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Abstract

Many types of data from fields including natural language processing,
computer vision, and bioinformatics, are well represented by discrete,
compositional structures such as trees, sequences, or matchings. Latent
structure models are a powerful tool for learning to extract such repre-
sentations, offering a way to incorporate structural bias, discover insight
about the data, and interpret decisions. However, effective training is
challenging, as neural networks are typically designed for continuous
computation.

This text explores three broad strategies for learning with discrete
latent structure: continuous relaxation, surrogate gradients, and proba-
bilistic estimation. Our presentation relies on consistent notations for a
wide range of models. As such, we reveal many new connections between
latent structure learning strategies, showing how most consist of the
same small set of fundamental building blocks, but use them differently,
leading to substantially different applicability and properties.
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Notation

Vectors, matrices, and indexing.
u, v, W ,X a scalar, a vector, a matrix, and a set.

vi the ith element of vector v.
wj the jth column of matrix W .
∥v∥p :=

(∑d
i=1 |vi|p

)1/p
, the p-norm of v ∈ Rd.

Probabilities and distributions.
Y a random variable with values y ∈ Y;

p(Y = y) probability that Y take the specific value y;
p(y | x) short for p(Y = y | X = x) when unambiguous;
Ep(Y)[Y] := ∑

y∈Y yp(y), the expected value of Y.
Differentiation.

∂if the partial derivative of f : Rd1 × . . .×Rdn → Rd w.r.t.
the ith argument. (∂if)(x1, . . . , xn) is a linear Rd → Rdi

map (the pullback of f), identified with with a di × d

matrix: the Jacobian transpose. For single-argument
f : Rd1 → Rd we omit the subscript, and if Jx is the Ja-
cobian of f at x then ∂f(x)(v) = J⊤

x v. This transposed
convention is more convenient for backpropagation.

∂θ(expr .) interprets the (possibly complex) expression as a single-
argument function of θ and applies ∂.
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Convex sets.
Rd

+ := {α ∈ Rd; αi ≥ 0 for all 1 ≤ i ≤ d}, the non-negative
orthant;

△d := {α ∈ Rd
+; ∑

i αi = 1}, the simplex with d bins, con-
taining all probability distributions over d choices;

conv(Z) the convex hull of Z, i.e., the smallest convex set con-
taining Z.
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1
Introduction

1.1 Motivation

Machine learning (ML) is often employed to build predictive models
for analyzing rich data, such as images, text, or sound. Most such data
is governed by underlying structured representations, such as segmen-
tations, hierarchy, or graph structure. For example, natural language
sentences can be analyzed in terms of their dependency structure, yield-
ing an arborescence of directed grammatical relationships between
words (figure 2.1).

It is common for practical ML systems to be structured as pipelines,
including off-the-shelf components (analyzers) that produce structured
representations of the input, used as features in subsequent steps of
the pipeline. On the one hand, such architectures require availability
of these analyzers (or of the data to train them). Since the analyzer
may not be built with the downstream goal in mind, a disadvantage
of pipelines is that they are prone to error propagation. On the other
hand, they are transparent: the predicted structures can be directly
inspected and used to interpret downstream predictions. In contrast,
deep neural networks rival and even outperform pipelines by learning
dense, continuous representations of the data, solely driven by the
downstream objective.

However, the popular success of end-to-end deep learning hides some
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fundamental challenges. For example, large language models are still
based on a pipeline system in which tokenization is an independent
pre-processing step. Another known limitation is the so-called structural
generalization problem (Yao and Koller, 2022): sequential architectures
(both recurrent neural networks and self-attentive networks) have diffi-
culties to generalize to unseen (recursive) combinations of known parts.
It is possible to tackle this problem by inducing latent structured repre-
sentations (Bogin et al., 2021; Liu et al., 2021). Similar limitations are
known for length generalization (Anil et al., 2022; Zhou et al., 2024).
Another important research direction in the natural language processing
community is intermediate plan-based representations for text gener-
ation (Narayan et al., 2023; Liu et al., 2023), where latent structures
may play an important role, for example when learning with limited
information (Xu and Lapata, 2022). Beside natural language processing,
latent structure inference is also a key topic in computer vision for
unsupervised segmentation and learning object-centric representations
(Steenkiste et al., 2018; Greff et al., 2019; Locatello et al., 2020; Elsayed
et al., 2022).

This text is about neural network models that induce discrete la-
tent structure, combining the strengths of both end-to-end-approaches
and pipeline systems. In the following, we do not assume a specific down-
stream application in natural language processing nor computer vision.
Our presentation follows an abstract framework that allows to focus
on technical aspects related to end-to-end learning with deep neural
network.

1.2 Supervised Learning

We begin by establishing the common setup of predictive machine
learning. A prediction function is a function that associates with input
x ∈ X an output y ∈ Y. Prediction functions usually rely on a scoring
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function
M(x, y; θ), (1.1)

which returns the score, or preference, for some candidate y ∈ Y, given
an input x. In our setting, M is a parametric function with learnable
parameters θ. For simple classification problems, M could be a feed-
forward network with x as input, and an |Y|-dimensional output, such
that the yth position of the output is M(x, y; θ). Our notation allows
for more involved setting like predicting structured objects (for examples
graphs, see Chapter 2). To make predictions, we search for the output
of maximum weight

ŷ(x; θ) := arg max
y′∈Y

M(x, y′; θ) . (1.2)

In many cases, we are also interested in a distribution over outputs.
Assuming Y is a finite set, a common choice is to rely on a Boltzmann-
Gibbs distribution, also called softmax (Bridle, 1989), defined as follows:

p(y | x) = exp M(x, y; θ)∑
y′∈Y M(x, y′; θ) for y ∈ Y ,

∝ exp M(x, y; θ) .

Note that the most probable output under distribution p(·|x) is equal
to ŷ(x; θ).

In the supervised learning scenario, we assume access to a dataset
D containing samples of input/output pairs (x, y) ∈ D. Parameters θ

are fixed to minimize the empirical risk

Lavg(θ) := 1
|D|

∑
(x,y)∈D

L(y, x; θ) , (1.3)

where L is a loss function (Vapnik, 1991). For practical reasons, the
loss function used for classification problems is usually not the targeted
evaluation function (for example the 0-1 loss which is equal to 1 if and
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only if the model predicts the expected output) but a surrogate loss that
is amenable for gradient-based optimization. Statistical consistency of
such surrogates has been widely studied (Peter L Bartlett and McAuliffe,
2006; Reid and Williamson, 2010; Williamson et al., 2016). A common
choice is the cross-entropy loss,

L(x, y; θ) = −M(x, y; θ) + log
∑

y′∈Y
exp M(x, y′; θ) , (1.4)

which is simply the model negative log-probability of gold output under
a Boltzmann-Gibbs distribution. Then, Eq. 1.3 can be interpreted as
maximum likelihood estimation of θ. Non-probabilistic losses like the
hinge loss or the perceptron loss fit the framework as well.

From a computational point of view, note that both training and use
of such a model eventually requires evaluating or optimizing a function
of the form

g(x, y; θ),

which may refer to either the scoring model M or the loss L. There-
fore, we shall use the generic functional notation g(x, y; θ) in the
following. Note that in this text, we are interested in on computing (or
approximating) partial derivatives with respect to all values in θ via the
backpropagation algorithm for automatic differentiation (Linnainmaa,
1970).

Gradient-based learning. The gradient method for minimizing a dif-
ferentiable function F : Rd → R iterates

θ(t+1) ← θ(t) + η(t)(∂F )(θ(t)) , (1.5)

where η(t) is a step size schedule, and ∂F (·) is identified with its column-
vector Jacobian. This method converges to a stationary point of F

under some assumptions on the step size (Bertsekas, 1999, §1.2.2).
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Often in machine learning evaluating F is slow and memory-intensive,
as it depends on the entire training data; this is the case in Eq. 1.3.
In such cases, the stochastic gradient (SG, Robbins and Monro, 1951)
method may be preferred. The SG method replaces the gradient with a
stochastic direction G such that

E[G] = ∂F (θ(t)) , (1.6)

followed by updating

θ(t+1) ← θ(t) + η(t)G . (1.7)

This method also converges to a stationary point under mild assumptions
(Bertsekas and Tsitsiklis, 2000) : mainly, requiring smooth F , square-
summable decreasing step sizes, and a linear bound on the variance of G
w.r.t. the norm of the gradient of F . If F takes the form of an average,
i.e., F (θ) = 1

N

∑N
i=1 Fi(θ) (for instance Eq. 1.3), then G may be chosen

as a single sample Fi(θ) where i is drawn uniformly from {1, . . . , N}, or
a mini-batch estimator. The gradient and stochastic gradient methods
can be extended to a broader family using acceleration, momentum,
and adaptivity (Nesterov, 1983; Kingma and Ba, 2015; Loshchilov and
Hutter, 2019; d’Aspremont et al., 2021). Algorithms in this family are
the de facto choice in deep learning at the time of writing. For this
reason, our work focuses on compatibility with gradient-based learning.

Backpropagation and the Chain Rule. Given a composition of func-
tions u : Rm → Rn, v : Rn → Rp, w : Rp → Rq, and their composition
(w ◦ v ◦ u)(θ) := w(v(u(θ))) we have:

∂(w ◦ v ◦ u)(θ) = (∂u)(θ) ◦ (∂v)(u(θ)) ◦ (∂w)(v(u(θ))) . (1.8)

The derivatives are applied in the opposite order compared to the com-
putation. This is known as backpropagation or reverse-mode automatic
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differentiation (Griewank and Walther, 2008) and is popular in deep
learning, where models are built using such compositions, with the final
layer w having a scalar output (loss). The forward pass computes and
stores the intermediate values that appear in w◦v◦u, and the backward
pass invokes the ∂ operator to propagate gradients from the output
to the input. In the most popular software frameworks today (e.g.,
PyTorch, 2017), elementary building blocks are provided as compos-
able modules, with implementations providing forward calls f(θ) and
backward calls (vector-Jacobian products) ∂f(θ)(z), and the automatic
differentiation engine handles the composition.

1.3 Latent Representations

Our main motivation is to go beyond direct mappings x→ y, toward
machine learning models with latent representations. In this text, we
take a rather inclusive view of what constitutes a latent representation
(Bengio et al., 2013a). We call a latent representation z ∈ Z an object
designed to capture some relevant property of a data point x ∈ X , which
can be inferred based on x, but is typically unobserved. In particular,
we cover but we do not require probabilistic modeling of z (Bishop,
1998). On the other hand, we are explicitly interested in discrete and
structured latent representations.

Latent representations are often designed with downstream tasks in
mind: we may look for a model of y ∈ Y that has access not only to x

but also to the representation z:

g(x, y, z; θg) . (downstream model) (1.9)

Remark. During prediction from a pretrained model, we may think of
g as a classifier returning the score of class y. For training the model,
however, we may want to think of g as some loss function on top of
the same classifier. Mathematically, this distinction is irrelevant for the
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purpose of our text, which is the modelling of z, so we henceforth use
g(x, y, z; θg) to denote either. Practitioners must however be mindful
of this.

A downstream model as in Eq. 1.9 is not directly usable, since z is
unknown both at training and at test time. Therefore, the problem we
are concerned with in this text is jointly learning to predict z from x

using an encoder f : X × Z → R:

f(x, z; θf ), (encoder model) (1.10)

assigning higher values to better-fitting choices of z to the given x.
The key challenge of learning latent variable models is that we

cannot learn θf using standard supervised approaches, since z is not
observed. This text is about how to learn a good encoder model f jointly
with the downstream model only from pairs (x, y). During training, the
downstream model gets direct supervision, but the encoder model only
gets a form of distant supervision, its only learning signal is coming in
the form of gradients propagated through the downstream model. Joint
learning with latent structure in this scenario is the main topic of our
text. The next three paragraphs outline the main ways to train end-
to-end models in such encoders; the main part of our text (Chapters 3
to 5) later goes into detail.

Pretraining and pipelines. A first strategy is to sidestep the issue alto-
gether and obtain supervision. This poses no challenge mathematically,
and is not studied further in this text, but serves as a motivating base
case: If in fact some training pairs (x, z) are available, it is promising
to first train a model f(x, z; θf ) and then deploy a two-step pipeline:

1. predict ẑ = arg maxz′∈Z f(x, z′; θf ),

2. use downstream model g(x, y, ẑ; θg).



14 Introduction

The parameters of the downstream model θg can now be trained in
a fully-supervised fashion, since ẑ is a known fixed input. This corre-
sponds to the time-tested approach of using off-the-shelf analysis models
(parsers, object detection, entity recognizers, etc.) as a pre-processing
step. This approach is vulnerable to two main sources of error: domain
shift, due to the fact that θf is likely trained on samples coming from
a different distribution than the one D is drawn from, and error prop-
agation, due to the lack of mechanism for improving θf if the model
makes errors. The latent representation treatment we propose mitigates
both these concerns by allowing the fine tuning of θf with signal from
downstream, see (Peng et al., 2018) for examples.

Deterministic latent representations. A straightforward idea for end-
to-end learning would be to characterize the mapping from x to a
promising candidate ẑ as a function,

ẑ(x; θf ),

which implicitly defined by the encoder f . (For example, ẑ(x) =
arg maxz∈Z f(x, z).) Then, an end-to-end model emerges as a com-
position of functions:

g (x, y, ẑ(x; θf ); θg) . (1.11)

This resembles the pipeline approach, but now we aim to train θf and
θg jointly using gradient methods. Depending on how ẑ is constructed,
we may have an end-to-end differentiable relaxed model (Chapter 3) or a
discrete model optimized with surrogate gradient heuristics (Chapter 4).
Both cases will require further assumptions compared to the pipeline
approach with frozen θf , but require no supervision on z.

Probabilistic latent variables. Alternatively, we can gain expressivity
by modelling latent representations as random variables whose distri-
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bution is induced by the encoder f . Notationally, we define a random
variable Z taking values z ∈ Z, with distribution p(Z = z | x; θf )
parametrized in some way using f (e.g., p(z | x; θf ) ∝ exp f(x, z; θf ).)
Then, the end-to-end model will consider not a single value of z but the
expectation over all possible values z ∈ Z:

ḡ(x, y; θf , θg) :=EZ [g(x, y,Z; θg)]
=

∑
z∈Z

g(x, y, z; θg)p(z | x; θf ). (1.12)

The expected loss depends on both θf and θg, and so provides a learning
signal to both the encoder and the downstream model. In particular,
some choices of g can correspond to a probabilistic treatment of Y
as well, making this strategy interesting for generative modelling. We
study methods for probabilistic latent variables in Chapter 5. Broadly
speaking, these methods tend to require fewer assumptions compared
to deterministic ones, but come at a higher computational cost.

Remark. What sets apart a latent representation from an arbitrary
“hidden layer” is that the former is designed to capture a specific aspect
of x, relevant to the modeler. In this text, we focus on discrete z with
structural constraints that can guide it to take a certain form of interest
(e.g., alignments, syntax.) This is often (but not necessarily) reflected in
the more transparent, informed way in which the way the downstream
model g accesses z.

1.4 Further History and Scope

Latent variable models have a long history in ML, specifically for
unsupervised learning. In this section, we briefly survey this history and
clarify the scope of this work.
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Shallowmodels. Many popular models fall under this umbrella, typ-
ically with linear f and g. Factor analysis (FA) is an unsupervised
representation learning model (Y = Rd, X = ∅) with continuous latent
variables (Z = Rk) defined by (Barber, 2012, §21.1)

f(y, z; θ) = −1
2(y − F z − µ)⊤Σ−1(y − F z − µ) , (1.13)

where the covariance Σ is a diagonal matrix. If Σ is further constrained
to be isotropic, FA reduces to probabilistic PCA. The discrete counter-
part is the Gaussian mixture model (GMM) where Z = {1, 2, . . . , k} is
a discrete variable and we have

f(y, z; θ) = −1
2(y − µz)⊤Σ−1

z (y − µz) . (1.14)

For supervised regression of continuous y given x, the counterpart of
FA is the linear mixed effect model

f(y, z, x; θ) = −1
2(y − F z −W x)⊤Σ−1(y − F z −W x) . (1.15)

and the counterpart of the GMM is the mixture of linear regressions

f(y, z, x; θ) = −1
2(y −W zx)⊤Σ−1

z (y −W zx) , (1.16)

corresponding to learning a separate linear regression model for each clus-
ter component. All of the above can be fit by expectation-maximization
algorithms, with the notable exception of probabilistic PCA, for which
the exact solution can be found from a single SVD of the design matrix.
Extensions to categorical (i.e., classification) models of Y are mostly
studied in the context of mixed effects models within the framework of
hierarchical generalized linear models.

