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Stabilization of a Wave-Heat Cascade System

Hugo Lhachemi, Christophe Prieur, and Emmanuel Trélat *'*

Abstract

We consider the output-feedback stabilization of a one-dimensional cascade coupling a
reaction-diffusion equation and a wave equation through an internal term, with Neumann
boundary control acting at the wave endpoint. Two measurements are available: the wave ve-
locity at the controlled boundary and a temperature-type observation of the reaction-diffusion
component, either distributed or pointwise. Under explicit, necessary and sufficient conditions
on the coupling and observation profiles, we show that the generator of the open-loop system
is a Riesz-spectral operator. Exploiting this structure, we design a finite-dimensional dynamic
output-feedback law, based on a finite number of parabolic modes, which achieves arbitrary
exponential decay in both the natural energy space and a stronger parabolic norm. The con-
struction relies on a spectral reduction and a Lyapunov argument in Riesz bases. We also
extend the design to pointwise temperature or heat-flux measurements.

Keywords: PDE cascade, reaction-diffusion equation, wave equation, output-feedback.

The present work is the result of the split of [21] into the feedback stabilization study
reported in this paper and the study of the controllability properties of the cascade
in the companion work [22].

1 Introduction

1.1 Studied problem
We fix L >0, c€ R and 8 € L*°(0,L). We consider the cascade system

Oy(t, x) = Opay(t, z) + cy(t, z) + B(x)z(t, x), (la)
Onz(t, ) = Opez(t, x), (1b)

for t > 0 and x € (0, L), with boundary conditions

y(t, 0) = y(tv L) =0, (]-C)
H(4,0) =0, Dpz(t, L) = ult). (1d)

The state y(t, ) solves a one-dimensional reaction-diffusion equation, forced by the wave state z(¢, -)
that solves a one-dimensional wave equation. The control input u acts on the right Neumann trace
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of z. Such wave-reaction-diffusion cascades appear for instance in simplified models of microwave
heating, see e.g. [4,/13}/30,|33]. We assume that two outputs are available: the first one is the wave
velocity at the right endpoint,

2o(t) = 0¢2(t, L), (2)

and the second one is a heat measurement of the form
L
W) = [ oot ds 3)
0

where ¢, € L?(0, L) models a weighted temperature observation.

1.2 State-of-the-art and contribution

To the best of our knowledge, controllability and stabilization results for coupled PDEs of differ-
ent types (such as heat-wave cascades) remain rather scarce. This contrasts with the rich theory
available for coupled parabolic systems; see for instance [1,/3[20] and the references therein. The
works [31}/32] on a heat-wave system coupled at the boundary have strongly inspired the present
paper. Hyperbolic-elliptic couplings have been investigated in [6,24]. Backstepping-based stabiliza-
tion has been developed in [5l{10] for hyperbolic-parabolic systems where the hyperbolic component
is a transport equation.

To the best of the authors’ knowledge, the present paper is the first to address the design of an
explicit output-feedback controller for a one-dimensional wave-heat cascade. Our main contribu-
tion is the construction of a finite-dimensional dynamic output-feedback law ensuring exponential
stabilization of the full cascade , with an arbitrary prescribed decay rate, under spectral control-
lability and observability conditions that are explicit, necessary, and sufficient. The key structural
ingredient is that the generator of the closed-loop system is a Riesz-spectral operator. We establish
the following result that, at this stage, we state in a rather informal way.

Theorem 1. Given any § > 0, under explicit controllability and observability conditions, there
exists an output-feedback control, using the measurements and , explicitly built from a finite
number of modes (depending on §), such that the closed-loop controlled system is exponentially
stable in H® = L?(0, L) x H(lo) (0, L) x L?(0, L) and also in H' = H}(0, L) x H(lo) (0,L) x L?(0, L),
with the decay rate 6.

The precise statement is given in Theorem [2]in Section[d] Based on spectral considerations, we
design a Lyapunov function and build the feedback control using only a finite number of modes. We
also extend the result of Theorem [1| to the case of a pointwise temperature measurement y,(t) =
y(t,&p), or a pointwise heat flux measurement y,(t) = 9,y(t, &), at some location &, € [0, L].

1.3 Paper organization and technical outline

The paper is organized as follow. In Section [2] we design a preliminary boundary velocity feedback
acting on the wave equation and analyze the spectrum of the resulting generator. Section
is devoted to the spectral reduction of the problem and to the derivation of finite-dimensional
models capturing the unstable parabolic modes. The output-feedback design and the stability
analysis of the closed-loop system are carried out in Section[dl In Section [5] we extend the results
from distributed temperature measurements to pointwise temperature or heat-flux measurements.
Section [6] presents a numerical example illustrating the performance of the proposed controller.
Section [7] gathers some concluding remarks and perspectives. In the Appendix, we provide further
comments on the exact controllability properties of the wave-heat cascade.

For the reader’s convenience, we provide below a brief technical outline of the main steps leading
to our stabilization result (Theorem [2|in Section :



e Using the boundary wave measurement , we first design a preliminary velocity feedback
to stabilize the hyperbolic part and define the corresponding generator A.

e We compute the eigenvalues and eigenvectors of A (Lemma [1)).

e We prove that the family of eigenvectors of A forms a Riesz basis ® of the energy space H°,
so that A is a Riesz-spectral operator generating a Cy-semigroup (Lemma [2]).

e We compute the dual Riesz basis ¥ by analysing the adjoint operator A* (Lemma |3)).

e For the parabolic component, we construct a Riesz basis ®' of a stronger Hilbert space H!

(Lemma [4)).

e We perform a spectral reduction of the closed-loop system and identify finite-dimensional
models capturing the relevant parabolic modes (Subsections [3.1] and [3.2)).

e We derive necessary and sufficient controllability and observability conditions for these models

(Lemmas [5][7).

e We introduce a finite-dimensional output-feedback controller based on a Luenberger-type
observer and a state-feedback on the truncated model (Section [4)).

e Finally, we prove exponential stability of the full PDE cascade in both H° and ! norms by
means of a Lyapunov functional built in the Riesz bases (Theorem .

2 Preliminary velocity feedback and spectral properties

2.1 Preliminary velocity feedback

The control strategy consists of first shifting the spectrum of the wave equation , by applying
a velocity feedback on the right Neumann trace , namely, by setting

u(t) = —azo(t) + v(t) = —adiz(t, L) + v(t) (4)

where v is another control to be designed, and a > 1 is chosen such that (see Remark

2_2 *
c# ﬁlog (Z—H) + "z Vn € N*. (5)

When v = 0, the output-feedback u given by () is known to stabilize the wave equation (Ib). The
additional control v is going to be used and designed from the output in order to stabilize the
full cascade system . Hence, with , the system is now

Oy(t, ) = Opay(t, ) + cy(t, x) + B(x)2(t, x),
attz(ta (E) = amzz(tv .’E),

y(t, 0) = y(t, L) = 07

2(t,0) =0, 0.2(t,L) + adiz(t, L) = v(t),

DY DD
Q& T o
~— N N

and the new control is v.

