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e-mail: denis.duhamel @enpc.fr

Abstract

The study of two-dimensional periodic media (periodic along two directions), generally focuses on disper-
sion curves. For structures of reasonable sizes, for example with a few hundred substructures, it is also pos-
sible to calculate their response to external excitations by classical or improved finite element using model
reductions such as the Craig-Bampton method. In this work, we determine their response for a large number
of substructures. We base ourselves on the Wave Finite Element (WFE) method and extend it to the 2D case,
by determining, on a single substructure, the propagation constants and wave modes along a direction for
given propagation constants in the transverse direction. When the structure is symmetrical, a very efficient
method has been developed using FFT calculations. Here, we extend it to the case of non-symmetrical struc-
tures, that is to say whose geometry and composition of a substructure can be arbitrary. Different examples
are given for symmetrical and non-symmetrical structures with a large number of substructures.

1 Introduction

Periodic media are often found in industry due to their ease of production and their mechanical properties
such as the existence of band gaps for wave propagation. For one-dimensional periodic media, the Wave
Finite Element (WFE) such as described in [1-7] allows calculating dispersion curves and the response to
external excitations. For two-dimensional periodic structures, early works such as those of [8-11], used
the wave finite element method to compute dispersion relations, and to improve their computation, reduced
models such as those obtained by the Craig-Bampton method were used by [12-16].

Other authors were interested in obtaining the response of such structures to an external excitation. The
cases of infinite domains were considered by [17-22] using various methods such as contour integrals and
the method of steepest descent. The case of finite two-dimensional periodic structures is more difficult but
in [23-27] there were computed by finite element methods, sometimes with the help of a Craig-Bampton
reduction and interpolation strategies to reduce the computational cost, typically for structures with a few
hundreds substructures. Other improvements of the usual finite element method such as the partition of unity
finite element method described in [28—30], with interpolation functions closer to analytical solutions, could
be used for improving the computation. These methods remain limited in the size of the problems which can
be solved, for example because of conditioning problems.

In this paper, we consider the calculation of a finite two-dimensional periodic medium made up of a large
number of substructures under external excitations. We focus here on the case of substructures without
symmetry while the easier case of symmetrical substructures was studied in [31]. The method proposed in
this paper will be based on the WFE. By imposing the wavenumber in one direction, we can numerically
calculate the wavenumbers and mode shapes associated with propagation in the perpendicular direction.
We can thus build a set of waves propagating respectively along the two directions parallel to the sides of
the rectangle which will serve as the basis on which we will decompose the solution. Equations are then
set for symmetrical and antisymmetrical parts of the boundary condition. Then, an iterative method using
the GMRES algorithm combined with the symmetrical solution used as a preconditioner allows to get the
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solution for general structures without symmetry. We thus obtain the global solution for a two-dimensional
periodic medium with a large number of substructures.

The paper is organised as follows. In section 2, two-dimensional wave modes for periodic media are com-
puted. In section 3, the global wave decomposition is described and used to solve the problem. Numerical
examples are given in section 4 before the conclusion in section 5.

2 Two-dimensional wave modes

2.1 Relations on boundary variables

The discrete dynamic equation of a substructure (an elementary period) obtained from a finite element (FE)
model at a circular frequency w and for the time dependence ¢ is given by:

(1+&)K —w’M)q = f (1)

where K and M are the stiffness and mass matrices, respectively, £ is the damping coefficient, f is the
loading vector and q the vector of the degrees of freedom (DoFs). Introducing the dynamic stiffness matrix
D = (1 + &)K — w?M, decomposing the DoFs into boundary (b) and interior (i) DoFs, and assuming that
there are no external forces on the interior nodes, result in the following equation:

Dy, Dy, Q| _ | B 2
Dy Di i 0
The interior DoFs can be eliminated using the second row of equation (2), which results in

f, = (Dy, — Dy D;;' D) ap = Doas 3)

where only boundary DoFs are considered in the following. The sizes of vectors q4 and f;, equals n, x 1 and
D, is a matrix of size ny X ny with n the number of DoFs on the boundary of a substructure. We drop the b
subscript in the following so that for instance q, is denoted as q.

