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Abstract

This second segment of a two-part study investigates the numerical modeling of
the Navier slip boundary condition at the contact line at the junction of free
and solid surfaces, a key element in many natural and technological processes.
The first segment introduced a method based on the cut-cell formalism. This sec-
ond segment demonstrates how this simple formulation can be used to flexibly
mix Navier, no-slip and free-surface boundary conditions near sharp interfaces
described using a levelset representation. The study emphasizes a unified treat-
ment of boundaries and interfaces that retains the simplicity of the original
methodology without requiring further simplifying assumptions. To that end, a
two-levelset approach is employed, with one levelset defining the solid wall and
the other defining the free-surface. The spreading of a droplet over straight and
circular walls for different contact angles is used as validation cases. The expected
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first-order accuracy in mass loss/gain is achieved, with the maximum error in
mass conservation reaching 10% in the worst-case scenario.

Keywords: Cut-cell method, levelset method, interfacial flows, dynamic contact line

1 Introduction

The contact line that forms at the intersection of a fluid-fluid and a solid boundary is
a key element of many natural and several technological processes [1]. The dynamics
of the contact line has been a subject of debate for several decades [2–4]. The classical
no-slip boundary condition at a moving fluid interface leads to a force singularity
at the contact line, as demonstrated by Huh and Scriven [5], implying that contact
line motion would be impossible. In the context of continuum mechanics, in sharp-
interface models, one common approach is to introduce a small slip velocity at the
contact line using the Navier boundary condition. The slip length, typically on the
order of nanometers, is often associated with surface roughness or the mean free path
of molecules [6]. The Navier slip model combined with an equilibrium contact angle on
a mesh-aligned boundary has been extensively studied across various physical setups
using different numerical methods. For instance, a rapidly advancing contact line in
a curtain coating scenario was simulated in a Volume-of-Fluid (VOF) framework [7],
the Phase-Field method and VOF were benchmarked against molecular dynamics in
a sheared droplet system [8], different numerical methods with the same contact line
model were tested in a capillary rise setup [9], a withdrawing plate was simulated
using the VOF method with a mesh-dependent slip length [10], spreading droplets
were explored with mesh-dependent slip [11], and the levelset method was employed
for a spreading drop case, incorporating contact line hysteresis by varying the contact
angle based on the contact line speed [12]. However, when dealing with an arbitrarily
shaped solid, the tangential and normal velocity components as well as the imposed
equilibrium contact angle depend on the local orientation of the solid boundary. In
the recent work of Tavares et al. [13], a coupled VOF/embed numerical method with
a height functions methodology for the curvature term is proposed to address this
specific challenge. In this contribution, we provide a unified treatment of boundaries
and interfaces for cases with contact lines on arbitrary geometry using the Navier
boundary condition with a constant equilibrium angle as our choice of contact line
model.

In the low Reynolds number regimes considered, the gas phase has a limited impact
on the contact line dynamics, and the free-surface assumption is therefore applicable.
Alternatively, the one-fluid model [14] can also be used, as recently done in related
studies [13, 15–17]. The one-fluid method however models the two immiscible phases
as a single fluid with discontinuous material properties, a representation that may not
be suitable when discontinuities exist in the velocity fields.

Free-surface flows come with their own challenges. They are subjected to addi-
tional kinematic and dynamic boundary conditions at the (free) surface, resulting in
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a numerical treatment that is more complex than for stationary surfaces. The kine-
matic condition states that in the absence of mass accumulation or transfer across the
free-surface, the normal component of the velocity field matches the surface velocity.
The dynamic boundary condition on the other hand states that, in the absence of
mass accumulation or transfer, the force exerted on either of the interface must match
up to the capillary force. The kinematic condition can be accommodated by Arbi-
trary Lagrangian Eulerian or Eulerian scheme. The latter is closely related to traction
boundary condition, which have seen recent renewed interest from the literature [18].

The beginnings of numerical modelling of free-surfaces can be traced back to the
numerical modelling of incompressible flows, and in particular the original work of Har-
low and Welch [19]. To simplify the discretization of the dynamic boundary condition,
a typical assumption is to neglect the viscous stress, or to assume that the interface
is mesh-aligned [20]. In the low Reynolds number regime considered here, the viscous
contribution to the total viscous stress at the interface cannot be neglected. Similarly,
the dominant effect of the contact line dynamics dictates that the interface orientation
must be taken into account.

One of the major challenges is then to switch from a Navier slip condition applied
in the vicinity of the contact line, to a no-slip or traction boundary condition, depend-
ing on whether the vicinity of the solid or the free-surface is considered. Another
challenge is the representation of the boundaries themselves (or interface, both terms
will be used interchangeably in this manuscript to denote either one of the fluid/void
and fluid/solid interfaces). Arbitrary Lagrangian Eulerian methods are certainty the
most accurate way to accommodate such configurations [21], but they come with
overhead induced by unstructured grids. Alternatively, structured grids (Cartesian,
in particular), can be used, to keep the simplicity of linear data structures. They do
however require an overhaul of the solution algorithm, usually based on the Immersed
Boundary Method [22] and its variants [23].

In the first segment of this two-part contribution [24], one such method was
proposed based on the cut-cell formalism. The objective of this second segment con-
tribution is to show how this simple formulation can be used to flexibly mix Navier,
no-slip and traction boundary conditions in the vicinity of sharp interfaces using a
levelset representation [25]. Emphasis is set on a unified treatment of boundaries and
interfaces that retains the simplicity of the original methodology without requiring
further simplifying assumptions regarding the magnitude of the different terms or the
orientation of the boundaries/interfaces. The aim in proposing such a simple set of
primitives is to facilitate implementation in existing Cartesian solvers and to pave
the way for numerical modelling of complex transfer phenomena in the vicinity of
interfaces/boundaries.

