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Anyon braiding on the single edge of a fractional quantum Hall state
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Anyons are quasiparticles with fractional statistics, bridging between fermions and bosons. We
propose an experimental setup to measure the statistical angle of topological anyons emitted from a
quantum point contact (QPC) source. The setup involves an Q-shaped junction along a fractional
quantum Hall liquid edge, formed by defining a droplet with two negatively biased gates. In the
weak tunneling regime, we calculate the charge current, showing its time evolution depends solely
on the anyons’ statistical properties, with temperature and scaling dimension affecting only the
constant prefactor. We compute the cross-correlation between the anyon current transmitted from
the source and the current after the (2-junction, providing a direct method to detect anyon braiding

statistics.

Introduction:- Anyons are quasiparticles that emerge
in two-dimensional systems and obey statistical rules
that differ from the familiar fermionic and bosonic statis-
tics [TH3]. In the fractional quantum Hall effect (FQHE),
they appear as quasiparticles carrying fractional charge
and exhibiting fractional statistics [4, [5]. The fractional
value of charge has been accessed for anyons a long time
ago by measuring the shot noise in the state v = 1/3 [6l-
10] and further confirmed recently by other types of mea-
surement [IIHI3]. Concerning the fractional statistics,
more complex experiments have been proposed to extract
the braiding properties of anyons [14H24]. Recently, ex-
perimental breakthroughs have provided compelling evi-
dence also for the fractional statistics of anyons in FQHE
systems at filling factor v = 1/3 in the Fabry-Perot [25]
and collider [26] configurations. These first groundbreak-
ing results have been subsequently confirmed and ex-
tended to other filling factors by additional experimental
evidence [27H34].

The synergy between numerous theoretical and ex-
perimental studies has firmly established that the pri-
mary mechanism underlying the physics of the anyon
collider is the so-called time-domain braiding [35H4T].
In this configuration, anyons are randomly emitted by a
source quantum point contact (QPC) tuned to the weak-
backscattering regime [6]. This dilute stream of anyons
is sent to a central QPC, also in the weak-backscattering
regime, at which quasiparticle/quasihole pairs can be
spontaneously produced. An anyon emitted by the source
QPC can impinge at the central QPC before or after the
spontaneous excitation of a pair, thus giving rise to a non-
trivial quantum interference between two events with a
different statistical phase. The latter depends on the
statistical angle 7\ and, being a topologically protected
quantity, is independent of the sample details. Never-
theless, the probability of the spontaneous creation of
pairs scales as a temperature power-law whose exponent
is controlled by the scaling dimension §. Importantly, the
scaling dimension is not a topologically protected quan-
tity and can be renormalized due to effects related to the
specific sample [42]. Indeed, despite the theoretical effort
to propose alternatives for assessing the scaling dimen-

sion of anyons in the FQHE [43H49], experiments still
cannot provide a conclusive answer [50H53].

In this Letter, we propose a new experimental setup
to measure the statistical angle 7w of topological anyons
emitted by a source QPC without any need to extract
independently the scaling dimension §. We consider the
single edge of a FQHE liquid at v = 1/ (2n+ 1), with
n € N, in the presence of an Q—shaped junction (see
Fig. . The latter is obtained by geometrically defin-
ing a droplet in the fractional quantum Hall fluid. This
configuration is reminiscent of experiments performed at
integer filling factor in the context of the mesoscopic ca-
pacitor [54] [55]. We compute the time-dependent charge
current for isolated delta-like anyon pulses. We show that
the time evolution of charge current is controlled by the
exchange statistics of anyons, while other non-universal
factors, such as temperature and scaling dimension, just
renormalize the current prefactor. Then, we turn our at-
tention to a dilute stream of anyons emitted by a source
QPC placed upstream with respect to the Q2—junction,
following the concept of the anyon collider configuration.
We investigate finite-frequency current cross-correlations
at two system outputs, showing how they can detect
anyon braiding and directly extract the statistical an-
gle mA. Our proposal allows for the extraction of the
statistical angle independently of the scaling dimension,
similar to recent experimental protocols [52]. This key re-
sult could pave the way for future experiments in anyon
manipulation within the FQHE, contributing to the topo-
logically protected control of quantum information.

Model:- We consider the edge of a quantum Hall bar
tuned into the fractional regime at filling factor v =
1/(2n + 1), with n € N. Belonging to the Laughlin
sequence, a single channel is present on the edge: the
corresponding quasiparticles have a charge e* = er and
a statistical angle T\ = 7v.

