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BLOCK STRUCTURES OF GRAPHS AND QUANTUM ISOMORPHISM

AMAURY FRESLON', PAUL MEUNIER?, PEGAH POURNAJAFT?

ABSTRACT. We prove that for every pair of quantum isomorphic graphs, their block trees and their
block graphs are isomorphic, and that such an isomorphism can be chosen so that the correspond-
ing blocks are quantum isomorphic — in particular, 2-connectedness is preserved under quantum
isomorphism. We conclude with some corollaries, including obtaining some necessary conditions on
a pair of quantum isomorphic, not isomorphic graphs with a minimal number of vertices.

INTRODUCTION

In recent years, the notion of quantum isomorphism of graphs gained a major place in the study of
noncommutative properties of finite graphs. Indeed, this seemingly candid definition turned out to
be related to deep mathematical questions, such as the study of F-isomorphism of graphs [14], the
representation of finitely presented groups [1, 15|, or the study of quantum automorphism groups of
graphs [12|. While striking results allow for a global description of quantum isomorphism (see [14] for
characterisations related to homomorphism count or representations of compact quantum groups),
very little is explicitly known about it. For instance, we still do not know a smallest pair of quantum
isomorphic graphs which are not isomorphic: the smallest examples known have 24 vertices |1,
Theorem 6.5|, and it follows from [13, Theorem B.2| that such graphs need at least 6 vertices.

To approach such problems, as well as for explicit computations of quantum automorphism groups
of graphs, it is of great importance to understand how quantum isomorphism behaves with respect
to the structural properties of graphs. In this regard, the behaviour of quantum isomorphism with
respect to the decomposition of a graph into its connected components, which was partially used in
several works [12, 6], was only recently established in full generality [13], where it is shown that if two
graphs are quantum isomorphic, then their connected components are in bijection and two-by-two
quantum isomorphic themselves.

It is then natural to wonder how quantum isomorphism behaves with respect to the decomposition
of a connected graph into its 2-connected components, namely, its blocks. We first establish that
2-connectedness, like connectedness, is preserved under quantum isomorphism. Our main result
(Theorem 5.4) then describes precisely how quantum isomorphism behaves with respect to two
canonical block decompositions of a graph G: its block tree 7(G) and its block graph B(G). Here,
the colours of the block tree refer to its natural bicolouring into blocks of G and cut vertices of G.

Theorem A. If G and H are two quantum isomorphic connected graphs, then

(1) there exists a graph morphism o : T(G) — T (H) such that
e « is an isomorphism between the block trees of G and H that preserves the colours,
o for every block b of G, we have b ~4 a(b),
(2) there exists a graph morphism (3 : B(G) — B(H) such that
e (3 is an isomorphism between the block graphs of G and H,
o for every block b of G, we have b ~, 5(b).
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We also prove a local version of this result (Theorem 5.5). As immediate corollaries of Theorem A,
we obtain that the number of blocks and cut vertices are preserved under quantum isomorphism,
and that two quantum isomorphic but not isomorphic graphs with minimal number of vertices
are either 2-connected or have two-by-two isomorphic blocks — and their complements satisfy the
same condition as well. This narrows the search for a minimal pair of quantum isomorphic and
not isomorphic graphs. Finally, our main theorem is also key to the systematic study of quantum
properties of block graphs and the computation of their quantum automorphism groups carried out
in [7].

Our approach consists in finding a natural way to split a connected graph into a disjoint union
of connected graphs with strictly less blocks than the original graph, which allows for inductive
arguments. Formally, this splitting operation is encoded in an operation I', detailed in Section 4.
The key property of I' is that it preserves quantum isomorphisms, and it does so in an explicit
way: given a quantum isomorphism U from a graph G to a graph H, one has an explicit quantum
isomorphism I'(U) from I'(G) to I'(H). This allows for an efficient treatment of the proof of our
main theorem as well as its local version.

Let us conclude this introduction by outlining the contents of this work. In Section 1, we recall
the necessary definitions and introduce our notations. In Section 2, we show that 2-connectedness
is preserved under quantum isomorphism (Theorem 2.5). In Section 3, we generalise a standard
folklore technique by studying quantum isomorphisms preserving given partitions of the vertex sets
of the graphs. This technique was only used so far for the partitions into the vertex sets of the
connected components, and we show how to use it in full generality in Theorem 3.3. In Section 4,
we introduce the operation I' and prove that it preserves quantum isomorphisms in Theorem 4.12.
Finally, in Section 5, we obtain our main results.
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1. PRELIMINARIES

Let us start by introducing some notations and providing preliminary results.

Graph theoretical notions. For any graph theoretical notion not defined here, we refer to [5].

All graphs in this paper are finite and simple — that is, loopless and without multiple edges.
We denote the vertex set and the edge set of a graph G respectively by V(G) and E(G), and its
adjacency matrix by Adj(G). We may write xy for an element {z,y} € E(G). For x € V(G) the
neighbourhood of x is defined as Ng(x) = {y € V(G) | zy € E(G)} and the closed neighbourhood of
x is defined as Ng[z] = Ng(x) U {z}.

For k > 1, a walk in G is a sequence 1, ...,z of vertices of G such that z;z;11 € E(G) or
x; = xiqq for 1 < i < k—1, and its length is defined to be k — 1. We denote by w;(z,y) the number
of walks of length i > 0 from z to y in G. It is straightforward to show that w;(z,y) = [Adj(G)"].y-

A graph morphism (or simply a morphism) from a graph G to a graph H is a function
¢ : V(G) — V(H) such that for all zy € E(G) we have ¢(z)p(y) € E(H). The morphism ¢
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is an isomorphism if and only if it is a bijection and for every x,y € V(G) such that zy ¢ E(G) we
have 6(2)6(y) ¢ E(H).

We use the notation G[S] for the subgraph H of G induced by a set S C V(G), thatis, V(H) = S
and E(H) = {zy € E(G) | z,y € S}. Moreover, we write G @ H for the disjoint union of G and H,
that is V(G H) =V(G)® V(H) and E(G® H) = E(G) ® E(H).

Connectivity and block structures. A graph G is connected if for every x,y € V(G), there exists
a path from x to y in G. The connected components of G are the maximal connected subgraphs of
G. If G has at least two vertices, a cut vertex of G is a vertex v such that G\ {v} has strictly more
connected components than G does. For a graph on one vertex, in this paper, we define its only
vertex to be a cut vertex.

We recall that every graph in this paper is finite, loopless, and without multiple edges. In this
setting, a graph G is 2-connected if for every v € V(G), the graph G\ {v} is connected and nonempty.
A maximal 2-connected subgraph of G is called a block of G. By a slight abuse, we also use the term
block to sometimes refer to the vertex set of said subgraph. We call a vertex v in a block b of G
an internal vertex if it is not contained in any block of G but b. We use the following properties of
blocks of G several times without necessarily referring to the following proposition. For the proof,
see Proposition 5.3 in [5] and the paragraph under its proof.

Proposition 1.1. For every graph G:

(1) every two blocks of G are either disjoint or have exactly one vertex in common,

) the blocks of G partition the edge-set of G,

) every cycle of G is contained in a single block of G,

) a nonisolated vertex is an internal vertex of a block of G if and only if it is not a cut vertex

of G.

The blocks of a graph form a tree-like structure. Indeed, this is captured by two canonical block
structures of a graph G, namely the block tree and the block graph of G.

Let G be a graph. We denote the set of its blocks by #(G) and the set of its cut vertices by €' (G).

First, we define a graph 7 (G) (or T if the underlying graph is clear from the context) by setting
V(T) = B(G)UE(G) and E(T) = {{¢,b} | b € B(G),c € €(G),c € b}. It follows directly
from Proposition 1.1 that 7(G) is a tree and it is called the block tree of G (see Section 5.2 of [5]
for more). Notice that 7 always has a natural bipartition (or equivalently, a proper 2-colouring)
into vertices that are blocks of G and vertices that are cut vertices of G. Thus we will sometimes
refer to the colour of the former as white and of the latter as black.

Second, we define a graph B(G) (or B if the underlying graph is clear from the context) by setting
V(B) = B(G) and E(B) = {{b,b'} | b #V,bNb # o}, that is, B(G) is the intersection graph of
the blocks of G. It is called the block graph of G.

A graph H is called a block graph if there exists a graph G such that H is isomorphic to the block
graph of G. There are numerous equivalent characterisations of block graphs. In this paper, we use
the following characterisation, from [10, Theorem A].

Proposition 1.2. A graph G is a block graph if and only if every block of G is a complete graph.

Center of graphs. Every graph G is equipped with a distance d = dg : V(G) x V(G) — [0, +o0]
called the graph distance where for x,y € V(G), the distance d(x,y) is the length of a shortest
path from z to y in G. Notice that G is connected if and only if dg(-,:) < 4+00. For every vertex
x € V(G), the eccentricity of z, denoted by e(x), is defined to be its distance to the vertex furthest
from it, that is e(z) = maxycy () d(w,y). The center of G, denoted by Z(G), is the set of vertices
with minimum eccentricity, that is Z(G) = {z € V(G) | Yy € V(G) e(y) > e(z)}. We recall the
following theorem.
3



Theorem 1.3. Let G be a connected graph on at least two vertices. There exists a block b of G such
that Z(G) C b. Moreover, the center Z(G) is either a singleton consisting in a cut vertex or there
exists a unique block containing it.

