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ABSTRACT

We develop a theory of generalization and scaling for Mixture-of-Experts (MoE) Transformers
that cleanly separates active per-input capacity from routing combinatorics. Conditioning
on fixed routing patterns and union-bounding across them, we obtain a sup-norm covering-
number bound whose metric entropy scales with the active parameter budget and incurs
a MoE-specific overhead. Combining this with a standard ERM argument for squared
loss we provided a generalization bound under a d-dimensional manifold model (d is the
intrinsic dimension of the training data) and C” targets, showing that approximation and
estimation trade off in the same way as in dense networks once active parameters are
counted appropriately. We further prove a constructive approximation theorem for MoE
architectures, demonstrating that accuracy can be improved either by scaling active capacity
or by increasing the number of available experts, with the better of the two mechanisms
prevailing. From these results we derive neural scaling laws, covering model scaling, data
scaling and compute-optimal tradeoffs. The theory highlights that enlarging the expert
pool at fixed sparsity influences performance only through a mild logarithmic routing term,
whereas increasing active capacity per input drives the main gains in generalization and
approximation. These insights provide principled guidance for the design of efficient sparse
Transformer systems and clarify the fundamental tradeoffs underlying their empirical scaling
behavior.

1 INTRODUCTION

Mixture-of-Experts (MoE) Transformers enable conditional computation: for each token, only a small subset
of experts is activated, so the active parameters per input are much smaller than the total parameters of
the model. This yields a practical win compute roughly proportional to the number of active experts while
preserving a very large total capacity for specialization. Despite striking empirical gains, a theory that
separates the benefits of active capacity from the overheads of routing has been missing. In particular, existing
scaling laws for dense models track error as a function of total parameters, dataset size, and compute, whereas
MoE models demand a refined accounting: (i) approximation should scale with the active parameter budget,
not the total; (ii) generalization should reflect the multiplicity of routing patterns and (iii) compute—optimal
training should couple data and active capacity rather than total parameters. This paper closes that gap by
providing uniform generalization and approximation results for MoE Transformers that expose the distinct
roles of active parameters and routing combinatorics. Classical bounds indexed by the ambient dimension D
predict unrealistically slow rates for high-dimensional inputs, whereas empirical scaling for Transformers is
far faster. A growing body of theory and evidence shows that when data concentrate on a d-dimensional
manifold, both approximation and estimation rates and thus the observed scaling exponents are governed
by the intrinsic dimension d rather than D. Recent work (Havrilla & Liao| 2024) develops approximation
and statistical theories for Transformers on intrinsically low-dimensional data, predicting data/model scaling
exponents that depend explicitly on d and validating these predictions on language modeling benchmarks.
Motivated by these findings, we adopt d as the geometric control parameter throughout: it aligns theory



with practice, explains faster-than-1/D behavior, and yields MoE design rules that are sensitive to the data
geometry (e.g., how active capacity should scale with tokens when d is small relative to D).

The main contributions of our work can be summarized as follows:

e Separation of capacity and routing. We prove a covering-number bound in which metric entropy
splits additively into an active-capacity term and a routing term Rioyte.

e Approximation and Uniform generalization bound. We give a manifold-based, k-sparse partition-of-
unity construction of the approximation exposing two accuracy routes: scaling active capacity or increasing
experts. The empirical risk minimization (ERM) under squared loss cleanly separating approximation,
estimation, and routing overhead.

¢ Scaling laws and compute optimality. We recover dense-model exponents measured against active
capacity: model scaling (in the approximation regime), data scaling and compute error scaling under
C'~n Nog. We characterize the optimal number of active experts k* (up to architecture/log factors) and
show that the expert pool M enters only logarithmically via routing, motivating M = O(k).

e« Empirical validation on MoE LMs. Beyond the purely theoretical development, we also validate our
framework on Mixture-of-Experts language models. We train small/medium-scale MoE Transformers on
three open source data sets, estimate the intrinsic dimension d and effective smoothness 3, and show that
the empirical model- and data-scaling exponents (@, @p) are consistent with our theoretical predictions.

o Design guidance. Practical levers follow directly: keep log(e M/k) = ©(1) (avoid M > k), operate near
k*, and mitigate routing on long sequences by reducing ¢ or sharing gates yielding efficient MoE training
at fixed compute.

2 RELATED WORK

Transformers: expressivity, approximation, and generalization. The Transformer architecture
(Vaswani et al.l [2017)) implements content-addressable computation through multi-head self-attention and
positionwise MLPs. Formal expressivity results show that (suitably parameterized) Transformers are
universal approximators for a broad class of sequence-to-sequence maps (Yun et all 2020)), with positional
encodings playing a crucial role in breaking permutation symmetries and enabling length-dependent behaviors.
Subsequent analyses refine which architectural ingredients control approximation power number of heads,
attention bandwidth, depth vs. width trade-offs, and the effect of pre-norm vs. post-norm residual designs
often revealing that depth amplifies compositional expressivity while LayerNorm stabilizes Lipschitz constants
across layers. From the learning-theoretic perspective, generalization guarantees for deep networks leverage
norm-based capacity measures (e.g., spectral-complexity /margin bounds, path norms) (Bartlett et al., |2017;
Neyshabur et al., [2015) together with classical complexity tools (Rademacher/Gaussian complexities and
covering numbers) (Bartlett & Mendelson| 2002b). Our analysis adopts this toolbox but tailors it to
sparse Transformers by (i) conditioning on a fixed routing pattern so that the model reduces to a smooth
active subnetwork and (ii) union-bounding over routing patterns to account for combinatorial choices. For
approximation, we rely on deep ReLU theory that provides near-optimal rates || f — N/ < N—#/? for C#
functions on d-dimensional domains (Yarotskyl 2017; |Schmidt-Hieber, [2020; [Petersen & Voigtlaender, [2018)).
We lift these Euclidean results to data on manifolds by working in local charts and gluing approximants
with partitions of unity, which pairs naturally with the MoE router’s k-sparse mixing and underlies our
approximation theorem.

Mixture-of-Experts (MoE): conditional computation and systems. Sparsely-gated MoE layers
(Shazeer et al., [2017) activate only a small subset of experts per token, decoupling total parameters from
per-example active compute. This idea enabled large sparse Transformers such as GShard (Lepikhin et al.|
2021)), Switch Transformers (Fedus et al.| [2022), and GLaM (Du et al., |2022)); in vision, V-MoE validated
similar benefits for ViTs (Riquelme et al., 2021)). Practical deployments introduced load-balancing losses and
alternative dispatchers (BASE layers, expert-choice routing) to reduce hotspotting and improve stability,
and specialized runtimes (DeepSpeed-MoE, Tutel) to scale training/inference (Lewis et al., 2021} [Zhou et al.|
2022; Rajbhandari et al 2022; Hwang et al., 2023). Recent systems emphasize expert specialization and the
gap between total and active parameters e.g., Mixtral (8x7B, top-2 routing) and DeepSeek-V3 (hundreds
of billions total, tens of billions active) (Jiang et all [2024; [DeepSeek-All [2024). These trends motivate
our theoretical focus on active per-input capacity as the relevant approximation budget and on an explicit
routing-combinatorics term that scales like klog(eM/k) in covering-number bounds. In our framework, hard
top-k and softmax gating with temperature/load-balancing behave similarly at the level of uniform bounds
as long as the effective sparsity is k.



Intrinsic-dimension theory for Transformers. Our analysis builds on work showing that Transformer
scaling is governed by the intrinsic rather than ambient dimension when data concentrate on low-dimensional
structure. In particular, [Havrilla & Liao| (2024]) develop an approximation statistical framework for Trans-
formers on intrinsically low-dimensional data, deriving data/model exponents that depend explicitly on the
manifold dimension and validating these predictions empirically. We adopt this viewpoint to interpret MoE:
active per-token capacity plays the role of the effective model-size axis, while routing acts as an additive
overhead. Our analysis builds on their dense-Transformer framework and extends it to MoE with routing.
Theorem [3.1] mirrors their approximation result but constructs MoE layers with top-k routing and separates
active capacity from total parameters. This aligns our MoE scaling laws with intrinsic-dimension theory
recovering dense-model exponents measured against active capacity and clarifying when routing can shift
constants without changing rates.

Scaling laws: dense vs. MoE. Dense language models exhibit empirical power-law scaling of loss with
model size, data, and compute (Hestness et al.l |2017; Kaplan et al., [2020)); the Chinchilla study argues for
compute-optimal training by scaling model and data jointly under a fixed budget (Hoffmann et al., [2022)).
For MoE, recent empirical work proposes MoFE-specific scaling formulations that disentangle total from
active parameters and incorporate routing effects. Fine-grained MoE scaling analyzes expert granularity,
token/expert budgets, and the efficiency frontier as expert shards become smaller and more numerous
(Krajewski et al., |2024). Upcycling laws study converting dense checkpoints into MoE while retaining
predictable scaling behavior (Liew et al., |2025). Joint dense-MoE laws integrate active parameters, dataset
size, and expert count to explain memory/throughput trade-offs (Ludziejewski et al. 2025), and unified
efficient-MoE laws relate expert activation ratios, granularity, and compute (Tian et all 2025]). Large-scale
case studies (e.g., extending fine-grained MoE beyond 50B parameters) provide further evidence that MoE
can match or exceed dense scaling at comparable or lower active compute (Krajewski et al., [2025). Our
theory complements these findings: we recover the dense-network exponents but measure them against the
active parameter budget Neg, and we make explicit a routing overhead proportional to klog(eM/k) that
shifts constants and determines finite-sample crossovers (e.g., long sequences or large M > k). This yields
compute—optimal prescriptions consistent with practice grow data and active capacity together while clarifying
when adding experts primarily changes constants rather than exponents.

3 MOE TRANSFORMER MODEL AND APPROXIMATION THEORY

3.1 MOE APPROXIMATION BOUND UNDER HOLDER SMOOTHNESS

Theorem 3.1. Let M C RP be a compact d-dimensional C' submanifold and f € C®(M) with Hélder norm
Ifllce < B, where > 0. Consider the MoE transformer class Taor (see Deﬁm’tz’on in appendiz) with
Lt blocks, sequence length £, and an MoE FFN sublayer per block with M experts, of which at most k are
active per token, and each expert is a ReLU MLP of depth Lrrn, width wprpn and parameter budget Ileyp;
attention/non-expert parameters per block are Wasen. Assume the router can implement a k-sparse partition of
unity and weights are bounded by k. We define the active attention+expert budget Neg 1= LrIlatin + LrkIlexp.
Then we proved in appendix@ that there exist constants C,c > 0 depending on (B, 8,d, M) and architecture
polynomials in (Lr,wrrN, LrrN, k) such that

. 2 < . { —28/d 72ﬂ/d}
Tel%ioE IT — fllzs < C-minq N4 , M (1)

Remark 3.2 (Dependence on d and constants). The exponent —23/d is the classical minimaz exponent for
CP approxzimation on a d-dimensional manifold. The constants C,c in Theorem depend on (B, 3,d, M)
and architecture polynomials; standard manifold approximation arguments show that this dependence is at most
polynomial in d for manifolds with bounded regularity. The only exponential-in-d behavior is the unavoidable
covering-number term that produces the exponent itself.

