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Abstract
Specific heat and thermal expansion properties are investigated in two non-magnetic rare-earth
cage compounds, LaB6 and LaPt4Ge12, which represent extremes in guest-to-cage mass ratio.
Using simplified phonons dispersions for the two lowest branches, a theoretical framework is
proposed for the low temperature thermodynamic analysis of cage compounds. Within the
quasi-harmonic approximation, the Grüneisen rule is found to break down even at low
temperatures. However, under the influence of the flattened branches, it should be
approximatively restored at intermediates temperatures. The model accurately describes LaB6

specific heat below 50 K. In the LaPt4Ge12 case, the description is rapidly inadequate with
increasing the temperature, which points to the interference of additional low frequency phonon
branches. Subsequently, thermal expansion measurements are used to investigate the Grüneisen
rule in these two compounds. As predicted, there appears to be distincts Grüneisen regimes at
low temperature. This study will help distinguish between phonon and magnetic contributions
to the thermal expansion in the RB6 and RPt4Ge12 series.

Keywords: Grüneisen, cubic, rare-earth, cages, LaB6, LaPt4Ge12

1. Introduction

Cage compounds are characterised by a crystallographic struc-
ture in which tightly bonded atoms surround a larger element
[1]. Inside this ‘cage,’ the guest atom has significant freedom
of movement, a phenomenon often referred to as ‘rattling’.
These supposedly local modes were expected to reduce the
thermal conductivity, which motivated the search, among cage
systems, of materials with improved thermoelectric efficiency
[2]. Some cage compounds can accommodate a magnetic ion
inside the cage, which grants the system additional displace-
ment degrees of freedom, alongside those of the ion spin and

∗
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orbit. How these degrees of freedom cooperate, resulting in
specific static and dynamic properties, as well as new kind
of ordering processes, remains a largely unexplored field of
investigation.

As demonstrated by the analysis of the antiferromagnetism
in the rare-earth hexaborides series (RB6, structure represented
on figure 1), displacements inside the cage may play an essen-
tial role in the magnetically ordered states. In GdB6, TbB6 and
PrB6 [3–5], x-ray diffraction experiments show that, concom-
itantly with the antiferromagnetic order, static displacements
waves of the rare-earth guest are stabilized. Indeed, the rare-
earth displacements can minimize the exchange energy [3] for
specific magnetic wave vectors, among which

〈
1
4

1
4

1
2

〉
, recur-

rent in the RB6 series. In rare-earth hexaborides, the cage con-
text is then active in the definition of the magnetic wave vector
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Figure 1. Left: Sketch of the simple cubic structure of LaB6, with the boron cage enclosing the La3+ ion shown below. Right:
body-centered cubic structure of the filled skutterudite LaPt4Ge12, with the Pt4Ge12 cage surrounding the La3+ ion detailed below. Images
generated using the VESTA software.

and, moreover, determines the first-order nature of the mag-
netic transition.

Another distinctive feature of the cage environment arises
from the crystalline electric field (CEF). In the paramagnetic
state, the static energy scheme of the 4f electrons is shaped
by the CEF, reflecting the anisotropy of the lanthanide ion
environment. This anisotropy should be consistent with the
point symmetry at the rare-earth site. However, inside the
cage, this symmetry applies only on average, as the rare-
earth ion can depart significantly from its central position.
Consequently, CEF schemes that would exhibit, at the cage
center, an extra degeneracy relative to the Kramers min-
imum, acquire a dynamic width [6]. At temperatures close
or below the energy width of a non-Kramers CEF ground-
state, one can predict a reduction in the magnetic entropy
and of the ionic susceptibilities, as well as a broader distri-
bution of the rare-earth ion within the cage. This change in
the distribution should affect the system’s volume, resulting
in a thermal expansion anomaly. To investigate these effects,
one has to first determine the thermal expansion in absence
of magnetic contributions. In rare-earth compounds, the non-
magnetic contributions are typically evaluated by measuring
a non-magnetic element in the series, such as the lanthanum
(better suited to the light rare-earth series) or yttrium (for
the heavier elements) based ones. Some modelling is then
required to adapt the non-magnetic background to a particu-
lar magnetic element. For instance, in the case of specific heat
measurements, one can take advantage of the Debye model
for, via a mass correction, adjusting the phonons contribution

to the magnetic elements. In the case of rare-earth hexabor-
ides, the Debye approach cannot cope with the specificity of
the cage compound, in particular the low energy, flattened,
phonon branches. In [7], we proposed a two-frequency model,
that accounts for the two lowest phonon branches, for deriving
the non-magnetic background of CeB6 from the LaB6 specific
heat data. In the present work, we extend this model within the
quasi-harmonic approximation to describe the phonon contri-
bution to thermal expansion. This approach allows us to define
distinct temperature ranges in which an adapted form of the
Grüneisen rule [8], specific to cage compounds, may apply.
Within this framework, specific heat and thermal expansion
measurements of LaB6 are then analysed.

In addition to this investigation of a non-magnetic rare-
earth hexaboride, the same approach is applied to the non-
magnetic filled skutterudite compound LaPt4Ge12 [9, 10]. This
is a distinct type of rare-earth cage compound, crystalliz-
ing in the body-centered cubic LaFe4P12-type structure [11]
(see right side of figure 1), unlike the primitive cubic lat-
tice of rare-earth hexaborides. The most significant differ-
ence from LaB6, that affects the dynamic properties, is the
guest-to-cage mass ratio, characteristic of a heavy guest in
LaB6 against a heavy cage for LaPt4Ge12. Rare-earth filled
skutterudites exhibit a range of intriguing properties, such
as the heavy-fermion and superconducting characteristics of
PrOs4Sb12 [12], the metal–insulator transition in PrRu4P12
[13] and the non-magnetic ordering of PrFe4P12 [14]. The
focus is here restricted to the specific heat and thermal expan-
sion properties of LaPt4Ge12, which are confronted with the

2
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two-frequency phonons model and discussed in relation to the
LaB6 cage compound paradigm.

