix AAA−1 projected on the contacts and enables
to map contact forces to contact points velocities, ggg is the free
velocity of the contact points when λλλ c = 000, Kµ is a second-
order cone with aperture angle atan(µ), K ∗

µ is the dual
cone of Kµ , and Γµ(σσσ c) = [0,0,µ∥σσσ c,T∥2] is the De Saxcé
correction enforcing the Signorini condition [33], [32]. This
NCP can be solved to find the value of λλλ c using different
optimization methods, like Projected Gauss-Seidel methods
(PGS) [34], [32] or ADMM [34], [26].

In the case of the MPM, the implicit MPM step produces
the admittance matrix AAA−1 and the free grid velocity (no
contact) vvvfree = vvvn+AAA−1bbb. In contact space, the free relative
velocity is ggg=HHHcvvvfree. The solution of the NCP is the contact
impulses λλλ c that correct grid velocities by

vvvn+1 = vvvfree +AAA−1HHH⊤
c λλλ c, (10)

σσσ c = HHHcvvvn+1 = ggg+GGGλλλ c,

where the Delassus operator GGG=HHHcAAA−1HHH⊤
c couples contacts

globally.
We solve (9) with an ADMM scheme (as used in rigid-

body and FEM simulation [26], [27]), alternating a linear

step and a proximal projection onto the friction cone. The
stopping criteria are based on the tracking of the primal/dual
residuals associated with the NCP. We refer to [26] for more
details.

Algorithm 1: MPM simulation with frictional con-
tacts.

Initialize: a set of particles {p} per object, a
background grid per object;

for k = 0,1, . . . ,K do
Step 1: P2G and assembly of AAA, bbb; factorize AAA
(once per object);

Step 2: Free step: vvvfree = vvvn +AAA−1bbb;
Step 3: Detection on particles and creation of the
contact frames [xxxc,RRRc] ;

Step 4: Build HHHc by baricentric lift to tetrahedron
vertices, then vertex-to-grid deposition ;

Step 5: ADMM solve of (9) using
G = HHHcAAA−1HHH⊤

c and ggg = HHHcvvvfree;
Step 6: Correct grid velocity
vvvn+1 = vvvfree +AAA−1HHH⊤

c λλλ c ;
Step 7: G2P update of particles;

end

D. Compatibility and multi-object simulation

The global approach is summarized in Algorithm 1. It
is agnostic to constitutive models and transfer/interpolation;
it only requires consistent P2G/G2P and the admittance
matrix AAA−1. For multi-object simulation, we maintain one
MPM grid per object, with a shared origin and spacing.
The contact Jacobian concatenates per-object blocks, and the



TABLE I: Cube-on-ground results. Experiments are organized by interpolation (L: Linear, Q: Quadratic, C: CK), transfer (B: Basic, A:
APIC, M: MLS), and material (L: Linear, S: St. Venant–Kirchhoff, C: Co-rotational, N: Neo-Hookean). Abbreviations — #C: mean
number of active contact points; Iter.: mean ADMM iterations per step; Mean res.: mean final ADMM residual; Max res.: maximum

final ADMM residual; % steps ≤ 10−6: fraction of time steps whose final residual is ≤ 10−6.

Exp. #C (mean) Iter. (mean) Mean res. Max res. % steps ≤ 10−6

LBN 59.7 613.14 3.11×10−6 3.49×10−5 71.85%
QBN 95.4 518.02 1.76×10−6 7.80×10−6 77.32%
LAN 56.8 580.49 2.34×10−6 2.80×10−5 79.85%
QAN 88.1 481.33 2.15×10−6 1.33×10−5 75.50%
CAN 46.1 274.26 6.49×10−6 6.25×10−4 84.03%
CMN 54.3 300.90 1.41×10−6 1.37×10−5 80.87%
CML 58.3 313.61 1.53×10−6 1.37×10−5 80.73%
CMS 61.0 333.22 8.91×10−6 7.90×10−4 76.63%
CMC 68.2 293.97 1.48×10−6 1.24×10−5 85.11%

ADMM absolute tolerance 10−6; maximum 1000 iterations per step.

Delassus contains cross-terms that couple objects through
shared contact.