Appendix [F] provides a constructive proof of Theorem using manifold charts and a k-sparse partition of
unity. (i) We cover M with coordinate patches {U,},_; of diameter < r and bounded overlap so(d), and
construct a smooth partition of unity {¢,} subordinate to the cover; volume regularity gives N < r~%. (ii)
On each chart, f is locally approximated by its degree-| 5| Taylor polynomial P, (Lee) 2013). (iii) Each
expert MLP (ReLU) uniformly approximates P, to accuracy O(r?) using a fixed architecture (Lrpn, wrrn)
and parameter budget Il.,,, by invoking near-optimal C” ReLU approximation results in d dimensions
(Yarotskyl, 2017; [Schmidt-Hieber| [2020; [Petersen & Voigtlaender, [2018]). Parameter-magnitude constraints



[I0lloc < & are enforced by standard layer-rescaling techniques (Xiong et al., 2020} |Ba et al.,|2016). (iv) The
router implements a k-sparse mixture by outputting nonnegative weights w,, (x) with at most & nonzeros per
x; choosing k > so(d) suffices to uniformly approximate the partition {p,}, matching standard top-k MoE
gating schemes (Shazeer et al., 2017 [Fedus et al., [2022).

3.2 MOE GENERALIZATION BOUND

Theorem 3.3. Let T () be a class of MoE Transformers such that for every f € C%(M) there exists T € T (¢)
with |T — fl|12(q) < €. Then the empirical risk minimization (ERM) T, € T(e) satisfies

Ltk log(eM/k)>

. ~ [ N,
EHTn—f”%z(Q) < 52 + O(nﬂ+

Here O(g) hides polylogarithmic factors: O(g) = O(g - polylog(n, Neg, Lv-lk, M /k, k, R, My)) .
Corollary 3.4 (Generalization bound with MoE approximation rate). Combining Theorem 3.2 and the
previous theorem with 2 < N(;fZﬁ/d gives

b

N —28/a  Neg = Lrplklog(eM/k)
BT - flaq S N/t + = 4 2L/

n
up to polylogarithmic factors.

Where N is shorthand for Neg; in the sequel we write Neg explicitly.

Remark 3.5 (Looseness of the routing union bound). The factor Lylklog(eM/k) comes from a worst-case
union bound over all top-k routing patterns,

log |II| < Lytklog(eM/k).

This is conservative but enters only logarithmically into the metric entropy and generalization bound, affecting
constants rather than exponents. In practice, router specialization reduces the effective number of routing
patterns, so the bound is expected to be loose but safe.

Theorem [3.3] is proved in appendix [E] As in dense case, the rate exponents are governed by the intrinsic
dimension d and smoothness 5, but the model-size azis is the active parameter budget Neg rather than total
parameters; routing enters only via a logarithmic overhead in M/k. In the proof, we proceed by (i) conditioning
on a fixed top-k routing pattern so the MoE reduces to a smooth active subnetwork, (ii) proving Lipschitz
bounds for attention and FFN modules under parameter perturbations, (iii) covering the active-parameter
cube for each pattern 7 and (iv) union-bounding over routing patterns to add Lr ¢ klog(eM/k).

Lemma 3.6 (MoE covering number). Let X C RP be compact with ||z| s < My. Consider the Mizture-of-
Experts transformer class Tvor(D, M, k, LT, LEFN, WFEN, demb, M, K, R) defined as in Deﬁm’tz’on except
that each feed-forward sublayer is an MoFE layer with M experts and the router selects (hard) top-k experts
per token per layer. Assume each learned parameter entry satisfies ||0]lcoc < £ and each network output is
bounded by | T ()]l < R.

Let I,t4n be the number of scalar parameters in the attention / non-expert parts per block and let ey, be
the number of scalar parameters of a single expert MLP (depth Lypn, width wrrN, input/output dimension
demb ). Then for any 6 € (0,1) the covering number of Tmor under the sup-norm satisfies

CorRM, M

%) + C3LT€k10g(eT) (2)

for absolute constants C1,Ca,C5 > 0 depending polynomially on dempb, WrrN, M, L7, Lrpn, £ (and we may
hide small poly-log factors in the O(-) version).

lOg N((Sa 7—MoEa || . ||oo) S Cl (Hattn + LTkHexp) log(

Lemma [3.0]is proved in appendix [H] The proof conditions on a fixed top-k routing pattern so that each block’s
Mok layer reduces to a deterministic active subnetwork and then union-bounds over all routing patterns. For
a fixed pattern, we establish a parameter—to—function Lipschitz bound by composing module-wise sensitivities
for multi-head attention and FFNs using basic matrix norm inequalities and the row-softmax Lipschitz
property, with LayerNorm controlling scale across residual connections (Vaswani et al., [2017; Ba et al., 2016).
An 7-grid of the parameter cube [—x, k]™active therefore gives a d-cover of the corresponding function subclass,
giving the first term in equation in the usual covering-number style (Bartlett & Mendelson, [2002b)).



4 NEURAL SCALING LAwsS

We derive explicit scaling laws for Mixture-of-Experts transformers that expose the dependence on sample
size n, number of experts M, number of active experts per token k, and parameter budgets. Throughout we
use the generalization bound from theorem in the shorthand form

- 2 —243/d Nactive Rioute
ElTn — fli2o) & New + + (3)

s \TL/_/

approximation estimation routing

where Nactive := Nattn + Nexp = LrIlagn + Lrklexp, Rioute := Ltk lOg(%).

4.1 DATA SCALING

Lets study how test error decreases with the number of samples n when the architecture is fixed or mildly
tuned with n. Ignoring R,oute for the moment (we reintroduce it in §4.4]), we balance approximation and
estimation by minimizing, over the active budget N.g. Differentiating and setting to 0 gives

2ﬂ —26/d—1 Cc * n 26d+d * d
—FNeﬁ- + ﬁ - O — eff = (Z) = y IVefr = n26+d

Substituting N* back we obtain the data scaling law
2p
= (4)
28+d
This exponent matches the dense case (Havrilla & Liao, 2024)); the MoE twist is that Neg is the active budget
per input (depending on k), not the total parameter count.

IE ”Tn - f”%Z(Q) = niaD7 ap

4.2 MODEL SCALING

We quantify how the error scales with the active parameter budget when the sample size n is fixed.

Proposition 4.1 (Model-scaling law in the approximation-dominated regime). For a fized n, lets suppose
that Neg lies in the regime where the estimation and routing terms are dominated by the approrimation term,
namely there exist absolute constants c1,co > 0 such that

N, ive - Rr u —
active < ¢ Neﬂgﬁ/d and oute < e Neff2ﬁ/d (5)
n n
Then we get
2 2 —an 26
ElITn = fllz2) = Neg™, aN =~ (6)

Proposition 4.2 (Where the approximation-dominated regime holds). Since Nuctive < Negr (within
architecture-dependent constants), the first condition m@ is equivalent to

d
NFPM<n = Neg Sn¥ = Ngy(n)

i.e. below the estimation crossover N};(n). The routing condition reads

Rroutc <

~

d_
N28/d Neg < (*)/ — N*e(n, M, k, Ly, €
n eff — ff 5 LTZklog(eTM) eﬁ(n7 s vy LT )

Therefore the model-scaling law equation [f] holds uniformly whenever
Negg < min{ Nlg(n), Nig(n,M,k, L7, 0)} (7)
Remark 4.3 (Crossover and beyond). At the estimation crossover Neg ~ NZz(n), the approzimation and
estimation terms balance:
—28/d _ Nest _a_ . _ 28
Neﬂr b1 ~ ; = Neff X n2b+d, E ||T’ﬂ - .f”%?(@) =mn 2ptd

For Neg > Nlz(n) (holding n fized), the bound is dominated by Nactive/n < Neg/n (plus routing), so
increasing Neg worsens the bound. Thus equationla describes the subcritical (approzimation-limited) regime,
analogous to the dense case (Havrilla & Liao, 2024)) but with Neg the active parameter budget.



Corollary 4.4 (Model-scaling with experts-only approximation). If attention does not contribute to approzi-
mation (s0 Neg = Nexp = LrkIlexp), then in the subcritical regime equatzbn@

~ _28
E(|Tn = fllf2) = (Lrkllexp) ™ (8)

4.3 OPTIMIZING THE NUMBER OF ACTIVE EXPERTS k

Let A := LIl and absorb the attention budget into constants. With experts dominate approximation,
Negr < k, the bound equation [3| reduces to the function of k:

Ak n Lrlk log(eM/k) (9)

E(k) 5 (Ak) 201
N———’ n n
approx ~

estimation routing

Ignoring the log first. Lets drop log(eM/k) and treat it as a slowly varying constant near the optimizer.
Minimize g(k) = (Ak)=2/4 + Bk over k > 0. Differentiating gives (up to architecture constants)

k* = n7m  and E(k*) = n~ % (10)

Enforce k* < M; otherwise the optimum saturates at k = M.

Reintroducing the log. With the routing term present, the derivative of the first-order condition gives

%A—%/dk—%/d—l = <A+LT£ log% —LT£> (11)

1
n
This matches the stated first-order condition whose closed form involves a Lambert-W factor if solved exactly.
Since log(eM/k) varies slowly near the optimizer, the solution is

* o n 5ra
M= mm{M’ (A+LT€ log(eM/k*)) } (12)

Thus the presence of M affects k* via a logarithm only; the rate in n remains n%/(2#+4) The full proof of
these calculations are provided in appendix [G.1}

4.4 ROUTING-DOMINATED VS. POWER-LAW REGIME

Routing dominates when

R 2 2o4d
route 2> n B <= n < Nghresh (= (LTﬁklog%)
n
. Lrtklog(eM/k s
if n < ngpresn : E T, — f||%2(Q) ~ %(/); if 1> Nipresh © power law n” Tha prevails.

Ways to reduce routing dominance include architectural and design adjustments: fewer MoE layers (Lr) or
shorter sequence lengths (¢) directly lower the multiplicative factor in the routing term, while choosing a
smaller activation sparsity k or setting M close to k shrinks the combinatorial overhead log(eM/k). These
strategies align with empirical system-level practices in sparse Transformers: for instance, Switch Transformers
(Fedus et al.l [2022) and GShard (Lepikhin et al., |2021)) emphasized top-1 or top-2 routing for efficiency,
while later refinements such as BASE Layers (Lewis et al.| [2021)) and expert-choice routing (Zhou et al.
2022) reduced routing variance and overhead. Large-scale MoE deployments such as GLaM (Du et al., |2022)
and V-MoE (Riquelme et al., |2021)) also highlight the importance of balancing M and k to avoid routing
bottlenecks. From the theoretical side, our bound formalizes these intuitions: the routing-dominated regime
is suppressed precisely when the effective expert activation (k) and the combinatorial explosion in M are

controlled, allowing the system to operate in the favorable power-law regime where sample complexity scales
as n72ﬁ/(2ﬂ+d)



4.5 SAMPLE COMPLEXITY FOR TARGET ERROR &

In the power-law regime, where routing overhead is negligible relative to the approximation and estimation
terms, the classical nonparametric rate applies. Specifically, achieving a target population error € requires

28+d
n(e) < e 7,  Negle) < e % (13)
The first relation quantifies the number of samples needed as a function of smoothness 3 and intrinsic dimension
d; the second gives the corresponding effective parameter budget scaling to match the approximation rate.
Both coincide with the dense-network theory (Yarotsky, [2017; |Schmidt-Hieber, [2020)), except that in MoE
models Ngg is interpreted as the active parameter budget per input rather than the total parameter count.