To design an effective feedback control v based on a finite number of modes, we follow a spectral
reduction approach developed in [7,8,/19L25] in other contexts. In turn, we will design a Lyapunov
function.

We define the Hilbert space of complex-valued functions

H° = L*(0,L) x H{y(0,L) x L*(0, L) (7a)



where H(O)(O,L) ={g € H'(0,L) | g(0) = 0}, with the inner product
L JR— — —_
((fr, 91, M), (f2,92,h2)) 50 = / (fif2 + 9195 + haha) (7b)
0
and corresponding norm denoted || - ||0. When the context is clear, we simply denote by (-, -) the

inner product of Ho. Setting X = (y,2,0:2)", the control system @ is written in the abstract
form X (t) = AX(t) + Bv(t), where the operator A : D(A) C H® — H? is defined by

Ope +cid  Bid 0
A= 0 0 id (8a)
0 Opw O

(id denotes the identity operator on L?(0, L)) and domain

D(A)={(f,g,h) € H*(0,L) x H*(0,L) x H'(0,L) |
f(0)=f(L)=9(0)=h(0)=0, ¢'(L)+ah(L)=0},

and the control operator B is defined by transposition (see Appendix .

2.2 Spectral properties of A

Lemma 1. The eigenvalues of A are

)

Aoom = 51 log(aH) +17E, meZ,

/\ln_c_nzgz7 n € N*,

; ; ; — (Al 42 43 — (] 2 3 ;
with associated eigenvectors ¢1n = (911> P> Prn) and G2.m = (3, B3 1, 3 ) TESPECtivEly
given by

01 (@) =/ 2sin (222), ¢3,.() =0, ¢}, (x)=0,
L

qﬁ%,m(x) :Amlr s) sinh(Ag . §) sinh (7, (x — s)) ds

+7Asmf(7m (Lo / B(s) sinh(A2 1, 8) sinh(r, s) ds

m sinh(r,, L)

where Ty, 1S @ square 100t of Ag.n, — ¢ with Re(ry,) = 0,

G5.m(0) = 2= sinh (Mg @), 05, (x) = 22 sinh (Ao, ),

- \/(u2L2+m27r2) sinh(2uL)
Ap = e . p= log(a+1)>0

Remark 1. The constraint is introduced to avoid that the real eigenvalue A2 associated
with the wave equation coincide with an eigenvalue A ,, of the reaction-diffusion equation. When
equality holds for some n € N*, the eigenvalue A\g g = A1, is of geometric multiplicity one but of
algebraic multiplicity two, leading to a Jordan block of dimension 2. Since all other eigenvalues
are simple, our approach works. It also applies to the case a € (0,1) with the change A3, =

37 log (1+a) + z(2m+1)7T for m € Z. o




Proof. Let A € C and (f,g,h) € D(A) be such that A(f,g,h) = X(f,g,h), i.e., f,g € H*(0,L) and
h € H*(0, L) such that

" +ef +Bg =X\, (9a)
h = Mg, (9b)

=\ = Ny, (9c)
f(0) = f(L) = g(0) = n(0) =0, (9d)
g (L) + ah(L) = ¢'(L) + alg(L) = 0. (9e)

Assume first that A = 0. By (9¢) we have ¢” = 0 with g(0) = ¢’(L) = 0, implying along with
that g = h = 0. Hence, from (9a)), f/” + c¢f = 0 and f(0) = f(L) = 0, from which we deduce that

n’7® — ¢ and fx) = \/gsm( 'Zz) for some n € N*. In particular, A = "L’272 =0.

L2
Assume now that A # 0. Using (9d) and the fact that g(0) = 0, we have g(z) = §(e** — e=7)
for some § € R. Furthermore, by [9€), 0 = ¢/(L) + aAg(L) = A§(e* + e + a(erl — e72E)).
Since A # 0, there are two cases.
2,2
If § = 0 then g = h = 0 and, by (9a), f” = (A —¢)f and f(0) = f(L) = 0 hence A = ¢ — %%

and f(z) = \Esm (22z) for some n € N* provided A # 0.

If § # 0 then e + e_)‘L + a(er — e = 0, which is equivalent to 2 = g—jr} Since

a > 1, this gives A = 57 log( 1) + i for some m € Z. Moreover g(z) = sinh(Az) and
h(z) = Asinh(Az), where we take (Wlthout loss of generality) 6 = 1/2. Finally, f” +(e=Nf =
—B(z)g with f(0) = f(L) = 0. Recalling that @ > 1 is selected so that ¢ # 2L log (857), we
have A — ¢ # 0. Hence, denotlng by r one of its two distinct square roots, i.e., r> = A — ¢ with
r # 0, we obtain f(z) = (61— 2= [, B( e " ds)e" + (82 + 5 [ B(s)g(s)e™ ds)e™" for some
constants 61,2 € C that must be selected such that f(0 ) = 0 and f( ) = 0 The latter equation
yields 63 = —61e?"L | implying that f(z) = 26lerL smh( — L 17 B(s)g(s)sinh(r(z —s)) ds.
Then, f(0) = 0 gives —25;e" " sinh(rL) — fo blnh(rs) ds =0. We note that sinh(rL) =0
if and only if e*F = 1, i.e., if and only if 2rL = 22k7r for some k € Z. Then, we must have

A=c+r2=c— kzgz. Slnce A= 2L log (a+1) + i7", this is possible only if m = 0, which
contradicts the assumption that o > 1 has been selected so that ¢ ;é 7 log (a +1) N Lg for any
k € N. Hence, sinh(rL) # 0, which gives §; = —m fo (s)g(s )smh(rs) ds. O

Remark 2. The sequence of eigenvalues (A1 n)nen+ (resp., (A1,m)mez) is associated with the
reaction-diffusion part (resp., the wave part ) of the system and is referred to as the
parabolic spectrum (resp., the hyperbolic spectrum). o

Lemma 2. The family of generalized eigenvectors ® = {¢1,, | n € N} U{po,, | m € Z} is a
Riesz basis of H°. Hence, A is a Riesz spectral operator that generates a Cy-semigroup.