Unsupervised linguistic structure discovery. An important line of
work in Natural Language Processing has been the use of latent struc-
tures for language modeling (i.e. learning a distribution over sentences)



1.4. FURTHER HISTORY AND SCOPE 17

in a Bayesian setting, that is by defining a Bayesian network whose
observations are sentences and latent variables include structure model-
ing. Then, parameter inference from raw texts can provide structured
representation of texts. Although useful for unsupervised and semi-
supervised structured prediction, it is important to bear in mind that
part of this line of work is also motivated by the goal of automatically
discovering structures that may be useful for linguistic research.

Segmentation models discovers word boundaries (Brent, 1999; Venkatara-
man, 2001; Goldwater et al., 2006). They are especially useful for dis-
covering word units in languages that do not have explicit boundary
markers and speech processing for (non written) low resource languages
(Zanon Boito et al., 2022). Unsupervised tagging models learn to group
similar words in the same class (Goldwater and Griffiths, 2007). They
are mainly based on Hidden Markov Models, possibly with an infinite
number of classes (Beal et al., 2001). Syntactic models aim to represent
more complex relations between words in a sentence than as a sequence
of words. We often differentiate two types of syntactic structures:

• Phrase structures or constituency trees, that model syntax by
grouping words in hierarchical spans. Such models are mainly
based on latent Probabilistic Context-Free Grammars (Lari and
Young, 1990; Clark, 2001; Johnson et al., 2007).

• Dependency trees, that model syntax using bilexical dependencies
between words. The main approach is called Dependency Model
with Valence (Klein and Manning, 2004).

Beyond the sentence level, previous work considered latent modeling of
discourse structures (Chen et al., 2009) and topic segmentation, which
aims to model topical changes in a document (Eisenstein and Barzilay,
2008; Du et al., 2013).

Note that these works are not covered in this manuscript. Previous
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book of Cohen (2019) covers all basic techniques in purely probabilistic
setting (e.g. parameter inference techniques like Markov Chain Monte-
Carlo and Variational Inference) including the use of priors to bias
models toward linguistically plausible structures. These approaches
exploit probability distribution structures and their (simple) parame-
terization, which is not possible with the neural network setting that
we cover in this manuscript. We instead focus on techniques for learn-
ing neural models in end-to-end approaches with limited assumptions,
including but not limited to techniques described by Kim et al. (2018).

Deep models. Sigmoid Belief Networks (SBN, Neal, 1992) and Boltz-
mann Machines (BM, Ackley et al., 1985) are popular generative neural
networks with discrete latent variables that have a long history in ma-
chine learning. They are graphical models (Bayesian network in the case
of SBN, factor graph in the case of BM) that use implicit parameteriza-
tion using a small neural network instead of explicit contingency tables.
SBNs can naturally describe deep architectures with several layers of
latent variables whereas RBMs can be stacked to achieve a similar goal
(Hinton et al., 2006; Salakhutdinov and Hinton, 2009). Straightforward
approaches to fit these models are based on Markov chain Monte Carlo
estimation of the gradient (Neal, 1992; Hinton, 2002; Hinton et al.,
2006), which can be slow in practice. Generalization of the Expectation-
Maximization (EM, Dempster et al., 1977) algorithm using Mean Field
Theory approximation (Parisi and Shankar, 1988) allows fast training
of these models (Peterson, 1987; Saul et al., 1996). A downside of EM
is that it relies on strong assumption on factors’ parameterization (i.e.
simple linear projection), and therefore does not extend to complex
neural parameterization. This contrasts with methods studied in this
manuscript that focus on techniques for learning discrete latent vari-
ables that (1) can learn more complex latent structures than binary
variables and (2) are compatible with the modern end-to-end learning
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framework. Moreover, some of the techniques we described do not have
a probabilistic interpretation of latent variables.

Nonlinear models parametrized by neural networks have proven
themselves effective for generative modeling. Prominent above them is
the variational auto-encoder (VAE, Kingma and Welling, 2014; Rezende
et al., 2014), which is a Bayesian network where conditional distributions
are parameterized by deep neural networks. This means that variational
methods used for SBN are not applicable anymore. Key to the success
of the VAE is the “evidence lower bound” (ELBO) approximation of
the objective:

L(x; θg) = − logEZ [g(x;Z, θg)]
= − log

∑
z∈Z

p(z)p(x | z; θg)

≤ KL[p(Z | x; θf ), p(Z)]− log
∑
z∈Z

p(z | x; θf )p(z | x; θg)︸ ︷︷ ︸
reconstruction term

= L̄(x, θg, θf ) ,
(1.17)

where KL denotes the Kullback–Leibler divergence, p(Z | x; θf ) the
approximate posterior and the the sum is replaced with an integration
in case of continuous latent variable Z. The conditional and approximate
posterior distributions are fully specified by the Gibbs distributions

p(x | z; θg) ∝ exp f(x; z, θg) , p(z | x; θf ) ∝ exp g(z; x, θf ) .

As such, the reconstruction term of the ELBO is highly similar to the
objective Eq. 1.12.

In our framework, we may take y = x to represent an autoencoding
task, and set, for a Gaussian latent and Gaussian output VAE,

f(z; x, θf ) =
(
z − µz(x; θf )

)⊤Σ−1
z (x; θf )

(
z − µz(x; θf )

)
,

g(x; z; θg) =
(
x− µx(z; θg)

)⊤Σ−1
x (z; θg)

(
x− µx(z; θg)

)
,

(1.18)
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i.e., a neural network is used to generate the parameters of an obser-
vation distribution and of an approximate posterior; this strategy is
known as amortization.

In this text, we focus on deep models with discrete, structured latent
variables. This differs from works that extend the original VAE with
richer priors or structured inference networks (Johnson et al., 2016; Lin
et al., 2018; Pearce, 2020; Zhao and Linderman, 2023, amongst others).
For a tutorial on latent variable learning with a focus on probabilistic
models for language, we refer the reader to the thorough text by Kim
et al. (2018).

1.5 Roadmap

Before getting into the matter of discrete latent structure, in Chapter 2
we revisit the tools of the trade of (supervised) structure prediction;
they will prove essential for the latent case as well.

The central Chapters 3 to 5 form the main part of our text, covering
three different directions to take for learning deep networks with discrete
latent structure. In Chapter 3 we explore a deterministic approach to
learning latent structure, using a fundamental tool in machine learning,
namely relaxation, at the cost of partially abandoning discreteness. Then,
in Chapter 4 we discuss a range of methods that regain discreteness
by introducing a gap between the learning objective and the desired
model. Finally, in Chapter 5 we study strategies for approximately
minimizing the true stochastic objective, allowing for the most flexible
latent structure models, at a controllable computational cost. Chapter 6
summarizes the field and provides a table representations of various
trade-offs and applicability of the discussed methods, as well as pointers
to prominent libraries.
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2
Structure Prediction Background

2.1 Overview

Before handling combinatorial structures as latent representations, we
must establish a formalism for representing and computationally mod-
elling such structures. In this section, we provide the necessary back-
ground, which draws from the field of structure prediction. The examples
in this section are therefore examples of structured-output models, not
of models with latent structure, but many of them will reappear in later
sections in latent structure form.

Definition 1. A structured representation z ∈ Z is a discrete object
consisting of a combination of interdependent parts p ∈ P. The
set of parts is problem-specific. The set of valid structures Z ⊆
{0, 1}|P| can encode global structural constraints on which parts can
be simultaneously present in a structure, and, like the set of parts,
differs based on what is being modeled.

When convenient, we may see z as a binary vector indexed by P,
such that zp = 1 if part p is present in the structure z and zp = 0
otherwise. From this perspective, Z ⊆ {0, 1}|P|.1 This is a powerful

1Since the parts are a discrete set, indexing by them is equivalent to assinging
the parts numeric indices {1, 2, . . . , |P|}. We assume an implicit indexing and use
either notation interchangably.
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but abstract definition. Figure 2.2 presents some common and useful
types of structures, under our established notation. The first two are
polar opposite extreme examples, and we describe them in more detail
below.

Example 1 (Unconstrained). In order to represent a combination of
choices, such as sandwich toppings, we show how we represent a
global configuration as a vector of binary variables. The parts are the
possible choices, e.g., P = { lettuce, tomato, . . .}, and each part is
encoded with a binary indicator zp ∈ {0, 1} for each p ∈ P. Beyond
the binary construction, the structures are not constrained:

any subset (including no toppings at all) is acceptable. Thus,
Z = {0, 1}|P|. The number of admissible structures is thus exponen-
tial in the number of parts. When using such an output space for
supervised machine learning, the resulting task is known as multilabel
classification (Tsoumakas and Katakis, 2007).

Example 2 (One-of-K). In contrast, the one-of-K setup forces us to
pick exactly one of the parts from P . For example, a word in a sentence
must have one part-of-speech tag. In this case, P = {NOUN,VERB, . . .}
and

Z =

z ∈ {0, 1}|P| :
|P|∑
i=1

zi = 1

 = {e1, . . . , e|P|} .

The number of admissible configurations is thus exactly the same
as the number of parts. In supervised learning, this output space
leads to the standard multiclass classification problem (Murphy, 2022,
ch. 10.3).

The next three examples illustrate how structure prediction generalizes
and explores the space between the two extremes encountered in the
first two examples.
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x

Sleep the clock around Sleep the clock around

Figure 2.1: Some example structures. Left: linear assignment (matching); center:
dependency parse tree (directed arborescence); right: binary constituency parse tree
(binary tree).

Example 3 (Linear assignment). The linear assignment (one-to-one,
or bipartite matching) setup (Hitchcock, 1941) amounts to finding
an optimal pairing between two equal-size sets A, B (e.g., horses and
jockeys), such that each horse gets one jockey and each jockey gets
one horse (figure 2.1, left). Formally,

P = {i↔ j : i ∈ A, j ∈ B},

Z =

z ∈ {0, 1}|P| :
∑
i∈A

zi↔j = 1 for each j,
∑
j∈B

zi↔j = 1 for each i


Writing |A| = |B| = n, notice |P| = n2. By further noting that any
valid assignment is a permutation, we see that |Z| = n!. We will
later see how this elementary set already poses challenges, i.e., full
probabilistic modeling over this set is intractable.

Example4 (Non-projective dependency parsing). This example comes
from the domain of natural language syntax (Jurafsky and Martin,
2018, Ch. 19) given a sentence, search for the best dependency tree to
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describe the dependency (syntactic governance) relationships between
its words (figure 2.1, middle): the parent word is interpreted as a head
word and the child is an modifier. A dependency tree is an arborescence,
that is, a directed rooted subgraph in which every vertex (i.e., word),
has at most one incoming arc and is reachable from the root. We
next show how to represent such dependency trees in our framework.
Given a sentence with words w1, . . . , wn, we define the parts of a
dependency tree as the possible arcs:

P = {h→ m : h ∈ {∗, w1, . . . , wn}, m ∈ {w1, . . . , wn}, h ̸= m} ,

where the asterisk denotes a special token identifying the root. In
order for a set of such arcs to correspond to a valid dependency tree,
it is required that every node except ∗ have exactly one parent, and
that there be no cycles in the resulting graph (Martins et al., 2009a).
From a generalization of Kirchoff’s matrix-tree theorem (Kirchhoff,
1847) due to Tutte (2001, Thm. VI.27), we obtain |Z| = (n + 1)n−1.

The role of structure prediction is to provide a prediction rule
for selecting a best structure, and, if possible, a probability distri-
bution over all possible structures. In the latter case, we would have
a probabilistic structure prediction model. This is challenging because
the total number of possible structures can grow very quickly (often
exponentially) with the size of the problem, see figure 2.2. Given a spec-
ified probabilistic structure prediction model p(z | x), in this book, we
consider three challenging problems, which will serve as computational
building blocks for learning and prediction.

• Maximization: find arg maxz∈Z p(z | x);

• Expectation: compute EZ∼p(Z|x)
[
h(Z)

]
for some function h;

• Sampling: draw a stochastic z ∼ p(Z | x).
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structure description
Unconstrained (multiple choice)

red onion

corn
tomato
lettuce P = {lettuce, tomato, . . .}; Structures

can have any combination of parts.

|Z| = 2|P|

One-of-K (XOR)

preposition

adjective
verb

noun P = {noun, verb, . . .}; Structures have
exactly one part (1⊤z = 1)

|Z| = |P|

Non-projective dependency parsing

Dog on wheels

P = {h→ m : h ∈ S ∪ {∗}, m ∈ S,
h ̸= m} set of possible arcs. Valid
structures are connected and acyclic.

|Z| = (|S|+ 1)|S|−1

Linear assignment

P = {i ↔ j} = A × B, valid structures
are exact one-to-one assignments.

|Z| = |A|! = |B|!

Figure 2.2: Illustration of a selection of useful structures, along with their matrix
representation.
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These building blocks are well studied in the structured output pre-
diction setting, which we review in this chapter. However, in the next
chapters we will see that structured latent variable learning also builds
upon the same building blocks. Moreover, for latent variable learning,
it is usually not enough to just have access to these methods, but we
also need to be able to compute or approximate their gradients, with
respect to some parameters of the distribution; this is sometimes called
“differentiating over the structure” and is the main topic of §3.4.

In this chapter, we review the two main strategies classically em-
ployed for structure prediction: incremental prediction and global predic-
tion. Both of them rely on breaking down structures into the constituent
parts, but they differ in the trade-offs between representation power
and optimality.

2.2 Incremental Prediction

To model a structured variable z, possibly conditioned on some input
x, we may employ a probabilistic model p(z | x), which must, of course,
obey the global constraints (i.e., it must assign zero probability to
invalid configurations). The set of possible configurations Z is discrete
and finite. Note that Z may depend on x — e.g., for part-of-speech
tagging, the length of a sentence |x| gives the number of tags in the
output sequence.

The probability chain rule gives a way to factor the distribution of
z without any loss of expressiveness:

p(z | x) =
|P|∏
i=1

p(zi | z1, . . . , zi−1, x) (2.1)

This decomposition suggests a method for building up a structure by
incrementally adding parts.
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Connection to multi-label classification. The multi-label setting is
a particular instance of unconstrained structure prediction (Exam-
ple 1). In this context, incremental prediction is known as the classifier
chain method (Read et al., 2011), which amounts to training N bi-
nary classifiers applied in sequence, each classifier having access to the
already-predicted labels.

Blockwise prediction. A commonly-occurring pattern involves predict-
ing multiple interdependent one-of-K choices (Example 2). If a structure
consists of L assignments, each one with Ki choices, for i = 1, . . . , L,
then the vector z then can be seen as a concatenation

z = [z1, . . . , zL]

where each zi ∈ {e1, . . . , eKi} is an indicator vector, so Z = {e1, . . . , eK1}×
. . .×{e1, . . . , eKL

}. The dimensionality of z is thus |P| = ∑L
i=1 Ki, and

the number of possible configurations is |Z| = ∏L
i=1 Ki. We may incre-

mentally predict z block-wise, using

p(z | x) =
L∏

i=1
p(zi | z1, . . . , zi−1, x) . (2.2)

The only difference from Eq. 2.1 is that this time we have a chain of
multi-class classifiers rather than binary classifiers.

Example 5 (Incremental part-of-speech tagging.). Here, the input x is
a sentence of length L, and we seek to generate a sequence z consisting
of L one-of-K assignments: for instance, the sentence “the dog barked”
should be tagged as determiner, noun, verb. The possible tags are the
same for each word, so Ki = K, so |P| = LK and |Z| = KL.

Despite its simplicity, this paradigm has gained popularity with the
rise of neural networks. A particularly powerful extension is to allow
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variable-length target structures, Z = ⋃
L∈N{e1, . . . , eK}L. This can

be achieved by designating a specific variable assignment as a “stop”
control token and imposing that p(zi | zi−1 = STOP) = 0. The next
example illustrates this generalization and underscores many successful
recent models in NLP.

Example 6 (Conditional language generation and seq-to-seq). Sen-
tences in natural language can be seen as a sequence of discrete
tokens (e.g., words). We may incrementally build up a sentence by
appending tokens selected from a vocabulary of K words, mapped to
Z = {e1, . . . , eK}, one of which is the special STOP token.

Let V ∈ Rd×K denote a matrix of token embeddings, and a
neural network h(z1, . . . , zi−1, x, θ) ∈ Rd. We can parametrize the
probability of the next word as

p(zi | z1, . . . , zi−1, x) ∝ exp f(x, z1, . . . , zi−1, zi) ,

where
f(x, z1, . . . , zi) := ⟨zi, V ⊤h(z1, . . . , zi−1, x)⟩ .

This is a neural conditional language generation model, where x

represents an input to be converted to a sentence. For image caption
generation, x is an image; for speech-to-text transcription, x is a sound,
and for translation, x is a sentence in a foreign language. When x

is a sequence, such models are often called sequence-to-sequence or
seq-to-seq. The parametrization of h is crucial as it needs to handle
variable-length input. Common choices include recurrent networks
and transformers (Sutskever et al., 2014; Cho et al., 2014; Vaswani
et al., 2017). The parameter sharing between predictors at different
positions allows the models to generalize, including to variable-length
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sequences. This strategy is sometimes called autoregressive generation,
drawing parallels with time series analysis.