In contrast, in the routing-dominated regime the error floor is determined by the combinatorial overhead of
selecting experts. In this case, sample complexity to achieve accuracy € grows only linearly in 1/e:

Lrtklog(eM/k)
€

ne) =

This expression highlights that the overhead scales with the number of MoE layers (L), sequence length (¢),
and active experts per layer (k), while depending only logarithmically on the total number of experts M.
Thus, if M > k, routing dominates and inflates sample complexity significantly, while M = (k) mitigates
this effect. In practice, this explains why architectures such as Switch Transformers (Fedus et al., |2022) or
GLaM (Du et al., 2022) adopt small k (top-1 or top-2 routing) and balance M against k to remain in the
favorable power-law regime. Our theoretical analysis therefore provides a principled characterization of when
MoE gains translate into efficient sample usage and when routing combinatorics instead dictate learning
dynamics.

(14)

4.6 COMPUTE-OPTIMAL TRADEOFFS

We derive the optimal allocation of active parameters per input Neg and number of training samples n under
a fixed training compute budget C. Throughout we use the bound in equation [3] and we adopt the standard
compute model in which per-token (or per-sample) FLOPs scale linearly with the active parameter budget
(Hoffmann et al.| 2022} Kaplan et al.l [2020)), so the total training compute satisfies

C = n'Neﬂ‘. (15)

Proposition 4.5 (Compute-optimal allocation of Neg and n). Assume the compute budget equation .
Then the excess error bound is minimized (up to constants) by

C 28+d

e*ff(O) = Czﬁi?d and n*(C) = A X C 25724 (16)
eff(c)
The resulting compute error scaling law is
a __B_
E [T — fH2L2(Q) = (7~ B+a (17)

Thus, under a fixed compute budget, both the dataset size and the per-sample active parameters should
grow with C' according to the exponents in equation [I6] The error decays as a power law in compute with
exponent 5/(8 + d), matching nonparametric theory and providing the MoE analogue of compute scaling
laws. See appendix for proof.

5 PREDICTING EMPIRICAL SCALING LAWS AND VALIDATION ON LLMS

Our empirical study is designed to test the scaling exponents and routing effects predicted by our theory
under controlled but realistic conditions. We validate our theoretical predictions on a family of causal
decoder-only Transformers with Mixture-of-Experts (MoE) feed-forward layers. For these experiments we
use three public text corpora of varying complexity and intrinsic dimension: TinyStories (low-dimensional
synthetic children’s tales) (Eldan & Li, 2023), WikiText-103 (medium-scale, moderately heterogeneous
Wikipedia articles)(Merity et al.l [2016) and OpenWebText (large, highly heterogeneous corpus recreated
from Reddit links) (Gokaslan & Cohen, 2019)). See Appendixfor full description.



5.1 EMPIRICAL VALIDATION ON LLMs

Intrinsic dimension d estimates in practice. We estimate the intrinsic dimension d of the data manifold
from hidden representations using standard intrinsic-dimension estimators. Concretely, we pass corpus tokens
through a fixed pretrained GPT-2 model, collect hidden states at a given layer, and apply the Levina—Bickel
k-NN MLE, which is more robust than TwoNN in high dimensions (Fukunaga & Olsen| (1971} |Levina & Bickel,
2004} [Facco et al., [2017). k-nearest-neighbor distances are computed with FAISS, and the ID is evaluated
layer-wise. To reduce variance, we repeat the procedure over multiple random subsamples and report the
median ID (with median absolute deviation as uncertainty). Unless stated otherwise, we use the middle
Transformer layers as the global summary of d. This procedure yields stable and reproducible ID estimates
that are consistent with theoretical predictions from neural scaling laws, allowing us to define a characteristic
ID (d) for each corpus that captures its inherent complexity, as summarized in table [1] and in the depth
curves (Figure [3| and [4| in appendix [A] ).

Cousistency of § across scaling regimes. Our theoretical framework introduces a smoothness exponent
B that governs both model scaling, through ay = 25/d, and data scaling, through ap = 25/(28 + d). When
estimating (8 from the empirically fitted slopes ay and @p, we observe that the resulting values Sumodel
and Bgata need not coincide exactly (see Figure |1 and [2| ). This discrepancy is expected: model-scaling
curves are typically cleaner and dominated by approximation error, whereas data-scaling curves are more
sensitive to optimization noise, finite-sample effects, and in the MoE setting routing overhead terms of the
form klog(eM/k). Similar inconsistencies between model- and data-derived exponents have been reported in
empirical studies of dense and MoE language models (Kaplan et al.l 2020; Hoffmann et al.| |2022; |Krajewski
et all |2024; Ludziejewski et al.| [2025). The fact that the two estimates of 5 remain broadly consistent
nevertheless supports the qualitative validity of our theoretical exponents.

Table 1: Intrinsic Dimension (ID) Summary across Models and Datasets. The ID estimates remain
remarkably stable across different model sizes for each dataset. For the subsequent scaling analysis (Figure
and , we chose the following median ID values for each dataset: d = 32 for WikiText-103, d = 45 for
OpenWebText, and d = 23 for TinyStories.

Model (number of parameters) Tinystories Wikitext-103 OpenWebText
Mean (CI) Median | Mean (CI) Median | Mean (CI) Median
gpt2 (117 million) 229+29 23.1 31.6+29 324 46.7+£6.2 49.8
gpt2-medium (345 million) 214+1.1 21.9 31.6+1.7 32.9 43.7+2.6 45.0
gpt2-large (774 million) 22.1£0.9 22.4 31.5+1.6 32.1 44.7+2.6 47.7
gpt2-x1 (1558 million) 19.7+£ 0.6 19.6 30.3+1.0 31.1 43.0+1.7 43.9
Values Adopted for Scaling Analysis
Chosen d (Median ID) d=23 d=32 d =45
Best-Fit B~1.0 B~1.0 B~10-1.5

Experimental setup. We operate in the small/medium regime to allow dense sweeps of the capacity grid.
Unless noted otherwise, we use sequence length ¢ € {128,256}, m = 4 attention heads, AdamW, and learning
rate 3 x 10~%. Model scaling varies (L, dg) over a broad grid and explores several MoE configurations (M, k).
Data scaling uses a representative architecture and varies the token budget D over 5 x 10*-8 x 10°.

We evaluate three regimes mirroring the theory: (i) model scaling, where we estimate the exponent ay by
regressing log L on log Neg; (ii) data scaling, where we regress log L on log D to extract ap; and (iii) routing
ablations, where we vary (M, k) to isolate the routing combinatorial term Lp¢klog(eM/k) and identify the
crossover from routing-dominated behavior to the power-law regime.

5.2 FITTING EXPONENTS AND COMPARING TO THEORY

In all scaling experiments, we worked in the regime where routing overhead was either small relative to
the validation loss or explicitly accounted for. When necessary, we fit a small loss floor ¢ such that we
performed regression of log(L —¢) on the relevant variable (log N, for model scaling or log D for data scaling).
From these fits, we extracted the empirical exponents (ay,ap). We compared these empirical exponents
to the theoretical predictions (an,ap) derived from the Intrinsic Dimension (ID) theory. Specifically, the
theoretical exponents are calculated using the chosen intrinsic dimension d and the scaling exponent 5. The
best alignment of the empirical fits with the theoretical lines (as shown in the sensitivity plots of Figure
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Figure 1: Data Scaling Results (Fixed d, Varying /). Empirical validation of the Data Scaling Law
(loss vs. data size, D) across different datasets, where the slope (power law exponent «p) is compared against
theoretical lines derived by fixing the dataset-specific intrinsic dimension d and varying the exponent 5. The
subfigures show: (a) OpenWebText (OWT) dataset, with the empirical fit aligning best with § = 1.5. (b)
TinyStories dataset, aligning best with 8 = 1.0. (¢) WikiText-103 (WT-103) dataset, aligning best with
B=1.0.

and [1|) was used to determine the scaling exponent 8. The theoretical scaling predictions, summarized
in Table [2| confirm two key findings: first, the empirically fitted exponents (an, @p) align closely with the
theoretical predictions (ay, ap) derived from the Intrinsic Dimension framework using a consistent scaling
exponent 3 ~ 1.0 — 1.5; and second, the exponents satisfy the crucial internal consistency identity for the
compute-optimal frontier, ap = ﬁg}v, demonstrating that the theoretical ap values are in close proximity
to the calculated an /(1 + o) values, thereby supporting the unified theoretical relationship between model
and data scaling.

Table 2: Theoretical Exponents derived from the Chosen d and .

Dataset Chosen d | Best-Fit 3 - Theoreticz;a;l Exponeflts . Einpirical Exgonents
aN =7 | ap = 5505 Consistency oo an ap
WikiText-103 32 1.0 0.063 0.059 0.059 0.060 0.058
OpenWebText 45 1.0 0.044 0.043 0.042 0.045 0.043
OpenWebText 45 1.5 0.067 0.062 0.063 0.068 0.062
TinyStories 23 1.0 0.087 0.080 0.080 0.085 0.081

6 DISCUSSION AND LIMITATIONS

Our results suggest a simple mental model for MoE design: treat active per-token capacity as the main driver
of accuracy, and view routing as an overhead to keep modest. In practice, this means budgeting first for the
parameters actually used on each token, and only then adjusting the expert pool and gating so that routing
remains stable and inexpensive. When this balance holds, we observe dense-style scaling behavior measured
against active capacity rather than total parameters. Our experiments on TinyStories, WikiText-103, and
OpenWebText support this view: the fitted model- and data-scaling exponents are well explained by the
intrinsic-dimension theory, and the observed routing effects match the predicted logarithmic dependence on
the expert pool size. At the same time, the constants in our bounds are conservative, and the empirical
regimes we probe are still far from the asymptotic limit. Three design levers matter most: (i) activation
sparsity (how many experts fire per token), (ii) the size and granularity of experts, and (iii) the amount of
routing diversity allowed before it starts to dominate training. Concretely, avoid expert pools that dwarf the
number of activated experts; monitor route entropy and token—expert load balance during training; and, for
long contexts, reduce activation to keep routing stable.

Threats to validity. These guarantees rest on uniform assumptions: data on a compact C' d-manifold,
f € CP(M), bounded outputs, pre-norm blocks with ReLU experts, and hard k-sparse routing analyzed
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Figure 2: Model Scaling Results (Fixed d, Varying /). Empirical validation of the Model Scaling
Law (loss vs. active parameter count, N,.) for different datasets. For each plot, the dataset’s intrinsic
dimension d is fixed (e.g., d = 45 for OWT) and theoretical lines are plotted for varying 8. The theoretical
scaling exponent is ay = 23/d. The empirical fits align best with the following theoretical exponents: (a)
OpenWebText: best alignment with 8 = 0.5. (b) TinyStories: best alignment with 8 = 0.5. (¢) WikiText-103:
best alignment with § = 0.5.

via fixed routing patterns and a union bound. Such covering-number arguments are worst-case and may be
loose compared with data-dependent complexities; they also abstract away optimization (SGD dynamics,
label noise) and potential specialization gains from large M that can improve constants without changing
exponents. Soft gating, load-balancing losses, and pathwise route diversity primarily shift constants and the
routing term. Sharpening the theory likely requires (i) routing-aware localized complexities (e.g., entropy of
observed routes), (ii) smoother gate stability bounds with temperature/regularization, and (iii) compute-aware
analyses that include step count, batch size, memory, and communication costs.

