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Abstract

The multimodal nature of clinical assessment and decision-making, and the high rate of healthcare
data generation, motivate the need to develop approaches specifically tailored to the analysis of these
complex and potentially high-dimensional multimodal datasets. This poses both technical and con-
ceptual challenges: how can such heterogeneous data be analyzed jointly? How can modality-specific
information be identified from shared information? Variational autoencoders (VAEs) offer a robust
framework for learning latent representations of complex data distributions, while being flexible enough
to adapt to different data types and structures, and having already been successfully applied for latent
disentanglement of multimodal (multi-channel) data. We aim at tackling multi-channel disentanglement
from a causal perspective, and seek at identifying causal relationships between channels, beyond simple
statistical associations. To do that, we propose Multi-Channel Causal VAE (MC2?VAE), a novel causal
disentanglement approach for multi-channel data, whose objective is to jointly learn modality-specific
latent representations from a multi-channel dataset, and identify a causal structure between the latent
channels. Each channel is projected into its own latent space, where a causal discovery step is integrated
to learn the hidden causal graph. Finally, the decoder takes into account the discovered graph to predict
the data. Covariate of interest can be integrated as well when available, and accounted in the causal graph
structure. Extensive experiments on synthetically generated multi-channel datasets demonstrate the abil-
ity of MC?VAE in effectively uncovering the underlying latent causal structures across multiple channels,
hence making it a strong candidate for real-world multi-channel causal disentanglement. Application
to multi-channel data on neurodegeneration extracted from the Alzheimer’s Disease Neuroimaging
Initiative highlights the existence of a biologically meaningful latent causal structure, whose pertinence
is supported by multiple previous experimental and modelling work, and provides actionable insight for
disease progression.
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1. Introduction

In the healthcare domain, clinical decision making - whether for diagnosis, prognosis or thera-
peutics - relies on integrating as much patient-specific information as possible. This information
often comes from diverse sources such as clinical assessments, multimodal medical imaging, or
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genomics profiles, enabling a comprehensive view of the patient, its pathology and response
to a treatment. This statement, together with the increasing availability of healthcare data,
motivates the development of methods specifically tailored to the joint analysis of data coming
from different sources, which can play a crucial role towards personalized medicine [1]: we will
refer to such data with the term multi-channel. Multi-channel data are obtained by gathering
together observations generated from multiple sources: each source can capture a specific
portion of information about the phenomenon under study, and can contribute to its overall
understanding.

Unfortunately, multi-channel data analysis is far from trivial, and comes with several chal-
lenges, due to the intrinsic heterogeneity of such data, the possible high dimensionality of some
channels, and the potential correlations between channels, each one being a specific piece of a
same puzzle. Finally, an effective integration of multi-channel data should be able to preserve
each channel-specific information and highlight the cross-channels one.

Variational Autoencoders (VAEs) have gained significant attention for their ability to learn
complex data distributions in an unsupervised manner [2]. VAEs are Bayesian generative models,
consisting of an encoder, whose role is to project the input data into a lower-dimensional latent
space, and a decoder which reconstructs the original data back from its latent representation.
The VAE inference process is efficiently carried out using amortized inference [3], where the
posterior moments are parameterized with neural networks. The flexibility of VAEs makes them
particularly suitable for dealing with different types of data, hence they appear as good candi-
dates to perform multi-channel analysis. Nevertheless, VAEs in their classical formulation and
specifically when applied to the multi-channel scenario, focus on correlation-type relationships,
and are not able to highlight directed causal patterns.

Causal learning is a very active and evolving area of research that aims to identify causal
relationships between observations, going beyond simple statistical association, and ultimately
improving interpretability, explainability and deployability. Classical methods developed to
discover the underlined causal structure from a set of observations are typically well suited to
deal with relatively low-dimensional data. More recently, attempts to couple causal discovery
and machine learning techniques to cope with higher dimensional and complex datasets, have
shown promising results [4]. Nevertheless, scaling up to multi-channel data still appears as an
extremely challenging task.

We propose a novel model called Multi-Channel Causal Variational Autoencoder (MC2?VAE),
for the joint analysis of multi-channel data, with the objective of identifying meaningful causal
relationships between each modality, enhancing our comprehension of the overall picture
each channel is contributing to. To do so, MC2VAE will rely on VAEs, which ensure the
identification of a latent projection for each channel, and causal discovery techniques to identify
the causal relationships between channels through their lower-dimensional representations: this
knowledge will be valuable for helping the VAEs to reconstruct the data. Moreover, MC2VAE
is able to account for covariates of interest, when available, and study their causal impact on
the latent system. To the best of our knowledge, this is the first approach investigating the
discovery of inter-modalities causal relationships.

The rest of the paper is organised as follows. In Section 2, we summarise the state-of-the-art
on multi-channel data analysis, with a specific focus on VAEs, and causal disentanglement. In
Section 3, we provide a formal definition of MC?VAE, and describe the optimisation strategy.



Section 4 shows results on synthetically generated data, while Section 5 focuses on the real-case
application. Section 6 concludes the paper.

Table 1
Statement of significance

Problem or Issue The multimodal nature of clinical assessment and the rapid growth of
healthcare data motivate the need for methods tailored to the joint
analysis of such complex and high-dimensional datasets.

What is Already Known Variational autoencoders (VAEs) can learn latent representations of
complex multimodal data but do not explicitly capture causal inter-
modalities relationships.

What This Paper Adds This paper proposes Multi-Channel Causal VAE (MC2VAE), a causal
disentanglement approach that jointly learns modality-specific latent
spaces and infers causal relationships between channels, accounting
for additional latent covariate causal effects. Experiments on synthetic
datasets confirm its ability to uncover latent causal structures, and
application to multimodal data on Alzheimer’s Disease reveals biolog-
ically plausible causal patterns aligned with prior research, offering
insight into disease progression.

