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COHOMOLOGICAL INTEGRALITY FOR SYMMETRIC QUOTIENT STACKS

LUCIEN HENNECART

ABSTRACT. In this paper, we establish the sheafified version of the cohomological integrality conjecture for
stacks obtained as quotients of smooth affine symmetric algebraic varieties by reductive algebraic groups
equipped with an invariant function. A central step is the definition of the BPS sheaf as a complex of
monodromic mixed Hodge modules on the coarse moduli space. We prove the purity of the BPS sheaf
when the situation arises from a smooth affine weakly symplectic algebraic variety with a weak moment
map. This situation gives local models for 1-Artin derived stacks with a self-dual cotangent complex. We
then apply these results to prove a conjecture of Halpern-Leistner predicting the purity of the Borel-Moore
homology of derived stacks with self-dual cotangent complex (in particular, O-shifted symplectic stacks)
having a proper good moduli space. One striking application is a proof of the purity of the Borel-Moore
homology of the moduli stack of principal Higgs bundles over a smooth projective curve for a reductive

group G, extending the case of G = GL,, to arbitrary reductive groups.
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We continue the study of the topology and enumerative geometry of moduli stacks initiated in [Hen24],

where we established a cohomological integrality isomorphism for quotient stacks of the form V/G where V

is a finite-dimensional representation of a reductive group G. The main result of [Hen24] is recalled in §2,

Theorem 2.1. It provides a decomposition of the cohomology H*(V/G, Q) in terms of parabolic inductions,

reminiscent of Springer theory (see for example [Lus84], [Gunl8, Theorem 1]), when V is a symmetric

representation of G. This study is not only of representation-theoretic relevance but also of geometric
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interest, with applications to understand smooth, 0-shifted and (—1)-shifted symplectic stacks [Pan+13], as
demonstrated in this paper and more recently in [Bu-+25].

Integrality conjectures and results originate in the work of Kontsevich and Soibelman [KS08, §7], [KS11,
§6] and deal with some kinds of factorizations of generating series which give rise to a precise understand-
ing of meaningful enumerative invariants: Donaldson—Thomas (DT) invariants (introduced in [DT98] for
stable sheaves and in [JS12] for semistable sheaves), Bogomol’'nyi-Prasad—-Sommerfield (BPS) invariants (in
relation to the algebra of BPS states [IM98]), and their cohomologically and motivically refined avatars
[Mor+12; DM20; DM15]. The work of Efimov [Efi12] (concerning symmetric quivers without potential) can
be seen as a categorification of the cohomological integrality of Kontsevich and Soibelman. Indeed, a factor-
ization of the generating series involving the BPS invariants is turned into an isomorphism between a vector
space and the symmetric power of a graded vector space with finite-dimensional pieces whose dimensions
give the refined BPS invariants [Efi12, Theorem 1.1].

Meinhardt and Reineke [MR19] pushed further the study of cohomological Hall algebras (CoHAs) of
symmetric quivers without potentials. They provide a motivic refinement (using Grothendieck rings of mixed
Hodge structures) of the cohomological integrality isomorphism of Efimov. By using framed representations,
they determined precisely the BPS invariants of a symmetric quiver: they are given by the intersection
cohomology of the good moduli space [MR19, Theorem 1.1].

Davison and Meinhardt then considered and proved sheafified versions of cohomological integrality iso-
morphisms for quivers with potential [DM20]. Instead of proving directly an isomorphism at the level
of vector spaces, they define a sheafified cohomological Hall algebra (an algebra object in a category of
monodromic mixed Hodge modules) and prove a cohomological integrality result which resembles a PBW
isomorphism in this category [DM20, Theorem A]. The idea is to take advantage of the good moduli space
map for representations of the Jacobi algebra of a quiver with potential, which is a canonical map from the
stack of representations to an algebraic scheme/space.

All formerly known cohomological integrality results involve cohomological Hall algebras, as defined and
studied in the non-exhaustive list of references [KS11; SV12; SV20; DM20; YZ18; KV22; DHM22; KPS24].
Cohomological Hall algebras are powerful objects to study the topology and enumerative geometry of ubig-
uitous moduli spaces in algebraic geometry, such as the moduli spaces of vector bundles over smooth pro-
jective curves, the moduli spaces of Higgs bundles and local systems in relation with the P = W conjecture,
and the moduli spaces of quiver representations in connection with representation theory (Yangians and
quantum groups [MO19]). Recent works have shown how this technology can be used effectively to solve
algebro-geometric problems: nonabelian Hodge isomorphisms for stacks, decomposition of the cohomology
of Nakajima quiver varieties, positivity of cuspidal polynomials of quivers, P = W-conjecture [MS; Hau+22]
and identification of the Maulik-Okounkov Yangian, see in particular [DHM22; DHM23; Hau+22; BD23;
SV23; Mel+23] for a selection. The formalism we start to develop here is expected to help understand
analogous questions for arbitrary reductive groups.

Classical cohomological integrality isomorphisms give equalities involving plethystic exponentials [KS11,
§6.2, Corollary 3], while their categorification involve symmetric powers of a vector space [Efi12, Theorem
1.1]. Both are type A phenomena, in the sense that they involve symmetric groups which are the Weyl groups
of type A algebraic groups such as GL,,, SL,, and PGL,,. Cohomological integrality in situations involving
more general reductive groups also involve their Weyl groups [Hen24, Theorem 1.1]. Understanding the
mechanics of Weyl groups in this context and their behaviour with respect to étale slices is a technical but
central part of this work, see §4.4. When working with quivers, this discussion is well-understood and all
compatibilities of Weyl groups follow from the monoidality of some restriction functors.

The direction of the categorification of cohomological Hall algebras initiated in [PS23] seems very promis-
ing in order to define categorical enumerative invariants, as shown by the recent series of papers of Padurariu—

Toda, e.g. [PT23]. The formalism of [PS23] can be applied to the more general situation of Hamiltonian
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reductions of symplectic vector spaces or more generally 0-shifted symplectic stacks. It is worth to study
in the perspective of categorical enumerative invariants and categorical or noncommutative resolutions of
symplectic singularities [Van04; Lun10; KL15].

In this paper, rather than going up on the ladder of categorification, we extend the scope of cohomological
Donaldson—Thomas theory to a larger class of stacks than that involved when studying sheaves on manifolds
or representations of quivers. In particular, we develop the formalism to study stacks which do not arise as
stacks of objects in some Abelian category. This study was in particular made necessary by the desire to
understand better the stacks of principal bundles, including stacks of Higgs bundles, over smooth projective
curves. In this more general setting, parabolic inductions (§5) replace the CoHA multiplication. Stacks of
the form V/G were studied from a different perspective in [SV21; SV17] where, in rough terms, the coherent
derived category of V/G together with semi-orthogonal decompositions were used to construct categorical
resolutions of the GIT quotient V/G. This is related to the connection between the derived category of a
stack and the GIT quotient [Hall5b] and to the noncommutative minimal model programme [Hal23].

We briefly describe the contents of this paper. We first prove a sheaf-theoretic cohomological integrality
isomorphism for a class of quotient stacks X/G where G is a reductive group and X is a symmetric smooth
affine G-variety (Theorem 1.5). When X = V is a finite-dimensional symmetric representation of G,
we obtain a sheaf-theoretic version of [Hen24, Theorem 1.1]. The proof of Theorem 1.5 relies heavily on
[Hen24] via a local-global principle involving étale slices (§7). Applying vanishing cycle functors immediately
gives cohomological integrality isomorphisms for smooth affine critical G-varieties (X, f) (a G-equivariant
Landau—Ginzburg model), see Theorem 1.7. Here, f: X — C is a G-invariant function. Although this
seems to be a very mild generalization of Theorem 1.5, it has far-reaching consequences obtained via
(cohomological) dimensional reduction ([Dav17] for the version relevant for us, see also [Kin22; DP22], and
[KS11, Proposition 6] for the first occurrence of cohomological dimensional reduction). In particular, it
can be applied to the study of 0-shifted symplectic stacks §1.1.4 and more generally of derived stacks with
self-dual cotangent bundle. Our main result there is that for such stacks, the pushforward of the dualizing
complex of the stack to the good moduli space is a pure complex of mixed Hodge modules. We use this
property to prove a conjecture of Halpern-Leistner [Hall5a, Conjecture 4.4]: the Borel-Moore homology of
0-shifted symplectic stacks, or more generally, 1-Artin derived stacks with self-dual cotangent bundle having
a proper good moduli space is pure in the sense of Hodge theory (Theorem 1.13). Note that by [Ahl+23],
we do not have to pass to the classical truncation to consider the good moduli spaces. This generalizes
one of the main results of [Dav24], where a proof of Halpern-Leistner’s conjecture for stacks arising from
2-Calabi—Yau categories is given. Note that the only place where derived structures appear crucially in this
paper are for local models of derived stacks with self-dual cotangent complexes, and such local models can
then be dealt with classically.

This paper contains two appendices. The goal of Appendix A is to give a minimal account regarding
monodromic mixed Hodge modules following [DM20, §2]. Appendix B exemplifies Theorem 1.5 and echoes
[Hen24, §6 Examples].

1.1. Main results. In the remainder of the introduction, we present succinctly our main results and some

of their applications.

1.1.1. Semisimplicity. Let X be a smooth affine algebraic variety with an action of a complex reductive
group G. We let 7: X/G — X /G = Spec(C[X]%) be the good moduli space map.

Theorem 1.1 (= Proposition 3.14). The complex of mized Hodge modules mgx/c € DY (MMHM(X/@Q))

is pure of weight zero, and therefore semisimple.

The strategy of proof is to first establish the approzimation by proper maps property for 7’: X/(GxC*) —
X /|G where C* acts trivially on X (§3, Proposition 3.12). We then relate the pushforwards W*QX/G and

ﬂ-igx/(cxc*)‘ Theorem 1.1 implies that W*QX/G € MMHMZ(X//G) is a cohomologically graded mixed
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Hodge module, that is W*QX/G ~@,y ﬂi(ﬂ'*gx/c)[—i] decomposes as a direct sum of its shifted perverse
cohomologies (§A.2).

Via étale slices [AHR20], one can globalize Theorem 1.1 to more general stacks.

Corollary 1.2. Let M be a smooth Artin stack of finite type having a good moduli space 7: M — M with
affine diagonal. Then W*gm is a pure weight zero complex of mized Hodge modules. In particular, if M is

proper, the mized Hodge structure on H*(9M, Q) is pure of weight zero.

By specializing Corollary 1.2 to the stack of semistable G-bundles over a smooth projective curve, when

G is a reductive group, we obtain a new proof of the following.

Corollary 1.3. The moduli stack of semistable principal G-bundles over a smooth projective curve has pure

weight zero cohomology.

Proof. The moduli space of semistable G-bundles over a smooth projective curve is projective [Ram96,

Theorem 5.9]. We can then apply Corollary 1.2 ]

Our proof of Corollary 1.3, using a version of approximation by proper maps, is similar in spirit to the
proof appearing in [Kin24]. Similarly, we can recover [Kin24, Corollary 5.2] regarding the purity of the
cohomology of stacks of semistable sheaves on (local) del Pezzo surfaces. Our version of approximation by
proper maps gives virtually small morphisms in the sense of [MR19], see Definition 3.1. The author will
exploit this fact in a forthcoming work to give quantitative information on the perverse filtration on the
cohomology of the stack arising from the good moduli space map.

Using the Harder—Narasimhan stratification, we are then able to recover a now classical and important
result [Tel98, Proposition 4.4], see [HS10, Corollary 3.3.2] for the version of this result over finite fields.

Corollary 1.4. The moduli stack of G-bundles over a smooth projective curve has pure cohomology.

Our proof of this statement is valid in both characteristic zero (for which we use the theory of monodromic
mixed Hodge modules, as in [DM20] and introduced by Saito, see e.g. [Sai90]) and in positive characteristic
(for which we use ¢-adic sheaves as in [KW13]). They key point is that the approximation by proper maps
for good moduli spaces V/G — VG works in both settings (although we only explicit the characteristic
zero situation). Of course, more is known about the cohomology of the stack Bung, in particular it is known
to be generated by tautological classes [AB83] (in characteristic zero) and [HHS10] in positive characteristics,
and the (absence of) relations between them is also known [HS10], i.e. the ring H*(Bung) is completely

explicit.

1.1.2. Sheafified cohomological integrality for symmetric quotient stacks. Let G be a reductive group and X
a smooth algebraic variety with a G-action which is symmetric (for any z € X such that the orbit G - x
is closed, T, X and T;X have the same sets of weights counted with multiplicities for a maximal torus
T, C G, inside the stabilizer G, of z, Definition 5.4 — this is equivalent to [Hen24, Definition 2.3] when
X =V is a representation of G). We let T be a maximal torus of G. For any cocharacter A € X, (T),
we have a Levi subgroup G* C G (fixed point set under A-conjugation) and a smooth symmetric G-
variety X* = Uaero
components. We have the good moduli space map m(y ) Xo/G* — X2 )G = Spec(C[Xé])GA. We
denote by 2x ¢ the set of pairs (\, ) with A € X, (T) and o € m(X?).

We let Px ¢ be the set of equivalence classes of pairs (A, a) € Zx ¢ of a cocharacter A of T' with a

X 2 (fixed points under the A-action), which we may decompose into connected

connected component a € my(X?) with respect to the relation
X=X 5 as subvarieties of X

(ha) ~ (1, 8) {zeau.
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For a pair (A, ), we let (A, @) be its class in Zx . The Weyl group W of G naturally acts on the set of
pairs (), «), and this action descends to #x . For any pair (A, a), there is a subgroup W, o) = {w €
W lw-(\a)=\a)} €W (§4.4). The Weyl group W* := Nga(T)/T of G* is a normal subgroup of
Wina) (Lemma 4.8). We denote by W(A,a) = W(Aﬁa)/WA the quotient, which is a subgroup of the relative
Weyl group of G* C G (§4.10.2). We let G (5 o) = ker(G* — Aut(X2)) N Z(G*), the subgroup of the center
of G* acting trivially on X2. Its neutral connected component G((J/\@) is a torus. There is a character

ex,(na)t Wina) = {£1} (Lemma 8.1). We let Q) = Qy

constant sheaf, where .Z is the Tate twist. For any (A, a) € Zx ¢, we have a W( A,o)-invariant finite map
)t X2 )G - X//G (Lemma 5.3).

dim X —dim G

®.Z~" =z  be the perversely twisted

Theorem 1.5 (= Theorem 8.7). Let X be a smooth symmetric affine G-variety. For any (\,a) €
2x.q, there exists a cohomologically graded mized Hodge module (§A.2) Pira € (M)« Q €

MMHMZ (X} JG*) such that the map

(1.1) B (0w Ppa @ H B/ Grm) ¥ 0 - m QY
Na)ePx /W

vir
X2/GH

in DY (MMHM(X2 /G?)) induced by the sheafified induction morphisms (5.5) is an isomorphism. The
quantity ((1(x,0))«P(r,a) @ H*(Pt/G(r,a))) X3 is the isotypic component of the character €x (x o) for the
W (x,)-action on (((rna)«Pora) @ H*(pt/Gxa))) € MMHMZ%(X /@), an object of an Abelian category.
Moreover, Py o) only depends on the G*-variety X up to isomorphism, and is uniquely determined by the

existence of cohomological integrality isomorphisms (1.1) for all pairs (X,g’ G"), (11, B) € Zx.¢-

The direct sum of Theorem 1.5 runs over W-orbits in &x . For each orbit, we choose a representative
(A, @) with A € X,.(T) and « € mo(X?). The cohomological integrality isomorphism of Theorem 1.5 depends
on such a choice but in a non-essential way.

We refer to 8.5 for the definition of the cohomologically graded mixed Hodge modules P, ,y. In the
introduction, we use the notation Pira for them to emphasize their connection with the vector spaces
Py defined by [Hen24, Theorem 1.1] when X = V is a representation of G. Namely, in this case, Py =
H*(X)/G*,P,). Later, we may denote them BPSx (x,q) to insist on the similarity with the BPS sheaf for
quivers introduced in [MR19; DM20]. However, a crucial difference is that the complexes BPSy (5 o) may

not be concentrated in a single perverse degree a priori.

Proposition 1.6. The cohomologically graded mized Hodge modules P, .y giwen by Theorem 1.5 are con-

centrated in finitely many cohomological degrees.

1.1.3. Sheafified cohomological integrality for critical symmetric quotient stacks. Let G be a reductive group
and X a smooth affine G-variety. We let f: X — C be a G-invariant function. The pair (X, f) is called
a critical G-variety. For any (A, o) € Zx g, the restriction f(y o): X2 — C of f to X2 provides a critical
G*-variety (X7, f(r,a)). We also denote by f(xq): X2/G* — C the regular function induced on the good
moduli space.

We define Hy ¢ ¢ = w*gafcg‘)’(i;c, € MMHM?(X /@) (we use 1.1 and the fact that the perversely twisted
vanishing cycle functor ga? preserves cohomologically graded mixed Hodge module as it is perverse t-exact)

and Hx c,r = H*(X/G, Hx ¢ ), a vector space.

Theorem 1.7. (= Theorem 9.2) We assume that X is a smooth symmetric G-variety. For (A, a) € 2x ¢,
we let BPSxx 5., ., = ('DZJ)‘u,a)E(Na) e MMHMZ(X2/G?*) be the perverse eract vanishing cycle functor

applied to the cohomologically graded monodromic mixed Hodge modules Pr.a) given by Theorem 1.5. Then,

we have an isomorphism

P ((a)BPSxs g, . @H (DH/Ginm) 0o = Hy g
mG«@X,G/W
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Corollary 1.8. We let BPSx» ¢, ., =H" (X2 )G, BPSx finm ). Then, we have an isomorphism

D BPSx .., @H(PE/Gra) 0 = Hya s

—_—

No)ePx /W
The convention on the direct sums in Theorem 1.7 and Corollary 1.8 is the same as for Theorem 1.5.
For the critical cohomology, in contrast to the situation of V/G presented in §1.1.2; we first establish the
sheafified version of the cohomological integrality and then, by taking derived global sections, the absolute

version.