Proof. For the proof of the fact that the center is contained in a block, see Theorem 2.2 in [3]|. If
Z(@G) contains an internal vertex w, then Item (4) of Proposition 1.1 implies that there exists a
unique block b (namely the unique block containing u) such that Z(G) C b. If Z(G) has no internal
vertices, then either it contains exactly one cut vertex, in which case there is nothing to prove, or
it contains at least two distinct cut vertices v and v’. In this case, let b and o’ be blocks containing
Z(@Q), then v and v are both in bNY/, which, by Item (1) of Proposition 1.1 is only possible if b = ¥/,
which completes the proof. ]

For a connected graph G, we define Z(G) as follows: if Z(G) consists of a unique cut vertex, then
we define Z(G) = Z(G). Otherwise, by Theorem 1.3, there exists a unique block b of G containing
Z(@G), in which case, we define Z(G) = b. Note that Z(G) is either a block or a cut vertex of G
and, as we will see in the context of anchored graphs in Section 4, (G, Z(Q)) is an anchored graph.

Magic unitaries and quantum isomorphism. We now recall the notion of quantum isomor-
phism of graphs. We use the definition from [12|, where the authors relate it to the notion of
quantum automorphism groups of graphs, as introduced by Banica in [2], extending work of Bichon
on quantum automorphism groups of graphs [4].

The notion of quantum isomorphism relies on that of a magic unitary, first appearing in the work
of Wang [16]. Let X be a unital C*-algebra. A magic unitary with coefficients in X is a matrix
U = (uij)ier,jes where I and J are finite sets and such that for all i € I and all j € J:

(1) u?j = u;j and uj; = wij,
(2) 2keruny =1 =2y tik:

Notice that (2) implies that [I| = |J|. Also, it is well-known that projections that form a partition
of unity in a C*-algebra are orthogonal, hence the rows and the columns of a magic unitary are
orthogonal. This implies that U is a unitary in My j(X).

A quantum isomorphism from a graph G to a graph H with the same number of vertices is a
magic unitary U indexed by V(H) x V(G) such that U Adj(G) = Adj(H)U.

Mancinska and Roberson [14]| obtained a purely combinatorial equivalent definition, which we
mention here, even though not used in the rest of this article.

Theorem 1.4 (Theorem 7.16 in [14]). Two graphs G and H are quantum isomorphic if and only if
for every planar graph P the number of morphisms from P to G is equal to the number of morphisms
from P to H.

2. WALKS IN GRAPHS AND 2-CONNECTEDNESS

In this section, after proving some preliminary lemmas about the number of walks between given
vertices in a graph, we obtain two essential results. Firstly, we relate quantum isomorphism between
two graphs to their blocks and cut vertices (Theorem 2.4). Secondly, using this, we prove that 2-
connectedness is preserved under quantum isomorphism (Theorem 2.5).

2.1. Walks in graphs. Let G be a graph, let z, y, z € V(G), and fix ¢ > 0. We denote by
w;(x, z;y) the number of walks of length ¢ from z to z going through y, and denote by wf(z, z;y)
the number of walks of length ¢ from x to z going through y exactly once. In particular, we have
that wf(z,z;x) = 0if ¢ > 1 and that w}(x,z;2) = 1 if i = 0. Moreover, it is straightforward that
for any z,y, z € V(G), we have that w;(z, z;y) = wi(z, x;y) and wi(z, z;y) = wi(z, z;y).
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Lemma 2.1. For every i > 0, we have:

wilz,zy) = Y wi(@,yy)we(y, y)wi(y, 2 y).
J+k+i=i
Proof. Observe that every walk of length ¢ > 0 from x to z going through y decomposes uniquely
as the concatenation of a walk from x to y passing through y only once (at the end), a walk from
y to y, and a walk from y to z passing through y only once (at the beginning). Denoting the
respective lengths of these walks by j, k, and [, we have j + k + [ = ¢. Conversely, given three such
walks, their concatenation gives a walk of length ¢ from x to z passing through y. Note that these
correspondences are inverse of each other, hence we obtain a bijection between such triples of walks
and the walks of length ¢ from x to z going through y. This leads to the desired formula. O

The following lemma is based on a claim used in the proof of Theorem 6 of [11]. We prove it here
for the sake of completeness.

Lemma 2.2. Let G and H be two graphs and let z, y, z € V(G), and a, b, c € V(H). Assume that
for every i > 0, we have:

(1) wi(:l:a y) = wi((l, b);

(3) wi(y,z) = wi(b, c).
Then for every i > 0 we have w;(z, z;y) = w;(a, ¢;b).

Proof. First, note that for every j < dg(x,y), we have w;(a,b) = w;j(z,y) = 0 and for j = dg(x,y),
we have w;j(a,b) = wj(x,y) > 0. Hence dy(a,b) = dg(z,y).

Let us show that for all ¢ > 0 we have wj(z,y;y) = wj(a,b;b). Note that for
i < dg(z,y) = du(a,b), we have wi(z,y;y) = 0 = w;(a,b;b), so the equality holds. We prove
the equality for ¢ > dg(z,y) by induction on 4.

Let i = dg(x,y) = dg(a,b). In this case, any walk of length i from z to y (resp. a to b) is
minimal, so it goes through y (resp. b) only once. Hence, we have

wf(x?y; y) = wz(x,y) = wi(avb) = wf(aab; b)a

as desired.
Now consider i > dg(x,y) and assume that wj(z,y;y) = w;i(a,b;b) for any j <. Let us show
that wy, (=, y;y) = w;_(a,b;b). Setting z = y in Lemma 2.1, we obtain
wipr(2,y) =win(@,y59) = Y. wi@,ywely iy uy) = Y wi@, v y)we(y, y).
Jtk+l=i+1 Jtk=i+1
Similarly, we obtain wit1(a,b) = >, ;1 wj(a, b;b)wy(b,b). Using the induction hypothesis and

the assumptions of the statement, we reach

wi (%, y5y) = wi (T, y;9)wo(y, y)

7
= wip1(z,y) = Y wiz, g y)wir1-j(y,y)
=0

= wit1(a,b) = Y wi(a,b;b)wigr—;(b,b)
j=0
= warl(aa b7 b)?

as desired, completing the inductive proof.



This shows that for all ¢ > 0 we have w;(z, y;y) = wf(a,b;b). Applying the same argument to z,
Y, ¢, and b, we obtain that for all ¢ > 0, we have

wi(y, zy) = wi(z,y:y) = wi(c,b;b) = wi (b, ¢;b).
Finally, let ¢« > 0. By Lemma 2.1, we have

wilz, zy) = > wi(@,y;y)wely, Y)wi(y, % y)
Jtk+l=i
= > wia, b b)wg(b,b)wi (b, c;b)
JHk+l=i
= w;(a, c;b).

This concludes the proof. [l

2.2. 2-connectedness. We start by a reformulation of a lemma due to Fulton (see [8, Section 3.2])
whose proof we include for the sake of completeness.

Lemma 2.3. Let U be a quantum isomorphism from G to H. Let x, y € V(G) and a, b € V(H). If
UgzUpy 7 0, then for alli > 0 we have w;(x,y) = w;(a,b). In particular, we have dg(z,y) = du(a,b).

Proof. Let A = Adj(G) and B = Adj(H). Let i > 0. We have UA’ = B'U, so

37 wax[Aey = [UA ey = [BUlay = Y [Blacticy-
z€V(G) ceV(H)

Multiplying on the left by w,, and on the right by us, and using the orthogonality of the rows and
columns of U, we obtain
Uqx Uby [Az}:py = [Bz]abuaxuby-

Since uqzup, # 0, we have that [A'],, = [B'wp. Recalling that w;(z,y) = [A%,, and that
w;(a, b) = [BY4, we obtain the desired result.

Let us prove the last assertion by contrapositive. Up to symmetry, let us assume that
d(a,b) > d(x,y) = k € N. Hence, we have wi(z,y) > 0 = wi(a,b), so by what precedes we
have uqzuy, = 0, as desired. This concludes the proof. ]

The following theorem relates the coeflicients of a quantum isomorphism from a graph G to a
graph H to the blocks of G and H.

Theorem 2.4. Let G and H be two quantum isomorphic graphs. Let U be a quantum isomorphism
from G to H. Let x,y € V(G) and a,b € V(H). If x and y are in a common block but not a and
b, or if a and b are in a common block but not x and y, then ug,up, = 0.

Moreover, if © is a cut vertex and a is not, or a is a cut vertexr and x is not, then ug; = 0.

Proof. Let a, b € V(H) not be in a common block, and take z, y € V(G) such that ug,up, # 0. We
want to show that x and y are not in a common block neither.

If @ and b are not in the same connected component, then by Lemma 2.3, x and y are not in a
common connected component neither, in particular, they are not in a common block of G. Thus,
from now on, we may assume that a and b are in a common connected component. Hence, there is
a cut vertex ¢ € V(H) distinct from a and b such that every walk from a to b passes through c. In
other words, we have w;(a, b;c) = w;(a,b) for all i > 0. Now, we have

0# uaazluby = Uqzx Z Ucz | Uby = Z UqzUczUby,
zeV(G) zeV(Q)
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hence there exists z € V(G) such that ugzuczupy # 0. In particular, we have ugztuc, # 0, uc, # 0,
and e upy # 0, so z is different from x and y. Moreover, by Lemma 2.3 for all @ > 0 we have
wi(z,z) = wi(a,c), wi(z,z) = wi(c,c), and w;i(z,y) = wi(c,b). Hence, by Lemma 2.2, we have
wi(z,y;z) = wi(a,b;c) = w;(a,b) since ¢ is a cut vertex separating a and b. Since by assump-
tion uggupy # 0, by Lemma 2.3 again we have that w;(z,y) = wi(a,b), so we have shown that
wi(z,y) = wi(z,y; z). This implies that every walk from z to y passes through z. Therefore, x and
y are in distinct connected components of G\ z, that is, z is a cut vertex separating x and y. Hence,
x and y are not in the same block of G.