Scope limitations. We use theoretical FLOPs as a platform-agnostic proxy for cost. This omits memory
bandwidth, communication, kernel fusion, parallelism, and systems effects that often dominate wall-clock.
Our bounds target regression-style squared loss; cross-entropy, instruction tuning, and RLHF may show
different constants or crossovers. Inference-time considerations (latency, cache locality, quantization) are also
outside scope, though they can reshape the practical Pareto frontier.

When the simple rules can break. Routing can dominate in small data regimes, with very long sequences,
or when the expert pool is much larger than the number of activated experts. Soft/temperature-controlled
gating, auxiliary load-balancing losses, and non-separable interactions between data size and active capacity
may also shift constants and move the crossover points. In all these cases, monitoring route entropy, per-expert
utilization, and stability metrics is essential.

7 CONCLUSION

We developed a theory of MoE generalization and scaling that cleanly separates active per-token capacity from
routing combinatorics. On the capacity side, a covering-number analysis yields a constructive approximation
bound and a uniform generalization bound whose excess risk decomposes into Nc_ﬁ»zﬁ/ d (approximation),
Nactive/n (estimation), and Ryoute/n (routing). From these we derive neural scaling laws that mirror dense-
model exponents but are measured against active parameters. The theory predicts k* =< n® (26+4) and shows
that enlarging M at fixed k changes rates only logarithmically via routing, motivating designs with M = ©(k)
and modest routing on long sequences. We complement this analysis with empirical validation on three
MokE language models trained on TinyStories, WikiText-103, and OpenWebText: we estimate the intrinsic
dimension d and smoothness 5 and show that the fitted model- and data-scaling exponents closely follow the
predicted power laws. Empirically, trends reported by Joint MoE Scaling Laws (JMSL) and recent EL-based
studies align with these prescriptions: (i) the ratio of data-to-model exponents grows with expertization,
indicating amplified data efficiency at fixed active capacity; (ii) compute-optimal allocations shift toward
more tokens per active parameter as E increases; and (iii) efficiency gains accrue primarily from scaling active
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capacity while keeping routing manageable. Practically, this translates into simple rules of thumb: scale data
and active parameters jointly, keep log(eM/k) = ©(1), operate near k*, and mitigate routing costs on long
sequences (e.g., via gate sharing or smaller k).

Future work and Outlook. Promising extensions include replacing crude routing complexity terms
(e.g., log|II|) with data-dependent measures based on the entropy or compressibility of observed routes and
modeling specialization gains to explain how enlarging M at fixed k improves approximation constants via
expert diversityOverall, the path forward is sharper, data-dependent routing analytics and optimization-aware
compute models, turning our high-level message scale active per-sample capacity while keeping routing
overhead modest into predictive, design-ready scaling rules for sparse Transformers.
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A EMPIRICAL VALIDATION ON MOE TRANSFORMER LLMs

This section provides a detailed description of the architectures, hyperparameter grids, and scaling protocols
used to empirically validate the theoretical predictions. Our goal is to cleanly isolate the roles of (i) effective
model capacity, (i) dataset size, and (iii) routing combinatorics in MoE Transformers.

A.1 DATASETS.

We consider three publicly available text corpora with varying complexity and intrinsic dimension: Stories /
TinyStories is a corpus of short, synthetically generated children’s stories, following (Eldan & Li, [2023).
This dataset is known to lie on an intrinsically low-dimensional manifold, and has been used in prior work
on theoretical scaling laws for Transformers. WikiText-103 is a curated subset of English Wikipedia
articles (Merity et al.; 2016)), commonly used for language modeling. It provides a medium-scale, moderately
heterogeneous domain. OpenWebText is an open recreation of the WebText corpus (Gokaslan & Cohen)
2019), constructed from outgoing Reddit links. It is substantially larger and more heterogeneous than
WikiText-103, with higher intrinsic dimension. For each corpus we extract a plain-text training stream (one
document per line). For scaling experiments we sub-sample the stream to match the desired token budgets.

A.2 INTRINSIC DIMENSION ESTIMATION (EXTENDED DESCRIPTION)

The intrinsic dimension (ID) of a representation manifold quantifies the effective degrees of freedom of the
learned features. To estimate the ID of transformer representations, we employ the Levina-Bickel Maximum
Likelihood Estimator (MLE) (Levina & Bickel, 2004)), which models the local likelihood of k-nearest-neighbor
distances on a smooth manifold. Compared to the TwoNN estimator, which relies only on the ratio of the
first two nearest neighbors, the MLE approach uses the full local neighborhood and exhibits substantially
lower variance in high-dimensional settings an essential property when studying large language models.

We extract hidden states from each block of a pretrained GPT-2 model (gpt2-medium) by sampling tokens
from a large text corpus. For each layer ¢, we compute all pairwise distances to its k nearest neighbors using
FAISS in 32-bit precision, and apply the MLE estimator to the resulting distance matrix D,. The estimation
pipeline is repeated for multiple random subsamples to mitigate sampling noise; we report the median MLE
estimate for each layer, along with the median absolute deviation (MAD) as a robust measure of
uncertainty.

Following established practice in intrinsic-dimension analyses of deep networks, we summarize the model-
level intrinsic dimension using the middle layers 40-60% depth). Shallow layers typically show inflated
dimensionality due to local embedding variation, whereas deeper layers tend to collapse. This procedure
yields stable and reproducible ID estimates that are consistent with theoretical predictions from neural scaling
laws, allowing us to define a characteristic ID (d) for each corpus that captures its inherent complexity, as
summarized in the depth curves (Figure [3)) and the scaling law fits (Figure [4)).

A.3 MODEL FAMILY: MOE DECODER-ONLY TRANSFORMERS

All experiments use a causal decoder-only Transformer with Mixture-of-Experts (MoE) feed-forward layers.
Each model consists of token and positional embeddings, followed by Lp Transformer blocks. Each block
contains:

o Self-attention: multi-head attention with m heads, model dimension dy,oq4e1, causal masking, and standard
projection matrices.

e MOoE feed-forward network: a routing network selecting the top-k experts (hard top-k gating). Each
expert is an MLP with hidden width dg and a GELU nonlinearity. Outputs of the selected experts are
combined via a softmax over routing logits.

The active parameter budget per input,
Neg = Lt (Hattn +k chp)a

counts only the parameters that contribute to computation for a given token. This is the quantity that appears
in our approximation and covering-number bounds, and serves as the scaling variable in model-capacity
experiments.
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Figure 3: Intrinsic Dimension (ID) Evolution Across Model Depth. The plots show the Maximum
Likelihood Estimation (MLE) of the Intrinsic Dimension, d, calculated for the representations at each layer
of the four GPT-2 models (varying size). The ID remains stable across different model sizes for a given
dataset but varies significantly across data corpora. (a) OpenWebText (OWT): Shows the highest intrinsic
dimension, reflecting its diverse and complex nature. (b) TinyStories: Exhibits the lowest intrinsic dimension,
consistent with its synthetic, simple structure. (c¢) WikiText-103 (WT-103): Has an intermediate intrinsic
dimension.
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Figure 4: Intrinsic Dimension Scaling Law: d versus Number of Parameters (N). The plots

show the relationship between the Average Intrinsic Dimension (d) (log-log scale) and the Number of
Parameters () across the four GPT-2 model sizes for each dataset. This relationship is modeled as a

power law, d ~ N B, where the slope of the linear fit determines the ID Scaling Exponent 3. The results
demonstrate that d exhibits weak or negligible scaling with model size across all three corpora.

A.4 HYPERPARAMETERS AND CAPACITY GRIDS

We operate in the small-to-medium compute regime to allow dense parameter sweeps and low-noise log—log
regressions. Unless otherwise stated, we use:

o sequence length ¢ € {128,256},
e m = 4 attention heads,
o AdamW with learning rate 3 x 10~* and weight decay 0.1.

Model-scaling grid. To vary the active capacity over 1-2 orders of magnitude, we sweep
(Lr,dg) € {2,3,4,5,6,8} x {256, 384, 512, 640, 768, 896, 1024, 1280, 1536},

combined with MoE configurations M € {4,8,16} and k € {1,2}. We avoid extremely large M or k to remain
within GPU memory while still covering a wide range of effective capacities.

A.5 SCALING PROTOCOLS

We run three classes of experiments that map directly onto the theoretical decomposition of the generalization
bound.
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(1) Model scaling. For a fixed dataset, we train all models in the sweeping grid under a common token
budget Dgyeq. After convergence, we record the validation loss L and fit a linear regression of log L versus
log Nog over the region where routing is negligible. The slope yields the empirical model exponent ay.

(2) Data scaling. We choose a representative “base” architecture (e.g., Lt = 4, dmodel = 128, dg = 512,
M =8, k = 2) and vary the number of training tokens

D e {5 x10% 10°, 2 x 10°, 4 x 10°, 8 x 10°}.

For each value of D we adjust the number of optimization steps to keep the total token budget fixed. A
regression of log L on log D yields the empirical data exponent ap.

(3) Routing ablations. To isolate the influence of routing combinatorics, we fix both the base architecture
and the token budget, and vary the expert configuration according to

ke{l1,2}, M € {2k 4k, 8k}.

For each (M, k) pair we train a model, record its validation loss, and compute the theoretical routing term
Lrlklog(eM/k). Plotting loss against this term reveals the routing-dominated regime and the predicted
crossover into the power-law region governed by (Neg, D). The models considered in this part are listed in
Table [3]

Lt dff Nact dmodel TMheads M k
2 256 3,148,800 512 4 8 2
2 384 3,673,600 512 4 8 2
2 512 4,198,400 512 4 8 2
2 768 5,248,000 512 4 8 2
2 1024 6,297,600 512 4 8 2
4 256 6,297,600 512 4 8 2
4 384 7,347,200 512 4 8 2
4 512 8,396,800 512 4 8 2
4 768 10,496,000 512 4 8 2
4 1024 12,595,200 512 4 8 2
4 1536 16,793,600 512 4 8 2
6 768 15,744,000 512 4 8 2
6 1024 18,892,800 512 4 8 2
8 1024 25,190,400 512 4 8 2

Table 3: Model configurations used in the scaling experiments for each data set. Each row
corresponds to a distinct Transformer-MoE model used in the model-scaling sweep. The effective active
parameter count N,. varies with the number of layers and FFN width, while dyoqe1 = 512, Nheads = 4,
M =8, k =2, and sequence length ¢ = 256 are held fixed.

B  EXTENDED RESULTS: EMPIRICAL COMPARISON TO PRIOR MOE SCALING LAwsS

We align our theoretical exponents model scaling with the empirical laws reported in EL (Tian et al.| |2025])
and Joint MoE Scaling Laws (JMSL) (Ludziejewski et al., [2025). In the power-law (routing-negligible) regime,
our theory implies two parameter-free identities that can be checked directly:

theory theory
atheory _ N atheory _ QN (18)

D - theory’ C - theory
1+ ay 2+ ay

Accordingly, we test our theory by comparing empirical exponents to these identities, without estimating the
intrinsic dimensionality.