1.1.4. Purity of the BPS sheaf for weak Hamiltonian reductions. Let X be a weakly Hamiltonian smooth
affine G-variety ([Hal20, Definition 4.2.1], see also Definition 10.1). This means that there is a G-equivariant
isomorphism of vector bundles ¢: T*X — TX (we say that X is weakly symplectic), a G-equivariant map
w: X — g* to g* = Lie(G)* considered with the coadjoint G-action and a G-equivariant isomorphism

¢: X x g — X x g such that the square

X xg -2 Trx

1k

Xxg—2-5TX

commutes after restriction over y~!(0), where a: X x g = TX, (z,€) — (x, X¢(x)) (where X is the vector
field on X generated by the action of £ € g) is the infinitesimal action of G on X and du(x, &) == d{u(—),&)(x)
is the differential at x of the function f: x — (u(x),£) on X obtained by contraction of the map pu. We call
i a weak moment map. The function f: X =X x g— C, (,8) — (u(x), &) gives a critical affine G-variety
()~( , ). Moreover, by weak symplecticity, X is a symmetric G-variety and therefore so is X.

The following lemma is a consequence of the factorization property of the DT sheaf of the critical affine
G-variety (X, f) (Lemma 12.9). Recall that for a € mo(X), we define G(0,0) = ker(G — Aut(X,)) N Z(G).
We let g(o,q) == Lie(G(0,a)) (in the sequel, we may assume, without loss of generality, that X is connected,

and therefore write Gy and go).

Lemma 1.9 (Support lemma = Lemma 12.11). The BPS sheaf BPS 5 is supported on X /G x go C )~(//G
Moreover,
~ red
BPS; = BPSYYRQ

where BPSE??f =1"BPS 5 ; is the dimensionally reduced BPS sheaf, where 1: X)G — )?//G is the natural
closed immersion.

The support lemma can be used to prove a crucial purity result.

Theorem 1.10 (= Theorem 12.14). The BPS sheaf BPS s a pure weight zero cohomologically graded
mized Hodge module on X /G.

The purity of BPS ¢ s and B’PSE?fif are equivalent by Lemma 1.9.

Corollary 1.11. Let V be a representation of a reductive group G. Let p: T*V — g* be the moment map.
Then, HE“C/I;(M_l(O), Q) has pure weight 0 mized Hodge structure.

This corollary generalizes the purity of the Borel-Moore homology of the stack of representations of
preprojective algebras [Dav23, Theorem A].

In particular, we may apply this corollary to the commuting stack ¢ (g) = {(z,y) € g° | [z,y] = 0} of a
reductive Lie algebra g and obtain a result that does not seem to appear in the literature (except in type
A).

Corollary 1.12. Let g be a reductive Lie algebra. Then, the G-equivariant Borel-Moore homology H*B}\G/I(%(g), Q)

carries a pure mixed Hodge structure.
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1.1.5. A purity conjecture of Halpern-Leistner. The following theorem is our answer to [Hall5a, Conjecture
4.4].

Theorem 1.13 (= Theorem 13.1). Let M be a 1-Artin 0-shifted symplectic stack. We assume that 9
is of finite type and has a proper good moduli space with affine diagonal. Then, the Hodge structure on
HBM(O, Q) is pure of weight zero. More generally, if M is a derived algebraic stack with proper good
moduli space having affine diagonal and such that Loy = Ly, then HBM(9, Q) carries a pure weight zero

mized Hodge structure.

This theorem is a generalization of [Dav24, Theorem 6.10], which provides a proof of Halpern-Leistner’s
conjecture for stacks arising from 2-Calabi—Yau categories. The purity was one of the ingredients to obtain
precise structural results regarding the cohomological Hall algebras of 2-Calabi—Yau categories, which involve
in particular generalized Kac—-Moody algebras, [DHM22; DHM23]. The strategy of proof for stacks arising
from 2-Calabi—Yau categories is outlined in [Dav20, §1.4].

1.2. Connection to other works. After this paper has been made available on the arXiv, work of Bu,
Davison, Ibaniez Nufiez, Kinjo and Padurariu [Bu+25] dealing with cohomological integrality for orthogonal
stacks appeared. These are the stacks which locally look like (via étale slices) quotient stacks V/G where G is
an orthogonal representation of G (a representation of G admitting an invariant non-degenerate symmetric
bilinear form). The orthogonality condition is strictly stronger than symmetricity we use in the present
paper. For example, the natural representation C? of SLy(C) is symmetric but not orthogonal. Indeed, a
nondegerate symmetric bilinear form on C? induces a non-zero quadratic function, and there are no non-zero
SLs(C)-invariant functions on C?. See Lemma B.3 for a larger class of non-orthogonal representations. For
orthogonal stacks, the authors prove the generalization of Theorems 1.5, 1.7 (Theorems 1.2.7 and 1.2.12 in
[Bu+25] respectively) to general stacks having a good moduli space and satisfying the conditions (i)-(iv)
in [Bu+25, §1.2.5], in addition to being orthogonal. They also prove Conjecture 8.14 in the orthogonal
case (and its natural generalization to this class of stacks), which is an identification of the complexes of
mixed Hodge modules BPSy (5 o) With the intersection cohomology of the coarse moduli space X 2)G*
under a stability constraint on (A,«). The example in §B.7 shows that Conjecture 8.14 also holds for
the non-orthogonal representations Matax,(C) (n odd) of SLa(C), suggesting it should hold for general
symmetric representations of reductive groups. The strategy of [Bu+25] reduces Conjecture 8.14 to the case
of representations of reductive groups having no degree 2 homogeneous invariant functions, which should
lead to further developments.

Combining the results of [Bu+25] and [Hen24], it is possible to extract a very efficient algorithm to
compute the intersection cohomology of good moduli space V//G of the affine GIT quotient of an orthogonal
representation of a reductive group G. While less precise, our approach gives a little more flexibility on the
class of stacks considered, which are only assumed to be symmetric, allowing a proof of Halpern-Leistner’s

purity conjecture via local-global principles.

1.3. Notations and conventions.

e The letter G will be mostly used to denote a (connected) reductive algebraic group. Let G be a
reductive algebraic group. We call rank of G, and write rank(G), the dimension of a maximal torus
of G.

e If V is a representation of a finite group W and x an irreducible character of W, we let VX be the
X-isotypic component of V.

e If X is a complex algebraic variety acted upon by an algebraic group G, we let X/G be the quotient
stack (denoted without brackets). The stabilizer of x € X is denoted by G,.

e The multiplicative group is denoted by Gy,. The Abelian group of characters of an algebraic torus
T is Homz(T, Gy, ). The set of cocharacters of T' is the Abelian group Homz (G, T).
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e Let H C G be algebraic groups and X an H-variety. We let X x G := (X x G)/H where H acts
diagonally on X x G by h- (x,g) = (h-x,gh™!). The formula g - (z,g") == (z, gg’) gives a G-action
on X xf G. The quotient stacks X/H and X x G/G are equivalent.

e The cohomology of stacks and varieties will be considered with Q-coefficients when the sheaf of
coefficients is hidden. The constructible derived categories are always taken with Q-coefficients.

e Let X be a complex algebraic variety. The constructible derived category D.(X, Q) has the natural

St 721 Tt also has the perverse

t-structure with cohomology functors H* and truncation functors =

t-structure with cohomology functors PH? and truncation functors P7<% Pr2% [Bei+18]. The derived

category of monodromic mixed Hodge modules D(MMHM(X)) has the natural ¢-structure with
cohomology functors H' and truncation functors 7<%, 72%. We refer to §A for a minimal account on
mixed Hodge modules.

e Constructible sheaves on an algebraic variety X are denoted for example .#,¥4, Qx. Monodromic
mixed Hodge modules on an algebraic variety are underlined, for example: .#,¥, Q X

e We have a triangulated functor rat: D(MMHM (X)) — D.(X), which intertwines the functors P7<?
and 7%, P72 and 72, and PH’ and H'.

e If X is a smooth algebraic variety or smooth stack, we define 9;” = 936 ® L~dmX/2 5 pure
monodromic mixed Hodge module sitting in cohomological degree —dim X, where . is the Tate
twist (a pure cohomologically graded mixed Hodge structure concentrated in degree 2). The theory
of mixed Hodge modules is extended to algebraic stacks in [Tub24]. The present paper mainly deals
with quotient stacks.

e For a function f: X — C, we denote by gpfc the shift of the vanishing cycle functor that is perverse
t-exact. It acts on (complexes of) monodromic mixed Hodge modules and constructible sheaves
compatibly with the functor rat.

e Given an algebraic variety X, the intersection cohomology IH*(X) is given the perverse shift. That
is, TH(X) may be nonzero for —dim X < i < dim X only. Cohomology is given the classical shift,
so that HY(X) may be nonzero for 0 < i < 2dim X only.

e Given an algebraic torus T, there is a pairing (—, —): X.(T) x X*(T') — Z between characters
X*(T) and cocharacters X.(T).

e If X is finite type separated stack, we denote by HEBM(X, Q) its Borel-Moore homology. By definition,
we have HEM (X, Q) = p.DQx for the unique map p: X — pt, where DQx is the dualizing sheaf of
X.

e We denote by X°! the classical truncation of a derived stack X.

e A 1-Artin stack is a derived stack X whose classical truncation X< is an Artin stack.
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2. ABSOLUTE COHOMOLOGICAL INTEGRALITY FOR SYMMETRIC REPRESENTATIONS OF REDUCTIVE
GROUPS

In this section, we recall the absolute cohomological integrality isomorphism established in [Hen24] for
symmetric representations of reductive groups. Via local-global principles relying on étale slices §7, it
is the building block of all sheafified cohomological integrality isomorphisms we prove in this paper, in
particular Theorem 1.5, which relies on, but also generalizes [Hen24, Theorem 1.1] in two crucial directions.
Theorem 1.5 indeed applies to any symmetric smooth affine G-variety (G reductive) and not only X =V a
symmetric representation of G, and it provides an isomorphism of complexes of mized Hodge modules rather
than just an isomorphism at the level of derived global sections (i.e. isomorphism of graded vector spaces
or graded mixed Hodge structures).

Let V be a representation of a reductive group G. Let T' C GG be a maximal torus. Given a cocharacter
A € X, (T), we define a Levi subgroup G* C G, the centralizer of A\, and V* C V the subspace fixed by
A, a representation of G*. The attracting locus Py := G**° C G is a (standard) parabolic subgroup and
VAZ0 C V is a representation of Py. In [Hen24, §2], we described the induction morphism Indy: Hy =
H*(V}/G*, Q) = H = Ho = H*(V/G, Q) at both the sheafified and absolute levels (see also §5).

The set of cocharacters X, (T) has an equivalence relation ~ given by A ~ y if and only if V* = V# and
G* = G*. We let Py := X, (T)/ ~. It has an action of the Weyl group W = Ng(T)/T of G.

For A € X.(T), we let Gy = ker(G* — GL(V*)) N Z(G*) be the subgroup of the center of G* acting
trivially on V*. The group G may be disconnected but it is a product of a torus and a finite Abelian
group. The class of A in &y is denoted by X\. We let Wy == {w € W | w- X = A}. We denote by W*
the Weyl group of G*. It is a normal subgroup of Wy. We let W := W) /W? be the quotient. It can be
interpreted as a relative Weyl group associated to X, G, A (§4.10). It can be identified to a subgroup of the
relative Weyl group W gr :== Ng(G*)/G*. We say that V' is symmetric if V and V* have the same sets of
weights counted with multiplicities [Hen24, Definition 2.3]. For a symmetric representation V' of G, there is
a character ey : Wy — {£1} [Hen24, Proposition 4.8], see also 8.1. The group Wy acts on H*(V}/G*, Q)
[Hen24, §4.1].

The main theorem of [Hen24] is the following.

Theorem 2.1 ([Hen24, Theorem 1.1]). Let V' be a symmetric representation of a reductive group G. Then,
there exists finite dimensional subspaces Py C H*(V}/G*) (A € X.(T)) stable under the W x-action such

that the induction morphisms induce an isomorphism

(2.1) P (Pr@H (pt/GA))™ = Hy = H*(V/G)
Ae Py /W

where (Py @ H*(pt/G)))V> is the ey, x-isotypic component.

The main theorem of [Hen24] holds for the larger class of weakly symmetric representations. The definition
of the subspaces Py C H*(V*/G?) is constructive, although implicit. Their definition is also constrained
by the existence of a cohomological integrality isomorphism (2.1). We recall how Py is defined. To obtain
P, for a general cocharacter A € X.(T), we apply this definition to the G*-representation V*, taking
the W x-action into account. We let V be the representation of G := G/Gq deduced from V, where, as
above, Gg = ker(G — GL(V)) N Z(G). Then, the definition of the induction maps (§5 and [Hen24, §2]
for representations of reductive groups) gives, for each cocharacter A € X,.(T/Gy) an induction morphism
Ind): H*(V/\/ék) — H*(V/G). The vector space Py is defined as a direct sum complement of

> WmdyH(V/G) CH(V/G)
XX, (T/Go)
(VXGHAV.G)
where the condition on the sum is exactly the condition A < 0 for the order relation on classes of cocharacters

[Hen24, §1.1], where 0 denotes the trivial cocharacter, see also §4.2.
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We note that any choice of W-stable direct sum complement Py in H*(VA/G) (A € X, (T)) gives a
cohomological integrality isomorphism (2.1).

For the reader familiar with cohomological integrality for quiver with or without potential [MR19; DM20],
we would like to emphasize here that we will define the sheafified version P, of Py in 8.5 in a similar way, by
considering a direct sum complement in the Abelian category of cohomologically graded monodromic mixed
Hodge modules (i.e. direct sums of shifted monodromic mixed Hodge modules, §A.2). That these objects
admit a definition similar to that in [DM20] (where they correspond to the first perverse cohomology piece
of some cohomologically graded mixed Hodge module, and also to the intersection complex of the good
moduli space) is the subject of Conjecture 8.14, proven for orthogonal representations of G in [Bu+25],

open in general.

3. APPROXIMATION BY PROPER MAPS FOR AFFINE VARIETIES WITH REDUCTIVE GROUP ACTION

We give now the definition of approximation by proper maps for morphisms from a quotient stack to
a scheme, following [DM20, §4.1]. A notion of approximation by proper maps for good moduli spaces
has recently been introduced in [Kin24|, while this paper was in preparation. It differs slightly from our
approach. We keep our notion as we use it in a forthcoming work to obtain explicit estimates in some cases,
allowing us to prove virtuall smallness of some morphisms, although the formalism developped in [Kin24]

is more general.

Definition 3.1 (Approximation by proper maps). Let G be a reductive group, X a complex G-scheme and
Y a complex scheme. We say that a morphism f: X/G — Y is approachable by proper maps if there exists

G-representations V,, n > 1, G-equivariant open subvarieties U,, C V,

(1) G acts freely on U,, and U,, — U, /G is a principal G-bundle in the category of schemes,

(2) The codimension codimy;, (V,, N\ Uy,) of V,, N\ U, C V,, tends to +00 as n — +00.

(3) There exists G-invariant open subvarieties X,, C X x V,, such that the action of G on X,, admits
a good quotient X, /G in the category of schemes, X| = X x U, C X, and the natural map
X /G — X, //G is an open immersion.

(4) The morphisms X,, /G — Y obtained as the compositions X,, /G — X/JG — Y, where the first
map is induced by the projection X x V,, — X, are proper.

We introduce the notations
U, =U,/G, X,=X,|G X:=X)G, X =X./G.

Remark 3.2. We do not require that G acts freely on X,,. Therefore, the quotient X,, /G is not necessarily
smooth. In particular, this is a weakening of the notion of approximation by proper maps considered in
[DM20]. This fact will explain that we will later (e.g. in Corollary 3.7) consider the intersection cohomology
monodromic mized Hodge module /perverse sheaf ZC(X,,) on X,, rather than the constant sheaf as in [DM20]
or [Kin24].

Proposition 3.3. In the situation of Definition 3.1, the codimension codimen(X_n\X_,’l) of the complement
of X}, inside X,, tends to +oo.
Proof. We have
codimy—(X,, \ X},) = (dim X,, — dim G) — dim(X,, /G \ X}, /G)
> dim X,, — dim G — dim(X,, ~ X)) as dim(X,, \~ X})) > dim(X,,/G ~ X/,/G)
> dim X,, — dim G — dim((X x V,,) ~ X)) as X,, € X x V,, is open
=dim(X x V,,) —dim G — dim((X x V,,) \ X))
= codimy,, (V, N\ U,) —dim G

and by assumption, codimy;, (V,, \ U,,) = +00 as n — +oo. This concludes. g
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Lemma 3.4. Let 7: X — Y be a morphism of complex algebraic varieties. Then,

(1) For any k € Z, 78Fm 7Sk = 7<kp,

(2) For any k <1, 78Fr 7St = 7<kp

Proof. We recall that (see §1.3) the truncation functors involved here correspond to the natural ¢-structure

on the constructible derived category. The second isomorphism follows from the first, since for k& < [, using

the isomorphism (1), one has 78Fx, 7St &2 7SFrSip o o<k,

The first isomorphism comes from the fact that m, is left t-exact. More precisely, we consider the

octahedral axiom diagram built on the pair of morphisms
<k aSEF S e SEF s o F

as in [Bei+18, (1.1.7.1)]. The first morphism is the adjunction morphism 7S <kG 5 G for G = m.r<EF. The

second morphism is 7, applied to this adjunction morphism for G = F. It reads

ekl o <kF

mr@f/ > /
T ST N

TR TSEF TR T2 F
\\
where all four triples of three objects aligned give a distinguished triangle. Since m, is left t-exact,
. 72F L F € DZETL(Y). By the distinguished triangle
2l 7 SEE S A o g 2R E —,
we have A € DZFH1(Y). Since 75Fm, 7SFF € DSF(Y), then by unicity of the distinguished triangle
U—mnF—=V—
with U € DS¥(Y) and V € DZ*+1(Y), we have 78Fm, 7SFF = 7Skr, F. This proves (1). ]
Proposition 3.5. Let X be an irreducible algebraic variety. Let 3: U — X be a smooth open subset. We
let codimy (X \ U) be the codimension of X \ U in X. Then, the natural map
Tgcodimx(X\U)—l(]!*Z 4)]*3)

18 an 1somorphism.

Proof. We use Deligne’s construction of the intermediate extension (e.g. [Ach21, Exercise 3.10.1] or [Bei+ 18,
Proposition 2.1.11]). Namely, we choose a stratification X = | || X; of X such that j..Z is constructible
with respect to this stratification, X; = U and U; = Uj‘:1 X is open in X for 1 < i < n. This implies in
particular

dimX; >dimXs > ... >dimX,.