Transition-based systems, constraints, and automata. The extension
of incremental prediction to more complex and constrained structured
problems is enabled by transition-based encodings. Here, the assign-
ments zi are interpreted as actions or transitions. For instance, the
path of a robot through a grid can be seen as L steps, or actions, chosen
among {up,down, left, right}. Incremental prediction is popular in pars-
ing, where it is known as transition-based parsing, action-based parsers,
or shift-reduce parsing. For parsing, alignments, and other similar more
complex structures, the set of admissible actions may be constrained
based on the actions already taken.

In general, an arbitrary constraint h(z) = 0 cannot be handled by
incremental prediction, because there may be no admissible actions
left. Any finer-grained early detection of a violation is only possible for
certain forms of constraints, and for well-chosen prediction orderings.
Fortunately, a principled way to incorporate constraints into incremental
prediction is provided by automata theory. By building an automaton
with accepting set equal to the desired feasible set, it is possible to
detect wrong paths early.

The next example is a celebrated construction from syntactic parsing
of natural language sentences.

Example 7 (Shift-reduce parsing). One flavor of syntactic analysis
of language is provided by constituency parsing, where a sentence
is recursively divided into smaller phrasal units (figure 2.1). A con-
stituency parse can be represented by a binary tree. We may build up
this tree by choosing between two actions (Sagae and Lavie, 2005):
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• Shift: add a new leaf node;

• Reduce: merge the two most recently produced nodes.

The process, shown in Table 2.1, corresponds to an encoding of
candidate binary parse trees for a sentence of length N as bit vectors
of length d = 2N − 1, with zi = 1 denoting a shift and zi = 0 a
reduce. In order to represent an admissible tree, there are non-trivial
constraints. Firstly, reducing is only allowed when there are two nodes
available for merging. Equivalently, up to any position k, the shifts
must strictly outnumber the reduces, or, ∑k

i=1 zi > k/2. In particular,
this means the first two actions must always be shifts. Secondly,
exactly N shift operations must be performed, since all words must
be included in the tree. This can be written as ∑d

i=1 zi = N .
The first constraint is naturally phrased in a way that can be

checked at every iteration, to decide whether a reduce action is allowed.
It is thus already in an FSA form. The second constraint appears
to depend on the entire sequence, so we would have to defer its
checking until the end. However, if we incrementally satisfy the first
constraint, we can never have ∑

i zi < N , so we only have to watch
out, incrementally, whether we already “used up” all of the N shifts. If
this happens, the algorithm must terminate, filling up the remaining
structure with reduce actions.

We note that the choice of transition system for a structured problem
is not unique, and moreover, every choice may introduce specific subtle
biases. We highlight the bias intrinsic to the shift-reduce model (Drozdov
and Bowman, 2017): consider an “uninformed” shift-reduce model that
assigns to p(zk | z1:z−1) a uniform distribution over the admissible
choices at that point. One might mistakenly expect this to correspond to
an uniform distribution over all possible binary trees, but this is not the
case: the uninformed shift-reduce model prefers highly skewed structures.
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Table 2.1: Example of incremental construction of vector z by a shift-reduce parser.
Action S (respectively R) corresponds to a shift (respectively reduce).

Action z Node stack Input buffer
Sleep the clock around

S [1] Sleep the clock around
S [1 1] Sleep the clock around
S [1 1 1] Sleep the clock around
R [1 1 1 0] Sleep (the clock) around
S [1 1 1 0 1] Sleep (the clock) around
R [1 1 1 0 1 0] Sleep ((the clock) around)
R [1 1 1 0 1 0 0] (Sleep ((the clock) around))

If instead of uniform probability we introduce a slight preference to
shifts, this skew is accentuated, as demonstrated in figure 2.3.

A further complication posed by transition-based systems is that,
in some models, multiple sequences of transitions can lead to the same
target structure. This phenomenon is known as spurious ambiguity
(Cohen et al., 2012).

2.2.1 Computation.

We next describe the algorithms available for maximization, sampling,
and computing expectations, in incremental structure models such as
transition-based models.

Maximization. The reformulation in Eq. 2.1 does not change the fact
that there are O(2|P|) possible paths to consider. As such, exactly
finding the highest-probability structure is not feasible in general. A
popular heuristic algorithm is the beam search algorithm, which keeps
track of the k best partial prefixes at each time step and seeks to
expand them (see Algorithm 1). The particular case of k = 1 is known
as greedy search and corresponds to directly choosing the most likely
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Figure 2.3: Shift-reduce probabilities for binary trees, with shift probability .5 (left)
and .8 (right) modulo constraints.

z1 z2 z3 z4 . . .

Figure 2.4: The graphical model of incremental prediction is a fully connected
acyclic graph. The combinatorial explosion challenge is still present, but delegated
to the incremental predictors p(zk | z1, . . . , zk−1).
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▷ Approximate maximization using a beam of size k
function BeamSearch(k, g, x)

B = {∅}
repeat

B′ = ∅
for [z1...zi] ∈ B do

if zi = STOP then
▷ Don’t expand sequences whose last token is STOP
B′ ← B′ ∪ {[z1, ..., zi]}

else
w = V ⊤h(z1, . . . , zi, x)
for zi+1 ∈ {e1, ..., eK} do

score([z1, ..., zi+1])← score([z1, ..., zi]) + log exp ⟨zi+1,w⟩∑
i

exp wi

B′ ← B′ ∪ {[z1, ..., zi+1]}
▷ Compute the k-best sequences in B′

B = top(k)(score, B′)
until ∀[z1...zi] ∈ B : zi = STOP

Algorithm 1: Beam search for conditional language generation and seq-to-seq. Note
that, in practice, it is usual to have maximum sequence length to assert that the
algorithm will eventually terminate even if not all sequences in the beam reached
the STOP token. Moreover, the top-k computation usually renormalizes scores by
hypothesis lengths.

transition at each step. The suboptimality of such heuristics is apparent:
if the optimal structure starts with an action that seemed unlikely early
on, the optimal structure cannot be recovered. The chosen ordering
therefore also may impact performance. As such, even if beam search
has a long history (Lowerre, 1976), it is still an active research area
(Kool et al., 2019; Meister et al., 2020b; Meister et al., 2020a; Meister
et al., 2021; Kasai et al., 2024, amongst others). If further factorization
assumptions are imposed on the transition model, exact maximization
is possible; this is the scenario considered in §2.3.
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Sampling. The incremental parametrization of p(z | x) as in Eq. 2.1
can be seen as a dense graphical model, illustrated in figure 2.4. This
suggests we may conditionally sample from this distribution by sampling
z1, . . . , z|P| sequentially: this is known as ancestral sampling. Moreover,
samples without replacement can be drawn using a stochastic beam
algorithm (Kool et al., 2020a). Algorithms have been proposed to
perform approximate maximization by way of sampling (e.g., Keith
et al., 2018).

Expectations. For the same considerations as maximization, it is in
general not computationally feasible to compute expectations exactly.
However, since exact sampling is available, Monte Carlo methods provide
a good approximation. Given samples z(1), . . . , z(s), we have∑

z∈Z
h(z)p(z | x) ≈ 1

s

s∑
i=1

h(z(i)) ,

for any function h.

2.3 Global Prediction

In order to build structured models with global optimality guarantees,
and thus open an avenue toward exact maximization and expectations,
we will need to sacrifice some expressivity.

Since global prediction models are not always probabilistic, we
will consider, for more generality, the score of a structure f(z, x; θf ) :
Z × X → R as a measure of compatibility of the structure represented
by z with the input (context) x. We may then use the induced Gibbs
probability distribution,

p(z | x) ∝ exp f(z, x; θf ) , (2.3)
but other distributions are also possible, and will be discussed later on.

For global prediction, we will make the following assumption.
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Assumption 1 (Decomposition into parts). We assume that the score
of a structure can additively decompose as:

f(x, z, θf ) =
∑
p∈P
zp=1

[s(x, θf )]p

= ⟨z, s(x; θf )⟩ ,
(2.4)

where s( · , θf ) ∈ R|P| is a vector of scores for each possible part,
and the score of the structure z is the sum of scores of the parts that
make it up.

The additive decomposition of the score turns into a multiplicative
factorization of the probability, as p(z | x) ∝ ∏

p∈P zp exp[s(x, θf )]p. For
this reason, Assumption 1 is sometimes called a factorization assumption.
Since the probabilistic interpretation is not necessary, we avoid this term.
As we shall see, this assumption removes some but not all computational
limitations.

Example8 (Arc-factored dependency parsing). For the non-projective
dependency tree example, the parts P are the possible arcs h →
m. Following Kiperwasser and Goldberg (2016), consider encoding
each word in a sentence of length L with a neural network (e.g., a
bidirectional LSTM) with parameters θ̃f , giving vectors {vj : j =
1, . . . , L}. We may parametrize an arc-factored dependency parser as

[s(x)]h→m = ⟨w, tanh
(
[vh; vm]

)
⟩ . (2.5)

The parameters of the arc-factored parser are thus θf = {w} ∪ θ̃f .
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Example9 (Markov sequence tagging). For sequence tagging (Lafferty
et al., 2001), given a sentence of length L and a tag set of size T , we
may build a globally-optimal model by imposing a Markov assumption,
i.e., scoring pairs of consecutive assignments. We may encode this by
using bigram parts: P = {(i, t, t′) : 1 ≤ i < L, 1 ≤ t, t′ ≤ T} where t

and t′ are consecutive tags at position i and i+1 (subject to a specific
handling for the last word transition). One way to parameterize this
model is

[s(x)]i,t,t′ = ⟨vi, wt⟩+ bt,t′ , (2.6)

where vi are vector representations for each word (e.g., from some neu-
ral net module), matrix W ∈ RT ×H is an “output layer” containing
embeddings of each tag, and B ∈ RT ×T is a pairwise matrix of tran-
sition scores, i.e., bdet,noun is a bonus reward for tagging a determiner
right before a noun. The parameters are thus θf = {W , B} ∪ θ̃f .

2.3.1 The Marginal Polytope

The decomposition assumption allows us to recast structure prediction
problems as optimization over the convex hull of possible structures

M = conv(Z) . (2.7)

This set is often called the marginal polytope (Wainwright and Jordan,
2008). In a sense, the simplest possible marginal polytope is the convex
hull of the one-of-K indicator vectors Z = {e1, . . . , eK}, which is the
simplex △K . For any other finite Z = {z1, . . . , z|Z|} the marginal
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polytope can be written as a linear transformation of the |Z|-simplex,2

conv(Z) =


|Z|∑
i=1

αizi : α ∈ △K

 . (2.8)

The (possibly impractically long) vectors α ∈ △|Z| can be interpreted
as distributions over the set of structures Z, so any point ẑ ∈ conv(Z)
can be seen as an expected structure:

ẑ ∈ conv(Z) ⇐⇒ ẑ = EZ∼α

[
Z

]
, (2.9)

for at least one α ∈ △|Z|.

2.3.2 Computation

We describe here the computational challenges of global structure predic-
tion. A summary of key algorithms for structures of interest is presented
in Table 2.2.

Maximization. Finding the highest-scoring structure, i.e., solving
arg maxz∈Z f(z; x), is a difficult combinatorial optimization problem.
But, for many specific problems of interest, specialized, case-by-case
algorithms are available. For example, for sequence tagging, the Viterbi
algorithm retrieves the global optimum (Forney, 1973). Under Assump-
tion 1, finding the highest-scoring structure is equivalent to maximizing
a linear function over a polytope,

max
z∈Z

f(z; x) = max
z∈conv(Z)

⟨z, s(x)⟩ , (2.10)

because the maximum of a linear function over a polyhedral domain
is always attained at a vertex (a fact that will be revisited in Chap-
ter 3). For this reason, general structured maximization can thus be

2Some authors call every such convex hull a |Z|−simplex, and △|Z| the canonical
or probability simplex.
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tackled via linear programming, but describing conv(Z) may require
exponentially many constraints. One strategy for approaching complex
structured problems is therefore developing compact constrained formu-
lations (Punyakanok et al., 2004; Roth and Yih, 2005; Martins et al.,
2009b), either exact or approximate. Problems involving intersections
of tractable substructures can be approached via dual decomposition,
an approach that tackles an outer relaxation of the linear programming
formulation (Rush et al., 2010; Komodakis et al., 2007; Martins et al.,
2015).

Expectations. Under a parts-factored Gibbs distribution, computing
ẑ = E[Z] is known as “marginal inference”, because each coordinate of
the result is the marginal probability of a part being selected: [ẑ]r =
p(Zr = 1 | x). Like maximization, this is intractable in general, but
efficient exact algorithms are available for many structures of interest;
summarized in Table 2.2. Even when a marginal inference algorithm
is available, computing general expectations E[h(Z)] is not necessarily
possible unless h is affine.

Marginal inference is also the gradient of the log-normalizing con-
stant of the Gibbs distribution with respect to the factorized scores
(Wainwright and Jordan, 2008; Eisner, 2016):

∂s log
∑
z∈Z

exp ⟨z, s⟩ = E[Z] . (2.11)

Marginal inference is therefore necessary in maximum likelihood learning
for supervised structure prediction, and, as we shall later see, it also
provides ways of learning structured latent variables.

Sampling. In contrast to incremental models, exact sampling from
p(z | x) is more difficult. For structures tractable with dynamic program-
ming, we describe an algorithm in §2.3.3. Figure 2.5 illustrates samples
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Figure 2.5: Samples drawn from a Needleman-Wunsch alignment model using a
dynamic programming Forwards Filtering, Backwards Sampling strategy.

drawn using the aforementioned method from a Needleman-Wunsch
model often used in DNA sequence alignment. For non-projective de-
pendency trees, Zmigrod et al. (2021) and Stanojević (2022) propose
an algorithm involving repeated calls to marginal inference. A power-
ful general framework called perturb-and-MAP (Papandreou and
Yuille, 2011; Hazan and Jaakkola, 2012) attempts to reduce sampling
to maximization of ⟨z, s + U⟩ where U is a perturbation drawn from a
noise distribution; in general, such samples do not come from the exact
Gibbs distribution, but have proven useful for learning and uncertainty
quantification (Corro and Titov, 2019a; Corro and Titov, 2019b).

2.3.3 Structures Encoded as Paths in a DAG.

A specific case in which global structure prediction is tractable is when
we can represent structures as paths from a source s to a target t

in a weighted directed acyclic graph (DAG) G = (V, E , w); in this
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Figure 2.6: Representing Markov sequence tagging (left) and monotonic sequence
alignment (right) as paths in DAGs. Edge weights correspond to part scores.

case, all three computational primitives discussed can be computed in
time Θ(|V| + |E|) using straightforward variants of the Viterbi algo-
rithm (Huang, 2008).3 Figure 2.6 shows how we may represent Markov
sequence tagging (Lafferty et al., 2001) and monotonic sequence align-
ments (Vintsyuk, 1968; Needleman and Wunsch, 1970; Wagner and
Fischer, 1974) as paths in a DAG. The edges in the DAG correspond
to parts of the structure, and the edge weights to the part scores;
therefore the total weight of a path is the score of a structure. We
give a general form of the algorithms in Algorithm 2. Such algorithms
are instances of dynamic programming (Bellman, 1954) on semirings
(Mohri, 2002) and were independently (re)discovered a number of times.
The maximization algorithm is credited to Viterbi (1967), the algorithm
for log-normalization is due to Baum (1972), and the sampling algo-
rithm, known as forward filtering, backward sampling (FFBS) is due to
Frühwirth-Schnatter (1994).

3In fact, Huang (2008) generalize this even further to hypergraphs; with algo-
rithms essentially unchanged. We present the simpler case for clarity.
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Table 2.2: Summary of algorithms for maximization and marginal inference, for a
selection of structures of interest.

Maximization Marginals

Sequence
tagging

Viterbi
(Viterbi, 1967; Rabiner,
1989)

Forward-Backward
(Baum, 1972; Rabiner,
1989)

Constituency
trees

CKY
(Kasami, 1966; Younger,
1967; Cocke and Schwartz,
1970)

Inside-Outside
(Baker, 1979)

Sequence
alignments

(Vintsyuk, 1968; Needle-
man and Wunsch, 1970;
Wagner and Fischer, 1974;
Sakoe and Chiba, 1978)

Soft-DTW
(Cuturi and Blondel, 2017)

Non-
projective
dependency
trees

Maximum Spanning Ar-
borescence
(Chu and Liu, 1965; Ed-
monds, 1967)

Matrix-Tree
(Kirchhoff, 1847)

Linear
assignment

Kuhn-Munkres
(Kuhn, 1955),
Jonker and Volgenant
(1987),
Auction (Bertsekas, 1988)

intractable, #P-complete
(Valiant, 1979; Garey and
Johnson, 1979; Taskar,
2004)
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2.4 Summary

In this chapter, we have provided the formalisms and algorithms needed
for computations with structures, as studied for predicting structured
outputs. We have covered two very different directions. The first is
an incremental one, allowing expressive parametrizations, at the cost
of tractability of maximization and marginalization. The second is a
global one, limiting the possible parametrization of structure scores,
but resulting often in tractable algorithms. In the next chapters, we
switch gears to latent structure, and we shall see how the discussed
algorithms show up again as the required computational building blocks
for learning and prediction with structured latent representations.