The periodic cell is assumed to be meshed with an equal number of nodes on their opposite sides. The
boundary DoFs are decomposed into left (L), right (R), bottom (B), top (7') DoFs and associated corners
(LB), (RB), (LT) and (RT) as shown in Figure 1. The global vector of boundary DoFs of size nj x 1 is
decomposed as

T T T T T T T

a=(Tars Tar Tarr Tars Tar Tarr Tap Tar) 4
Note that n, = 4nyp + 2n;, + 2np with n;, g the number of DoFs at a corner (the same for the four
corners), ny, the number of DoFs at the left boundary without its corners DoFs and np the number of
DoFs at the bottom boundary without its corners DoFs. The proposed approach consists first of eliminating
the DoFs of the lower and upper sides then of expressing all remaining DoFs from a reduced number of
DoFs for which an eigenvalue problem will be posed. First, the longitudinal DoFs vector is defined as
‘qy=['ars 'ar ‘arr ‘arz 'ar ‘'qgrr]. Thus, equation (3) is rewritten as

D; Dz Dir q f;
Dp, Dpp Dpr ag | = | fB 5
D7, Drp Drpr qar fr

We are looking for solutions such that the DoFs at the bottom and top boundaries are connected by a propa-
gation constant )\, along y and using the effort equilibrium at the bottom side of the cell, relations between
the transverse DoFs are given by
qr = /\qu
fp + ifT =0 ©)
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Figure 1: A substructure in the periodic medium

Using (6) and the second and third row of the matrix of equation (5), the first row of equation (5) leads to

Yy )\y
= Diq N

1 Lo 1
fi = |Dy— D+ ADir) (DBB +Drr + YDTB + )\yDBT) (DBI + DTZ>] Q

The sizes of vectors q; and f; equals nf x 1 and D; is a matrix of size n%’ X n? with n? =d4nrp +2nyp,.

2.2 One-dimensional eigenvalue problem

Introducing the propagation constants A, along = and A, along y lead to the following relations between
longitudinal DoFs

qr = )\:chL

qrB = A4LB ®)
Qrr = Xz )\y arLB

arr = A\ydaLB

From these conditions (8), it can be seen that all components of the vector q; depend on the reduced set of
DoFs defined by q, = ? [tQLB th]. This can be expressed as

q = (Wo(Ay) + X:aWi(N\y)) ar ©)

where the matrices W (\,) and W1 (),) depend on the propagation constant \, and are given by

InLB XnrB Onppxng Onppxnpp Onppxny
OnLXnLB InLXnL OnLXnLB OnLXnL
I o o o
_ Yy nLpXnLp nppLxng _ NLBXNLB nNLBXN[L
Wo(h,) = Wi\ = | ] (10)
Onppxnrp Onppxng NpLBXNLB Onppxng
OnLXnLB OnLXnL OnLXnLB InLXnL
Onppxnrp Onppxng | | )\yInLanLB Onppxng |

with I the identity matrix and o the null matrix. The equilibrium conditions between adjacent cells can be
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written as

1 1
(Axtwo()\) +tW1()\)> fi=0 (11)

Y Y

Combining (7), (9) and (11), lead to

1
o' Wo(—

)W) ) D) (Wal,) 4 AW (4, =0 12

that can be written as
(ARL + Ae(ALL + Agg) + A2ALR) g, =0 (13)

where
ArsOy) =" WilHDIOWo(,), AL(y) = Wol5)Di0,)Wo(A,)
Yy
ARR(/\y) :twl(i)Dl()\y)Wl()‘y)a ALR()\y) :two(%)Dl()‘y)Wl()\y) (14)

Y

As we have taken a small damping, we always have |\;| # 1 and the right-going solutions must have
propagation constants ;" of decreasing amplitude as we move on the right, meaning that

A< 1, (15)
The left going waves are such that
Azl >1 (16)

This allows to define the eigensolutions

A+()‘y) = [/\il()‘y) A )‘+J+ (M)l AT
‘I’:()‘y) > [¢21L1()‘y) ’ qJ+ M) 5 @
P

‘I’I—-r()‘y) = [¢1—7’_1(/\y) a FJ+()\ ) ()‘ ) = lop(Ay) - ¢’F_J;(/\y)]- A7)

in which ¢gj is the solution of the eigenproblem (13) and ¢pp; = * [tfi B tfﬂ the associated force vector.

