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Abstract: This paper presents a novel non-classical Timoshenko-Ehrenfest beam model based on
a reformulated strain gradient elasticity theory. The strain gradient effect, couple stress effect, and
velocity gradient effect for vibration are included in the new model by only one material length
scale parameter for each. The variational formulation and Hamilton’s principle are applied to derive
the governing equations and boundary conditions. Both an analytical solution and an isogeometric
analysis approach are proposed for static bending and free vibration of the microbeam. A non-
uniform rational B-splines (NURBS) isogeometric analysis with high-order continuity can effectively
fulfill the higher derivatives of the displacement variables in the reformulated gradient beam model.
Convergence studies and comparisons to the corresponding analytical solutions verify the model’s
performance and accuracy. Finally, different boundary conditions, material length scale parameters,
and beam thicknesses are investigated in order to certify the applicability of the proposed approach.

Keywords: isogeometric analysis; Timoshenko-Ehrenfest beam; size effect; strain gradient theory;
couple stress theory

1. Introduction

Micro- and nanobeam structures are widely used in micro/nano-scale devices and
MEMS such as atomic force microscopes, sensors, and actuators. However, as microstructure-
dependent size effects [1,2] exist in these micro/nanobeams, classical continuum mechanics
models without any material length scale parameter fail to describe the size effects [3,4]. To
overcome this deficiency, several higher-order continuum theories have been developed
to capture size effects, including strain gradient elasticity theory [5], nonlocal elasticity
theory [6,7], and couple stress elasticity theory [8-10].

In a higher-order continuum theory, microstructure effects are considered via microstructure-
dependent material parameters. The strain gradient elasticity theory (or Eringen-Mindlin
micromorphic theory) [5,11-14], for instance, contains sixteen microstructure-dependent
material parameters. This general theory appears in three forms with five additional ma-
terial scale parameters for isotropic and centrosymmetric materials in the strain energy
density function [15,16]. As the large number of material parameters are difficult to ob-
tain, several simpler variants of strain gradient elasticity theory have been developed.
Inspired by Fleck and Hutchinson [17], Lam et al. [1] presented a modified strain gradient
elasticity theory (MSGET) reduced to three additional material parameters for size effects.
Sedighi et al. [18] utilized strain gradient elasticity theory to analyze the size-dependent
electromechanical instability of a cantilever nanoactuator. Kong et al. [19] utilized a modi-
fied strain gradient elasticity theory to study Euler-Bernoulli microbeams, while Abbasi [20]
applied it to study size-dependent vibration problems in an atomic force microscope with
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an assembled cantilever probe (ACP). Wang et al. [21] studied the bending and vibration
behavior of porous metal foam microbeams based on sinusoidal beam theory and MS-
GET. Based on Form II of Mindlin’s strain gradient theory [15,22], Altan and Aifantis [23]
proposed a simplified strain gradient elasticity theory (SSGET) [24,25]. This simplified
strain gradient elasticity theory includes only one additional material parameter, and is
known as the dipolar gradient elasticity theory [26]. The SSGET has been utilized to investi-
gated a variety of microstructure beam problems [27,28]. Khakalo et al. [29] researched the
static bending, buckling and vibration behavior of 2D triangular lattices utilizing SSGET.
Ansari and Torabi [30] studied the vibration behavior of carbon nanocones (CNCs) embed-
ded in an elastic foundation using the variational differential quadrature method, which
they actualized based on nonlocal elasticity theory [6,7]. On the basis of the same theory,
Ansari et al. [31] studied vibration problems in circular double-layered graphene sheets
(DLGSs) under thermal load and elastic foundation. Based on nonlocal strain gradient
theory, Torabi and Zabihi et al. [32,33] developed an analytical nanoplate model for the
static and dynamic pull-in instability of functionally graded nanoplates. On the other hand,
the classical couple stress elasticity theory [5,8,10] was developed using an additional two
material parameters, while the modified couple stress theory (MCST) [34,35] with only one
microstructure-dependent material parameter was developed by ignoring the symmetric
second gradient of displacement. Subsequently, a great number of microstructure beam
models based on MCST have been presented [36—43].

However, the above works cannot consider the strain gradient and couple stress effects
simultaneously. For vibration analysis, Papargyri-Beskou et al. [25] studied the velocity
gradient effect for wave propagation using simplified strain gradient elasticity theory. Re-
cently, Zhang and Gao [44] proposed a reformulated strain gradient elasticity theory which
simultaneously considered the couple stress, strain gradient, and velocity gradient effects
for vibration. On the other hand, in this theory only one material length scale parameter
is needed for each of the couple stress, strain gradient, and velocity gradient effect. In
addition, it can be easily degenerated into the MCST. In this work, the reformulated strain
gradient elasticity theory is extended to develop a non-classical Timoshenko—-Ehrenfest
beam model. Based on this Timoshenko-Ehrenfest model, variational formulation, and
Hamilton’s principle, the static bending and free vibration of microbeams can be solved by
analytical solution and isogeometric analysis, effectively fulfilling the higher derivatives of
the displacement variables in strain gradient elasticity theory.