IV. EXPERIMENTS

All experiments are illustrated in Figure 2. Unless stated
otherwise, we use quadratic B-spline interpolation; basic
P2G/G2P, and a Neo-Hookean material. We also report
results with linear, St. Venant-Kirchhoff, co-rotational
elasticity, and APIC/CK-APIC/CK-MLS transfers. Particles
are built from object meshes. We initialize one particle per
mesh tetrahedron at its barycenter and attach that tetrahedral
primitive to the particle. Time steps are ∆t ∈ [10−3,10−2]s
and grid spacing is chosen so that each active cell initially
contains roughly 6-10 particles. Collision detection uses
Coal [35] on deformed particle tetrahedra during the
narrowphase. The frictional contact is solved by the
ADMM-based approach proposed in [26], with a sparse
linear backend leveraging the implicit MPM factorization.
We set an absolute tolerance of 10−6 and cap at 1000
iterations per simulation step.

Experiment 1 - Drop on a fixed plane. A deformable
block falls onto a fixed floor. Across materials and transfers,
the ADMM residual is sub-millimetric - typical accuracy
for soft robotics - and reaches 10−6 in more than 75% of
the time steps. The average number of active contacts varies
with the constitutive law and the transfer scheme. This
experiment validates end-to-end integration of detection,
deposition, and global NCP resolution. The results are
shown in Table I.

Experiment 2 - Multi-object simulation. A block falls
onto another block resting on a fixed floor, with several
initial offsets. The Delassus operator GGG couples contacts
across bodies, handling simultaneous normal/tangential
constraints and contact mode switches without penalty
tuning.

Experiment 3 - Sliding on an inclined plane. The plane is
rotated by −30° around the x-axis. We measure the block’s
center of mass tangential speed along the plane while it
remains in contact. As µ increases, the system exhibits the

expected stick-slip transition and approaches a critical µ

beyond which the block no longer translates. Speeds are
slightly negative near the treshold due to elastic compliance
(small recoil). Results are shown in Figure 3.

Fig. 3: Mean center-of-mass speed of the sliding cube along
the plane direction as a function of the friction coefficient.

Experiment 4 - Plastic block between fixed walls. A
plastic cube falls between two vertical planes. Contact
dissipation and plastic flow interact: the block stops at a
height that depends on friction and wall orientation, and
the final shape reflects both wall friction and volumetric
compaction.

Experiment 5 - Block entering a fluid-like medium.
The red medium stores only volumetric pressure and uses
deviatoric-eraser plasticity. Boundary conditions enforce
zero velocity. The falling block penetrates while being
slowed by frictional contact. Because the medium carries
no shear memory, it does not close behind the intruder.

Experiment 6 - Soft finger rubbing a plane. A soft finger
with base actuation translates laterally on a fixed plane. We
observe sticking-breaking-sliding contact at the fingertip,
consistent with Coulomb friction.



Experiment 7 - Sphere on a quadrupod soft robot. A
sphere impacts a quadrupod soft robot, producing spatially
distributed contacts over a complex geometry. Deformation
patterns are governed by the frictional contacts.

V. CONCLUSION

In this paper, we introduced a frictional-contact pipeline
that integrates naturally with implicit MPM Contacts are
detected at the sub-cell scale using particle-centric geom-
etry, deposited onto the grid with the exact interpolation
employed by MPM, and resolved as a nonlinear comple-
mentarity problem involving contact impulses. Across elastic
and elasto-plastic scenes, sliding, stick-slip transitions, multi-
contact, and complex geometries, the approach provides
precise contact localization, robust Coulomb friction, and
broad compatibility with constitutive laws, transfer schemes,
and interpolation choices.

As in any MPM pipeline, discretization has a significant
impact on performance and accuracy. Our current implemen-
tation uses one grid per object with a shared origin and spa-
tial resolution. Multi-resolution grids and multi-time stepping
are not yet supported. For simulation with very large contact
sets, forming and applying the Delassus operator (and related
products) dominate the runtime. Although amortized by the
implicit factorization, this remains the main computational
bottleneck.

Promising directions include contact sparsification, warm-
starting, and improved preconditioning for the ADMM
solver, as well as multi-resolution grids and tight integra-
tion with differentiable simulation. These research directions
could, for instance, exploit the differentiability of both im-
plicit MPM and the ADMM contact layers for mechanical
parameter identification, optimal design, and optimal con-
trol.
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