Applying what precedes to U* and H and G, we obtain that if u,,us, # 0 and x and y are not in
a common block, then neither are a and b. This concludes the proof of the first part of the lemma.

Now let = be a cut vertex in G and take a € V(H) such that u,, # 0. First, if G has one vertex,
then G = K1 = H. In this case a is a cut vertex of H as well, and there is nothing to prove.
So, from now on, we may assume that G has at least two vertices. By definition, there are y and
z € V(@) which are neighbors of = but are not in a common block of G. Now, we have:

0 # Ugz = “Za:

= Uqgx § Upy § Ucz | Uazx

beV (H) cEV(H)

= E UqzUpyUczUqz -
b,ceV (H)

In particular, there exist b, ¢ € V(H) such that weaUpyUcstUar 7# 0. This implies that uazup, # 0
and that ucyuge 7# 0, so by Lemma 2.3 we have that ab € E(H) and ca € E(H). Moreover, we have
that upyuc. # 0, so by what precedes b and ¢ are not in a common block of H, since y and z are not.
Hence, b and ¢ are neighbors of a which are not in a common block of H. So a is in the intersection
of two distinct blocks, thus it is a cut vertex. Applying what we proved to U*, we obtain that if a
is a cut vertex and ug,, # 0, then z is a cut vertex. This concludes the proof. ]

This allows us to show that 2-connectedness is preserved under quantum isomorphism.
Theorem 2.5. If G is 2-connected and quantum isomorphic to H, then H is 2-connected.

Proof. Let us prove it by contrapositive. Assume that H is not 2-connected. If H is not connected,
then neither is G, therefore G is not 2-connected. So, we may assume that H is connected, and
therefore there exists a cut vertex a € V(H). Let U be a quantum isomorphism from G to H. Since
1= erV(G) Uqg, there is € V(G) such that ug, # 0. Hence x is a cut vertex by Theorem 2.4, so
G is not 2-connected. This concludes the proof. O

We conclude this section with an open problem arising naturally from Theorem 2.5.

A connected graph G is said to be k-connected if it has at least k vertices and for every S C V(G)
of size at most k — 1, the graph G'\ S is connected. The connectivity of a connected graph G is the
maximum k € N such that G is k-connected.

Question 1. Does there exist a pair of quantum isomorphic graphs G and H whose connectivities
are not the same? If so, what is the maximum k such that k-connectivity is preserved under quantum
isomorphism?

By Theorem 2.5, we have that k > 2. This question is also of particular interest in light of the
notion of cospectrality. Two graphs are cospectral if the spectra of their adjacency matrices are
the same, and it is straightforward to see that quantum isomorphic graphs are cospectral. The
answer to Question 1 would then be an indicator of where quantum isomorphism stands in the
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range between cospectrality and isomorphism of graphs. Indeed, should the answer be positive, it
generalises the following theorem.

Theorem 2.6. There exist cospectral graphs with different connectivities.

For examples of such pairs, see [9, Theorem 2.1] where for every r > 2 it is shown that there exist
r-regular cospectral graphs such that the connectivity of one is 2 and the connectivity of the other
isr+ 1.

3. QUANTUM ISOMORPHISM OF PARTITIONED GRAPHS

The aim of this section is to prove Theorem 3.3. This theorem generalises a standard technique,
namely, that the sum on the rows and the columns of some submatrices of a quantum isomorphism
are constant under good conditions. This allows for inducing local quantum isomorphisms between
subgraphs, and typically happens when the submatrices are indexed by the connected components
of the underlying graphs. In this section, this technique is formalised and generalised to the setting
of a general partition of the vertex set of a graph, provided that the quantum isomorphism satisfies a
simple condition stated below. Immediate examples of such partitions, beyond the case of connected
components, are the partition obtained from a fixed subset and the connected components obtained
by removing it and (by Theorem 2.4) the partition into the cut vertices of the graph and the internal
vertices of distinct blocks of it.

A partitioned graph is a pair (G, P) where G is a graph and P is a partition of V(G). We denote
by ~p the equivalence relation naturally associated to P on V(G).

Given two partitioned graphs (G, Pg) and (H, Pp), we say that a quantum isomorphism U from G
to H is a quantum isomorphism of partitioned graphs from (G, Pg) to (H,Pg) if, for all z,y € V(G)
and a, b € V(H), we have uqzupy = 0 if  ~p, y and a #p,, b, or x ¢p, y and a ~p,, b.

Note that this is a weaker condition than that of a quantum isomorphism of coloured graphs,
where one asks the coefficients indexed by different colours to be zero.

Let U be a such a quantum isomorphism of partitioned graphs as above with coefficients in a unital
C*-algebra X. Let C € Pg and D € Py. For v € V(G) and a € V(H), set pp(x) = Y cp Udr and

QC(Q) = ZwEC Uqw -
Lemma 3.1. For C € Pg and D € Py, the functions pp: V(G) — X and qc: V(H) — X are

projection-valued and constant on the cells of Pg and Py respectively.

Proof. First, using the fact that rows and columns of U are orthogonal, it is easy to see that pp
and g¢ are projection-valued.
Second, let x, y € V(G) be in a common cell of Pg. We have:

(Zm> S =Y g

pp(z)(1 —pp(y))

deD deV (H) deD
= § UdgUd'y
deD,d'¢D

=0

since U preserves the partitions. This shows that pp(z) = pp(x)pp(y). Taking adjoints, one obtains
po(z) = pp(y)pp(z). Applying what precedes to 3 and 7, we reach pp(y) = pp(y)pp(z) = (=),
as desired.

Finally, notice that U* is a quantum isomorphism from (H,Pg) to (G, Pg) preserving the par-
titions. Adding the magic unitary used in index, we have that qc = pc,u+, which is constant on
the cells of Py by what precedes. This concludes the proof. ]
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We can now define ppc(U) = > cp tde for some x € C, and qop(U) = Y-, cc Uaw for some
a € D. In particular, we have ¢pc(U*) = ppc(U) and pep(U*) = qop(U). We will remove the
mention of U when the quantum isomorphism is clear from the context.

Lemma 3.2. For any C € Pg and D € Py, we have qop(U) = ppc(U).
Proof. Let x € C and a € D. We have:

QC’D(U)(l - PDC(U)) = (Z uaw) Z Udy — Z Udy

wel deV(H deD
= Z Ugw Udz
weC,d¢D
=0

since a o#p, d,  ~p, w, and U preserves the partitions. Therefore, qcp(U) = qop(U)ppc(U).
Applying what precedes to ¢gpc(U*) and pop(U*), we reach

ppc(U) = qpc(U*) = apc(U*)pecp(U*) = ppc(U)gcp(U) = qep(U)* = qep(U),
as desired. This concludes the proof. O

If S C V(G) and T C V(H), we denote by U[T,S] the submatrix of U indexed by
T xS CV(H) x V(G). We now reach the fundamental theorem for partitioned graphs.

Theorem 3.3. Let (G, Pg) and (H,Pr) be two partitioned graphs and denote by Ag and Ag the
adjacency matrices of G and H respectively. Let U be a quantum isomorphism of partitioned graphs
from (G, Pg) to (H,Pr) with coefficients in a unital C*-algebra X. Take C € Pg and D € Pp, let
W =U[D,C], and p = ppc(U). Then:

1) the matriv P(U) = (pxL(U))kep,, Lep, 8 @ magic unitary with coefficients in X,

2) if p# 0, then it is the unit of the C*-subalgebra Y of X generated by the coefficients of W,
3) if p=0, then W =0,

4) if p #0, then W is a magic unitary with coefficients in'Y,

In particular, there is a bijection ¢: Pg — P such that U[p(S), S] is a quantum isomorphism from
G[S] to H[p(S)] for every S € Pg.

(
(
(
(

Proof. Let us start with item (1). By Lemma 3.1, we have that P is a well-defined matrix of
projections. Let us check that P = P(U) sums to 1 on columns. For L € Pg, taking x € L, we

have
Z pKL(U)_ Z Zuaac: Z Ugy = 1,

KePy KePy aeK a€V(H

so the sum on the columns of P is 1. Let us check for the rows. For every K € Py and every
L € Pg, using Lemma 3.2, we have pxr(U) = qrx(U) = prx(U*). Now, for K € Py, we have

Z prL(U Z pr(U7) =1,

LePq LePg

by the previous computation applied to U*. Hence P is a magic unitary, which proves (1).
Items (2) and (3) follow from the orthogonality of rows and columns of magic unitaries, from the
construction of ppc, and from Lemma 3.2.
Item (4) follows immediately from Lemma 3.2 and item (2).
9



Let us prove item (5). By assumption, we have UAg = AU, so computing by blocks, we have

> UID,LJAG[L,C] = [UAclpc = [AnUlpc = ) AulD,K]U[K,C].
LePg KePy

Since P has orthogonal rows and columns, we have that pU[D,L] = 0 when L # C, and
U[K,Cl]p =0 when K # D. Since Ag and Ap are scalar-valued, multiplying the previous equation
on the left and on the right by p, we obtain

(pWp)Ac|C,C] = Au[D, D](pWp).

Notice that piWWp = W by items (2) and (3). Hence, we have Ay[D, D|W = W Ag|C, C], as desired.

Finally, let us prove the last statement of the theorem. Applying Lemma 2.20 from [13| to the
magic unitary P we have a bijection ¢: Pg — Ppg such that p,g)s # 0 for every S € Pg. Let
S € Pg, set T = ¢(S) and W' = U[T,S]. By item (4), W’ is a magic unitary, and by item (5)
we have Ay [T, T|W' = W'Ag[S, S]. But Ag[S, S] = Adj(G][S]) and Ax[T,T] = Adj(H[T]). Hence
W' is a quantum isomorphism from G[S] to H[T] with coefficients in Y’ where Y’ is the unital
C*-algebra generated by the coefficients of W’. This concludes the proof. O

Applying Theorem 3.3 to the partitions of the connected components of the two graphs allows
one to find back the fact that quantum isomorphic graphs have two-by-two quantum isomorphic
connected components, a result initially obtained by the second author in [13, Theorem 3.7]. We
restate this result in our setting.