Isogeometric analysis (IGA) is a new higher-order numerical approach developed by
Hughes et al. [45] which has been widely applied in many fields of engineering, such as
beam, plate, and shell structure analysis [46-50], contact analysis [51], damage and frac-
ture mechanics [52-54], electromagnetic analysis [55], fluid mechanics [56], fluid—structure
interaction [57], structure optimization [58,59], and more. Because of the high-order conti-
nuity requirement of generalized displacements in strain gradient elasticity theory, FEM
with addition of a number of unknowns [60,61] is applied to obtain the second derivative
of displacements, which is computationally expensive and unstable [62,63]. As the IGA
can effectively satisfy the high-order continuity requirements, it is more suitable for in-
vestigating the microstructure-dependent behavior of microbeam/ plate structures based
on non-local elasticity theory [64], modified strain gradient elasticity theory [65,66], and
MCST [67-69]. For example, Niiranen et al. [70-72] studied the fourth-order and sixth-order
boundary value problems of bar and plane strain/stress models for static and vibration
problem with IGA. Natarajan et al. [73] discussed the scale-dependent linear free flexu-
ral vibration behavior of functionally graded (FG) nanoplates using IGA-based gradient
elasticity theory [74]. Based on the user element of Abaqus finite-element software, an
isogeometric analysis of higher-order strain gradient elasticity was actualized by Khakalo
and Niiranen [75]. Greco and Cuomo [76] presented an isogeometric approach for the
numerical analysis of 3D Kirchhoff-Love rod theory. Balobanov et al. [77] developed an
IGA for size-dependent analysis of a Timoshenko-Ehrenfest beam utilizing strain gradient
elasticity theory. Based on the same theory, Tran and Niiranen [78] founded a nonlinear
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Euler-Bernoulli beam model applied to a lattice structure with IGA. Niiranen et al. [79]
proposed an IGA for Euler-Bernoulli microbeams. Yaghoubi et al. [80] utilized IGA for
the dynamics of anisotropic Bernoulli-Euler shear-deformable beams. However, all of the
above works consider only the couple stress or strain gradient effect.

This work aims to develop a non-classical Timoshenko-Ehrenfest beam model based
on a reformulated strain gradient elasticity theory. The strain gradient, couple stress, and
velocity gradient effects (for vibration) are included by only one material parameter for
each. Both an analytical solution and an isogeometric analysis approach are proposed in
order to study the size effects of the Timoshenko-Ehrenfest microbeam model. The rest of
this paper is structured as follows. Section 2 briefly introduces the theoretical formulation
of the reformulated strain gradient elasticity theory. The variational formulation, motion
equations, and boundary conditions for the non-classical Timoshenko-Ehrenfest beam
model are described in Section 3. Section 4 focuses on the discretization equation of the
NURBS-based isogeometric analysis. In Section 5, the static bending and free vibration
of the Timoshenko-Ehrenfest microbeam are studied and the results obtained with the
analytical and isogeometric analysis solutions are compared. Finally, the conclusions are
provided in Section 6.

2. Reformulated Strain Gradient Elasticity Theory

This section provides a brief introduction to the reformulated strain gradient elasticity
theory (RSGT) proposed by Zhang and Gao [44]. The RSGT incorporates two additional
material parameters to describe the strain gradient and couple stress effects, respectively.
When referring to RSGT, the total strain energy density function w is written as

1
w(eij, i Xig) = HAei€); + Heijeij + RSyt + mlaXijxij @

where [; and I,;, are material scale parameters depicting the strain gradient effect and the
couple stress effect, respectively; Eijr Xij and Ufjk are the strain tensor, the curvature tensor,
and the symmetric part of the second-order displacement gradient tensor, respectively. Two
classical Lamé constants, A and y, are obtained as

Ev

M Troa-w) @
E
A T ) ®)

where E and v are the Young’s modulus and Poisson ratio, respectively.
Based on Equation (1), the isotropic linear elastic material total strain energy U in
region () is obtained as

1
u = /o wdV = E/Q (oijeij + Tti + mijxig)dV (4)

where 0j;, m;j, and Tfjk are respectively the Cauchy stress, the couple stress, and the sym-
metric part of the double stress tensors obtained by

0'1‘]‘ = /\skkéijJrZyeij (5)
T = 2031 (6)
mi; = 205 uxij )

where J;; refers to the Kronecker delta; ¢;;, x;;, and ’7fjk can be expressed as

1
gij = 5(uij+u) ®)
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s 1
Nijk = g(”i,jk + ) ki + Upij) )
1
Xij = 5(91'.]‘ +0;) (10)

where u;(i€{x, y, z}) is the displacement vector and 6; is the rotation vector, defined by

1
Oi = Seijkiik; (11)

where e;j; denotes the Levi-Civita symbol.

3. Non-Classical Timoshenko-Ehrenfest Beam Model

Consider a Timoshenko—Ehrenfest beam with a uniform cross section, as shown in
Figure 1; the beam is subjected to a static load q(x) distributed along the x axis within the
Cartesian coordinate system (x, y, z). The displacement field of Timoshenko—Ehrenfest
beam theory can be depicted as [81,82]

u = —ze(x,t) (12)
Uy = 0 (13)
uz = w(x,t) (14)

where u;(i = 1, 2, 3) denote the displacement components of a discretional point (x, y, z) on
the cross-section beam, w represents the z-component of the displacement on the centroidal
axis (i.e., the x-axis), and ¢ represents the angle of rotation about the y-axis.

q(x)

=y =

Figure 1. Geometry, loading, and coordinate system of beam.

By substituting Equations (12)-(14) into Equation (8), the strain tensor, ¢;, is ob-
tained as

0 1/0
Sxx:_Z(P <w

v Exz = 5 a){—(p), Eyy = €z = &xy = &z = 0 (15)

From Equations (11) and (12)—(14) we can find that

1/ ow
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By inserting Equation (16) into Equation (10), the components of the curvature tensor
are obtained as

1/%w d¢
Xxy = _4(89(2+ 8x> Pow = Ky = Xew = oz = Ky =0 i

Substituting Equations (12)—(14) into Equation (9), the components of the second-order
displacement gradient tensor can be written as

_ Po s _ 1%w _

s 1
Mxxx = _Zﬁ/ Myxz = 3 9x2

WIN
Qv
x‘-e

4

(18)
W;yy = M3 = ﬂascxy = WJscyy = chyz = M2z = ﬂ;yz = 77;22 =0
Note that 773 ., is of a higher order than the second-order micro displacement gradient,
N5 [83]. Hence, in the rest of the current formulation, 73, can be neglected.
Substituting Equations (2), (3) and (15) into Equation (5) yields [38]
E(1—v) 99 Ev 299