Fig. 1 displays an example of the configuration that will be treated in this work. We
see a liquid phase with a free-surface Γ1 in contact with a solid wall at the interface Γ2.
Both interfaces intersect in the contact points denoted by the black dots. In the vicinity
of these contact points at the wall, a Navier slip boundary condition will be applied.
In the rest of the wall a no-slip condition will be imposed and the corresponding jump
conditions will be applied at the free-surface. In the following, Γ1 and Γ2 will always
refer to the free-surface and the solid wall, respectively.
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Fig. 1: Schematic representation of a free-surface flow with contact line dynamics on
an arbitrarily oriented solid wall.

The manuscript is structured as follows. In Sec. 2, the continuous models are
presented together with the boundary conditions. Sec. 3, the extension of the cut-cell
methodology to two interfaces is discussed. This includes the definition of additional
geometric moments, as well as new cut-cell operators for transport and boundary
terms. In Sec. 4, validations and applications are finally presented.

2 Governing equations

2.1 Front capturing by the levelset method

In this work, a levelset function ϕ is defined on the computational domain Ω to map
the locus of one of its iso-levels ({x ∈ Ω|ϕ (t,x) = ϕ0}) to an interface Γ (t) that
separates two non-overlapping open domains, Ω1 (t) and Ω2 (t), each occupied by a
different phase. The value ϕ0 ≡ 0 is used here, and ϕ is defined as the signed distance
to the interface,

ϕ (t,x) =


−d (x,Γ (t)) , x ∈ Ω1 (t) ,

0, x ∈ Γ (t) ,

d (x,Γ (t)) , x ∈ Ω2 (t) ,

(1)

where d (x,Γ (t)) denotes the minimal distance between the point x and the interface
Γ (t),

d (x,Γ (t)) = argminy∈Γ(t) ∥x− y∥ .
Here, ∥·∥ denotes the Euclidean distance. The levelset function evolution can be
shown [26] governed by the advection equation

∂ϕ

∂t
+ u · ∇ϕ = 0 (2)

where u represents a continuous extension of the interface velocity to the domain Ω.
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To numerically solve this equation, an approach initially proposed in Mikula et al.
[27] is used that consists in rewriting it as a second-order partial differential equation,

∂ϕ

∂t
+∇ ·

(
unϕ

∇ϕ
∥∇ϕ∥

)
− ϕ∇ ·

(
un

∇ϕ
∥∇ϕ∥

)
= 0, (3)

where un denotes the extension of the velocity component normal to the interface.
The velocity at the interface needs to be extended to its vicinity in order to accurately
advect the levelset. To do this, we keep the normal velocity constant along the lines
normal to the Γ interface, as suggested by Peng et al. [28]. This method has already
been used in a previous version of the proposed cut-cell method by Fullana et al. [29]
in the context of the Stefan problem.

A suitable spatial and temporal discretization of Eq. (3) was proposed by Mikula
et al. [27], and shown to be more accurate than classical schemes, allowing larger time-
steps to be used, and requiring less frequent reinitialization steps in order maintain
the distance function property,

∥∇ϕ∥ = 1. (4)

Although the need for reinitialization is reduced, it is not completely eliminated.
Whenever necessary in this work, it is done by solving the following transient partial
differential equation

∂ϕ

∂τ
= S

(
ϕ0

)
(1− ∥∇ϕ∥) , (5)

where τ denotes a pseudo-time, S (·) is the sign function and ϕ0 is the levelset field
prior to the reinitialization step.

Eq. (5) is integrated in time using the Total Variation-Diminishing second-order
Runge-Kutta (TVD RK2) scheme developed in Shu and Osher [30], which essentially
performs two Forward Euler steps. The spatial derivatives of the levelset are computed
using the fifth-order Weighted Essentially Non-Oscillatory (WENO5) scheme derived
in [31]. In the interface vicinity, a source term is added following the high-order con-
strained reinitialization (HCR2) method from [32] to ensure that the reinitialization
does not modify the interface position. As mentioned previously, the levelset func-
tion is not reinitialized at every iteration. Luddens et al. [33] proposed the following
criterion to detect the deformation of the levelset

rg (ϕ) = (|∇ϕ| − 1)L1 > δ, (6)

where δ is the reinitialization threshold, which has been implemented in the solver to
automatize the reinitialization procedure.

2.1.1 Boundary conditions

In the vicinity of contact lines (intersection of the interface with a domain boundary),
an inhomogeneous Neumann boundary condition is convenient to impose a target
(equilibrium) angle θe. Such a boundary condition then takes the form

∂ϕ

∂n
= cos θe, (7)
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where ∂ · /∂n denotes the component of the scalar gradient normal to the boundary.
Away from the contact line, the definition of θe should be extended so as to min-

imize the deformation of the ϕ iso-levels. For example, in the case of a droplet on a
straight surface in the absence of gravity, the angle θ can be extended analytically
away from the contact line as follows

θ =

{
arctan [(1− ϕ/d) tan θe] if θe < π/2,

π − arctan [(1− ϕ/d) tan (π − θe)] if θe > π/2,
(8)

where 2d denotes the distance between the two intersection points of the ϕ = 0 iso-
level with the solid wall. In two-dimensional configurations, this corresponds to half
the distance between the two contact points, as seen in Fig. 2.

d

ϕ

R

π − θ

π − θe

Fig. 2: Geometric definition of the parameter d used in Eq. (8) to define θ, the
extension of the interface contact angle θe away from the contact line. The solid red
line represents the interface Γ, the dashed black line represents the ϕ iso-level and the
solid black line represents the solid wall.