Theorem 3.4. Let U be a quantum isomorphism from G to H. Let Pg be the partition of V(G)
into the vertex sets of the connected components of G and define Py similarly. Then U is a quantum
isomorphism of partitioned graphs from (G, Pg) to (H, Pr). In particular, the connected components
of G and H are in bijection and are two-by-two quantum isomorphic.

Proof. The last assertion follows immediately from Theorem 3.3 once U is shown to be a quantum
isomorphism of partitioned graphs. For this, let z, y € V(G) and let a, b € V(H). Assume that x
and y are in a common connected component of G and that a and b are not in a common connected
component of H. Then dg(z,y) < +00 = dg(a,b), so by Lemma 2.3 we have that ugup, = 0.
Similarly, uezupy = 0 if dg(z,y) = 400 > dg(a,b). This concludes the proof. O

4. OPERATIONS ON ANCHORED GRAPHS

In this section, we build our main technical operation, namely the operation I', which allows us
to decompose a connected graph into a disjoint union of graphs with strictly less blocks. The main
result of this section is Theorem 4.12 which states that I" preserves quantum isomorphisms. This
enables us to apply induction to obtain the main results of this article in the following sections.

4.1. Anchored graphs. In this subsection, we introduce anchored graphs which provide the suit-
able formalism for the operation I'.

Definition 4.1. A connected anchored graph is a pair (G, R) where G is a connected graph and
R C V(Q) either consists of a cut vertex of G or a block of G. An anchored graph is a pair (G, R)
where G is a graph, R C V(QG), and for every connected component G; of G, the pair (G;, RNV (G;))
1s a connected anchored graph.

Let (G, R) and (H,S) be anchored graphs. An isomorphism of anchored graphs from (G, R) to
(H,S) is a graph isomorphism ¢ : V(G) — V(H) from G to H that preserves the anchors, that
is ¢(R) = S. A quantum isomorphism of anchored graphs from (G, R) to (H,S) is a quantum
isomorphism U from G to H which preserves the anchors, that is ug, =0if x € R and a ¢ S or if
xr¢ Randa€S.

The following lemma can be seen as an anchored version of Theorem 3.4.
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Lemma 4.2. Let (G, R) and (H,S) be anchored graphs and let U be a quantum isomorphism of an-
chored graphs from (G, R) to (H,S) with coefficients in a unital C*-algebra X . Let Gy, ..., Gy be the
connected components of G and Hy, ..., H; be the connected components of H. Let R; = RNV (G;)
for1 <i<kandS; =SNV(H;) for1 <j <I1. Thenl =k and up to reordering, for every
1 <i <k, we have that W; = U[V (H;),V(G;)] is a quantum isomorphism of anchored graphs from
(Gi, R;) to (H;, S;) with coefficients in the C*-subalgebra of X generated by the coefficients of W;.

Proof. Let Pg be the partition of V(G) into the sets of vertices of the connected components of G,
and let Py be similarly defined for H. By Theorem 3.4, U is a quantum isomorphism of partitioned
graphs from (G, Pg) to (H, Pp), so, by Theorem 3.3, we have that & = [ and that up to reordering,
for every 1 < i < k, we have that W; = U[V(H;), V(G;)] is a quantum isomorphism from G; to H;.
Let i € {1,...,k}, we claim that W is a quantum isomorphism of anchored graphs from (G;, R;) to
(H;, S;). Indeed, let x € V(G;) and a € V(H;) such that wg, # 0. If x € R;, then x € R so since U
is a quantum isomorphism of anchored graphs and u,,; = wa, # 0 we have a € R. Since a € V(H;),
we have a € S;, as desired. Similarly, we obtain that if a € S;, then x € R;. Hence W; is a quantum
isomorphism of anchored graphs from (G;, R;) to (H;,S;), which concludes the proof. O

4.2. Relations between blocks and cut vertices of a graph and its block graph. The aim
of this subsection is to define a function A from the set of blocks and cut vertices of G to the set
of blocks and cut vertices of the block graph of G which will allow us to define the block structures
of an anchored graph. To do so, we need some lemmas.

Lemma 4.3. Let G be a connected graph. For every block B of B(G), there erxists a unique cut
vertex v € V(G) such that {v} = (\,epb. Conversely, for every cut vertex v of G, the set of all
blocks b of G such that v € b forms a block of B(QG).

Proof. First, since B is a block of B(G), by definition, it has at least two vertices. Next, by Proposi-
tion 1.2, every two distinct b,b’ € B have nonempty intersection as blocks of G. Moreover, by item
(1) Proposition 1.1, this intersection contains exactly one vertex. Therefore, (1B = [),cp b has at
most one element. Also, if (| B # &, then the vertex v € V(G) in this intersection is contained in
at least two blocks of G, thus it is not an internal vertex. Therefore, by item (4) of Proposition 1.1,
it is a cut vertex of G.

Hence, it is enough to show that (| B # @. If |B| = 2, then the result is immediate since the
two elements of B have exactly one vertex in common. So, for the rest of the proof, we assume
that |B| > 3.

Let by, by, bs € B be blocks of G. Set {v;} = b;Nb; 41 fori € {1,2,3} (where indices are modulo 3).

First, if for some ¢, we have v; = v; 41, then by choice of v;’s, we have v; € b; and v; = vi41 € biyo.
Since v; € biyo Nb; = {vi12}, we have v; = v;42, which implies v; = vi41 = vi12.

Second, if v;’s are all distinct, then find a path P; of G entirely in b; from v;—1 to v;, which is
possible because b; is connected. It is straightforward to see that P, P3P; (obtained by concatenation
of the three paths and then removing the repetitions of v;’s) is a cycle of G. This is a contradiction
with item (3) of Proposition 1.1.

Therefore, there exists a common vertex v such that for all distinct b, &’ € B, we have bNb' = {v},
hence (| B = {v}, as desired.

Conversely, for a cut vertex v of G, let B = {b € B(G) | v € b}. We show that B is a block
of B(G). Note that |B| > 2 and it induces a complete graph in B(G). So, B is inside a unique
block B’ of B(G). Let {v'} = Npep'b, which by the first part of the lemma is a cut vertex of G. If
v' # v, then every b € B contains both v and v/, and since |B| > 2, we have at least two blocks that
intersect in more than one vertex, a contradiction with item (1) of Proposition 1.1. Therefore v = v
and consequently by definition of B, we have B’ = B, which implies that B is a block of B(G), as
desired. O
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Lemma 4.4. Let G be a connected graph. Every block b € B(G) of G containing at least two cut
vertices of G is a cut vertex in B(G). Conversely, every non-isolated cut vertex b of B(G) is a block
of G that contains at least two cut vertices of G.

Proof. Let b € #(G) and let vi,v2 € b be two distinct cut vertices of G. Let by and by be
distinct blocks of G such that b; Nb = {v;}. An elementary argument such as the one in the proof
of Lemma 4.3 shows that by Nbe = &. Therefore there is no edge between b; and by in B(G). Thus,
there exist distinct blocks By and Bs of B(G) such that b,by € By and b, by € By. Therefore, b is a
cut vertex of B(G) whose removal separates by and b2 in B(G).

Conversely, let b be a cut vertex of B(G). Let By and Ba be two distinct blocks of B(G) containing
b. Let {v1} = B1 and {v2} =) B2. By Lemma 4.3, v; and vs are distinct cut vertices of G. [

Lemma 4.5. Let G be a connected graph. FEvery block b € B(G) of G containing exactly one cut
vertex of G is an internal vertex of B(G). Conversely, every internal vertez b of B(G), as a block
of G, contains exactly one cut vertex of G.

Proof. Let b € #(G) be a block of G containing exactly one cut vertex of G. Since G is not 2-
connected, b is not an isolated vertex of B(G). Moreover, by Lemma 4.4, we have that b is not a cut
vertex of B(G). Hence, by item (4) of Proposition 1.1, we have that b is an internal vertex of B(G).

Conversely, if b is an internal vertex of B(G), then let B be the unique block of B(G) containing b.
By Lemma 4.3, setting {v} = [ B, we have that v is a cut vertex of G that is contained in b.
Moreover, by Lemma 4.4, we have that b contains at most one cut vertex of G. This completes the
proof. O

Let us now define the function A. For a graph F, let €1(F) = {{v} | v € €(F)}, that is, €1(F)
is the set of the singletons of all cut vertices of F. Set o/ (F) = €1 (F) U A(F). Note that o/ (F) is
the set of all possible anchors for F'.

Now we can define a function A = A\g : &(G) — & (B(G)) as follows.

o If b = {r} € €1 (G), then define A\(b) = {V/ € V(B(G)) | r € b'}, which is a block of B(G)
by Lemma 4.3.

o If b € #(G) and b contains at least two cut vertices of G, then define \(b) = {b} which is in
¢1(B(G)) by Lemma 4.4.

o If b € #(G) and b contains exactly one cut vertex of G, then define A\(b) to be the unique
block of B(G) containing b, which exists since, by Lemma 4.5, b is an internal vertex of
B(G).

o If b € #(G) and b contains no cut vertices of G, then G is 2-connected and B(G) = K;. In
this case, define A(b) = V(B(G)).

It is immediate from Lemmas 4.3 to 4.5 that the function A is well-defined. As a result, if (G, R)
is an anchored graph, then so is (B(G), Ag(R)).