2. Quasi harmonic model of the thermal expansion
in cage systems

2.1. Phonons for a cubic lattice of cages

Describing phonons in a lattice of cages using the Debye
approximation has limitations due to the influence of quasi-
local modes. On the other hand, the purely local Einstein
model does not accurately fit the specific heat data. These dif-
ficulties inspired a hybrid approach that combines both models
[15]. In [7] we proposed a more realistic description, restric-
ted to the two lowest phonon branches, that takes advantage of
simplified dispersion relations. This stems from the observa-
tion in LaB6 of similar dispersion curves for different polar-
izations and along different reciprocal space directions [16].
Similar traits are observed in filled skuterrudites [17, 18]. This
model was developed for the primitive cubic lattice of the
RB6 series and needs to be extended to the body centered
cubic lattice of the filled skuterrudites RPt4Ge12. In both cases,
the crystal is envisaged as a lattice of rigid, but elastically
coupled cages of mass M, each enclosing a guest of mass m.
In the cubic context, the harmonic approximation implies an
isotropic potential well, with a natural frequency ω0 for the
guest vibration in its cage. Considering a family of lattice
planes, with spacing d, perpendicular to a unitary u vector,
the classical equations of motion for a vibration mode with
wave vector q= q u= [qx,qy,qz] (the reciprocal components
are dimensionless, the indices x, y and z referring to the cubic
axes of the reciprocal lattice), polarization s and frequency
ωs(q) yield the relation:

cos

(
2π
a
qd

)
= 1− 2

(
1+

m
M

ω0
2

ω0
2 − ωs (q)

2

)
ωs (q)

2

Ωs (B)
2 (1)

where a is the cubic lattice parameter,Ωs(B) is, for the s polar-
ization, the acoustic frequency for a lattice of empty cages
(i.e. for m= 0) at the border zone point B in the u direction.
The spacing d can be related to the reciprocal lattice vector
ΓB, where Γ is the origin: d= a/2|ΓB|. It is convenient to
introduce reduced frequencies as proportions of the guest fre-
quency ω0:

ys (q) =
ωs (q)
ω0

and Ys (B) =
Ωs (B)
ω0

.

Equation (1) then reads as:

cos

(
π

q
|ΓB|

)
= 1− 2

Ys (B)
2

(
1+

ρ

1− ys (q)
2

)
ys (q)

2 (2)

where ρ= m/M is the guest/cage mass ratio. This form allows
to immediately identify the frequencies at the origin of the
Brillouin zone, where cos(π q

|ΓB| ) = 1. In addition to the zero

frequency of the acoustic branch, one gets the optical fre-
quency at the origin:

yos (0) =
√

1+ ρor ωos (0) = ω0

√
1+ ρ.

This mode is the closest to the rattler picture and, for a guest in
an isotropic harmonic well, is indifferent to the polarization.
Along ΓB, from equation (2) and introducing the function:

cs (q) = Ys (B)
2
1− cos

(
π q

|ΓB|

)
2

, (3)

one can define the two lowest phonon branches for an s
polarization:

- Acoustic:

yas (q) =

√√√√1+ ρ+ cs (q)−
√
(1+ ρ+ cs (q))

2 − 4cs (q)

2
(4)

- Optic:

yos (q) =

√√√√1+ ρ+ cs (q)+
√

(1+ ρ+ cs (q))
2 − 4cs (q)

2
.

(5)

These two branches materialize the avoided crossing between
the flat mode at ω0 and the acoustic branch of a lattice of
empty cages with upper frequency Ω0. This results in features
characteristic of a cage system, as illustrated by the examples
(a), (b) and (c) in figure 2:

- an acoustic branch that flattens close to ω0, with an associ-
ated peak in the density of states. This effect is more pro-
nounced for a light guest (small ρ) and hard lattice of cages,
as in the case (b) of figure 2.

- the optical branch that starts at ωo
s (0) = ω0

√
1+ ρ, separ-

ated from the acoustic one by a gap that increases with the ρ
inertia ratio (see the differences in the examples of figure 2).

In the model used, these traits are common to all wave vec-
tor directions and phonon polarizations, with quantitative dif-
ferences arising only from variations in the Ys(B) value. This
allows a further simplification of the model, wherein the value
of Ys(B), specific to a zone border point and polarization, is
replaced by a unique, averaged Y0 value. Accordingly, the
function cs(q) is replaced by c0(q), independent of the polar-
ization. Phonon related properties, arising from a sum over all
modes inside the first Brillouin zone, then depend on only two
frequency parameters: ω0 and Ω0 = ω0 Y0. In some instances,
the rattler frequency can be independently determined from
spectroscopic techniques (such as neutron or infrared spectro-
scopy; see [16] for the LaB6 example), which leaves Ω0 as the
only parameter to be adjusted.

3
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Figure 2. Three examples of generic dispersion curves for the lowest branches of a lattice of cages, showing the reduced frequency
y= ω/ω0 as a function of the wave vector along a first Brillouin zone segment ΓB. (a) Heavy guest (ρ> 1), hard lattice (Y0 = 3) case, here
for the ρ mass ratio of LaB6. (b) Light guest, hard lattice case for the mass ratio of LaPt4Ge12, keeping Y0 = 3. (c) Light guest, softer lattice
(Y0 = 1), for the mass ratio of LaPt4Ge12, using a different vertical scale.