We align our theoretical exponents model scaling ay, data scaling ap, and compute scaling ac with the
empirical laws reported in Joint MoE Scaling Laws (JMSL) (Ludziejewski et al., [2025)). They supposed that,
for a fixed number of experts F, the validation loss follows a Chinchilla-style surface

L(Naet, D|E) = m(E)NME) 4 n(E)D"®E) 4 ¢, (19)

act

17



and then introduces an expert-dependent joint law by making both the prefactors and exponents functions of
E (ultimately via a smoothed F). Concretely,

L(Naet; D, ) = a B2 NF ™ 4 p o pFreme o, (20)

act

which reduces to equationwhen E is held fixed, with (E) = a+vIn E and v(E) = +¢In E. (Ludziejewski
et al. 2025) provides fitted coefficients, per-E reduced exponents, and a compute-optimal analysis under the
training-FLOPs proxy F = 6 N,y D. We adopt Their counting conventions for active parameters and FLOPs
when fitting/reading off exponents. From their per-expert reduction (their Eq. (5) and Table 4), we read
exponents u(E) and v(E) and map
an(E) = —u(E), ap(F) = —v(E).

JMSL reports that as E increases the magnitude of v(FE) increases (improved data efficiency) while |u(E)|
slightly decreases. The resulting values and the induced compute exponent are summarized in Table [4

Compute-optimal frontier and induced a¢. On compute-optimal slices with the constraint F' = 6 N, D,
the separable form equation [19]implies closed-form optima (JMSL Eq. (9)):

v(E) w(E)
NEEE B) = G(E) (£) T Do) = ey (£)T
for a known G(E) depending on m(E), n(E), u(E),v(E). Along this frontier, the compute scaling exponent is
anv(E)ap(E
ao(p) = N anlY) 1)

an(E) + ap(B)
We use JMSL’s F-proxy and the per-E (u,v) to report &¢(F) and to compare the token-to-parameter ratio
drift with £ (JMSL’s Finding 1).

B.1 OUR THEORY = EMPIRICAL MAPPING AND CONSISTENCY CHECKS

Theoretical exponents. In the power-law (routing-negligible) regime, our theory predicts

atheory — % O[them"y — 2/8 atheory _ ﬂ
N d’ b 284 d’ ¢ B+d
This implies two parameter-free identities that can be checked directly against JMSL:
theory atheory atheory atheory
a%eory _ N atéleory _ N — N D (22)

theory’ theory theory theory
1+ ay 2+ ay ay +ap

Thus, for each expert count E, a simple test is whether the empirical pair (éx(E), &p(E)) approximately
satisfies &p ~ an /(1 + an), and whether 4o (E) computed from equation [21| aligns with the right-hand
identity in equation [I8] Deviations quantify where practice departs from the smooth-manifold asymptotics
(finite-sample regime, tokenization/entropy floors ¢, training schedules, or mild routing side-effects).

B.2 PER-FE IDENTITY CHECKS

For each expert count F, we compare the empirical pair (éz ~N(E),ap (E)) against the parameter-free identities

pred _ dN (E) pred _ OAZN (E) _ aN (E) a%red(E)
@ (F) )= 5 anE) an(E) + ap*(E)

D - 1+6¢N(E)7 e '

Defining residuals
rp(E) = ap(E) — aB*Y(E),  rc(E) = ac(E) — af*(B),

we observe systematic, monotone-positive deviations across (see Table [4]). Quantitatively, the mean absolute
error is MAE[rp] = 0.083 and MAE[r¢] = 0.0186, with MAPE[rp| = 58.7% and MAPE[r¢] = 24.2%.
Both gaps grow with E: (rp,rc) =~ (0.043,0.011) at E=1 —  (0.130, 0.026) at E=32. Equivalently,
Figure [ba] show that the ratio &p /&y increases with E (from ~ 1.08 at E=1 to ~ 1.70 at E=32), indicating
stronger-than-idealized data-side gains.

A parsimonious correction that captures the trend is an E-dependent amplification of the identity,
. an(E)
ap(F) ~ k(F) ——=,

with empirical multipliers (1) ~1.28, k(2)~1.37, k(4)~1.47, k(8)~1.62, k(16)~1.79, x(32)~1.97. A

log-linear form x(E) = A + Bln E provides a simple, testable fit (see [5b).

K(E) > 1,
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E w(E) v(E) aN ap ac a%red oﬁc’fed rD rc relerrp rel_errc
1 -0.1817 -0.1965 0.1817 0.1965 0.0944 0.1537 0.0832 0.0427 0.0111 0.2779 0.1335
2 -0.1780 -0.2065 0.1780 0.2065 0.0955 0.1511 0.0817 0.0553 0.0138 0.3666 0.1697
4 -0.1731 -0.2192 0.1731 0.2192 0.0967 0.1475 0.0796 0.0716 0.0170 0.4855 0.2142
8 -0.1676 -0.2338 0.1676 0.2338 0.0976 0.1435 0.0773 0.0902 0.0203 0.6287 0.2625
16 -0.1617 -0.2494 0.1617 0.2494 0.0980 0.1391 0.0748 0.1102 0.0232 0.7917 0.3114
32 -0.1557 -0.2652 0.1557 0.2652 0.0981 0.1347 0.0722 0.1304 0.0258 0.9684 0.3582

Table 4: Per-E identity checks.We set ay(E) = —p(FE) and ap(E) = —v(E). The compute-optimal exponent

isac(E) = % Predicted exponents use ofged =ay/(1+ay) and O}ged =ay/(2+ay). Residuals

d d .
are rp = ap — o) and r¢ = ac — an; relative errors are r/pred.
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Figure 5: Empirical amplification patterns and cross-budget fits.

Compute-optimal allocation vs. experts. JMSL reports compute-optimal allocations
(N (F,E),D*(F,E)), allowing us to test our predicted tokens-to-parameters drift. — Our theory
(via equation imposes a fixed relationship between the model and data exponents, and along the compute
frontier (F = 6N, D) it implies the loss—compute exponent equation Empirically, JMSL finds that, at
fixed compute F, increasing the number of experts E raises D* and lowers N (Table 1 and isoFLOPs
plots), consistent with a larger effective data exponent at higher E. This pattern appears directly in Fig.
the ratio D*/N* increases monotonically with E for every budget C, meaning the compute-optimal allocation
shifts toward more tokens per active parameter as expertization grows. Moreover, the slope of D*/N* versus
E becomes shallower at larger budgets (e.g., the gain from E=1-16 is roughly x4.5 at 10%° but only x3.0
at 10%1), suggesting diminishing marginal amplification with C.

Theory vs. EL (Tian et al., |2025). Empirically, Tian et al[(2025) corroborate these predictions: their
Efficiency Leverage metric (EL) grows as a power law in compute and (inverse) activation ratio while expert
granularity modulates EL via a log-polynomial term with a stable optimum; their compute-optimal allocations
favor more data and smaller active models than dense baselines, and the Ling-mini-beta case study (0.85B
active, 17.5B total) matches a 6.1B dense model at >7x lower compute consistent with our view that active
capacity drives gains and routing is a secondary, mostly constant-factor overhead (Tian et al. 2025)).

Theory vs. JMSL (Ludziejewski et al., |2025)). JMSL found that, for a fixed number of experts FE,
validation loss follows a Chinchilla-style surface and then introduces an ezpert-dependent joint law by letting

both prefactors and exponents be functions of E (via a smoothed E‘) For each F, our theory suggests
two simple checks: whether the empirical pair (an(E), &p(F)) approximately satisfies &p =~ an /(1 + an),
and whether a¢(E) computed from equation [21] aligns with the identity in equation In the JMSL data
we observe systematic, monotone-positive deviations: the ratio &p/dy increases with E (Table[4] Fig.
in appendix [B]), indicating stronger-than-idealized data-side gains, plausibly due to finite-sample effects,
tokenization/gltropy floors ¢, training schedules, or mild routing side-effects. Consistent with our compute-

frontier geometry, JMSL’s compute-optimal allocations (N

&, D*) show that D*/N* increases monotonically
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Figure 6: Empirical amplification patterns and cross-budget fits. (a) Cross-budget slopes for each E. (b)
Tokens-to-parameters drift across experts (per budget).

with F for every budget C (Fig. in appendix , i.e., more tokens per active parameter as expertization
grows, with a shallower slope at larger budgets, suggesting diminishing marginal amplification with compute.

Practical implication. At a fixed training budget C, increasing E should allocate relatively fewer active
parameters and more tokens (higher D*/N*), improving data efficiency.

C ADDITIONAL PRELIMINARIES

C.1 NOTATION AND BASIC DEFINITIONS

Sets, measures, and expectations. For a measurable space (X, ) and probability measure @ on (X, B),
we write X ~ @ for a random variable taking values in X', and E[-] for expectation with respect to . The
symbol P refers to probability.

Covering numbers and metric entropy. Let (F, p) be a metric space. An d-cover of F is a finite subset
{f1,..., fn} C F such that for every f € F there exists j € [N] with p(f, f;) < . The covering number
Vershynin| (2018) is

N(8,F, p) :==min{ N € N: 3 §-cover of F with N elements }

The (log) metric entropy is log N(57 F, p). We often use p(f,9) = ||f — 9|l -
Vectors, matrices, tensors. We use bold uppercase (e.g., H) for matrices and bold lowercase (e.g., h) for
vectors when convenient. For a vector v € R?, define the entrywise £, norm

ol = max, fo

For a matrix A € Reut*din we use two norms: [|A|| = max; ;|4

For an embedding matrix H € R¢*%m> (sequence length ¢, embedding size demp), we adopt

1H| o = ]|Ht,j|

max
tell], j€[demb

Asymptotic notation. For nonnegative quantities a,b, a < b means a < C'b for an absolute constant C;
a ~ b means a < band b < a. We write O(-) to hide polylogarithmic factors in problem parameters.

C.2 LOSS AND LEARNING RULE

Given a predictor T : X — R, the population (squared) risk under @ is
L(T) :=E[(T(X) - f(X))?] =T~ fl72(q)

Squared regression error.
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Empirically, for samples {z;}" ;, the empirical risk is

=1

Empirical risk minimization (ERM). An empirical risk minimizer (ERM) over T is any measurable
selection T}, € T satisfying
T, in L, (T
n € argmin Ln(T)

C.3 INPUT-LIPSCHITZ BOUND

There exists Li(;lense) > 1, depending polynomially on (¢, m, demp, WrrN, Lrrn) and on &, such that for all
H,H' € RtXdenb,
||Bdense(97H) - Bdense(eaH/)Hoo < L (dense) ||H H/”ooa (23)

with the schematic scaling (hiding absolute constants and activation Lipschitz factors)

L.(dense) S 1 + CLNH( émdemb + demb wéE‘FNN )
——— ———

mn

MHA sensitivity FFN sensitivity

C.4 SOFTMAX LIPSCHITZ

We work with the temperature-r softmax o, : R™ — A™~1
ew/T
or(u); = W, 7> 0.
Its Jacobian is
J+u) = - (Ding(o-(w) ~ o-(w)o-(w)T).
Lemma C.1 (Softmax is (27)~!-Lipschitz in || - ||oo). For any u,v € R™,

1
lo7(u) —or(V)eo < o llu = v]co.