4.3. Block structures of anchored graphs. A connected rooted graph is a pair (F,r), where F
is a connected graph and r € V(F). Since all the graphs that we will consider as rooted graphs
are connected, we refer to them simply as rooted graphs. An isomorphism of rooted graphs o from
a rooted graph (F,r) to a rooted graph (F’,r’) is a graph isomorphism from F to F’ such that
alr)y=r'.

Let (G, R) be a connected anchored graph. We define the block graph of (G, R) to be the anchored
graph B(G, R) = (B(G), Ag(R)). This is well-defined by Section 4.2.

We define its block tree T(G, R) to be the following rooted tree. If R is a block of G, we set
T(G,R) = (T(G),R). If R = {r} where r is a cut vertex of G, we set T(G,R) = (T(G),r).
However, for simplicity and by abuse of notation, we may also denote the latter by (7(G), R).
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We recall that, as explained in Section 1, there is a natural proper 2-colouring of V(7 (G)) into
blocks and cut vertices of G, and we will refer to blocks as white vertices and cut vertices as black
vertices of 7(G). Recall that a leaf of a tree is a vertex of degree 1. From the definition, it is
straightforward that the leaves of a block tree are white.

Lemma 4.6. Let (G, R) and (H, S) be connected anchored graphs with the same number of vertices,
and let o: T(G,R) — T(H,S) be an isomorphism of rooted trees. Then, o preserves the colours.
In particular, R is a block of G if and only if S is a block of H.

Proof. Note that in every connected 2-coloured bipartite graph, if the colour of one vertex v is given,
the colour of every other vertex is determined by the parity of its distance to v.

First, assume that 7(G) has at least one leaf [. Hence, a(l) is a leaf in T (H). Now, by what
precedes, the colour of each vertex in 7(G) and in T (H) is determined by its distance to [ and
a(l) respectively. Since both [ and «(l) are white and since « preserves distances, we have that «
preserves the colours. In particular, since @ maps the root of T(G) to the root of 7(H), we have
that the roots are of the same colour, which completes the proof.

Second, assume that 7 (G) has no leaves. So, T(G) = Ky = T (H). If the only vertex of 7(G) is
black, then G = Kj. Since G and H have the same number of vertices, we have that H = K as
well. Hence, the only vertex of 7 (H) is black, as desired. Else, if the only vertex of 7(G) is white,
then G is a 2-connected graph, so in particular it has strictly more than one vertex. Therefore, H
is not K and thus the only vertex of 7 (H) is white. This concludes the proof. O

4.4. Operation I'. Given a connected anchored graph (G, R), we want to define I'(G, R) = (G, R'),
another anchored graph, where the number of blocks of each connected component of G is strictly
less than that of G when G has at least two blocks. We start with some preliminary notions.

Let G be a graph, we define the function p = pg : V(G) — Z(V(G)) that maps v to {v} if v
is a cut vertex or an isolated vertex of G and that maps v to the vertex set of the unique block
containing v otherwise. Note that we have v € p(v).

Remark 4.7. Let G be a graph with connected components G1,Ga,...,Gy and let R C V(G) be
such that for all i, we have |[RNG;| =1, i.e. (G;, RNG;) is a rooted graph. It is straightforward to
see that |J pg(R) = U,cp p(r) intersects each connected component of G either in a cut vertex or a
block of that connected component. Thus, (G, pc(R)) is an anchored graph.

Let G be a connected graph on at least two vertices and let r be a cut vertex of G. Let C1,...,Cg
be the vertex sets of the connected components of G \ r (notice that £k > 2). For 1 <i < k, we
set G; = G[C; U {r}], that is, every Gj is the graph induced on C; U {r}. Let G' = @ | G; be
the disjoint union of G;’s. Notice that for 1 < i < k, G; is exactly one connected component of
G’ and it contains a copy of r, that we denote by 7;. We call G’ the split of G over r and we
denote it by split(G,r), we refer to r1,...,r as the copies of r in G’. Finally, when G = K1, we
set split(G,r) = G. We use these notations throughout the rest of the paper when needed.

Now we can define the operation I on connected anchored graphs. Recall that G[X] denotes the
subgraph of G induced by X C V(G).

Definition 4.8. Let (G, R) be a connected anchored graph. We define

I'(G,R) = (Split(G’T)’ U?:l Psplit(G,r) (ﬁ)) if R ={r} consists of a cut vertex of G
(G \ E(R),U,cr Pc\E(R) (r)) otherwise.

Let us detail this definition. Note that it follows from Remark 4.7 that I'(G, R) is an anchored
graph.
Case 1: R = {r} where r is a cut vertex of G. Using the notations before the definition, in this
case, no r; is a cut vertex in the connected component G; of split(G,7), S0 pgpiit(a,r) (i) is a block
13
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FI1GURE 1. Operation I" when the anchor consists of a cut vertex. The anchors are
denoted by dashed lines.
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FI1GURE 2. Operation I' when the anchor is a block. The anchors are denoted by
dashed lines.

b; of G; and (Gj,b;) is an anchored graph. In this case, we set I'(G, R) to be the disjoint union of
these anchored graphs. See Figure 1.

Case 2: R is a block of G. In this case, we define G’ to be the graph obtained from G by removing
all edges in R, that is, G' = G\ {zy € E(G) | z,y € R}. We also set R’ = |, pc\g(r) () and
define I'(G, R) = (G', R'). See Figure 2.

Note that by construction, if G # K; is connected but not 2-connected, setting
(G',R") =T(G, R), we have that every connected component of G’ has strictly less blocks than G.

Lemma 4.9. Let (G, R) be a connected anchored graph and assume that R is a block of G. Set
(G',R') =T(G, R). Notice that V(G) =V (G"). We have:
(1) RCR,
(2) if v € R'\ R, then there exists u € R such that v and u are in a common block of G, and
the number of blocks of G that contain u is exactly 2,
(3) if u € R and the number of blocks of G that contain u is exactly 2, then for every v € V(G)
such that w and v are in a common block of G, we have v € R'.

Proof. Let p = pgr. The first item follows directly from the fact that for every v, we have v € p(v).

If v € R/, then there exists u € R such that v € p(u). Now, if v € R’ \ R, then v # u, and in
particular we cannot have p(u) = {u}. That is, p(u) is the vertex set of the unique block B of G’
containing u. Thus v € B as well. Moreover, p(u) # {u} implies that u is neither a cut vertex nor
an isolated vertex of G’. Firstly, since it is not a cut vertex of G’, it is in at most 2 blocks of G.
Secondly, since it is not an isolated vertex of G’, it is in at least two blocks of G. This completes

the proof of (2).
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Finally, let u be a vertex as described in the statement of (3). Let B be the block of G other
than R containing u. By removing the edges of R, this vertex u is contained in exactly one block
B of G'. Thus p(u) = V(B). Now, let v be a vertex in a common block with u. If v € R, then the
result follows from (1). If v € B, then v € p(u) C R’ which completes the proof. O

Now let us consider two connected anchored graphs (G, R) and (H, S). Given a quantum isomor-
phism of anchored graphs U from (G, R) to (H,S), we build a quantum isomorphism of anchored
graphs I'(U) from I'(G, R) to I'(H, S). We start with a preliminary lemma.

Lemma 4.10. Let U be a quantum isomorphism of anchored graphs from (G, R) to (H,S). Then
U[S, R] is a quantum isomorphism from G[R] to H[S]. Moreover, R is a block of G if and only if
S is a block of H.

Proof. By definition, U = Diag(U;,Usz) is diagonal by block with Uy = U[S,R].
In particular, Us is a magic unitary, and since U Adj(G) = Adj(H)U, we have
Us Adj(G[R]) = Uz Adj(G)[R, R] = Adj(H)[S, S]Us = Adj(H[S])Us, so Uy is a quantum isomor-
phism from G[R] to H[S]. The second part of the statement follows from the fact that Us is a
square matrix. This concludes the proof. O

When R = {r} consists of a cut vertex, by Lemma 4.10, so does S. We write S = {s}. In this case,
we have U = Diag(Up, 1) where Uy is a quantum isomorphism from G \ r to H \ s. Let C1,...,Cy
be the vertex sets of the connected components of G and let D1,..., Dy be the vertex sets of the
connected components of H (the number of connected components is the same by Theorem 3.4).
By Theorems 3.3 and 3.4, we have a magic unitary P(Uy) = (pi;)1<i j<r Where, after fixing w; € C}
for every j € {1,...,k}, we have p;; = > cp Uaw,-

Definition 4.11. Let (G,R) and (H,S) be connected anchored graphs and let U be a quantum
isomorphism of anchored graphs from (G, R) to (H,S).
e If R is a block of G, we define T'(U) = U.
o Otherwise, letting U = Diag(Uy, 1), we define I'(U) = Diag(Up, P(Uy)). That is, after fixing
w; € C; for every j € {1,...,k}, we have

Uay ifa ¢ {s1,...,sk} andx & {ry,...,r1}
[F(U)}aﬂf = ZbeDi ubwj Zfa =S8,L =Tj
0 otherwise.

It is straightforward to check that I'(U) is indeed a magic unitary. We now prove the main
theorem of this section.

Theorem 4.12. If U is a quantum isomorphism from (G, R) to (H,S), then I'(U) is a quantum
isomorphism from I'(G, R) to I'(H, S).
Proof. Set (G',R') =T'(G,R) and (H',S") =T(H,S).