2.2. Calculation over the first Brillouin zone

Using the simplified dispersion functions, computing the
specific heat, for instance, requires proper sampling of the
Brillouin zone. Thanks to the cubic symmetry, one can restrict
to samples evenly distributed within a representative volume
of the first Brillouin zone. Figure 3 shows the tetrahedra
enclosing such volumes in the case of a primitive cubic lat-
tice (left, cubic P, that applies for LaB6) and in the case of a
centered cubic lattice (right, cubic I, for LaPt4Ge12). The bor-
der of the zone is the triangle XRM for the P case, respectively
HPN for the I case. At points belonging to these triangles, the
argument of the cosine cos(π q

|ΓB| ) in equations (2) and (3) has
to reach π. As these triangles are, respectively, perpendicular
toΓX=

[
1
2 ,0,0

]
and toΓN=

[
1
2 ,

1
2 ,0
]
, for a wave vector q=

[qx,qy,qz] inside the tetrahedra, one can rewrite the function
c0(q), that replaces cs(q) in equations (4) and (5), as:

- Cubic P:

c0 (q) =
Y0

2

2

[
1− cos

(
π
q ·ΓX
ΓX2

)]
=
Y0

2

2
[1− cos(2πqx)]

- Cubic I:

c0 (q) =
Y0

2

2

[
1− cos

(
π
q ·ΓN
ΓN2

)]
=
Y0

2

2
[1− cos [π (qx+ qy)]]

Once defined a collection ofN samples in the representative
tetrahedron, these expressions allow for an easy implementa-
tion of the numerical calculation. For instance, a value for the
phonons specific heat per unit volume is computed as:

Cph (T) =
3kB
V

N∑
i=1

∑
µ=(a,o)

(
h̄ωµ (qi)
kBT

)2 e−
h̄ωµ(qi)

kBT(
1− e−

h̄ωµ(qi)
kBT

)2

(6)

where V is the real space volume in correspondance with the
N reciprocal sample vectors. The factor 3 accounts for the 3
polarizations and the index µ in the second summation refers
to the phonons branches: the acoustic one (ωa) and the low-
est optical (ωo) one. The ωµ(q) frequencies are obtained from
equations (4) and (5), where, in place of cs(q), the general-
ized c0(q) function is used and values for ω0 and Y0 have been
fixed. Note that, for the considered cubic lattices, the conven-
tional cell with lattice parameter a contains n= 1 cage (simple
cubic) or n= 2 cages (body centered cubic), which implies
V= Na3/n. To express the specific heat in J(K· mol)−1 unit,
the factor preceding the sum in equation (6) has to be replaced
with 3R/N, where R is the ideal gas constant. This approach
was shown to be effective in the description of the phonons
specific heat of LaB6 and was subsequently used in the ana-
lysis of CeB6 magnetic entropy [7].

4
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Figure 3. Representative tetrahedra of the first Brillouin zone: left for a primitive cubic lattice (RB6 case), right for a centered cubic lattice
(filled skuterrudite case). Integrals over the first BZ volume can be approximated by a discrete sum of evenly distributed samples in these
volumes.

Figure 4. Numerical phonon densities of states plotted as function of the reduced frequency y= ω/ω0, for the same examples as in figure 2.
(a) Heavy guest (ρ> 1), hard lattice (Y0 = 3) case, the ρ mass ratio of LaB6 and a simple cubic lattice of cages. (b) Light guest, hard lattice
case for the mass ratio of LaPt4Ge12, Y0 = 3 and a body centered lattice. (c) Light guest, softer lattice (Y0 = 1), for the mass ratio and body
centered lattice of LaPt4Ge12.

Using the set of N evenly distributed samples in the rep-
resentative volume, a spectral analysis can be performed:
i.e. extracting from this set the distribution in energy of the
phonons. This involves counting the number of samples ∆N
inside energy intervals of fixedwidth∆y, where y is the energy
in ω0 unit. If N is large enough, this discrete approximation
provides a good representation of what the continuous distri-
bution would look like. Figure 4 shows these numerical energy
distributions, for an energy range split into a 100 intervals, for
the three dispersion cases shown in figure 2:

- case a), for frequency and mass ratios inspired by the LaB6

example of heavy guest atoms inside a rigid lattice of cages.
The distribution is computed for a set of≈ 6 · 105 samples in
the representative volume and shows features of both Debye
and Einstein models. The increasing density of acoustic
phonons, typical of the Debye model, is followed by a flat-
tening of the acoustic branch, which results in a distinct
Einstein-like peak. The heavy guests results in a large sep-
aration with the optical branch, this latter having negligible
influence at low temperature.

5
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- case b), based on the mass ratio of LaPt4Ge12 (i.e. in relative
terms, a light guest atom) and considering a rigid lattice of
cages. Computed for ≈ 1.2 · 106 samples in the representat-
ive volume, with its dominant peak, this distribution is the
closest to the Einstein approximation. This features results
from a small gap, with the acoustic and optical branches flat-
tening at similar energies.

- case c), for the same LaPt4Ge12 mass ratio, but con-
sidering a softer lattice of cages. Computed for ≈ 1.2 ·
106 samples in the representative volume, this distribu-
tion exhibits a more pronounced Debye character. However,
due to the small gap and soft lattice, the flattened optical
branch also contributes to the specific heat at intermedi-
ate temperatures. It is worth noting that this type of dis-
tribution resembles spectra obtained from inelastic neutron
scattering on polycrystalline LaPt4Ge12. In [19], the low-
energy region of the spectra shows a first peak at approx-
imately 7.5 meV, then a second peak at 12.5 meV. This
second peak is preceded by a shoulder around 10.5 meV,
which matches the shape of the optical branch density for
case c).

2.3. Phonon pressure

The same two branches model should apply for computing the
low temperature phonon contribution to the thermal expan-
sion. The approach here used is the quasi-harmonic one, where
the harmonic treatment of the phonons is corrected for slight
variations of the phonons frequency as function of the volume
(see, for instance, [20]). One starts from the phonon contribu-
tion to the internal energy for a system of volume V, equivalent
to N reciprocal lattice points:

Uph (T,V) =
3
2

N∑
i=1

∑
µ=(a,o)

h̄ωµ (qi)+ 3
N∑
i=1

∑
µ=(a,o)

h̄ωµ (qi)

e
h̄ωµ(qi)

kBT − 1

.