Proof. Noting that {¢1, | n € N*} is a Hilbert basis of L*(0, L) and that {(¢3,,,¢3,,) | m € Z}
is a Riesz basis of H(lo)(O, L) x L*(0, L) we infer, first, that ® is w-linearly independent, and second,

defining @1, = ¢1,n and ¢o = (0,03 ., 83 ,,), that & = {¢1,, | n € N} U {da,n | m € Z} isa
Riesz basis of H°. By Bari’s theorem [11], it then follows that ® is a Riesz basis provided that

D brn = brnllae + D I62.m — Gomlfe = Y 165.ml72 < o0 (10)
neN* meZ mEZ
To prove ([L0), we first note that ¢}, = fm,1 + fm,2 With
fma(z)= %M/ B(s) sinh(Ag ) sinh(ry,s) ds,
0

5



_ 1
fm2(®) = T—meo

L
X / B(s) sinh(Ag,m ) (sinh(ry, (L — 2)) sinh(ry,s) — sinh(r, L) sinh(r, (s — x))) ds.
We study the two terms separately. Since r2, = Ag,,—c = 2L log (TH) —c+i%" with Re(r,,) = 0
we infer that [r;,| ~ 1/ @ and Rer,, ~ % as |m| — +oo. Recall that |sinh(Rez)| <

| cosh(z)|, | sinh(z)| < | cosh(Re z)| for any z € C, and cosh(z) < e” and % (e® —1) < sinh(z) < €% /2
for any x > 0. For |m| large, we obtain

| fon 1 ()] < gL o] / |8(5)|] sinh(Ag,ms)|| sinh(ry,s)| ds

N

”ﬁkfrrfnolsfigﬁ?ggfi;f))/ cosh(Re Az, s) cosh(Rer,,s) ds
0

x
2||B|| Loo cosh(pL)eRe mm (L—=)

< Ao o [(eFe T T ; cosh(Rer,,s)ds

< 2||8]| oo cosh(p,L)eReTM(L_m) % sinh(Re r,, x)

= AnL‘Trnl(eRermL—l) Rerm,

o UBllooe coshiur)e™e (=) grerr

= A |rm | (eRerm L —1) Re T

RermL
<IBllz cosh(ul) o=y Fmrmirer

hence ||fm1llL= = O(1/m?) as |m| — 4oo. For the second term, noting that sinh(r,,(L —
x)) sinh(ry,s) — sinh(r,, L) sinh(r,, (s — x)) = sinh(r, ) sinh(r,,, (L — s)), we have

fIL [B(s)|| sinh(A2,m 8)|| sinh(ry,z)|| sinh(ry, (L—s))| ds
|fm.2(2)] < A [T Sinh(rm L]
18llLoe [F cosh(Re Az2,ms) cosh(Re rn ) cosh(Re r (L—s)) ds

S A |7 | sinh(Re ry, L)

7?’1 |/r77] |

L
< APl coshuLyete e / Rerm(L=5) 4
x

(PRe-rmL 1)

< 2lBllLoe cosh(uL)eterm®  gRerm (L—)
A |rm|(eRerm L —1) Re .,

eRermL
< 28|~ cosh(uL) %

elerml —1 AmITmIRerm

hence || fm.2||L = O(1/m?) as |m| — +oc. O

Since the controllability properties of the system are captured by the properties of the dual
Riesz basis ¥ of ®, we next compute the eigenvectors of the adjoint operator A*.

Lemma 3. Identifying the Hilbert space H® with its dual, the adjoint operator A* is given by
Ogz +cid 0 0

A = P 0 —id (11a)
0 8 0

with Psf = fo(.) fTL B(s)f(s)dsdr, and domain

D(A*) = {(f,g,h) € H*(0,L) x H*(0,L) x H'(0,L) |
f(0)=f(L)=g(0)=n(0)=0, ¢'(L)—ah(L)=0}. (11b)



Its eigenfunctions are given by the dual Riesz basis ¥ = {11, | n € N*}U{¢2,,, | m € Z} of P,

associated with the eigenvalues

2 _2
*
,Ull,n:)\l,nzc_nLga TL€N,

H2m = 5\2,m = ﬁ log (%) - Z%u m € Z,

where, Setting wl,n = (qp%,n?w%,nﬂ/)in) and 1/12,m = (qﬁ%,m?w%,mﬂ/}%,m)!

U (@) =/ 2 sin (222).

U3 (z) =— Tn ] \/%( cosh(A1,n(z — L)) — asinh(Ay ,(z — L)))

A2, (cosh(Ar,n L) +asinh(Ar,, L)

L
-5Vt / Bs)sin (s) sinh(Ayn (7 — 5)) ds

i L
ﬂin\/% /0 / B(s) sin (22 s) ds dr,
In

5 B /
1/11,n(93) _)\17”<cosh(>\1,nL)+0‘ Sinh()‘lv"L))
L
Fxy7 [ B sin () sinh (e - ) ds,
with
L
T = / B(s)sin (“Fs) sinh(A1,ns) ds
0
2_2

whenever *r5— # c, i.e., when \1 , # 0, and
T/Ji,n(ff) = %Sin (L[$)7 win(z) = Oz"}/n\/%l’,

Y7 () =\/g/0$ /TL B(s) sin (2Xs) dsdr,

with
L L
Yn =/ / B(s) sin (”—Lﬂs) dsdr
0 T
whenever "222 =c, t.e., when A\, =0, and
@/}%m(x) =0, wgm(z) = L(;zifl;ﬁ Sinh(j\gmx),
w;m(x) = —L’/f\""' sinh(Ag,mz).

2,m

\/%(cosh()\lm(x — L)) — asinh(Ay  (z — L))

(12a)

(12b)

The eigenvectors satisfy A 1 n = M n1,n and Ao m = 5\27m1/127m and have been normalized so

that (d1.n, Y1,n) =1 and (P2 m, Yo.m) =1 for alln € N* and m € Z.

P?”OOf. Using , it can be checked that <.A(f1,gl, hl), (fg, g2, h2)> = <(f1, g1, hl), A*(fg, gz, h2)>
for all (f1,91,h1) € D(A) and all (f2, g2, ha) € D(A*). Let us now solve A*(f,g,h) = A(f, g, h) for
some A € Cand (f,g,h) € D(A*). This gives f"+cf = Af, —g" = Ahand — [ [} B(s)f(s)dsdr—
h = Ag. Proceeding similarly to the proof of Lemma [l| the case f = 0 gives A\ = Ay _,, for some
m € Z with (f,g,h) = ta,, while the case f # 0 gives A = Ay, for some n € N*. Studying
separatly the cases A1, = 0 and A;, # 0, we infer the claimed conclusion. Note that in the
case A1, # 0 the introduced eigenfunctions are well-defined because it follows from that

cosh(Ay L) + asinh(A; , L) # 0.

O



Lemma [2] shows that A is a Riesz operator. This will allow us in the next sections to perform
stabilization in H® norm. But actually, the stabilization of the parabolic part of the system can
also be achieved in H' norm (compared to the L? norm in the case of the space H°) thanks to the
following result.