Who would benefit from  Mulitmodal data analysis is fundamental for precision medicine. Our

the new knowledge findings highlight the utility of our model in uncovering meaningful
multi-channel causal pathways for biomedical data with a potential
strong implication for actionable healthcare.

2. Related works

2.1. Multi-channel Representation Learning with VAEs

Representation learning aims to disentangle the observed variables by projecting them into
latent lower-dimensional independent features, which correspond to distinct generative factors,
providing a compact representation of the data and its variability [5, 6]. To solve this task, several
models have been proposed, including Recurrent Neural Networks (RNNs) [7], Generative
Adversarial Networks (GANSs) [8], Deep Reinforcement Learning (DRL) [9], and VAEs [10].

In the multi-channel context, VAEs have already been successfully deployed. For instance,
Antelmi et al. [11] proposed a sparse VAE that jointly learns latent relationships across multiple
channels, under the assumption that the latent space is shared across all channels. On the other
hand, in [12] the authors study the spatio-temporal dynamics of disease evolution through a
multi-channel VAE, where each channel is projected separately in its latent space, and a latent
neural dynamical system describes the time evolution of the latent variables. A supervised
multi-channel variational autoencoder (MVAE) based on conditional VAE (CVAE) has also
been proposed [13], and applied to analyze time signals, while a generalized multi-channel
conditional variational autoencoder [14] has been used for multi-channel audio source separation
under underdetermined conditions. In [15], Bayesian Networks in conjunction with sparse
autoencoders are used to incorporate arbitrary multi-scale, multi-channel data without making



specific distribution assumptions. A conditional generative modeling (CGM) approach for
unsupervised disentangled learning based on variational autoencoder (VAE) was also proposed
[16]: it employs a categorical conditional prior distribution in the latent space to learn global
uncertainty in the data. Finally, to enforce multi-channel coherence, Wesego et al. [17] proposed
to learn the correlation among the latent variables of unimodal VAEs using score-based models.

Despite the interest of the above-described approaches (and other variants, developed in the
past 2 decades) for the joint analysis of multi-channel data, none of them explicitly include a
notion of causal relationships between the involved channels, which are mixed on the basis of
correlation.

2.2. Causal Disentangled Representation Learning

Causal discovery [18, 19] is a branch of causal research that aims to unveil the causal relationships
between observed variables. Causal links are defined as intrinsically asymmetric relationships,
whose cause-and-effect actions can be typically represented through Directed Acyclic Graphs
(DAGsS). Causal discovery, which has already proven relevant in diverse research fields, including
medicine [20, 21], biology [22], physics [23], and economics [24], is a powerful tool to understand
the underlying mechanism driving data generation, especially when prior expert knowledge
is not already fully established. Further, it stands as a necessary preliminary step to perform
causal inference which is the basis for counterfactual reasoning (e.g., [25]).

Classical approaches to causal discovery (e.g. [26, 27, 28, 29]) strongly suffer from the curse
of dimensionality, and are not well adapted to deal with complex and high-dimensional datasets.
Therefore, Causal Disentangled Representation Learning (CDRL) [30] has recently emerged,
and seeks to solve this bottleneck by relying on machine and deep learning methods for feature
extraction. Unlike conventional representation learning, which may merge multiple causal
factors into a single representation, causal disentanglement strives to identify and separate
causal latent factors that contribute to the generation of the observed variables, hence enabling
a more comprehensive understanding of the underlying data-generating process.

Among CDRL approaches, CausalVAE [31] proposes a supervised VAE-based structure.
Given some external high-level information about data - the concepts, with an established causal
structuring - the authors include a Causal Layer in their pipeline, and learn a causal graph in
the latent space that mirrors the known causal relationships between the concepts. The model
shows good results on both synthetic and benchmark datasets. However, by leveraging the a
priori known graph on the concepts of interest, they enforce the dimension of the latent space
and the causal structure therein. An extension of CausalVAE was later proposed by Komandouri
et al. [32] to relax the linear assumption of causal relationships. Other methods proposed in the
literature include CausalGan [33], which is based on GAN and is designed to perform causal
inference on images, but requires a prior causal graph. causalPIMA [34] has been recently
proposed for causal representation learning, integrating physics-based constraints, and a product
of experts. Of note, the authors use the term multimodal to refer to the multivariate nature of
the causal latent space, such as colors or geometric shapes as the driving generating features
for an image. This definition differs from the one used in this paper. Finally, DAG-GNN [35]
leverages graph neural networks (GNN) to learn a DAG from (unimodal) data, eventually on a
lower-dimensional latent space, and without requiring supervision.



Despite the significant achievements reached, we noticed that to the best of our knowledge, the
CDRL models available in the literature are not designed to deal with the multi-channel scenario
we wish to address here. Moreover, several methods require injecting additional knowledge to
drive the causal discovery in the latent space, while we aim at solving the discovery task in an
unsupervised manner, due to the realistic unavailability of an established prior latent causal
structure across channels, especially in healthcare. In [36] we have proposed a simplified version
of MC2VAE to investigate drug-induced Torsades de Pointes, a life-threatening arrhythmia.
Here, we substantially extend [36] by introducing non-linear causation, covariates’ effect, and
performing extensive experiments.

3. Multi-channel Causal Variational Autoencoder (MC?VAE)

To deal with multi-channel data and the need for recovering their mutual causal relationships,
we propose Multi-Channel Causal Variational Autoencoder, MC?VAE. Our approach aims to
uncover a causal graph between channels’ latent variables in a fully unsupervised manner, i.e.
without requiring any additional information beyond the data itself. In this way, we aim to
obtain an interpretable and richer representation of such complex data.