(7)

From the phonon internal energy, one has to derive the free
energy: Fph(T,V) = Uph(T,V)−TSph(T,V). This in order to
introduce the phonon pressure:

Pph(T,V) =−
∂Fph

∂V

)
T

. (8)

In absence of any internal degree of freedom for the
cage guest (i.e. non-magnetic, in particular), one can assume
that the ω0 frequency has negligible temperature dependence
below room temperature. The same applies for the lattice of
cages represented by the frequency Ω0. We shall consider
that these two characteristic frequencies depend only on the
volume V, which, in turn, also applies for the normal modes
ωµ(q). In these conditions, the phonon pressure exerted on the
crystal matrix can be expressed as in [20]:

Pph (T,V) = P0 − 3h̄
N∑
i=1

∑
µ=(a,o)

dωµ (qi)
dV

1

e
h̄ωµ(qi)

kBT − 1
(9)

where P0 is the zero temperature phonon pressure. For the
small volume changes involved, the volume derivatives of the
ωµ(q) frequencies are considered as constants.

2.4. Phonons thermal expansion

Introducing χ0, the compressibility of the lattice, supposed
constant in the temperature ranges of interest, the linear
thermal expansion coefficient αph can be related to the phonon
pressure:

αph =
χ0

3
∂Pph

∂T

)
V

. (10)

3 From equations (9) and (10), the thermal expansion coeffi-
cient can be expressed as:

αph (T) =
χ0

3

N∑
i=1

∑
µ=(a,o)

γµ (qi) · cµ (qi ,T) (11)

where, for each mode, are introduced:

- an individual Grüneisen parameter,

γµ (qi) =− V
ωµ (qi)

dωµ (qi)
dV

(12)

- a contribution to the specific heat per unit volume:

cµ (qi ,T) =
3kB
V

(
h̄ωµ (qi)
kBT

)2 e−
h̄ωµ(qi)

kBT(
1− e−

h̄ωµ(qi)
kBT

)2 . (13)

To detail the expression forαph, one needs to define the volume
derivative for all ωµ(qi) frequencies. Using the generalized
dispersion relations, these derivatives can be related to the
frequencies ω0 and Ω0. Indeed, for a given mode, the cosine
cos(2πqd) from equation (1) is independent of the volume.
With respect to an infinitesimal volume variation dV, the fol-
lowing differential, involving the mode of frequency ωq, has
to cancel:

d

[
ωq

2

Ω0
2 + ρ

ωq
2

Ω0
2

ω0
2

ω0
2 −ωq

2

]
= 0. (14)

This translates into a relation between the differentials of ωq,
ω0 and Ω0. Introducing the peak function fρ of the reduced
frequency y= ωq/ω0, defined for a given mass ratio ρ:

fρ (y) =
ρ

(1− y2)2 + ρ
(15)

3 Note that, if one seeks a value forχ0, the cubic symmetrized elastic constants
C11 and C12 are more easily found in the literature. We recall that χ0 can be
written as:

χ0 =
3

C11 + 2C12

6
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the partial derivatives of ωq read as:

∂ωq

∂ω0

)
Ω0

= fρ(
ωq

ω0
)
ωq

3

ω0
3

(16)

and

∂ωq

∂Ω0

)
ω0

=
ωq

Ω0

(
1− fρ(

ωq

ω0
)
ωq

2

ω0
2

)
. (17)

As changes in ω0 and Ω0 are uniquely ascribed to the volume
change dV:

dωq = fρ

(
ωq

ω0

)
ω3
q

ω0
3
V
dω0

dV
dV
V

+
ωq

Ω0

(
1− fρ

(
ωq

ω0

)
ωq

2

ω0
2

)
×V

dΩ0

dV
dV
V
. (18)

One can then express the individual Grüneisen parameter of
equation (12) as:

γµ (qi) = fρ

(
ωµ (qi)
ω0

)
ωµ (qi)

2

ω0
2

γ0

+

(
1− fρ

(
ωµ (qi)
ω0

)
ωµ (qi)

2

ω0
2

)
Γ0 (19)

where a Grüneisen parameter is introduced for each character-
istic frequency,

γ0 =− V
ω0

dω0

dV
(20)

for the natural rattler frequency ω0 and:

Γ0 =− V
Ω0

dΩ0

dV
(21)

for the averaged top frequency Γ0 of a lattice of empty cages.
Thus, the expression for the thermal expansion linear coef-

ficient:

αph (T) =
χ0

3

N∑
i=1

∑
µ=(a,o)

cµ (qi ,T)

×

{
Γ0 +(γ0 −Γ0) fρ

(
ωµ (qi)
ω0

)
ωµ (qi)

2

ω0
2

}
.

(22)

In the expression above, one can identify the phonon con-
tribution to the sample specific-heat Cph and its corresponding
Grüneisen contribution to the thermal expansion. There is an
additional term, specific to the cage phonons model, propor-
tional to the function Dph of the temperature, also dimension-
ally a specific heat per unit volume:

Dph (T) =
N∑
i=1

∑
µ=(a,o)

fρ

(
ωµ (qi)
ω0

)
ωµ (qi)

2

ω0
2

cµ (qi ,T) . (23)

Figure 5. Plots of the weight functions fρ(
ωq

ω0
) ωq

2

ω0
2 , for LaB6 and

LaPt4Ge12, active in the Dph term of the thermal expansion. These
two examples are drastically different in terms of the mass ratio ρ,
which defines the width of the fρ function, with a heavy guest for
LaB6 against a heavy cage for LaPt4Ge12.

As shown in figure 5, the weight function fρ(
ωq

ω0
)ωq

2

ω0
2

increases the influence of modes with frequencies close to ω0.
In approximative terms, Dph can be considered as the specific
heat from modes belonging to the flattened phonon branches
around ω0 (i.e. similar to a Einstein model specific heat). The
expression for the phonons thermal expansion coefficient then
reads as:

αph (T) =
χ0 Γ0

3

{
Cph (T)+

(
1− γ0

Γ0

)
Dph (T)

}
(24)

where Cph is the phonons specific heat and Dph the just above
discussed flattened branches ‘specific heat’. Equation (24)
shows that the phonons’ model we use is not consistent with
the Grüneisen rule. This is no surprise, as the model is based
on two frequency parameters, ω0 andΩ0. As soon as these fre-
quencies differ in their volume relative derivatives (i.e. γ0 ̸=
Γ0), Dph interferes in the ‘proportionality’ between αph and
Cph. Instead of a constant parameter, one can introduce an
effective Grüneisen function γeff(T) that reads as:

γeff (T) = Γ0

{
1+

(
1− γ0

Γ0

)
Dph (T)

Cph (T)

}
(25)

As the physical contexts underlying the two types of vibra-
tions, those of the guest inside the cage and those of the cage
within its lattice, are quite distinct, γ0 and Γ0, are unlikely
to be identical. The latter case is more similar to simple lat-
tices discussed in the literature, where typical values for metals
approach 2 [21]. As regards γ0, the crudest, non-harmonic,
approach is that of a box potential that would yield γ0 =

2
3 .