Proof. By the mean value theorem, o, (u) — = [ Jr (v + t(u —v))(u — v) dt. Thus

lor(u) —or(V)lle < sup [|Jr(w)loomoo [lu = vllcc-

wE[u,v)

Row i of J(w) has entries 10;(5;; — 0;). Summing absolute values in row i:

m

1 1 2 1
Z ;Ui|6ij — 0’j| = ;(O‘i(l — O'i) + ZO’io‘j) = ; O’i(l — O'i) S Z,
j=1 J#i
since z(1 — z) < 1/4. Hence ||J;(w)]|co—oo < 1/(27) uniformly, proving the claim. O

Corollary C.2 (Row-wise softmax on matrices). Let S, S" € R**¢ and apply softmax, row-wise to obtain
A = softmax, (S) and A’ = softmax,(S’). Then

1
1A= Allloe < 5 [15 = 5'lloc-

In scaled attention, T = \/dp,, hence ||[A — A'||o < ﬁHS — 5 oo-

Remark C.3 (Row-stochastic contraction). If A is row-stochastic (each row in A*~1), then ||Alloo—soo = 1
and ||AV ||oo < ||V ]loo for any V' under operator norm. When using entrywise || - ||oo, we will also invoke the

safe bound AV || < €| Allc|[Vloo (cf. [C4)-
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C.5 MATRIX NORM IDENTITIES AND PRODUCT BOUNDS

Lemma C.4 (Basic matrix inequalities). Let A € RP*9, B € R?*" y € RY, H € R4,

(a) Operator submultiplicativity: |AB|lco—oo < ||A]lco—oco || Blloo—soo-

(b) Entrywise-to-operator: ||Allcomoo < ¢||Allce and || At||oo < ¢ || A]lco |t oo-

(¢) Products in entrywise norm: ||AB|co < ¢ ||Allco [|Blloo and |HB|loo < q||H oo || Bl|co-

(d) Row-stochastic contraction: If each row of A sums to 1 and is nonnegative, then ||Allco—oo = 1 and
[AB]lco—00 < || Blloo—soo-

(e) Hadamard product: |A® Blloo < ||Allcol| Bl -
Proof. Parts (a) and (d) follow from definitions; (b)-(c) use [|Allscmsoc = max; > ;|45 < q[|Alls and
standard norm inequalities; (e) is immediate from entrywise multiplication. O

Lemma C.5 (Scaled dot-product attention ingredients). Let H € R®*demb  and Wgo, Wi, Wy satisfy
[Welloo < k. Set Q = HWq, K = HWg, V. = HWy, scores S = QK" /\/dj, and A = softmax ,z-(S5)

(row-wise). Then
1@lloos [ loos Villoo < demb £ [[H oo,
I1Slloe < Ve den, 52 | H|3
1
|A— A < WHS — 5|0 (row-wise softmaz; [C3),
AV ||oo € | Al [[V]loo  (entrywise bound; cf.[C.3).

N

C.6 TAYLOR REMAINDER ON MANIFOLDS

Let M C RP be a compact C' submanifold of intrinsic dimension d. Fix a coordinate chart ¢ : U — V C R?
that is bi-Lipschitz with constants L, L’ > 0: L7tz — y|| < ||¢(x) — ¢(y)|| < L||z — y| for z,y € U and
similarly for ¢! on V.

Lemma C.6 (Local Taylor remainder for C? functions on M). Let f € C#(M) with 8 >0, s = |3], and
a=Lp-s€[0,1). Fiz a chart (U,¢) and a point xo € U. Let P be the degree-s Taylor polynomial of f o ¢~*
at zo = ¢(xp) in local coordinates, mapped back to M by Pyg := P o ¢. Then for every x € U,

[f(@) = Pr(@)] < C(B,d.L, L) | flesw) lé(@) = d(zo)l” < C'lIfllosw) e = wol|*.

In particular, on any chart of diameter at most r, sup,cy | f(z) — Ppm(z)| < CrP.

Proof. Apply the standard Taylor remainder in R? to f o ¢! € C#(V) and use bi-Lipschitz distortion to
convert local distance in V' to ambient distance in M; constants depend polynomially on L, L’ and on bounds
of chart derivatives. O

C.7 PARTITIONS OF UNITY WITH BOUNDED OVERLAP

Lemma C.7 (Partition of unity subordinate to a bounded-overlap cover). Let M C RP be a compact C*
manifold and fiz v € (0,1). There exists a finite cover of M by open sets {U,}_; such that: (i) diam(U,) < r,
(ii) each x € M belongs to at most so(d) sets (bounded overlap), and (iii) a C> partition of unity {p,}_;
subordinate to {U,} with 0 < ¢, <1, > ¢,(x) =1 for all x, and the Lipschitz bound

Voo (x)] < @ for allz € M and all v.

Consequently, at every x at most so(d) of the p,(x) are nonzero.

Proof. Step 1: A bounded-overlap cover by small balls. Work with the metric induced on M by the
ambient Euclidean norm on R”. Since M is compact and C*, there exists a finite atlas {(V}, ¢;)}7_, such
that:
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e each ¢; : V; — R? is a bi-Lipschitz chart onto its image, and

« on each V; the volume of metric balls is comparable to that of Euclidean d-balls in R? (with constants
depending only on d and the chart regularity).

Fix a small radius p > 0 proportional to r (we will specify it below), and choose a mazimal p/2-separated set
{z, 0, C M, ie.,

|z, — x|l > g for all v # p,

and the union of balls B(x,,p) (intersection with M) covers M. Such a set exists by a standard greedy
argument: repeatedly add points that are at distance at least p/2 from all previously chosen ones until no
further point can be added.

Define
U, :=B(z,,p) N M

By construction, {U,}2_; is an open cover of M. Choosing p < r/2 ensures (U,) < r.
We now show that the overlap multiplicity is bounded. Fix any x € M and consider the index set
Iz)={v:zeU,}={v:|z -z < p}
For each v € I(x), the balls B(x,, p/4) are pairwise disjoint (by p/2-separation) and all lie inside B(z,2p):
B(2,,p/4) C Bz, p+ p/4) C B(x,2p)

Using the chart bi-Lipschitz property and volume comparability on M, there exist constants cj,co > 0
depending only on d and the atlas such that for any ball By (y,t) in M (with respect to the induced metric),

et < Voly, (BM(,%t)) < eot?

Hence, the volumes of the disjoint balls { B(z,,p/4)},er(z) satisfy

()] - cr(p/D)* < > Voly (B(xw,p/4)) < Voly (B(x,2p)) < c2(2p)"
vel(x)
Therefore (20
c2(2p
I(z)] < ————— = (C(d) for some constant C'(d),
[(z)] < o (/A7 (d) (d)

depending only on d and the chart regularity. Setting so(d) := C(d) yields the bounded-overlap property:
each z € M belongs to at most so(d) of the sets U,.

Step 2: Smooth bump functions subordinate to the cover. Let i : R” — [0, 1] be a fixed C> bump
function such that:

For each v, define

n(z) =1if 2| <1/2,  n(z) =0if[[z| =1,  [[Vn(z)]| < Co(d)
Yy (x) =

(w—xl,) , reM
p
Then ¢, € C*(M), ¥, (x) € [0,1], and

@) =1 iffe—al <5 G@) =0 iffe—l=p

3

Hence supp(v,) C U,, i.e., each 9, is subordinate to U,. Moreover,

x ;v,,) Co(d
| <
p

Because the balls B(z,, p/2) cover M, for every x € M there exists at least one index v with ||z — z,|| < p/2,
hence v, (x) = 1. Therefore

Vol = 3] a

zzwu(:ﬂ) > 1 forallze M.
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On the other hand, for each fixed z, at most so(d) of the 1, (x) are nonzero (because v, vanish outside U,
and the U, have overlap at most so(d)), and each 9, (z) < 1, so

1 < S(z) < so(d) forall z € M.
Step 3: Normalize to obtain a partition of unity and bound gradients. Define

ou(z) == b(@)

M
S(x) s x €
Then each ¢, € C*(M), 0 < ¢, <1, and

N | N
;qﬁy(m) = %;wy(x) =1 forallz e M.

Moreover, supp(¢,) C supp(¢,,) C Uy, so {¢,} is subordinate to the cover {U,}.
We now bound the gradient. Using the quotient rule,

N
Thus .
V6, ()] < [V ()] S(wgzrxl;fu(w)l [VS()|l
Ve ()] | IVS@)]
=75 T S@)e

We already know 1 < S(z) < so(d); hence 1/S(x),1/S(z)? < 1. Also, for each z, at most sy(d) functions 1,
are nonzero, so

Ivs@)l = | veu@| = X IVeu@Il < sold)-
I3 withy ()70
Combining these bounds gives
C()(d) + S()(d)C()(d) < C(d)
p P P
for some constant C'(d) depending only on d and the atlas. Choosing p proportional to r (e.g., p = 7/2 as
above) yields

Ve, (2)]| <

C(d)

r

Vo ()] <

Finally, since at most so(d) of the ¢, (z) are nonzero at any z, the same holds for the ¢, (z), and the
“consequently” statement follows. O

Remark C.8 (From partition of unity to k-sparse mixing). Since at most so(d) functions are nonzero at
any x, choosing k > so(d) allows a router to implement a k-sparse mizture ¢ g,y Wy () Ey () with weights

wy, = ¢, (or an approximation thereof), as used in the approrimation construction.

C.8 USEFUL NORM CONVERSIONS FOR ATTENTION CHAINS

For attention chains H +— Q+— K+ S+ A O = AV, combining Lemmas[C.4|[C.5| and [C.2]yields the schematic
bounds used in the main text:

1Q = Qlloos 1K = K'llocs IV = Vlloo < demb i |[H = H'lloo + demp [[We = Welloo [ H'[| oo,

15 = 8'lloe SV @2, 5(1Q = @lloe + 1K = K|l
1
2/dj,
||AV - A/V/Hoo < HA - A/Hoo%oo ”V”oo + ||A/Hoo%<>o HV - V/Hoo N HA - AI”OO ”V”oo + HV - V/Hom

~

|4 = Al

IN

15 = 5 lloo>

attention change value change

using || A’||co—c0o = 1. These estimates justify the polynomial dependence on (¢,m, demp, k) that appears in
the MHA stability bound.
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D FuLL MODEL SPECIFICATION

Definition D.1 (Dense Transformer Block). We define the dense residual block based on the canonical
Transformer structure| Vaswani et al.| (2017). Let the input to block j be H € R**demv with tokenwise £o-bound
|Hl||oo < My. The block maps H — Hoyy via the sequential steps:

H=H + MHAy(H), (24)
How = H + FFN(H), (25)
where 8 = {1, x} collects all block parameters.