The overall architecture of MC?VAE is summarized in Figure 1. We denote by X =
(Xi)i=1,..., v the dataset of observed variables, where N is the total number of subjects, and
Xi = (X]")m=1,....m is the dataset for the ith subject consisting of observations from a total of
M channels, x}". Each x}" lies in a specific d,,,-dimensional space. Some covariates of interest
which can have a causal effect over the different channels may be observed for each subject: for
the sake of simplicity, we consider here only a single binary covariate, v = (v; € {0,1})i=1,. n;
the extension to multiple covariates is straightforward. The latent vector for subject 4 following
the encoding operation is denoted by z; := (2™),,=1..m € RM, where each 2" corresponds
to the latent representation of x}". After passing through the causal layer, where the covariate
can be eventually integrated, the transformed channel-specific latent variables, z§, will be feed
to the decoders.

The latent structural causal model and the generative model. MCZ2VAE hypothesizes the
existence of a latent structural causal model (SCM) relating the channel-specific latent variables,
z2¢ = {2 };=1,..m. Let A be a weighted adjacency matrix, strictly upper triangular up to
some permutations of its columns and rows, which fully describes the causal graph structure
across z¢, i.e. the ij-th element of A, a;;, provides the strength of the causal relationship of 2
(the parent variable) to 27 (the children) (a;; = 0 denotes no causal relationships between z{
and z{). Under a linear SCM assumption, one would get:

z°= Iy — A") "z + Bv), (1)

where z = (2"),=1,.. m provides the independent noise term, I,; denotes the M-
dimensional identity matrix, and 3 € RM is the vector of v’s causal weights over the modalities
i.e. B; # 0 represents the strength of the causal impact of the covariate v on the modality . The
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Figure 1: Workflow of MC2VAE. 1) Each channel m is encoded to a one-dimensional latent variable 2™
through its channel-specific encoder. 2) The latent variables z = (2™),,=1,... am pass into the Latent
Causal Layer, where the structural causal model is learned. When available, the covariate v is integrated
as well. 3) The decoder takes the transformed causal variables z¢ = (2%™),,—1 ... a to reconstruct the
observations for each channel, through a channel-specific decoding.

superscript T denotes the matrix transpose.

Of note, thanks to the channel-specific encoding and decoding operations, our VAE-based
structure allows to smoothly account for a generalized version [35] of the linear SCM given
in Equation (1): z¢ = fg ((Iny — A7) 7! (ge(z) + Bv)), where fs and geo are (possibly
non-linear) functions, which respectively affect the nature of the causal relationships (but not

the underlying causal structure) and the noise density.

We consider the following generative model, parameterized by (A, 3, ®):

z ~ p(z)
Piag) (2602,0) =TI p(ap) (25" 2, v)
po (X|26) = [IM_, o (X™| fn, (25™)) 4

where:

« p(z) is the prior distribution over the latent exogenous variables, supposed here to be a

product of M independent standard Gaussians;

- %

M
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* P(a,p) (2°]2,v) is the Markov factorization of the joint distribution of the latent endoge-
nous variables;

« (Fm([Mm))pemn,, are parametric families of distributions for each m, in our case all
Gaussians, since we will always consider continuous variables throughout the paper;

o Vm, fm,¢>m : R — H,, is the decoder function for the m-th channel, a neural network
parameterized by ¢, € ®. According to the above, for each m, the output of f,, o will
be a d,;,-dimensional mean, ,uBL, and a variance-covariance matrix, which we assume to
be diagonal to ease the derivations, X2 = 032 Lq,,-

Formulation of the loss function. In order to optimise the parameters of MC?VAE, we
need to maximize the marginal log likelihood, £:

N N
L= Zlog [Pap.0)(Xi)] = Zlog [/p<1> (Xilz7) pa,p) (27124, vi) p(z:i)dz;
i1 i=1

Due to the intractability of the integrals involved in the above expression, we apply variational
Bayes and introduce a tractable posterior gg(z|X) to approximate the true one. In particular
we assume what follows:

M
go(z|X) = [ Gm (z*"|gm,0,(x™)), (3)
m=1

where

* (Gm(-1Ym))~eL,, are parametric families of distributions for each m, in our case all
Gaussians;
s VM, gm.6,, : R — L,, is the encoder function for the m-th channel, a neural network

parameterized by 8,, € ©. For each m, the output of g,, g,, will be a 1-dimensional
E

mean, £, and a standard deviation, oE .
m m

According to the detailed modeling assumptions, and applying Jensen’s inequality, we get
to the following tractable Evidence Lower Bound (ELBO) for MC2VAE, which we denote by

£(4,8,9,0);
L>Enp00) =L {log ps (X|z9)]} + Egg {log [p(as) (z°|2,v)] } — DkL (¢0(2|X)||p(2)), (4)

where Dk, denotes the Kullback-Leibler divergence.

Using the generative model (2), the inference one (3), and the previously defined latent SCM,
each term of Equation (4) can be explicitly derived, leading us to:

I v oy =l (e
E(A,ﬂ}b,@) = _§ Z Z dm log <27TO'm >+T—log % +Um +/‘Lm -1 +I’L )
i=1 \m=1 m

(5)



where

and
_ _\T
 B= (T —AT) " (I - AaT) )
« u¥ € RM is obtained by concatenation of all 2, m =1,..., M;
e 2P = diag(o™ (x,012), . ..,0% (xM,0r9)) € RM*M,

« E(A,8) = (T — A7) ™" Bu;

« tr is the trace operator.

Of note, the generative part of (4) can be computed through Monte Carlo approximation
by considering multiple samples of z ~ gg(z|X). Some details of the proof are provided in
Appendix A.1.