2.4. SUMMARY 43

function Maximize(G) ▷ Viterbi algorithm
for v ∈ topologic_order(V) do

dv ← max
u:uv∈E

du + w(uv)
pv ← arg max

u:uv∈E
du + w(uv)

v ← t; path = ()
while v ̸= s do

path← pvv + path
v ← pv

return dt, path ▷ dt = max
z∈Z

f(z); path = arg max
z∈Z

f(z)

function LogNormalizer(G) ▷ Forward algorithm
for v ∈ topologic_order(V) do

cv ← log
∑

u:uv∈E
exp du + w(uv)

return ct ▷ ct = log
∑
z∈Z

exp f(z);

function Sample(G) ▷ FFBS algorithm
for v ∈ topologic_order(V) do

cv ← log
∑

u:uv∈E
exp du + w(uv)

v ← t; path = ()
while v ̸= s do

sample u w.p.

exp(cu − cv + w(uv)), uv ∈ E
0, uv ̸∈ E

path← uv + path
v ← u

return path ▷ path is a sample from p(Z = z) ∝ exp f(z)
Algorithm 2: Viterbi algorithms for maximization, log-normalizer, and sampling
paths from s to t in a weighted DAG G = (V, E , w) (Huang, 2008). The marginals
E[Z] can be computed by automatic differentiation of the log-normalizer Eq. 2.11.
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3
Continuous Relaxations

3.1 Challenges of Deterministic Choices

Deterministic latent representations are a straightforward way to define
the mapping from x to a representation ẑ as a function:

ẑ(x, θf ) . (3.1)

Given such a decision rule, the end-to-end downstream model is obtained
through function composition of g with ẑ:

g̃(x, y, θf , θg) = g(x, y, ẑ(x, θf ); θg) . (3.2)

This strategy resembles a pipeline, but instead of using an off-the-shelf
frozen model ẑ(x, θf ) to predict the latent representation, we will aim
to train θf and the downstream θg together.

Notice that g̃(x, y) depends on both θf and θg. The gradient with
respect to the decoder parameters poses no problems:

∂θg g̃(x, y, θf , θg) = ∂4g(x, y, ẑ(x), θg) .

In contrast, the dependency on θf is indirect, requiring application of
the chain rule through ẑ (cf. Eq. 1.8):

∂θf
g̃(x, y, θf , θg) = ∂2ẑ(x, θf )︸ ︷︷ ︸

grad. through encoder

◦
downstream grad. w.r.t. ẑ︷ ︸︸ ︷

∂3g(x, y, ẑ(x), θg) . (3.3)
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The breakdown in Eq. 3.3 highlights that deterministic end-to-end
learning has the following requirements driven by the two terms. In
particular, the following assumption constrains the possible downstream
models g(x, y, z, θg) that can be used with deterministic latents.

Assumption 2 (Continuous decoder). Gradient-based learning of de-
terministic latent variables requires that:

1. The latent values z ∈ Z live in a vector space, i.e., Z ⊂ Rd.

2. The downstream g accepts weighted averages of structures, i.e.,
it is defined at least on conv(Z).

3. g is almost everywhere differentiable w.r.t. z.

Without this assumption, the downstream gradient ∂3g cannot be
defined: this partial derivative quantifies the response of g for small
changes in its third argument (i.e., z), but if z is not encoded as
a continuous vector (and is instead, e.g., a string label), then small
changes cannot be quantified.

Differentiating through discrete mappings. Even if Assumption 2 is
satisfied, the first term in Eq. 3.3 may impede learning. Consider the
argmax mapping ẑ(x, θf ) := arg maxz∈Z f(x, z, θf ). If Z is a discrete
set, this mapping is discontinuous and flat almost everywhere. The
discontinuity is due to “jumps” between discrete values, and if the
changes are small enough to not warrant jumps then we would get no
change at all, i.e., ∂θf

g̃ = 0. There are two main ways to address this
challenge. In this chapter, we consider continuous, differentiable
deterministic mappings ẑ, allowing exact calculation of Eq. 3.3 for
end-to-end training. In Chapter 4, we shall see another approach.
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To ease into our construction, consider the rule that assigns the
average representation:

ẑH(x; θf ) :=
∑
z∈Z

α(z, x; θf )z (3.4)

where the weights α are defined as

α(z, x; θf ) := exp f(z, x; θf )∑
ζ∈Z exp f(ζ, x, θf ) . (3.5)

The weights α are differentiable in θf , and therefore so is ẑH .
This construction is related to the probabilistic latent variable

formulation (Eq. 1.3): the weights α can be seen as a distribution of
p(Z | x), thus ẑH = Ep(Z|x)[Z] is the “expected assignment”. Therefore,
this relaxation can be seen as moving the expectation inside the model,
replacing E[g(Z)] by g(E[Z]). The latter is often much easier to compute.1

The following examples demonstrate the implication of relaxations.

Example 10. Sigmoid Belief Networks. Consider a Sigmoid Belief
Network (Neal, 1992): a probabilistic model defined with observed
random variables X (input) and Y (output) and latent variables Z as
follows:

p(Zi = 1 | x) = sigmoid(⟨wi, x⟩),
p(Yj = 1 | z) = sigmoid(⟨vj , z⟩).

where Y and Z are vectors concatenating the corresponding Bernoulli
variables. It is usual to train using the negative log-likelood loss,

L(x, y) = − logEp(Z1,...,Zd|x) [p(Y = y | Z1, . . . ,Zd)]

1An additional insight is that if g is linear in z, the two are equal, and if g
is convex in z, then the relaxation yields a lower bound, by Jensen’s inequality.
However, in deep learning, g is usually non-convex in z.
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However, this objective is intractable as the conditional distribution
p(Y | Z1, . . . ,Zd) is parameterized by a shallow neural network. We
can approximate this loss function via the following term:

≈ − log p(Y | ẑ1(x), . . . , ẑd(x))

where ẑi(x) is the expected value of latent variable Zi:

ẑi(x) =EZi [Zi|x] = 1 · p(Zi = 1 | x) + 0 · p(Zi = 0 | x)
= sigmoid

(
⟨wi, x⟩

)
.

In other words, the relaxation yields a standard deterministic feed-
forward neural network with one hidden layer with sigmoid activations.
Note that this is different from the mean field theory approach that
relies on approximate posterior inference in a generalized EM algo-
rithm (Saul et al., 1996), and which is therefore highly dependent on
the specific parameterization of the distribution p(Y | z).

The next two examples illustrate cases where relaxations cannot be
applied because Assumption 2 does not hold.

Example 11. Coarse module selection. Consider a model with a
binary latent variable Z and a decoder defined as follows:

g(x, y, z) =

LSTM(x, y), z = 0;
transformer(x, y), z = 1.

(3.6)

In other words, Z determines what architecture to use for prediction.
As given, g is undefined for relaxed z ∈ (0, 1). In order to relax g,
we would need to come up with a meaningful interpolation between
LSTMs and transformers, to support evaluation at, e.g., ẑ = 0.5. Due
to the heterogeneous nature of the two possible modules, no such
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relaxation seems any more useful or efficient than explicitly computing
E[g(x; y,Z)], which requires running both modules, defeating the entire
purpose of the relaxation approach.

Example 12. Program induction. Consider the task of inducing
latent programs in the form of code, given expected outcomes y (Liang
et al., 2010), possibly with helpful natural language descriptions x

(e.g., Wong et al., 2021). Let Z be a latent program string, and
g(x, y,Z) be computed by compiling and executing Z as code. As
compilers cannot interpolate between discrete programs, relaxations
of Z are not applicable with this choice of g.

In this section, we present relaxation methods for latent structure.
All presented methods share this intuition of returning an average
latent choice, including generalizations toward structured and sparse
representations.

3.2 Regularized Argmax Operators

If our model were a well-trained pipeline and we had to make an
assignment to the latent variable during the forward pass, a sensible
choice is the highest-scoring one:

ẑ0(x; θf ) := arg max
z∈Z

f(x, z, θf )

= arg max
z∈Z

⟨z, s(x, θf )⟩ .
(3.7)

where the second equality comes from Assumption 1. In the sequel, we
shall omit the dependency of s on x and θf and just study the mapping
s → ẑ. If we can obtain a continuous, differentiable function s → ẑ,
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then the composition rule (chain rule) gives us gradients w.r.t. θf by
composing θf → s(x, θf )→ ẑ(x, θf ). We thus zoom in on

ẑ0(s) := arg max
z∈Z

⟨z, s⟩.

The argmax in the right-hand side is a discrete optimization problem,
and, as such, the mapping θf → ẑ0 is discontinuous. Moreover, this
mapping is also almost everywhere flat, because so is the mapping
s→ ẑ0. The following example illustrates this.

Example 13 (Single Coinflip). Take Z = {0, 1} and let s ∈ R. The
problem ẑ(s) = arg maxz∈{0,1} zs can be solved by considering the
sign of s. If s > 0, then 1s > 0s so z = 1. If s < 0, then 1s < 0s so
z = 0. If s = 0, we have 1s = 0s so either choice for z is optimal. This
means the mapping ẑ(s) is not always a function, since at s = 0 it is
multi-valued. Even ignoring this pathology, if we vary s continuously,
the maximizer z almost never changes, except abruptly at s = 0. In
other words, the derivative ∂ẑ(s) is zero almost everywhere, preventing
any learning with gradient backpropagation.

Chapter 4 is dedicated to heuristic methods that replace this flat
gradient with an informative (but wrong) one. Here, instead, we designed
the assignment ẑH which circumvents these issues.

Continuous relaxation. The first step in our construction is to apply
the result

ẑ0(s) = arg max
z∈Z

⟨z, s⟩

⊆ arg max
z∈conv(Z)

⟨z, s⟩ .
(3.8)

This is a consequence of a theorem of Dantzig et al. (1955), fundamental
to the field of linear programming: the maximum of an optimization
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problem over a polytope is always achieved at one of the vertices (but,
possibly, at more than one.) This result lets us relax a discrete problem
to a continuous but constrained one, at the cost of allowing spurious
solutions at threshold points.

Example 13 (Single Coinflip, continued). Returning to the one-dimensional
case, the convex hull of {0, 1} is the closed interval [0, 1]. The cases
s > 0 and s < 0 still yield the optimum z = 1 and z = 0 respectively.
However, the case s = 0 now admits any z ∈ [0, 1] as solution. And,
promised by Eq. 3.8, this example verifies {0, 1} ⊂ [0, 1].

At first, this might not seem like a step forward, as we made the
problem harder by increasing the search space. However, the continuous
formulation allows us to flexibly “reconfigure” the maximization problem
to obtain desired properties, including continuity and differentiability
of s→ ẑ0.

Smoothing. The second step relies on the insight that the argmax
mapping of an optimization problem with strongly concave objective
over a convex domain is a smooth function. The objective of Eq. 3.8
is linear, thus concave but not strongly so. We then perform a further
relaxation by adding a strongly concave regularizer G(z) to the
objective, yielding:

ẑG := arg max
z∈conv(Z)

⟨z, s⟩+ G(z) . (3.9)

Strong concavity, along with non-emptiness of Z, ensure that the max-
imizer exists and is unique, so the mapping s → ẑG is well-defined,
Lipschitz continuous, and thus differentiable almost everywhere (Zăli-
nescu, 2002, Corollary 3.5.11; Kakade et al., 2012, Theorem 3).

We first illustrate a popular choice of H in the one-dimensional ex-
ample above. Then, in §3.3, we study more relaxations in the categorical
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case, followed by a discussion of the structured generalizations in §3.4.

Example 13 (Single Coinflip, continued). Let HF D(z) := −z log z −
(1− z) log(1− z). This function is sometimes called the Fermi-Dirac
entropy (Borwein and Lewis, 2010, Section 3.3). We then have the
optimization problem

arg max
0≤z≤1

zs + HF D(z) .

Ignoring the constraints and taking the gradient of the objective
w.r.t. z gives the unconstrained optimality condition s + log(1− z)−
log(z) = 0, with unique solution z = (1 + exp(−s))−1 = sigmoid(s),
the logistic sigmoid function. We can now check that for any s, this
solution also verifies the constraints, therefore it is correct. We thus
have the relaxation ẑHF D

(s) = sigmoid(s). This result agrees with the
theoretical guarantee that s→ sigmoid(s) is single-valued, continuous,
and differentiable almost everywhere (in this case, it turns out it is
differentiable everywhere).

3.3 Categorical Relaxation and Attention

Let us now consider the categorical (one-of-K) case, i.e., Z = {e1, . . . , eK},
as in Example 2, and thus conv(Z) = △K .

Points z ∈ △K can be interpreted as discrete probability distribu-
tions (categoricals), suggesting that a meaningful regularization might
be the Shannon entropy:

H1(z) = −
K∑

i=1
zi log zi . (3.10)

This function is strongly concave over the simplex, and the resulting
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relaxation turns out to correspond to another familiar function:

ẑH1(s) := arg max
z∈△K

⟨z, s⟩+ H1(z) =: softmax(s) . (3.11)

We can thus regard softmax as a differentiable relaxation of the one-
of-K argmax mapping. Since softmax is defined using the exponential
function, the output of softmax is fully dense: ẑH1 is elementwise
strictly positive. In other words, there is no possible score vector s ∈ RK

such that [ẑH1(s)]j = 0 for some j. And since the vertices are one-
hot vectors, this also rules them out: there is no s ∈ RK such that
ẑH1(s) ∈ Z.

Starting from this motivation, Martins and Astudillo (2016) pro-
posed sparsemax as a sparse alternative to softmax. It corresponds to
regularizing the argmax with the Gini entropy

H2(z) = 1
2

K∑
i=1

zi(1− zi) = −1
2∥z∥

2 + 1
2 , (3.12)

where the rightmost equality uses ∑
i zi = 1. Thus,

ẑH2(s) := arg max
z∈△K

⟨z, s⟩+ H2(z)

= arg min
z∈△K

1
2∥s− z∥2 =: sparsemax(s) .

(3.13)

Contrary to softmax, sparsemax does not rule out sparse points and
can even return a vertex, provided the difference between the highest
and second-highest score is large enough – this behaviour is analogous
to the margin property of max-margin losses applied in a latent setting
(Blondel et al., 2020). Yet, as a construction of the form of Eq. 3.9, it is
continuous and differentiable almost everywhere.

More generally, Blondel et al. (2020) identify generalized entropies
that lead to similar properties as softmax and sparsemax. We highlight
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one such useful construction, the α-entmax family of mappings recovers
softmax and sparsemax, and arises from regularization with the Tsallis
entropy,

Hα(z) =
∑

i

zi − zα
i

α(α− 1) . (3.14)

Solutions can be written in a thresholded form,

ẑHα(s) = [(α− 1)s− τ1]1/α−1
+ , (3.15)

allowing efficient computation via reduction to one-dimensional root
finding. Moreover, for a few α values, there exist exact algoritms based
on sorting or median-finding algorithms: for α = 2, such algorithms
are known since Held et al. (1974) and Brucker (1984) and recently
revisited by Condat (2016) and Duchi et al. (2008). For α = 1.5, a
similar quasilinear algorithm was derived by Peters et al. (2019). These
algorithms rely on closed-form solutions to systems of linear, and,
respectively, quadratic equations and are thus not readily extensible to
other α values.

Gradients of relaxed mappings. Recall that our main motivation for
the relaxations discussed so far is to obtain a differentiable mapping
with nontrivial gradient ∂ẑ(s). For the softmax case, the gradient can
be found by routine application of vector calculus:

∂ẑH1(s) = diag(softmax(s))− softmax(s) softmax(s)⊤. (3.16)

For the general α-entmax family, Peters et al. (2019) show that a
(generalized) Jacobian of the mapping s→ ẑHα has the expression

∂ẑHα(s) = diag(q)− qq⊤

1⊤q
, where qi =

(ẑi)2−α, ẑi > 0;
0, otherwise,

(3.17)
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function entmax(s ∈ Rd, α ∈ (1,∞), T ∈ N)
τL ← α max(s)− 1
τR ← α max(s)− d1−α

loop T times
τM ← (τL + τR)/2
z̃ ← [(α− 1)s− τM 1]1/α−1

+
if ⟨1, z̃⟩ < 1 then

τL ← τM

else
τR ← τM

return z̃

Algorithm 3: Computing α-entmax by root finding via bisection. The algorithm
finds τ approximately by identifying its initial bounds based on the maximum value
in s, then recursively halves the search interval.

and ẑ = ẑHα(s) is shorthand for the solution vector. For α = 1 this
yields the softmax Jacobian, while for α > 1 it is a sparse matrix with
zeros for all rows and columns outside of the support.