Lemma 4. ' = {L¢,, | n € N*}U{¢s,n | m € Z} is a Riesz basis of the Hilbert space
H' = Hy(0,L) x Hip(0,L) x L*(0, L) (13a)

endowed with the inner product

L
((Frr g1, 1), (fo g2, b)) = / ST+ 4+ hTiz). (13b)

Proof. Denoting by A : H}(0, L) N H%(0,L) — L*(0, L) the usual Dirichlet operator, the operator
J : H' — HO defined by J(f,g,h) = (V/—=Af,g,h) is easily seen to be a surjective isometry.
Indeed, by integration by parts,

(J(f1,91,h1),J(f2,92,h2)) = ((=Af1,91,h1), (f2, g2, h2))

L
=/ fifs + 9195 + haho dz = ((f1,91, M), (f2, 92, ha)).
0

Hence {J7'¢1, | n € N*}U{J 1¢o,, | m € Z} is a Riesz basis of H', and we have J~1¢; ,, =
Lprnand J o m = (V=L)71¢3 1, 83,83 ,,). To use the Bari theorem, we have to show

a3, 108 = (VL) 108 3y < 0. Since [(v=25) 10} gy = 641 it i suffcient
to show that - |63 ,.[|31 < +oo. Following the proof of Lemma we have ¢} . = fm1+ fm,
;ml g :

with [|f}, 1]z = O(1/|m|*?) and || £y, ol = O(1/|m[*/?). B

3 Spectral reduction

3.1 Homogeneous representation and spectral reduction

In order to work with a homogeneous representation of @, we lift the control from the boundary
into the domain (see e.g. |9, Sec. 3.3]) by making the change of variables:

wh(t,z) = y(t,z), w?(t,x)=z(t,z), (14a)
wi(t,z) = 0pz(t, ) — Zo(2). (14b)

Assuming that v is of class C' (this assumption will be fulfilled by the upcoming adopted feedback
control strategy), the control system becomes

Sw' = Oppwt + cw! + fw?, (15a)
dw® = w® + L, (15b)
A = Oppw? — 50, (15¢)
w'(t,0) = w'(t,L) =0, (15d)
w?(t,0) =0, Opw?(t, L) 4+ aw(t, L) = 0, (15¢)
w' (0, 2) = yo(2), w?(0, ) = zo(), (15f)
w?(0,z) = z1(z) — Zv(0) (15g)



Setting W (t) = (w'(t,-), w?(t,-), w?(t,")), a(z) = (0,%,0) € H® and b(z) = (0,0,— %) € HO,
one has

W (t) = AW (t) + av(t) + bi(t), (16a)
W(0,z) = (yo(:v), zo(x), 21 (x) — QLL’U(O)) (16b)
We now use the Riesz basis ® and ¥ defined in Section expanding
W(t» ) = Z wl,n(t)¢1,n + Z w2¢m(t)¢2,m (17)
neN* meZ

Wlth wl,n = <W(t7 ')7¢1,n>7 w2,m = <W(t7 ')7¢2,m>7 al,’n = <a7¢1,n>7 a2,m = <a7¢2,m>7 bl,’n =
(b, 11 ) and bg , = (b, Pa,m) for all n € N* and m € Z. Defining the new control vy = v (auxiliary
input for control design), we thus have

wl,n = )\l,nwl,n + a1,nV + bl,nvda n e N*7 (18&)
w2,m = )\Q,me,m + a2 mv + b2,mvda m € Z7 (18b)
7:) = Uq. (19)

3.2 Finite-dimensional model and controllability properties
3.2.1 Finite-dimensional model
For a given § > 0, let us choose an integer Ny € N*, large enough so that
2, 2
M S AL Ng+1 =C— 7(%4;) T < —§<0 Vn>Ny+1.

We next consider the finite-dimensional system consisting of the Ny first modes of the plant (18a))
associated with the eigenvalues A; , of the reaction-diffusion equation. Setting

T
Wo = ('le wi2 ... wl,No) € RNO,
AO = diag()\Lh )\1,2, ey )\LNO) c RNOXNO’
T
Bao = (a1,1 a2 .- a1,1v0) e RV,
T
By = (b1,1 bia ... bl,No) € RN,
we have _
Wo(t) = A()Wo(t) + Ba)ov(t) + Bb)ovd(t). (20)

Note in particular that these dynamics do not capture any mode Az, of the hyperbolic part of
the plant as described by (18bf). Augmenting the state vector and the matrices by setting

v 0 0 1
Wl = <WO> ) Al = (Ba,O AO) ) Bl = <Bb,0> )

Wl(t) = A1W1(t) + Blvd(t). (21)

we deduce that



3.2.2 Controllability

Recalling that vy is viewed as an auxiliary control input, the following result characterizes the
controllability property of .

Lemma 5. The pair (A1, B1) satisfies the Kalman condition if and only if v, # 0 for any n €
{1,..., No}, where v, is defined by (12a)) if "%

Proof. By the Hautus test, (A1, B1) does not satisfy the Kalman condition if and only if there
exist A € C and (z1,22) € C x CMo\ {(0,0)} such that TQTBG’O = \z1|, T3 Ay = A%z |, and
7'+ TQTBb’O = 0. This is possible if and only if there exists xo # 0 such that Ajzs = Az
and TQT( 0,0 + ABy 0) =0, ie., if and only if A € A = {A1 1, 12,..., 1 n,} while (because the
cigenvalues of A* are simple) there exists z € D(A*)\ {0} such that A*z = Az and (a+ Ab, z) = 0.

Setting 2z = (21, 22, 2%), the equation A*z = Az gives

()" +e2t = N2t (22a)
—z +/()/ B(s)zt(s)dsdr = \2? (22b)
— (%) =28 (22¢)
21(0) = 21(L) = 22(0) = 23(0) = 0 (22d)
22)(L) — az*(L) = (22e)
while
L !
0= {(a+ \b,z)= / (&) (23 () - i—fz?’(ﬂc))dx
0
=L L —
= [;T(ZQ)/(I)LU:O —/ Of—L((zz)”(:zz) + Az3(z)) dz
o 0
— LGV
where we have used . Combining with , we get
(2*)(L) = 2*(L) = 0. (23)

Let us discard the case z! = 0 by noting that, in this case, gives —z3 = \z2. Combining
this result with and we infer that (2%)” — (A\)22® = 0 with 23(L) = (23)'(L) = 0. By
Cauchy uniqueness, we deduce that 23 = 0. Finally, (22d) gives (22)” = 0 with 22(0) = (22)'(L) =
0, hence 22 = 0. This is a contradiction with the initial assumption that z 75 0.

Hence, we must have z! # 0. Based on and we have (2!)” = (A —c)z! with
2H0) = zl( ) = 0. Then there exist A # 0 and n € N* such that 2z ( ) = Asin (%£z) and

A= . Since A € A, we have A = Ay, for some n € {1,..., No}. We infer from (22h)), (22c)),

and . that

(23)"(x) — /\%)nzg(x) = —AB(x)sin (”—L”Jc), (24a)
22(0) = 2°(L) = (2*)(L) = 0, (24b)

where we recall that A1, = ¢ — "3
Assume first that A; , # 0. In thls case, integrating (24al), there exists 01,02 € R such that

Zg(x) :(51 + ﬁ /0”” e/\l’”sﬂ( ) sin ( ) ds) “ALn®

10



+ (52 — ﬁ/o e_xlv"sﬁ( )sm( )ds) AT

The condition 23(0) = 0 gives &; + d2 = 0, hence

23(z) = —26; sinh(\y ) + s)sinh(Aq,, (s — x)) sin (% s) ds.

The conditions 23(L) = 0 and (23)'(L) = 0 give the system
sinh(Ay L) x1) (=201 A1) 0
cosh(A ,L) X2 A o

where x1 = fo s)sinh(A1,,(s—L)) sin (%Xs) ds and x2 = — fo s) cosh(A1, (s—L)) sin (%Zs) ds.
Since A # 0 and )\17n # 0, the determlnant of the above 2 x 2 matrlx must be zero, i.e.,

0= / B(s) sinh(A1 ) sin (2Fs) ds = ;..