Note that J," is the number of right-going waves and J,; is the number of left-going waves such that J, +
J, = 2n{ = 2(npp + nr) which equals two times the size of the eigenproblem (13).

3 Global wave decomposition and solution

3.1 General decomposition

The solution is searched under the form of waves associated to propagation constants A, ,, = e™/Ny along
y, for —N, < n < N, — 1, leading to the propagation constants )\ﬁj and )\iﬁ; along x. One notes that
/\y7,Ny = =i Ny/Ny — oimNy/Ny — )\y,Ny = —1, so that n ends at N, — 1 otherwise the same eigenvalue
would be counted twice. Along x one has propagation constants Ay ,, = ei™m/Nzfor —N, <m< N, —1,

leading to the propagation constants )\%;g and )\fn; along y. The force on the boundary X of the substructure
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at position (p, ¢) (with0 < p < N, —1land 0 < g < N, — 1) such as in Figure 2 can then be decomposed as

n=Ny—1
fx(pa) = > e (PR (AT )agt + By, (A Ve ar)
n=—Ny
m=N,—1 )
Y N (B ARl B (AT Y el ) as)
m=—Ng

where [XCF[ AUV < 1, INCTL M| > L O L L Ly

- are the number of eigenvalues of their
respective eigenproblems. One also has

T+ . X T+ y+ I y+
Ayt = diag <>\"j >j:1...J,J{ ’ Am' = diag (Aml>z:1...L; ’
T+  _ |ez+ x+ -+ y+ | eyt Y+ Y+
P = [ B 00| B, = [ B £
T T
x+ _ |, z+ z+ x+ y+ _ |t y+ y+
a, = [anl,...,anj ,...,anjﬂ , am = [aml’”"aml"”’amL;} (19)

Similar expressions can be written for negative-going waves. a** aZ® vt al,

rr,al,am ,am are the amplitudes of the
waves. We avoid taking positive powers of propagation constants of modulus greater than one by modifying
the terms associated to left going waves. Now we apply this to the different parts of the global boundary. For

instance, the force on the global left boundary can then be decomposed as (since p = 0 and X = L)

n=Ny—1
) = Y N (Fgrart - By (AL ar)
n=—Ny
m=N,—1
Y (FrhAr)an + FL (AL D) 0)
m=—N,

and the force on the right boundary is given by

n=Ny—1
fr(q) = D &N (R (AT el + Fhar)
n=—Ny
m=Nz—1
- Y U (R ARl + Y (ALY al) @

m=—Ng

Similar expressions can be written for the bottom and top boundaries.

3.2 Decomposition into symmetrical and antisymmetrical functions

Consider, for example, the force on the left boundary given by (20). The expansion in the first sum contains
2N, set of waves in positive and negative directions, thus a total of 4N, sets of waves. To find the amplitudes,
one has the values of the force on N, substructures on the left and right boundaries, thus only 2N, sets of
relations. One must also pay attention to the convergence of the Fourier series. The series converge to the
value of the function at a point only if the function is continuous at this point. To take into account all this,
the precedent relation is split into its symmetrical and antisymmetrical parts, leading to

fr.(q) = fi(q) + fL(q) (22)
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Figure 2: Non-symmetrical structure.

with

n=N,—1
1 - y '
G0 - M@ Q) = 3o /N (Brare o B (AT ) Mar)
n=—Ny,n even
1 m=N;—1
boLY (R A+ EY (ALYl
m=—Ny
1 m=Nz—1 ~ )
EIDY (F%(A%)Ny*qayj +FY( Ag;)fqa%:)
m=—DNg