Correia et al. (2019) further derive derivatives with respect to α in
order to tune this additional parameter via gradient methods.

Example 14. One-of-K and neural attention. Attention mecha-
nisms in deep learning are differentiable components that are employed
for extracting a single contextual representation of a set of K objects
(e.g., words) individually encoded as vectors. In particular, in the
key-value attention formulation (Vaswani et al., 2017), each object is
encoded by a key vector ki and a value vector vi, row-stacked in the
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matrices K and V . Given a query q, attention is

Attn(q, V , K) =
K∑

i=1
αivi, where α = softmax (Kq) .

Consider a deterministic key-value lookup, in which we would simply
retrieve the value corresponding to the key with highest dot product
with the query. Writing si = ⟨ki, q⟩,

Lookup(q, V , K) = vi⋆ , where i⋆ = arg max
i=1,...,K

si .

Using the set of one-of-K indicator vectors Z = {e1, . . . , eK}, we have

Lookup(q, V , K) = V ⊤ẑ0, where ẑ0 = arg max
z∈Z

⟨z, s⟩ .

Attention can then be seen to be the entropy-regularized relaxation
of lookup, replacing ẑ0 with ẑH1 = softmax(s) as in Eq. 3.11. The
entropy regularization forces all attention weights to be nonzero.
However, sparse attention using Hα, as shown in figure 3.1, can
bridge this gap and induce combinations between only a few objects.

3.4 Global Structured Relaxations and Structured Attention

In general structure prediction settings, conv(Z) is a polytope that
lacks a compact description. There are two ways to generalize softmax
and sparsemax-style mappings in the structured case: probabilistic regu-
larization, in which we rely on the interpretation of H as an entropy,
measuring the flatness of probability distributions, and mean regulariza-
tion, in which we think of H just as a regularizer on relaxed marginal
assignments of parts.
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Figure 3.1: Sparse attention in a sequence-to-sequence machine translation model.
Each row is an independent sparse and differentiable selection ẑ over the German
source sentence. Reproduced with permission from Niculae and Blondel (2017).
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Probabilistic regularization. Consider the structured entropy

H(z) = sup
α

{
−

∑
i

αi log αi : α ∈ △|Z|,Eα[Z] = z

}
. (3.18)

H measures the highest entropy among all decompositions of z as
convex combinations of the elements of Z. If z is a vertex z0, then the
unique α is an indicator vector and H(z) = 0. If z is at barycenter of
the polytope, the max-entropy decomposition is α = [1/|Z|, . . . , 1/|Z|],
but other decompositions with lower entropy also may exist. The main
motivation for using this regularizer is that the solution zH is none
other than the average structure under the Gibbs distribution, and
computing it is known as the marginal inference problem, which we
have seen in §2.3 as a fundamental primitive for probabilistic structured
output prediction, and now we see it also plays a central role in relaxed
learning of latent structures: :

ẑH = E[Z] under p(z | x) ∝ exp ⟨z, s⟩ . (3.19)

In the one-of-K model, this recovers softmax, because Z = {e1, . . . , eK},
so H(z) = −∑

i zi log zi. More generally, the solution takes the form
ẑH = EZ∼α⋆ [Z], where α⋆ is the maximizer inside Eq. 3.18. The dis-
tribution α⋆ cannot usually be computed, or even stored in memory,
however, the mean ẑH can be computed efficiently for some select
models of interest, e.g., the ones in Table 2.2.

The marginal ẑH is continuously differentiable as a function of s: this
follows from the fact that ẑH is itself the gradient of the normalization
constant log ∑

zinZ exp ⟨z, s⟩ (Eq. 2.11), which is analytic. The gradient
is thus available through automatic differentiation whenever marginal
computation is available: as we have seen from Chapter 2 this is the
case for global structure models representable as paths in (hyper)graphs,
and for a select number of other global structure models. The next
paragraph surveys research using this type of relaxation.
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Structured attention networks. Kim et al. (2017) made use of the
differentiability of marginal inference to propose structured attention
mechanisms, including an attention mechanism with first-order Markov
potentials to encourage contiguous selection, as well as a tree-structured
attention mechanism demonstrated on arithmetic expression parsing.
Both models are based on differentiating through dynamic programs
(Li and Eisner, 2009; Mensch and Blondel, 2018). Liu and Lapata
(2018) employ a similar strategy to learn tree-structured document
representations, this time using unconstrained arborescences via the
matrix-tree theorem. Liu et al. (2018) develop a structured attention
network for alignment using a variant of an inside-outside parsing
algorithm.

3.5 Mean Structure Regularization: Sinkhorn and SparseMAP

In some cases, marginal inference is not available for the structure we
are interested in modeling. A more tractable regularizer in structured
case can be obtained by applying a penalty directly on the marginal
vector z, rather than on the decomposition α. While this approach
abandons probabilistic interpretations in terms of maximum entropy, it
leads to useful algorithms.

Linear assignment and Sinkhorn. For certain structured representa-
tion, one may apply an entropy-inspired regularizer onto the coordinates
of z directly:

S(z) = −
∑

r

zr log zr ̸= H(z) . (3.20)

If the representation z consists of a concatenation of one-of-K variables,
this can be seen as regularizing the (independent) entropies of each of
those variables. This must not be confused with the Shannon entropy
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regularizer H(z) of Eq. 3.18. The main example for which this con-
struction leads to efficient computation is linear assignment (matching),
introduced in Example 3 and figures 2.1 and 2.2, which we now formal-
ize as a special case of the transportation problem (Hitchcock, 1941;
Kantorovich, 1942; Peyré and Cuturi, 2019).

Given two sets of size m with pairwise affinities between them si↔j

the task is to find a maximum-scoring assignment that maps each
object in a set to exactly one counterpart in the other. Solutions can
be represented as permutation matrices:

Z = {z = vec(Z) : Z ∈ {0, 1}m×m : 1⊤Z = Z1 = 1} . (3.21)

and the marginal polytope is known as the Birkhoff polytopes of bis-
tochastic matrices (Birkhoff, 1946):

conv(Z) = {z = vec(Z) : Z ∈ Rm×m
+ , 1⊤Z = Z1 = 1} . (3.22)

It is possible to generalize this formulation to allow unbalanced assign-
ments between different-sized sets, by replacing the equality constraint
along the larger dimension with an inequality constraint. Generalizing
the row and column sums so distributions yields the transportation
problem.

As per Table 2.2, the maximization problem

arg max
z∈Z

⟨z, s⟩ (3.23)

can be solved in polynomial time by algorithms such as Kuhn-Munkres,
Jonkers-Volgenant, auction, however, the corresponding marginal infer-
ence problem is #P-complete (Garey and Johnson, 1979). However, the
mean-regularized problem

arg max
z∈conv(Z)

⟨z, s⟩+ S(z) (3.24)

can be efficiently computed by an iterative renormalization algorithm
due to Sinkhorn (1964), popular in optimal transport (Cuturi, 2013).
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Adams and Zemel (2011) differentiate through Sinkhorn for learning
to rank. For neural latent structures, we highlight Mena et al. (2018),
who employ Sinkhorn within an approximate strategy for probabilistic
permutations learning and Tay et al. (2020), who employ Sinkhorn
attention for reordering inside Transformers.

Quadratic regularization: SparseMAP. Taking Q(z) = −1
2∥z∥

2
2 yields

a projection onto the marginal polytope:

ẑQ = arg max
z∈conv(Z)

⟨z, s⟩ − 1
2∥z∥

2
2 = arg min

z∈conv(Z)
∥z − s∥22 . (3.25)

This quadratic penalty was used by Meshi et al. (2015) as a loss function.
The SparseMAP strategy for structure learning (Niculae et al., 2018;

Niculae and Martins, 2020) relies on this quadratic regularization, along
with an efficient general-purpose algorithm for computing both the
solution and its gradients, and observes that, analogously to sparsemax
in the unstructured case, solutions tend to be sparse, i.e., consist of
combinations of only a few global structures. For computing the solution,
Niculae et al. (2018) apply the general-purpose active set algorithm
(Vinyes and Obozinski, 2017; Nocedal and Wright, 1999, Ch. 16.4 &
16.5), also known as Wolfe’s min-norm point algorithm, (Wolfe, 1976),
part of a Frank-Wolfe family of algorithms (Frank and Wolfe, 1956;
Lacoste-Julien and Jaggi, 2015) which do not require any specific form
of conv(Z) but instead only interact with the constraint via an linear
oracle arg maxz∈conv(Z) ⟨z, s⟩. In the context of structured prediction,
this linear oracle corresponds to finding the highest-scoring structure,
and thus algorithms are often well-studied (Table 2.2). The backward
pass has an efficient low-rank structure that benefits from sparsity.

Example 15 (Dense vs. sparse linear assignment). Figure 3.2 shows
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Figure 3.2: Relaxed bipartite matching (linear assignment) between tokens in two
English sentences. Left: Sinkhorn, right: SparseMAP.

“soft matchings” between two English paraphrases, as induced by
Sinkhorn and by SparseMAP. In both cases, the pairwise affinity
scores are computed as

[s(x, θf )]i↔j =
〈
[h(x1; θf )]i, [h(x2; θf )]j

〉
, (3.26)

where x = (x1, x2) is the tuple of input sentences, and h is a neural
network encoder; in this case, an albert-base pretrained transformer
(Lan et al., 2020). Both induced alignments are differentiable. Anal-
ogous to the unstructured case, SparseMAP tends to make “hard
assignments” for unambiguous variables; in this case, for identical
words.

Implicit perturbation-based regularization. In some situations, the
choice of regularizer itself is not necessarily important. Berthet et al.
(2020) propose to implicitly induce a regularized argmax from the
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smoothing generated by a random noise variable U, defining

ẑΩU(s) = EU

[
arg max

z∈Z
⟨z, s + U⟩

]
. (3.27)

The expression of ΩU depends on the distribution of U and is not gener-
ally available, but nevertheless ẑΩU and its gradient can be estimated
from samples. Despite the stochastic nature of this method, we cat-
alogue it as a relaxation since it is based on computing g(E[Z]) and
not E[g(Z)]: the downstream objective is not optimized in expectation.
Like SparseMAP, this strategy only requires calls to the maximiza-
tion oracle arg maxz∈Z ⟨z, s⟩. Unlike SparseMAP, the maximizations
can be performed in parallel; but in exchange one loses finite con-
vergence properties and adaptive sparsity (more samples can always
be drawn to improve the estimate). This strategy is also related to
marginal inference, as for certain structures U can be chosen such that
p(ẑΩU(s)) ∝ exp ⟨z, s⟩: in the case of the one-of-K model U would have
to be the standard Gumbel variable, a connection discussed in more
detail in Chapter 5.

Picking a regularizer. When an efficient and numerically stable algo-
rithm for marginal inference is available, and sparsity of the induced
structures is not desired,

marginal inference (i.e., the structured entropy regularizer) is a good
choice. When only a maximization algorithm is available, or sparsity
is desired, or marginal inference is numerically unstable, SparseMAP
provides a solution. If not even a maximization algorithm is available,
Stoyanov et al. (2011) and Domke (2013) study differentiation of ap-
proximate marginal inference via belief propagation for pairwise Markov
random fields, and Niculae and Martins (2020) propose an extension of
SparseMAP to arbitrary factor graphs, supporting coarse decomposition
when parts of the problem are tractable.
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3.6 Summary

In this chapter we explored ways to relax a discrete variable selection
into a continuous, differentiable mapping, while still retaining some
of the desired properties from the discrete mapping. We have seen
how results from convex analysis allow us to frame this relaxation as
a smoothing, and lead to exact gradient computations. Examples of
technique falling into this class include attention mechanisms and their
structured counterparts, sparse transformations such as sparsemax and
α-entmax, as well as their structured counterparts, such as Sinkhorn-
based methods and SparseMAP, and perturbation-based regularization
methods.

When a relaxation compromise is feasible, due to the model design
or the application scenario, relaxation methods work generally well
and are among the most stable to train, as they are essentially just
standard deterministic deep models. While sparsity can bridge the gap
between discrete and continuous and lead to integral outputs some of
the time, in some applications discrete mappings are strictly necessary.
The next two chapters focus on methods that do not compromise on
discreteness.
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4
Surrogate Gradients

4.1 Straight-Through Gradients

In §3.1, we have seen that a discrete latent variable assignment ẑ(x, θf )
cannot simply be plugged into a downstream model

g̃(x, y, θf , θg) = g(x, y, ẑ(x, θf ); θg) ,

as the gradient through a discrete encoder (Eq. 3.3) is either null or
undefined, preventing gradient-based learning.

As before, invoking Assumption 2, we can focus on a model whose
encoder generates factorized scores s(x, θf ), and the discrete variable
assignment is ẑ0(s) = arg maxz∈Z ⟨z, s⟩. Instead of relaxing ẑ0, as in
Chapter 3, in this chapter we keep the discrete encoder in the forward
pass, but in the backward pass we replace its problematic derivative
with a different function. A possible surrogate gradient is the identity

x s(x; θf ) ẑ g(x, y, ẑ; θg)
argmax θg

θf

Figure 4.1: Selecting a hidden representation ẑ using a discrete argmax introduces a
break (dotted line) in the backpropagation chain (thick purple arrows). The surrogate
gradient approach keeps the forward pass unchanged, but replaces the dotted arrow
with a different gradient, such as an identity function.
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that leads to the following mapping ẑ (Hinton, 2012; Bengio et al.,
2013b):

zST(s) = arg max
z∈Z

⟨z, s⟩ ,

∂zST(s) := Id .
(4.1)

That is, the backward pass multiplies by an identity matrix regardless
of the value of s. This is the origin of the name “straight-through,”
as during backpropagation the downstream gradient passes directly
through the argmax mapping as if it weren’t there. The second line in
Eq. 4.1 is not an assertion, but a construction: we replace the gradient
of a function with another function. From an optimization point of
view, this is incorrect, minimizing a different function than the intended
objective. However, the update can be informative enough for effective
learning in practical applications, and straight-through strategies are
easy to implement.

4.2 Straight-Through Variants

Softmax-ST. In the unstructured model where Z = {e1, . . . , eK},
recall that softmax gives a differentiable relaxation of the argmax
operator, per §3.3. Therefore, as an alternative of using the identity
matrix as the Jacobian in the backward pass, the derivative of softmax
is a sensible alternative, corresponding to “pretending” we had used
softmax in the forward pass instead of argmax (Jang et al., 2017,
Sec. 2.2):

ẑSoftmax-ST(s) := arg max
z∈Z

⟨z, s⟩ ,

∂ẑSoftmax-ST(s) := ∂ softmax(s)
= diag(softmax(s))− softmax(s) softmax(s)⊤ ,

see Eq. 3.16. Since softmax can be seen as a regularized argmax, this
may be interpreted to only turning on the regularization in the backward
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pass, and so it may lead to a smaller mismatch between the forward
and backward pass. In particular, if the maximum value is reached by
a single element of s, limγ→0 softmax(s/γ) = ẑSoftmax-ST(s).

When tackling latent structured representations, surrogate straight-
through methods fit well within the incremental formalism, as each step
in the prediction is a one-of-K choice. For learning latent global structure,
a natural extension of Softmax-ST to the structured case is given by
the marginals ẑH = E[Z], since, as discussed in §3.4, the softmax is the
expected vector for the case of the one-of-K structure. As we know from
Chapter 2, computing the marginals is an important computational
primitive for structured models, but it is not always tractable. In
cases when marginals are not available, alternative relaxations such
as SparseMAP (§3.4) can be used, or one may consider the approaces
described next.

StructuredProjectionof IntermediateGradients (SPIGOT). Motivated
by allowing hard decisions in the hidden layers of neural networks, while
respecting the constraints of a structured arg max operation in the
backward pass, SPIGOT (Peng et al., 2018). computes an intermediate
approximation of the gradient that it then projects onto the marginal
polytope:

ẑSPIGOT(s) := ẑ0(s) = arg max
z∈Z

⟨z, s⟩ ,

∂ẑSPIGOT(s)(v) := ẑ0(s)− projconv(Z)(ẑ0(s)− ηv) ,
(4.2)

where η is the step size. We provide an intuitive explanation of the
above update, unifying it with STE, in §4.4. In the work originally
proposing SPIGOT, Peng et al. (2018) compute the projection approxi-
mately using a further relaxation. Mihaylova et al. (2020) remark that
this projection is the same computational primitive as the one in the
SparseMAP relaxation (§3.4) and propose to compute it using the active
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set algorithm.