Under this condition, one can compute A # 0 and 51, and thus obtain z3. Finally, 22 is obtained
by integrating twice . and usmg the conditions 22(0) = (2%)'(L) =0 borrowed from (22d)) and

[23). The obtained z = (2!, 2%, 2%) # 0 satisfies (22) and (23).

Assume now that A; , = 0. In this case, (24a) reduces to ( 3" = —Aﬁ( )sin (“Zx). Owing to
([241)), we infer from the first and third conditions that 23(z) = A [ f B(s)sin (2Zs) dsdr while

the second condition gives
0—/ / B(s sm )dsde’yn

because A # 0. As previously, we then obtain 2% by integrating twice ( . ) with the conditions
22(0) = (22)'(L) = 0 borrowed from and (23). Hence, the computed z = (2!, 22, 2%) # 0

satisfies and (23).

Remark 3. The result of Lemmacan be interpreted as follows. Since X (t) = (y(t,), z(t,-), Oy 2(t, -))T,
we have W = X + bv. Hence

i'1,n = Al,nxl,n + 51,nvv ne N*a (258“)
i‘Q,m = >\2,ml‘2,m + B2,mv7 m € Z, (25b)

where xl,n(t) = <X(t7 ')a 1;/}1,77,>7 x2,m(t) = <X(t7 ')7w2,m>7 ﬁl n=01n+ Al,nbl,n and 52,m =azm+
A2,mb2,m. The computations done in the proof of Lemma [5show that 3;; = X 20)'(L) = 42, (L).
This means that the control has no impact on the mode \;; if and only if ¢3,(L) = 0. o

3.3 Discussion on the coefficients ~,

We discuss the behavior of the coefficients -,, for particular examples of functions 8. Let us assume,
in the present section, that

p(x) = Bolay(z)  Voe(0,L) (26)
for some By € R\ {0} and 0 < a < L. Recalling that Ay, = c— L2 , we infer from (12a)) that
Tn :% ( — 2% sinh(Ay,b) cos (”T”b) + “F sinh (A1 @) cos (T)

)\% ,,+ 12
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+ A1, cosh(Ag ,b) sin ("T”b) — A1,n cosh(Aq ,a) sin (%)) (27a)

if

22
"5 # ¢, and

n = =L (bos (%2b) — acos (%Ea)) + 5355 (sin (2b) — sin (2%a)) (27b)

n2m2

if "27;2 = ¢. There are some critical values of a,b for which there exists n € N* such that v, =0

and thus controllability is lost for the mode n (see Lemma . Let us elaborate further.
In the particular case a = 0 and b= L, i.e., 3 = By on (0, L), we get from that

= Ty o (- 9D) #0
Lz —¢ L2

o _ =D BeL? e nir? _ S
it 3 # ¢, and v, = # 0 if “7- = c. Hence, the result of Lemma |5 ensures that the
finite-dimensional system is always controllable, whatever the numbers Ny of modes of the
parabolic spectrum captured by the dynamics.

Consider now the case L = 1, ¢ = 50, Sy = 1, and a = 0. Figure [I| shows 75 as a function of

b € [0, L]; 2 vanishes at b = 0.586 and thus, controllability is lost for this value of b.

1

&0

A L L L L
0 0.2 0.4 0.6 0.8 1
b

Figure 1: 7 as a function of b € [0, 1], with L =1, ¢ =50, fp = 1, and a = 0.

The lext lemma shows that loss of controllability rarely happens.

Lemma 6. Define S = {(a,b) | 0 <a <b< L} and recall 7y, is defined by (12)). The subset S of
S such that v, # 0 for any n € N* is dense and of full Lebesgue measure in S.

Proof. Given any n € N*, the set Z,, = {(a,b) € S | 7, = 0} is closed, of zero measure and of
empty interior because v, is a nontrivial analytic function of (a,b). The union Z of all Z,,, n € N*,
is of zero measure, and of empty interior by the Baire theorem. The set S is then defined as the
complement of Z in S. O

Remark 4. Lemmas [5| and |§| imply that, when (a,b) € S, the finite-dimensional system is
always controllable, whatever the numbers Ny of modes of the parabolic spectrum captured by the
dynamics. However, although S is dense and of full Lebesgue measure in S, it may fail to be open,
and thus robustness of controllability with respect to (a,b) may fail. o

3.4 Measurement

In view of the control design, based on , we note that the system output y,(t) defined by
is expanded as

L L
yo(t):/o co(x)y(t, x) dx:/o co(z)w! (t,2) dz

12



= Z Cl,nwl,n(t) + Z CZ,WLWQ,m(t)

neN* meZ
=CoWo(t)+ Y. cinwin(t)+ Y camwam(t)
n>No+1 mez
with
L
Cin :/ co(az)¢%7n(m) dr, neN*, (28a)
0
L
C2,m :/ co(x)¢%7m(x) dz, meZ. (28b)
0
and Cy = (0171 €12 ... Cl,No) € R*No_ Since the matrix Ag is diagonal with simple eigen-

values, we have the following result which will be instrumental for the proposed output-feedback
control strategy.

Lemma 7. The pair (Ao, Co) satisfies the Kalman condition if and only if
L
Cln = \/%/ co(z)sin (%Zz)dx #0, Vn e {1,...,No}.
0

4 Feedback stabilization

Given two integers N > Ny + 1 and M € N to be chosen later, we define the following control
strategy:

wl,n = )\l,nwl,n + a1.nv + bl,n'Ud

N
_ ll,n(zcl,kwl,k + Z CQJ’UA}QJ — yo>7 1<n< _ZV()7 (29&)
k=1 <M
U;)l,n = Al,nwl,n + a1,nv + bl,nvda NO +1 g n < N7 (29b)
11;72,7)1 = )\2,mw2,m + ag mv + b2,mvda |m| < M, (29C)
No
vg = kyv + Z kl,nwl,nv (29(1)
n=1

where k, and ki, for 1 < n < Ny, are the feedback gains and [y ,, for 1 < n < Ny, are the
observer gains. This finite-dimensional control strategy leveraging a Luenberger-type observer on
a finite number of modes is inspired by the seminal work [26] and its more recent developments |12}
15L|17,|18]. We set

K = (kv kl,l kl’g kl,No) S RlX(NO+1),
T
L= (l171 l172 l17N0) S RNO.
We now state the main result of this paper.

Theorem 2. Let § > 0 be arbitrary. Let No € N* and a > 1 be such that A\ n,41 < —6 and
p= ﬁ log (g—ﬁ) = Re )y, < —4. Assume that:

o v, # 0 for anyn € {1,..., Ny}, where v, is defined by (12a) % ”27{2 % ¢ and by (12b) if
TL27\'2 .
Iz — G
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e c1,, #0 for anyn € {1,..., No}, where c1,, is defined by (28).