Up to now, non-linearities have been accounted through the encoding and decoding functions,
and sampling. Nevertheless, one may want to explicitly model a deterministic non-linear latent
SCM, according to a given vector-valued function fe : RM — RM,

2 = faor (T = A7) M2+ B0)) = faa(2°) )

To do so, one strategy is to linearize back Equation (7) by using a first-order Taylor expansion,
under some mild assumptions over fy.;, with the great advantage of preserving Gaussianity:

fdet(zc) ~ fdet(g(A76)) + deet(g(A7/B)) ((]IM - AT)ilz) ) (8)

where Jg¢, , is the Jacobian of 4, and the expansion is realized around £(A4, 3), the mean of 2°
under a centered Gaussian prior for z. Injecting (8) into the previously defined model, the new
ELBO differs from Equation (5) only in the definition of the I; term (Eq. (6)), which now writes:
T

1f = det (B) +tr (B7'37) + (W5 ~f1u(€(A,8)) B~ (n"—faa(€(4.8)), )

. 1 T
where B = Jg,, (€(A, 8)) (T = A7) ™" [J5,, (6(A,8)) (T — AT) ™| e RV,
For more details about the derivation of E,, {log [p( A8 (2°]z, v)] }, see Appendix A.2.

Constraints to enforce acyclicity. We recall that our objective is to learn a directed acyclic
graph relating the channel-specific latent variables. The acyclicity is encoded in the adjacency
matrix A, which we expect to be strictly upper triangular up to a permutation. To enforce this
requirement, we add a penalization term to our ELBO inspired by Zheng et al. [37], where they
show the following result:



Theorem 1. A matrix A € RM*M yepresents a directed acyclic graph if and only if
H(A) = tr (e°4) — M =0, (10)

where o is the Hadamard product, and e* is the matrix exponential. Moreover, the smooth differen-
tiable function H has the simple associated gradient:

VH(A) = (e*°4) " 024, (11)

Additionally, to enforce sparsity among the channel-specific latent variables [38], we
introduce a Ly penalty on the adjacency matrix, i.e., L1(A) = ||A||;. The same penalty is
coherently added also to induce sparsity on the covariate causal impact: L1(3) = ||3]|1.

Finally the objective function to be minimized writes:
Lossyicoyap(X; 0, A, 8, @) == —Eap.0,0) + MH(A)+mL1(A) +n3L1(8),  (12)

where {7; }i—1 2,3 are the weights of the regularisation terms.

Identifiability. The identifiability of our causal latent models is tightly related to the under-
lined non-linear causal patterns and the independence of the exogenous latent variables. Under
these assumptions, Zhang and Hyvérinen [39] have provided a systematical characterization of
the identifiability of the post-nonlinear causal model.

Optimization. We have implemented MC2VAE using Python 3.10.9 and Pytorch 2.2.1. Algo-
rithm 1 briefly outlines the steps performed at each training epoch. Optimization is efficiently
carried out through minibatch stochastic gradient descent using the Adam optimizer [40]. The
experiments detailed in Section 4 were conducted on a Dell PC. The system was powered by
an Intel Core™ i7-10850H processor (6 cores at 2.70 GHz), with 15.2 GiB of RAM and 1 TB of
storage. The environment ran on Fedora Linux 42 (kernel 6.16.8-200.fc42.x86_64). On average, a
full 10-fold cross-validation training of MC2VAE is completed within approximately 90 minutes
in the case of five modalities (see Section 4.3.1). The code used to run MC?VAE (and to generate
the synthetic datasets illustrated in Section 4) is made publicly available on Gitlab.

4. Experimental results

4.1. Architectures

We will consider four distinct architectures for MC2VAE, described in Table 2, varying the
encoder-decoder structures, and eventually adding a deterministic non-linear function fg in
the latent causal layer.

The four architectures were selected to study the contributions of two core modeling com-
ponents: (i) the projection performed by the encoders and decoders (linear vs. non-linear),
and (ii) the impact of the causal model in the latent space (linear, non-linear, or deterministic).
Architectures 1 and 4 correspond to the fully unsupervised scenario in which no information


https://gitlab.inria.fr/salali/mc2vae

Algorithm 1 MC?VAE
Require: Multi-modal data (X;;)m=1,.. a; regularisation hyper-parameters {7;}i—123; £
epochs; batch size; optimiser hyper-parameters
Optional: Covariates v; M custom encoder-decoder architectures (default to one linear layer);
f4et non-linear function (default to I;;);
fore =1,..., FE, and each batch do
form=1,...,M do
Encode x™, and sample 2™ ~ gg, (2™|x") (reparameterization trick)
end for
z < concat(z™)m=1,..Mm
Causal mixing: z¢ = f4e ((Ins — A7)~ !(z + Bv)) (Latent Causal Layer)
form=1,...,M do
Decode z“™, and sample X" ~ pg_ (x™[24™)
end for
Compute the ELBO (5) (using (9) if fyet, (6) otherwise)
Return Lossyceyap(X; 0, A, 8, ®) (Eq.(12))

Backpropagate
end for
Encoder/Decoder faet ELBO &4 5,0,0)
Arch. 1 linear foer =1 (6)
Arch. 2 linear Same f4; used for data generation 9)
Arch. 3 linear fier = PReLU, with learnable neg- 9)
ative slope a
Arch. 4 non-linear (MLP with hyperbolic ~ f3; =1 (6)

tangent activation)

Table 2
MC2VAE’s architectures considered for the experimental part. Arch. 2 will be considered only for
synthetically generated data (Section 4.3).

about the true causal mechanism is available, with either linear or non-linear encoder—-decoder
mappings. Architectures 2 and 3 serve as controlled intermediate variants: Architecture 2
incorporates the ground-truth non-linear causal function (available in synthetic simulations),
while Architecture 3 uses a flexible parametric PReLU approximation for a more generalized
causal mechanism. These intermediate architectures enable a principled assessment of how the
availability and complexity of the causal mechanism affect MC2VAE’s performance.