From this sequence of inequalities and codimy, (U; \ U;—1) = dim X — dim X;, we obtain
(3.1) codimy, (Up \Up—1) = codimy, _, (Up—1 N\ Un—2) = ... = codimy, (Uz \ Uy) = codimx (X \U).

We consider the open immersions
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and ) =jp—10...071: U —= X. Then, we have

el Tgcodimun(Un\Unfl)*l( COdimUTL,1(Unfl\Un72)_1(]n72)* o 7—<00dimU2(U2\Ul)*1(]1)*$.

]n71>*7_

The Proposition follows from the fact that, by (3.1), codimx (X \ U) is smaller than or equal to all the
truncations defining 7..Z, by using Lemma 3.4 repeatedly. g

Lemma 3.6. Let . 7,9 be complexes of constructible sheaves over an algebraic variety X. Then, if TSF.F =

TSEG  then prsk g o pr<ky

Proof. If s € Perv(X), then H'(##) = 0 (where H denotes the cohomology sheaves for the natural
t-structure on the derived category of constructible sheaves) for ¢ > 0 by the support condition (e.g.
[CM09, §2.3]). Therefore, we have an inclusion PDSH(X) C DS*(X). The right-adjoint to the inclusion
PDSH(X) C D.(X) is P7S*. The composition of functors ?7SF7<F is right-adjoint to the composition of
inclusions PDs*(X) C DSF(X) C De(X). Therefore, we have a canonical isomorphism P7SFr<k o pr<k,

Applying P7F to 75F.F = 7<k4 gives the lemma. g

We consider the diagrams

~N7 In
X, —r X,

N

Y

Corollary 3.7. In the situation of Definition 3.1, the natural morphism of complexes of monodromic mized

Hodge modules

rSeodimz (X X7) -1 ((]n)!*QX/ = 70(X,)) ® L dimXn—dimG)/2 _, (]">*9x7/)

18 an 1somorphism.

Proof. We may prove the statement after applying the (conservative) functor rat, i.e. in the categories of

constructible sheaves. We have to prove that
pSoodimy (Xn X)) -1 ((Jn)'*Q)T;) =7IC(X,)[~(dim X,, — dim G)] — (]n>*QX741)
is an isomorphism. This is the combination of Proposition 3.5 and Lemma 3.6. ]

Lemma 3.8. Let m: X — Y be a morphism between finite type separated complex schemes, k € Z and F ER
G € DT (MMHM(X)) be a morphism of monodromic mized Hodge modules such that T<E(f): 7SFF — 75kG
is an isomorphism of constructible complexes (where F = rat(F) and G = rat(G)). Then, r8Fm. f: 5Fn, F —
ngﬂ*g is an isomorphism.

Proof. By conservativity of the functor rat to the derived category of constructible sheaves, we may prove
the theorem for constructible sheaves. By Lemma 3.6, we may replace perverse truncation functors by
classical truncation functors. Then, this is essentially Lemma 3.4.

More precisely, we have the functorial triangles and the morphism between them:

Tgk-]_—- a F T>k+1]:

T“d fl lr%“f

THG s G MG ——

<k <k

Since 7SFf is an isomorphism, so is 7<Fm, 7SF f. Therefore, to prove that 7<Fm, f is an isomorphism, it
Skr.a and 7SF

suffices to prove that 7 m.b are isomorphisms. The proofs for a and b are the same. This is a
consequence of the octahedral axiom in triangulated categories. Namely, by applying 7, to the distinguished
triangle for F, we obtain the distinguished triangle

s @

T SEF I8 F o w2kl E o
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By Lemma 3.4, we have an isomorphism h: 78F7r, 7<EF =5 7<kF This isomorphism is 75F7,a. Indeed,

we have a commutative diagram

id
where left-most horizontal maps are adjunction maps. Therefore, the outer square

7Sbg s SEF 5 n F

Tgkﬂ'*aj/ lid

SR F ——— m F
commutes. We have an isomorphism of triangles obtained in the proof of Lemma 3.4

T<kg rSkF T F Rl rSEkE

I T

7<bg F T A

Since Hom(7SFr, rSFF 7<kr, F) = Hom(rSFr, wSFF, 7. F) by adjunction, then the morphisms 7Fx

<kr.a. O

QA

and h coincide. Since the latter is an isomorphism, so is 7

Corollary 3.9. In the situation of Definition 3.1, we have an isomorphism

Tgcodimﬁ(Xin\Xijl)—l( ) (IC( ) ® gdwan/Q) ~ 7 Scodimx - (Xn~X1)— 1(7_[_71)*97
of complexes of mized Hodge modules.
Proof. By applying 75 (p,,). with k = codimX—(X_n . X!) — 1 to the morphism

(]")'*QX’ 7I—C( n) ®$dlmxn/2 (]n)*gXi;a

Lemma 3.8 together with Proposition 3.5 provide us with an isomorphism

T Pn)s (0n)0 Qg = T (0 ZE(X)) © L5 158 (9 (302 Qg = 75 (1) Q-

Corollary 3.10. In the situation of Definition 3.1, the complexr of monodromic mized Hodge modules

T@Odimﬁ(xin\xié)_l(ﬂn)*gx, € DY(MMHM(Y')) is pure, and hence semisimple.

Proof. This follows from Corollary 3.9, since ZC(X,,) is pure and p,, is proper, which implies that (p,, ).ZC(X,,)
is pure, and consequently, T<C°d‘m_(X ~X)- Y(pn)+IZC(X,,) is pure. Then, purity classically implies semisim-

plicity. O

Lemma 3.11. Let k,n € N. Let let V,, := Hom(C", C**1). We denote by U, the subset of surjective linear

maps. Then, lim,_, o codimy, (V,, N\ U,,) = +0o0.

Proof. We may assume that n > k + 1. For 1 < m < n, We denote by F,, € Hom(C", C**1) the closed
subset defined by the vanishing of the m first (k + 1) x (k4 1) minors. Then, we have strict inclusions
VasUp=Fy t CFy 1 1<...C Fy=Hom(C",CkF).

The length of this chain grows linearly in n and so tends to +00 as n — +oo. This concludes. O

Proposition 3.12. Let G be a reductive group and X an affine G-variety. We extend the G-action to
a G' = G x Gy, -action, where Gy, acts trivially on X. Then, the map n': X/G' — X)G' = X)|G is
approachable by proper maps (Definition 5.1).
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Proof. We choose an embedding G — GLj, for some k > 1. We define an embedding G’ — GLg41 such that
G is sent to GLy € GLgy1 and C* to scalar matrices inside GLg, 1. We let V;, == Hom(C", C**1). The
group G’ acts on V,, via G — GLgy1. We let

0 GLkJrl — Gm
g —  det(g).

It induces a character 6’ of G’ by restriction. We let U, C V,, be the open subset of surjective maps
C" — Ck+*1. Then, U, C V,‘f/_SSt and so, X x U, C (X x Vn)‘gl_SSt. Moreover, the G’-action on U, is
free, and so the G’-action on X x U, is also free. We let X,, = (X X Vn)OLSSt. It admits a good quotient
by G, the GIT quotient (X x V;,)//e:G. Since the copy of C* C G’ rescales V,,, (X x V,,)/G = X/|G.
Therefore, the map X,, /oG — X /G is proper. In addition, the codimension of V,, \ U, in V,, tends to
400 (Lemma 3.11) and therefore, codimy, yc(Xn/G ~\ U,/G) — +4oc (Proposition 3.3). This gives an
approximation by proper maps of X/G" — X//G. O

Corollary 3.13. In the situation of Proposition 3.12, the complex of monodromic mized Hodge modules
T.Qy e € DYMMHM(X/G)) is pure.

Proof. This follows from Corollary 3.10 since the morphism 7’ is approachable by proper maps. (]
3.1. Semisimplicity.

Proposition 3.14. Let G be a reductive algebraic group and X a smooth affine G-variety. We consider
the natural GIT quotient map 7: X/G — X //G. Then, m.Q

In particular, it is semisimple.

X/ is a pure complex of mixzed Hodge modules.

Proof. Let G’ := G x Gy, act on X, where Gy, acts trivially. We let 7/: X/G' 2 X/G x pt/Gp, = X /G’ =

X//G. It suffices to prove that ﬂ;gX/G/ = w*gX/G ® H*(pt/Gm) is pure. This is Corollary 3.13. O

In particular, there is a (non-canonical) isomorphism W*QX/G >~y ﬂi(w*gx/G)[—i]. We may there-

fore see m.Q as a cohomologically graded monodromic mixed Hodge module §A.2.

X/G
4. THE SET OF PARTITIONS OF A G-VARIETY

As explained in [Hen24] and recalled in §2, a crucial role in the cohomological integrality isomorphism is
played by a certain set of equivalence classes of cocharacters &2y, for a representation V' of a reductive group
G. The set Py plays for an arbitrary representation V' of a reductive group G the role of decomposition of
dimension vectors for quivers in [MR19; DM20].

In this section, we generalise the definition of &y to any smooth affine G-variety X and we give an alter-
native, better suited description, involving tori instead of cocharacters (although cocharacters themselves

need to be considered to define the induction §5).

4.1. The set of partitions. Let X be a smooth G-variety. Let A € X, (T') be a cocharacter. We decompose

the fixed point locus into connected components X* = | | xn X 2. We define 2y ¢ as the set of pairs

a€7r0(

(A, a) of a cocharacter A\ € X,.(T) together with a connected component a € m(X*). We define an

equivalence relation on 2x ¢ as follows:
X, =X}, as subvaricties of X
e~ B) = 4 a _ g

The quotient of 2x ¢ by this equivalence relation is denoted by Zx ¢ = Zx.¢/ ~. The class of (A, a) €

2x,¢ in Px ¢ is denoted by (A, o). The Weyl group W of G acts naturally on Zx ¢: if w € W, we choose
an arbitrary lift @ € Ng(T). Then, 1+ X2 is a connected component X2 of X%*, which does not depend
on the lift w. We may therefore define the action by w- (A, @) = (w- A, w-«). This action descends to Zx .
We let fégx,g = Px,c/W be the set-theoretic quotient. We call Px ¢ the set of partitions for X, G.
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4.2. Order on the set of partitions. We define an order relation on the set of partitions #x ¢ of X, G
and also on 2x ¢ as follows:
X, CXh

()\,a)j(,u,ﬁ) — {G)‘QG“.

4.3. Alternative descriptions.

4.3.1. One-parameter subgroups. Let Homz (G, G) denote the set of one-parameter subgroups of G. Given
A: G, — G such a one parameter subgroup, one may consider the fixed loci X* C X and G* C G and
define the set £Z’X1G as the set of pairs (), «) of a one-parameter subgroup of G together with a connected
component o of X*. The equivalence relation ~ defined in §4.1 (identification of the connected components
of the fixed loci and of the Levi subgroups) can be extended to 2% . We let #% o = 2% 5/ ~ be
the quotient. The class of (\,a) € 2% 4 in P  is denoted by (A, ). The action of G by conjugation
on Homz (G, G) induces an action of G on 2% , and on &% . We denote by ﬁXyG = P% /G the

set-theoretic quotient.
Lemma 4.1. We have a natural map Px ¢ — P’ o which induces an isomorphism Px ¢/W — P% o/G.

Proof. The map Px ¢ — QZS(,G is obtained by seeing a cocharacter of T' as a one-parameter subgroup of
G via the inclusion T' C . Since any one-parameter subgroup of G is conjugated under G to a cocharacter
of T (since any maximal torus of G is conjugated to T'), then this map is surjective. To prove injectivity, it
suffices to prove that if A, u € X, (T') are two cocharacters conjugated by some g € G, i.e. A =g - u, then
they are conjugated under the normalizer Ng(T) of T C G. We let G* (resp. G*) be the centralizer of
(resp. ). Then, T C G*,G* and since A = g - i, then T, gTg~! C G* are two maximal tori. Therefore,
there exists h € G* such that hgT'(hg)~! = T. We have hg € Ng(T) and moreover, hg-pu=h-X = X A
and p are conjugated under Ng(7T'). This proves the injectivity. O

4.3.2. Tori. We let T(T') be the set of subtori of T. It is acted upon by the Weyl group W of G. We let
,"2;;,6; be the set of pairs (17, @) of a torus T € T(T') and a connected component o € mo(XT") of the fixed
locus X7'. We may define the equivalence relation ~ on ,OZ;I(G as in §4.1: (T",«) ~ (T”, ) if and only if
XTI = Xg” and GT" = GT". We let P ¢ = 2% g/ ~ be the quotient. The class of (T",a) € 2% , in
P ¢ is denoted by (17, ). The Weyl group W on G acts on 2% , and Z% ..

Lemma 4.2. We have a natural W -equivariant bijection Px . — CQZSQ,G, In particular, the set-theoretic

quotients Px,q/W and P% /W are in natural bijection.

Proof. The map Px ¢ — P% o sends (A, a) to (A\(Gm), ). Conversely, if 7" € T(T) is a torus and
a € 7T0(XT/), then for a generic cocharacter \: G, — 17 C T, X = XT" and G* = GT'. Then, there
is a unique 8 € mo(X?*) such that X,é\ = XT' The map sending (I7,a) ~ (X, 8) is the inverse. The

W-equivariance is straightforward. |

Let (T',a) € 2% 5. We let T’ be the neutral component of ker(GT" — Aut(XT)) N Z(GT'). This is a

torus in 7', that is an element of T (T).
Lemma 4.3. The subvariety Xgl s a connected component of xT Moreover, GT' = GT'.

Proof. We have clearly T C T’ and by definition, T’ acts trivially on X1 " Therefore, we have inclusions
Xgl cXT'c XT'. Since Xg/ is a connected component of XT/, it is also a connected component of X7,
For the second statement, 7" C T implies GT' C GT'" and since T' cZ (GT/), this inclusion must be an

equality. O

By Lemma 4.3, there exists g € WO(X%VI) such that Xgl = X;'. Then, (T/’,ﬂ) € 9% ¢ is a preferred

representative of (1,a) € P% 5. By construction, the preferred representative is uniquely defined. This

gives the following description of &x ¢.
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Lemma 4.4. We have
Pxc={(T,a) | T CT torus, a € mo(XT), T = (ker(GT — Aut(XT")) N Z(GT'))°}.
O

Definition 4.5. Given (1",a) € 2% ¢, we let Gip, ) = (ker(GT" — Aut(XZ")) N Z(GT'))°. For (A, a) €
2x.¢, we define G?A,a) similarly.

If (T, o) € Zx ¢ is such that G‘(’T, o) = T, we will call T a preferred torus for X, G.

Remark 4.6. If X is connected and has a G fixed point (for example, if X = V is a linear representation
of G), then X T’ is connected for any torus 7 C T'. Therefore, #x ¢ can be seen as the set of equivalence
classes of cocharacters of T' or of subtori of T under the equivalence relation described at the beginning of
§4.3.2. In particular, Ql)l(,G = T(T). In this case, we will drop the mention of the connected component «

from the notation.

4.4. Weyl groups. Let (\,a) € 2xg. Welet Wiy o) ={w € W [ w:()\a) = (A a)}. Similarly, if
(T", ) € 2% ¢ we let Wigr o) = {we W |w-(T",a) = (T',a)}.

Lemma 4.7. Let (T, a) € Zx ¢ be such that G‘(’T, o) = T’ (i.e. T' is a preferred torus — Definition 4.5).
Then, Wipr oy ={w e W |w-T" =T",w-a = a}. In particular, if X has a G-fized point, W = {w € W |

w-T"=T'} is the subgroup of elements preserving the preferred torus T'.

Proof. Let w € W. Then, G0, 1 .0y = W Gipr oy = 0G{p a)u';’l for some lift W € Ng(T) of w. Moreover,
G?T/’a) only depends on Xgl and GT" and therefore, if w € Wit 0y, G'?u»(T/,oz) = G‘(’T,@). We conclude that
w-T" =T and w- o = a. Conversely, we assume that w -7’ =T’ and w-a = a. Then, GT = G 7T and

by definition, w - « = a. This concludes. ([l

Lemma 4.8. (1) Let (A, @) € 2x,¢. We have an inclusion W C W(y o) where W = Nga(T)/T is
the Weyl group of G*. Moreover, W* is a normal subgroup of Win,a)-
(2) Let (T',a) € 2% 5. Then, we have an inclusion wT' C Wirs o) where WT' is the Weyl group of

GT'. Moreover, W is a normal subgroup of Wi a)-

Proof. We only prove the first statement. The proof of the second one is analogous. Let w € Nga(T'). Then,
W € G* and therefore, 1 - A = X. Moreover, G* is connected and so preserves each connected component
of X*. Therefore, w - (A\,a) = (\,a). To prove the normality, we let @ € Ng(T) and 1’ € Ng(T) such
that w preserves (A, ). In particular, v/ G i/~! = G¥'* = G*. Then, W'/~ € /G i/~! = G*. This

concludes. O

Definition 4.9. For (\,a) € Px ¢, we define W, o) = W o) /W?. Similarly, we define W o) =
W(T/7a)/WT/ .

For (A, @) € 2x.a, we let NS(T) = {w € Ng(T) | w- (N, a) = (A, a)}. It only depends on (A, @) and

S0 we may sometimes write Ng"a)(T).

Lemma 4.10. We have W (5 0y = N5 (T)/Nea(T).
Proof. This is immediate from the definitions. O

4.5. Equivariant sheaves. We recall some (very) basic facts regarding equivariant constructible sheaves

or (monodromic) mixed Hodge modules on an algebraic variety with a W-action.

Proposition 4.11. Let f: X — S be a morphism between algebraic varieties. We assume that f is equi-
variant for the action of an algebraic group W where W acts trivially on S. If F € D;FV(MMHM(X)),
we have a morphism W — Autp+aivam(sy) (f«F). In particular, if F € MMHM%/(X) is a pure co-
homologically graded mized Hodge module (§A.2) and f is proper, then we have a morphism of groups
W — Autyynwz (s) (fxF)-



COHOMOLOGICAL INTEGRALITY FOR SYMMETRIC QUOTIENT STACKS 17

Proof. Let F € D;FV(MMHM(X )) be W-equivariant. The complex f.F is W-equivariant on S and the
action on S is trivial. This gives the morphism W — Autp+vmum(s)) (f+£). The proof is the same for
F e MMHM%V (X), given that proper maps preserve pure cohomologically graded mixed Hodge modules. [J

Corollary 4.12. In the situation of Proposition j.11, assuming that the group W is finite, f is proper and
F e MMHM%V(X), we have a decomposition of f.JF into W -isotypic components:

LE= @ E oM,
xEIrr(W)
where Irr(x) is the set of irreducible characters of W, M, is the corresponding irreducible representation of
W and F, € MMHM?(S).