Linear Interpolation (LI). Pogančić et al. (2020) study a surrogate
gradient defined as a linear interpolation of the downstream value at
two points:

ẑLI(s) := ẑ0(s)

∂ẑLI(s)(v) := 1
η

(ẑ0(s + ηv)− ẑ0(s)) .
(4.3)

Notice that in the limit η → 0 this recovers the definition of the
directional derivative of ẑ0, which in this case would be ill-behaved.
However, Pogančić et al. (2020) study this mapping in the regime of
substantially larger η ≫ 0 and argue for its desirable smoothing effect.

Unlike STE and Softmax-STE, SPIGOT and LI result in a derivative
that is not a linear operator, it is therefore not the derivative of any
function. For this reason we must write it as a nonlinear function of the
direction vector v and not as a Jacobian (in practice, this will be the
downstream derivative of the loss w.r.t. ẑ).

Implementation Details. Surrogate gradient methods, by definition,
override the actual gradient computation with something else. In Py-
Torch (PyTorch, 2017), at present we recommend an implementation
using custom functions (inheriting from torch.autograd.Function).
Such objects implement a forward(self, s) method which should
return ẑ0(s), and a backward(self, v) method which returns the
vector-Jacobian product at s (saved from the forward pass) with v,
i.e., it returns our construction of choice ∂ẑST(s)(v), ∂ẑSPIGOT(s)(v),
etc. Such an implementation cannot be tested using automatic gradient
checks, since the gradient will be technically incorrect. We therefore
recommend using custom unit tests against the theoretically expected
answers, e.g., using an identity encoder s(x, θf ) := θf .
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4.3 Quantization: Straight-Through Friendly Models

In certain applications, it may be possible to rearrange the architecture
of a neural network with discrete latent structure so that the discrete
mapping is in some sense “close” to linear, thereby making the STE
a more sensible choice. While these approaches require specific model
choices, these choices can contain beneficial inductive biases and perform
well.

4.3.1 Rounding

Consider a discrete latent variable whose domain is the integers, i.e.
Z = Z := {. . . ,−2,−1, 0, 1, . . .}. Our usual construction that assigns
a score to each integer is infeasible since there are infinitely many
options. However, the natural ordering of Z suggests we can use a single
real-valued score s(x, θf ) ∈ R alongside a discretizing operation:

ẑint(x, θf ) = ⌊s(x, θf )⌋ .

Applying the straight-through idea here results in ignoring the floor
operation in the backward pass:

ẑint-ST(s) := ⌊s⌋
∂sẑint-ST(s) := 1 .

The floor function is always within ±1 of the identity function, and
this strategy has proven useful in constructing integer normalizing flow
models (Hoogeboom et al., 2019) as well as in learning efficient neural
networks with fixed precision weights (Gholami et al., 2022). Note,
however, that arbitrarily close functions may have arbitrarily far away
derivatives.
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4.3.2 Vector Quantization

Extending the scalar idea to a vector space leads to the VQ-VAE con-
struction introduced by Oord et al. (2017). This model draws ideas
from vector quantization, as used in clustering and compression. It
similarly uses an “encoder-decoder” architecture, but unlike our frame-
work, the VQ-VAE supports only discrete categorical variables repre-
sented by embeddings {zi ∈ Rd : i = 1, . . . , K}. In its general form,
the VQ-VAE uses an encoder f̃ : X → RD, f̃(x) = z and a decoder
g̃ : X × Y × RD → R where for instance g(x, z, y) models the prob-
ability p(Y = y | X = x, Z = z). But instead of directly computing
g̃

(
x, y, f̃(x)

)
, i.e., letting z be a continuous hidden vector, we instead

employ a quantization step:

g̃
(
x, y, Q(f̃(x))

)
where Q(s) = arg min

z∈Z
∥s− z∥2 . (4.4)

The mapping Q : RD → Z essentially snaps-to-grid the encoder out-
put, by returning the nearest neighbor anchor point. Importantly, the
decoder’s third argument (corresponding to z) is parametrized by a
neural network that can accept any continuous embedding in RD, and
it is therefore possible to apply the STE to the quantization mapping
Q. Additionally, the VQ-VAE loss includes a term ∥f̃(x)−Q

(
f̃(x)

)
∥2

which simultaneously learns the embeddings and encourages the encoder
to output values as close as possible to the set of allowed embeddings
Z: this term can be seen as a penalty on the STE approximation error,
and if it were zero, the STE would be exact.

4.4 Interpretation via Pulled-Back Labels

STE and its variants are mainly motivated as a practical solution for
learning problematic models with null gradients. In this section, we



70 Surrogate Gradients

x s(x; θf ) ẑ g(x, y, ẑ; θg)
argmax θg

θf

LZ(s, z)

x s(x; θf ) ẑ g(x, y, ẑ; θg)
argmax θg

θf

LZ(s, z⋆)
Figure 4.2: Top: If ground truth supervision were available for the latent variable
z, θf could be trained jointly with an auxiliary loss LZ. Bottom: As such supervision
is not available, we induce a best-guess pulled-back label z⋆ by pulling back the
downstream loss. This strategy recovers the STE and SPIGOT estimators.

provide a possible interpretation of the end-to-end objective optimized
when using STE or SPIGOT.

Consider a multitask learning scenario (Caruana, 1997), where we
predict the latent variable as a separate task in addition to the down-
stream task. In this case, z would be fully observed, i.e., we would have
supervised data in the form of triplets (x, y, z). We could therefore, in
addition to the downstream loss on y, also incur a loss LZ(s, z) which
would allow us to update the parameters θf . We will focus for now on
the simple perceptron loss:

LZ(s, z) := ⟨s, z⟩ − arg max
z′∈Z

⟨s, z′⟩ . (4.5)

In the latent variable case, we do not have access to this supervision
and instead induce a pulled-back label as a best-effort guess at what z

should be, given the available data, as illustrated in figure 4.2.
Let us define the pulled-back label as a sensible approximation to
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the value for z that minimizes the downstream loss:

z⋆ :≈ arg min
z∈conv(Z)

g(x, y, z) . (4.6)

Notice that the optimization is with respect to z and not the model
parameters; the encoder f therefore does not enter this problem. Note
also that this is a continuous optimization problem due to our choice of
using the convex hull of Z as domain. Searching only over the discrete
set Z would be intractable in the structured case; the continuous version
can be approximated with iterative methods.

Still, this optimization problem is challenging and non-convex for
many interesting models, such as deep neural networks. We may ap-
proach it using the projected gradient algorithm (Goldstein, 1964; Levitin
and Polyak, 1966), which takes a step in the direction of the gradient
(with step size η), and then projects the updated guess to the constraint
set, yielding the iteration

z(t+1) = projconv(Z)(z(t) − η∂3g(x, y, z(t)))).

If g was convex w.r.t. its third argument, we could repeat this
iteration until convergence to the optimal z⋆, regardless of initialization.
However, this is infeasible and may be an unwise use of resources, at
least until the model is trained well.

Consider instead starting from the sensible initialization z(0) :=
ẑ0(s) = arg maxz∈Z ⟨z, s⟩ and applying a single iteration of projected
gradient, giving:

z⋆ := projconv(Z)(ẑ0 − η∂3g(x, y, ẑ0)) . (4.7)

Using this pulled-back label to update the encoder by the perceptron
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loss from Eq. 4.5, we get the following gradient w.r.t. s:

∂sLZ(s, z⋆) = ẑ0 − z⋆

= ẑ0 − projconv(Z)(ẑ0 − η∂3g(x, y, ẑ0))
= ∂ẑSPIGOT(s) ◦ ∂3g(x, y, ẑSPIGOT(s))
= ∂sg(x, y, ẑSPIGOT(s)) ,

(4.8)

recognizing the SPIGOT surrogate gradient from Eq. 4.2 and undoing
the chain rule. This shows that SPIGOT minimizes the perceptron
loss w.r.t. a pulled-back label computed by one projected gradient
step on the downstream loss starting at ẑ0.

Relaxing the constraints. We can relax the constrains for z⋆ and
instead optimize

z⋆ :≈ arg min
z∈RD

g(x, y, z) . (4.9)

This optimization problem can again be solved iteratively, but without
the projection step. One step of gradient descent starting at ẑ0 yields:

z⋆ := ẑ0 − η∂3g(x, y, ẑ0) . (4.10)

Applying the perceptron loss again, assuming η = 1,

∂sLZ(s, z⋆) = ẑ0 − z⋆

= ẑ0 − (ẑ0 − ∂3g(x, y, ẑ0))
= ∂3g(x, y, ẑ0)
= ∂ẑSTE(s) ◦ ∂3g(x, y, ẑSTE(s))
= ∂sg(x, y, ẑSTE(s)) .

(4.11)

This reveals that indeed STE can also be interpreted as minimizing a
perceptron loss on a pulled-back label, and that SPIGOT is indeed a
version of STE that takes into account the structure of the marginal
polytope conv(Z).
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This view was proposed by Mihaylova et al. (2020) and employed to
develop new surrogate gradient methods by changing other components,
such as the loss function (from perceptron to cross-entropy loss) or the
optimization algorithm (mirror descent instead of projected gradient).

4.5 Summary

Surrogate gradient methods provide a way to train deterministic models
without compromising on the use of discrete mappings in the forward
pass (e.g., argmax or quantization layers). Whereas in Chapter 3 we
relaxed the forward pass mapping and computed its gradient exactly,
in this chapter we leave the forward pass unchanged, but only employ
a relaxation in the backward pass. While strictly speaking incorrect,
surrogate gradients can often be justified in principled ways and can work
well in practice. Mihaylova et al. (2020) empirically compared surrogate
gradient methods against relaxations on a task where z is known, and
found that both classes of methods are able to reach similar downstream
performance. Relaxation methods seem to converge faster and are more
robust to initialization, but are worse than straight-through methods at
recovering a discrete latent z that agrees with the experiment design.

All methods seen so far require assumption 2: continuity of the de-
coder g w.r.t. z. Even if surrogate gradient methods use only discrete z

in the forward pass, the backward pass requires the gradient ∂3g(x, y, ẑ).
In the next chapter, we give the discrete latent a probabilistic treatment,
allowing us to have correct (unbiased) estimation without compromising
discreteness and without any requirements on g.
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5
Probabilistic Latent Variables

5.1 Formulating the Probabilistic Model.

In this section, we directly tackle the probabilistic form of discrete
latent variable learning problem. Instead of the downstream model
seeing a single choice of ẑ, we will instead consider the expectation
of the downstream model over all possible assignments of the latent
variable:

ḡ(x, y) := EZ [g(x, y,Z)]
=

∑
z∈Z

g(x, y, z)p(Z = z | x), (5.1)

The distribution p(Z = z | x) is defined in terms of the encoder f(x, z).
A standard way is p(z | x) ∝ exp f(x, z), but we shall see in this chapter
that other ways to define this distribution are possible.

In Chapter 3, we have avoided the challenging sum and relaxed the
problem by pushing the expectation inside: EZ [g(x, y,Z)] ≈ g (x, y,E[Z]).
In Chapter 4, we eschewed any probabilistic interpretation and instead
tried to approximate the discrete mapping g (x, y, (arg maxz∈Z f(x, z))).
We now finally come face-to-face with this computation.

The probabilistic framework is challenging because, per Chapter 2,
Z may be an exponentially large combinatorial set. In general, this
comes at a cost; the payoff however is that we can get well-principled
models with much fewer assumptions on the downstream model g.
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While many implementation of probabilistic models rely on stochas-
tic computation (sampling), this is not necessarily the case. The first
and the last strategy we present in this chapter are deterministic.

5.2 Explicit Marginalization by Enumeration

In the case where |Z| is of manageable size and when the decoder is
not too expensive, it is of course possible to tackle Eq. 5.1 explicitly by
enumerating all possibilities, which requires evaluating the decoder |Z|
times. This is for instance possible for categorical (one-of-K) discrete
latents with K not too large, or for bit vectors of manageable size.
For example, Z = {0, 1}D has 2D elements, but for D = 3 it is not
necessarily prohibitive to evaluate the decoder 8 times.

At this point we may see why explicit marginalization does not
require assumption 2, and z can be a completely discrete index: gradients
of the form ∂3g(x, y, z) are not required or used, because in Eq. 5.1
z is not a transformed function of any parameters: it is an abstract
summation index.

When one can afford to explicitly compute this objective, results
tend to be unsurprisingly good in comparison to approximate approaches
or relaxations. Of course, for large Z enumeration is prohibitive.

Example 16. Neural attention as latent alignment. Recall from
Example 14 that the neural attention mechanisms can be seen as
relaxed Categorical (one-of-K) variable. Using a Categorical latent
variable instead is known as hard attention and was proposed by Xu et
al. (2015) for image captioning. Deng et al. (2018) observed that in the
context of machine translation the model can be tackled with explicit
enumeration. They proposed an explicitly-marginalized variational
attention which performed the best on machine translation.
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Example 17. Variational Auto-Encoder with a discrete latent
variable. Kingma et al. (2014) propose a method for semi-supervised
learning based on a generative neural network. Their model includes
a categorical latent variable representing the target class. To train the
model, they build a Variational Auto-Encoder, that is the posterior
distribution over latent variables is approximated with a learned
encoder network. To ensure that the encoder is correctly trained, they
explicitly marginalize over the categorical latent variable, in contrast
to the standard approach in this setting (reparameterization trick for
continuous latent variables).

Even when not affordable on realistic problems, we recommend
implementing explicit marginalization for testing purposes.

5.3 Monte Carlo Gradient Estimation

When p(z | x) ∝ exp f(x, z) and an algorithm is available to obtain
samples from p(z | x) ∝ exp f(x, z), expectations such as Eq. 5.1 can
be approximated via the Monte Carlo method (Metropolis and Ulam,
1949):

EZ[g(x, y,Z)] ≈ 1
S

S∑
i=1

g(x, y, z(i)). (5.2)

For learning the decoder parameters, we can directly differentiate Eq. 5.2,
since the expectation operator is linear and so is the differentiation
operator (Deisenroth et al., 2020, § 6.4.1). For any function F (z, θ) and
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distribution p(Z = z) that does not depend on θ, we have

∂θEZ[F (Z, θ)] = ∂θ

∑
z∈Z

F (z, θ)p(z)

=
∑
z∈Z

(∂θF (z, θ)) p(z)

= EZ [∂θF (Z, θ)] .

(5.3)

However, if p(Z | θ) does depend on θ (even if F does not) then
differentiating is harder, as simply applying the chain rule does not
directly lead to an expectation that can be estimated from samples
z(1), . . . , z(S):

∂θEZ∼p(z|θ)[F (Z)] = ∂θ

∑
z

F (z)p(z | θ)

=
∑
z∈Z

F (z) (∂θp(z | θ)) .
(5.4)

For this reason, applying the Monte Carlo method to gradient estimation
requires nontrivial techniques. The next two sections describe two main
strategies used for Monte Carlo gradient estimation with discrete and
structured latent variables. A more general and thorough review can be
found in (Mohamed et al., 2020).

5.4 Path Gradient Estimator (The Reparametrization Trick)

Estimating gradients of expectations is challenging not only in the
discrete setting, but also in the continuous one. An alternative to the
SFE is given by the Path Gradient Estimator (PGE), introduced by Ho
and Cao (1983) and also known as the

push-out gradient method (Rubinstein, 1992), process derivative
(Pflug, 2012), perturbation analysis (Glasserman, 1990), or the reparametriza-
tion trick (Rezende et al., 2014; Kingma and Welling, 2014; Titsias and
Lázaro-Gredilla, 2014).



78 Probabilistic Latent Variables

The challenge, identified in Eq. 5.4, stems from the fact that the
distribution of the latent variable, over which the expectation is taken,
depends on the parameters θ. The PGE circumvents this problem by
extracting the source of randomness into a parameter-free random
variable U, using a transformation ϕ that ensures Z = ϕ(U, θ), where
equality is in distribution. For any function F (z) we may then write
(Deisenroth et al., 2020, Def. 6.3)

EZ∼p(Z|θ)[F (Z)] = EU∼p(U) [F (ϕ(U, θ))] .

The right-hand side is an expectation over a distribution that does not
depend on θ: we have moved the parameter into the argument of the
expectation. We can then obtain the Monte Carlo gradient estimator:

∂θEZ∼p(Z|θ)[F (Z)] = EU∼p(U) [∂θF (ϕ(U, θ))] . (5.5)

If U is a continuous random variable, the right-hand-side expectation is
an integral. In order for the exchange of integration and differentiation
to be valid, the following conditions must hold (L’Ecuyer, 1995):

• ∂θF (ϕ(u, θ)) exists;

• EU[F (ϕ(U, θ))] <∞ for any θ.

• There exists an integrable function h(u) such that

sup
θ
∥p(u) · ∂θF (ϕ(u, θ))∥ ≤ h(u) .