2.2 Incompressible Navier-Stokes equations

This section introduces the non-dimensional incompressible Navier-Stokes equations
governing the flow under study:

∂u

∂t
+ (u · ∇)u = −∇p+ 1

Re
∇ · (2s) + 1

Fr2
g,

∇ · u = 0,

(9)

where the density has been considered to be ρ = 1 and u, p, Re, Fr, s and g respectively
denote the fluid’s velocity, pressure, the Reynolds number, the Froude number, the
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body force per unit mass and the strain rate tensor, defined as

s ≡ ∇u+ (∇u)
⊤

2
. (10)

Following [34], Eq. (9) can be solved using a pressure-projection method. The
first step consists in updating a intermediate velocity field u⋆, using the momentum
equation, where the diffusive transport is solved using a Crank-Nicolson scheme and
the convective transport using a second-order Adams-Bashforth integrator,

u⋆ − un

∆t
+ [u · ∇u]

n+1/2
= −∇pn−1/2 +

1

2Re
∇2 (un + u⋆) +

1

Fr2
g. (11)

Here, ∆t refers to the time step. In general, the velocity field u⋆ is not divergence-free,
and the next step enforces this condition by first solving the Poisson equation

∆t∇2ψn+1 = ∇ · u⋆, (12)

for the intermediate pressure field ψ, prior to correcting the intermediate velocity field
according to,

un+1 = u⋆ −∆t∇ψn+1. (13)

Finally, the pressure is updated for the velocity prediction at the next time-step,

pn+1/2 = pn−1/2 + ψn+1 − ∆t

2Re
∇2ψn+1. (14)

2.2.1 Free-surface boundary conditions

The free-surface boundary condition expresses the conservation of momentum across
the interface Γ in the absence of accumulation or transfer of mass at the interface,

−pn+
2

Re
s · n = −p0n+ σκn, (15)

where σ denotes the surface tension coefficient, κ the sum of the principal curvatures,
n the unit vector normal to the interface Γ, and p0 is the pressure outside the free-
surface. This boundary condition neglects the thermal Marangoni effect [35], since
the flow under consideration is assumed isothermal. By projecting Eq. (15) in the
Cartesian directions {x, y} we obtain a Neumann boundary condition for the velocity

−pe⊤α · n+
2

Re
e⊤α · s · n = σκe⊤α · n, ∀α ∈ {x, y}, (16)

where eα is a unitary vector in the α-direction.

2.2.2 Navier slip boundary condition

As described in the introduction, the Navier boundary condition is commonly used to
model the dynamic contact line in sharp interface methods. At the continuous level, a
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no-slip condition at a solid boundary simply anchors a contact line to a fixed location
with no possibility to move. Numerically, the imposition of the boundary condition
on the levelset for example can result in a contact line motion even when the no-slip
condition is applied. However, this is not a satisfying solution, because the predicted
dynamics depend both on the interface representation methodology and the grid used
for the computation.

To address this issue, we allow the contact line to slip over the substrate with a
certain slip length. The Navier slip boundary condition readsut − λ

∂ut
∂n

= Ub,

un = 0
(17)

where ut and un denote the velocity components tangential and normal to the solid
surface, respectively. The two parameters of the model are the slip length, λ and the
slip velocity, Ub.

3 Numerical modeling of arbitrarily-oriented solid
and free-surfaces and their intersection

3.1 Dealing with multiple levelset functions

The original methodology presented in the first segment [24] of this two-part contri-
bution introduced simple yet consistent discrete operators for Cartesian grids to solve
thermal and fluid flows between phases across a single interface or boundary. If more
than one interface were to be considered, or if one of the interfaces is mesh-aligned,
the formalism can be used as long as they do not intersect. However when arbitrary
interfaces intersect (as is the case for contact line dynamics on non-flat surfaces as rep-
resented in Fig. 1), additional geometric moments and discrete operators need to be
defined. The following section presents such an extension in the case of two interfaces,
one representing a free-surface and the other a solid boundary. Particular attention is
dedicated to the implementation of the different boundary conditions required in this
particular configuration, and to retain the simplicity of the original methodology to
ease implementation in other structured solvers.

3.1.1 Geometric moments

In the methodology presented in Part 1, a single set of volume {V, Wx, Wy} and sur-
face {Ax, Ay, Bx, By} geometric moments, defined for each set of control volumes,
cell- (p) and face-centered (ux and uy), were defined in order to assemble the discrete
cut-cell operators that were used to discretize the spatial derivatives (pressure gradi-
ent, velocity divergence, and convective and viscous transport terms). These geometric
moments, extensively defined in Part 1 [24], served as the basis for a finite-volume
approximation of conservation laws, and were shown to provide accurate estimates of
the fluxes with neighboring fluid elements as well as across a boundary. The under-
lying rationale was that the surface moments A implicitly defined a piece-wise linear
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representation of the interface. As might be expected, the definition of the moments
requires some adapting if two interfaces are to be considered, since the linear approx-
imation of the interface does not hold anymore; when two interfaces intersect within
a cell, only part of the total length of the interface belongs to each phase. There-
fore, using the surface moments A as they were defined in Part 1 would result in an
incorrect estimate of the length of the interface for each phase.

In this case, a single set of volume moments still suffices, which will be denoted
{V, Wx, Wy} as in Part 1. Regarding the surface moments, three different sets are
required to implement the two-boundaries logic. The first set of surface moments
will be denoted with a superscript Ω ({AΩ

x , AΩ
y , BΩ

x , BΩ
y }) and will be used in the

definitions of the discrete operators {G, G⊤} that account for the contribution of the
bulk fields to the gradient and divergence. The other two sets of surface moments,
denoted by the superscripts Γ1 and Γ2 (as in {AΓi

x , AΓi
y , BΓi

x , BΓi
y }, i = 1 or 2), will be

used to define the discrete operators {HΓi , HΓi,⊤} that account for the contribution
of the ith-boundary field to the gradient and divergence.

No special treatment is required for cut-cells intersected by a single interface.
The interfacial surface moments (denoted by the superscript Γi, i = 1 or 2) are
computed independently for each interface as in the original method and the bulk
surface moments (denoted by the superscript Ω) are set to the interfacial surface
moments of the interface that is cutting the cell. However, when both interfaces cut
the same cell, the interfacial surface moments cannot be set directly to those obtained
by treating each interface independently. In these cases, the surface moments obtained
for each interface independently are denoted by a subscript 0 and are hereafter referred
to as initial surface moments.

In the following, the volume of a cell corresponding to the liquid phase will be
referred to as wet volume and the set of cells where this wet volume is non-zero will
be referred to as wet cells.