4.2. Graph structure metrics

We consider four standard metrics to evaluate the accuracy of the discovered latent graph in
the synthetic scenario, when the ground truth is known, treating the causal discovery task as a
classification task: False Discovery Rate (FDR), True Positive Rate (TPR), False Positive Rate (FPR),



and Structural Hamming Distance (SHD). Their definitions are summarized in Table 3 where:

« F'P is the number of false positives (edges predicted but not present in the true graph),
« TP is the number of true positives (correctly predicted edges).

« I'N is the number of false negatives (edges that are present in the true graph but not in
the discovered one).

« T'N is the number of true negatives (non-edges correctly predicted as non-edges).
+ Reverse counts edges with flipped direction in the predicted graph.

Metric  Definition Interpretation

FDR | % Proportion of incorrectly predicted edges among all predicted ones
TPR 1T TPZ% Proportion of correctly identified edges

FPR{ % Proportion of incorrectly predicted non-edges

SHD|] FP+ FN + Reverse Total number of edge errors (missing, extra, reversed)

Table 3
Graph structure metrics used to evaluate predicted latent DAGs against ground-truth. True edges refer
to edges that are present in the true graph.

Note that TPR and FPR should be considered jointly: a fully connected (resp. an empty graph)
can trivially maximize (resp. minimize) these metrics.

4.3. Application to synthetic data
4.3.1. Data generation

In order to validate our model, we have applied it to several multi-channel synthetic datasets,
obtained by varying the number of latent nodes, the density of the latent causal graphs, the
channels’ dimensions, the applied non-linearities, and the final sample size. We uniquely denote
each generated dataset as D}, where M is the number of channels and & is the number of
existing latent directed edges. Further details about the configuration of each D, are provided
in Table 4. Synthetic data generation is performed by using the generative model of MC?VAE,
given by Equation (2). Hereafter, we detail and motivate the steps followed for data generation.
Firstly, we randomly generated Directed Acyclic Graphs (DAGs) on M nodes by initializing an
upper-triangular M x M matrix A, with entries uniformly drawn from the interval [—2, 2], then
masked by a Bernoulli matrix with a chosen success probability, to induce sparsity. A random
permutation of the rows and columns of A has sometimes been applied to shuffle the channels’
ordering (see Supplementary Figure B.1 for a few examples or randomly generated latent causal
DAGS). Next, latent exogenous variables are sampled independently from a standard normal
distribution. When accounting for the effect of a covariate, a binary variable was also randomly
generated, as well as the associated M -dimensional (sparse) vector 5 which modulates the
causal influence of the covariate over each channel. We further performed causal mixing by
using the SCM given in (7) for several possible choices of f4; (see Table 4), hence apply linear
decoding to obtain the final multi-channel dataset with the required number of features per



channel. Of note, by imposing a latent causal structure between modalities and covariates
we are synthetically establishing the underlying model of explained variation of observed
modalities, upon decoding. Indeed, referring to the notation from Section 3, a latent causal
relationship from 2%™! towards z%"*2 implies that a variation in z™! induces a variation in
242 which is subtly reflected by sampling observations in the higher dimensional spaces
where x"" and x"™2 respectively lies. We finally added to each channel some additive Gaussian
noise to further mimic the existence of unexplained random noise in the observation space.
Classical standardisation is applied to each dataset before being fed to MC?VAE.

Table 4
Configurations of the generated datasets D%,. The overline on the number of edges (e.g., 10) indicates
that a permutation of the adjacency matrix A has been applied.

M kK # features/channel  # subjects  fje Covariate
3 6 [10,5,7] 2000 Tanh Yes
4 {8,10,10} [10,30,35,40] 500 Polynomial  Yes
5 {10,12} [10,5,7,15,20] 5000 Cosine Yes
[5, 10,15, 20, 25,
8 24 30,35, 40] 8000 Tanh No

4.3.2. Performance of graph discovery

We study the ability of MC?VAE to learn the latent cross-channels causal graphs, and evaluate
the impact of the different proposed architectures as well as the complexity of the ground truth
causal model in terms of the number of channels and edges. The hyperparameters used to
train MC?VAE for each scenario are provided in Supplementary Table B.1. For each dataset we
perform a 10-fold cross validation strategy. As a consequence, for every experiment we end up
with 10 final estimated adjacency matrices, which may underline some slightly different causal
structures. We propose two possible strategies to combine such matrices into a consensus one.
The first strategy consists in retaining the estimated A corresponding to the fold in which
the reconstruction error (either on the train dataset - Min(MSE Train) - or on the test one -
Min(MSE Test)), evaluated through mean squared error, is minimized. The second strategy
proposes to keep those edges that appear in a minimum number of folds f over the 10 folds
(Freq.=f): as thresholds for the frequency of occurrence we consider 3, 4 or 5 out of 10.

In Figure 2 (above), we evaluate the graph discovery performance across the four considered
architectures using the above-mentioned strategies for all generated datasets. We consider two
criteria, TPR and SHD, and report the mean values, and the corresponding standard deviations.
Since SHD is typically expected to increase with the graph dimension, to ease the comparison
Figure 2 (above) , right panel, shows for each architecture the SHD score normalized by the
number of channels. In both plots we also report the scores obtained in the best fold, averaged
across all datasets and for each architecture, as a reference (Best(fold)). Figure 2 (below) further
isolates the results obtained using Min(MSE Test) and Freq.=3 on TPR and SHD respectively,



to better appreciate their overall performance. The reported results highlight the ability of
MCZ?VAE to accurately recover the latent causal graph, across the different generated datasets.
Concerning the choice of the architecture, the results reported in Figure 2 do not provide us with
a strong rationale to privilege Architectures 2 or 3 where the non-linear function fy, is explicitly
considered during training: therefore, in what follows, we will only focus on Architectures 1
and 4.