Let K € RY>Wot1) gnd L € RNo be such that A1 +B1K and Ag— LCy are Hurwitz with eigenvalues
of real part less than —§ < 0.

Then, for all integers N = Ny + 1 and M sufficiently larg(ﬂ there exists C > 0 such that
any solution of the system in closed-loop with the output-feedback control , , ,
satisfies

N

1(y(t,), 2(8 ), 0ez(t, )|y + 0@+ D fbrn(®] + D |2 ()]

n=1 Im|<M

< Ce™ (]| (y(0, ), 2(0,),062(0, ) |y + [0(O)] + D livrnO + Y 2m(0)])  (30)

|m|<M
for every t > 0, where H is either the Hilbert space H° defined by @ or H' defined by .

Remark 5. As it follows from the proof, for any initial condition (y(0,-),2(0,-),8:2(0,-)) € H,
there is a unique solution living in H. o

Proof. Let k € [0,2) be such that (c1,/n")nen- € €2(N). In this proof we set £ = 0; different
values will be chosen later in the proof of Theorem [B] We define the observation discrepancies
€ln = Wi,p — Wi,n and €g ., = Wa,m — Wa,m, the scaled quantity €;, = n"ei,, as well as the
vectors

( w1 Wi ... wl,Ng)Ta
(61 1 61,N0)Ta
= (W1,Ng41 - Win W20 ... Wo—nm @2,M)T,
~ T
Ey = (E1,Ng+1 --- E1N €20 ... €2-M €M)

We infer from and that

Wo = AWo + Baov + Byova + LCoEy + LC1 By + LCy + LG, (31a)
Ey = (Ag — LCo)Ey — LC1Ey — L{; — L, (31Db)
Wz = AW + Ba1v + By 1va, (31c)
Ey = Ay, (31d)

where

Ao = diag( A1, Ng+1, - - s AN A2,0, - -5 A2,— s A2 ) s

-
Bag = (a1,No+1 --- @N G20 ... 42—y G2M)
T
Bb,l = (bl,No-i-l c.. bl,N b270 bg,_M b27M) s
C1,Ng+1 C1,N
Ci = ((Nofl)n e Nm €20 .- C2-M C2,M),
G = E CLEWL ks, G2 = E Co, W2 1,
k>N+1 =M1

IThey must be chosen large enough so that the inequalities (37) are satisfied.

14



with Ay € CN=No+2MH1L B | By € CN-NoF2M+1 and ) € CN~No+2M+1 We note in particular
that ||Cy|| = O(1) as N, M — oo. Defining the augmented vectors

(i) 1)
we obtain
vg = KWy,
Wi = (A + BiK)W, + LCoEy + LC1 By + L¢1 + Lo
Finally, setting ¥ = col(Wl, FE, WQ, Eg), we have

Y = FY + L + LG

where
A+ B K LC, 0 LC,
F= 0 Ao —LCy 0 —-LC;
- Ba,l(l 0--- 0)+Bb71K 0 Ay 0
0 0 0 As

L=(ET -L7 0 0) .

Let us now define a suitable Lyapunov functional. Let P be a Hermitian positive definite matrix
(to be chosen later).

For the parabolic part of the system evaluated in L? norm (i.e., for the state of the system
evaluated in H° norm), we define

VY,w)=YTPY + > Jwinl>+ > |waml® (33)
n>N+1 |m|>M+1

Since @ is a Riesz basis of H" (see Lemma , of dual basis ¥ (see Lemma , it follows that v/V'
is a norm, equivalent to the norm of C2V+1 x HO°,

For the parabolic part of the system evaluated in H' norm (i.e., for the state of the system
evaluated in #' norm), we define

VV,w) =Y PY + Y n’luinl’+ D |woml” (34)
n2N+1 |m|>M+1

Since ®! is a Riesz basis of H! (see Lemma, V'V is a norm, equivalent to the norm of C2V+1 xH!,
Indeed, using , we have

Y(tv') (wl(t")vw2<t")7w3(t7'))

Z wl,n(t)¢1,n + Z wQ,m(t)¢2,m

neN* meZ

= Z n%wl,n(t)%ﬂﬁ,n + Z ’LUQ’m(t)QSZ,m'

neN* meZ

The above two series converge a priori in H° norm. However, for a classical solution W (t,-) €
D(A), using Lemma [4] the series converge in H' norm. Hence, thanks to Lemma {4} [|[W (t,-)[3,,
is equivalent to Y, . 2 w1 (t)[* + 3, ez [wa,m (t)|?. This justifies the definition of (34).
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Since the proofs in H° norm and in H!' norm are now similar, we focus on the second case.
Setting Y = col(Y, (1, (2), the computation of the time derivative of V" along the system trajectories

gives
~_ _[F"P+PF PL PL\
V=YY"l L'P 0 0 ]Y

LTP 0 0

+2 > n?Re((Mnwin + 1,00+ b1nva) i)
n>2N+1

+ 2 Z Re (()\Q,rmem + a2, mv + b27mvd)w27m)
[m|>M+1
__ [FTP+PF PL PL\
<Y’ L'P 0 0]Y
LTP 0 0
+2 Z n2)\1,n|w1,n2+2 Z Re)\27m|’w27m|2
n2N+1 Im>M+1 - )
(X e 3 )
n>=N+1 |m|>M+1
(DN TR D P I
n=N+1 [m|>M+1
(D SN T D [
n>N+1 |m|>M+1

with € > 0 arbitrary and p = ﬁ log (g—j&) = Re Ay ;. The latter inequality has been obtained
by using four times Young’s inequality ab < % + #. Defining now F = (1 0 O) and
K= (K 0 0 0), we infer that v = EY and vy = KY. Furthermore, using the Cauchy-Schwarz

inequality,

2
G- cwonn) € X jeaPx ¥ lul

kE>N+1 k>N+1 E>N+1
—_————
=Sc,l,N
2
2 2 2
Cz( E Cz,zwz,l) < g lea | x g |wa]”.
[1]>M+1 [1>M+1 [1]>M+1
=Sec,2,Mm

Defining So,n,m = 22,5 N1 ‘a17n|2+2\7n\2M-‘,—1 |az,m[* and Sy v = 3,5 N |bl,n|2+Z|m\>M+1 |b2,m [,

the combination of all above estimates gives

V420V <YTOY + > a’Tipwinl® +Ton Y. fwoml? (35)
n>=N+1 [m|>M+1
with
0., PL PL
(36a)

0= ETP —m 0 y
LTP 0 -2
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Ty, = Q(Am +o 4 5) 4 mSean (36b)
Lom = 2(/) +14 5) +1n25¢2,M 5 (36¢)

where 011 = FTP—&—PF—|—26P+ESa,N’METE—i—eSb’N,Mf(TIN( and 711,72 > 0 arbitrary. Choosing
e > L?/m? we have I'y,, = 2( — (z—z — %)n2 +c+ 5) + msi# < Ty ngq forany n > N + 1.
Hence, V + 26V < 0 (vielding the claimed stability estimate (30])) provided there exist integers
N > Ny + 1 and M € N, real numbers € > L?/7? and 11,12 > 0, and a Hermitian matrix P = 0
such that