Layer Normalization (LN) [Ba et al.| (2016]). For each token t € [{],

Hy — p(Hy)1 d
LN, g(H) = v© + B, , 3 € Rfemb
~,8(H)t v 72 (H,) + ¢ B v, B
with learned scale/shift (v, 8) and small e > 0. We will use the uniform magnitude bounds
Yoo <5, Blloc <5 (26)

Multi-Head Self-Attention (MHA). Let the number of heads be m, and the per-head key/query/value
dimension be dj, (so dy = d,, = dp) such that md, = demp. The input to MHA is H. For head h € [m] we
have projections

QW =nmw, KW =mwl, v®-—gwd, — w w W e Rl

scores S = ﬁQ(h)(K(h))T € R row-wise AW = softmax(S™), head output O = AWV (h) ¢ Réxdn
and
MHA(H) = [Concat] ;O™ Wy, — Wo € ROmdn)xdemn

We assume the uniform parameter bounds

h h h
WS Nloos IW P loos IWE oo, Wollw < & (27)

Positionwise Feed-Forward Network (FFN). We use an Lypn-layer MLP applied tokenwise. Let
widths be at most Wgpn. For £ =1,..., Lrrpn and token t,

2V = (M), 2 = oW )

with activations o (ReLU/GELU), W) ¢ RWrenxdems J7(6) ¢ RWrrN<WreN for 9 < ( < Lppy — 1, and
WEkrrnN) g RemoxWreen - bigses b are conformal. The FFN output is FEN, (H); = z,gLFFN), and we assume

IWOlloo <y 16 oe <k, €=1,... Lern (28)

Output bound and architectural polynomial. We assume the block output is uniformly bounded
by || Bdense(?; H)|lco < R for all admissible § and ||H || < M, [Havrilla & Liao| (2024); |Chen et al.| (2022)).
Constants in our bounds will be expressed via a fixed architecture polynomial

Péiicelilse) = poly (¢, m, demb, WrrN, LrFN)

Hypothesis classes. We consider a hypothesis class T of predictors. In this paper, T is either the dense
Transformer class (D.1)) or the MoE class Tyor (D.2)). We always assume supper || T]|cc < R.

D.1 MOoOE TRANSFORMER

Definition D.2 (MoE Transformer Class). Fiz ambient input dimension D, sequence length £, embedding
dimension demy,, number of heads m, number of Transformer blocks Lr, number of experts per MoE layer M,
and top-k activation per token. Let Lrpn and Wypn denote the depth and width of each expert MLP (and
of the non-expert FFN). Let kg > 0 bound the magnitude of all learned scalar parameters and let Ryax > 0
bound the output of the final block.

The input is a sequence x = (x1,...,x4) € X C R>P with ||x|| < My. It is mapped to token embeddings
H©) = E(z) + PE € R by a bounded embedding map E and a fized positional encoding PE.

25



Sequential MoE Block. Let the input to block j be H(j_l_) € R*demv qith tokenwise (o -bound
|HU=Y|| o < My. Forj=1,..., Ly, the block maps HU=1) s HY) wia the following sequential steps, where
LN; and LNy denote layer normalization:
1. Self-Attention Sub-block:
HU-D = gG-1 4 MHA (LN1(H(j_1)))
2. MoE/FFN Sub-block (Tokenwise): The output HU=Y s then passed through an FFN path which

is a composition of a non-expert FFN and an expert mizture (MoE).

qO — gl-Dn + FFN;?X (LNZ(ﬁ(jfl)))

Here FFN;;X(H) denotes the combination of the non-expert FFN and the MoE:

FENT™(H) = FENL2"P(H) + MoEY(H)

non-expert FFN expert mizture
The total scalar parameters for the FEN path are X; = (X;jnonexp: @j)-

Here LN is tokenwise LayerNorm (Ba et al., |2016) with learned (v, 8) € RE | MHAy, is standard multi-head
self-attention with m heads and per-head size dp, = demp /m; FENI"P s o tokenwise MLP of depth Lypx

Xj,nonexp
d

and width Wepn mapping RS — RE . All their scalar parameters are collected in ; and ;.

Experts and router. FEach block j has M experts {Em}fvil, each a tokenwise MLP Ej; : Rgmb — R¢

emb

of depth Lrpy and width wppy sharing the same architecture. For a token t € [¢], let Zt(j ) — Ht(j D e Re

i emb
be the MoE input. The router in block j computes logits gj,i(Zt(] )) for ¢« € [M] (by a bounded parametric
map) and selects the hard top-k index set

S,J(H(j—l)) c [M], |Sj7t(H(j_1))| =k
consisting of the k largest logits. The MoE output at token ¢ is then the k-sparse mixture
MoED(ZD), = 37 w2 B Z), wia(27) 20, 30 wiuz)=1 (29)
€8 (HG-D) =

with router weights w; ; restricted to the selected indices.

Readout and parameter set. A fixed linear readout R : R**%em> — R produces the scalar prediction

To(z) = R(HED).

We define the MoFE Transformer network class as the set of all functions

Tymor (D, M, k, L1, LFpN, WFEN, demb, M, K, R) = {Te X =R ‘ 10]lcc < &, [[Th]|oo < R} (30)

D.2 PER-BLOCK PARAMETER COUNTS (DENSE BASELINE).
Ignoring biases for clarity and taking the standard choice dj, = demp/m:

dens
Hgtfnbe) = 3dembdhm + (mdh)demb = 4dzmbv
Wq Wk, Wy Wo

d
H;‘F?lr\llse) = demp WrEN + (Lrpn — 2) Wipny + WFEN demb = 2 domb WEFN + (LFFN — 2) WhpN,

. With biases, add 3mdj, + demp (attention) and wppn(Lrppx — 1) + demp (FFN).
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Parameter-Lipschitz (baseline). For two parameter sets 6,60’ with |6 — 6’| < 1 and fixed input H,
dens
||Bdense(97 H) - Bdense(ala H)Hoo < Oélfcke) (émdzmb + demb w#ﬁFNN) k1 (31)

obtained by summing the MHA and FFN parameter-perturbation bounds (each applied after LN) and
absorbing LN perturbations into constants. These two baseline inequalities equation [3I}equation 23] are the
dense counterparts of the MoE block bounds where the FFN sensitivity term gains an additional factor &
from the k active experts.

D.3 ROUTING PATTERNS.

For each block j € [Lr] and token ¢ € [¢], the router chooses a k-subset S;, C [M]. A routing pattern is the
collection

T = {Sj7t C [M] : |Sj7t| =k j=1,...,Lyp, tZl,...,E}
Let II denote the set of all such patterns. Its cardinality is bounded by

| < (Gj))w —  log|ll < LTéklog<%) (32)

using (]\kd) < (e M/k)k. For a fixed 7 € II, denote by T, C Taor the subclass with deterministic routing equal
to m. Then

Twee = |J 7o

mell

E PROOF OF THEOREM [3.3]

Assume supper,  ||T]|eo < R and || f|loc < R. Let T,, € argmingers,. . Ln(T) be an ERM for squared loss
L(T) = E[(T(X) — f(X))?]. Then for any cover scale 6 € (0,1), via the standard bias—variance decomposition
described in lemma we have the following inequality

A log N(6, Tntok, || - lloo)
. 2 < . . 2 2 ’ oE> oo
E(Ifn - fls@) <3, 0uf IT- /% + CR <\/ ! + 4 (33)
for an absolute constant C' > 0. Equivalently,
N logN(5 TMoE H . ||oo)
2 . 2 9 )
E[ITn — flxo) S ,duf 17— fI% + : +3 (34)
where < hides universal constants and a factor R?.
Now it remains to bound the two terms of B4l The first is bounded in theorem B] as:
inf |7 — f||2, < € 35
pf T = fllse < € (35)
The second terms is bounded using the cover number from lemma [3.6] as follows
CorkRM, eM
log N(8, Tatogs || - [loc) < Ci (Hattn + LTkHexp) log(%) + CsLrlk log(T) (36)
Combining equation [35] and equation [53] yields to the desired inequality
. ~( N + Lylklog(eM/k)
E[|T — flF2@)] < 0<N 2+ . (37)
O
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Lemma E.1 (ERM bound via symmetrization and covering numbers). Write

n

L) =T = ey and  La(T) = 5 3 (T(ai) - f(ai)*

Fiz 6 € (0,1) and let G be a minimal §-net of Tavor i || - ||oos S0 |G| = N(6, Tatos || -+ |loo) and for all T there
exists G € G with |T — Gl|c < 0.

(i) Lipschitz transfer from predictors to losses. For any a,b,c € [-R, R],
l(a—c)* = (b—¢c)?| = |(a—b)(a+b—2c)| <4R|a — b|
Hence for all T, G,
|L(T) = L(G)| <4R|T = Glloo,  [Ln(T) = Ln(G)| < 4R|IT = Gl|oo (38)
(ii) ERM reduction to the finite cover. Let T* € arg minrey,. 5 L(T) and choose G* € G with ||G* —T*||eo < 6.
By ERM optimality, L,(T,) < L,(G*). Adding and subtracting L and using equation |38

L(T,)) < Ln(G*) + sup |L(G) — Ly (G)| < L(G*) + sup |L(G) — Ln(G)| + 4R §
Geg Geg

Also L(G*) < L(T*) + 4R 4. Thus

L(T,) < inf L(T) + 8R& + sup |L(G) — L,(G)] (39)
TeTMmoE Geg

(iii) Symmetrization over the finite cover. Define the bounded loss class F = {x + (G(z) — f())?: G € G}

with range in [0, (2R)?]. By symmetrization,

Geg

E[sup 11(6) — L(@)]] < ZE[sup| S ai(Glea) - 1)

where (£;)"_, are i.i.d. Rademacher variables independent of the sample. By Massart’s finite-class lemma
(range bounded by 4R?),

E[ sup |L(G) — Ln(G)‘i| < CR? \/ Lg 91 = CR? \/logN(é’ Tatop, | - lloo)
Geg n n

(iv) Combine and relate L to || - ||%. Taking expectations in equatz’on and using L(T) = ||T — fl|72(g) <
1T = flI3 yields

log N (8, TmoEs || - [|oo)
n

+ CRJ

BT, - fl72q) < Tel%f; B} IT - fl% + CRQ\/

Absorbing constants and (optionally) replacing R by R%6 (since § < 1) gives equation , Finally, the
elementary inequality \/u < u+ § for u >0 (or Young’s ab < a®/(2)\) + Ab?/2) converts the square-root term
into a linear (log N)/n term up to constants, yielding equation

F PROOF OF THEOREM [3.1]

Definition F.1 (k-sparse partition-of-unity router). A router realizes a k-sparse partition of unity if there
exist nonnegative weights {w,(x)})_, with > w,(z) = 1 for all x € M, such that for each x at most k

weights are nonzero, and each w, is supported on a chart U, of a bounded-overlap cover {U,}Y_; of M (cf.
Lemma in App. @ Moreover, the router outputs the top-k indices with weights restricted to these indices.

Proof. We give two constructive approximations and then take the minimum rate.
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Geometric setup (charts and PoU). Fix a resolution r € (0,1). By Lemma (App. [C), there exists a
cover {U,}_; of M with diam(U,) < r, bounded overlap sy = so(d), and a C> partition of unity {p, }V
subordinate to the cover, such that > ¢, () =1, 0 < ¢, <1, and for each = at most sy terms are nonzero.

Standard volume-comparison yields N < Cpr~<.

By Lemma (App. [C)), for each v there is a degree s = | 3] polynomial P, (expressed in local coordinates
and mapped back to M) such that

sup |f(z) — P,(x)] < C4 BrP. (40)
zeU,

Router realization of a k-sparse PoU. Since at most so(d) functions ¢, are nonzero at any x, take
k > so(d). By assumption (Def. [F.1)), the router computes nonnegative weights w, (z) supported on the same
U, and with k-sparsity, satisfying > w,(z) = 1. We further assume (without loss) a uniform approximation

lw, — ¢ullee < Cor? can be achieved by attention-based similarity to chart anchors and a softmax/top-k
selection; this is standard with a fixed number of heads and bounded magnitudes (the resulting constants are
absorbed into C).