The Hamiltonian describing the single channel on one
edge is a bosonic conformal field theory (CFT) [56]

to = 1= [ do (000 (1

where u is the velocity of the chiral boson field ¢(z,t) =
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Figure 1. Sketch of the setup: we consider a single edge of a
fractional quantum Hall bar. By means of negatively charged
voltage gates, a droplet of total length d is formed. We term
this configuration “Q2—junction”. By choosing a curvilinear
abscissa x along the edge and setting x = 0 at the center of
the droplet, the tunneling occurs between z = —d/2 and = =
d/2. We focus on the weak-tunneling regime where fractional
quasiparticles are tunneling through the junction. Anyons are
assumed to be injected at © = —L and the charge current is
detected at the drain x = D.

o — ut,0) = ¢(0,t — x/u). The description in
terms of a CFT naturally arises for one dimensional
gapless liquids. In addition, the chiral boson field
satisfies the commutation relation [¢(x,t),p(a’,t')] =
imsign [x — 2’ —u (t —1'))].

In order to investigate the braiding of anyons, we de-
form this single edge state such that a droplet of total
perimeter d > 0 is created. As a result, an Q—shaped
junction is formed as presented in Fig.[I] The coordinate
x is the curvilinear abscissa along the edge and x = 0 is
chosen at the center of the loop (see Fig. , such that the
tunneling occurs between x = —d/2 and = = d/2. We
refer to the latter point as the junction and to the region
between —d/2 < x < d/2 as the loop. The corresponding
tunneling Hamiltonian is [6]

Hp = Ae™* Wi (d/2)¥(—-d/2) + Hec., (2)

where A is a real tunneling amplitude,  is the complex
phase of the tunneling amplitude. By means of negatively
biased metallic gates, the tunneling amplitude can be
tuned: we focus on the weak-tunneling limit. In Eq.
we introduced the quasi-particle creation and destruc-
tion operators connected to the boson field of the edge
through the bosonization identity [57]

U(z) = _]: e—i\ﬁ<25(90)7 (3)
2ma

where F is the Klein factor and a is a short-length cut-off.

Correlation functions:- It is instructive to present the
correlation functions for the quasiparticle vertex opera-
tors in order to introduce the concepts of scaling dimen-
sions and statistical angle. The correlation function for
the quasi-particle operators is given by

<TK [eiﬁ¢>(x,tn) e—iﬁ¢(m’,t’n’):|> _ eag(t_t'_I—Tz’)

_iax _nn’

e 2 ol sign(tft’fz_Tzl) (4)

where G (t —t' — (z — 2') Ju) = 3 ({¢ (z,1), ¢ (¢/,t))}) —
(¢? (0,0)) contains all the information about the correla-
tion of boson fields and am, =sign(t—t(n+n')/2+
(7" —n) /2 ensures the correct ordering along the Keldysh
contour. In the above expression we also introduced the
scaling dimension 0 and the statistical angle A. The first
term becomes independent of the Keldysh indices be-
cause of the definition of the anti-commutator itself and
its explicit form for a free bosonic theory is given by

sinh (z % To)

sinh [% (t+ 1'7'0)}

G(t)=—1In : (5)

where 8 = kpf is the inverse temperature and 79 = a/u
is a short-time cut-off.

The form of the correlation function in Eq. @ can
be understood in a phenomenological way. Based only
on the free boson theory for the Laughlin sequence, one
should have § = A = v. Nevertheless, in a real sample the
scaling dimension can be renormalized [42]. In contrast,
the contribution in Eq. @D related to A arises due to the
boson commutation relation and it is independent of the
specific properties of the sample.

Time-dependent charge current:- The goal is to investi-
gate the braiding of anyons by looking at transport prop-
erties, which are computed in terms of the correlation
functions presented above. We start by considering the
time-dependent current, which is defined as (we choose
e>0)

I(t) = —eup (D, t) ) (6)

where p(z,t) = —\/v/(27) O, é(x,t) is the total charge
density expressed in terms of boson fields [56], evolving
with respect to the full Hamiltonian, and D is the po-
sition of the detector (see Fig. . Since the tunneling
is tuned to the weak-tunneling regime, we calculate the
current perturbatively to the lowest order in the tunnel-
ing amplitude A. Unlike the transport calculations for
a standard quantum point contact (QPC) involving two
edges, where the lowest contributing order is second or-
der, the first-order term is already non-vanishing in this
case.

Before providing the explicit expression for the cur-
rent, it is instructive to describe the physical picture
for the tunneling at the QPC. Spontaneous creation of
quasiparticle-quasihole pairs occurs continuously at the
junction, with the process P; (in which a quasiparticle is
created at x = —d/2 and a quasihole at x = +d/2) and
its reverse process P». These processes create two contri-
butions for the current along the edge: one at © = —d/2
and another at z = d/2. We denote these contributions
as the tunneling currents I, and I:,Jf , respectively. These
currents satisfy I} (t) = —I; (t), reflecting the opposite
charges of the spontaneously created anyons in both the
P; and P, processes.