Oxx = *m aw Oyy = Uzz = 7m ox’ (19)

_ E ow — —
Oxz = m(ﬁ_(P), Oxy = Oyz = 0

Using Equations (7) and (17), the components of the modified couple stress tensor, mj,
are obtained as

mxy:—l 2 (aw d¢

Eym +

922 % ) Myxy = Myy = Mzz = Myz = My; = 0 (20)

By substituting Equation (18) into Equation (6), the components of the double stress
tensor, ’L'isjk, can be described as

. = 212 li_gaj Ty = Topy = Toxy = Toyy = Toyy = Tagy = Toyy = Togy = 0 (21)
xxz = 4 H 3 92 30x /) wwy T tzz T txyy T ohxyy T tayz T txzz T otyyz T tyzz T

Using Equation (4) and Equations (19)—(21), the first variation of the strain energy U
over time span [0, T] is obtained as

T T
(5/0 udt = /0 /Q(O’xx§€xx + 20%20€ vz + 22y S Xxy + B3T3, 005y, ) AV dE (22)

Substituting Equations (15)—(18) into Equation (22) provides

sfy udt = [ Jo[-Mo%E + Re6 (32— 9) — 126 (2% + 32) + Quo(%% — 252 ) | axat
= T (aaMxv Ry + 39 +2%8 ) sqdxdt
o o (— % - 15% + 29 Yowdxdt + f [(—% Yo — My —2 Q)0 2
+ (Re+ 3% — % Yow+ (Q— 4%:)0 9“’}
where

M, = / rzdA, Ry = / TndA, Y, = / MyydA, Qy = / TodA (24)
A A A A

In Equation (24), the stress resultants L and A are, respectively, the beam length and
the beam cross-sectional area.
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The kinetic energy of the current Timoshenko-Ehrenfest beam can be described as [5,25]

_ 1 |ou;ou; . , %u; d%u;
K= [ 5 [at ot T loavaraner |7V )

where p and [, are the material density and the velocity gradient coefficient, respectively.
Using Equations (12)—~(14) and (25), the first variation of kinetic energy can be rewritten as

T T (L 9 9 Fa ?
dfo Kdt = [y Jo [ Zat‘S 7+ mo%y 0%y +lzmzaxat‘saxgot + BB’ 305t
+2mo o S | dxdt
oo 92 2 4
= _fo fo [( 28t2 £ = [3mag gy + molg at?>5¢+m0‘sw<aatzzu Z%azzwﬂ dxdt

— T (12m2 20 50+ o2 atzaw) ’Odt

(26)
where
my = /A pdA (27)
_ 2
- /A p22dA (28)

It is noteworthy that p as a constant over the cross-section is independent of time ¢,
which results in my = 0and m> = 0 over time interval [0, T].

Based on modified couple stress theory (MCST) [38] and strain gradient theory [5], the
first variations of the work by external forces on the current Timoshenko-Ehrenfest beam
can be described as

s wa "1 5w 4 c68,)dxd " (Now - Moo — Hs2® '
t = T t+/ - —~HsZ=
fy wir = [} ssesnyisare [ (Now—og 7T ||

where g and ¢ are the z-component of body force and the y-component of body couple
per unit length along the x-axis, respectively, 6, is provided by Equation (16), N and M
are the transverse force and the bending moment, respectively, and H is the high-order
bending moment.

Based on Hamilton’s principle [38,84],

dt (29)

T
5/ [K— (U—W)ldt = 0 (30)
0
By substituting Equations (23), (26) and (29) into Equation, (29) we can obtain
T (L 2 2 o ORy _ 1%y | %0y 19
Jo Jo *[(moﬁzzu —molysme — G T 29d t e 4 iﬁ)‘sw

92 o 92
+ (mzﬁp —mpl3 5ty + mg2S g + M R, 4 19 4 0% 4 c) 5q0} dxdt

(31)

T 23 J—
~Jo [(Bma g+ Ret 35 =%~ N+ be)owt (Qu — ¥+ H)oRe

+ (Bt — My — 1Y, =20, + M) b9 (Odt -

Considering the arbitrariness of ¢ and dw for a given x € [0, L] and ¢t € [0, T] and
applying the essential law of the calculus of variations [85] in Equation (31) results in the
following equations of motion:

" (a2w ) a4w> OR, 10%Y, 0%Q. 19c
. _ _

92 U9x2012 9x 2 ox2 oz 1 + 2 9x (32)
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Bzfp 5 o*w 28 @ oM, 10Y, 0Qy 1
m2<atz_lvaxzat2)+ Olvatz + % —Rx+§a +2 M +§C =0 (33)

with the complete boundary conditions

03 19Y, 0Q, 1 — _
2 qo X X — = = = =
l mzaxatz +Rx+2 e e +2C N or w wat x 0and x L (34)
1 2 P bV _ = _ _
Mx+§Yx+2Qx—lvm2W:Mor(pf(patxanndfo (35)
1 — dw ow
EYx—Qx—Horg—gatx—Oandx—L (36)

where the overhead bar denotes the prescribed value.
Inserting Equations (19)-(21) into Equation (24) yields

M= )
R, = KsyA(gz;—go> (38)
Y, = —%yl A(gzxz +§)(£> (39)

where Kg is the shear coefficient, defined as Ks = (5 + 5v) /(6 + 5v) [38], and I is the moment
of inertia of the cross-sectional area about the y-axis, obtained as

_ 2
1_/Asz 41)

Substituting Equations (34)—(40) into Equations (32) and (33), the equations of motion
for Timoshenko—-Ehrenfest beam with respect to ¢ and w can be described as

mo(az _potw ) _KSFA(M _ @) Vlz A(a4w aicp)

ot2 v 9x29t2 9x2 ox4 ox3

(42)
3
= g+ de—22ua (2% - 35%)
E(1—0)I .
s+ KA (3 - ) + dnha (%8 + 5F) (43)
Gl 9 22 2
— mz(atf l%ang)tz) +mol3 5 + c+4l§yA(%4§ - %ﬁ)

It is clearly seen from Equations (42) and (43) that the present Timoshenko-Ehrenfest beam
model incorporates three additional material parameters (i.e., s, I,;, and I,,), which enables the
current model to describe the size-dependent elastic properties of the microstructure.