4.6. Weyl group equivariance.

Lemma 4.13. Let (A, «) € Zx,¢. Then, the complex of mized Hodge modules (W(Aya))*gxx/cx is W(/\,a)-

equivariant.

Proof. We let Ng’a) (T) act on X via the inclusion in X and on G* by conjugation. This gives a Ng’a) (T)-
action on the quotient stack X/G* and on its good moduli space X2 /G*, so that T()«) 18 equivariant.

Moreover, the action of the subgroup Ngx(T') is trivial on the stack and its good moduli space, giving

(_using Lemma 4.10) the looked after W&a)—action ON T().q): X2 /G* — X*G*. Then, since gxg/GA is
W (x,a)-€quivariant, (7T(A7,l))*g)p/c;A is W, a)-equivariant. ]
Lemma 4.14. There is a W(/\@)—action on (Z(A,a))*(ﬂ(kja))*gxé/cp\.

Proof. The map 1y q): X2 )G = X)G is W(,\,a)—equivariant for the trivial action on X //G. O

Corollary 4.15. The cohomologically graded mized Hodge module (z()\,a))*(7r()\,0¢))*g)o/gA decomposes

mto W(Aya)-isotypic components.

Proof. This is an immediate combination of Corollary 4.12 with Lemma 4.14. Proposition 3.14 implies that

(T(xne)) = Qyx o is a cohomologically graded mixed Hodge module. O

4.7. Etale slices and preferred representatives. Let z € X be a closed point such that the orbit G - x
is closed. We let GG, be the stabilizer group of x, a reductive group. We let N, C X be a normal slice to
G - x through x. In particular, we have a G,-equivariant isomorphism T, X = T, (G -z) ® T, N,. Moreover,
as G -representations, we have T, (G -z) = g/g, and g = g, @ (g/g.). Up to replacing z by a G-conjugate,
we may assume that T, := T N G, is a maximal torus of G,.

We note that N, has a G -fixed point . Moreover, it is linear in the sense that, by Luna étale slice
theorem [Lun73], there is a G,-equivariant étale map between a Zariski open neighbourhood of x in N, and
a Zariski open neighbourhood of the origin inside T, N, . Etale slices will be used to linearize the study of
the topology of X/G in §7.

Lemma 4.16. There is a natural map Zn, ¢, — Zx.G-

Proof. Let A € X,(T;). Via the inclusion T,, C T, we may see A € X,(T). Moreover, N} has a unique
connected component. Therefore, the map of the lemma can be defined as the map A — (A «) where

a € mp(X?) is the connected component containing x. O
Lemma 4.17. Let T' C G, be a torus. Then, (g/g.)" = g7 /g7 .

Proof. As representations of G, (and therefore of 7" C G), we have g = g, @ (g/9z). Taking T’-invariants
on both sides gives gT/ = gfl @ (g/gm)T/. We get the result by taking the quotient by gg/. ([l

We let T" € 2 . be such that T" = G5 5 (Definition 4.5).
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Lemma 4.18. We let o € mo(XT') be the connected component containing . Seeing (T", ) € 2’ ¢, we

have G‘(’T, a) = T'. In words, if T' is a preferred torus for N, G, then it is a preferred torus for X, G.

Proof. We have to check that 77 is the neutral component of ker(GT — Aut(XZ')) N Z(G™"), which by
definition is G((JT’,a)' We have clearly T C Z (GT/). Moreover, it acts trivially on an open subset of
XT' by étale slices since it acts trivially on T, X7 = (g/g.)T & (ToN,)T". Therefore, T" C Gorr -
Conversely, if g € Z (GT/) acts trivially on Xg/, it stabilizes x and so g € G,. It also act trivially on
T.(XT') = (9/9.)7 & (ToN,)T (Lemma 4.17). Therefore, it acts trivially on NT'. Therefore, g € Gu.1v.

This concludes. O

Using Lemma 4.18, we obtain a map v, : #n, ¢, = Px,¢ sending T for T' € T (T,) such that T" = G .
to the pair (T”, &) where we see T' € T(T') and we let a be the connected component of X7 containing z.

Let T’ € T(T}) be such that T/ = G5, and a € 7o(XT") be the connected component containing z. We
let W, be the Weyl group of 2, Wy = {w € W | w-T" = T'} (according to §4.4), W, 1+ = Wy /W
(Definition 4.9), etc.

Lemma 4.19. There exists a natural injective morphism of groups WI,T/ — W(T“a).

Proof. Recall that Wm,T, = Ng; (T:)/Ngr (Ty) where
NE(Ty) = {w € Ne, (T,) | wT"w™! = T"}

and similarly, W7+ o) = NéT/’a)(T)/NGT/ (T) (Lemma 4.10, Lemma 4.7 and Lemma 4.18).

Let w € Ng; (T)). Then, T,w™'Tw C GT' are maximal tori. Therefore, there exists A € GT" such that
hTh~! = w™'Tw. Then, wh € Ng(T). Moreover, whT'h~ w=! = wI'w=! = T’. In addition, since GT’
is connected, it preserves connected components of X T" and so h - a = a. Since w fixes x, it must also
preserve « and so wh - a = «. The morphism of groups WI,T/ — WTr,a sends the class of w to the class of
wh. We prove it is well-defined. Let w,w’ € Ng; (T,) with the same class in the quotient W, 7 (that is,
ww'~' € Ngr (T,)) and h, b’ € GT" be such that wh, w'h’ € Ng(T). Then, whh'~'w'~! € Ng(T) and for
teT,

t/whh/—lw/—lt/—l — wwilt/w hh/flwlflt/fl
——
€T
= whh'~ Y w ww' "W since h,h' € GT’
——
= whh/~'w'~" since ww'~' € Ngr (Ty) € GT
and so the classes of wh and w'h’ in W(T/@) coincide.

We prove that the map constructed is a morphism of groups. We prove the compatibility with products.
Let w,w’ € Ng; (T,) and h,h',h" € GT' such that wh, w'h,ww'h" € N¢g(T). For t' € T, we have

tlwwlh”hl_1wl_1h_1w_1tl_1 —_ ww/ ’LU/_l’LU_ltI’LU’LUI h”hl_lwl_lh_lw_ltl_l
—_———
€T
’
= ww' BN W ww’ W T AT T sinee B, R € GT
—_————
_ ww/h//h/—lw/—l w_lt/w h—lw—lt/—l
——
eT

—_ J— J— — — — . /

= ww BN " h T wT W ww T since h e GT
———

_ ww/h//h/—lw/—lh—lw—l .

This means that ww'h"h'~'w'='h='w™! € N (T'), and so the classes of whw'h’ and ww'h” coincide.
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It only remains to prove the injectivity. Let w € Ng; (T,) and h € GT' be such that wh € Ner (T).
Then, for any t' € T,
t'wt'™! = twhh™ !
=t'wht’"'h~' since h € GT'
=w since wh € GT'

Therefore, w € Gf/. Since w normalizes T, w € Ngr/ (T;). This proves the injectivity. U

4.8. Weyl group actions and étale slices. Let x € X be such that G - x is closed. Up to G-conjugacy,
we may assume that T, := T'NG,, is a maximal torus of G,. We let TV C T, be a torus such that 7" = T
(Definition 4.5). By Lemma 4.18, we also have " = G{y, ) where a € mo (XT") is the connected component

containing x.
Lemma 4.20. The group NG (T) normalizes G .

Proof. Let w € NE'(T). In particular, wT"w~" = T". Let g € GT and ¢’ € T’. We have

—1t/—1 /—1

tgw =wu gt
——
eT’
=wgw ™! since g € GT .
This concludes. O

Lemma 4.21. We have an isomorphism

W Z{we W g |w- (GT -z) =(GT - 2)},

therefore identifying the image of the injective morphism of Lemma 4.19. In other words, Wy 1/ is the
stabilizer of GT' -z € XT' JGT" inside W(T/@).

Proof. Tt is clear that elements of W, 1+ stabilize GT'.z. Letw € W(T/,a) and 1 € Ng(T) with wT"w~! = T’
be a lift of w. We have w-(GT -z) = GT"- (- ) by Lemma 4.20. We assume that w-(GT -z) = GT' -z. By
the definition of the injective morphism in Lemma 4.19, it suffices to find k € GT" such that wk € Ng; (T,).
There exists g € GT* such that wg € G,. Since T, and (ig)~ T, (1g) are maximal tori of GT', there exists
h e GT' such that hg~ L~ € Ng; (Ty). Setting k = gh~! concludes. O

4.9. Inverse image. Let x € X be such that the orbit G - x is closed. We let T’ C T, be a torus, i.e. TV €
T(Ty). The map v7v: XT JGT" — X /G is finite (Lemma 5.3). We write 17/ (G-x) = {GT" -x;: 1 <i < N}

where z; € XT'. We may write 2; = g;& for some g; € G.
Lemma 4.22. There is an inclusion Ng(T') € Na(GT').

Proof. Let g € GT" and h € Ng(T"). Then, for t € T, we have
thgh~ %'t =hh Whgh1t'1
——
er’
=hgh "Whh %'"'  since g€ GT’
———
= hgh™!.
O

Let T" € T(T,). We let ?%;Gm C PN, .c, be the subset of classes of tori T" where T"” C T, is a tori
N¢g(T)-conjugated (equivalently, W-conjugated) to T”.

Lemma 4.23. The Wy-action on Py, q, leaves @%;GI stable and there is a natural map Z;,I(G cx) —
@%;,Gm/WI. It induces a bijection.

TG )W irr o) = P 6 W
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where W pr oy = NE (T)/Na/(T).

Proof. We show that W, acts on ﬂﬁ;cz Let T" € yﬁ;cz and 1w € Ng, (T, we have T C T, C v~ T,
and so W 'Tw and T are maximal tori of GT". Let h € GT” be such that A=l Twh = T. Then,
wh € Ng(T) and whT" (wh)~! = wT"w~t. Consequently, wT"w~! € 2%

Let GT' -x;; € z;,l(G -x). The torus gi_lT’gi is contained in G, since x; = g;x € XT'. The map
1 (G- x) — yﬁ;GI/WZ sends GT" - z; to the conjugacy class of g;'T'g;. The map is well-defined, as
if ¢ € GT' is such that z; = ¢ -z, then ¢""'¢g; € G, and therefore, the tori g; 'T'g; and ¢'~'T'g’ are
conjugated in G.

We now construct a map 9%;6'2 — 17 (G- 2) /W Let T C T, be a torus and g € Ng(T') such that
gT"g~! = T'. The map sends the conjugacy class of T" to the orbit GT" - gz.

This map is well-defined. Indeed, if ¢’ € Ng(T) is such that ¢'T"¢'~! = T, then ¢g'g~! € Ng (T') and so
the GT"-orbits GT' - gz and G - ¢’z are conjugated under W .

It remains to check that the map is W-invariant. Let T” € T(T,) be Ng(T') conjugated to T', w €
Ng; (T,.), h € GT" such that wh € Ng(T) (Proof of Lemma 4.19) and g, g’ € Ng(T') be such that g7"g~"' =
T" and g'whT"h~Y~1g'~t = T'. Then, givhg~ € Ng(T) preserves T’ and sends GT' - gz to GT' - g'ihz.
This concludes. (]

4.10. Relative Weyl group. In §4.4, we defined groups W(A,a) associated to pairs (\, o) € Zx . In this
section, we explain how these groups relate to the more familiar relative Weyl groups associated to a pair

of a Levi subgroup of a reductive group.

4.10.1. Relative Weyl group of a Levi subgroup. Let G be a reductive group and L C G a Levi subgroup.
Then, the relative Weyl group Weg 1 of G relative to L is defined as Wg 1 := Ng(L)/L. In particular, if
T C G is a maximal torus, we recover the definition of the Weyl group W¢g := Wg r of G.

Let T'C L C G be a Levi subgroup of G and a maximal torus of L (and hence also maximal in G). We
define W& = {w € W | wLw™" = L}. The group Wy, = N(T)/T is naturally a normal subgroup of W5.
We let Wé =Wg&/Wy.

—L
Lemma 4.24. The natural map W5 — Wa. 1 is an isomorphism of groups.

Proof. We construct an inverse to this map. Let w € Wg, 1, and W € Ng(L) a lift of w. Then, T and wT~*
are maximal tori of L. Therefore, there exists I € L such that lw» € Ng(T'). The inverse sends w to the class
of i in Wé It is well-defined, as if I’ € L is such that "sv € Ng(T'), then li(I'w)~! =1I'"' € LN Ng(T) =
N(T) and the class of lw(I'w)~! is in Wp,. O

4.10.2. Relative Weyl group of sub-varieties.

Corollary 4.25. Let G be a reductive group and X = g := Lie(G) with the adjoint action. Then, 2x ¢ =
X.(T) and for X € X.(T), Wx =W gr.

Proof. We have Wy = {w € W | w-X = A}. The rest follows from the definitions at the beginning of §4.10.1
and Definition 4.9. O

Proposition 4.26. Let X be a smooth affine G-variety and (A, o)) € Zx.¢. Then, W(,\@) = {we Wg e |
w- X2 =X}

Proof. By definition, we have W(,\@) = Wir,a)/Wgr. The result comes then from Lemma 4.24 and the fact
that Wi a) = {w e W |wGrw™! =G} w- X} = X2} O

5. PARABOLIC INDUCTION FOR AFFINE VARIETIES WITH REDUCTIVE GROUP ACTION

We recall how to construct the sheafified parabolic induction, see for example [KS11] or [Hen24, §2].
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5.1. The induction diagram. Let G be a reductive group and X a smooth affine G-variety. To a cochar-
acter \: Gy, — G, we associate

(1) G*={g € G|Vt e T,\t)g\(t)~" = g}, the centraliser of ), a Levi subgroup of G,

(2) X*:={x € X |Vt € T,\(t)-x =}, the fixed locus of \, a smooth G*-variety, which we decompose

as a disjoint union of its connected components X* = l_laem)(xk) X2,
(3) P\=G"":={geq| lim A(t)gA(t) ! exists}, a parabolic subgroup of G,
—
(4) X2V :={rec X | lim At) -z € X2} for any a € mp(X?), a smooth Py-variety.
—

We denote by 2x ¢ the set of pairs (A, @) where A € X, (T) is a cocharacter of T and « € m(X?). For any

(A, ) € Zx,¢, we have the commutative induction diagram

X220/ P,

q(y X(A,j)

X /GA X/G

W(A,a)l J/TI’

ey len (e X/G

where VG := Spec(C[V]9) is the affine GIT quotient of V by G, 1(5 4 is the map induced by the equivariant
closed immersion X} — X, py is induced by the equivariant closed immersion X} C X, and q(x,0) 18

induced by the limit map g q): = — }in%) A(t) -z, a vector bundle by the Bialinicky-Birula formalism [Bia73].
—

A>0
X7

Lemma 5.1. For any (), o) € 2x ¢, the varieties X and are smooth closed subvarieties of X.

Proof. This follows from the Bialinicky-Birula formalism on affine varieties, see for example [HH22, §2],
in particular the proof of Lemma 2.1, Lemma 2.2, Lemma 2.3 and Remark 2.4 of op. cit. for a modern

treatment. 0

Let (A, @) € 2x.g. We can decompose the restriction to X of the tangent bundle of X:

(5.1) T X =T X e Thh\X e T, X,

|X2 X2

according to the A-weights. We have TX} = T

xaX. We have a Py-equivariant isomorphism X A0
T

X2 X and a commutative diagram

+ A>0
Tl X ———— X*

(5.2) \ Aa)

If V is a representation of G and T a maximal torus of G, we denote by W(V') the set of weights of
V counted with multiplicities. If A € X.(T) is a cocharacter, we let W*>°(V) be the set of weights a
of V' counted with multiplicities such that (A, «) > 0 (where we use the pairing between characters and

cocharacters, see §1.3).

Lemma 5.2. The map q(x,qo) is a vector bundle stack of rank r(y ) = rank(T&éX) — #WA>0(q) and the

map p(x,a) 1S a proper and representable morphism of stacks.

Proof. When X =V is a representation of G, this is [Hen24, Lemma 2.1].

The statement regarding g(y ) follows from the commutative diagram (5.2) and the fact that the kernel
of Py — G* is unipotent of dimension #W*>°(g).

We can write X)/Py ~ X)/G where X} = X}>0 xP» G (sce §1.3). Then, the map P()a) Can be
identified with the map between quotient stacks induced by the G-equivariant morphism X22° x™ G — X,
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(x,9) — g -« which is proper by Lemma 5.1. Indeed, it factors as
XPP0xP G 5 X x (G/P\) — X

where the first map is (x,9) — (g - 2,gP)) and the second map is the projection on the first factor. The

first map is a closed immersion while the second is clearly projective. O
Lemma 5.3. The map 1.5 o) s a finite map. If G =T is a torus, 1) is a closed immersion.

Proof. The proof of the finiteness of 1) is given in [Hen24, Lemma 2.2] when X = V is a representation of
G. If G = T is a torus, the closed immersion X} — X is given at the level of function by the surjective
morphism of algebras C[X] — C[X?]. Taking T-invariants on both sides preserves surjectivity and hence,
tna) XAJT — X//T is a closed immersion.

We prove the general statement. The arguments are parallel to that of the proof [MR19, Lemma 2.1].
Namely, we consider the commutative diagram

J(xe) X)\>O/P

y l m

XA/GA Spec(C[X)>0)¢ X/G

1)
T, a) R P(r.a) Jn
X2 )6 J \”‘ X)a

J(x @)

;

YN )

where X220 := X2>0x PG, so that we have an equivalence of stacks X220/ P, ~ X220 /G. We now explain
the definitions of the maps in this diagram.
The map q(»,q) is given by the equivariant map (X220 Py) — (X2,GN)

Therefore, the pullback of functions by gy ) induces a morphism
T CIX21Y = CIX2)°
whose dual is the morphism between affine schemes
— oy A
G(r0)* SPec(C[X27%9") — Spec(C[X7]) = X3/ G*.