Thus, there is no a priori reason to ignore the contribution of
the ratio Dph(T)/Cph(T) to γeff(T). This ratio and its temperat-
ure behaviour depend only on ω0, Ω0 and the mass ratio ρ.
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Figure 6. Plots of the ratios Dph(T)/Cph(T), as functions of the
reduced temperature kBT/h̄ω0, for the same (a), (b) and (c)
examples as in figures 2 and 4. These ratios define the variable part
in the γeff(T) ‘Grüneisen’ function, i.e. the deviation from the
Grüneisen rule.

It can be computed for the examples of figures 2 and 4.
The curves on figure 6 show two distinct regimes, the low-
temperature Grüneisen rule breaking down at temperatures as
low as T≈ 0.05 h̄ω0/kB. In this low temperature regime the
Grüneisen parameter identifies with Γ0: the acoustic branch
of the lattice of cages is dominant in the phonons’ thermal
expansion, drawing a parallel with the Debye approximation
for the specific heat. Above T≈ 0.1 h̄ω0/kB, the influence of
the Einstein-like flattened phonon branches, related to the rare-
earth vibration, becomes evident: after a steep increase, the
Dph(T)/Cph(T) ratio stabilizes, leading to a new, nearly con-
stant Grüneisen ‘parameter’ at intermediate temperatures. This
plateau in Dph(T)/Cph(T) is more pronounced when there is a
large gap between the two phonon branches (example a, with
the mass ratio of LaB6). Since it depends on the unknown dif-
ference Γ0 − γ0, at this stage, the sign and amplitude of the
step in γeff(T) cannot be predicted.

3. Experiments

3.1. Samples

The LaB6 samples used are single crystals grown at the
Frantsevich Institute in Kyiv. The synthesis process is detailed
in the supplementary material of [22]. From the zone melting
processed rod, a single crystalline platelet was cut with the
larger face perpendicular to a twofold axis. This sample was
used for the thermal expansion measurements, its diagonal of
6.02 mm length, also along a twofold direction, being the one
sensed in the apparatus. For the specific heat measurement, a
much smaller sample from the same batch was used, with a
mass m= 6 mg.

The polycrystalline sample of LaPt4Ge12 was prepared at
the Néel Institute, by first melting stoichiometric amounts of

Figure 7. Specific heat data for LaB6 (crosses). The inset details the
low temperature range. The lines are least squares fits using the two
frequencies ω0 and Ω0 model. The continuous line is a fit to the
experimental data for temperatures below 20 K, whereas the doted
line is a fit to the full set of data, up to 60 K. The respective,
optimized values for ω0 and Ω0, are displayed in the legend. The
value γe = 2.3 mJ (K2.mol)−1 for the electronic contribution
coefficient to the specific heat is not adjusted (see text).

the three elements in a cold crucible under an argon atmo-
sphere. Then, to complete the skutterudite phase formation,
the ingot was sealed in an evacuated quartz tube and annealed
at 780◦ C for 10 d. Powder x-ray diffraction revealed that
the annealed sample was free of parasitic phases, with the
x-ray pattern consistent with the filled skutterudite phase. A
piece of this ingot, with a sensed length of 5.98 mm, was used
for thermal expansion measurements. From the same ingot, a
much smaller piece weighing m = 6.05 mg was detached for
the specific heat measurements.

3.2. Specific heat measurements

The specific heat measurements were performed using
the relaxation technique in an automated [23] commer-
cial Quantum Design PPMS system. The thermal coupling
between the sample and the setup platform was improved by
use of Apiezon N grease, which is accounted for thanks to
the addenda measurements. For both the LaB6 and LaPt4Ge12
sample, the default two time constants fitting of the relaxation
process, was used. In order to avoid the anomaly resulting from
the superconducting transition in LaPt4Ge12 at TC = 8.3 K [9],
the specific heat was measured under a 1.2 T applied magnetic
field. The measurements for LaB6 and LaPt4Ge12 are respect-
ively shown in figures 7 and 8.

3.3. Thermal expansion measurements

3.3.1. Use of a magnetostriction setup. The thermal expan-
sion was measured using the in-house developed magneto-
striction setup of the Institut Néel. This system consists of
a capacitance cell machined from a copper–beryllium alloy,
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Figure 8. Specific heat measurements for LaPt4Ge12 under a 1.2 T
applied magnetic field, in order to suppress the superconducting
transition at TC = 8.3 K, with low temperature detail in the inset.
The lines are least squares fits using the two frequencies ω0 and Ω0

model and fixed value γe = 80 mJ (K2·mol)−1 coefficient for the
electronic contribution to the specific heat. The continuous line is a
fit to the experimental data for temperatures below 12 K while the
doted line extends the range to 15 K. The respective optimized
values for ω0 and Ω0 are displayed in the legend.

housed in a helium flux cryostat equipped with a supercon-
ducting magnet that provides a horizontal magnetic field up
to 6 T. The cell can be rotated along a vertical axis, allow-
ing for length measurements both along and perpendicular to
the applied magnetic field, within a temperature range of 2–
300 K. The sample is glued on a Cu–Be sample holder with
Stycast 2850FT, the other end being free but elastically pressed
against the moving electrode. The cell and associated capa-
citance bridge can detect changes in length as small as 1 Å,
enabling the system to sense relative expansions down to 10−7

for samples of a few millimeters in length. The main issue,
in using this system for thermal expansion measurement, is
that it was originally designed for field variations at constant
temperature. For variable temperature measurements, correc-
tions must be made for the cell’s thermal hysteresis. This is
done by measuring a reference sample, a sphere made of the
same copper–beryllium alloy as the cell, following a temper-
ature cycle identical in rate and interval to that applied to the
investigated sample. Another effect of temperature variation,
which becomes significant below 5K, is the change in the low-
pressure helium dielectric constant. From the reference sample
measurement, a capacitance correction is applied based on the
Clausius–Mossotti relation.