When [s = I, = 0, the governing equations from Equations (42) and (43) degenerate to
the modified couple stress theory formulations [38], as follows:

*w Pw I 1 5, (d*w ¢ 10dc
mOatz‘Ks”A<axz a) +4F”mf‘(a Tt 8x3> REARY (44)

E(1-0) d%¢ ow 1 5 (Pw ¢ 1 %
(1+0)(1—20) 0x2 + Kapd w7 +ZVZ”1A o3 T ox cTm (45)
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When [s = I;; = I, = 0 and ¢ = 0, the governing equations from Equations (42) and (43)
reduce to the classical Timoshenko-Ehrenfest beam model, which can be obtained as

0’w Pw I
"o = KSVA(axz - a) t (46)
% 0% ow

Furthermore, the equilibrium equations and boundary conditions from Equations (34)—36),
(42) and (43), with no shear deformation, reduce to a micro-scale Bernoulli-Euler beam
based on reformulated strain gradient elasticity theory [44].

4. Isogeometric Analysis Approach

This section is devoted to the development of an isogeometric analysis (IGA) approach
based on the above non-classical Timoshenko-Ehrenfest beam model for static bending
and free vibration analysis. The numerical results predicted via both analytical solution
and isogeometric analysis are presented in the following section.

4.1. NURBS Basis Functions

For a straight beam, a NURBS curve can be degenerated into a B-spline curve and
NURBS basis functions with a polynomial order p, which consist of weight B-spline func-
tions. These can be described as

(48)

where w; and & are the i weight and the parametric coordinate, respectively, 1 depicts the
number of control points and NURBS basis functions, and N; ,(¢) is the i" B-splines basis
function of degree p, obtained as

i '
Nio(8) = { (1) ' gétfleifisi’“ for p =0 (49)

and _ 9 _z
Ni,p(g) = ml\]i,p—l(g) +ﬁl_€mNi+l,p—l(§) for p > 1 (50)

4.2. Discretized Equations

Based on the current Timoshenko-Ehrenfest beam model, the NURBS basis functions
are used to approximate the generalized mid-plane displacement, as follows:

NP
u" = Y Ry (51)
i
with
u; = [wr ¢r]" (52)

where NP = p + 1 indicates the number of control points in each element, R; and u; denote
the NURBS basis function and the displacement vector at control point I, respectively, and
wy and ¢y are the deflection and angle of rotation of control point I, respectively.

Considering the strain expressions from Equations (12)—(14) and (15), the matrix form
of the strain expressions can be described as

ey = —z—j‘j = G (53)
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1 /0w
E€xz = 2<ax— > = G (54)
Syy = €z = Ex}/ - Syz - 0 (55)
with
C =111 (57)
0
& = [ dp ] (58)
dx
o
& = x (59)
? { —3¢ }

Using Equations (12)-(14), (16) and (17), the components of the rotation vector and the
curvature tensor are obtained as

0 0
X
0=16|=|-13+9) (60)
0, 0
1/0°w  d¢
Xxy = 1 ﬁ‘f‘g = Cx (61)
Xxx = Xyy = Xzz = Xxz = Xyz = 0 (62)
with
_ dx
X=1 1o (63)
4 ox

From Equations (12)—(14) and (18), the matrix form of the symmetric part of the
second-order displacement gradient tensor can be written as

10%w 20
Mixz = 392 5% = G (64)
12%w
m= | °9%5, (65)
T 30ox

For each element, by substituting Equations (51) and (52) into Equations (56)-(65) we obtain

NP
& = Z B}ul (66)
I=1
NP
& = Y. Biu (67)
I=1
NP
X = ). Blu (68)
I=1
NP
m = Y Bju (69)
I=1
at control point I
0 0
B] = [0 iR, } (70)
dx
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1dR;
B = [25” Ve ] 71)
1R,
_ldzR[ 0
BI' = 40dx2 LR, (72)
4 dx
ldle O
ijl = [ 3 gx2 pdr, ] (73)
3 dx

4.3. Static Bending

Considering the static bending problem, the body forces are ignored and all of the time
derivatives are assumed to be zero. Using Equations (4), (12)—-(21) and (29), the equation of
motion can be rewritten as

E(1-0) E EE, E2
o | rrtay ey ee & Geus gy & O0ny oy Koy + O ity v |4V 74)

= f(f dwq.dx + SwP

where g, represents the distributed load and P denotes the concentrated load. By inserting
Equations (53)-(65) into Equation (74), we obtain

T
D 0
fo%[i” [ 0 D2H81 }d“foLmeTDsdefoLfoTDmxdx

& (75)
= [ 8qzwdx + 6Pw
with
0 0
D, = /(2y+)\){ 0 2 ]dA (76)
A
o
D, = / K| | |da 77)
J i ]
Dy = / aul?, } 1 dA (78)
s ]
Dy = / 6ul> 1 1 dA (79)
S ]

Considering the rectangular cross-section of a microbeam with width b and height k,
Equations (76)—(79) can be rewritten as follows:

(L]
o0~ 3R]} 1]
N

From Equation (75), the equation of motion of static problem can be obtained as

Kd = F (84)
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where d is the displacement vector of the control points and the global stiffness matrix, K,
and the load vector, F, can be obtained by assembling each element written as

Ne NP 17T Ne NP
K = ZE? Y fOL[Bﬁ} [Dl 0 ][ ]dx—l— Ze ) fo 351 D B3tdx
e=11=1 B 0 D e=11=1 (85)
N.
+ f 2 fO (B")'D,,B!"dx