The map j(x,q) is given by the equivariant morphism (X 2,GM) — (X220 Py) which induces the morphism
Tone : CIXAZ = Clx2)7

and dually the morphism of schemes

Tina: Spec(C[X2E") = Spec(C[X)>0)%).

[e3

Since g(x,a) © J(ra) = 1d, we have G5 4) ©7(x o) = id. On the ring of functions, we have 76,0[) oqaa) =id
and so j(k/\@) is surjective. This tells us that j(, . is a closed immersion. Moreover, ¢(x o) = P(x,a) © J(A.a)
and so it suffices to prove that p(, ,y is a finite map. Since it is a morphism of finite type complex schemes,
it suffices to prove that it is an integral morphism [Sta24, Lemma 01WJ].

Since p(x,a) - )Z”\>O — X (the map lifting p(y 4)) is a projective morphism (Proof of Lemma 5.2),
(P(x,0))xOg2rz0 is a coherent Ox-module. Therefore, the map py, , : C[X] — C[X2>9 is finite and hence
integral [Sta24, Lemma 01WJ]. We deduce that the map

Pl : CIX]Y = G0

is integral, and hence finite, as follows. Let a € C[)~(2>O]G. It is solution of a monic polynomial with
coefficients in C[X]. By applying the Reynolds operator to the equation, we obtain a monic equation with

coefficients in C[X] of which a is a zero. This concludes.


https://stacks.math.columbia.edu/tag/01WJ
https://stacks.math.columbia.edu/tag/01WJ

COHOMOLOGICAL INTEGRALITY FOR SYMMETRIC QUOTIENT STACKS 23

O

For (), a) € 2x ¢, we define d( o) = dim X)/G* = dim X — dim G*. The quantity T(r,) is defined in

Lemma 5.2 as the rank of the vector bundle stack g q)-

Definition 5.4. (1) We say that a representation V' of a reductive group G is symmetric if V and its
dual V* have the same sets of weights counted with multiplicities: W(V') = W(V*).
(2) We say that a smooth G-variety X is symmetric if for any x € X such that G - z is closed, T, X is

a symmetric representation of G, the stabilizer of x in G.

It is clear that when X =V, the notions of symmetricity of (1) and (2) coincide.

For later use, we recall the following lemma.
Lemma 5.5. Let X be a symmetric G-variety and d = dim X/G. Then,
d(/\ya) + 27“()\10‘) =d.

Proof. When X =V is a finite-dimensional representation of G, this is [Hen24, Lemma 2.4]. In this context,

we write

T X 2T X 0 Tho X @ T X
as in (5.1). By symmetry of X, rank(TfXéX) = rank(TrS(éX). Therefore, d = dimT,X — dimg* —
2dimg/\>0 = 27"(/\7&) + d()\,a). O

5.2. Parabolic induction. For (A, o) € Zx g, we let 9‘)];2/61* = gXQ/GA ® Ll00/2 = TC(X2/GM) be
the intersection complex monodromic mixed Hodge module of the smooth stack X2 /G*. We refer to [DM20]
for the necessary background regarding monodromic mixed Hodge modules. Alternatively, for the purposes
of this paper, the reader may prefer to consider instead constructible sheaves. The Tate twist — ® .Z is
then replaced by the shift [—2]. Given that the stack X2 /G? is smooth and the Tate twist encoded by the

superscript vir, we have DQ;TA/GX = Q‘)’gi/GA.

Since q(»,q) is smooth of relative dimension r() o) (Lemma 5.2), we have qz‘A o) = qb\ o ® ") and
thus we obtain

* ir ~ a)td(xn,a)/2
q(/\ﬁa)DQ‘)]@/G% = ]]])QXQZO/PA ® Lrovertdina/

which by adjunction (qz‘)\ ) (q(r,a))+) provides us with the map

(5.3) DQQE/GA — (q@va))*Dng?o/g ® Lrovartdine /2,

Moreover, the map p(y ) is proper (Lemma 5.2), and so by dualizing the adjunction map
QX/G — (p(A,a))*QXQZU/PAa

and uSing ]D)(p()\,a)>* = (p(k,oz)>!D and (p()\,a)>* = (p()\,a)>!7 we obtain

We eventually obtain the map

(5.5) Ind(y,q): (z(A’O‘))*(7r(/\7,l))*}D)_‘)’(iré/gA — W*DQX/G ® LT Tdina) /2

by composing (2(x,a))«(T(x,a))« applied to (5.3) with 7. applied to (5.4) twisted by Lrovertdone /2 The
map (5.5) will be called sheafified induction morphism. When X is symmetric (Definition 5.4), Lemma 5.5

implies that the induction morphism is a morphism of complexes
(56) Ind()\,a) : (Z(/\,oz))*(7T(/\,a)>*]])9‘;(i2/c;x — W*Dg;{l;G .
Lemma 5.6 ([Hen24, Lemma 2.5]). Let X be a symmetric G-variety. The induction morphism

Ind(y o) B0 (X2 /GY) — HH(X/G)
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preserves cohomological degrees.

Proof. The proof of [Hen24, Lemma 2.5], which is the case X = V for a representation V of G, applies
also for the G-variety X: the induction is given by taking the derived global sections of the morphism of

complexes of mixed Hodge modules (5.6). (|

5.3. Augmentation. Let (\,a) € 2x g. We defined a G*-variety X in §5.1. We can see T' as a maximal
torus of G*. If u € X,(T), we have (X*)* = X N X+, (GM* = GANG*, (XM)#20 and P, \ = P, N G*.
For (i, B) € Zxx a», the induction diagram is

(XQ)Z%/P;M
me)V wwu,m
(X2)5/(GM)H X3/G
W(Am,(u,ﬂ)l J’T(A,a)
XNE(GM - LX), (1:8) peylel
(X3l (G7) ol

The definition of the induction map associated with this datum is
Ind, g, (xa)t HY(X2)5/(GM)) = HY(X3/G*) .
To unclutter the notation, we may write (X3)j = XQ‘B‘

Lemma 5.7 ([Hen24, Lemma 2.6]). For any A\, u € X.(T), one can findv € X.(T) such that X* = X*NX*,
GY =GN G, (X120 = (X220 and P,y = Py.

Proof. The proof of [Hen24, Lemma 2.6] is written in the case of X = V a representation of reductive group,

but generalises to any X in a straightforward way. O

In particular, for (A\,a) € Zx.¢, (1, 8) € Zx» ¢ and v given by Lemma 5.7 there exists v € mo(X")
such that (Xé‘)g =X,

5.4. Associativity.

Proposition 5.8 ([Hen24, Proposition 2.7]). Let (v,7) € Zx,6, (1, B) € Zxr.6v. (A a) € QXv,gyGV,u be
such that (X¥)*>° > (X¥)#>0. Then,

Indx,a),(v,9) = Ind,8),(0,7) © Ind(x,a),(,8)-

Proof. The proof of [Hen24, Proposition 2.7], written in the case when X = V is a representation of G,

adapts to the case of general smooth affine varieties in a straighforward way. |

6. PERVERSE FILTRATION

6.1. Perverse filtration. Let X be a smooth affine G-variety, where G is a reductive group. We let
H = Hx.c = H*(X/G,Q""). Then, the quotient map 7: X/G — X//G gives a split perverse filtration
PSHx o = H*(X//G,pT@ﬂ'*Q}i;G) on H (by Proposition 3.14). For (A, a) € Zx g, we write H(\ o) =
/HXA’GA.

6.2. Induction and perverse filtration.

Proposition 6.1. Let X be a smooth affine symmetric G-variety. Then, the induction morphisms Ind(/\@) S Hie) —
H (§5) respect the perverse filtration.

Proof. The induction morphisms Indy ) are given by taking the derived global sections of the morphisms of

complexes Indy q): (Z()\,a)>*(7r()\,a))*g;2/G)\ — W*g‘)](i;c (5.5). The map (5 o) is finite (Lemma 5.3) and is
gk( vir

therefore perverse t-exact. By standard properties of t-structures, the composition 7% (25 ) )«(T(x,a) )*_XX/GA —
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vir Ind( o) vir vir vir . .
(Z()\,a))*(ﬁ()\,a))*gxé/g)\ LN W*QX/G factors through ngﬂ*gx/G — W*QX/G. This finishes the

proof. O
Lemma 6.2. The W () )-action on H*(X}/G*, Q") respects the perverse filtration.

Proof. We let p: Ng(T) — W = Ng(T)/T be the quotient map and Né{\’a) (T) == p~*(Wr,a)) (see after
Definition 4.9). Then, Ng’a) (T) acts by automorphisms on the map 7y o): X3/G* — X} /G*. Since

vir
=X /G

structure. Therefore, the perverse filtration on (7T(,\7a))*9‘)’(i§/GA is Ng‘,a)(T)-equivariant (by the general

theory of equivariant perverse sheaves [BL0G]). By taking derived global sections, we obtain that the

Ng’a) (T)-action on H*(X)/G?) respects the perverse filtration. This action factors through Wine =

Ng’a) (T)/T. This finishes the proof of the lemma, as the action of W C Wixn,a) ON T q) is trivial, and

so the action descends to the quotient W(,\@). 0

is Ng"a) (T')-equivariant, the pushforward (W(xm)*g}ii/@ also inherits a Ng’a) (T')-equivariant

Proposition 6.3. Let V be a representation of a reductive group G. The cohomological integrality map of

Theorem 2.1 [Hen2/, Theorem 1.1] is a filtered isomorphism. That is, the associated graded morphism
P (er(Pr) @ H (pt/Gr)*" = Hyg
Xva/W

with respect to the perverse filtration is an isomorphism.

Proof. By Proposition 6.1, the induction morphisms preserve the perverse filtration. Therefore, for any

1 € Z, by filtering the isomorphism of Theorem 2.1, we obtain an isomorphism
P B(Pr@H (pt/Gr)™ = PSHyq.
Xva/W

Now, we have

(6.1)  A; = (PS(Pr @ H* (pt/G1)))™ /(BST7H(Pr @ H (pt/G)))*>
= (DB Pa/PS1Pa) @ PSTIH (pt/Ga) /P TIH (pt/G))
<t
The perverse filtration on H*(pt/G ) is the filtration by cohomological degrees, and so, by assembling pieces,

we obtain the isomorphism of the proposition. O

The advantage of taking the associated graded with respect to the perverse filtration is that we can work
in the Abelian category of cohomologically graded mixed Hodges modules MMHM?%(X /@) (§A.2) rather
than in the triangulated category of complexes of mixed Hodge modules. In the former, one can take kernels
and cokernels of morphisms.

Let (A, a) € 2x,¢. We let Ind( o) = gr(Ind(y 0)) = Bz H' (Indxa)): (4na))«Hira) — H be the

sheafified associated graded mutiplication and we use the same notation after taking derived global sections.

7. LOCAL NEIGHBOURHOOD THEOREM FOR SMOOTH STACKS

7.1. Neighbourhood theorem via étale slices.

Theorem 7.1. Let G be a reductive group and X a smooth affine G-variety. Let x € G such that the orbit
G - x is closed, and so its stabilizer G, C G is a reductive group. Let A\: Gy, — G, be a one-parameter
subgroup. We let N, C X be a normal slice through x to the G-orbit of x. It is a G, -variety. There exists

a Gy-invariant Zariski open neighbourhood U C TN, of 0 such that we have commutative diagrams (after
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possibly shrinking N, to a Zariski open neighbourhood of x in X )

X/\/G/\ 90,) X,\>0/G,\>0 P(x0) o x/6

]

NMGY S22 NS0 grz0 P22 NG,

|

XA )GA e X)G

/

N} G N, /G

UGy +2— U060 2 U/a,

7

NMGY 22 NAZ0 grz0 P22 N G

|

U> )G A U) G,

e —

N} G N, /Gy

with étale diagonal arrows and Cartesian left and right faces of both parallelepipeds.

(s

Proof. This is a version of Luna étale slice theorem applied to X/G. More precisely, we let T, (X) =
T, (G - x) @ TN, be a Gy-equivariant decomposition where N, C X be an étale slice at 2. By Luna étale

slice theorem, we have a diagram with Cartesian squares and étale horizontal maps

U/Gy +—— N /Gy — X/G

| l |

U)Gy «—— N )Gy — X)|G

This is the combination of the right faces of the parallelepipeds in the diagrams of the theorem.

We let g := g, ® g+ be a G,-stable decomposition of g, where g = g/g,. We have g* = g} @ (g+).
As G,-representations, we have T,(G - z) = gt. As G)-representations, we have T,(G* - ) = (gi)*
(Lemma 4.17).

We have (T, X)* 2 (T,(G-2))* ® (T Ny) = Ty(G*-2) @ (T, N,)?*, proving that (T, N,)?* is the normal
bundle to G* -z at x. We prove similarly that N is a normal slice to G* - x at z. By the étale slice theorem,
we obtain the left faces of the two parallelepipeds in Theorem 7.1.

Next, we consider X*20 2 (T, (G-z))**°® (T, N,)*?? and g**° = g}>0@(g+)*>°. Since (T, (G z))*>0 =
T(G*?° . z), we obtain the étale morphisms N}20/G2Z0 — U*?0/G2Z0 and N}=0/G)20 — XA20/GA=0

The commutativity of all squares in the diagrams of Theorem 7.1 is straighforward to check. ([l
7.2. Fiber induction. Let (\,a) € 2x ¢ and T € X2 /G*. We let 1z: {T} — X2 /G* be the inclusion.

The induction morphism Ind(y 4 : (z(,\7a))>k(7r(>\10¢))*9§(i§/gA — w*g}i;G induces a morphism
(2(x,a) ©27) Ind (o) : H*(ﬂ(;\%a) (’(7)\1@) (100 (@), Q") = H* (77 (10,0 (T)), Q™)

and since 7r(>\ )( T) is a connected component of 7r(_/\17a) (z(_)\l,a)(z@’a) (7))) (by finiteness of 1y ), Lemma 5.3),

a morphism
(71> Ind()\,a),f : H* (W(j\%a) (f)a QVir) — H* (ﬂ-il (Z(A,a) (f))v QVir) .

7.3. Compatibility of fiber inductions. Let € X be such that T = G - x is closed and T, =T NG,

is a maximal torus of G,. We let A € X,(T}) and a € mo(X?) be the connected component containing .
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There is an induction morphism

Indy: (20)s(m2) Q" — T Q

_(TmNm)X/GA TTNT/Gm ’

By restriction over 0 € T, N, /G and C*-equivariance, we obtain a morphism
(7.2) Ind, 5: H* (7 '(0), Q") — H*(='(0),Q"").

Proposition 7.2. There is a commutative diagram in which vertical maps are isomorphisms:

Ind, 5

H* (75 1(0), Q") H*(7=1(0), Q")

| !

Ind(x,a),7

HE (5l (), Q) 5 (17 (13, (7)), Q)

Proof. This follows from the local neighbourhood theorem (Theorem 7.1), by base-change. U

8. SHEAFIFIED COHOMOLOGICAL INTEGRALITY FOR AFFINE VARIETIES WITH REDUCTIVE GROUP ACTION

8.1. The character. For (\,a) € 2x,g, we let Wir o) = {w € W | w-(\,a) = (\,a)} C W (§4.4).
This is a subgroup of W. We let Nx(X}) = TX|x»/TX, be the normal bundle of X} C X. We let
T" = (ker(G* — Aut(X}) N Z(G*))°. We have w - T’ = T’ for any w € W, ) (Lemma 4.7). We let
Nx (X)) = Dsex. () Nx (X2)s be the weight decomposition with respect to the T'-action. Then, by the
Biatinicky-Birula decomposition, X3~ 2 Nx(X2)**° == @sex, () Nx(X2)s. Now, by symmetry of X,

(A,8)>0
the weights of Nx(X2) are symmetric, that is for any 8 € X, (T"), rank(Nx(X2)s) = rank(Nx(X2)_z).
Similarly, we let g*** = Dpex. (r"y 95 be the decomposition of g*70 in weight spaces under the T'-action.
(\B)#0
Hgex, () ﬁmnk(NX(Xé)ﬂ)
We define kqy o) = —220>0 :
¢ e e Mgex. () 8"
(A.8)>0

Lemma 8.1. There exists a character €x (x,a): Wina) = {1} such that for any w € Wina), W ke =

EX,(\a) (w>k(k,o¢) .

Proof. By symmetry of X, we have

rank(Nx (X3) )
(c1yemg, , = pexan P
7 [sex. ) B oe
(AB)#0
Moreover, since Wy o) acts on the weights of Nx (X7) and g, we have (—1)" o) (w-k(y o)) = (—1) e k(QA N

It follows immediately that w - k(x o) = €x,(x,0)(W)E(r,) for some uniquely determined sign €x (x.q)(w) €

{£1}. The unicity implies that the map ex,(xa): W(r,a) — {%1} is a character. O
Lemma 8.2. The character € x (x «) is trivial on WA, and so induces a character EX,(Aa) " W(/\@) — {£1}.

Proof. This follows from the fact that w € W* preserves A and the pairing between characters and cochar-
acters is W-invariant: (\, ) = (w, 8) = (A\,w™ ') for any A € X,.(T), 8 € X*(T) and w € W*. Therefore,
(A w - B) > 0iff (\,3) > 0. This implies that k o) is w-invariant. O

8.2. Character and étale slices. In this section, we show the compatibility of the character defined in
§8.1 with étale slices.

Let x € X be such that G- x is a closed G-orbit and T, = TN G, is a maximal torus of G,. We let NV, be
a normal slice through = and A\ € X, (7)) a cocharacter. We let a € mo(X™) be the connected component

of X* containing .
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Lemma 8.3. We have a commutative diagram

where the horizontal map is the inclusion of Lemma 4.19 with T' = GS.

Proof. We have decompositions T, X = (T,(G -z)) ® T, N, and g = g, ® g.-. Moreover, T, (G -7) = g as

G ,-representations. Therefore,

(TIX>)‘>O o~ (gi_)/\>0 @ (Tsz>)\>O, g>\>0 o~ gg/>>0 o (gi_)/\>0 .