(23)

and

n=Ny—1
1 - : ,
flq) = (7 (@) - F"@) = Y &N (Ffrart - By (A7) Yal)
n=—Ny,n odd
1m:Ngc—l
50> (BrAn v + B (ALl
m=—DNg
1m:Ngc—l ~ ~
= 5 Y (BEau N B (A )
m=—DN,

(24)

The tilde vector is obtained by reversing the order of the coefficients, for example f (y) = f(Ly —y) on
the whole structure and g(y) = ¢(l, — y) on a substructure. Note that f} is built so that it has the same
value at y = 0 and y = L, while f} has opposite values at these points. With this decomposition, one can
expect the convergence of the sum on n at the end points of the left and right boundaries. The same type of
decomposition is made on the three other parts of the global boundary.
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3.3 System to solve

The precedent relations can be written in a more compact form. For the force on the left side, one has

s
L

a
L

with

Fiaﬁ-
inm-‘r
P~
Py
AST—
AE—

sy—+
VL

ay+
VL

sy—
VL

ay—
VL

spsr+ o+ STST— ST—\—
wy F7a™ —w Fp™ (A7)
apaz+ T+ _ , afpar— ar—\—Ng T— ay+ _y+ ay— _y—
wyF7" " a wyFE (A7) a4+ V7" aV T + V7 a

(N,

£ (0)
_ fifl) R

£ (N, 1)
= diag (Fft)_Ny<n<N —1, n even
= diag (F7})_ —Ny<n<Ny—1, n odd
= diag (Ff,) n cneny 1, n cven
= diag (F%:L) ~N,<n<N,—1, n odd
= diag (Aﬁ_)

A/—\A

(
(
(
(

ezqrmr/N an)

(A"

etanm /Ny an)

) —Ny<n<Ny—1,n odd

—Ny<n<Ny—1, n even

0<g<Ny—1,—Ny<n<Ny—1, n even

an )
qn ) 0<g<Ny—1,—Ny<n<Ny—1, n even

1
2

)
)?

N[

N[

(
(F"f{n AL
(¥,

%(anAy>quﬂ By, (A7) q)

Fy+ Ay+ q+Fy+ Ay—l— Ny—1—q

FZH‘ Ay+ Ny—1— q)

0<g<Ny—1,—Ny<n<Ny—1, n odd

qn)o<q<Ny—1 —Ny<n<Ny—1, n odd

—-q

NzaI* + sz-f-aer +

VT al

0<q<N,—1,—N,<m<N,—1

>0<q§Ny—1,—Nx§m§Nm—1
) ) 0<g<Ny—1,—Ng<m<Nz—1

0<g<Ny—1,—Ny<m<Nz—1

(25)

(26)

with \, = e™/Nv and 1, = L, xm, With m; = npp + ny, where nyp is the number of dofs in the corner
LB and nj, the number of dofs in the part L of the boundary. Similar relations can be written for the three
other parts of the global boundary. In matrix form, this yields the following global system

s+ sSTr—
3, Vi N Vi
ax ar—
Fg Vi Vi
Fs, —(.4.72;"’,FSL‘/""+ (AszH)Na wy PR~
Fl}l% B _w;F%w+(Aux+)Nm w;FaRgpf
s - s+ sST—
?aT -Vr N —Vr
ax axr—
Fg“ -Vr -V
L WSFsET _wstwf(Asw—)—N
Fa y~ L n ¥y~ R
a|par apar— ar—\—
L wyF wyFE™ (A7)

8

Ny

WIFYT
ng%ZH-
VE,
_VR
—w;F%‘UJ’_ (Asy+)Ny
WL (A )Yy
vE.
VL

w;F;}/— (Asy—)—N
WIF (A7)

_V;ZJ
_V%/_
wiFY™
Wik
vy
\'%

Y

_Ny

27)

Its solution will give the amplitudes of the waves and then the forces and displacements in all substructures.
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3.4 System solution
The system (27) can be written in a more compact form as
F = Dtota (28)