These assumptions are for instance satisfied if F ◦ ϕ is Lipschitz.
The PGE finds many successful applications in continuous variables.

A prominent example is the reparametrization of a Gaussian random
variable: If Z ∼ Normal(m, σ2) then Z is identical in distribution to a
shifted and scaled standard normal:

Z=ϕ(U, m, σ) = m + σU, where U ∼ Normal(0, 1).
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The Gumbel reparametrization. In the discrete setting, applying the
PGE hits further roadblocks. However, this line of thinking opens the
door to some valuable approximations. A fundamental result for the
reparametrization of discrete random variables is the Gumbel-argmax
construction for the categorical distribution. Taking Z = {e1, . . . , eK},
the categorical distribution parametrized by a score vector s ∈ RK is

p(Z = z) = exp ⟨z, s⟩/
∑

j

exp ⟨ej , s⟩,

in other words, it is the distribution induced by the softmax of the
scores. It turns out that Z is identical in distribution to the perturbed
argmax (Gumbel, 1954; Yellott, 1977):

Z d= ϕ(U, s) = arg max
z∈Z

⟨z, s + U⟩, (5.6)

where U is a vector of i.i.d. standard Gumbel random variables Ui ∼
Gumbel(0), and Z = {e1, . . . , eK}. This reparametrization is, alas, not
suitable for the PGE as in Eq. 5.5, because ϕ is discontinuous and
therefore so is F ◦ ϕ. However, this reformulation paves the way for a
relaxation we discuss next.

Gumbel-Softmax and the Concrete distribution. As in Chapter 3,
we may relax the argmax in the Gumbel-Max reparametrization to a
softmax mapping, yielding the Gumbel-Softmax (Jang et al., 2017), also
known as the Concrete distribution (Maddison et al., 2017). Consider
the parametrization

ϕγH1(U, s) := ẑγH1(s + U) = softmax ((s + U)/γ) ,

which is a perturbed version of the softmax relaxation from §3.3 where
γ > 0 is a regularization strength, or “temperature” hyperparameter.
Let ZγH1

d:= ϕγH1(U, s). Since ZγH1 takes values in relint conv(Z) and
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Z takes values in Z, i.e., their supports do not overlap, the two are
not only distinct, but difficult to compare. (We revisit this issue at the
end of this section.) Nevertheless, the approximation becomes exact in
the γ → 0 limit, suggesting a meaningful approximation.1 Plugging in
the Gumbel-Softmax approximation into our framework, we could fully
embrace the relaxation and consider a continuous latent variable model:

ḡ(x, y, θf , θg) = EZγH1
[g(x, y,ZγH1 , θg)]

= EU [g(x, y, ẑγH1(s(x, θf ) + U), θg)]
using the PGE.

For global-structured latent variables Z whose structure is charac-
terized or representable by a dynamic program, i.e., equivalent to paths
in a (hyper)graph (§2.3.3), sampling from p(z | x) ∝ exp f(x, z) is
possible via the Forward-Filtering Backward-Sampling (FFBS) algo-
rithm (Frühwirth-Schnatter, 1994). In this case, the Backward-Sampling
pass can be modified with a Gumbel-Softmax distribution, leading to
differentiable samples (Fu et al., 2020). Similarly, in the temperature
limit, the approximation becomes exact.

Structuredperturbationmethods. Extending the Gumbel reparametriza-
tion to structures is challenging: the direct approach would require per-
turbing the score of each structure independently, which is intractable.
For directed models (e.g., incremental structure prediction), Kool et al.
(2020b) propose a top-down sampling approach based on sampling Gum-
bels conditional on their sum. For undirected models (MRF), Hazan et al.
(2013) propose an algorithm based on factor-decomposed perturbations
and Gibbs sampling.

1This temperature-based argument requires care. Indeed, in the γ → 0 limit,
ZγH1 → Z, but also in this limit ϕ approaches a threshold function, so its gradients
approach zero (or infinity near discontinuities). In practice, γ must be set far away
from zero to ensure numerical stability and meaningful gradients, but not too far, or
else the approximation gap is too big, as reported, e.g., by Baziotis et al. (2019).



5.4. PATH GRADIENT ESTIMATOR (THE REPARAMETRIZATION TRICK) 81

The Perturb-and-MAP approach (Papandreou and Yuille, 2011)
instead applies perturbations directly to the scores s of an arbitrary
structured model: this induces a random field Z but the probability
distribution is not the Gibbs one. Hazan and Jaakkola (2012) derive
some bounds on the relationship between Perturb-and-MAP and the
true log-partition function. However, in many cases it is not essential to
prescribe Z to have the Gibbs distribution, and the Perturb-and-MAP
approach can thus be very useful. To ensure differentiability, the role
of the softmax is taken by marginal inference for structured latent
variables, and we can therefore use this strategy whenever an algorithm
for marginal inference is available (Corro and Titov, 2019a; Corro and
Titov, 2019b).

Straight-ThroughGumbel (Gumbel-ST). Combining ideas of the PGE
with the surrogate gradient strategies of Chapter 4, we may use the
true discrete Z in the forward pass, and only apply a reparametrized re-
laxation in the gradient estimation for the backward pass. This strategy,
known as the Straight-Through Gumbel-Softmax estimator (Jang et al.,
2017), corresponds to using the construction ẑSoftmax-ST from §4.2:

ZSoftmax-ST := ẑSoftmax-ST(s + U) ,

leading to the following approximate gradient:
∂θf

ḡ(x, y, θf , θg) ≈ ∂θf
EZSoftmax-ST [g(x, y,ZSoftmax-ST, θg)]

= ∂θf
EU [g(x, y, ẑSoftmax-ST(s(x, θf ) + U), θg)]

= EU
[
∂θf

g(x, y, ẑSoftmax-ST(s(x, θf ) + U), θg)
]

.

This time, in the forward pass only discrete values z ∈ Z are passed to
the downstream model. Still, due to the use of relaxations in both
Gumbel-Softmax and Gumbel-ST, Assumption 2 is still necessary.
Paulus et al. (2020) catalogue and study a number of structured Gumbel-
based models, and Huijben et al. (2022) provide a broader survey of
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gradient estimation with Gumbel-Max and Gumbel-Softmax is available
The Gumbel-ST approximation is well-suited and popular for learning
models with incremental latent structure, for instance sequence-to-
sequence-to-sequence models (Baziotis et al., 2019) and related (Xu and
Lapata, 2022).

Implicit Maximum Likelihood Estimation (I-MLE). One interesting ap-
proach is to combine the structured perturbation methods described
above with surrogate gradient approaches (§4.4). An implicit maximum
likelihood estimation approach with perturbation-based implicit differ-
entiation has been proposed by Niepert et al. (2021) which combines
these two ideas. I-MLE uses a surrogate gradient construction defined
as

ẑI-MLE(s) := ẑ0(s) = arg max
z∈Z

⟨s, z⟩ ,

∂ẑI-MLE(s)(v) := ẑ0(s)− ẑ0(s− ηv) .
(5.7)

This is similar to the linear interpolation surrogate of Pogančić et al.
(2020), see Eq. 4.3, with η absorbed into the global learning rate. In
addition, I-MLE uses a perturb-and-MAP construction

g(x, y, ẑI-MLE(s + U)) ,

where U is a noise variable. Niepert et al. (2021) point out that if U
is taken to always be zero, I-MLE recovers the deterministic linear
interpolation approach; in their experiments, perturbations improve
substantially. Remark that the noise sample from U appears in both
terms of the surrogate gradient.

Mixed Random Variables. As pointed out above, one disadvantage of
the Gumbel-Softmax construction is that, for any temperature γ > 0,
the resulting random variable ZγH1 is continuous, taking values in
relint conv(Z), whereas the discrete random variable that one would
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Figure 5.1: Projected distribution onto the unit interval. In this case, the base
distribution is a Gaussian.

like to approximate, Z, takes values in Z – their supports have empty
intersection. Although in the zero temperature limit (γ → 0+) ZγH1

approaches a categorical distribution, in practice it is hard to learn with
low temperatures, as the gradients will be very small and numerical
instabilities often arise.

This observation led several researchers to propose truncated distri-
butions which can be regarded as hybrids of discrete and continuous
random variables, called mixed random variables (Farinhas et al., 2022).
For the binary case (|Z| = 2), the probability simplex is isomorphic to
the unit interval, △1 ≃ [0, 1], so a simple procedure to obtain a mixed
random variable Z is first sampling a continuous variable U using an
auxiliary distribution p(U) whose supports contains [0, 1] properly, and
then defining Z as the projection onto the unit interval,

Z = max{0, min{1,U}}. (5.8)

The resulting probability density function of Z will be the combination
of two Dirac delta functions (point masses) placed at 0 and 1 with the
probability density function of U in ]0, 1[, as shown in figure 5.1 An
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Figure 5.2: Multivariate distributions over △K−1. Standard distributions, like
the Logistic-Normal (left), assign zero probability to all faces except the maximal
one relint(△K−1). In contrast, mixed distributions support assigning probability to
the full simplex, including its boundary: the Gaussian-Sparsemax (right) induces
a distribution over the 1-dimensional edges (shown as a histogram), and assigns
p ({(1, 0, 0)}) = .022. Reproduced with permission from Farinhas et al. (2022).

example of this construction is the Hard Concrete distribution (Louizos
et al., 2018), where U is a “stretched” Concrete distribution and Z is
defined as in Eq. 5.8. Of course, this rectification can be applied to other
continuous distributions besides the (stretched) Concrete and has in fact
been so; a simple choice is the Gaussian distribution, to which one-sided
(Hinton and Ghahramani, 1997) and two-sided rectifications (Palmer
et al., 2017) have been proposed. Another example if the Hard-Kuma
distribution (Bastings et al., 2019), which uses the Kumaraswamy
(Kumaraswamy, 1980) as the base distribution. These “stretch-and-
rectify” techniques enable assigning probability mass to the boundary
of △1 and are similar in spirit to the spike-and-slab feature selection
method (Mitchell and Beauchamp, 1988; Ishwaran, Rao, et al., 2005)
and for sparse codes in variational auto-encoders (Rolfe, 2017; Vahdat
et al., 2018). Since they apply to binary random variables, they can
used to approximate “bit-vector” latent variables, where Z = {0, 1}K
for some K ∈ N.

We show next how to generalize the idea above to other choices
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of Z, for example to approximate a multivariate categorical variable
Z. We note first that the hard sigmoid transformation of Eq. 5.8 is
just a particular case of the sparsemax transformation when |Z| = 2.
This immediately suggests an extension of the Hard Concrete and
rectified Gaussian distributions for the multivariate case, which has been
proposed and studied in detail by Farinhas et al. (2022) under the names
Gumbel-Sparsemax and Gaussian-Sparsemax, respectively. Figure 5.2
shows illustrates the latter – the Gaussian-Sparsemax can also be seen
as a “mixed” counterpart of the multivariate logistic normal distribution,
where the softmax is replaced by a sparsemax transformation. It has been
shown by Farinhas et al. (2022) that these mixed distributions have solid
mathematical properties which make them amenable for information-
theoretic treatment, if one chooses as the underlying base measure
the “direct-sum measure” – a combination of the counting measure
(which underlies discrete variables) with Lebesgue-Borel measures of
multiple dimensionalities, associated to each face of the probability
simplex. By doing so, one avoids the cumbersome practice (which is
commonplace when the Gumbel-Softmax relaxation is used with discrete
latent variables) of treating a distribution as discrete or continuous as
convenient in different computations. Indeed, differential entropy and
discrete Shannon entropy have different properties, starting with the
fact that the former can be negative. The full effect of this mismatch
is not clear, but Farinhas et al. (2022) report improved performance
when using mixed random variables under the appropriate direct-sum
measure.

5.5 Score Function Estimator

The Score Function Estimator (SFE, Rubinstein, 1976; Paisley et al.,
2012), dubbed in some contexts REINFORCE (Williams, 1992) or the
likelihood ratio method (Glynn, 1990), relies on the fact that (log t)′ =
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1/t implies that f ′(t) = f(t)(log f(t))′ to rewrite the expectation in
Eq. 5.4 as

∂θEZ∼p(z|θ)[F (Z)] =
∑
z∈Z

F (z) (∂θp(z | θ))

=
∑
z∈Z

F (z) (p(z | θ)∂θ log p(z | θ))

= EZ [F (Z) (∂θ log p(Z | θ))] .

(5.9)

In this case, since Z is discrete there are no requirements on F needed
to swap differentiation and expectation.2 This means we can use a
Monte-Carlo approximation to train both the encoder and the de-
coder in a discrete latent variable model. With the notation ḡ(x, y) :=
EZ∼p(Z|x;θf ) [g(x, y,Z; θg)], we have

∂θg ḡ(x, y) ≈ 1
S

S∑
i=1

∂θg g(x, y, z(i), θg),

∂θf
ḡ(x, y) ≈ 1

S

S∑
i=1

g(x, y, z(i), θg)
(
∂θf

log p(z(i) | x; θf )
)

.

(5.10)

Altogether, this leads to a strategy for gradient-based learning with
discrete or structured latent variables, with no constraints at all on the
dependency of g on z. This explains the origins and success of the SFE
in the reinforcement learning community, when often the rewards are
computed via simulations and interactions with an environment that
cannot always be relaxed.

Moreover, in contrast to Chapters 3 and 4, even if Eqs. 5.2 and 5.10
are approximate, they are unbiased estimators of the underlying
stochastic quantities: they are equal to the true values in expectation
(w.r.t. the sampling process).

2The SFE can also be applied in continuous cases, and in that case the require-
ments are more stringent (Mohamed et al., 2020, §4.3).
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The most prominent limitation is that SFE has rather high variance;
the remainder of this section discusses variance reduction strategies. For
structured latent variables, there is another, less-discussed limitation:
the SFE has among the strictest computational requirements, needing
a sampling oracle for p(Z | x), as well as access to ∂θ log p(Z | x, θ).

Implementation details. The SFE is by definition a custom gradient
estimator, and thus not immediately compatible with the automatic
differentiation language of current deep learning frameworks, in which
we specify a computation (or estimator of) the loss, and the gradients
are handled for us. The most common approach is to define a surrogate
function gSFE(x, y) which, when automatically differentiated, yields the
appropriate gradients from Eq. 5.10. This can be accomplished using
the stopgrad (stop gradient) operator, which returns its argument in
the forward pass, but a zero gradient in the backward pass. Then, the
following surrogate function is suitable:

gSFE(x, y) = 1
S

S∑
i=1

[
g(x, y, z(i), θg)

+ stopgrad
(
g(x, y, z(i), θg)

)
log p(z(i) | x; θf )

]
.

Since the value of gSFE in the forward pass is arbitrary, it should not
be used for reporting or monitoring performance. An alternative and
perhaps more transparent implementation strategy can be to define
a custom operation within the deep learning framework by explicitly
specifying the forward and backward passes, as described in Chapter 4.

5.5.1 Variance Reduction

A drawback of the SFE is its high variance: unless many samples are
taken, the estimator might be too noisy for effective learning. As a
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result, there is a substantial body of work devoted to variance reduction
techniques. We briefly discuss three main directions and their application
for discrete latent variables.

Control variates. The control variate construction (Mohamed et al.,
2020, §7.4) is one of the most fruitful variance reduction strategies.
Given some h : Z → R whose expectation under p(z | θ) is known, and
some β ∈ R, we can construct

Fβ,h(z) = F (z)− β(h(z)− EZ [h(Z)]) .

Taking expectations,

EZ[Fβ,h(Z)] = EZ[F (Z)] ,

so any unbiased gradient estimator will remain correct. It remains to
choose h and β may lead to lower variance. We may take h to be the
score function ∂θ log p(z | θ), because

E [∂θ log p(Z | θ)] =
∑
z∈Z

p(z | θ)∂θp(z | θ)
p(z | θ)

= ∂θ

∑
z∈Z

p(z | θ)

= ∂θ1 = 0 .

This leads to the estimator

∂θEZ∼p(z|θ)[F (Z)] = EZ [(F (Z)− β) (∂θ log p(Z | θ))] . (5.11)

A simple but effective way to choose β is as a value close to F (Z),
in order to keep the magnitude of the loss term small. This includes
running average and exponentially moving average (EMA) of
previously-seen values of F (Z) during learning. Running averages give
equal weight to all values, while EMA can prioritize recent observations,
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which is useful in a machine learning context where the loss should
decrease. From the same motivation, another good choice is the model
prediction itself β = F (z′) for some z′ that does not depend on Z. Using
the highest-scoring z′ is known as self-critic baseline (Rennie et al.,
2017), another good choice is to draw z′ as an independent sample from
p(Z | θ). These strategies are easy to implement and in practice tend to
make a substantial difference compared to no variance reduction at all.
We recommend never using SFE without at least one of these simple
variance reduction strategies.