Volume moments {V, Wx, Wy} and the surface moments {AΩ
x , AΩ

y , BΩ
x , BΩ

y } are
always calculated based on the actual wet cell obtained by intersecting the wet volumes
corresponding to both interfaces. The wet volumes are calculated using the GEOS
library [36], which allows the definition of all necessary geometric quantities. For this
purpose, the vertices of the wet cells, together with the points where the linear repre-
sentation of the interfaces intersects the cell surfaces, are passed to the GEOS library
to define the actual wet volume. The calculations of the wet cell centroid and the
intersection of the wet cell volume with horizontal and vertical lines to define the BΩ

surface moments are also performed using the GEOS library.
The calculation of the missing surface moments in the cut-cells intersected by

both interfaces requires further consideration. This is discussed below using the cases
shown in Fig. 3, where the red and green shaded areas represent the wet volumes
corresponding to domains 1 and 2 respectively. The blue shaded area represents the
fluid domain, defined as the intersection of domains 1 and 2 (whose volume corresponds
to V). The solid lines are used to represent the parts of the interfaces that also belong
to the other domain (i.e. Γ1 ∩Ω2 in red and Γ2 ∩Ω1 in green), while the dashed lines
represent the parts of Γi that are outside the fluid domain (i.e. not part of Ωj ∀j ̸= i).
Two different cases can be considered:

9



Void

Solid

Solid Γ1

Γ2

(a)

Liquid

Solid

Solid Γ1

Γ2

(b)

Solid

Void

Liquid Γ1

Γ2

(c)

Void
Liquid

Solid

Solid Γ1

Γ2

(d)

Void

Liquid

Solid

Solid

Γ1Γ2

(e)

Fig. 3: Configurations relevant to the two-levelset extension. Solid lines denote inter-
faces adjacent to the liquid phase, where either free-surface (Γ1) or no-slip (Γ2)
boundary conditions are applied. The intersection of Γ1 and Γ2 represents the con-
tact point (cases displayed in Figs. 3d and 3e), where the Navier condition is applied.
Dashed lines finally corresponds to fictitious interfaces, that are ignored because they
are not in contact with the fluid.

1. The interfaces do not intersect within the cell. This leads to three
possibilities:
(a) The intersection of the domains within the cell is empty: the cell is

not a wet cell and all the moments are set to zero. This corresponds to the case
displayed in Fig. 3a.

(b) The intersection of the domains within the cell is non-empty and the
restriction of one domain to the cell is a subset of the other: the most
restrictive interface keeps its initial values of the surface moments while the
ones corresponding to the other interface are all set to zero since there is no
contribution from this interface. In the example displayed in Fig. 3b, AΓ1 = 0
whereas AΓ2 = AΓ2

0 .
(c) The intersection of the domains within the cell is non-empty but no

domain restricted to the cell is a subset of the other: both interfaces
keep their initial values, so AΓ1 = AΓ1

0 , AΓ2 = AΓ2
0 as displayed in Fig. 3c.

2. The interfaces intersect within the cell, which leads to two possible cases in
each direction for each interface:
(d) The section of the interface also belonging to the other domain (Γi ∩

Ωj, for j ̸= i) intersects one of the faces in that direction: the intersected
face keeps its initial value and the opposite face is set to the projection of the
intersection point between both interfaces. In Fig. 3d, this is the case for the
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green interface in the x-direction and for the red interface in the y-direction.
In Fig. 3e, this is the case for both interfaces in the y-direction.

(e) The section of the interface also belonging to the other domain (Γi ∩
Ωj, for j ̸= i) does not intersect any face in the direction: in this case
one of the surface moments is set to the projection of the intersection point and
the opposite one is set to zero. In Fig. 3d, this is the case for the red interface
in the x-direction and for the green interface in the y-direction. In Fig. 3e, this
is the case for both interfaces in the x-direction.

Vi,j

AΩ
y,i,j+1

AΩ
x,i,j Liquid

Solid

Solid

Void

(a)

Vi,j

AΓ1
y,i,j+1

AΓ1
x,i,j

AΓ1
y,i,j

Liquid

Solid

Solid

Void

(b)

Vi,j

AΓ2
y,i,j+1

AΓ2
x,i,j

AΓ2
x,i+1,j

Liquid

Solid

Solid

Void

(c)

Fig. 4: Correction procedure to the A moments when the two boundaries intersect as
in Fig. 3d (the case displayed in Fig. 3e follows).

The cell represented in Fig. 3d is also shown in Fig. 4 to clarify how the intersection
point is employed to obtain the surface moments. Fig. 4a displays the bulk surface
moments AΩ, which are non-zero only at the left and top faces since those are the
only faces being intersected by the actual wet cell in blue. Fig. 4b shows the interfacial
surface moments AΓ1 . It can be seen that the intersection point is used to define the
geometric moments corresponding to the left and bottom faces and that the top face
keeps its initial moment. Finally, Fig. 4c presents the interfacial surface moments AΓ1 .
In this case, the intersection point is used to define the surface moments corresponding
to the top and right faces, whereas the left face keeps its initial moment.

The computation of the remaining surface moments is completed as follows: first
the bulk moments BΩ

α are computed by drawing a segment orthogonal to direction
α passing through the intersection point. In order to keep certain properties of the
discrete gradient and divergence operators, the BΓi

α have to be treated carefully. Two
different cases can occur:
1. If BΩ

α is larger than the two neighboring values of AΓi
α (in direction α), then BΓi is

set to the largest of the two.
2. If BΩ

α is smaller than any of the two neighboring values of AΓi
α (in direction α),

then BΓi is set to the bulk value: BΓi
α = BΩ

α .

To summarize, the following sequential steps describe the complete procedure to
compute all required geometric moments:
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1. Compute initial surface moments AΓi
0 for each interface i.