Ne Ne
=Y Z/ Blg.dx+ Y ZBfP (86)

e=11=1 e=11=1

where Ne is the total number of elements and where
B = [R; 0] (87)

4.4. Free Vibration

For the free vibration analysis, all external forces are set to zero. Based on the varia-
tional method, from Equations (25), (30) and (74) the governing equation can be described
as

E(1— El?, El?
f {fsexx%&cx + 58x2ﬁ€xz + 5Xxym?(xy + 013z 1+0) Ufcxz} av

= Jv [54’2 P<P+5WPW+5( )Z 0232 4 512 <p+5(3z”>ngaaﬂ

Based on D’Alembert’s principle and substituting Equations (51)~(73) into (88), we obtain

(88)

(K - sz)d _ (89)

in which w denotes the natural frequency and the global mass matrix M, obtained by
assembling each element, can be described as

2
Ne Neo oL R 0177 A 0 1[ R, O pAL 00
M = / { I ]{P H ! ]+(R1)T 0 pll2 0 |Ry|dx (90)
egllgl 0( 0 R 0 Ip 0 R 0 0 pAI2
at control point I
R;, O
R; = 0 Rp, 91)
0 Ry

5. Examples and Discussions

In order to certify the present non-classical Timoshenko-Ehrenfest beam model, several
examples of static bending and free vibration problems (see Figure 2a) were solved by both
analytical solution and the isogeometric analysis approach.

Using Equations (34)—(36), the simply-supported boundary conditions can be de-
scribed as follows:

Wy_g=wy_p =0 (92)
1 2 834)
Mx—i—EYx—i—ZQx—lvsz =0,atx = 0andx = L (93)
%Yx—szo,atx:Oandx:L (94)
2 2
ow _ ow -0 (95)
ox2 x=0 ox? x=1L

which is applied through isogeometric analysis unless otherwise specified.
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(@)

& L z
o i
(b)
P
Lt
W 7 L ‘ 7 z
: |

(c)

Figure 2. Geometry and loading of beam: (a) simply supported beam; (b) cantilever beam; and
(c) clamped—clamped beam.

Using Equations (37)-(40), Equations (92) and (94) can be rewritten as

2 9 E(1-v)I 9
41§MA<1M_%£)_( (1-v)I 2

e o
—%yliA(ﬁ t %) —lmasge =0
1 , (0w  0¢ 5 10w 209\ _

5.1. Static Bending Problem

Considering the deformation as foreign to the time ¢ and neglecting the time-dependent
partial derivatives, the static bending boundary value problem of simply-supported mi-
crobeam (as shown in Figure 2a) is described by Equations (42) and (43) and (92)—(97), with
¢ = ¢(x) and w = w(x). In addition, the body couple c is set to zero.

The deformations w(x) and ¢(x) are described by the following Fourier series solutions:

— Y W, sin(7 98
w(x) ngl sm( T ) (98)
p(x) = i d, cos(?) (99)

n=1

where W, and ®,, are Fourier coefficients defined for each n. Obviously, the formulae w(x)
and ¢(x) from Equation (62) satisfy the boundary conditions in Equations (92)-(97) for any
Wy, and any ®,.
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According to Equations (42) and (92)—(95), the external load, q(x), is described by
Fourier series as

- i On sin(?) (100)
n=1

where the Fourier coefficient, Q,;, can be described as

Qn = L/ sm )dx (101)

In the static bending problem, we consider g(x) = Pé(x — L/2) (see Figure 2a), with
4(.) denoting the Dirac function. By substituting g(x) in this paragraph into Equation (101),
we obtain

Qn = i 2 psin ( nzn) (102)

Based on the above analysis, by inserting Equations (98)-(100) into Equations (42) and (43)
we obtain

[BACE) + SR ACE)" + K ACE) W+ [HBACEY —KpaCE)
~$HRACE) | @0 =
3 3 2
(A2 A (%) = KspA (") = Su2A () | Wa + [SH2A ()
E(1-0) nmy\2 1o a2 (104)
+(1+z;)(172z;)<T) + KspA + guln A(YF) ]Cbn =0
By solving the two existing non-vanishing governing equations, we can acquire
2
Q, <_§lsz_Ks(nLn) +}Ll%>L3
o, = — 33 (105)
(nm)” (32 uA+C1 + Co)
1-0)1 2
Qu <3y12A+(H(U)(10)v)+KsyA<nLn) +1y13,1A>L4
W, = (106)
(n)*uA(BI2IZuA + Cy + Co)
with
2, L\?
C = gls+lm UAK; prps (107)
_ (22, 1p L\?| EI(1-0)

Q= |5kt gh +K5<n ) (1+0)(1-20) (10)

Then, the analytical expressions of w(x) and ¢(x) can be acquired by substituting
Equations (105) and (106) into Equations (98) and (99), respectively. When the material
parameter /s is set to be zero, Equations (105)—(108) degenerates to

& Qu (n?m?13, — 4K,L?) L3 109)
! (nm)? (41,2,1;1AKSL2 + M(l%nznz + 4K5L2))

(1+v)(1—2v)
2.2 _
(S ¢ kani? < B

(n)*pA (41%1VAK5L2 + ey (B2 + 4KSL2))

Wy =

(110)

which are identical to those rotation and deflection expressions provided by the modified
couple stress theory [38]. Both the analytic solutions and isogeometric analysis solutions
of the change of deflection are presented in Figure 3 for comparison. In the isogeometric
analysis, the NURBS basis functions with degree of p = 3 and 30 control points are applied,
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which can be obtained from the following case of Figures 4 and 5. In the current case, the
concentrated load P = 100 uN is applied to a simply-supported microbeam (see Figure 2a).
The configuration of the microbeam is defined by letting L = 20 /1, b = 2 h, and the thickness
h =17.6 um. The epoxy is considered in this work, and the parameters of the beam material
involved in the numerical study examples study are E = 1.44 GPa, v = 0.38. The material
scale parameter of the couple stress effect is [;, = 17.6 um [1,36]. As shown in Figure 3, all
the deflections obtained by the presented non-classical Timoshenko-Ehrenfest beam model
using IGA with different Is (Is = 0, 0.3/, 0.61,,;, 1.2,;) and by its classical beam model are in
remarkable agreement with the analytic solution obtained from Equations (105)—(108). It
can be seen from Figure 3 that the deflection, w/h, obtained by the present model based on
RSGT is always lower than that predicted by the classical model, which shows the behavior
of the size effect. In addition, the deflection acquired by the proposed model decreases as
the material parameter /s increases.