Learned data-driven baselines and NVIL. The EMA estimator for β

corresponds to learning β as a scalar parameter using gradient descent
with a squared loss (β − F (z))2. If the problem also has some con-
textualizing input x then one may consider a learned data-driven
baseline β(x; θβ), with its own parameters to learn (Mnih and Gregor,
2014).

Relaxation-based control variates. MuProp (Gu et al., 2016) approx-
imates the objective using a deterministic, relaxed network (replacing Z
with E[Z]); but, in contrast to Chapter 3, this relaxation is only used
for variance reduction when optimizing the true stochastic model. The
derivation is based on a Taylor expansion around E[Z]. REBAR (Tucker
et al., 2017) uses Gumbel-Softmax relaxations (§5.4) to compute a
stochastic but reparametrizable baseline. RELAX (Grathwohl et al.,
2018) uses a trained differentiable network as a surrogate, trading off
additional parameters for a smaller approximation gap. These methods
require continuity and differentiability of the objective (or, in the case
of RELAX, of the surrogate network) w.r.t. the latent variable. MuProp
seems applicable to globally structured latent variables, but REBAR
and RELAX rely on a deterministic mapping between the relaxed con-
tinuous variable (e.g. Gumbel-Softmax) and the corresponding discrete
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sample. For binary and one-of-K variables such a mapping exists, but
in the structured case this is not available.

Rao-Blackwellization. This strategy relies on tractable conditioning
as a way to reduce variance (Casella and Robert, 1996), and has been
used for black box variational inference (Ranganath et al., 2014; Titsias
and Lázaro-Gredilla, 2015). One particularly successful example is the
sum-and-sample estimator (Liu et al., 2019), which provides a trade-off
between explicit marginalization and the SFE by summing over some
values Z̄ ⊂ Z and compensating with a sample from the remainder:

E [∂θF (Z)] = ∂θ

∑
z∈Z̄

p(z | θ)F (z)


+ (1− p(Z̄ | θ))EpZ̄ (Z|θ) [F (Z)∂θ log pZ̄(Z | θ)]

where we defined the renormalized tail distribution obtained after dis-
carding the summed-out values Z̄:

pZ̄(z) ∝

0, z ∈ Z̄,

p(z | θ), z ̸∈ Z̄,

A good choice for Z̄ is a set of highest-probability values. This strategy
does not efficiently translate to the general structured case, as the
second term requires computing and sampling from the renormalized
tail distribution. Another example of Rao-Blackwellized estimators is
the sample-without-replacement estimator (Kool et al., 2020c).

5.6 Sparsifying the Distribution

The first method discussed in this section, exact marginalization, is
entirely deterministic; there is no sampling and all computations are
exact, but it is costly or even intractable for large Z. The next two



5.6. SPARSIFYING THE DISTRIBUTION 91

methods invoke Monte Carlo estimation to achieve tractability, but
this introduces randomness, hence variance, which may be undesirable
and lead to unstable learning. In this section we present middle ground
strategies based on sparsity.

Until now, we have assumed that Z follows a Gibbs distribution,

p(Z = z | x; θf ) ∝ exp f(x, z, θf ). (5.12)

This choice can be motivated by a maximum-entropy principle, as
discussed in §3.2

Unlike the Monte Carlo strategies, which are based on sampling, we
now seek a way to deterministically compute the full expectation over
a discrete set,

E[g(x, y,Z)] =
∑
z∈Z

g(x, y, z)p(z | x, θf ). (5.13)

by choosing a parametrization in which p(z | x, θf ) is set to exactly
zero for many z ∈ Z. When this happens, the sum and its gradient can
be computed efficiently with much fewer calls to the downstream model
g. Importantly, the Gibbs parametrization in Eq. 5.12 can never give
us this property, since exp(·) > 0.

In §3.2, we have explored sparse counterparts to the softmax trans-
form in the context of replacing Z by a relaxed mean counterpart
ẑ = E[Z], and using the continuity of ẑ to learn end-to-end models
with a single call to a continuous decoder. In this section, we show how
sparse mappings can also induce a sparse distribution over Z, leading
to efficient marginalization, as proposed by Correia et al. (2020).

One-of-K (categorical) case. Let us set

p(Z = z | x) = [f(x, z)− τ ]+, (5.14)

with τ such as the distribution sums to 1. This corresponds to applying
sparsemax to the vector of scores s (where sz = f(x, z)) to set the
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probability distribution of Z, therefore it will assign zero probabilities
to many choices. The vector α⋆ = sparsemax(s) can be computed in
average time Θ(K); typical implementations Θ(K log K) are empirically
faster. We then can treat such a sparse α as a discrete probability
distribution, setting p(Z) = α, or more explicitly, p(Z = ei) = αi. We can
then compute Eα[g(x, y,Z)] and its gradients with only ∥α⋆∥0 calls to g.
For large enough K and/or expensive g, this can be substantially faster
in practice than K calls, while performing comparably on downstream
tasks, as the following example due to Correia et al. (2020) shows.

Example 18. Single-token communication game. Emergent com-
munication between interacting agents can be formulated as a game, or
equivalently a latent variable model (Lazaridou et al., 2017; Havrylov
and Titov, 2017): given a dataset of labeled images, player 1 and
player 2 are both shown the same set of N images, but arranged in a
different order. Player 1 picks an image and then a code word from a
vocabulary of size K; they send the code word to player 2. The com-
munication is successful if player 2 identifies the correct image, and
unsuccessful otherwise. Lazaridou et al. (2017) observe near-perfect
communication success with SFE and straight-through estimators
for the case N = 2. Havrylov and Titov (2017) find that with more
distractor images and a larger vocabulary, performance degrades. In
particular, Correia et al. (2020) find that with N = 16, K = 256 none
of the benchmarked MC-based methods solve the game. (The best per-
forming MC model is based on SFE, reaching 55.36% communication
success rate. Explicit marginalization can reach 93.37% but requires
256 decoder calls. Marginalization over the sparesmax distribution
of Eq. 5.14, however, reaches 93.35% with only 3.13 decoder calls
on average, illustrating the potential of sparse marginalization for
learning.



5.6. SPARSIFYING THE DISTRIBUTION 93

Despite in practice demonstrating very sparse distributions on aver-
age, notice that when f(x, z) = f(x, z′) for any z, z′ ∈ Z, the vector
s is constant and so α⋆ = 1

|Z|(1, . . . , 1)⊤. Thus, in the worst case, it is
possible for sparsemax to be as dense as softmax, rendering this method
slow or even intractable for large or structured Z. Below we discuss two
generalizations that help in this scenario.

Top-k sparsemax. A way to bound the sparsity of sparsemax solutions
is by introducing a non-convex ℓ0 constraint:

sparsemax(k)(s) := arg min
α∈△K ,∥α∥0≤k

1
2∥s−α∥2. (5.15)

Despite the non-convexity, Kyrillidis et al. (2013) show that an optimal
solution can be found by applying sparsemax to the k-dimensional vector
of highest scores. Formally we may define an operator top(k) : RK → RK

such that [top(k)(s)]i = si if i is among a set of k indices with score
greater than or equal to all others, and −∞ otherwise. But in practice
all but the top k indices can be ignored during computation. In the
unstructured case, finding the top k indices can be done with a partial
quicksort in O(n + k log k). In the structured case, there is no general
strategy, but specialized algorithms are available for many structures of
interest.

Crucially, if the ℓ0 constraint is loose, (i.e., the solution has strictly
fewer than k nonzeros), then for this particular s, sparsemax(k)(s) =
sparsemax(s), and thus we have found an optimal solution much faster.
Remarkably, in the structured case, this means we can sometimes
compute exact expectations of arbitrary functions over exponentially
many structures.

On one hand, this observation can lead to another algorithm for
sparsemax that is more efficient in the average case: start with k set
to a guess of what ∥ sparsemax(s)∥0 might be, and compute α =
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sparsemax(k)(s). If ∥α∥0 < k, we found the solution. Otherwise, in-
crease k (e.g., doubling) and repeat. This strategy was proposed in the
unstructured case by Peters et al. (2019).

On the other hand, Correia et al. (2020) propose to directly use
sparsemax(k)(s) for marginalizing over latent variables, without in-
creasing k in the case of suboptimality. This way we may control the
computational complexity, at the cost of biasing the estimation toward
the top. In practice, Correia et al. (2020) find that, provided sufficiently
high k, after some training iterations, the encoder f becomes more
confident and the estimation transitions from approximate to exact.
This algorithm can be applied to structured latent variables as well, as
long as a structured top-k oracle is available.

SparseMAPmarginalization. Under Assumption 1, recall we have

f(x, z) = ⟨z, s(x; θf )⟩

where the vector-valued function s returns a vector of part scores. As
described in §3.5, SparseMAP uses a quadratic regularization on the
mean vector µ = EZ∼α[Z], interpreting α ∈ △|Z| as the distribution of
Z. We may equivalently rewrite the SparseMAP optimization problem
in terms of α:

SparseMAP(s) = EZ∼α⋆ [Z],

where α⋆ ∈ arg max
α∈△|Z|

⟨EZ∼α[Z], s⟩ − 1
2∥EZ∼α[Z]∥2 .

(5.16)

The active set algorithm (Nocedal and Wright, 1999) proposed by Nicu-
lae et al. (2018) for SparseMAP returns not only the unique solution
SparseMAP(s) but also a corresponding sparse α⋆ and a sparse gen-
eralized Jacobian of α⋆ w.r.t. s, (Correia et al., 2020), allowing the
use SparseMAP instead of sparsemax for sparse marginalizing over α⋆.
The non-uniqueness of α⋆ leads to a bias inherent to the deterministic
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active set algorithm, but this does not seem to impact performance. Al-
ternatively, Correia et al. (2020) propose mitigating the bias by turning
active set into a stochastic algorithm by initializing it with a random
structure instead of the MAP structure, leading to a (non-uniform)
sample from the set {α : EZ∼α[Z] = SparseMAP(s)}. If we denote by
p(α) the implicit sampling distribution of the Active Set algorithm, we
can then optimize

Eα∼p(α)EZ∼α[g(x, y, Z)] ,

with a sampled α from the outer expectation and an explicit sum over
the nonzero z for the inner one. The two strategies perform comparably.
Like the top-k sparsemax, SparseMAP exhibits adaptive sparsity: when
the models are very confident, SparseMAP and MAP coincide and then
there is only one possible α⋆ which is a one-hot vector. The set of
possible α is larger earlier in training when models are less certain. A
more specific characterization of the set of possible α for a given s in
general seems elusive but may be possible for specific structured models.

Note that in the categorical (one-of-K) case both sparsemax and
SparseMAP are equivalent, since the possible values of Z are one-hot
vectors, so EZ∼α[Z] = α

5.7 Summary

The probabilistic formulation allows us to handle discrete latent struc-
ture in a way that is both fundamentally principled as well as very
flexible, leading to some of the methods with the lowest assumptions
in our text. There is a price to pay in complexity, as we must always
consider entire distributions and not just punctual values. This trans-
lates either to computational complexity (for exact marginalization)
or sample complexity (in the case of Monte Carlo methods). Correia
et al. (2020) compare variance-reduced SFE, Gumbel-ST, top-k sparse-
max and SparseMAP on a variational autoencoder with a bit-vector
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latent variable, finding relatively similar results in terms of heldout
log-likelihood, but a different distribution in terms of distortion/rate
decomposition in which SFE-based metods perform worse. When appli-
cable, Gumbel-ST and related methods seem to perform very well in
practice. However, bit vectors are one of the few types of structure for
which these methods all apply. Zantedeschi et al. (2022) study permu-
tation latent variables, for which neither SFE nor Gumbel-ST apply,
but SparseMAP does.
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6
Conclusions

6.1 Overview

We survey in this text several strategies for learning models with discrete
latent structure. This sort of structure is relevant for many fields and
applications, including natural language processing, computer vision,
and bioinformatics, where data is often well represented by composi-
tional structures such as trees, sequences, or matchings. Latent structure
models are a powerful tool for learning to extract or induce such repre-
sentations, offering a way to incorporate structural bias, discover insight
about the data, and interpret decisions.

We present a range of different strategies for learning latent discrete
structures organized into three main groups:

• In Chapter 3 we cover techniques based on continuous relaxations,
where the discrete structure z, originally belonging to a discrete
and combinatorial set Z, and relaxed to be part of a larger con-
tinuous and polyhedral space, conv(Z). These techniques relax
the forward pass mapping by maximizing a regularized objective,
so that they can compute its gradient exactly. Examples of tech-
nique falling into this class include attention mechanisms and their
structured counterparts, sparse transformations such as sparsemax
and α-entmax, as well as their structured counterparts, such as
Sinkhorn-based methods and SparseMAP, and perturbation-based
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regularization methods.

• In Chapter 4 we present several techniques that sidestep the
problem of differentiating through discrete structures by building
surrogate gradients. Surrogate gradient methods provide a way to
train deterministic models without compromising on the use of dis-
crete mappings in the forward pass (e.g., argmax or quantization
layers). Unlike the previous class of methods, the forward pass is
left unchanged, but an approximation is made in the backward
pass. This approximation can often be justified in principled ways
and can work well in practice, and we attempt to shed some light
on these principles. Surrogate gradient methods typically also
require continuity of the decoder g w.r.t. z: Even though they use
only discrete z in the forward pass, the backward pass requires
the gradient ∂3g(x, y, ẑ). Examples of methods falling into this
class include straight-through gradient estimation, its structured
variants, such as SPIGOT, and quantization methods, such as
rounding and vector quantization.

• Finally, in Chapter 5 we focus on techniques based on probabilistic
estimation. Unlike the previous methods, this class of techniques
give the discrete latent a probabilistic treatment, allowing us to
have correct (unbiased) estimation without compromising discrete-
ness and without any requirements on g. This is the class of meth-
ods with the lowest assumptions in our text. There is a price to
pay in complexity, as we must always consider entire distributions
and not just punctual values. This translates either to computa-
tional complexity (for exact marginalization) or sample complexity
(in the case of Monte Carlo methods). Examples of methods in
this class include explicit marginalization and their sparsifica-
tions, the score function estimator (often called REINFORCE),
the path gradient estimation (based on the reparametrization
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trick), structured perturbation methods such as Perturb-and-
MAP, the Gumbel-Softmax relaxation, mixed random variables
such as Gaussian-Sparsemax, and I-MLE—some of these methods
involve also gradient surrogates, as the previous class of methods.

Throughout the text, we guide the reader through a unifying view,
while highlighting connections, strengths, weaknesses, assumptions, and
emerging recommended practices. A bird’s eye view of the discussed
classes of methods and relationships between them is presented in
Table 6.1.

6.2 Implementations and Libraries

The flexible nature of structure representation makes it generally chal-
lenging to fit latent structure learning inside a neat API framework, and
research using methods we cover usually relies on custom implementa-
tions from scratch. Readers might find useful the code released alongside
the work of Kim et al. (2017), Baziotis et al. (2019), and Mihaylova
et al. (2020), for instance. Nevertheless, a few general purpose libraries
have been developed. We list some prominent ones.

• torch-struct (Rush, 2020): a PyTorch library for differentiable
structure prediction, supporting differentiable implementations of
marginal inference for a number of supported structure models.
It therefore provides building blocks used in Chapters 3 to 5.

• synjax (Stanojević and Sartran, 2023): a jax library with similar
scope as torch-struct; applicable to Chapters 3 to 5.

• entmax (Peters et al., 2019): a library implementing efficient sparse
argmax operators (Chapter 5) for the categorical (one-of-K) case,
and thus applicable for incremental structures.

https://github.com/harvardnlp/pytorch-struct
https://github.com/google-deepmind/synjax
https://github.com/deep-spin/entmax
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• lp-sparsemap (Niculae and Martins, 2020): a pytorch frontend for
differentiable optimization in factor graphs. Supports a select set
of structures (one-of-K, arborescences, matchings) and arbitrarily
complex models formed by interactions between them. Provides
some of the computational primitives discussed in Chapters 3
and 4.

• cvxpylayers (Agrawal et al., 2019). A multi-backend library for
differentiable convex optimization written in a flexible API (disci-
plined parametrized programs); useful for exploring and prototyp-
ing relaxations and projections from Chapters 3 and 4.

• jaxopt (Blondel et al., 2021): a jax library for differentiable op-
timization. Per Chapter 3, relaxed structured latents (as well as
some types of surrogate gradients per Chapter 4) can be formu-
lated as regularized constrained optimization problems and thus
manually implemented using this library.

• storchastic (Krieken et al., 2021): a PyTorch library for gradient
estimation with discrete latent variables, supporting most methods
we discuss in Chapter 5 for the discrete case.

https://github.com/deep-spin/lp-sparsemap
https://github.com/cvxgrp/cvxpylayers
https://jaxopt.github.io/stable/
https://github.com/HEmile/storchastic
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