Consequently,
HBGX*(T') paim{T=X)s HBeX*(T') grank(TzNa)s
ke = (A.B)>0 _ __ (py>0 .
) HBEX*(T/) ﬁdlm 98 HﬁEX*(T’) Brank(gm)ﬂ )
h)>0 (\5)>0

If we WI,)U w acts independently on the weights of g, and gi‘ on the one side, and T, N, and gi‘ on the
other side. Therefore, the action of w changes k() ) and k, x by the same sign. This concludes.
O

8.3. A group-theoretic lemma.

Lemma 8.4. Let W be a finite-group. We assume that W acts transitively on a finite set I and we let
V =@, Vi be a finite dimensional representation of W such that for any v € Vi, w-v € Vi, We let
e: W — C* be a character of W and i € I. If W; C W s the stabilizer of i and €;: W; — C* the character
induced by €, then Ve = V.

Proof. The natural projection V' — V; induces a map V¢ — V7. We now construct an inverse. Let

v; € VS and j € I. We let w € W such that w -i = j (by transitivity). Then, e(w) 'w - v; does not

lw' € W; and so w™!

1

depend on w. Indeed, if w'-i = j, then w™ w' - v; = e(w)"te(w')v. Therefore,

1

e(w)~tw' - v; = e(w) " lw - v;. We set v; == e(w) 'w - v;. Then, the inverse is v; — (vj)jer. O

8.4. Fixed loci.

Lemma 8.5. Let V be a representation of a reductive group and A\: Gy, — G a one-parameter subgroup. We
let G-x € V)/G and G, C G be the stabiliser of x. Then, T = G-z belongs to the image of 1y: V> JG* — V|G
if and only if a G-conjugate of A\ factors through G;.

Proof. The point T belongs to the image of 2, if and only if G-2NV* # @. Therefore, A fixed g - for some
g € G and so g~ ! \g fixed z. O

8.5. The BPS (cohomologically graded) mixed Hodge module. In this section, we define cohomo-
logically graded mixed Hodge modules over X2 /G* for (\,a) € 2x ¢ that satisfy a sheafified version of
the cohomological integrality isomorphism [Hen24], see Theorem 8.7. We mimick at the sheaf level the
definition of the vector space Py in [Hen24], recalled in §2. Namely, for (\,a) € 2x., we see X as a
G = G* /G (5 a)-variety where Gy o) = ker(G* — Aut(X2)) N Z(G*). For (i, B) € 2xx,c» the induction
formalism §5 provides us with a map

vir

Id (), 00a) (00,008 (0,08 Qichon g = (T0a0))+ Q) 3 -

As in the end of §6, we let H(M),(Aya) be the sheafified associated graded induction with respect to the

perverse filtration.
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The image J (na) of the induction map

Som de, ), 0na)

D (tx,0),(0,) )+ (T ), 00,8))« Qipr e e ()= Q) jax

WPIEP s ox
(X2)M#X)

is a W( A,a)-€quivariant cohomologically graded sub-mixed Hodge module of (7 q))«Q (by semisim-

X2 /G>
plicity). We let BPS, ) be a W (x,a)-equivariant direct sum complement of NATRE o/
We have compatibility of the BPS sheaf with étale slices. More precisely, let x € X be such that the
orbit T := G - x is closed. Up to G-conjugation, we can assume that 7, := G N7T is a maximal torus of
G,. We let N, be a normal slice through G,. We let 1z: {G -2} — X//G and +5: {0} — T, N,//G, be the

natural inclusions.

Proposition 8.6. Let A € X.(T,) and o € mo(X?) be the connected component containing x. We have a

commutative diagram in which vertical arrows are isomorphisms:

UBPS () oy — (T ()« Q

X2/
| |

* * vir
Z@@TI Nz, A ? Zﬁ(w)‘)*—TI Ni/Ga

Proof. This follows from Theorem 7.1 and Lemma 8.5 by the definition of the cohomologically graded mixed
Hodge modules BPS , . O

With this definition, we are now able to prove Proposition 1.6 regarding the boundedness of the coho-

mologically graded mixed Hodge modules BPS y -

Proof of Proposition 1.6. Let (A\,a) € Zx ¢ We assume by contradiction that Hi(@(k7a)) is nonzero
for arbitrarily large or small ¢ € Z. For any étale slice N, at some point x € X with stabilizer G,
H*(@TmNm,A) =0fori < dimG;—dim N, = dimG—dim V and for i > dim G+dimV > dim G, +dim N,
by [Hen24, Proposition 1.4]. We reach a contradiction by taking ¢ € Z with either i < 0 or i > 0
and T € X /G* such that ’L%Hi(wX,()\,a)) # 0. Indeed, in this case, by Proposition 8.6, we have
HY (BPSy . ») # 0 for i’ > dim G + dim V or i’ < dim G — dim V. O

8.6. Sheafified cohomological integrality for symmetric affine smooth G-varieties. For any (), a) €

Px.c, we have by definition a morphism
@(m) — ﬂxQ,GA .
Moreover, by [Hen24, §3], we have an action of H*(pt/G (x,«)) on Hy s g» which we use to define a morphism
BPS 5 o) @ H*(pt/G(x0) = Hxr,cr -
By composing these morphisms with the sheafified induction morphisms, we obtain the map
(1(r00))« (BPS (5 oy @ H (pt/G(r,0))) = Hx -
Theorem 8.7. The induction induces an isomorphism of complexes of mixed Hodge modules

Indx,c: B (0)BPS( ) @ H (pt/Gra))) X = Hy
(//\Toz/)eg’x,c/w

Proof. 1t suffices to prove the statement after taking the associated graded with respect to the perverse
filtrations on both sides. We denote by HXG the morphism we obtain. If the map EX,G is not an
isomorphism, we let F be a simple direct summand of either the kernel of the cokernel of mxg (in the
Abelian category MMHMZ (X /G)). We let T € supp(F) € X//G be such that 12F # 0. We let 2 € X be a
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lift of T such that T'N G, is a maximal torus of G,. Then,

ZIndx - @ (1 ((1(x,0))+BPS x (x,0)) @ H' (Pt/G(x,0))) > = 5 Hx
a)ePx /W
is not an isomorphism.

By Lemma 4.23, Proposition 7.2, Proposition 8.6 and Lemma 8.4, «XInd x ¢ is identified with the map

81  ahdoave: @ 05(00)BBSp y, ) ©H (/G2 T 5 ity g
XE@TINI/WI

which is therefore not an isomorphism. But, by C*-equivariance, (8.1) is the cohomological integrality

isomorphism [Hen24, Theorem 1.1], see also Theorem 2.1, for the representation T, N, of G,. We reached

a contradiction. O

Proposition 8.8. The BPS sheaves BPSx () o) are uniquely determined (up to isomorphism). That is, if
Fna) are W x-equivariant cohomologically graded mized Hodge modules on X |G for (A, ) € 2x.q such

that there exists a graded isomorphism

D ((aw)Fom @HRHG)) 0 = Hy g,
(e Px.q/W
and similarly for all pairs (X2, G*) then Fine) ZBPSx (r ) for any (N, a) € 2x .

Proof. We proceed by induction on (A, @) € Px . If (A, ) is minimal, then there is no (u, 3) € Zxx >
such that (X2)* C X2. Therefore,

BPSx (3o = Pa = (T0,a))+ Qs 67 /600

Let now (A\,a) € Zx,¢ and we assume that F, 5y = BPSy (, 5 for any (i, 8) € Zx,c such that
(u, B) < (A, @) (for the order relation < defined in §4.2). By Theorem 8.7, the cokernel of the morphism of

cohomologically graded mixed Hodge modules

@  hdus.ow: D (0w BPSx 5 @ H (/G ) = M (r.a)
(/;ZZE/)egaXé/WA (/E,'B/)eg’xé/w*
(XQ2)M#X) (X" #X)

is BPSx (x,a) @ H*(Pt/G(x,a))- By induction hypothesis, we also have a morphism

D 0w BPS 5 @ H (/G ) = Hx (ra)
(/;;ﬂ/)egﬂxé/wA
(XD #£X)

whose cokernel is P, ) ® H* (pt/G(x.a)). Since all objects appearing are semisimple, we have Pira =
BPSx (x,a)- [
8.7. Self-duality.

Lemma 8.9. For any i € Z, we have ﬂi(ﬂ'*_‘;;c) = Dﬂi(ﬂ'*_‘;;c) ® ZL2i].

Proof. We let G’ = G x C* and let C* act trivially on X. Since WLQX/G, = 7T*9X/G QH*(pt/C*), it suffices
to prove the statement for X/G’ by an easy induction on cohomological degrees. We use the fact that =’

can be approached by proper maps (Proposition 3.12). For n big enough,

H(mQY) ) = H T (pn)+IC(Xn)) ® L (2d,]

for some d,, € %Z and projective algebraic variety X,,. By the relative hard Lefschetz theorem ([CMO09,

Theorem 3.1.16] for perverse sheaves) applied to p,, we have

H T () ZC(Xn)) = M7 (p)IC(Xn)) © L7720 [2(i — 241y
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By properness of p,, and self-duality of ZC(X,,), we have
A7 ((pa)+ZC(Xn)) = DU ((pu) ZC(Xn)) -
By combining these two isomorphisms, we obtain
H T2 (pa) o ZC(Xn)) = DR ((pn) ZC(Xn)) @ L7720 [2(i — 2d,,)] -
Tensoring both sides by .#%[2d,,], we obtain the desired isomorphism. O

Corollary 8.10. For any G-equivariant function f: X — C, we have 1’ (W*@z}g;;c) DA’ (W*(pr;;;G)
L24).

Proof. This follows from the fact that the vanishing cycle functor is perverse t-exact and commutes with

proper pushforward. Therefore, it also commutes with maps that are approachable by proper maps. O

vir

x/c is pure if and only if it is

Corollary 8.11. The complex of monodromic mixed Hodge modules ﬁ*(pr

pure below, if and only if it is pure above.

Proof. This is a consequence of Corollary 8.10, since the Verdier duality changes the weights to their
opposite. O

8.8. A conjecture. We make conjectures regarding the precise identification of the BPS complexes BPS x| (5 -

Definition 8.12. We let 2% ; € 2x ¢ be the subset of stable pairs (A, a), that is of (A, ) € 2x g such
that there are closed orbits with finite stabilizer for the G* /Gy )-action on X.

Proposition 8.13. A pair (A, &) is stable if and only if dim X2 JG* = dim X} /(G*/G (x.q))-

Proof. The equality of dimensions forces the union of closed G*-orbits inside X to be a non-empty open
subset and moreover, a general element in this union has finite stabilizer inside G*/ G(x,a)- This means
precisely (), o) € 2% . O

Conjecture 8.14. We make the following conjectures' regarding the cohomologically graded mized Hodge
modules B(A,a) = BPS(/\@) :
(1) Pra) # 0 if and only if (A, a) € 2%
(2) For ()\ a) c B@X Ne? 7)(}\ o) = HdlmGo\ a)(ﬂ.*Q;l;‘/Gk)[_ dimG(/\ya)].
ere 1s a natural inclusion ZC ® imGxe)/2 s P , which is an isomorphism.
3) Th 1 incl IC(X) )G @ LYmCom/2 — Py, which h

Lemma 8.15. Let G be a finite group acting on a smooth quasiprojective variety X and w: X — X//G the

good moduli space map. Then, W*QX/G = QX//G'

Proof. We let H be the generic stabiliser, so that G/H acts generically freely on X. The map = factors as
X/G 5 X/(G/H) == X/G. The map 7’ is a pt/H gerbe, and so 7,Q

finite (and so small) and generically an isomorphism, and so 7/ Q

The map 7" is
0

X/G = QX/(G/H)'
X/(G/H) — 9X//G'
Lemma 8.16. Let X be a smooth quasiprojective algebraic variety on which a group G acts with finite

stabilisers. Let m: X/G — X /G be a good moduli space map. Then 7T*9X/G = QX//G'

Proof. We have a natural adjunction map Q — mQ x/G" We can check that it is an isomorphism

X)G
locally. Since X/G is locally a finite group quotient [Beh04, Exercise 34|, this follows from Lemma 8.15. O

Corollary 8.17. Let X be a smooth quasiprojective variety acted on by a reductive algebraic group G and

H C G be a normal subgroup acting trivially on X such that G/H acts on X with finite stabilisers. Then,

ﬂ-*QV/G 'EQX//G ® H*(pt/H).

LAs this paper was being revised, a proof of Conjecture 8.14 appeared in [Bu+25] under an orthogonality assumption for the
action of G.
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Proof. We can factor the good moduli space map as X/G L X/(G/H) LN X/)G = XJ/(G/H). The

morphism 7’ is a pt/H gerbe and so ngx/c = gx/(G/H) ® H*(pt/H). Then, since G/H acts on X with

finite stabilisers, we have 7 Q by Lemma 8.16. By combining these two isomorphisms, we

obtain . 9

=X/ (G/H) =Qy/c
x/c = Qxye @ W (pt/H). -

As a step toward Conjecture 8.14, we prove the following.

Proposition 8.18. Let (\,a) € 2% . Then, we have a canonical monomorphism IC(X) JGM @ LIMCEx /2 <y
P(r,a) of cohomologically graded mized Hodge modules.

X2 /GA

is semisimple (Proposition 3.14). If (A, a) € 2% 4, then the morphism X /G* — X} /G* is generically a

Proof. By the approximation by proper maps, the complex of monodromic mixed Hodge modules 7. Q

gerbe for a finite group extension of G5 ). Therefore, the restriction of (W(x,a))*g}ii/@ over a smooth open
subset U C X2 //G* is isomorphic to ZC(U) @ H* (pt/G»,4))- By semisimplicity, ZC(X2 JG*) @ L4mGina) /2

is a direct summand of (W(A,a))*gxx/cp\.

Moreover, the support of the image of any nontrivial induction morphism Ind, g (x,q) is contained in
the strictly semistable locus inside X /G*. This means that ZC(X2 JG*) @ L 4™ Gxe)/2 does not appear
in any of the nontrivial induction maps. Therefore, it is a direct summand of any direct sum complement

of the image of the induction, and hence a direct summand of P, ). O

9. SHEAFIFIED COHOMOLOGICAL INTEGRALITY FOR CRITICAL AFFINE (G-VARIETIES

Let X be a smooth affine G-variety for a reductive group G and f: X — C be a G-invariant function on
X. Then, for any (A, a) € Zx,g, we let fy q): X) — C be the restriction of f, a G*-invariant function.
We also denote f(y qa): X, 2/G* — C the induced regular function on the good moduli space. We define

. vir Z
Hx pne) = (TP g, 0 Qi e € MMM (XZ/G?).
9.1. Cohomological integrality for critical loci.

Lemma 9.1. Let X be a smooth affine G-variety and f: X — C a G-invariant function. Then, the
pushforward by 7: X/G — X /G commutes with the vanishing cycle functor.

Proof. The same statement for 7’': X/(G x C*) — X//G where C* acts trivially on X is true since 7’
is approachable by proper maps. The result follows from the fact that n,o;F = m.p;F @ HE. for any
constructible complex F on X/G. O

Theorem 9.2. Assume that X is a smooth symmetric affine G-variety. Let f: X — C be a G-invariant
reqular function. We have an isomorphism of cohomologically graded mized Hodge modules

@ ((Z(A,a))*@g%f(m)ﬂ(,\,a) @ H"(pt/G(na))) > = Hy p

—_—

(/\,a)Gﬁx,G

Proof. This follows from Theorem 8.7 by applying the vanishing cycle functor <p1;, using the fact that 1 o)

is a finite map (Lemma 5.3) and that 7, commutes with the vanishing cycle functor by Lemma 9.1. O

We let BP‘SXQ,fQ,a) = cpg(évf(xmz()"a)' Since the vanishing cycle functor is perverse exact, BPSXQJ(A’&)

is a cohomologically graded complex of monodromic mixed Hodge modules.

10. WEAK MOMENT MAPS AND LOCAL NEIGHBOURHOOD THEOREM FOR DERIVED STACKS WITH
SELF-DUAL COTANGENT BUNDLE

10.1. Weak moment map. Let X a smooth complex algebraic G-variety. We say that X is weakly
symplectic if there exists a G-equivariant isomorphism ¢: T*X — TX. We let a: X x G —» TX, (z,§) —
(x, X¢(x)) be the infinitesimal action of g on X, where X is the vector field on X associated to £&. We recall

the notion of weak moment maps following Halpern-Leistner [Hal20].
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Definition 10.1. A weak moment map for the G-action on the weak symplectic variety X is a G-equivariant
map p: X — g* such that there exists a G-equivariant isomorphism ¢: X xg — X x g such that the following

diagram:

X xg - Tex

(10.1) a ¥

Xxg—%s TX
commutes over x~1(0), where du: (x,€) — d{u(-), &) ().
10.2. Local neighbourhood theorem.

Theorem 10.2 (Neighbourhood theorem, [Hal20, Theorem 4.2.3]). Let X be a derived algebraic stack such
that Ly =2 LY and let X' — Y be a good moduli space. Let x € X(k) be a closed point and G = Aut(X)(z)
its stabilizer. This is a linearly reductive group. Then, there is a smooth affine G-scheme X = Spec(R)
with a G-fixed point T € X and a weak moment map u: X — g* and a map

e X = p0)/G = %

taking ¥ to x and where p~1(0) denotes the derived zero locus, which is strongly étale, that is we have a
Cartesian diagram
%lcl xcl
p 0 )G —— Y

C

where p=1(0) is the classical truncation of the derived scheme p=1(0).

10.3. Critical locus. Let X be a weak Hamiltonian G-variety and f: X =X x g — C be the regular

function obtained by contracting the weak moment map.

Lemma 10.3. We assume that p is an actual moment map, in particular that ¢ = idx x4 in the diagram
(10.1). We have crit(f) = {(z,£) € X x g | u(xz) =0,§ € g,} where g, = Lie(G,,) is the Lie algebra of the
stabilizer of x € X.

Proof. We have f(x,£) = (u(x),&). Therefore, the vanishing of the partial differential with respect to & gives
the equation p(z) = 0. In addition, the vanishing of the partial derivative with respect to x is equivalent to

the vanishing of a(x, &) by the commutative diagram of Definition 10.1, that is £ € g,. O

We also need a version of Lemma 10.3 when p is a weak moment map and not necessarily an actual

moment map.

Lemma 10.4. Let u: X — g* be a weak moment map for a G-action on a weakly symplectic G-variety X .
We have crit(f o ¢p71) = {(z,£) € X x g | u(x) = 0,€ € g,} where g, = Lie(G,) is the Lie algebra of the
stabilizer of x € X.