.14+ ® Classical IGA —— Classical Analytical
4 [=0IGA ——— [ =0 Analytical
o 12 ¢ 1=0.3/,1GA 1=0.3],, Analytical
T » 1=060,1GA ——1=0.6/,, Analytical
= =121 1GA —— [ =1.2]  Analytical
0. 10 )
0. 08 4
§
0. 06 -
0.04 1 .
0.02 1
0 v T v T v T T 1
0 5 10 15 20
x/h

Figure 3. A comparative study of deflection with different I;.

100 103 —e—p=2

<

=R

1

[- NEV R ST

15
L
=

1074 107 4

Relative error L’~norm
Relative error L*~norm

107 4

Element size(jim) Element size(jum)

(a) (b)

Figure 4. Convergence in L? — norm: (a) & = 20 um and (b) & = 40 um.

To verify the convergence of the IGA based on RSGT, the relative error in L?>-norm with
respect to element size of a simply-supported beam for different orders p = 2, 3, 4, 5, 6 with
thickness values i = 20 um, 40 pum are studied here, as shown in Figure 4; the analytical
solution obtained from Equations (98) and (99) is incorporated into this convergence
analysis for comparison. From Figure 4, it can be observed that the acquired convergence
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results improve as the element size decreases, and the higher orders (p = 3, 4, 5, 6) of IGA
have a better convergence rate than p = 2, which is in line with the expectation that a higher
order results in better precision and convergence rate.

0.0238 4
0.0145 4
0. 0237 1

0. 0236
0.0144 o
0.0235 1

——p=2 ——p=2

Maximum deflection wih

Maximum deflecti

0. 0234 4 —e—p=3 —e—p=3
p=4 0.0143 4 ——p—4

0.0233 4 —v— Analytical —v— Analytical

0. 0232 4

T T T T T T T 0.0142 T T T T T T T
0 10 20 30 10 50 60 70 0 10 20 30 10 50 60 70

Number of control points Number of control points

(a) (b)

Figure 5. Convergence analysis with different control points: (a) # = 20 um and (b) & = 40 pm.

Figure 5 shows the maximum deflection w/h obtained from the IGA with different
degrees p =2, 3, 4 and number of control points for thickness / = 20 pm, 40 pm. It can be seen
from Figure 5 that the numerical results for the maximum deflection w/h predicted by IGA
for order p = 3 and p = 4 with the number of control point 25 are essentially in agreement
with the analytical solution. According to the above conclusion, the cubic NURBS basis
function with control point 30 essentially fulfills the convergence requirements, and is
adopted in the rest of this work. In addition, the four Gaussian integration points are
adopted in the NURBS element except for other specified special circumstances. In addition,
the assumption in the expansion of Equations (98) and (99) that the numerical value n is 30
is sufficient for the convergent analysis, as shown in Figure 3.

To verify the accuracy of the proposed model, a comparative study of the variations
of deflection between Euler-Bernoulli theory (EBT) as per Zhang [44] and Timoshenko—
Ehrenfest beam theory (TBT) as per our proposed model were considered, as shown in
Figure 6. The configuration and material properties of the microbeam are the same as
mentioned above, with & = 17.6 um. Figure 6 shows that the variations of the deflection
obtained by Timoshenko-Ehrenfest beam model using IGA are in remarkable agreement
with the analytic solution obtained from Equations (105)—(108), and the deflection obtained
by EBT is always lower than that obtained by TBT. In addition, it can be observed from
Figure 6 that the deviation of the results obtained by EBT and TBT is negligible for a slender
beam (here, i = 17.6 um and L = 20 h).

0-259 .~ Classcal EBT Classical TBT
—-— MCSTEBT + MCST TBT
—-— RSGT EBT == RSGT TBT
0.20 4 »  Classical IGA TBT
< MCST IGA TBT
RSGT IGA TBT
0.15
S
0.10 -
0.05 -
0 T T T i

o

0 5 10 1
x/h

20

Figure 6. Comparison of deflection between EBT and TBT using different beam theories.
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Figure 7 presents the variations of deflection w/h obtained by the reformulated strain
gradient theory (RSGT) with Is = 1.2 ,;;, modified couple stress theory (MCST) and classical
Timoshenko—-Ehrenfest beam theory (Classical) with h = [, 2I (I,, = = 17.6 um). From
Figure 7, it can be clearly observed that not only is the deflection obtained by RSGT always
lower than that obtained by classical theory, it is lower than that obtained by MCST for all
cases, which indicates that in the non-classical Timoshenko-Ehrenfest microbeam model
based on RSGT, the bending rigidity appears to increase as the material scale parameter ;
is introduced.

0. 14 9
0.12 4
0. 10
0. 08
<
0. 06
0.04 1
0.02 AT s TR TSN N N
s i b= = - - S
0 - T T T —=
0 b} 10 15 20
x'h
+  MCSTIGA +  RSGTIGA
MCST Analytical RSGT Analytical
¢ * MCSTIGA » RSGT IGA
ssical Analytical = — -MCST Analytical — — -RSGT Analytical

Figure 7. The deflection of a Timoshenko-Ehrenfest microbeam as obtained by three different theories
with h =1, 2.