3.3.2. Linear thermal expansion coefficient. To obtain the
temperature variation of the linear thermal expansion coeffi-
cient α(T) from the sample length l(T), one has to resort to a
numerical approximation of the analytical relation:

α(T) =
1
l
∂l
∂T

)
P

(26)

Figure 9. Thermal expansion of LaB6, as the relative change in
length with respect to l0 at 2.5 K, measured on a single crystal with
a capacitance dilatometer while cooling down from 60 K to 2.5 K.
The inset gives the linear thermal expansion coefficient α, as a
numerical derivative (scattered points) and with applied low-pass
filtering (light color, solid line, for a filtering constant τ = 1.5 (K).

The linear thermal expansion coefficient, obtained from a
numerical differentiation, is typically noisy when small tem-
perature increments cause length changes at the limit of the
apparatus sensitivity. An added difficulty is the occasional slip
of the sample’s contact point on the moving electrode, that
yields parasitic peaks. To mitigate this dispersion in the data, a
subsequent filtering can be applied. The filtering used here is a
numerical analog to an RC low-pass filter, the input being the
numerical derivative as function of the temperature. Instead of
a time constant, a value for a temperature constant τ is visually
adjusted in order to dampen the abrupt changes that develop on
smaller temperature scales. Such a filtering introduces a delay
in the signal with respect to the temperature evolution. This
delay is essentially cancelled by successively applying the fil-
tering both up and down the temperature list, the two resulting
outputs being then averaged. As the principle is the numerical
solving of a first-order differential equation, one has to care-
fully choose the initial values of the output in both directions.
In our case, these initial values are obtained by minimizing a
chi-squared reflecting the distance between the filtered output
and the noisy input.

Figure 9 shows the measurement relative change in length
for LaB6, as obtained under zeromagnetic field and decreasing
temperature between 60 K and 2.5 K at a rate of 0.2 K min−1.
In the inset, the linear thermal expansion coefficient is dis-
played, as obtained from simple direct numerical differenti-
ation (scattered points) and using a low-pass filter for a con-
stant τ = 1.5 K (continuous line).

The measurements for LaPt4Ge12 are displayed on
figure 10. The relative change in length∆l/l is obtained from
measurements at a small rate of 0.05 K min−1 from 2.5 K
to 120 K, in zero magnetic field, in both cooling and heat-
ing conditions. The data from the two temperature variations
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Figure 10. Thermal expansion of LaPt4Ge12, as the relative change
in length with respect to the lowest temperature length l0, measured
on a polycrystalline sample with a capacitance dilatometer. The data
below 9 K is measured under an applied magnetic field of 1.2 T to
suppress the superconducting anomaly. Above 9 K, the
measurements are for zero field. The inset gives the linear thermal
expansion coefficient α, as a numerical derivative (scattered open
squares) and with applied low-pass filtering (solid line, filtering
constant τ = 3 K).

were then averaged as an additional mean for compensating
the cell hysteresis. As this paper focuses on the effect of the
low energy phonons, the temperature range of the figure is
restricted to values below 100 K. Also, LaPt4Ge12 undergo-
ing a superconducting transition at TC = 8.3 K, with a slight
volume anomaly, the data below 9 K is replaced by measure-
ments done under an applied magnetic field of 1.2 T. The inset
of figure 10 shows the linear thermal expansion coefficient
temperature variation, from direct numerical differentiation
and subsequent low-pass filtering (continuous line) with a
filtering constant τ = 3 K.

4. Analysis

4.1. Specific heat

The two dominant contributions to the specific of a non-
magnetic, metallic compound are:

- the conduction electrons specific heat, here reduced to its
linear, low temperature term: Ce(T) = γeT, with γe a con-
stant characteristic of the system.

- the phonon contribution: Cph(T) which, for calculation,
requires some model for the phonon dispersion curves.

Cph(T) is here computed using the two frequencies, two
branches, generalized dispersion curves for cage compounds.
Using equation (6) and an appropriate sampling of the first
Brillouin zone, theCph(T) specific heat can be numerically cal-
culated as a function of temperature for any given pair of fre-
quency values (ω0,Ω0). As regards the γe electronic constant,

it can be directly determined from the specific heat experi-
mental data Cp(T). Here, the values used are obtained from
the 0 K extrapolation of the plot of Cp/T as function of T2.
Once γe is defined, values for ω0 andΩ0 can de retrieved from
a least squares fit to the experimental data.

4.1.1. LaB6. Figure 7 shows, as functions of the
temperature, the results of calculations superimposed with the
specific heat data. The computed values include an electronic
contribution for γe = 2.3± 0.1 mJ (K2·mol)−1, deduced from
the plot of CP/T against T2. The mass ratio ρ= 2.142 corres-
ponds to a lanthanum ion inside a cage of natural boron. To
expedite the calculation of Cph (equation (6)) during the fitting
process, the number of samples in the representative volume
of the first Brillouin zone of the cubic lattice was limited to
364, which is sufficient to approach the large-number limit,
without noticeable effects at the graph’s scale. The choice of
the temperature range, used for the optimization of the ω0 and
Ω0 values, is crucial. Clearly, the model, based on only two
phonon branches, treating the boron cage as a single object,
cannot hold at higher temperatures, where it would violate
the Dulong et Petit law. In figure 7, two least squares refine-
ments are displayed, one restricted to data for temperatures
below 20 K (full line), the other generalized to the full set, up
to 60 K (dashed line). It is apparent that, in both cases, the
model struggles to describe the experiment above 50 K. For
the extended set of temperatures, the description above 50 K
is marginally improved at the expense of accuracy in the low
temperature range (see the inset).