The solution of this system is obtained by an iterative method using the GMRES algorithm. Only the product
of Dy, by a vector a needs to be computed and matrix D;,; needs not to be built. For computing this
product, one has to do the multiplication by different matrices. First the multiplication by matrices such as
FSBer is quite easy because such matrices are block diagonal. Matrices such as A®¥~ are also diagonal. The
multiplication by w? is in fact a FFT and so neither the matrix w; nor the multiplication by this matrix need
to be done but only the FFT of a vector is used. The most difficult part is the multiplication by matrices like
VSLy+. However, such matrices involve terms like (/\%j;.)q . Only a limited number of propagation constants

/\Z:; have modulus close to one and as ¢ increases a lot of these terms are of very small amplitudes and can

be neglected so that the multiplication by matrices Vier can in fact be done efficiently. So the multiplication
of a by matrix Dy is not so difficult and the solution of the linear system by an iterative method can be
considered. For the GMRES algorithm to converge in a limited number of iterations, a preconditioner must
be used. Here this is done by first computing the vector Da and using this result as a boundary condition
for the force on the global structure which is then solved by the algorithm of the symmetrical structure as
described in [31]. One expect that the solution obtained as if the structure were symmetrical will be close
enough to the true solution so that it considerably reduce the number of iterations of the GMRES algorithm
and constitutes a good preconditioner.

4 Numerical results

4.1 Type of computation

The behaviour of the structure is supposed described by the Helmholtz equation

Ap+Kkp = 0in Q,
dp

e qo over 02 29)

with k = w/c, w the circular frequency and ¢ = 343m/s the sound velocity in case of acoustic propagation.
The structure €2 is divided into N, x N, substructures of size L, x L, (with generally L, = L, = 0.1m).
qo is a given function on the boundary. Two types of boundary conditions are used here. The first one is
created by a point source outside the structure such as py(x) = £ Ho(k|x — x,|) for a point source x; outside
the domain (2 and gy = a%po while the second one is obtained by taking gy equals to one on a part of the
boundary. We generally compare the results of a full Finite Element Method (FEM) solution and the present
two-dimensional WFE method for different structures.

4.2 Triangle structures

We first start by computing the three types of triangle structures presented in Figure 3. The first two substruc-
tures have respectively a symmetry plane along y and = while the last one is completely non-symmetrical
along the coordinate axes.

As a first example, a structure made of 5 x 5 substructures is computed at 2000/ z. The boundary condition
is obtained by a point source at (—0.5m, —0.5m). Figure 4 compares the results of a classical FEM compu-
tation, the present two-dimensional WFE and the computation with the method described in [31] where the
substructures are supposed symmetrical. A very good agreement is observed between the present method
and the FEM computation while the results of the computation assuming a symmetrical structure is quite
different and false.
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Figure 3: Triangle substructures with vertical symmetry (left), horizontal symmetry (middle) and without
symmetry (right).
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Figure 4: FEM computation (left), present method (middle) and method assuming a symmetrical structure
(right).

In Figure 5, the number of iterations for the convergence of the GMRES algorithm is plotted versus the fre-
quency for structures with 5 x 5 and 50 x 50 substructures. One can observe that completely non-symmetrical
substructures lead to a larger number of iterations while substructures that has a plane symmetry are much
easier to solve. The number of iteration increases with the frequency for completely non-symmetrical struc-
tures while the frequency seems to have very little influence in the other cases. One can also see that the
influence of the number of substructures is small because the number of iterations is not very different for
5 x 5 and 50 x 50 substructures.

4.3 Structures with cavities

We consider in this case the two substructures shown in Figure 6. These are cavities, one being symmetrical
relative to an axis parallel to  while the other is fully non-symmetrical. We study here the transmission
factor defined by

1/2
2
(Znode i on right boundary ‘ul‘ )

1/2
(Znode i on left boundary |u1|2)

thus the square average of the solution on the right boundary over the solution on the left boundary. The
term u; is the solution at node ¢ for a uniform pressure applied at the left boundary (¢qo = 1 on the left
boundary and 0 elsewhere). We consider the case of a global structure made of 5 x 5 substructures. One can
also define T}ignt to 1ef¢ In a similar way. In case of symmetrical structure, one should have T o right =
Tyight to teft- In Figure 7, the transmission factors are plotted for three substructures. On the left, the case
of the symmetrical cavity on the left of Figure 6 is plotted while the curves in the middle is for the fully
non-symmetrical cavity. Both curves show a different behavior according to the propagation direction. Note
that this is especially the case in the band gaps. Finally, the right curves in Figure 7 show the case with a
circular cavity of radius 0.02m in the center of the substructure. As this structure is fully symmetric, the

Tleft to right — (30)
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Figure 5: Number of iterations for 5 x 5 substructures (left) and 50 x 50 substructures (right).
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Figure 6: Cavity with symmetry (left) and without symmetry (right).

propagation is exactly the same in the two directions.