2. Compute bulk geometric moments {AΩ, BΩ, V, W} using the intersection of the
wet areas that correspond to each domain.

3. Update surface moments AΓi using the initial surface moments and the intersection
point.

4. Compute surface moments BΓi according to the previous rules.

As done in Part 1 [24], the previously defined vectors containing the geometric
moments are used to define diagonal matrices, that will later be employed to define
the discrete cut-cell operators. This results in the volume operators,

V = diag (V) and W =

[
diag (Wx)

diag (Wy)

]
, (18)

surface bulk (α ∈ {x, y})

AΩ
α = diag

(
AΩ

α

)
and BΩ

α = diag
(
BΩ
α

)
(19)

and interfacial operators (α ∈ {x, y} and i ∈ {1, 2}),

AΓi
α = diag

(
AΓi

α

)
and BΓi

α = diag
(
BΓi
α

)
. (20)

3.1.2 Levelset boundary conditions

To impose a given angle at contact point defined as the intersection of the two inter-
faces Γ1 and Γ2, the angle introduced in the right-hand side of Eq. (7) cannot be
directly the contact angle if the solid wall is not aligned with the cell faces. In this
case, it is replaced by β, which is the angle between the free-surface Γ1 and a certain
reference direction defined by two cell centers, which depend on the orientation of the
solid wall Γ2. More details will be given in the following. Therefore, the boundary
condition now reads

∂ϕ

∂n
= cosβ, (21)

where β = θ +m (α− γ). Eq. (21) is discretized as follows

ϕij − ϕkl = h cos (θ +m (α− γ)), (22)

where (i, j) are the indices of the cell where the boundary condition is being applied.
This boundary condition is applied to solid cells. By solid cells we refer to cells that
only belong to the solid phase and do not have any volume belonging to the void or
liquid phases. In the rest of the domain, Eq. (2) is applied.

The additional parameters appearing in Eq. (22) are defined as follows: (k, l)
denotes the indices of a reference cell with respect to which the boundary condition
is applied. θ is the angle that is to be imposed between both levelsets iso-levels, α
denotes the angle of the vector normal to the interface Γ2 at the cut-cell closest to cell
(i, j) in the direction defined by the cell (k, l), and γ is the angle between the x-axis
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n

Void (a, b)

(k, l)

γα

Γ1
Γ2

β

θ

Solid

(i, j)

Liquid

Fig. 5: Illustration of the various parameters defined in the discrete levelset boundary
condition (Eq. (22) at a given cell (i, j) in the solid phase).

and the line connecting the centers of the cells (i, j) and (k, l). h denotes the distance
between the centers of the cells (i, j) and (k, l) and

m = S (ϕab − ϕij) , (23)

where (a, b) are the indices of the cell in the perpendicular clockwise direction to
the line connecting the cells (i, j) and (k, l) and S denotes the sign function. The
perpendicular anticlockwise direction can also be used, but in that case the right-
hand-side of Eq. (23) has to be multiplied by −1.

The angle β is therefore measured from the line connecting the cell (i, j) with the
cell (a, b) and the angle θ is measured from the tangent to the interface Γ2 at the
cell (k, l). Fig. 5 represents an example showing the different angles and cells that are
employed to compute the angle β. It can be clearly seen that the difference between
the angles γ and α is the same as the difference between the angles θ and β.

3.2 Discrete cut-cell operators and boundary conditions

In this section, the discrete cut-cell gradient and divergence operators used to dis-
cretize the Navier-Stokes equations are defined for the case with two interfaces. The
discretization of the boundary conditions is then presented. The reader is referred to
Part 1 [24] for the definition of the differentiation operators D±

α and the interpolation
operators S±

α , and to Sec. 2.2 for a description of the pressure-projection algorithm.

3.2.1 Gradient of a cell-centered scalar field

The discrete gradient has three different terms, one that accounts for the contribution
of the bulk field and two with the contribution of each interface:

grad (pω, pγ1 , pγ2) =W † (Gpω +HΓ1pγ1 +HΓ2pγ2
)
, (24)

13



where † denotes the Moore-Penrose pseudoinverse and the linear operators are defined
as

G =

[
D−

x B
Ω
x

D−
y B

Ω
y

]
and HΓi =

[
AΓi

x D
−
x −D−

x B
Γi
x

AΓi
y D

−
y −D−

y B
Γi
y

]
. (25)

3.2.2 Divergence of a face-centered vector field

Just like the gradient operator, the (volume-integrated) divergence operator is multi-
linear and takes one more argument than the number of interfaces:

div (qω, qγ1 , qγ2) = −
(
G⊤ +HΓ1,⊤ +HΓ2,⊤

)
qω +HΓ1,⊤qγ1 +HΓ2,⊤qγ2 (26)

where
−G⊤ −HΓ1,⊤ −HΓ2,⊤ =

[
D+

x A
Ω
x D+

y A
Ω
y

]
(27)

and
HΓi,⊤ =

[
BΓi

x D+
x −D+

x A
Γi
x BΓi

y D+
y −D+

y A
Γi
y

]
. (28)

As proposed in Part 1, whenever the discrete vector fields qω, qγ1 or qγ2 represent
the gradient of a scalar field, the closures qω = qγ1 and/or qω = qγ2 are used (wherever
required). The divergence operator then degenerates to the single argument form,

div (qω) = −G⊤qω. (29)

3.2.3 Robin boundary condition

The boundary conditions also have to include the contributions from other interfaces.
For a general Robin boundary condition applied on the boundary Γi of the form:

ap+ b∂np = g on Γi, (30)

the discretized version reads

IΓi
a IΓipγi + IΓi

b HΓi,⊤W † [Gpω +HΓipγi +HΓjpγj
]
= IΓigγi , ∀j ̸= i, (31)

where the diagonal matrices IΓi
a = diag (aγi) and IΓi

b = diag (bγi) are coefficients that
can be used to impose either Dirichlet, Neumann or Robin boundary conditions, the
diagonal matrix IΓi = diag

(∣∣HΓi,⊤1
∣∣) measures the length boundary within a given

cell.
It should be noted that the last term on the left-hand-side of Eq. (31) represents

the contribution from the second boundary Γj to the gradient, itself projected onto
the direction normal to Γi.