Proof. Since ¢ is an isomorphism, crit(f o ¢=1) = ¢(crit(f)). Moreover, the differential of f with respect
to & gives crit(f) € p=1(0) x g (as for Lemma 10.3). Since the diagram (10.1) commutes over u~1(0), we
have ¢(z, &) = (z, ¢(z,€)) for any (z,€) € p~1(0) x g. In particular, ¢(u=1(0) x g) = u~1(0) x g. Therefore,
crit(fop™1) € p~1(0) x g. We now examinate the derivative of f o ¢ with respect to z for x € p=1(0). We

have

de(f 0 9)(2,8) =0 <= dap(o(,£))
= ¢ (a(z,€))

— a(z,§) =0.

0
0

Therefore, the vanishing of d,.(f o ¢) is the condition £ € g,.
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11. DIMENSIONAL REDUCTION

In this section, we recall the dimensional reduction isomorphisms [Dav17, Appendix A], which relates a
vanishing cycle sheaf on some space to the dualising sheaf of a different space. More generally, we recall the

deformed dimensional reduction theorem [DP22].

Theorem 11.1 (Deformed dimensional reduction). We let

U

F s p-"23X

be a pair of a vector F bundle over E and a vector bundle E over X. We let s be a section of F* — E (the
dual of F — E) and go: E — A' be a regular function on E. Contraction with s gives a reqular function
gs on F. We consider the function g = mgo + gs on F. We assume that there is a Gy-action on F — X
with nonnegative weights and an action on Al with positive weight such that g is G -equivariant. We let

Z =7 (s71(0)) & F. Then, the dimensional reduction morphism of functors
mEgm* — F!l*(pwfgo’t*ﬂ'*
is an isomorphism.

Corollary 11.2 (Dimensional reduction). If E — X is the trivial vector bundle, we recover the dimensional
reduction theorem. More precisely, let m: F — X be a vector bundle, s: X — F* be a section and g: F — Al

be the associated regular function. We let Z == =1 (s7(0)). Then, the dimensional reduction morphism
mpgm™ — mua 1™ DIMHM(X)) - D(MMHM(X))
is an isomorphism.
Corollary 11.3. In the setup of Corollary 11.2, we let Z = s~(0). We have an isomorphism
ngzir — ﬂ*@gg‘;r.
where 9\; =Q,® _p—(dim X —rankF)/2 g0 9}“ =Q,® _gp—(dim X+rankF) /2
Proof. We apply Corollary 11.2 to Q  and take the Verdier dual of the isomorphism obtained. O

Lemma 11.4. Let X be a weakly symplectic smooth affine algebraic variety. We let u, ¢ be as in Defini-
tion 10.1. We denote by m: X x g — X the projection. Then, m.@f ‘)’(irxg = DQZiEI(O) = TP pop—1 Q‘)’(irxg.
Proof. This follows from the fact that the critical loci of f and f o ¢~! are contained in p=1(0) x g

Lemma 10.4), that ¢ is an isomorphism (and so ¢, Q%W - = pou-1 Q% ), and the commutative diagram
R Xxg foo

Xxg
_ ¢ _
pH0) x g poH0) x g
1=(0)
Indeed, we have 7, fQ}(ir = DQZiEI (0y by dimensional reduction. O

12. PURITY OF THE BPS SHEAF FOR WEAK HAMILTONIAN REDUCTIONS

12.1. A purity lemma. For future reference, we state a purity lemma due to Davison.

Lemma 12.1 ([Dav20, Lemma 4.7]). Let X be a finite type stack and p: X — ) a morphism of stacks.
Then, p*]D)g3€ is pure below and p!gx s pure above.

12.2. Support Lemma for the BPS sheaf.
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12.2.1. Regular locus in Levi subgroups. Let G be a reductive group, g its Lie algebra. We recall the notion
of regularity for elements of a Levi subalgebra I C g, the Lie algebra of the Levi subgroup L C G.

For € g, we define Hg(x) = Cg(2%) = G*, the centraliser of the semisimple part of .

If X is a G-variety and = € g, we let Hx (z) = {v € X | 2% -v =0} = X*".

Definition 12.2. An element x € [ is called G-reqular if Hg(2%) C L. We let ™8 C [ be the subset of

regular elements.

We let gy == {z € g | Hg(z) is conjugate to L} C g. We define the order relation (L) < (M) if a

conjugate of L is a subgroup of M. We have an associated subvariety g< () C 9.

Proposition 12.3 ([Gun18, Proposition 2.11]). The morphism of stacks dy: 178 /L — g/G is étale with

image g<(r)-
We will need a stronger notion of regularity.

Definition 12.4. Let A € Homz (G, G) be a one-parameter subgroup and X a G-variety. An element
r € g is called G, X-regular if Hg(z%) C G* and Hx(2%°) € X*. We denote by gh%*~™¢ the set of

G, X-regular elements.
Lemma 12.5. gh@X-regs C ghGreg s o nonempty open subset.

Proof. The subset g»%X~r°8 ig clearly nonempty, as it contains %/\(t)\tzl € g. We prove openness. We let
V=TX|x»and V = TX*@ V' be a direct sum decomposition of V as vector bundles over X*. Let = € g*.
The infinitesimal action of g on X gives a morphism of vector bundles z: V' — V. Then, Hx(z) C X* if

and only iff z induces an invertible endomorphism of V’. This is an open condition on z. 0
Corollary 12.6. The morphism gMX—8 /GA — g/G is étale.
Proof. This follows immediately from Proposition 12.3 and Lemma 12.5. 0

Lemma 12.7. For any element £ € g there exists a one-parameter subgroup N € Hom(Gyy,, G) such that
€ c gz\,G,X—reg'

Proof. We let €% be the semisimple part of £&. Up to G-conjugation, we can assume that % € t. We let
T’ C Z(G¢™) be the maximal connected torus acting trivially on X¢© = {z € X | €% .2 = z}.

We write, for a € mo(X§),

TXxex = P (TXye)s-
BeX.(T)

We define WO(TX|X5ss) ={f e X.(T) | (TX‘ngs)g # 0 for some « € WO(XESS)}. We define similarly
Wo(g) = {8 € X.(T") | g5 # O}.

We let
(0, €%) = 0},
(o, £%) # 0}

Wy ={ae Wo(TX|XgSS) UWo(g) |
|
We consider the subset of the rational vector space tq = X.(1")q:

)
Wa = {a € Wo(TX|xe=) UWo(g)

. L €L
Z = Naew, o N\ Ugew,a.

This subset is nonempty, as its base-change to C contains £%. We pick y € Z. For some integer N > 1,
Ny gives a cocharacter A € X, (T"), and so a cocharacter A € X, (T), which satisfies the property of the

Lemma. O

We let X be a weak smooth affine symplectic variety with a G-action and a weak moment map p: X — g*.

We let f = fo¢p !': X xg — C. Note that when p is an actual moment map, fv = f. Since ¢ is an
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isomorphism, the BPS sheaves BPS ¢ f and BPS ¢ 7 encode essentially the same data, but for fwe will
make use of Lemma 10.4.
Let A € X.(T) be a cocharacter. We define Xreg X x gh@X=re8 50 that we have a Cartesian square

Trer B, %G

gA,G,Xreg/GA g/G

and by Proposition 12.3 and base-change, dy is étale. By abuse, we also denote by d) the morphism
X;eg — X. The morphism d,: )?ieg//GA — )?//G induced on the good moduli spaces is also étale.

For o € mo(X?), we let X 108 := XA x ghCG X —reg gpd XA20reg .— xA20 y ghG X —reg,

We have natural G*-equivariant maps s(x q) : X)>0res )?;eg (closed immersion) and g(x q): X)>0res

X Are8 This is a vector bundle. We have a (not everywhere commutative) diagram of maps
vreg
X\

Gl N8

X)\>O reg X f C

£ixa)
q(x, a)J/

v A,reg
Xa

U a)

where £() o) is induced is the (G, G)-equivariant map X Jreg X and U(x,q) is the closed inclusion induced
by X2 C X.

Lemma 12.8. We have an isomorphism of critical loci

crit(fo dy) = |_| u(A,a)crit(f(,\’a)) .
aEm(XH)
Proof. We have
crit(fody) = {(v,€) € X x ghFXr8 | y(v) = 0,6 - v =0}
by Lemma 10.4 and the fact that after taking stacky quotients by the appropriate groups, dy is étale.

Lemma 10.4 also gives

Crit(f()\,a)) = {(’075) € Xi X g)\,G,Xfreg | H(xa) (’U) = 075 U= 0}

where f1(3,0): X3 — (g*)* is the induced weak moment map.
The statement follows then from the definition of g*&X~T°2 since £ - v = 0 implies v € X*. O

Lemma 12.9 (Factorisation property). We have isomorphisms

SDI;-'OdAQVXJEUg/GA =dye ?Q;r/c B (woa)- SDf(A a)9§rx rex Gon -
aEmo(X?H)
Proof. The first isomorphism comes from the fact that dy is étale (after taking quotients), and hence
commutes with vanishing cycles (up to the appropriate shifts). The second isomorphism is more subtle.
The proof is inspired by the proof of [Dav23, Lemma 4.5]. We work equivariantly. We let G,,, act on X A20;reg
via A\. By Gy -equivariance, we have fo dx 0 8(\a) = JT(AA) 0 q(,a)- By smooth pullback of vanishing cycle
sheaves, we have an isomorphism

P vir

vir szfrank(qo\ya))/2
cpf(x @) %d(x,0)—Xa )

TA=0,reg = (q()\ a)sﬁfo\ )QXX reg
Therefore,

P ~ ~ P ~ rank(q(x,q))/2
(12.1) (pfy(x,a)gxé’mg o (q(/\’a))*(pf(x,a)oqx,agXézo’reg ®Z N
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Then, we can show exactly as in [Dav23, Proof of Lemma 4.5] that

(12.2) Ux ) Poa, (g}geg = (500, + Qrs0.mes)

is an isomorphism.

Namely, by Lemma 12.8, a connected component of crit(fo dy) is contained in the image of u(x q)-
Therefore, by working analytically locally, we can choose coordinates x;,y;,2; around = € (T)?;eg)‘ <
such that in a neighbourhood of = € )N(;eg, fcan be written f( aa) + ; Yizi. The result then follows by
dimensional reduction §11.

The combination of (12.1) and (12.2) gives the Lemma, since sy ) is a closed immersion, and so in

particular proper, and so commutes via vanishing cycle functors. (]
Recall that go C g is the Lie algebra of Gy := Z(G) Nker(G — Aut(X)).

Lemma 12.10 (Support lemma). The support of the BPS sheaf BPS 3 7 is contained inside u=10))G x

Proof. The proof uses the sheafified cohomological integrality isomorphism for critical representations of
reductive groups (Theorem 1.7). We let (0,€) € X//G be a point in supp(BPS ; 7) where (v,£) € X
has closed G-orbit. We let G(,¢) € G be the stabilizer of (v,£), a reductive group. By Lemma 10.3,
¢ € Lie(Gye). We let A € X.(T) be such that ¢ € gh¥¢=™¢ (Lemma 12.7). We will prove that X is
trivial, that is X* = X and g* = g, which implies that £ € go. Assuming this for a moment, if £€"!! is the

nilpotent part of &, we have &Ml € Lie(G(y,¢)). There exists a one-parameter subgroup j: G, — G y,¢) such
that limy o p(t)€™ ()~ = 0. Then, lim;_o p(t) - (v,€) = (v, &%). Therefore, since the G-orbit of (v,¢) is
closed, & = £%°. This concludes.

It remains to show that \ is trivial, that is X* = X. Assume it is not trivial. Recall that, by the very

definition of P, ), Po is a direct sum complement of the image of

(12'3) @ ((’L(,u,a))*(p%

(1,0)E€E2x .G
(1, )#0

u,a)B(#,a) ® H* (pt/G(Hya)))E}’(“’a) - ﬂf(,f

By Lemma 12.9 and Theorem 1.7 applied to the smooth critical G*-variety ()?2, JT(A@)), where o € 7 ()?A)

is the connected component of X containing (v, ), applying E; to (12.3) gives an isomorphism.

Therefore, EiBPS x7=0 and provides us with a contradiction, since (v, £) is in the image of dy and in
the support of BPS ¢ 7 O

We are now able to deduce a support lemma for the BPS sheaf BPS ¢ f for the function f.
Lemma 12.11. The BPS sheaf BPS3 ; is supported on p=1(0) /G % go.

Proof. We still denote by ¢: (X x g)/G — (X x g)/G the function induced by ¢. We have BPS ¢ F=
d)*BPS;(j. By G-equivariance of ¢, we have ¢(X x Z(g)) = X x Z(g). Therefore, the support of BPS);J
is contained in p=*(0)/G x Z(g). Moreover, BPS 3 # Is go-equivariant, as the function f is go-invariant.
Since for any z € u~*(0)/G, the support of (B’PSxf)ng is at most dim go (by Lemma 12.10), then if
(BPS)?J)JC # 0, its support is exactly {x} x go. This implies that the support of (87)85(7]7)35 contains
{z} x{0}. The support of BPS 5 f therefore contains ¢ ~!(z,0) = (z,0) and so, by go-invariance, is equal to
{x} xgo. Therefore, by putting all fibers together, the support of BPS 5 7 is contained in p10))Gxgo. O

We let 2: (1=1(0)/G) x go — X /G be the natural inclusion.

Lemma 12.12. We assume that p is a weak moment map. The cohomologically graded monodromic mized

Hodge module BPS j can be written

BPS; ;= BPSY MQ
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for some cohomologically graded mized Hodge module B’PSred e MMHMZ(1,=1(0)/G).

Proof. The map 7: (X = X x g)/G — (X /@) is equivariant for the action of the additive group go on
X x g by translation on the g-factor. Moreover, the function f: X — C is invariant for this action. This
proves that BPS 5 r is go-equivariant. Using the support property of Lemma 12.10, this gives the desired
decomposition BPS g ; = BPSTGd Q O

12.3. Purity of the BPS sheaf.

Proposition 12.13. We have
W*DQWL(O e b (o )Bpsg?i oy @HI DY/ G a )X
(A,a)egﬂch/W

Proof. This follows by dimensional reduction Corollary 11.3 and Lemma 12.12, using the critical cohomo-

logical integrality isomorphism Theorem 1.7. ([l

Theorem 12.14. The cohomologically graded mized Hodge module BPS 5 f is pure and therefore semisim-
ple.

X/a
has weights bounded below by 0. By critical

vir
X/G’

vir

Proof. Since BPS3 ; is a direct summand of T Q it suffices to prove that .o} Q is pure.
By Proposition 8.11, it suffices to prove that w*gpr
cohomological integrality (Theorem 1.7), it suffices to show that BPS 5 f has weights bounded below by

0. Since BPS ¢ , = BPSTEd X Q (Lemma 12.12), we can equivalently prove that B’P«S';df has weights

7 =
bounded below b];f 0. Since BPSred is a direct summand of 7, D Vlfl(o)/G (Proposition 12.13), it suffices to
show that mDQv“l(O)/G has Welghts bounded below by 0. By [Dav20, Lemma 4.7], see also Lemma 12.1,
m Qv‘fl 0)/G has weights bounded above by 0. By taking the Verdier dual, W*DQV‘fl 0)/G has weights
bounded below by 0. This concludes. 0

Corollary 12.15. For any weakly Hamiltonian smooth affine G-variety X with weak moment map p: X —
g*, the pushforward W*Dgu € DT (MMHM(X//G)) is a pure weight 0 complex of mized Hodge mod-

—1(0)/G
ules.
Proof. By Proposition 12.13, the purity of W*Dgufl(o)/G follows from that of BPSXA o for any (A, ) €
2x,c (Theorem 12.14) and the purity of the mixed Hodge structure on H*(pt/G () q) ) We use the fact
that o(y,q) is finite (Lemma 5.3) and so proper: it preserves purity. ([l

Corollary 12.16. For any representation W of G, the Borel-Moore homology HEM (1=1(0)/G, Q) of the

stacky Hamiltonian reduction of T*W has pure mized Hodge structure.

Proof. By Corollary 12.15, we know that W*Dgufl(o)/G is a pure weight 0 mixed Hodge module. We
let p: p=1(0)/G — pt. We let {0} — p=1(0)/G be the inclusion of {0}. Since the map m: p=1(0)/G —
1 ~1(0) /G is C*-equivariant for the contracting action of C*, then we have an isomorphism HZM (1 =1(0)/G, Q) =
p*ﬂ-*Dgufl(o)/G =X ﬂ'*ID)ng(O)/G [Dav20, Lemma 6.10]. Since p, preserves lower bounds of weights and
2* preserves upper bounds of weight, we deduce that HEM (171(0)/G, Q) has pure weight zero mixed Hodge

structure. 0

Corollary 12.17. Let X be a weakly symplectic weakly Hamiltonian G-variety with weak moment map
o (Definition 10.1). We let X = X x g and f: X — C, (2,€) — (u(x),£). Then, @?I_C()?//G) €
MMHM (X /G) is a pure monodromic mized Hodge module.

Proof. We first prove the statement when X has non-empty stable locus, that is the generic stabilizer for the
G/Go-action on X is finite. Then, by Proposition 8.18, I_C()Z//G) is up to a Tate twist a direct summand
of BPS ;. Therefore, @’}I_C()N(//G) is up to a Tate twist a direct summand of ¢ BPS ;. Since the latter is
pure (Theorem 12.14), then ¢4ZC(X /G) is also pure.
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For the general case, we let L be the conjugacy class of the neutral component of the generic stabilizer of
points of X /G. Then, by [PV94, Theorem 6.16], the natural map p: X~ //(Na(L)/L) — X /G is finite and
surjective. Moreover, closed Ng(L)/L-orbits in X L have finite stabilizer and so the stable locus is non-empty.
By the first part of the proof, @?I_C()Z'L//(Ng(L)/L)) is pure. By finiteness of p, p*I_C()Z'L//(Ng(L)/L)) con-
tains ZC(X /G) as a direct summand. Since p is proper, p.ZC(X" J(Na(L)/L)) = go?p*I_C()?L//(NG (L)/L))
is pure. This concludes as the latter contains ¢4ZC(X /G) as a direct summand. O

13. A PURITY CONJECTURE OF HALPERN-LEISTNER

In [Hall5a, Conjecture 4.4], Halpern-Leistner made a conjecture regarding the purity of the Borel-Moore
homology of 0-shifted symplectic stacks having a proper good moduli space. This conjecture is motivated
in particular by the study of the stacks of semistable sheaves on K3 surfaces. In this section, we deduce this

conjecture from Theorems 10.2 and Corollary 12.15.