Let us start with the case where R = {r} and r is a cut vertex in G. In this case, by Lemma 4.10,
we have that S = {s}, with s a cut vertex in H. Denote the copies of r in G' = split(G,r)
by {r1,...,rr} and the copies of s in H' = split(H,s) by {s1,...,s}. Let A and B denote the
adjacency matrices of G and H respectively. We have

A 0 ... 0 'Ly

0 A2 . tLQ
A= : .0 ]

0 ... 0 A i

L1 LQ e Lk 0
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where A; is the adjacency matrix of C; (the jth connected component of G\ R) and the last row and
the last column of A are indexed by r. Setting Ay = Diag(Ay,...,Ax) and L = Diag(L1,..., L),
we have that the adjacency matrix of G’ is

! . N AO tL
A = Adj(G) = (L 0)'

Similarly, we have

B, 0 ... 0 'K
0 By 'Ky
B = ' 0 ,
0 0 B tK;
K, Ky ... K 0
where B; is the adjacency matrix of D; (the ith connected component of H \ S)
and the last row and the last column of B are indexed by s. Again, setting

By = Diag(By, ..., B;) and K = Diag(K1, ..., K;), we get that the adjacency matrix of H' is

;o N By tK
B-AdJ(H)-(K 0).

Recall that U = Diag(Uy,1). Using the notations from the definition of I'(U), we have
V =T'(U) = Diag(Uy, P(Uy)), where

Up =

In particular, since Up is a magic unitary, we have k = [. Here, U;; is the submatrix of U indexed by
rows corresponding to D; and columns corresponding to Cj, that is U;; = U[D;, C;]. Let P = P(Uy),
it is a k x k matrix whose entry in row ¢ and column j is defined to be p;; = >° . D, Uzw,- Remember
that by Theorem 3.3 it is equal to the sum of any row or any column of U;;. We have

va— (Vo 0 (4o 'LY _ (Uody Uo'L
“\o P\ o))" \pPL o )
v (Bo 'K (To 0\ _ (Bl 'KP
“\x o)\o rP) " \KUy 0 )

Since BU = U A, we have ByUy = UyAg. Now, let us verify that KUy = PL. Let 1 <i,5 < k. We
have

and

(KUo)[{si}, Cj] = KiUyj and (PL)[{s:}, Cj] = pij Lj-
So, we mneed to prove that K;Uj; = piL;. Notice that BU = UA, so
(L1 Lk) = (K1 Kk) Up. In particular, we have that L; = anzl KpnUyj. Multi-
plying by p;; on the left and using the fact that K, is scalar-valued for 1 < m < k, we obtain that
pijL; = anzl KpijUpj. Since p;iUp; = 5fnUZ-j, we reach p;;L; = K;U;j, as desired. This being
true for all 1 <4,j <k, we have that KUy = PL.

Now notice that P and Uy are magic unitaries, so in particular they are unitaries. So, we multiply
KUy = PL on the left by P~! =!P and from the right side by U; ' = ‘Up. We get

tPK ='P(KUy)'Uy = 'P(PL)'Uy = L'Uy.

Therefore, we have {K P = Uy'L, as required.
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This completes the proof that B’V = VA’, hence V is a quantum isomorphism from H’ to G’.
It remains to prove that V preserves R’ and S’. Recall that by definition R’ is the union of the
blocks containing the r;, and similarly for S’. Let z € V(G’) and a € V(H’) such that vg, # 0.
Assume that a € S’. Then there exists 1 < 4 < k such that a in is the same block as s;. We have
0 # Vgp = Zle VazVs;r;> SO there exists 1 < j < k such that vevs;, # 0. Since a and s; are in a
common block of G’, by Theorem 2.4, we have that = and r; are in a common block. Hence z € R'.
Conversely, if z € R’, then we show in the same way that a € S’. This shows that V is a quantum
isomorphism of anchored graphs, as desired.

Let us now consider the case where R is a block of G. We have that S is also a block of H
by Lemma 4.10. Let R° (resp. S°) be the vertices in R (resp. in S) that are not cut vertices in
G (resp. in H), so R° and S° can be empty. Using the fact that U is a quantum isomorphism of
anchored graphs and Theorem 2.4, we obtain that U is diagonal by blocks U = Diag(Uy, Us, Us)
where Uy = U[S°, R°], U = U[S\ S°, R\ R°], and Us = U[V(H) \ S,V(G) \ R]. The adjacency
matrix of GG is of the form

A K0
A=|K A4, L],
0 L A

where Aj, Ao, and As are respectively the adjacency matrices of G[R°], G[R \ R°], and G \ R.
Similarly, the adjacency matrix of H is of the form

Bl tM 0
B=|M B, 'N|,
0 N B

where Bj, By, and Bs are respectively the adjacency matrices of H[S®], H[S \ S°], and H \ S.
Therefore, the adjacency matrices of G’ and H' are respectively as follows:

00 0 00 0
A =Adj(G)= (0 0 ‘L] and B’ =Adj(H)=[0 0 N
0 L As 0 N Bs

Now, recall that I'(U) = U. Since BU = UA and U = Diag(Uy, Us, Us), it is immediate to check
that B'U = UA’. Let us check that U preserves R’ and S’, that is, ug, =0if z € R and a ¢ S’ or
x¢ R and a € 5.

Let a € V(H) and x € V(G) such that ug, # 0. First, assume that © € R’. Two cases are possible.
If z € R, then since uq; # 0 we have by assumption that a € S. Since S C 5" by Lemma 4.9, we
obtain that a € S’ as desired. Otherwise, 2 € R’ \ R and, by Lemma 4.9, x is in a common block
in G with a vertex y € R such that y is contained in exactly one more block in G other than R.

Now, we have 0 # Ugz = Ugz <ZceV(H) ucy> = ZceV(H) UqzUcy. Hence there exists b € V(H) such

that ugzup, # 0. Since x and y are in a common block in G, by Theorem 2.4, a and b are in a
common block in H. Moreover, we have u, # 0 and y € R, so by assumption we obtain that b € S.
Since by what precedes U is a quantum isomorphism from G’ to H’ and y is not a cut vertex in G’,
by Theorem 2.4, b is not a cut vertex in H' neither. Hence b is contained in exactly one more block
in H than S. So by Lemma 4.9, we have that a € S’, as desired.

Second, applying what precedes to U* as a quantum isomorphism from (H, S) to (G, R), assuming
that ug, = [U*]zq # 0 and that a € S, we obtain that x € R', as desired. This shows that U = T'(U)
is a quantum isomorphism of anchored graphs from (G, R) to (H,S) and concludes the proof. [

4.5. Operations A;. Finally, we introduce operations A; and Ao that allow us to recover the

block structure of a connected anchored graph (G, R) knowing the block structure of T'(G, R)
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(see Lemma 4.13). This provides the final tool to complete the inductive step in some proofs
in the next section.

Let (Th,71), ..., (Tk, rr) be rooted 2-coloured trees (let us call the colours black and white). We
define two operations A; and As, which given these rooted coloured trees, return another rooted
coloured tree.

Operation A1. This operation is defined if every r; is white. In that case, we first consider the
disjoint union T' = @le T;, then we add a new black vertex r and join it to ry,...,7r,. The rooted
2-coloured tree (T, r) obtained is Ay ((Th,71),. .., (Tk,7%))-

Operation Ay. For this operation, the color of r;’s can be arbitrary. Among (7;,7;)’s,
let A = {(41,a1),...,(A;,a;)} be the rooted trees whose roots are white.  Also, let
B ={(B1,b1),...,(Bm,bmn)} be the rooted trees on at least 2 vertices whose roots are black. (The
rooted trees on exactly 1 vertex and whose roots are black do not play a role in the definition of A,.)
First, for each 1 < i <, add a new new black vertex d; to (A;, a;), join it to a; and set d; to be the
new root to define a new rooted 2-coloured tree (D;,d;). Then, set Tp = (@._, D;) ® ("™, B;).
Add a new white vertex r to Ty, join it to dy,...,d;, b1, ..., by to create a 2-coloured tree T'. Set r
as the new root. We define Ag ((T7,71), ..., (Tk,rx)) = (T, 7).

Now, let us explain the connection between the operations A; and I'. Recall that we have set a
2-colouring of block trees in Section 1 were the blocks are white and the cut vertices are black.

Lemma 4.13. Let (G,R) be a connected anchored graph on at least two vertices. Set i = 1 if
R consists of a cut vertex of G and i = 2 otherwise. Let (Gy,Ry),...,(Gk, Ry) be the con-
nected components of I'(G,R), and set (Tj,r;) = T (G4, R;) for j € {1,...,k}. Then, we have
T(Ga R) = AZ ((Tl,?"l), SRR (Tkv T’k))

Proof. Let (G',R') =T(G, R).

First, if R = {v} consists of a cut vertex of G, then G’ = split(G,v). Since G has at least two
vertices, then k > 2 and each v; is an internal vertex in G;. Thus, R; = p(v;) is a block of Gj.
Therefore, r;’s are white. The rest follows from the construction of A;.

Second, assume that R is a block of G. Note that the connected components of G’ are in one-to-
one correspondence with the vertices of R. Indeed, RNV (G) is a singleton. We denote this vertex
by v;. Recall that (Tj,r;) = T (G}, R;). It is straightforward to see that:

(i) r; is white if and only if v; is an internal vertex in G’ if and only if v; is a cut vertex in G
that is contained in exactly two blocks of G,
(ii) r; is black and T} has at least two vertices if and only if v; is a cut vertex in G’ if and only
if v; is a cut vertex in G contained in at least three blocks,
(iii) r; is black and T} has one vertex if and only if v; is an isolated vertex in G’ if and only if it
is an internal vertex of G.

See Figure 2. The proof then follows from the construction of As. O

Finally, the next lemma allows us to obtain global isomorphisms between block structures.