3.2.4 Free-surface boundary condition

Let Γ1 be the interface on which the free-surface boundary condition is applied.
Eq. (16) is then discretized as follows,

−HΓ1pγ1 + 2µ

[
HΓ1,⊤

x Sx

HΓ1,⊤
y Sy

]
= −HΓ1σκγ1 , (32)
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where Sx is defined following

Sx =

[
Sxx

Sxy

]
, Sxk =

1

2
W †

xk

(
Gxku

ω
x +HΓ1

xku
γ1
x +HΓ2

xku
γ2
x

)
+

1

2
W †

kx

(
Gkxu

ω
k +HΓ1

kxu
γ1

k +HΓ2

kxu
γ2

k

)
, ∀k ∈ {x, y}

(33)

and Sy following

Sy =

[
Syx

Syy

]
, Syk =

1

2
W †

yk

(
Gyku

ω
y +HΓ1

yku
γ1
y +HΓ2

yku
γ2
y

)
+

1

2
W †

ky

(
Gkyu

ω
k +HΓ1

kyu
γ1

k +HΓ2

kyu
γ2

k

)
, ∀k ∈ {x, y}.

(34)

In the above equations, Γ2 is the interface, where either a no-slip or Navier slip
boundary condition is imposed, as discussed in the next section. The first subscript in
the cut-cell operators G, W and H highlights the fact that they operate on the stag-
gered grids, whereas the second subscript refers to which component of the operator
is being used.

3.2.5 Navier slip boundary conditions

If the Navier slip boundary condition is to be applied to a straight surface, Eq. (31)
can be used to discretize Eq. (17). However, if the boundary condition is applied to
an arbitrarily oriented boundary surface, some modifications are required which are
presented here.

For an arbitrary orientation, the tangential component of the velocity ut depends
on both velocity components ux and uy. As presented in Part 1, the proposed method-
ology (and operators previously defined) leverages on bulk and boundary values, the
later being defined implicitly as roots of the discretized boundary conditions. This
results in a system of algebraic equation that consists of the discretized bulk (momen-
tum) and boundary conditions, that is solved to determine both bulk and boundary
fields.

In the methodology presented in Part 1 [24], both boundary velocity components
(uγx and uγy) were solved. However, for the Navier slip condition, a different approach
is used: in the absence of blowing or suction, the velocity component normal to the
boundary is identically zero. As far as the velocity component tangential to the bound-
ary is concerned, it is implicitly defined by a discretized form of Eq. (17) (see below).
For simplicity, the boundary field uγt is collocated with the cells where p is defined.
However, in order to assemble the viscous and convective transport terms and the
velocity boundary conditions, this information (together with the vanishing normal
velocity) must be interpolated to the mesh faces before being included in the viscous
transport term.

To illustrate this, let us consider the case where the Navier slip condition (Eq. (17))
is applied on Γ2, and a different boundary condition (e.g. a free-surface or Dirichlet
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boundary condition) on Γ1. The discrete version of Eq. (17) then reads

IΓ2uγ2

t − λ
[
HΓ2,⊤W †HΓ2uγ2

t +

HΓ2,⊤W †HΓ1
(
diag (sinα)S−

x u
γ1
x + diag (− cosα)S−

y u
γ1
y

)
+

HΓ2,⊤W †G
(
diag (sinα)S−

x u
ω
x + diag (− cosα)S−

y u
ω
y

)]
= IΓ2Ub. (35)

The projection and interpolation of the tangential velocity onto the mesh faces can
be performed following

uγi
x = diag (sinα)S+

x u
γi

t ,

uγi
y = diag (− cosα)S+

y u
γi

t ,
(36)

which is used in the viscous and convective transport terms and in boundary conditions
where the Cartesian components of the velocity appear, as mentioned earlier.

Regarding the velocity divergence which appears in the right-hand-side of the Pois-
son equation for the pressure, there is no contribution from the Navier slip boundary
since there is no velocity in the normal direction.

4 Validation and applications

In this section, various aspects of our implementation are validated and analyzed, start-
ing with the implementation of the free-surface boundary condition by analyzing the
evolution of a dripping liquid film. Once validated, the Navier-slip and levelset bound-
ary conditions are added and validated using the case of a sessile drop on a straight
surface. Finally, the case of a drop over a circular solid is considered, a more chal-
lenging configuration that fully leverages the proposed methodology to mix boundary
conditions on arbitrary surfaces.

4.1 Dripping of a liquid film

The dripping instability of a liquid film underneath a flat plate subject to the gravity
force has been extensively analyzed in the literature [37–41]. In this work, this case is
used to validate the implementation of the free-surface boundary condition.

The initial shape of the drop is given by the following expression:

y = −h0
(
1 +A cos

(
2πx

L

))
, (37)

where, h0 is the average film thickness, A is the initial amplitude of the drop, and L
denotes the length of the domain in the horizontal, x, direction. The non-dimensional
parameters that govern the flow are the Reynolds and Bond numbers, defined as

Re =
h30g

3ν2
, Bo =

ρh0g

σ
, (38)
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where, g is the gravity force, ν is the kinematic viscosity and ρ the density. These
non-dimensional numbers can in turn be used to define the Kapitza and Ohnesorge
numbers

Ka = (3Re)
2/3

/Bo, Oh = Ka−3/4 Bo−1/4 . (39)

Following this formulation, the capillary length lc =
√
σ/ρg can then be related to

the film thickness, using the Bond number as, h0/lc =
√
Bo.

Following [41], a simulation is performed in a domain of length L = 10lc in both
directions. The Ohnesorge number is Oh = 0.05. The density and the surface tension
coefficient are set to ρ = σ = 1, whereas the gravity is set to g = 10. Finally, the kine-
matic viscosity is ν = 0.056. Under these conditions, the capillary length is lc = 1/

√
10,

yielding a computational domain of size (x, y) =
[
−
√
10/2,

√
10/2

]
×
[
−
√
10, 0

]
, which

is discretized using 128 grid points in each directions. The levelset is reinitialized every
three time-steps, performing two iterations of Eq. (5) every time. Fig. 6 compares qual-
itatively the solution obtained using the cut-cell method with the numerical results
obtained by [41], showing a good agreement between both.