Figure 8 shows influence of different thickness values (with & = [, 2I, 4] and 8I) on
deflection as predicted by the current Timoshenko-Ehrenfest beam model with three
different theories (including RSGT with I = 1.21,,, MCST, and Classical theory). It can be
clearly observed from Figure 8 that the deflection predicted by the current Timoshenko-
Ehrenfest beam model based on RSGT and MCST is invariably lower than that predicted
by classical Timoshenko—Ehrenfest beam theory in any instance. Figure 8 further shows
that the distinction between the deflection obtained with the non-classical Timoshenko-
Ehrenfest beam theory and with classical Timoshenko-Ehrenfest beam theory is significant
only with a very small beam thickness (here, with i < 2I). However, the distinction narrows
as the thickness value becomes greater (here, up to 4/). This observation indicates that the
size effect is remarkable as thickness decreases, which is in agreement with the general
tendency observed experimentally [2].

To certify the applicability of the proposed isogeometric analysis approach to a com-
mon problem, a static bending analysis of a cantilever beam subject to concentrated load
P =0.01IN and a clamped—clamped beam under a concentrated load P = 0.01N (see Figure 2)
was investigated. The geometry of the microbeams was defined as width b = 2 i, length
L =20 h and thickness h = 17.6 um, while beam materials involved in this particular nu-
merical example were the same as those adopted in Section 5.1. Figures 9 and 10 show the
results of the deflection w/h predicted by IGA based on RSGT (with Is = 0.3, 0.61,,;, 1.21,,),
MCST, and classical Timoshenko-Ehrenfest beam theory (Classical) for a cantilever beam
and clamped—-clamped beam with a beam thickness value h (h =1, 21,4l and I,;, = = 17.6 pm).
It can be seen from Figures 9 and 10 that the results obtained with the IGA based on RSGT
and MCST is always smaller than those obtained by classical theory for all cases, and the
deflection predicted by the current numerical approach decreases with the increase of the
strain gradient, /s. It can be further concluded from Figures 9 and 10 that the differences
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between the deflection values predicted by current non-classical Timoshenko—-Ehrenfest
beam theory and those obtained by the classical Timoshenko-Ehrenfest beam theory are

significant, as the beam thickness, /, tends to be small.

0. 147 nalytical 0.049 Classical Analytical
4 4 4 MCSTIGA
12 MCST Analytical MCST Analytical
- + RSGT/-121,IGA + RSGT =12/, 1GA
RSGT /,-1.2/,, Analytical 0.034 ~———RSGT /=1.2/,, Analytical
.10
0.08
< < 0,024
0.06
0.0t B
0.01 \
™\
0.02 ‘//’,._«47** 0 \
~-
// \
0 - 0 T T A
0 5 10 15 20 0 10 15 20
x/h x/h
(a) (b)
0.010 ® Classical [GA = Clasical IGA
Classical Analytical 0. 0025 4 Classical Analytical
s MCSTIGA 4 MCSTIGA
MCST Analytical MCST Analytical
0.0081 + RSGT /=127, IGA o 000 + RSGT/-1.2/, IGA
RSGT /,-1.27,, Analytical - RSGT /,~1.21,, Analytical
7 BN
0.006 4 /—# 0.00154 \
3 s
5 4/ s
0.004 - / 0.00104
0.002 0.0005 4
0 T T T A T T 1
0 5 10 15 20 0 10 15 20
x/h xh

Figure 8. Effect of different thickness values on deflection predicted by three different models: (a) h =I;

®  Classical IGA

(b)h=2L;(c)h=1,and (d) h = 2I.
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- —v—1=03I,
2.5 !

——1=0.61,

——1=120,

= Classical IGA

20
0.8 —=— Classical
—+—MCST
——1=0.31,,
——1=0.6/,
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s
= 0.44
-
0ad /
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Effect of thickness values on deflection of cantilever beam: (a) h = I; (b) h = 2I; and (c) h = 4l.
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Figure 10. Effect of thickness values on deflection of clamped-clamped beam: (a) & =I; (b) h = 2I;
(c) h =8l; and (d) h = 101

5.2. Free Vibration Problem

This section investigates the free vibration problem of a simply-supported microbeam.
The boundary conditions are provided in Equations (92) and (95), with the external forces
disappeared (i.e, g=0andc=0; N = 0;and M = Oand H = 0). Conforming to the
static bending analysis mentioned above, the following Fourier series expansions for w(x,t)

and ¢(x,t) are applied:
w(x, t)

@(x,t)

n=1

n=1

y WY sin (7 ) efent

[ee]
Z @,‘{ cos(%)eiw"t

(111)

(112)
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where WY and @)/ are Fourier coefficients, w,, denotes the vibration frequency, and i is a
general imaginary number observing i?> = —1. Obviously, the Fourier series expansions in
Equation (69) observe the boundary conditions in Equations (92) and (95) for any W, and
o). Substituting Equation (111) into Equations (42) and (43) provides

[ (—e? = B () + KA () + JuiZ A(SE) " + 3i2uA () Wy .
[ KepA(E) + Al (1)~ A2pA(E) @Y = 0
K A(HE) + 4pAB (U2)° — $2pACE) | WY 4 [—ma (3 + B ()?) - molde?

e ()7 + KA+ AR (45) + §ual2 (4£)7] @Y = o

(114)

Using Equations (113) and (114) with a non-trivial solution of WY # 0 and ®} # 0,
we can obtain

So(uﬁ— (51+52)w,21+53 =0 (115)
with
5 (N2 o /N2 2
Sy = m0+molv<T) mz—l-mzlv(T) ~+ mols (116)
_ 2 (V[ EI1—0) (nmry? LA (V8 (1
S1= [’””’”Olv( L ) } {(1+v)(120)( L ) +KSVA+4”AI’”( L ) * 3”AZS< L ) (17
ny 2 nmy2 1 nm\4 2 niy4