In the absence of incoming anyonic excitations, the
process P; and its reverse process P, are characterized
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Figure 2. (a) A single injected anyon is passing through the
loop while a spontaneous quasiparticle/quasihole pair (orange
stars) is created, thus giving rise to a non-trivial braiding
phase e?™*. (b) Similar process with creation of a sponta-
neous quasihole/quasiparticle pair: the associated braiding
phase is the complex conjugate of the one in panel (a). (c)
The single injected anyon has already passed through the loop
while the pair is created: no braiding phase is associated with
this process. (d) The total charge current as a function of
(t — 7p) /7a for different values of the phase x at v = 1/3.
Through time, the value of charge is changing following the
dynamics described by the processes in panels (a)-(c). In par-
ticular, the interference between the two processes in (a) and
(b) gives rise to a finite current.

by phases e~ and e, respectively (see Eq. ) As
a result, the tunneling currents become I = Fsin(x),
thus generating no current along the edge beyond the
droplet.

Now, let us consider the case where a single anyon is
incoming on the junction, as illustrated in Fig. If a
spontaneous quasiparticle-quasihole pair is emitted dur-
ing the time interval 74 = d/u, where the incoming anyon
is within the loop, the phases of the P, and P, processes
are modified by a factor of 27\, due to the anyonic
exchange statistics. As the currents I%E become time-
dependent, and as I (t) and I (t) are emitted at dif-
ferent positions along the edge, this creates a non-zero
current beyond the droplet.

While all the details for the calculations are carried
out in Ref. [58], here we present the final result for the
time-dependent charge current, whose contribution at
first order in the tunneling amplitude reads (I (t)}m =
LE (t —74/2) + I7 (t + 74/2), with

IE (t) = F1o (6,0) sin [2wAN () + &] (7)

where Iy (6,0) = e*Ae?9(4/%) / (ra) is the current ampli-
tude, N(t) = Lt__:;j;d/;dT d(t) = 0 or 1 if the incom-
ing anyon is outside or inside the loop at time t — 7p,
with 7p = D/u the time needed to reach the detec-
tor. Manifestly, the current at first order is finite only
if If (t—74/2) + Iy (t+74/2) # 0. Eq. (7) represents
one of the main results of this Letter. We remark that

for the integer filling factor v = 1, when fermions are
injected, the current at first order vanishes, as proven
in Ref. [58]. More importantly, it is worth noting that
the result is non-zero even at first order in the tunneling
amplitude.

The time-dependent charge current is shown in
Fig. d). Each of the two steps, with opposite signs,
corresponds to the tunneling currents I%(t). These steps
are separated by a time delay 74 = d/u, which reflects
the time it takes to travel through the loop.

In contrast with a conventional QPC, here it is the su-
perposition of equal-time processes P; and P, with dif-
ferent statistical phases, that gives rise to a finite charge
current. Therefore, no integral over time is required and
the current depends only on the creation amplitude for
one pair at the QPC at time t = 0, i.e. ¢*9(4/w)  Aga
result, the effects of both the scaling dimension § and the
temperature 0 factorize with respect to the contribution
of the statistical angle wA. This crucial result arises from
the fact that the current is non-vanishing even at first
order in the tunneling amplitude.

Dilute stream of anyons:- While the physics presented
for the charge current is rich and interesting, it is nev-
ertheless quite complicated to envisage the measurement
of time-dependent quantities generated by isolated anyon
pulses. Moreover, the statistical angle cannot be directly
exctrated from the current, especially in the case M =1
(see Ref. [58] for a discussion about the case M > 1). In
the following, we focus on the case of a dilute stream of
anyons injected by a source QPC placed upstream with
respect to the ) junction, as shown in Fig. a).

The source QPC is biased by a constant potential Vp¢.
At its output, anyons are randomly emitted and their
number is distributed according to a Poisson distribution
with parameter v [26] [35]. It follows that the average in-
coming current toward the Q junction is e*y = T Vpc,
where 7 is the transmission of the source QPC. In or-
der to extract information about the braiding statistics
of anyons, we compute the finite-frequency noise defined

as [59)
S (w) = Re [ / d(t—t)e“(t=t) (51, (1) 6L ()|, (8)

which corresponds to the cross-correlations between the
excess current operators 617 = I} — (I1) and 6Ip = I, —
(I3), detected at terminals Dy and Dy, respectively (see
Fig. |3). Note that cross-correlations can take complex
values at finite frequency, but we only consider the real
part here as this is the only meaningful contribution from
an experimental standpoint [60].