Lemma 4.14. Let (T1,71),...,(Tk,r) and (T{,7), ..., (T}, 7)) be rooted 2-coloured trees. Assume

that for each i € {1,...,k}, there exists an isomorphism «; : (T;,r;) — (T}, 7}) which preserves the
roots and the colours.
(1) If every r; is a white wverter, setting (T,r) = A1 (T1,7m1),..., Tk, %)) and

(T’ 7"y = Ay (T4, 7)), .., (T, ry.)), then the extension o : (T,r) — (T',7") of a;’s defined
as below is a graph isomorphism which preserves roots and colours:

alo) = a;(v)  ifveV(T;)
) {r ifv=r.
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(2) Setting (T,r) = Do ((T1,71),- .-, (T, 7x)) and (T7,7") = Do ((T1,7), .. ., (T}, r}.)) and using
the notations from the definition of As, the extension o : (T,r) — (T',7") of «;’s defined as
below is a graph isomorphism which preserves roots and colours:

a;i(v)  ifve V(T

a(v) =qd ifv=d,
r’ ifv=r.
Proof. The proof is immediate from the definitions of Ay and As. O

5. BLOCK STRUCTURES OF QUANTUM ISOMORPHIC GRAPHS

In this section we prove the main result of the paper. We first prove the result for anchored
graphs and then deduce it for graphs.

Lemma 5.1. Let (G, R) and (H,S) be two quantum isomorphic connected anchored graphs. Then:
(1) there exists a: T(G,R) — T(H, S) such that
e « is an isomorphism between the block trees of (G, R) and (H,S) preserving the roots
and the colours,
o for every block b of G, we have b ~; a(b),
(2) there exists 5 : B(G, R) — B(H, S) such that
e (3 is an isomorphism between the block graphs of (G, R) and (H,S) preserving the an-

chors,
o for every block b of G, we have b ~, 5(b).

Proof. If |V(G)| = 1, then the result is immediate. So, we may assume that |[V(G)| > 1, which
implies that G has at least one block.

Let us start by proving Item (1) by induction on the number of blocks of G when it has at least
one block. If G has exactly one block, i.e. it is 2-connected, then by Theorem 2.5, H is 2-connected
as well. Therefore, the block structures are trivial and the result follows immediately.

Assume now that the result holds for every connected anchored graph with at most n blocks where
n > 1, and assume that G has n+1 blocks. Set (G, R') =T'(G,R) and (H',S") =T'(H, S). By The-
orem 4.12, V = T'(U) is a quantum isomorphism from (G’, R’) to (H',S’). Recall that these two
anchored graphs are not connected. We write (G/, R') = @F_, (G4, R;) and (H',8") = @f;l(Hz, Si).
By Lemma 4.2, up to reordering, we have that k = k’ and that (G;, R;) is quantum isomorphic to
(H;, Si). By induction hypothesis, for every i € {1,...,k} there exists a colour-preserving iso-
morphism of rooted trees «; : T(G;, R;) — T (H;, S;) such that for every block b of G;, we have
b ~4 a;(b). So, by Lemma 4.14, we can find an isomorphism preserving the roots and the colours

o) AJ(T(G1, Ry), ..., T(Gr, Ry)) = Aj(T(H1, S1), ..., T(Hy, Si))

for j = 1 when A; is defined and for j = 2 otherwise.

Now, if R = {r} where r is a cut vertex of G, then by Lemma 4.10, S = {s} also consists of a
cut vertex of H. So by applying Lemma 4.13 twice, we have that A; is defined in both equations
below, and that we have:

T(G, R) = Al(T(Gl, Rl), c. ,T(Gk, Rk)) and T(H, S) = Al(T(Hl, Sl), . ,T(Hk, Sk))
Thus o = o) is the desired isomorphism. Moreover, in this case, for every block b of G, there
exists ¢ € {1,...,k} such that b is a block of G;. Hence, we have a(b) = «;(b) ~, b, where the last
relation follows from the induction hypothesis.

If R is a block of G, then S is a block of H by Lemma 4.10. Moreover, by Lemma 4.13, we have

T(G,R) = Ao(T(G1,Ry), ..., T(Gk, Ri)) and T (H,S) = Ao(T (H1, 51), .-, T (H, Sk)).
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In this case, a = @ is the desired isomorphism. Moreover, if b is a block of G, then either b = R
or there exists i € {1,...,k} such that b is a block of G;. In the former case, by Lemma 4.10, we
have a(b) = a(R) = S ~4 R = b, as desired. In the latter case, using the induction hypothesis, we
have a(b) = a;(b) ~4 b.

This concludes the proof of Item (1).

Let us now prove Item (2). Note that V(B(G)) = AB(G) C V(T(Q)), so we define
B : B(G,R) — B(H, S) by setting 5(b) = «a(b) for every block b of G.

First of all, note that for every block b of G, we have b ~, a(b) = 5(b). It remains to prove that
[ is an isomorphism preserving the anchors.

Now, let us verify that § is a graph isomorphism from B(G) to B(H). Note that « induces a
bijection between the blocks of G and the blocks of H, hence (3 is a bijection, whose inverse is given
by B871(b) = a=1(b). Now, let bb' € E(B(G)). So, there exists a cut vertex ¢ of G which is in the
intersection of b and &’. That is, in T(G), the vertex ¢ is a common neighbour of the vertices b and
b'. Therefore, in T(H), the vertex a(c) is a common neighbour of «(b) = B(b) and (V') = B(V).
Thus, the blocks 3(b) and (V') have nonempty intersection, so 5(b)3(V') € E(B(H)). This shows
that 3 is a graph morphism. By the same argument, using o~ ! instead of a, we conclude that 5~}
is a graph morphism as well. Hence, we have proved that [ is a graph isomorphism.

Finally, let B(G, R) = (B(G),\¢(R)) and B(H,S) = (B(H),Au(S)). In order to prove that
preserves the anchors, we need to show that S(Ag(R)) = A (S). There are four possible cases.

Case 1: R = {r} consists of a cut vertex of G, in which case, by Lemma 4.10, S = {s} also
consists of a cut vertex of H.

Moreover, in this case, by definition of A in Section 4, we have

Ac(R) ={be V(B(G)) | r € b} = Ny(g)(r) and Ay(S) = {b € V(B(H)) | s € b} = Ny(m)(s).

Since r and s are roots of T (G, R) and T (H,S) respectively and since « preserves the roots, we
have

B(Ac(R)) = a(N1(a) (1)) = Ny (a(r)) = Ny (s) = Au(S),
as desired.

Case 2: R is a block of GG and it contains no cut vertices of G. In this case, GG is a 2-connected
graph, and so is H by Theorem 2.5. Thus the result is immediate.

Case 3: R is a block of G containing exactly one cut vertex of (G, in which case S is also a
block of H, by Lemma 4.10. Moreover, by construction, R and S are the roots of 7(G) and T (H)
respectively. This implies that S(R) = a(R) = S. Furthermore, R is a leaf of 7(G), and since « is
an isomorphism, S is also a leaf in 7 (H). Therefore, S is a block of H containing exactly one cut
vertex of H.

Now, by Lemma 4.5, we have that R and S are internal vertices of B(G) and B(H) respectively.
Thus each of them is contained in a unique block, namely Ag(R) and A\g(S) respectively. This entails
that A\g(R) = Np()[R], the closed neighbourhood of R in B(G), and similarly, Ay (S) = Ngm)[S]-
Therefore, we have

B(Aa(R)) = B(Np)R]) = Nam)[B(R)] = Npm)[S] = Au(S),

as desired.

Case 4: R is a block of G containing at least two cut vertices of G. Since R and S are roots of
the respective block trees, and since « preserves the roots, we have (R) = a(R) = S. Moreover, in
T(G), the vertex R has at least two neighbours, which implies that S has at least two neighbours
in 7(H) as well. Now, both R and S contain at least two cut vertices, so by Lemma 4.4, they are
cut vertices in B(G) and B(H) respectively. Hence, we have Ag(R) = {R} and Ay (S) = {S}, which
implies that

BAc(R)) = B{R}) = {B(R)} = {5} = Au(S5),
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as desired. This concludes the proof of the theorem. ]

Recall from Section 1 that for a connected graph G, we denote by Z(G) the center of G, and
that we define Z(G) to be Z(G) if Z(G) consists of a single cut vertex, and to be the unique block
containing Z(G) otherwise. In particular, (G, Z(G)) is an anchored graph.

The following lemma allows us to apply Lemma 5.1 to general graphs and obtain our main result.

Lemma 5.2. Let U be a quantum isomorphism from a connected graph G to a graph H. Then
U is a quantum isomorphism of anchored graphs from (G, Z(G)) to (H,Z(H)). That is, we have
U = Diag(Uy, Us) where Us is a quantum isomorphism from the graph induced on Z(G) to the graph
induced on Z(H).

Proof. To prove the result, one has to show that for all z € V(G) and a € V(H), if uge # 0, then
r € Z(G) if and only if a € Z(H). We start by proving the following claim: for every x € Z(G)
and a € V(H) such that u,, # 0, we have that a € Z(H). To prove the claim, we fix z € Z(G) and
a € V(H) such that ug, # 0.

By [13, Corollary 3.3|, we have that U = Diag(V, W) where V and W are two magic unitaries
and W is indexed by Z(H) x Z(G). In particular, W is a quantum isomorphism from G[Z(G)] to

Firstly, we consider the case where Z(G) = {r} and r is a cut vertex of G. In this case, we
have Z(G) = Z(G) = {r}, so z = r. Since the graphs induced on Z(G) and Z(H) are quantum
isomorphic, we have |Z(H)| = 1. Letting Z(H) = {s}, we have W = (us) with us = 1. Since
r = and U is a magic unitary, we have that a = s € Z(H) C Z(H), as desired.