) _ 2
Sa = nA(F)° | (8 + 3+ 32) it + BKanA (k) (119)
2

+32KpA (L) + JREpA]

The solution of Equation (115) with respect to the quadratic equation of w? can be
obtained as

2 SikS2— /(514527 — 45055
no= (120)
25
When the material scale parameter s and velocity gradient coefficient I, are assumed
to be zero, Equations (116)-(119) can be further degenerated to

w

50 = MmMopmyp (121)
B EI(1—v) nrmy 2 1 5 /nm\2
2 4
S, = my {KsyA(nLn) +iyliA<%) } (123)
_ nm\4[EKgu(1—0)IA  , 2, 1EGu(1—0)IA (n
s =(7) [(1+v)(120) ks A (1+v)(1—20)( T) } (124)

Substituting Equation (121) into Equation (120) then obtains the expressions of the first
natural frequency provided by modified couple stress theory [38]. To certify the accuracy
of the first natural frequency provided by IGA, the results of the first natural frequency
obtained using analytic solutions, from Equation (120) with n = 1, and the numerical
solutions obtained from IGA are presented in Figure 11 for comparison. Figure 11 shows
the variations of the first natural frequency predicted by the non-classical Timoshenko—
Ehrenfest beam analytical solutions based on RSGT (with Is; = 1.21,,) for different velocity
gradient coefficients I, [22,25,44], modified couple stress theory (with I, = Is = 0), classical
Timoshenko-Ehrenfest beam theory (with [, = s = [;; = 0), and the numerical result provided
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by IGA. The material parameter and configuration (with L=20h, b=2h, and h =17.6 um)
of the simply-supported beam (epoxy) considered here is the same as that applied in
Section 5.1. The material density is p = 1.22 x 103 Kg/m?3.

1.4
®  (lassical IGA Classical Analytical
) % 4  MCSTIGA ——— MCST Analytical
1.24 * =21 1GA 1=21_Analytical
‘ » 1=5] 1GA —— 1 =5/  Analytical
Loq | * 1=121 1GA —— =12/, Analytical
o 1=201 1GA ——1,=20/, Analytical
N 0.8
s
z
F 0.6
0.44
0.2
0 1 1 1 1
1 5 10 15 20

Figure 11. Comparison of natural frequency for different beam thicknesses.

In Figure 11, it can be clearly seen that the analytical result obtained by the current
Timoshenko-Ehrenfest beam model agrees well with the numerical result obtained by
IGA, and the natural frequency diminishes with the increase of the velocity gradient
coefficient, I,. The distinction between the natural frequency obtained with the current
Timoshenko-Ehrenfest beam model based on non-classical theories (RSGT and MCST with
Iy) and classical Timoshenko-Ehrenfest beam theory are significant when the thickness
value is small (h < 21;); the differences narrow as i becomes greater. This certifies the
micro-dependent size effect for free vibration. In addition, the natural frequency predicted
by both the Timoshenko-Ehrenfest beam model based on RSGT (here, with I, < 121,,;,) and
MCST are always higher than that obtained using classical Timoshenko-Ehrenfest beam
theory. However, with a velocity gradient coefficient up to 121, (here, I, > 12I,,), the
natural frequency obtained using the Timoshenko-Ehrenfest beam model based on RSGT is
lower than that obtained using classical Timoshenko-Ehrenfest beam theory. This roughly
reflects the effect of three additional scale parameters (I, I;;, and I). To further illustrate the
effect of material scale parameters, the results shown in Figure 12 are applied in following
numerical example.

Figure 12 shows the effect of three material scale parameters (Is, /;, and I, denoting
the strain gradient, couple stress, and velocity gradient effect, respectively) on the natural
frequency obtained by the current Timoshenko-Ehrenfest beam model. From Figure 12, it
can be observed that the natural frequency increases as I becomes greater, while the natural
frequency diminishes as I, increases. This indicates that the velocity gradient coefficient
decreases with the natural frequency; however, the strain gradient, /5, and couple stress,
I;n, cause the natural frequency to increase; these influences are only distinct when the
thickness value, h, is small (here, h < 21,;,).
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Figure 12. Natural frequency of a simply-supported beam: (a) I, = 21,;;; (b) I, = 5Im; and (c) v = 12Im.
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6. Conclusions

This work proposes a new non-classical Timoshenko-Ehrenfest beam model based
on a reformulated strain gradient elasticity theory. The couple stress, strain gradient, and
velocity gradient effects are considered in the reformulated strain gradient elasticity theory
by only one material scale parameter for each. The static bending and free vibration prob-
lems are solved for Timoshenko—-Ehrenfest beams using both analytical solutions and the
isogeometric analysis approach with high-order continuity non-uniform rational B-spline
basis functions, which effectively fulfills the higher derivatives requirement in strain gradi-
ent theory. Modified couple stress theory and classical elasticity theory can be considered
as special cases in the proposed non-classical Timoshenko-Ehrenfest beam formulation by
suppressing the corresponding strain gradient, couple stress and velocity gradient effects,
respectively. In order to demonstrate the proposed non-classical Timoshenko—Ehrenfest
beam model and verify the accuracy and efficiency of the proposed isogeometric approach,
several examples of static bending and free vibration problems were studied and compared
with each other.

It can be concluded from the numerical examples that the strain gradient and cou-
ple stress effect in the proposed non-classical model result in decreased deflection and
an increased natural frequency. On the other hand, the microstructure-dependent size
effects on the natural frequency are significant when the beam thickness is very small, and
the presence of the velocity gradient effect leads to a decrease in the natural frequency.
The numerical results show that the observed size effects in the proposed non-classical
Timoshenko-Ehrenfest beam model match very well with observations of the same phe-
nomenon in experiments and analytical solutions.
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