In Figures 3 and 4, we show the results of the causal graph discovery with respect to all
metrics discussed in Section 4.2 (i.e., FDR, TPR, FPR and SHD), and for 6 synthetically generated
data considering Architectures 1 and 4 respectively. Equivalent results for Architectures 2 and
3 are left to Supplementary Figures B.2 and B.3. MC2VAE demonstrates robust performance
in edge discovery, regardless of the number of modalities (or channels) and features, for both
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Figure 2: Above: TPR and normalized SHD over all the datasets comparing all architectures. Below: TPR
and normalized SHD per architecture over all the datasets using the criteria MSE(test) and minimum
frequency of occurrences 3. The dotted lines represent the mean values over all the datasets.



architectures, with the best fold results reaching in some cases a perfect reconstruction of
the latent causal graph. Additionally, we notice that the graph selection strategies based on
Min(MSE Test) and on minimum edge occurrence Freq.=3 or 4 seem particularly effective,
ensuring good results on all tested datasets.

Overall, our method shows strong adaptability across heterogeneous datasets and complex
high-dimensional settings, allowing us to recover the latent causal relationships across multiple
channels, making it a promising approach for real-world multi-channel causal disentanglement.

4.3.3. Prior knowledge integration

Prior knowledge on the causal relationships across the channels can be smoothly injected into
MC?VAE during training to drive the latent graph discovery task. To showcase the impact of
injecting a prior over the causal structure, we consider here as an example dataset D:’(see Table
4). We consider Architecture 4, and choose to use as a soft prior the latent graph structure which
satisfied the criteria Freq.=5, rather than using the ground truth: this is motivated by the fact
that one can easily put this 2-step strategy in place in a real-case scenario and in the absence of a
strong prior. The prior is provided to MC2VAE in the form of a M x M binary matrix A”, where
an entry afj = 1 indicates that an edge is expected from the i-th latent channel towards the

pf o pp of oF

Min(MSE Train)  -#- Min(MSE Test)
-4+-- Freq.=3 -4-- Freq.=4 Freq.=5
—+— Best (fold)

Figure 3: Architecture 1. Performance of graph discovery in terms of TPR, SHD, FPR and FDR across
six synthetic datasets. The magenta curves, Best(fold), represent the best results achieved by MC2VAE
in each panel across the different folds.
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Figure 4: Architecture 4. Performance of graph discovery in terms of TPR, SHD, FPR and FDR across
six synthetic datasets. The magenta curves, Best(fold), represent the best results achieved by MC?VAE
in each panel across the different folds.

j-th one. The hyperparameters required by MC2VAE for training are kept unchanged, except
for the regularisation weights, {7; };—1 2,3 which were divided by 10.

Table 5
Performance of reconstruction of matrix A with and without prior.

w/o prior w/ prior

TPR 0.62 0.75
FPR | 0.29 0.25
FDR | 0.5 0.11
SHD | 8 4

In Figure 5 we show the ground truth matrix used for data generation (left panel), the best
matrix obtained by training MC2VAE without any prior (middle panel) and the one we get after
injecting some prior knowledge. One can appreciate the benefits of prior injection: almost all
latent causal relationships are correctly identified, except for two, which have been inverted.
The prior knowledge enhances the accuracy of the discovered adjacency matrix, as reported in
Table 5: TPR increases by around 10% and FDR and SHD strongly decrease. These results suggest
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Figure 5: From left to right: Ground truth adjacency matrix A (dark (light) gray boxes indicate the
presence (absence) of causal relationships); best matrix A predicted by MC2VAE without prior using
Architecture 4; best matrix A predicted by MC2VAE using Architecture 4 and a prior on the graph
structure.

that leveraging prior structural knowledge allows to significantly improve the reconstruction
accuracy by boosting true positives and reducing false discoveries.

4.3.4. Benchmark

We compare our method with two baselines: MCVAE [11], a VAE-based approach for the joint
analysis of multi-channel data, to assess data reconstruction abilities, and DAG-GNN [35],
a causal disentanglement method based on graph neural networks, to evaluate the graph
structure learning capabilities. For a fair comparison with the chosen baseline methods—which
are not equipped to explicitly account for covariates—we conducted both studies using the
synthetic dataset D3* (see Table 4), generated without any covariate.

We trained MCVAE using the default hyperparameters and set the latent space dimension to
1, as done for MC2VAE and for the data generation process. The number of training epochs
was set to 2000, which was enough to ensure convergence. The reconstruction performance
comparing MCVAE and MC2VAE, and measured by the mean squared error, is presented in
Figure 6, which clearly shows an improved reconstruction ability of our method with respect to
MCVAE. This result demonstrates the relevance of integrating the latent causal layer, which
allows to model at a finer granularity the mutual causal relationships between channels, while
the underlined hypothesis of MCVAE is rather an enforced correlation across channels’ latent
spaces.

Since DAG-GNN is not inherently designed to handle multi-channel data, we decided to
first independently reduce each channel to a single dimension by using Principal Component
Analysis (PCA). The resulting one-dimensional projections are then concatenated and used
as input to DAG-GNN. As for the previous experiments, we performed again a 10-fold cross-
validation strategy. In Figure 7, we compare the ground truth adjacency matrix (left panel) with
the adjacency matrices obtained by DAG-GNN (middle panel) and by our proposed method
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Figure 6: Mean MSE per channel on the testing data for D2, obtained by performing a 10-fold cross-
validation. Comparison between MCVAE [11] and our model.