In Figure 8 the computing time for the FEM and the present WFE method are plotted for structures of
increasing sizes N x N with a substructure made of the fully non symmetrical cavity of the right of Figure 6
at 500H z for the boundary condition obtained from the outside point source as before. This case is the most
difficult to solve by the present method. The results show the efficiency of the present method. In the case
of a structure with 250 x 250 substructures, the present method is 32 times faster than the FEM. For a larger
number of substructures the FEM computation runs out of memory on the PC Intel(R) Core(TM) 19-12900
with 64Go of memory used for these computations. The two-dimensional WFE has not these limitations. In
the case of the WFE two results are plotted. First the time needed to compute the amplitudes of the waves (or
solving systems (27), (28)) is plotted (curve WFE 2D comp in the figure). The remaining time is used by the
post-processing to get the solution at each node from the wave amplitudes and the global time is the curve
denoted WFE 2D tot in the figure. For structures larger than 350 x 350 it can take some time and consume
memory so that the post-processing has not been done. In such a case, it would be better to get the solution
only on a limited part of the structure or to take some form of averaging on each substructure. On the right of
Figure 8, the number of iterations for the GMRES is plotted versus the frequency for cavities with or without
symmetries and for standard or fine meshes. The fine mesh is obtained by doubling the number of nodes of
figure 6 along each side. It can be seen that the density of the mesh has a low influence on the number of
iterations while the symmetry of the structure seems very important.

In figure 9 the case of a large structure made of 200 x 200 substructures with non-symmetrical cavities is
plotted for the frequencies 1500 Hz. The left picture is for a uniform load on the left boundary (and all other
three parts of the boundary are free) while the right picture is for a uniform load on the right boundary. One
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Figure 7: Transmission factor for symmetrical cavity (left), non-symmetrical cavity (middle) and circular
cavity (right).
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Figure 8: Computing times for the FEM and the WFE methods (left) and number of iterations for the WFE
(right).

can see that there is little propagation from the left to the right while the propagation in the other direction
much easier.

In figure 10, the error between the FEM and WFE solutions and the amplitudes of the solution are plotted
versus the frequency for four cases: standard mesh for cavities with and without symmetries and fine mesh
for the same two structures. The structure is made of 50 x 50 substructures. This error is defined as:

1/2
fe2
<Zz on whole mesh ’uz - U’;U 6‘ )
e= . (31)
(Zz on whole mesh |u{em|2>

It can be seen that the error is very small for symmetrical cavities and larger for non-symmetrical cavities.
However the error is reduced with a fine mesh and it seems localized around specific frequencies probably
associated to resonances of the structure.

5 Conclusion

We have extended the computation of two-dimensional periodic media to the case of non-symmetrical struc-
tures. The accuracy of the result is equivalent to a full FEM computation but with a much lower computing
time for large structures. Although an iterative method such as the GMRES is used for the solution, the
number of iterations does not seem very sensible to the number of substructures but rather to the degree of
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Figure 9: Solutions for a 200 x 200 non-symmetrical cavity structure at 1500 Hz with uniform load on the
left boundary (left) and on the right boundary (right).
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Figure 10: Relative errors between the FEM and WFE solutions (left) and amplitudes of FEM solution
(right).
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symmetry of the substructure. Examples show the influence of the lack of symmetry of the structures for
example by allowing the propagation in a direction, but not in the reverse direction. We are limited here to
scalar equations and future researches should try to extend it to vector equations such as for two-dimensional
elasticity.
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