© =<0, I'iny1<0, Iy <O (37)

To conclude the proof, it remains to prove that the constraints are always feasible for N, M
chosen large enough. Recalling that the matrix F' is defined by , it is easy to see that F
is Hurwitz with eigenvalues of real part less than —§ < 0. Moreover, since ||C1]| = O(1) as
N, M — oo, the application of |17, Appendix] shows that the solution P > 0 of the Lyapunov
equation F'T P + PF + 20P = —I is such that |P|| = O(1) as N, M — +oco. Furthermore, ||E||,
II£]|, and ||I~(|| are constants, not depending on N, M while S, N a1, Sb,N M, Se1,N, Se2.m — 0 as
N,M — +o0. Recalling that, by assumption, p < —§, we take ¢ > L?/7? large enough so that
p+ % 4+ < 0. We finally take

Sc,l,N
N otherwise,

{ \1# if Se1n #0,
m =

" { \/Slj if SC,Q,M 7£ Oa
o = Cy2,

M otherwise,

which, in particular, implies that 1,72 — 400 while 91.S¢1,8,725¢2,m — 0 as N,M — 4o0.
With these choices, it can be seen that I'y y11 — —oc0 as N — 400 and I's pr — 2(p + % + 5) <0
as M — +oo. Hence I'y y11 < 0 and I'y py < O for all N, M large enough. Finally, the Schur
complement theorem applied to

~I+eSqynuE"E+eS,nuK"K PL PL
0= L'p -m 0
LTP 0 —n

shows that © < 0 if and only if

T ST i o 0[P
—I—|—ES,1,N7]L{E E+€Sb,N,MK K+(P,C P,C) (78 1) (ETP> = 0.
72

We note that
~I+eSqnmETE+eS, nuK K < —(1—€(Sanuml|E|* + Sonvnm|K|?)) < —41
for N, M taken large enough, because €(Sq narl|E|* + Sp.nar| K||?) = 0 as N, M — +oc. In this

case,

T T K ni 0 Lrp
—I+€Sa,N,ME E+€Sb’N7MK K-l—(Pﬁ P,C) 01 77712 rTp
1 1 1 T
31+ (5 + ;) PLL P,

Recalling that 71,72 — 400 and ||P|| = O(1) as N,M — +oo while ||£]| is a constant, not
depending on N, M, the latter matrix is < 0 for N, M chosen large enough. This completes the
proof. O
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5 Extension to a pointwise measurement for the heat equa-
tion

In this section, instead of the distributed measurement of the reaction-diffusion PDE, we
consider the case of pointwise measurement described either by

yo<t) = y(t? 517) (38)

or by
Yo(t) = 0zy(t, &p) (39)
for a fixed §, € [0, L]. We infer from and that either

Yo(t) = w(t, &p)
:Zwln ¢1n§1’+zw2m 2 (gp)

neN* v meZ v

=Ci,n =C2,m

or

Yo(t) = pw(t,&p)
Zwln ¢1n fp +Zw2m ¢2m)(£}7)
———

neN* V meZ

=C1,n =C2,m

Theorem 3. Considering the pointwise measurement described either by . or . for some
& € [0, L], the same statement as Theorem |2 I holds true for the Hilbert space H = H' defined by

3.

Proof. The assumption that ¢y, # 0 for any n € {1,..., Ny} implies the controllability of the pair
(A, Cp). Now, the proof follows the one of Theorem [2| by using the Lyapunov functional . The
only differences lie in the estimates of (1 =}, > v CLnwin and of G2 = 37, 5 a1 ¢ (Ep)W2,m,
as well as in the selection of k € [0,2) that appears in the definition of the matric C; and which
must be selected to ensure that ||Cy] = O(1) as N — o0 for applying the Lemma in the appendix
of [17].

In the case of the pointwise measurement , by Lemma we have qbin(fp) = O(1), hence

4-12 < Z ‘¢71 n 5p)| Z 2|U)1

n>=N+1 n>N+1

=S¢, 1,N<+00

Moreover, we showed in the proof of Lemma [2| that [|¢ ||z~ = O(1/m?), yielding

G< D 1P x D weml”

|m|>M+1 |m|>M+1

=Sc,2,m <400

Then, proceeding as in the proof of Theorem ! we obtain with I'y,, = 2()\1,,1 + %2 + (5) +
1MSe,1,n, while © and I's ps are defined by (36af) and , respectively. The above discussion also
shows that selecting x = 1 ensures that ||C1| = O(1) as N,M — +oo. The proof is then similar
to the one of Theorem Pl
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In the case of the pointwise measurement (B9)), by Lemma we have (¢1,,) (&) = O(n), hence

2 [(61.) (€p)I? 7/2 2
G < Z e X Z n2|wy 2.
n>N+1 n>2N+1

=S¢,1,N <00

Moreover, following the proof in Lemmathat 1(03.1m) I oo = O(1/|m|*/?), we have

G< Y, hm@IPx Y vl

|m|>M+1 [m|>M+1

=S¢,2,m <00

Then, proceeding as in the proof of Theorem we obtain with I'y ,, = 2()\1,n + "—: + 6) +

n3/27715c71’N, while © and TI'y )y are defined by (36a)) and (36¢|), respectively. Selecting x = 7/4,
the above discussion also implies that ||C| = O(1) as N, M — +o0c. The proof is then similar to
the one of Theorem [2 O

6 Numerical illustration

We consider the wave-heat cascade system with L = 1, ¢ = 10, and B(x) = 1 + 22. The
considered output is the pointwise measurement localized at &, = v/3/2. In this setting the
first element of the parabolic spectrum is A\;; = 10 — 72 > 0, indicating that the heat subsystem
is open-loop unstable. In order to achieve the targeted closed-loop decay rate § = 1, we set for
the preliminary feedback the constant o = 1.1, ensuring that Re Ay ,, < —6. We next build
the finite dimensional model of dimension Ny = 1 that captures the eigenvalue A; ;. It is
checked that ; # 0, which enables based on Lemma [5| the computation of a feedback matrix K;
so that A; — By K has its eigenvalues located at {—2, —3}. Moreover, it is checked that ¢11 # 0,
which enables us to compute the observer gain L so that Ag — LCy has its eigenvalue located at
—4. Writing the constraints from Theorem [3| into linear matrix inequalities of the decision
variables €,71, 79, it is found that the closed-loop system is exponentially stable with 6 = 1 for
N =2and M =8.

For numerical simulation, we consider the initial condition y(0,z) = x(L — x) for the heat
equation while z(0,2) = 9;2(0,z) = 0 for the wave equation. The simulation is performed by
considering the 8 first modes of the parabolic spectrum and the 2 x 20 + 1 = 41 first modes of
the hyperbolic spectrum. The obtained results are depicted in Fig. In accordance with the
theoretical predictions of Theorem [3] we observe the decay of the system trajectory to zero.