(right panel) using Architecture 4. For DAG-GNN, the displayed adjacency matrix corresponds
to the fold with the highest True Positive Rate (TPR), and, following the authors’ original
procedure, we applied a threshold of 1~ to the matrix weights to improve the interpretability
of the output. Notably, without thresholding, DAG-GNN produces a fully connected graph,
lacking structural specificity. In contrast, for our method, we selected the matrix from the
fold that achieved the lowest mean squared error (MSE) on the test set. One can observe that
MC?VAE effectively identifies the complex underlying latent causal structure, achieving a TPR
of 0.71, showing a clear improvement compared to DAG-GNN. Of course, we recognize that
DAG-GNN has not been developed for the causal disentanglement of multi-channel data: this
was also the case for the other causal disentanglement methods available in the literature, to
the best of our knowledge.

5. Application to real multi-channel data on Alzheimer Disease

We apply MC?VAE to multi-modal medical imaging data and clinical scores extracted from
the Alzheimer’s Disease Neuroimaging Initiative dataset (ADNI)?. We considered a total of 587
observations for 441 participants among cognitively normal (103 subjects), patients diagnosed
with Mild Cognitive Impairment (236 subjects) and patients diagnosed with Alzheimer’s disease
(AD - 102 subjects), at baseline. Among the 441 subjects, 133 were associated with more than
one observation over time (up to a maximum of 3 observations per subject). However, since
our objective is to build a meaningful latent causal structure across channels, and not to model

*The ADNI project was launched in 2003 as a public-private partnership, led by Principal Investigator Michael W.
Weiner, MD. The primary goal of ADNI was to test whether serial magnetic resonance imaging (MRI), positron
emission tomography (PET), other biological markers, and clinical and neuropsychological assessments can be
combined to measure the progression of early Alzheimer’s disease (AD) (see www.adni-info.org for up-to-date
information).
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Figure 7: From left to right: the ground truth causal graph of D3%; the adjacency matrix predicted
by DAG-GNN; the adjacency matrix predicted by MC2VAE. Edge colors represent edges classification
outcomes: green for correctly identified edges, blue for inverted edges, and pink for false positive
(spurious) edges.

the subject-specific temporal dynamics of the disease, each observation is treated here as
independent. Of note, the information about the baseline diagnosis has not been provided at
any stage to our model to perform the presented analysis.

All participants are associated with data coming from four channels: Cognitive scores, Magnetic
resonance imaging (MRI), Fluorodeoxyglucose-PET (FDG-PET) and AV45-Amyloid PET images
(AV45-PET). Cognitive scores include clinical scores such as Mini-Mental State Examination
(MMSE), Clinical Dementia Rating scale (CDR-SB), AD Assessment Scale—Cognitive subtest
(ADAS-Cog-11) and Rey Auditory Verbal Learning Test (RAVLT). Before applying MC2VAE,
MRI morphometrical biomarkers were extracted as regional volumes using the cross-sectional
pipeline of FreeSurfer v6.0° and the Desikan-Killiany parcellation [41]. Measurements from
AV45-PET and FDG-PET were estimated by co-registering each modality to their respective
MRI space, normalizing by the cerebellum uptake and by computing regional amyloid load and
glucose hypometabolism using PetSurfer* pipeline [42] and the same parcellation. Features were
corrected beforehand with respect to intra-cranial volume, sex, and age using a multivariate
linear model. The dimensions of the finally obtained 4-channel tabular data are reported in
Supplementary Table B.2. Finally, we consider for each subject the recorded information about
the presence of ¢4 allele of apolipoprotein E (APOE4), the strongest known genetic risk factor
for AD, affecting both the disease onset and progression [43]. APOE4 will play here the role of
a (binary) covariate.

In Figure 8 we present the weighted latent causal graph relating the four considered channels
and APOE4, as inferred by MC?VAE using Architecture 4. Black and blue colored arrows
distinguish the causal relationships between channels and the covariate effects, respectively.
The training has been realized as described in Section 4.3.3. Specifically, we first performed a
10-fold cross validation, built a soft prior using the frequency criterion, hence reported here the

*https://surfer.nmr.mgh.harvard.edu/fswiki
*https://surfer.nmr.mgh.harvard.edu/fswiki/PetSurfer
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Figure 8: Weighted causal graph estimated by MC?VAE for the ADNI dataset.

final weighted graph that minimizes the MSE over the test data. The directed arrows whose
weights were lower than 0.1 were disregarded’.

Following MC?VAE’s definition and global scope, the obtained latent causal structure has to
be interpreted as high-level causal associations between the specific information gathered by
each modality (and the covariate), all of them contributing to each patient’s phenotyping. Very
interestingly, the final causal graph estimated by MC?VAE is highly correlated with and provides
further evidence for the established hypothetical temporal cascade of the biomarker model of
AD’s pathophysiology [44, 45, 46]. Indeed, the latest reports an initial brain accumulation of
Amyloid-S (Af) plaques, which can be identified by amyloid PET, followed by the spreading of
tau and synaptic dysfunction, evidenced by FDG-PET, then regional brain atrophy and neuronal
injury measured through MRI. Clinical manifestations, which can be assessed by cognitive
scores, ultimately follows. Our graph, obtained in a fully unsupervised manner, provides a
causal interpretation of the AD’s progression model, suggesting that A3 accumulation plays a
central role in determining the course of the disease, and giving further evidence to support
the development of amyloid-targeted therapies [47]. Concerning the effect of APOE4, several
studies have already underlined the association of APOE4 with an enhanced deposition of AS
plaques and an increased risk of AD cognitive-functional decline [48, 46]. More recently, Rasi et
al. [49] demonstrated that FDG-PET can be used to predict the presence of the APOE4 genotype,
providing empirical support for the causal relationship from APOE4 towards FDG-PET predicted
by MC2VAE.