The best fit below 50 K is obtained for the low temper-
ature data set (T < 20 K), which aligns with the model’s
expected limitations at higher temperatures. The refined val-
ues are h̄ω0 = 14.6 meV and h̄Ω0 = 44.5 meV, resulting in
a ratio Y0 =Ω0/ω0 = 3.05 close to the value 3 used in the
a) example in figures 2, 4 and 6. The value for h̄ω0 slightly
exceeds the inelastic neutron scattering [7, 16] investigation,
which points to a value of approximately 13.5 meV. From
this LaB6 example, it can be concluded that the model accur-
ately describes the phonon specific heat up to one-third of
h̄ω0/kB, i.e. about 50 K. Above this limit, higher energy
phonon branches become influential, increasing the specific
heat relative to the two frequencies model. In rare-earth hexa-
borides, at least, this limitation is inconsequential, as the rel-
evant magnetic phenomena typically occur below 30 K. For
instance, in CeB6, this phonon description is effective in defin-
ing the temperature dependence of themagnetic entropy below
50 K [7].

4.1.2. LaPt4Ge12. The preliminary analysis, from the plot
of CP/T as function of T2, yields a value for the electronic
contribution to the specific heat: γe = 80± 6 mJ (K2·mol)−1,
consistent with earlier determinations [9]. The massive cage
results in a small mass ratio ρ= 0.08412. Subsequently, one
can proceed with the fit of the experimental data by adjusting
the values ofω0 andΩ0, using equation (6). The calculations in
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figure 8 are performed for 650 samples within the representat-
ive volume of the body centered first Brillouin zone. The fitting
procedure is applied to data from reduced low-temperature
intervals, either below 15 K (dotted line) or below 12 K
(solid line). Indeed, to obtain a reasonable fit, it is necessary
to significantly lower the upper temperature limit. It appears
that low energy modes, unaccounted for in our two-frequency
description, become influential at temperatures as low as 15 K,
causing the experimental data to rapidly exceed the calculated
values. The fits shown in figure 8 yield similar values for ω0

and Ω0 (i.e. Y0 =Ω0/ω0 ≈ 1), suggesting a flattened optical
branch with a high density of modes just above ω0 (see the dis-
persion curves of example c in figures 2 and 4). However, when
confronted with the inelastic neutron scattering results [19],
the fitted values are not satisfactory. The lowest energy phonon
peak in the spectra is observed around 7.5 meV, while the spe-
cific heat fits in figure 8 would correspond to a peak slightly
above 5 meV. The same inelastic scattering data reveals the
proximity of phonon branches, unaccounted in themodel, with
the closest peak at about 15.5 meV. Below 20 K, the fit com-
pensates for these missing contributions by lowering the ener-
gies of the two included branches.

4.2. Testing the Grüneisen rule

An experimental assessment of the Grüneisen rule requires,
over a given temperature range, to define the ratio between
the thermal expansion coefficient, α(T), and the specific heat
CP(T). Measurements of these physical quantities for metals
include contributions from the conduction electrons, whereas
the present work focuses on the phonon contributions only.
Since the conduction electrons terms, both for the thermal
expansion and specific heat, are expected to vary linearly with
the temperature across a broad range, more relevant quantities
for an illustrative graph are α(T)/T and CP(T)/T. The elec-
tronic contributions are thus reduced to constants and visually
neutralized in the temperature evolution. In the following, the
analysed plots are those of α(T)/T as function of CP(T)/T.
If the Grüneisen function γeff, introduced in equation (25),
is relatively constant over an extended temperature range, the
graph will display a corresponding strait line. The slope of this
line, that averages γeff, identifies with a local Grüneisen para-
meter. Such plots require, at each temperature, experimental
determinations for both α(T) and CP(T). Since the thermal
expansion and specific heat data were collected separately, for
different sets of temperatures, an extrapolation is needed. For
each temperature in the specific heat dataset, a corresponding
α value is identified using the low-pass filtered α curve (see
paragraph 3.3.2). Additionally, the specific heat unit is conver-
ted from J·K−1· mol−1to J·K−1· mol−1, so that a slope in the
graph has the dimension of a compressibility, i.e. the inverse
of a pressure.

4.2.1. LaB6. Figure 11 shows the test graph of the phonon
Grüneisen rule for LaB6. Between 13 and 45 K, one observes
a nearly linear relationship between α(T)/T and CP(T)/T.

Figure 11. Test of the Grüneisen rule for LaB6 by plotting α/T,
where α is the linear thermal expansion coefficient for LaB6, againts
Cp/T, Cp being the measured specific heat of LaB6. For each
temperature in the specific heat data a corresponding α value is
identified using the low-pass filtered α curve (solid line in the inset
of figure 9). Between 12 K and 45 K (see black squares), a nearly
linear relation is observed that yields χ0γeff/3= 4.7× 10−12 Pa−1

for LaB6. The inset highlights the low temperature region, with
dashed lines pointing to a crossover at about 11 K.

According to equations (24) and (25), the slope of this lin-
ear region provides a value for the average of χ0γeff(T)/3 in
this temperature range. The compressibility χ0 at low tem-
perature can be deduced from published elastic constants
measurements [24], yielding:χ0 = 5.32± 0.06× 10−12 Pa−1.
An estimate of γeff, the average of the Grüneisen function over
the linear region, is thus obtained as: γeff = 2.7.

Below 11 K, another regime is observed (see inset of
figure 11), with a steeper slope, indicating a larger γeff value.
Although this region also appears fairly linear, caution is
required as the dilatometer approaches its sensitivity limits
below 8 K, resulting in increased relative scattering of α val-
ues, particularly below 5 K (see figure 9). Nevertheless, it can
be concluded that γeff(T) is significantly larger below 11 K
than above. According to equation (25), this implies that γ0

is larger than Γ0 (both should be positive), suggesting that
the cage oscillator is more sensitive to volume changes than
the lattice of cages. The crossover temperature between the
two low-temperature regions is around Tco = 11 K (see inset
of figure 11). With parameters close to those of the specific
heat fit, the a) example in figure 6 predicts a step in γeff

at kBTco/h̄ω0 ≈ 0.07. This yields h̄ω0 ≈ 13.5 meV, a value
in striking agreement with neutron spectroscopy and specific
heat determinations.