7 Conclusion

We have studied the stabilization problem for the wave-reaction-diffusion cascade system (|1)),
where the solution of the wave equation appears as a source term in the heat equation. Ex-
ploiting the Riesz-spectral structure of the system, we derived explicit, necessary, and sufficient
controllability and observability conditions under which we designed an explicit finite-dimensional
output-feedback law ensuring arbitrary exponential decay in suitable Hilbert norms.

A natural perspective is to consider the “symmetric” cascade model where the solution of the
heat equation appears as a source term in the wave equation:

attz(t7x) = 8mz(t,x) + B(w)y(t,x), (40&)
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Time (s)
(a) State of the PDE y(¢,-)

Time (s)
(b) State of the PDE z(t,-)

State of the observer

Times (s)

(c) State of the observer

Figure 2: Trajectory of the wave-heat cascade in closed loop
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Oy(t, x) = Opay(t, x) + cy(t, x), (40b)
z(t,0) = 0,2(t, L) = 0, (40c)
y(t,0) =0, y(t,L) =u(?). (40d)

While the study of the exact controllability of the system seems to be achievable using the same
approach, the actual design of an explicit feedback control strategy seems much more challenging
because the preliminary shift of the spectrum of the wave equation achieved by cannot be
applied anymore. This is left as an open question for future research.

Throughout the article, we have assumed ¢ constant in . Actually, it is not difficult to
generalize all results of this paper to the case ¢ € L*(0, L), but this complicates the spectral
analysis of the operators. For large values of n and m, the eigenvalues and eigenfunctions keep
asymptotically the expression given in Lemmas [1| and [3] but for low frequencies their expression
may differ, thus having an impact on the coefficients ~, defined by . Then, more technical
assumptions appear to characterize controllability.

Another question is to study multi-dimensional versions of . We believe this is much more
challenging because the formalism of Riesz bases cannot be used.

.1 Defining B by transposition

At the beginning of Section [2} following the theory of well-posed linear systems developed in [29]
(see also [27]), we have written the control system (6]) in the abstract form X(t) = AX(t) + Bu(t)
with A : D(A) € HY — H° defined by (8), and the Hilbert space H° is defined by (7). In this
appendix, we show how to define the control operator B by transposition. Recall that the adjoint
operator A* : D(A*) — HO is defined by (11)). Following [27,29], identifying H® with its dual, we
search B € L(R, D(A*)'), or equivalently, B* € L(D(A*),R), where D(A*)" is the dual of D(A*)
with respect to the pivot space H°. Note that D(A*) C H° C D(A*)’ with continuous and dense
embeddings. Since the equality X = AX + Bu is written in the space D(A*), using the duality
bracket (, )p(a+),p(4+), We have

(X (1), ¥) prasy,peasy = (X (&), A*9)yo + v(t) B

for any ¢ € D(A*). Taking a sufficiently regular solution X (,-) = (y(t,-), z(t, ), 9z(t,-)) T of
(so that X (¢) € H°), and denoting ¥ = (11, %2, 13) ", a straightforward computation using @ and
integrations by parts show that

(X (1), ¥)no = (X (1), A"Y)0 + v(t) Y3(L).

Since (X (t), V) DAY, D(A*) = (X (t),%) 5o, a density argument finally leads to

B =s(L) Vb= (1,12, 3) " € D(A*).

This formula defines the control operator B € L(R, D(A*)’) by transposition. Following |27, Section
5.1.4] or |29, Proposition 10.9.1], one could define B with an abstract formula, but this is not useful
in this paper.

.2 Controllability properties of the wave-heat cascade (|1)

The main objective of this paper is the explicit design of an output-feedback law that stabilizes the
wave-heat cascade system with a prescribed exponential decay rate. Theorem [2| shows that the
system is completely stabilizable in the energy space H° defined by , i.e., can be stabilized
at any decay rate by means of a linear feedback, provided that ~, # 0 for all n € N*. This raises
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the natural question of whether corresponding exact controllability and exact null-controllability
properties hold (see [27,/29]).

We give below, for completeness, a controllability result for the cascade system . Its proof,
which is given in the companion work [22], relies on an observability inequality for the adjoint sys-
tem, obtained by applying an Ingham-Miintz type inequality [2}/14,{16] to Riesz-spectral expansions
of the solutions.

Theorem 4. Assume that T > 2L and that

Yn # 0 Vn € N*. (41)

(Recall that ~, is defined by (12a)) if ”;72“2 # ¢ and by (12b) ¢ ”2’;2 = c¢.) Define the Hilbert space

V= { Z an®1,n + Z bn®2.m | an €R, by, € C, Z |an|2:;1€”"2 + Z |bm|? < —l—oo}

neN* meZ neN* n meZ

with v = 2%2(1 + %), endowed with the norm

4
n vn2
XI5 = |<X7¢1,n>|2726 + 3 X o).

neN* n meEZ

The Hilbert space Vi is defined as V' but with v = % Then:

1. The control system is exactly controllable in time T in the space V, i.e., given any
Xo, X1 €V, there exists u € L2(0,T) such that the solution X = (y,z,0:2)" of starting
at X(0) = Xy satisfies X(T) = X;.

2. The control system 1s exactly null controllable in time T in the space Vg, i.e., given any
Xo € Vg, there exists u € L?(0,T) such that the solution X = (y,z,0:2)" of starting at
X (0) = Xy satisfies X(T') = 0.

3. The control system is approzimately controllable in time T in the Hilbert space H® (or
in any other Hilbert space H such that H C H° or H° C H with continuous and dense
embeddings), i.e., given any Xo, X1 € H® and any € > 0, there exists u € L*(0,T) such that
the solution X = (y,z,0:2) " of starting at X (0) = Xo satisfies | X (T) — Xq|lno < € .

Moreover, if one of the two following holds:
e 0 < T <2L;
o T >0 with v, =0 for some n € N*,

then the control system s neither exactly controllable, nor exactly null controllable, nor ap-
prozimately controllable in time T in any Hilbert space H such that H C H° or H° C H with
continuous and dense embeddings.

Remark 6. Thanks to Lemma [2] the spaces V' and V; coincide with H® on the hyperbolic com-
ponents, whereas they are strict subspaces on the parabolic component. This reflects the stronger
regularity requirement imposed by the reaction-diffusion part of the cascade.

It is interesting to note that the spaces V and Vj are not conventional, due to the fact that,
depending on the coupling function 8 € L>°(0, L), the coefficients ~, may be wildly oscillating. o
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It is known that exact null controllability implies complete stabilizability (see [23}[28]) for initial
data in the same space. Hence, Theorem [4| implies that, under the assumption of nontriviality of
the coefficients ~,,, there exists a linear feedback control u such that the closed-loop system is
exponentially stable for initial data in V[, with a decay rate that can be chosen arbitrarily large.
However, this result remains purely theoretical and does not provide an explicit way to construct a
feedback law. Moreover, stabilization is obtained only for initial data in V[, which is a rather small
subspace of H°. These facts further motivate the explicit output-feedback construction developed
in the present article.
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