Current
Zhou & Prosperetti (2022)

Fig. 6: Shape of the drop when the inflection points appear compared the one in [41].

4.2 Sessile drop on a straight surface

This case, allows the validation of our implementation of the free-surface, the Navier
slip and the levelset boundary conditions. For this purpose, a circular drop is placed
on a straight solid wall with an initial contact angle θe = 90◦, in the absence of a
buoyancy force. The simulations are performed for contact angles between 30◦ and
165◦. Under these conditions, the final shape of the drop is a circle and its radius can
be computed as

Rf (V0, θe) =

√
V0

θe − sin θe cos θe
, (40)

where, V0 = πR2
0/2 is the initial volume of the drop, and the initial radius is set to

R0 = 0.5. A Navier slip boundary condition is imposed at the wall with a slip length
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of λ = 0.01. The size of the computational domain is (x, y) = [−1.5, 1.5]× [−1, 1] and
each unit length is discretized using 32 points in each direction. The Reynolds number
is set to Re = 1. The simulations are carried out until the shape of the drop reaches
a steady state. A reinitialization of the levelset field is performed every 10 time-steps
using 2 pseudo-temporal iterations of the reinitialization equation (5), only if the
deformation of the levelset exceeds a threshold δ = 0.01. The stop condition of the
simulations is based on the difference of the droplet radius between two consecutive
iterations. If the difference is smaller than a certain percentage of the current radius,
then the simulation is stopped.

Theory
Simulation

(a) θe = 30◦.

Theory
Simulation

(b) θe = 90◦.

Theory
Simulation

(c) θe = 165◦.

Fig. 7: Final drop shapes compared to theoretical solution.

Fig. 7 shows the cases with the flattest and steepest contact angles, along with
the equilibrium case. Fig. 7a shows that a small volume is gained for the flattest
angle, θe = 30◦. In contrast, as shown in Fig. 7c, a small volume is lost during the
simulation until reaching steady state. There are several sources of mass gain/loss
that can be attributed to the use of the levelset method. The first is due to the fact
that the levelset does not represent a conserved quantity and therefore its advection
results in volumes that are not conserved. Since a piecewise linear representation of
the interface is used, some mass is lost at each cell. This quantity is bounded but
changes as the levelset is advected. In addition to the advection, the reinitialization
procedure can also generate spurious mass loss or gain and interface deformation [42].
Being aware of such restriction, special attention has been given to the reinitialization
method used in this work, specially chosen to minimize such mass loss/gain. Different
methods were tested [32, 43, 44] and as stated in Sec. 2.1, the HCR2 of Hartmann et al.
[32] was selected. The mass loss/gain due to reinitialization can also be controlled by
reducing the frequency of reinitialization. The smaller the frequency, the smaller the
mass loss/gain. The final source is due to the applications of the boundary condition
on the levelset in the solid phase. As shown in Fig. 8, where the red solid line is
the initial position of the free-surface and the red dashed line is its final position,
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applying the boundary conditions on the levelset results in a change of the liquid
volume (represented by the red shaded area), which is maximum if the solid wall is
placed at the cell faces (Fig. 8a) and zero if the solid wall is placed at the cell centers
(Fig. 8b). This adds a small volume at each iteration for θe > 90◦ and removes it for
θe < 90◦ before reaching equilibrium. The greater the difference between θe and 90◦,
the greater the mass loss/gain. It is expected that the loss/gain decreases linearly with
the cell size for all the contact angles [13].

Liquid

Solid

Void

(a) Solid wall at the cell face.

Liquid

Solid

Void

(b) Solid wall at the cell center.

Fig. 8: Example of mass loss while imposing θe = 135◦ to the levelset on an interface
with a previous contact angle of θe = 90◦. The solid and dashed red lines represent the
free-surface interface before and after applying the boundary conditions, respectively.
The green solid line represents the solid wall. The blue shaded area is the liquid phase
and the red shaded area is the lost volume due to the application of the boundary
condition on the solid cells.

In order to more systematically analyze the impact of mass gain/loss on the results,
a more detailed analysis of the results is presented in Fig. 9. Fig. 9a compares the
theoretical ratio of final and initial radius with the one obtained numerically, showing
a good agreement between both for all the cases. The solid wall has been placed as
in Fig. 8a, which results in a maximal mass loss/gain. In order to quantify it over
the range of simulations, the evolution of mass absorption is plotted in Fig. 9b for
different contact angles. This figure shows that for angles θe < 90◦, the numerical
radius is larger than the theoretical one, whereas the opposite happens when θe > 90◦.
This result suggests that the main source of mass loss/gain is due to the imposition
of the boundary conditions on the levelset. As stated before, this can be reduced to
zero if the solid wall had been placed at the cell centers. However, in a more general
case with an arbitrary orientation of the solid wall, this cannot be controlled and
therefore we present here the most adverse case. This figure also shows that different
contact angles need different times to converge to the equilibrium position, which is
linked to the different distances that the interface has to travel to reach the final
position. The longer the distance, the larger the time it takes the droplet to reach its
equilibrium position. This also explains why the error is not symmetric with respect
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to the θe = 90◦ case. The distances travelled by the cases where θe > 90◦ are smaller
than their symmetric counterparts, yielding smaller mass loss in the former than mass
gain in the latter. In Fig. 9c, the evolution of the radius of the drop is presented. It
can be seen that all the cases start with R0 = 0.5 and converge towards the respective
equilibrium positions. Finally, Fig. 9d presents the expected first-order convergence
rate of the mass absorption for the case with a contact angle of θe = 165◦, where the
number of cells per length unit have been set to 16, 32 and 64.
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(a) Ratio of initial and final radius as
function of the contact angle.
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(b) Mass absorption for
θe = {30◦, 60◦, 90◦, 120◦, 150◦}.
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(c) Evolution of the radius of the drop
for θe = {30◦, 60◦, 90◦, 120◦, 150◦}.
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(d) Mass absorption with respect to
number of grid points per unit length
for θe = 165◦.