Theorem 13.1. Let M be a 1-Artin derived stack with proper good moduli space 7: 9 — M having affine
diagonal and such that Loy = Ly,. Then, the mized Hodge structure on HEM(90) is pure.

Proof. We let ©’: M — pt be the unique map. Since M is proper, if mDQ,, is pure, then w;ﬁ*ng =
HEM(9, Q) is also pure. It suffices therefore to prove that ™DQ,, € Dt (MMHM(M)) is pure. Since the
purity of a complex of mixed Hodge modules can be checked étale locally, the purity of F*ng follows
by base-change from the Cartesian diagram of Theorem 10.2 for all x € M and the purity of (7rgc)*]D>gmgc
which is Corollary 12.15. 0

Corollary 13.2. Let M be a 0-shifted symplectic stack with proper good moduli space. Then, HEM(IM, Q)

carries a pure mixed Hodge structure.

Proof. The 0-shifted symplectic form gives an isomorphism of the cotangent complex with its dual. The

result follows immediately from Theorem 13.1. O

Corollary 13.3. Let G be a reductive algebraic group and 9)1801(0) the moduli stack of semistable G-Higgs
bundles on the smooth projective curve C. Then, HEM(IM2(C), Q) has pure mized Hodge structure.

Proof. We let M2°(C) be the moduli space. The good moduli space is m: M2(C) — ME°(C). The

derived enhancement of M2 (C) is a O-shifted symplectic stack [Pan-+13], and therefore, 7r*]D)QVmirD01 ©) €
- G

D(MHM(ME°Y(C))) is a pure complex of mixed Hodge modules (as in the proof of Theorem 13.1). We let
Bg be the Hitchin base. We have a proper morphism h: M2°(C) — B (the Hitchin map). By properness,

h*mDQVir ©) € D(MHM(Bg)) is pure. Moreover, we have a C* action on M2°(C), ME°(C) rescaling

Dol
Me

the Higgs field, and a C*-action on B¢ such that @ and h are C*-equivariant. Therefore, h,m. D

vir

_mgol(c)

is C*-equivariant. By [Dav20, Lemma 6.10], the fiber over 0 € Bg of h*W*DQ;T”Dol(C), which (up to a Tate
-G

twist) coincides with HBM(IB°(C)), is pure. O

We also recover one of the main results of [Dav24].

Corollary 13.4. Let 9 be the stack of objects in a 2-Calabi-Yau category. We assume that 9 has a proper

good moduli space. Then, HBM (I, Q) carries a pure mived Hodge structure.

Proof. The moduli stack of objects in a 2-Calabi-Yau category is O-shifted symplectic. The statement
follows from Corollary 13.2. O

APPENDIX A. MIXED HODGE MODULES

We refer to [DM20] for the formalism of monodromic mixed Hodge module we are using. We take a
rather pedestrian approach. The theory of mixed Hodge modules has recently been extended to stacks in
[Tub24].
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A.1. The negatively bounded derived category. Let X be an algebraic variety, or more generally
a finite type separated complex scheme. We define the negatively bounded derived category of mixed
Hodge modules as in [Dav23, Definition 3.3]. We have truncation functors £SF: DP(MMHM(X)) —
DP(MMHM(X)). For k < I, we have canonical isomorphisms 7F — 7S¥75L We let DT (MMHM(X)) :=

Jim DP(MMHM(X)). Therefore, an object F € DY(MMHM(X)) is a sequence (F})rez of bounded com-
kEZ
plexes of mixed Hodge modules with isomorphisms F, = r<FF, for any k < [, satisfying natural compati-

bilities.

A.2. Cohomologically graded mixed Hodge modules. A complex of monodromic mixed Hodge mod-
ules F € DY(MMHM(X)) is called a cohomologically graded mized Hodge module if F is isomorphic to
its total cohomology, that is F =2 @iezﬂi(£)[7i]. We let MMHM?(X) = [[;cz MMHM(X)[—i] be
the Abelian category of cohomologically graded mixed Hodge modules on X. If F,G € MMHM?%(X) and
f: E — G is amorphism in D (MMHM(X)), the cohomology H(f) = [[,cz Hi(f): H(E) = H(G) is a mor-
phism of cohomologically graded monodromic mixed Hodge modules. In the Abelian category MMHM?Z (X),

one can consider kernels, cokernels, images, coimages, making it convenient for our purposes.

A.3. Pushforward from a quotient stack to a scheme. Let X be a G-variety, Y a finite type complex
scheme and 7: X/G — Y a morphism from the quotient stack X/G. In this section, we recall how the
pushforward by p of a constructible complex or complex of monodromic mixed Hodge modules can be
defined?. We let ... C V,, C Vas1 C ... be representations of G such that for any n € N, there is an
open subvariety U, C V;, on which G acts freely and U,, — U, /G is a principal G-bundle. We assume
that U, C Upt1. We assume that limoo codimy,, (V,, \ Uy,) = +o0o. We let X,, :== X x V,,, X,, = X,,/G,

n—+

X! =X x U,, and X/ := (X x U,)/G. We have maps
XX, X6 Ly,

We have natural morphisms X/ In, X/ 1, and X,, — X,, 41 making the diagram

2

LI

Tn+1 Pn+1
X, X 2 x/a

commute.

This gives an (adjunction) morphism
(pn+1 © Zn+1)*£ — (fn)*(pn © Zn)*z

and by pushing forward by 7 o py41 © 25, & morphism

(7T O Pnp+1© ZnJrl)*(anrl o Zn+1)*£ — (7T O Pp O Zn)*(pn o Zn)*£

and, for ¢ € Z, a morphism

(A1) Téi(ﬁ O Prt1 0 tnt1)x(Pnt1 © tng1) " E — Tgi(ﬂ 0 Pn © 1)« (Pn © 1) E

The following proposition is classical, using the fact that the codimension of V,, \ U,, inside V;, tends to

infinity as n — 4o0.

Proposition A.1. Let F € DY (MMHM(X/G)). Then, fori € Z, TS'(m 0 pp 013)«(pn 0 1,)* F stabilizes as
n — 400, that is, for n > 0, the morphism (A.1) is an isomorphism.

We may therefore define 7. € DT(MMHM(Y)) by the object (F})kez, where F, = 75F(1 0 p, o

tn )« (Pn © 1) * F for n > 0 and the transition map are adjunction maps for the truncation functors.

2While this paper was in preparation, the preprint [Tub24] treating mixed Hodge modules on stacks with the six-functor
formalism appeared.
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APPENDIX B. EXAMPLES

In this section, we provide a few examples illustrating the cohomological integrality isomorphism of
Theorem 8.7. One goal is to give support to Conjecture 8.14 and in particular to show that, at least on
some examples, the vector spaces P, associated to cocharacters A € X,.(T) of a maximal torus T of G
defined in [Hen24] from a representation V' of a reductive group G (see also §2) can be identified with

IH*(VAG?) as graded vector spaces (intersection cohomology is given the perverse shift §1.3).

B.1. C* ~ T*C. Welet C* act on C naturally (with weight 1) and consider the induced action of V' := T*C.
Then, V) C* = Spec(C[zy]) = Al. Therefore, IH*(V//G) = Q[1] is a one-dimensional rational vector space
placed in cohomological degree —1.

In this situation, by [Hen24], we have Py, = Q[tlaeg<o € Q[t] and with the virtual shifts, H*(V/G) =
Q1] Q[-1] 9 Q[3] @ .. .. The first piece of this decomposition corresponds to Py, and IH*(V/G).

B.2. C* ~ T*(C?). We let C* act on C? with weight 1 and consider the induced action on V := T*C?2.
Then, V//C* = Spec(Clz,y, 2,t]/(xy = zt)). Then,

IH*(V/C") = Q3] © Q[1].

The calculation of this intersection cohomology group is explained in [Wil], given that the blow-up at the
origin of V/C* is a resolution of V/C* with exceptional divisor P! x P1. Alternatively, one can blow-down
one copy of P! and obtain a small resolution of V//G, in which the fiber over the singular point is P!. This
gives an alternative computation of IH(V /C*). These algebraic varieties appear when studying the Atiyah
flop.

The intersection cohomology TH*(V//C*) coincides with Py, = Q @& Q - ¢t where by taking virtual shifts

into account, Q sits in cohomological degree —3 and C - ¢t in cohomological degree —1.

B.3. C* ~ C9. We let C* act on CY with weight 1. We consider the induced symmetric representation

V = T*CY of C*. By choosing a non-trivial stability parameter, we obtain a map
p: V), C* = (CY x (CY . {0}))/C* = V)C".
We have

(1) dmVjC*=2g9—1
(2) p is an isomorphism over the complement of 0 € V/C*
(3) The fiber over 0 € V/C* is P91

Therefore, the inequality
1
g—1< 5(29 -1)
implies that p is a small map. Consequently, IH(V/C*) = H*(V/, C*). Moreover, the projection on the
second factor gives a vector bundle V//, C* — P9~1. Therefore, dim [H(V/C*) = g.

B.4. C* ~ V. One can generalise §B.3 to any symmetric representation (or even weakly symmetric) of C*.
Let C* act on V. We let V = P, 5 Vi be the weight decomposition. We assume that V' is symmetric,
and so dimV; = dimV_g. The strong version of the sheafified cohomological integrality predicts that
dimIH(V/C*) = 7, ., dim V}.

In this case, we have an identification of the intersection cohomology with the cohomology a a weighted
projective space: IH(V/C*) = H*(P(,~, Vx)). Moreover, by [Kaw73, Theorem 1], it is known that the
cohomology of a weighted projective space coincides with the cohomology of the projective space of the
same dimension, and hence dimIH*(V/C*) = >~ dim V}.
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B.5. Strong sheafified cohomological integrality for symmetric representations of C*. Let V be
a symmetric representation of C*. We let V' = B, ., Vi be its weight space decomposition. The calculation
presented in §B.4 gives the stronger following result. This is what we call strong cohomological integrality
isomorphism. The adjective strong refers to the fact that the abstractly defined cohomologically graded
mixed Hodge modules P, ) (§8.5) are identified with the intersection cohomology of the good moduli
spaces (Conjecture 8.14).

Theorem B.1. We have an isomorphism of constructible complezes
TC(V)C*) @ (IC(vC*) ® H*(pt/C*)) = Qe
Corollary B.2. We have an isomorphism

H(V/C) @ (TH(VE) @ B (pt/CY)) = H*(V/C").

We have
dim V—dim ver
IH* (V) C*) = P Q[dim V — 1 — 2j],
=0
TH(VC") ® H (pt/C*) = P Q[dim V" — 2.
j=0
and

H*(V/C*) = D Q[dimV — 1 — 2j].
Jj=20

Therefore, Corollary B.2 recovers the absolute integrality isomorphism of [Hen24].

B.6. GL2(C) ~ (T*C?)2. We consider the natural action of GL2(C) on C2. It induces an action of GLy(C)
on T*C2% =2 C? @ (C?)Y. We consider the diagonal action of GLy(C) on (T*C?)2. It may be identified with
the action on T*Mats(C) induced by the multiplication of the left on Maty(C). In more precise terms, it is
given by
g+ (M,N)=(gM,Ng™"),
for g € GLo(C), M, N € Mats(C), when identifying Mats(C)Y and Maty(C) by using the trace pairing.
We let a,b,c,d, e, f,g,h be the coordinates on Maty(C)*2, so that

() ()

We show that C[Maty(C)*2]G12(C) = Clea + fc,eb+ fd, ga+ he, gb+ hd] and moreover that the generators
ea+ fe,eb+ fd,ga+ he,gb+ hd and cf + dh are algebraically independent.

We consider the GLo(C)-stable affine open subvariety U = GLo(C) x Maty(C) C Maty(C)*2. The
morphism U — Maty(C), (M, N) — NM induces an isomorphism U/GL2(C) = Maty(C). Therefore, the
coordinate functions of NM are exactly the GLy(C)-invariant functions on U. Since these coordinates are
defined on the whole of Maty(C), the coordinate functions of NM generate the ring of GLo(C)-invariant

functions on Mat2(C). We calculate:

e f a b\ [ea+ fc eb+ fd
g h c d) ga+he gb+hd]

This proves that C[Maty(C)*?]%2(€) = Clea + fc,eb+ fd, ga + he, gb+ hd]. We prove that the generators
are algebraically independent. We let ¢ be a non-zero polynomial in four variables such that ¢(ea +
fe,eb + fd,ga 4+ he,gb + hd) = 0. We assume that ¢ is of lowest possible degree. Then, by setting
b=h=e=0, we obtain ¢(fc, fd, ga,0) = 0. Since fc, fd, ga are clearly linearly independent, this means
that ¢ = tge(x,y, 2,t) and ¢a2(ea + fe,eb+ fd, ga+ he,gb + hd) = 0. This contradicts the minimality of
deg ¢.
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We obtain
Maty(C)*? /GLy(C) = A*.
In particular, IH* (Mats(C)*? /GL2(C)) = Q. If we take into account the perverse shift, TH*(Mats(C)*? /GL2(C)) =
Q is one-dimensional and concentrated in degree —4.
On the other hand, the calculation of [Hen24, §6.4] for ¢ = 2 describes Py, as a one-dimensional space
in degree —4 (when taking perverse shifts into account). Therefore, the strong integrality conjecture is

confirmed in this case.

B.7. SL2(C) ~ Matax,(C). I'would like to thank Sebastian Schlegel Mejia and Dimitri Wyss for suggesting
this example and providing ideas for the computation.

We let SLo(C) act on Matax,(C) by multiplication on the left. This provides an example for which
Conjecture 8.14 is true but which is not under the scope of [Bu+25] since Matayx,(C) is not always an

orthogonal representation of SLy(C), as shown by the following lemma.

Lemma B.3. The representation Matax,(C) is an orthogonal representation of SLa(C) if and only if n is

even.

Proof. We denote by z;j, 1 < i < 2,1 < j < n the coordinates on Matax,(C). If n is even, then the

quadratic form

w3

(:c”) = Z$1,2171$2,21 — T1,2172,21—1
=1
is a non-degenerate SLy(C)-invariant quadratic form on Matax, (C). It is the sum of the determinants of
the § 2 x 2 matrices that form a 2 x n matrix.
If n is odd, Matay, (C) = Matax,—1(C) ® C? as SLy(C)-representations. Since Matay,,—1(C) is orthog-
onal (as n — 1 is even), and C? is not orthogonal (by a direct check — it has no non-zero SLa(C)-invariant
functions), then Matsx, (C) is not orthogonal by [Bu+25, Lemma 4.1.5]. O

B.7.1. Cohomological integrality isomorphism. We let n > 2 and V = Matax,(C). We let T C SLy(C) be

the maximal torus of diagonal matrices. We have &y = {\g, A1} where

XN : C* — T
1 0
t
and
AN o C = T

t 0
to— .

Since the action of SLy(C) on V has no kernel, Go = 1 and by definition, Py is a direct sum complement of
the induction morphism
Ind>\17>\0 : Q[l‘] — Q[wQ]
foo= g @ @)+ () ()
Proposition B.4. We have Py = Q[x2]deg<2(n,1). In particular, dim Py = [ 5.
Proof. The image is Indy, x, 18 Q[z*]52(n—1). It is clear that Q[2?]geg<2(n—1) is a direct sum complement.
The dimension of this vector space is [251] +1 = [Z]. O

2

B.7.2. Cohomology of the Grassmannian. We let Gr(2,n) be the Grassmannian of 2-planes inside C".

Proposition B.5. Fori < 2(n —2), we have

i
, —|4+1 ifiis even
dim H*(Gr(2,n)) = L4J
0 ifiis odd.
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Proof. Tt is known that Grassmannians have no odd cohomology, and the dimension of H% (Gr(2,n)) is the
number of partitions of j that fit inside a 2 x (n — 2) rectangle. For j < n — 2, the number of such partitions
is [1] 4+ 1. If i = 2j, we get dimH!(Gr(2,n)) = [1] + 1. O

B.7.3. Primitive cohomology of Gr(2,n).

Proposition B.6. The primitive cohomology of Gr(2,n) is given by the following:

if ] = mod and j < 2(n —
Pj(Gr(Q,n))N{Q £=0 (mod 4) and j < 2(n—2)

0  otherwise.

Proof. We just have to compute the dimension of the graded pieces of the primitive cohomology. If we let

pi = dim P%(Gr(2,n)), we have
bo; = ij

i<i
for i < 2(n — 2). Therefore, p; = ba; — ba(i—1)- By the formula of Proposition B.5, we obtain p; =1 if i =0
(mod 4) and p; = 0 otherwise. This concludes the proof of the Proposition. O

B.7.4. Intersection cohomology of Matayx,(C)//SL2(C).

Lemma B.7. The GIT quotient Matay ., (C)/SL2(C) is the affine cone over the Grassmannian Gr(2,n). In
particular, the intersection cohomology TH*(Matay,(C)/SL2(C)) coincides with the primitive cohomology
of Gr(2,n).

Proof. We let GL2(C) act on Matayx,(C) by left multiplication. We have Matax,(C)/detGL2(C) =2
Gr(2,n). Therefore, C[Matayx,(C)]3*2(©) is the homogeneous coordinate ring of Gr(2,n). Therefore,
Mataxp (C)/SL2(C) is the affine cone over Gr(2,n).

The last statement of the Lemma follows from [CM09, Example 2.2.1]. O

Corollary B.8. There is an isomorphism of Z-graded vector spaces TH* (Matay, /SL2(C)) = Py.

Proof. Tt suffices to compare the dimensions of graded pieces of P and TH? (Matay., //SL2(C)) This follows
from the comparison of Proposition B.6, Lemma B.7 and Proposition B.4. Indeed, we just have to compare
Py with the primitive cohomology of Gr(2,n). We have dimPJ = 1if 5 = 0 (mod 4) and j < 2(n—1). This
is the same condition as j =2 0 (mod 4) and j < 2(n — 2) since j has to be even. This finishes the proof. O
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