Finally, we should stress that most of the identified causal relationships are independently
supported by multiple studies. For instance, [50] demonstrates that MRI scans can accurately
predict clinical scores such as MMSE, CDR-SB, and ADAS-Cog across independent datasets,
thus providing evidence for the discovered causal pathway MRI—Cognitive scores. Also, MRI
features have been shown to correlate with FDG-PET metabolic indices [51].

Interpreting the weights and signs associated with each predicted arrow is slightly less

This corresponds to edges from APOE4, AV45-PET and FDG towards Cognitive scores, with absolute weights of
0.04, 0.04 and 0.07, respectively.
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Figure 9: Distribution of each latent modality comparing cognitively normal (CN) and Alzheimer’s
disease (AD) samples. Both Mann-Whitney U test and the Student’s t-test confirm a statistically
significant difference between the two groups (p < le — 03).

straightforward than the structure of the graph itself. The absolute values of the weights provide
information about hierarchical causal strength. For example, the presence of APOE4 affects
both PET modalities more strongly than MRI, in accordance with what already commented
above, and a change captured by AV45-PET will induce greater changes in FDG-PET than in
MRI. Concerning the sign, it can be partially determined by the encoding-decoding operations,
typically rotation invariant. Nevertheless, the sign still provides an indication of the sense of
the variation induced by the causal associations (modulo the post-nonlinear model specification,
see Section 3). One can have a better idea of what this means in practice for the specific case of
the current application on ADNI data by looking at Figure 9, where we plot the distribution
of the latent causally related modalities, comparing normal (CN) and diseased (AD) samples.
One can observe that the CN population is characterized by lower average Cognitive scores,
and a higher average MRI, FDG-PET and AV45-PET, elucidating the relationship between the
negative sign driving the causal association MRI— Cognitive scores, and the positive sign across
the imaging modalities. The bimodal shape of each distribution is finally due to the effect of
APOEA4.

As a concluding remark, our findings provide evidence to support the hypothesized biologi-
cally grounded progression of AD from a causal perspective, and highlight the utility of our



model in uncovering meaningful multi-channel causal pathways for biomedical data, with a
potential strong implication for actionable healthcare. Indeed, by identifying relevant causal
factors rather than merely associative patterns, our framework provides interpretable targets
that can inform about patient phenotyping, help design early intervention strategies, and thus
potentially guide interventions. Notably, MC?VAE results provide support for research efforts
towards Amyloid 3-based therapy [52], the prime target for the development of Alzheimer’s
disease therapy.

6. Conclusions and future directions

In this paper, we present a novel model for unsupervised Bayesian causal disentanglement
from multi-channel data, MC2VAE. Our method leverages variational autoencoders to obtain
a compact representation of each channel, but conversely to classical VAEs, it integrates a
causal discovery layer to unveil the underlying latent causal relationships across channels.
Our approach showed promising results when applied to synthetically generated datasets:
MC?VAE is able to detect almost all between-channels causal relationships in all considered
scenarios, ensuring good reconstruction abilities. Furthermore, the application to a real multi-
channel dataset on neurodegeneration highlights the relevance of MC2VAE in discovering
meaningful and actionable causal patterns. This work opens up to several exciting perspectives
and extensions, including, among others, the possibility of deploying the learned latent multi-
channel causal structure, and modeling interventions on the latent graph, hence expanding to
the causal inference domain.
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A. Some derivation details

A.1. Computation for E,, {log [p(4,s) (z°|z,v)] } used in Equation (5)

B {08 [ptas (1. 0)]} = [ ae(af%) (=5 tog(em) — § det (3

A.2. Computation of E,, {log [p(4s) (z°|z,v)] } used in Equation (9)

Eao {102 (0, (12.0)]) = [ a(al%) (=5 og(2m)~ det (3, (€04 5) BT (€4 6))

-~z faet (E(A, 8))) T (T, (E(A, B)BIg,, (£(A,B) ) (2 — fdet(E(AwB)))>dz

]
= 2 log(2m) —  det (J5,,(6(4, 5)) Br, (€(4.6) )
- 5o (2~ uale ﬁ)))T(dexs(A BB (€A ) 2~ faul€(4. )]
= 2 log(2m) — 5 det (I, (€(4, 6)) B, (€(A, 9) )
;[tr< Je, (£(A, B)BIs,, (£(A,8)T) ' F(X, 0))

(P (X.0)—faa(6(A, ) (T (€(A, ) BIg,, (6(A, ﬁ))T)‘1<uE<X,e>—fdet<s<A,ﬁ>>)}.



B. Supplementary figures and tables
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Figure B.1: Examples of causal graphs used to generate datasets DS, D§ and D presented in Table 4.
The covariate is denoted by v.

Table B.1
Hyper-parameters used to train MC2VAE on generated datasets given in Table 4.

# channels  batch size # epochs

3 24 1500
4 24 1000
5 50 1500
8 50 1000

Table B.2
Number of features for each modality in ADNI dataset used in this paper.

Modality # of features

Cognitive scores 7
Magnetic resonance imaging 41
Fluorodeoxyglucose-PET 41
AV45-Amyloid PET images 41
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Figure B.2: Architecture 2. Performance of graph discovery in terms of TPR, SHD, FPR and FDR across
six synthetic datasets. The magenta curves, Best(fold), represent the best results achieved by MC2?VAE
in each panel across the different folds.
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Figure B.3: Architecture 3. Performance of graph discovery in terms of TPR, SHD, FPR and FDR across
six synthetic datasets. The magenta curves, Best(fold), represent the best results achieved by MC2?VAE
in each panel across the different folds.
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