Fig. 9: Results for sessile drop on a straight surface.
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4.3 Drop over a circular solid

The spreading of a droplet over a cylindrical solid surface is investigated for contact
angles varying between 30◦ and 135◦. This case has recently been used for validation
by [13, 15–17], where a volume-of-fluid method was used to track the interface. This
case provides an implementation on non-straight surfaces, but still allows access to the
analytical solution, which can be used to validate the numerical models. In the absence
of gravity, the analytical solution is simply given by a circular shape, as in the previous
case. Fig. 10 shows a schematic representation of the underlying configuration.

Rs

Rl

lc

α

β

θ

Fig. 10: Representation of the drop over the cylinder for a contact angle of θ.

The radius of the solid cylinder and the initial radius of the drop are Rs = Rl,0 =
0.5. Initially, the contact angle is set to 90◦. The size of the computational domain
is (x, y) = [−1, 1] × [−1.125, 1.125] and again each unit length is discretized using 32
points in each direction. The Reynolds number is again set to Re = 1. The reinitializa-
tion of the levelset is performed every 3 temporal iterations, with 2 pseudo-temporal
iterations of Eq. (5) performed every time. The same stop condition as in Sec. 4.2 is
employed. As in the previous case, 32 grid points are used per length unit in each
direction. In this configuration, the initial distance between both centers is given by

lc,0 = 2Rs cos 45
◦. (41)

The area of the liquid drop can be calculated analytically by subtracting from the
total area of the liquid cylinder the area overlapped by the solid cylinder, which is
given by the circular segments of angles 2α and 2β (see Fig.10), as

A (Rs, Rl, lc) = πR2
l −R2

s

[
α− 1

2
sin (2α)

]
−R2

l

[
β − 1

2
sin (2β)

]
, (42)
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where α and β can be computed using the cosine rule

α (Rs, Rl, lc) = arccos

(
l2c +R2

s −R2
l

2lcRs

)
,

β (Rs, Rl, lc) = arccos

(
l2c +R2

l −R2
s

2lcRl

)
.

(43)

The final radius of the drop can be computed by matching the areas of the initial
and final liquid drop, or equivalently by finding the roots of the following function

f (lc,f ) = A (Rs, Rl,0, lc,0)−A (Rs, Rl,f , lc,f ) , (44)

The final radius of the liquid drop is therefore given by the following expression

Rl,f = Rs cos θe +
√
R2

s cos θe
2 −Rs + l2c,f , (45)

which is obtained by applying the cosine rule to the contact angle.

Theory
Simulation

(a) θe = 30◦.

Theory
Simulation

(b) θe = 90◦.

Theory
Simulation

(c) θe = 120◦.

Fig. 11: Final drop shapes compared to the theoretical solution.

Fig. 11 shows the final drops for the cases θe = {30◦, 90◦, 120◦} and compares them
with the theoretical solution. The comparison shows good qualitative agreement. A
quantitative comparison of the final radius with the theoretical one is shown in Fig. 12a
for different angles. The results from Tavares et al. [13] and O’Brien and Bussmann [16]
are also shown. It can be seen that overall, all the methods behave well for intermediate
contact angles and as we move away from the 90◦ case the results tend to be slightly
worse. As in the cases presented in Sec. 4.2, for contact angles θe < 90◦, an increase
in the mass of the drop is obtained due to the imposition of the boundary conditions
on the levelset, resulting in a final radius slightly larger than the theoretical one. The
opposite is observed for contact angles θe > 90◦. This mass loss/gain explains the slight
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(b) Mass absorption for θe =
{30◦, 60◦, 90◦, 120◦}.

Fig. 12: Results for sessile drop on a cylindrical surface.

deviation from the theoretical results at both ends of the angle range considered. This
is confirmed by Fig. 12b, which shows the mass absorption for different contact angles.
We observe that the effect of imposing the levelset boundary conditions is weaker if
compared to the previous case, since the mass loss/gain is smaller. The reason is that
in this case the interface travels a shorter distance for the same imposed contact angle
before reaching the equilibrium. Moreover, all the cases tend to lose mass towards the
end of the simulation. This trend can be explained by the frequent reinitialization of
the levelset. The frequency of the reinitialization had to be increased with respect to
the case presented in Sec. 4.2 for stability reasons.

5 Conclusions and future work

The cut-cell framework presented in the first segment of this two-part contribution was
successfully extended to simulate contact line dynamics in two-dimensional free-surface
flows. In particular, no assumptions were made on either the interface orientation or
the magnitude of the terms at play. The simplicity of the original method is retained
and constitutes an important step towards its extension to three-dimensional flows,
which is currently under progress. The extension of the “two interfaces” logic is how-
ever more challenging than the simpler case of a single boundary/interface exemplified
in Part 1.

The results on the spreading droplet are on par with those obtained by approaches
recently developed in other groups using the one-fluid formulation instead of the
cut-cell method to impose the free-surface boundary conditions. The mass conserva-
tion error due to the imposition of the levelset boundary conditions is first-order, as
expected, reaching a maximum of 10% mass loss/gain for the worst-case scenario.
When applied to non-straight surfaces, further reinitialization of the levelset (when
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compared to the straight surface case) is required for robustness. Nevertheless, prob-
lems associated with the use of the levelset can be circumvented by substituting it by
other methods such us Volume-of-Fluid or front-tracking, since the proposed cut-cell
methodology can be coupled with any interface representation method.

Furthermore, our numerical implementation of the Navier boundary condition
allows for the incorporation of more advanced models. For instance, dynamic con-
tact angles can be modeled using the Cox-Voinov relation [45, 46], where the contact
angle is dependent on the local capillary number. Additionally, the Generalized Navier
Boundary Condition [47, 48] could be employed, in which a mobility relation links the
contact line speed to local flow field properties via the uncompensated Young’s stress.
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