Secondly, let us consider the case where Z(G) = {r} and r is an internal vertex of G. In
this case Z(G) is the unique block containing r. Once again, since Z(G) and Z(H) are quantum
isomorphic, we have |Z(H)| = 1, say Z(H) = {s}. This implies that W = (ug,) with us = 1.
Thus, by Theorem 2.4, we have that s is an internal vertex of H, and there exists a unique block
containing s which is 7(H) We have 0 # gy = Ugptsr. Since x and r are in a common block,
by Theorem 2.4, so are s and a. Since s is only in the block Z(H), we have a € Z(H), as desired.

Finally, we consider the case where |Z(G)| > 1. In this case, let y, z € Z(G) with y # z. We have

0 7é Ugyr = Uqzx E Ucy | = § UgqzrUcz-

eV (H) eV (H)
So, there exists ¢ € V(H) such that
(1) UggUey 7 0.

Moreover, we have

0 7& UgzrUczy = Uaz E Upy | Ucz = § Uqgz UpyUcz -

beV (H) beV (H)
Thus, there exists b € V(H) such that
(2) UqzUbyUcz 7 0.

From Equation (2), we have up,u.. # 0. Since y and z are distinct, we have b # ¢ by orthogonality
of the rows of U. Moreover, since up, # 0 and u., # 0, since U is diagonal by block, we have that
bec Z(H) and c € Z(H). So in particular, b,c € Z(H). Since by Proposition 1.1, the blocks of H
intersect in at most one vertex, we have that

(i) Z(H) is the unique block of H containing b and c.
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Now, if a = b or a = ¢, we have a € Z(H), as desired. So, from now on we assume that a is distinct
from both b and c¢. Applying Theorem 2.4 to Equation (1), since x and z are in a common block
Z(@G), we obtain that

(ii) there exists a block C' containing both a and c.

Similarly, using Equation (2), we have uqgzup, # 0, and since z and y are in a common block Z(G),
applying Theorem 2.4, we obtain that

(ili) there exists a block B containing both a and b.
If neither B nor C' is equal to Z(H), then we have B # C as well, since

BNZ(H)={b} # {c} =CnNZ(H).

Take a path P, entirely in B from a to b, a path P, entirely in Z(H) from b to ¢, and a path P,
entirely in C' from c¢ to a. Then, P, Py.P,., is a cycle in G passing through three distinct blocks,
a contradiction to item (3) of Proposition 1.1. So, either B = Z(H) or C = Z(H), which implies
a € Z(H), as desired. This completes the proof of the claim.

Now, let a € Z(H) and x € V(G) such that ug, # 0. Note that U* is a quantum isomorphism
from H to G and that [U*],q = wee # 0. By applying the precedent claim to U*, we obtain
x € Z(G). This completes the proof of the lemma. O

Before proving our main theorem, let us point out some possible generalisations of the previous
result. The first two statements of Remark 5.3 can be easily proved with an inductive argument
using the operation I' — similar to the ones of Lemma 5.1 and Theorem 5.5. We do not include their
proofs here both because we do not use these generalisations and for the sake of brevity.

Remark 5.3. Let U be a quantum isomorphism from a graph G to a graph H.

(1) The proof of Lemma 5.2 does not use in a key way the fact that the fized subsets are the
centers of the graphs. Indeed, a similar proof would give the following result. Let S C V(G)
and T C V(H) be such that ugyz = 0 if x € S anda ¢ T orife ¢ S anda € T. If S
s contained in a unique block b of G, then T is contained in a unique block d of H and
moreover, U = Diag(Uy, Us) is diagonal by block where Uy is a quantum isomorphism from b
to d.

(2) Note that for any graph F, we have that Z(F) is a vertex of the block tree T (F). Lemma 5.2
shows that these vertices are fixed by U. One can furthermore show that U preserves the
distances to these vertices in the block trees. More precisely, if uq, # 0 for x € V(T) and
a € V(H), then we have drc(pc(x), Z(G)) = drm)(pu(a), Z(H)).

(3) Finally, we remark that Lemmas 4.10 and 5.2 together imply that Z(G) consists of a cut
vertex of G if and only if Z(H) consists of a cut vertex of H.

Now we can prove the main theorem of this section.

Theorem 5.4. If G and H are two quantum isomorphic connected graphs, then

(1) there exists a morphism o : T (G) — T (H) such that
e « is an isomorphism between the block trees of G and H that preserves the colours,
o for every block b of G, we have b ~, a(b),
(2) there exists a graph morphism (3 : B(G) — B(H) such that
e (3 is an isomorphism between the block graphs of G and H,
o for every block b of G, we have b ~, 5(b).

Proof. By Lemma 5.2, we have that (G, Z(G)) and (H, Z(H)) are quantum isomorphic connected
anchored graphs. Thus the result follows from Lemma 5.1. (|
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Next, we prove a local version of Theorem 5.4, namely that quantum isomorphisms preserve the
blocks containing a given vertex.

Theorem 5.5. Let U be a quantum isomorphism from G to H. Let x € V(G) and let by, . .., by the
blocks of G containing x. Let a € V(H) and let dy,...,d; the blocks of H containing a. If usy # 0,
then k =1, and up to reordering G[b;| ~4 H[d;] for every 1 <i < k.

Proof. By Theorems 3.3 and 3.4, it is enough to prove the theorem for connected graphs.

For a graph F' and a vertex v € V(F'), let Zr(v) be the set of blocks of F' containing v.

We first prove the following statement for anchored graphs: let U be a quantum isomorphism from
a connected anchored graph (G, R) to an anchored graph (H,S) and let x € V(G) and a € V(H). If
Ugz 7 0, then there is a one-to-one correspondence between Ba(x) and Br(a) such that the graphs
induced on the corresponding blocks are quantum isomorphic.

We prove the statement by induction on the number of blocks of G (which, by Theorem 5.4, is
equal to the number of blocks of H).

If G = K, the result is immediate. Thus, we may assume that G has at least one block. Also, if
G has exactly one block, then by Theorem 2.5, H is 2-connected as well. Therefore, in this case, G
and H are the only blocks containing x and a and the result is immediate.

Now let U, (G, R), (H,S), x € V(G), and a € V(H) be as in the statement above and assume
that the graphs are not 2-connected. Also, assume that the statement holds for any other pair of
connected anchored graphs with strictly less blocks. Set (G', R') =T'(G,R) and (H',S") =T(H, S),
and note that by Theorem 4.12, W = I'(U) is a quantum isomorphism from the former to the latter.
Let (Go, Rp) and (Hg, Sp) be the connected components of G and H containing x and a respectively.
Note that the number of blocks of Gy and Hjy is less than that of G. Moreover, by Lemma 4.2,
W Hy, Gy is a quantum isomorphism from (Gy, Ro) to (Ho, So).

If x ¢ R (thus a ¢ S), then B, (v) = Ba(x) = Ba(x) and B, (a) = B (a) = Br(a). Thus,
by applying the induction hypothesis to (Go, Rp) and (Hp, Sp), we have the required result. So, for
the rest of the proof, we assume that x € R (and consequently, a € ).

First, if R = {r} consists of a cut vertex of G and S = {s} consists of a cut vertex of H, then
x =rand a = s. So, let Bg(x) = {b1,...,bx} and Bpu(a) = {di,...,d;}. By construction,
there exists a natural one-to-one correspondence between b;’s and the anchors Ry,..., Ry of the
connected components of (G, R') such that G[b;] = G'[R;]. Similarly, there exists a natural one-to-
one correspondence between d;’s and the anchors Si, ..., S; of the connected components of (H', S")
such that H[d;] = H'[S;]. Since (G', R') and (H',S’) are quantum isomorphic as anchored graphs,
using Lemma 4.2, the result follows.

Second, assume that R is a block of G containing z and S is a block of H containing a. If x is
an internal vertex of R, then a is also an internal vertex of S by Theorem 2.4. So R and S are the
only blocks containing x and a respectively. The result then follows from Lemma 4.10. If x is a cut
vertex of G, then by Theorem 2.4, s is a cut vertex of H. In this case, we have

Bay(v) = Ber(v) = Ba(x) \ {R} and By, (a) = Bu(a) = Br(a) \ {S}.

By applying the induction hypothesis to (Go, Ry) and (Hy, Sy) as above and by using Lemma 4.10,
we obtain the required result.

This completes the proof of the statement for anchored graphs. Now, by Lemma 5.2, U is a
quantum isomorphism from (G, Z(G)) to (H,Z(H)) such that u,, # 0. Hence the result follows
from the statement proved above. ]

Let us close this section with two corollaries of Theorem 5.4.

Corollary 5.6. Two quantum isomorphic graphs have the same number of blocks and the same
number of cut vertices.
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Proof. By Theorem 3.4, it is enough to prove the statement for connected components, which is in
turn immediate from Theorem 5.4. ]

Corollary 5.7. Let n be the smallest integer such that there exists a pair of graphs on n wvertices
which are quantum isomorphic but not isomorphic. Let (G, H) be a pair of quantum isomorphic
graphs on n vertices. Then one of the following holds:

(1) G and H are isomorphic,

(2) G and H are connected and for the isomorphisms « and [ from Theorem 5.4 we have
furthermore that a(b) = b = B(b) (i.e. these are classically isomorphic) for every block b of
G

(3) G and H are 2-connected.
Moreover, the statement holds for (G¢, H®) as well.

Proof. Let us assume that G and H are not isomorphic. It follows from Theorem 3.4 that G and H
are connected because otherwise, their connected components would be two-by-two isomorphic,
since they each have strictly less than n vertices. Furthermore, assume that G and H are not 2-
connected. In this case, each block of G and of H has strictly less than n vertices, hence the result
follows from Theorem 5.4. U
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