We compute this quantity at lowest order in tunnel-
ing at the —junction and we treat non-perturbatively
the presence of the source QPC by means of the non-
equilibrium bosonization formalism [35]. In this way, one
arrives at the following expression [5§]

SW (W) =sex (3) (9)



Figure 3. (a) Setup for the measurement of the statistical
angle using the 2 junction with a dilute stream of anyons. A
QPC is placed upstream with respect to the droplet and tuned
to the weak-backscattering regime. In this way, a stream of
anyons distributed according to Poissonian statistics impinges
at the QQ—junction. The current correlations between the de-
tectors Dy and Dy are measured to extract the statistical an-
gle \. (b) The finite-frequency noise S /Sél) as a function
of 4 for A = 1/3 and various values of k. From the position of
the zeros 41 and 42, one can obtain the statistical angle A (see
Eq. ) The inset shows a zoomed-in view of the position
of the second zero.

where we defined 7 = y74 and

T™a u

2.2 in2 (()Td
S(()l) (w) :47e v Ae‘sg(d/“) sin (w Dy - D2> — (w 2d)

(10)
C\(9) = Sin(wA)&e—’?[l—cos(zw,\)]
x cos [7sin (2mA) + A — k], (11)

with D; and D5 the curvilinear abscissa of the two de-
tectors. We note that, for fermions, Cx—; (§) = 0.

In Fig. b), the rescaled cross-correlation noise S™)
is shown as a function of the normalized injected anyon
current 7. One can easily see the distinctive behaviour of
SW for A = 1/3, which is oscillating and decaying, com-
pared to the fermionic case at A = 1, which is vanishing.

As can be read from Eq. @[), even the finite-frequency
noise depends on a non-universal constant xy. However,
the relative position of two consecutive zeros 47 and s
of the sine function in Eq. (ED is always independent of
7x. We give an example for k£ = 7/4 in Fig. [§(c). In this
case, by inverting the previous relations, the statistical
angle can be directly determined by the equation

/\zlarcsin<~ ﬂ-~). (12)
2m Y27

In general, the experimental observation of the curve
shown in Fig. [B(c) enables the extraction of the statistical
angle as a fitting parameter without any prior knowledge
of non-universal quantities. More specifically, the statis-
tical angle can be determined by measuring the noise as a
function of «, which depends simply on the potential bias
and on the transmission of the source QPC. The value of
T4, which is required to obtain ¥ via ¥ = 74, can then
be determined together with A by combining Eq.(13) and

the fact the the exponential decay of the noise is given
by (1 — cos(2mA)).

The range of relevant values of 7, as plotted in Fig. [3]
should be accessible experimentally. At filling factor v =
1/3, for typical samples with edge velocity u ~ 10* ms™!
and maximum injected current Iin; = e*y ~ 1 nA, this
corresponds to a loop of length d ~ 3 pnm, which is well
within reach of current nanofabrication techniques. This
loop size balances the competing requirements of sup-
pressing edge reconstruction and minimizing thermal de-
phasing, in agreement with experimental observations of
coherent quantum interference over similar length scales
in the fractional quantum Hall regime [25].

Another important point regarding experimental fea-
sibility concerns the presence of disorder. While disorder
in the Q-loop region may induce sample-dependent phase
shifts, it does not obscure the topological signal: the sta-
tistical angle is encoded in a universal contribution that
remains robust against non-universal prefactors such as
K, which are fixed for a given sample realization.

It is also important to stress that the actual frequency
dependence of the cross-correlation noise is irrelevant for
the determination of the statistical angle, so that a mea-
surement carried out at a single, low but finite frequency
would be sufficient. The results in Egs. @[) and , and
the related discussion, represent the second key finding
of our Letter.

Conclusions:- In this Letter, we proposed an experi-
mental protocol to detect directly the statistical angle
of anyons in the fractional quantum Hall regime. Our
setup consists of a single edge of an Abelian fractional
quantum Hall liquid bent to form an 2—shaped junction
where injected anyons can impinge at. Firstly, we pre-
sented the main physics associated with this setup by
focusing on the case of an isolated delta-like anyon pulse.
We showed that the time-dependent tunneling current
is non-vanishing at first order in the tunneling amplitude
and that the effects of temperature and scaling dimension
factorize with respect to the contribution of the anyon
statistics. In the presence of a dilute stream of fractional
quasi-particle emitted by a source QPC, we computed the
finite-frequency cross-correlations noise, and we showed
how the statistical angle A can be accessed directly. Our
results introduce a new configuration where anyon statis-
tics can be tested with crucial advantage compared to the
existing ones. We believe that an important extension for
our calculations is to consider other Abelian filling factors
or non-Abelian quantum Hall states, which will allow a
unique exploration of the more complex dependence on
A and 6.

Another promising direction for future work is to inves-
tigate how our results are modified by nonlinear correc-
tions to the chiral Luttinger liquid theory, such as those
discussed in Refs. [61H63], which go beyond the linear
edge dispersion assumed in our model.
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