Above 45 K, no Grüneisen rule holds: additional phonon
branches start to interfere, as observed in the specific heat data
fits (figure 7).

4.2.2. LaPt4Ge12. Figure 12 illustrates the test of the
Grüneisen rule for phonons in LaPt4Ge12. The filtered thermal
expansion data used for the plot were restricted to temperat-
ures above the superconducting transition, to avoid artifacts
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Figure 12. Test of the Grüneisen rule for LaPt4Ge12 by plotting
α/T, where α is the linear thermal expansion coefficient for
LaPt4Ge12, against Cp/T. For each temperature in the specific heat
data set a corresponding α value is interpolated using the low-pass
filtered data, limited to values above the superconducting transition.
The inset highlights the low temperature range and the black
squares mark particular temperatures. Between 11 K and 21 K, a
linear relation is observed that yields χ0γeff/3= 6.4× 10−12 Pa−1

for LaPt4Ge12.

resulting from the merging of different data sets (the data in
figure 10 are composite, combining zero-field measurements
with data collected below 9 K under a magnetic field of 1.2 T).
The graph reveals at least five distinct regions, separated by
black squares. The two-frequency model can only account for
the lower temperature range, where, between 11 and 21 K,
an approximate Grüneisen rule is observed. Within this range,
the average χ0γeff/3 is estimated to be 6.4× 10−12 Pa−1. Due
to the lack of available compressibility data for χ0, no value
can be derived for the averaged Grüneisen function γeff. In the
lower temperature region, below the crossover at Tco = 10.5
K (inset of figure 12), the slope decreases, which, unlike in
the LaB6 case, suggests a γ0 value smaller than Γ0, indicat-
ing a reduced influence of the cage oscillator on the thermal
expansion in LaPt4Ge12. From the specific heat analysis, it was
found that, among the treated dispersion examples, LaPt4Ge12
was closer to case c), with Y0 ≈ 1. In figure 6, the step for
case c) is rather smooth, centered around kBTco/h̄ω0 ≈ 0.12.
Within the two-frequencymodel, this allows to estimate h̄ω0 ≈
7.5 meV, a value larger than those derived from the specific
heat fits, but consistent with the neutron spectroscopy data.

At higher temperatures, one can identify other quasi-linear
regimes. It is tempting to speculate that these changes in the
χ0γeff/3 slope are due to the successive interference of higher
energy flattened phonon branches. At about 62 K, there is a
turning point in the plot, showing that both CP/T and α/T
decrease above this temperature.

5. Discussion

This study clarifies the limits of the two-frequency model for
rare-earth cage systems. In the case of LaB6, the light and

rigid lattice of boron cages isolates the two lowest phonon
branches, allowing for an accurate description of the specific
heat, up to temperatures equivalent to one-third of the natural
frequency, ω0, of the Lanthanum guest. This is in contrast with
the filled skuterrudite LaPt4Ge12. By analogy with LaB6, one
might expect an accurate specific heat description up to 30 K,
yet discrepancies emerge as early as 15 K. This is due to the
model’s neglect of vibrations within the massive Pt4Ge12 cage,
at frequencies close to that of the lanthanum guest atom, as
revealed by the inelastic neutron scattering spectra. A minimal
extension of the two-frequency model would be to treat the
Ge12 and Pt4 components of the cage as separate entities rather
than a single mass unit. This would add an optical branch
(for each polarization) at the cost of, at least, one additional
frequency parameter and its Grüneisen counterpart. In this
process, one would sacrifice the analytical simplicity of the
dispersion relations and diminish its advantages over a fully
numerical approach, such as the Density Functional Theory.

These same analytical relations enable the extension of
the two-frequency model to describe, within the quasi-
harmonic approximation, the thermal expansion. This descrip-
tion involves two separate Grüneisen parameters, γ0 and Γ0,
respectively related to the characteristic frequencies ω0 and
Ω0. Under these conditions, the system cannot conform to a
simple Grüneisen rule. Instead, the model predicts two suc-
cessive Grüneisen regimes:

- at low temperatures, an approximate Grüneisen rule is fol-
lowed, dominated by low-energy acoustic phonons,

- at temperatures greater than one-tenth of h̄ω0/kB, the influ-
ence of the flattened phonon branches become significant,
leading to a second approximate Grüneisen rule.

In place of a single Grüneisen parameter, it is then natural
to define a Grüneisen function of the temperature, as the
ratio between the thermal expansion coefficient and the spe-
cific heat of phonons. This function is sensitive to changes in
the distribution of vibrational modes across multiple phonon
branches. By combining experimental data for specific heat
and thermal expansion, appropriate plots can be generated
to identify distinct temperature regions, highlighting changes
in the Grüneisen function. In the examples of LaB6 and
LaPt4Ge12, these plots confirm the expected regime trans-
itions, moreover at temperatures that match the model’s quant-
itative predictions.

From an experimental standpoint, the main difficulty
arrises from the limited sensitivity of our dilatometer. Below
10 K, changes in the sample length are difficult to detect, lead-
ing to large scatter in the experimental data. This hampers the
graphical definition of the lower temperature regime, related
to the cage lattice Grüneisen parameter Γ0. Consequently,
a quantitative determination of Γ0 and, subsequently, γ0, is
difficult. Furthermore, these determinations require comple-
mentary experimental data on low-temperature compressibil-
ity, which are lacking in the LaPt4Ge12 case.

Nevertheless, the two-frequency model and its application
to the investigation of the non-magnetic LaB6 and LaPt4Ge12,
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provide a valuable insights into the thermal expansion mech-
anism in cage compounds. This understandingwill help clarify
the role of the orbital and spin degrees of freedom in systems
where the lanthanum is replaced by a magnetic ion.
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