We now present two constructions.

Construction A (expert-count limited; M regime). Assign one expert E, to each chart U, (total experts
N < Cr~%). Within U,, let expert E, approximate P, ezactly (ReLU networks implement polynomials with
constant depth/width depending on s, d; the parameters stay bounded and independent of ), or to accuracy
Csr? with a constant per-expert parameter budget Hexpﬂ Define the MoE output

N
T(z) = Z wy(z) E,(x), (at most k nonzero summands at each ).
v=1

We bound the sup error at any x € M as

T(2) = f(2)| <Y w,(2) |Ey(x) = P(2)| + ) wy(@) |P(x) - f(2)]

< maxsup|E, — P,|+ Zwu(x) maxsup |P, — f| < CyrP. (41)
v, - v,
SCgTﬂ =1 SC’lB’I“/\3

To realize this construction we need M > N, i.e. M > =%, hence choose r =< M —1/d_which yields
1T = flloe < CM™ — T = f|3 < CM7/

Since the router uses at most k experts per input, this obeys the MoE constraint.

Construction B (active-parameter limited; N, regime). Here we use few experts (e.g. k = 1
active expert per block) but allocate the entire active budget Neg to the expert(s) and non-expert parts to
approximate f globally. By standard ReLU approximation on d-dimensional domains (e.g., [Yarotsky| (2017);
Schmidt-Hieber] (2020)), there exists a ReLU network A with N parameters such that

sup I (z) — f()] < Cs BNP/". (42)
rzeM
Choose the MoE so that its active subnetwork implements A" with N =< Neg = LrIlLittn + Lrkllex, (e.g.
k =1, one “expert” playing the role of the global MLP; attention acts as an identity /featurizer). This is

legitimate because the MoE with fixed routing reduces to a standard feed-forward subnetwork on the active
path. Thus we can realize T(x) = N (z) with N < Neg and

IT~ fllo < CeNg'" = |IT—flI% < CNG*

'Exact or O(r®)-accurate polynomial representation by ReLU MLPs with poly(s, d) parameters is classical; see,
e.g., [Yarotsky| (2017), |Schmidt-Hieber| (2020)).
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Taking the minimum. Constructions A and B are both valid members of Tyog under the parameter
bound ||0]|e < & (after routine rescalings absorbed by LayerNorm and architectural constants). Therefore,

; ; —B/d -B/d
Tel%i;OEHTffHOO < Cmin{N_4"" M B/ }

and squaring gives equation[l} If M is sufficiently large to support the cover at the r achieving the Neg-optimal
precision, the M constraint is inactive and equation [43| follows.

. . 2 < —28/d
Lt T [l < ON (43)

Both regimes yield the rates claimed in equation [T} taking the better gives the minimum.

O
G PROOF OF NEURAL SCALING LAWS
G.1 PROOF OF OPTIMAL NUMBER OF EXPERTS
Recall the k—dependent objective (experts dominate approximation; constants absorbed)
A Lt M
Ek) = (Ak)™2/4 1 Sk 4 Zk10gSn A= Lplleyy, 1<k < M. (44)
N———— n n k
approx \/ _’_/
estimation routing
Differentiate and set the derivative to zero:
2 A Lyt M
E'(k) = _£A72ﬁ/dk*2ﬁ/d*1 + 242 <logL — 1) = 0.
d n n k
Equivalently,
2 1 M
?614—2!3/ dp=28/d-1 _ - (A + Ll log % — LTE). (45)
n

This matches the stated first-order condition. It has a closed form in terms of the Lambert-W function after
algebraic manipulation (since k appears both polynomially and inside log k), but the Lambert-W form is not
particularly illuminating. Instead we give (i) a principled fixed-point approximation and (ii) clean sandwich
bounds showing that M enters only logarithmically.

Fixed-point approximation. Rewrite equation 45| as

20 n
28/d+1 _ 2P 4-28/d
¥ d A A+ Lpl[log(eM/k) —1]° (46)

Treat the slowly varying factor log(eM/k) as (locally) constant to obtain the iterate
75

28 4 n
ZF A28/d . 4
d A+ Lyl [log(eM/E®) — 1] (47)

LD =

d
Initializing with the no-routing optimum k() = (%) 2f+4 and taking one step already yields the advertised

fixed-point form
n

A+ Lp/ log e]j\f

Q

w¥a
] (up to constants), (48)

with the cap k* < M. Because log(eM/k) varies only between 1 and 1 + log M for k € [1, M], a couple of
iterations of equation [47] suffice in practice, and the exponent in n is unchanged.

Sandwich bounds (log enters only through constants). Note that for 1 < k < M, log(eM/k) €
[1, 1 4 log M]. Hence the right-hand side of equation [45|lies in
1

E(A) < RHS < %(A+LT€10gM)-
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Solving the equality 22 A=20/dg=20/d=1 = C for | gives k = (n/C) %1 A~ 7%, Applying this with ' =
A+ Lpllog M (upper RHS) and C =4 (lower RHS) yields the sandwich:

n ra n\zra
S (O < k< (7) , ith k* < M, 4
“ (A+LT€10gM) = =23 LR = (49)
for/ (absol)ute constants ¢y, cy > 0. Thus M affects k* only through the logarithm, and the rate in n remains
nd/(28+d)_

Combining equation [4§ and equation 9]

d
n 2B+d
k* =< minq M, ( ) ,
mm{ A+ Ll log(eM/k") }

M only enters through a logarithm.

and the n—exponent remains 5 ﬁ T

G.2 EFFECT OF THE TOTAL EXPERTS M

For fixed k, increasing M influences the bound in equation [3| only through log(eM/k) in Ryoute. Therefore,
absent specialization effects that improve constants,
0 k1

9 E(k,M) 2 Vi larger M with fixed k only raises the bound (logarithmically).

A design heuristic is to choose M commensurate with k (e.g., M = O(k)) if one wishes to avoid a large
routing overhead; having M > k does not help rates in this bound. The details of these calculations are

provided in appendix
Proposition G.1 (Monotone (logarithmic) M—effect at fixed k). Fiz n,k, Ly, ¢, agin, Hexp. Define

_ Nuctive Ltk M
Ek, M) i= Nogt?/? 4 =octive 4 2T log(“-).

+ 1<k< M.

Then, for any fixed k, E(k, M) is strictly increasing in M, with

0 Lptk 1
—E&(k,M C—. 50
ek = T (50)
Consequently, absent additional specialization gains (i.e., changes in the approzimation constant that are not
captured in equation @, the bound is minimized at the smallest admissible M, namely M =k, and grows only
logarithmically with M for fized k.

Proof. The first two terms do not depend on M when k is fixed. The routing term is LT@’“ log(eM/k), whose

derivative in M is Z2% . L vielding equation [50| E Monotonicity follows since M log(eM /k) is strictly

increasing for M > k. O
Corollary G.2 (Quantitative overhead from enlarging M at fixed k). For any My > My > k,

E(k, My) — E(ke, My) =

L0k | (Mg)
ogl— ).
g M,
In particular, setting M = pk with p > 1 gives a routing penalty LTTM log(ep) = LTTM (1+1logp).
Design heuristic. To keep the routing overhead small, choose M commensurate with k, e.g. M = O(k), so
that log(eM/k) = ©(1). Having M > k increases the bound only through log(eM/k) and does not improve
the rate in n or Neg.
When is routing negligible? Routing is negligible relative to the estimation term if
LTKIc 1 (GM) < Nactivc 1 <€M Nactivc
og| — —_— — o _—
S\ 7k n S\ & Lotk
Since Nactive = Lraten + LrkIlexp, a sufficient condition is log(eM/k) < Iapen/(€k) 4 Hexp/¥; in particular,
if M = pk with moderate p and ¢ is not enormous, the routing term is dominated by the estimation term.

) < (51)

n
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G.3 PROOF OF PROPOSITION [L.5]

Under C < nNqg, we eliminate n = C/Nqg and reduce the bound to a single-variable objective

_ N2
(I)(Neff; C) = ANe{fzﬁ/d + B TCH (52)
with positive constants A, B absorbing fixed architectural and loss factors. Differentiating w.r.t. Neg > 0,
26 Neﬁ

' (Nogr) = =4 N 4 0B

The first-order condition ®'(NJ;) = 0 gives

2B 28 x
2= (Neﬂ)2+26/d - FA — (Neg)2(1+ﬁ/d) —

- C

al™
&l

Hence
d

d
w(C) = (§8)7 o < ot

which is equation Using n* = C//NZz we obtain equation ??. Substituting NJ; into equation [52| (the two
terms balance at optimum) gives

d

NG C) = (Ng) /1 = ¢~ wtm = o7

which is equation

H PROOF OF LEMMA (MOE COVERING NUMBER)

Let X C RP be compact with ||z]l.c < My. Consider the Mixture-of-Experts transformer class
Taor(D, M, k, LT, LrrN, WFFN, demb, M, K, R) defined as in Definition 1, except that each feed-forward sub-
layer is an MoE layer with M experts and the router selects (hard) top-k experts per token per layer. Assume
each learned parameter entry satisfies 0|0 < & and each network output is bounded by ||T(2)||cc < R.

Let Iatn be the number of scalar parameters in the attention / non-expert parts per block and let Iley, be
the number of scalar parameters of a single expert MLP (depth Lppy, width wppy, input/output dimension
demb). Then for any § € (0,1) the covering number of Tyor under the sup-norm satisfies

log N(5, T | 1) < O (Tasan + Lrkloy ) log( 250 4 0yLrthiog(S0)  (53)

for absolute constants Ci,Cy,C5 > 0 depending polynomially on demb, wrrNn, m, L1, Lrpn, £ (and we may
hide small poly-log factors in the O(-) version).

Proof. The proof follows the structure of the dense-transformer covering-number proof (Lemma 2 in Havrilla
& Liao| (2024))) with two MoE-specific modifications. We divide the proof into four steps: (1) enumerate
routing patterns and apply a union bound; (2) bound the sup-norm difference between two networks in terms
of the sup-norm difference of their parameters; (3) count active parameters for a fixed pattern and derive a
parameter-grid covering bound; (4) combine items to obtain equation

H.1 DECOMPOSITION INTO ROUTING PATTERNS (UNION BOUND).

For each MoE layer ¢ and each token position ¢ € {1,...,¢}, the router chooses a subset Sy, C [M] of size
|Se] = k. A routing pattern w is the collection of these choices for all layers and token positions:

7={Set:0=1,....,Lp, t=1,...,£}.
The number of possible patterns is bounded by

] < ((f))w

Using the standard combinatorial bound (ZZ[ ) < (eM/k)* we obtain

M
log |TI| < Lot - klog(%) (54)
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For a fixed routing pattern 7w denote by 7. the subclass of MoE transformers whose router outputs follow m
deterministically (i.e., the same fixed subset of experts is used in each MoE layer and position for all inputs).
Since Tymok = Uer Tr» the subadditivity of covering numbers under unions (e.g. (7, Ch. 12)) gives

N, Tatoms || lloo) <D NG T [+ lloo) (55)

mell
Log-sum—max inequality. For nonnegative {a, } e one has

<
log ( Z a,r> < log || + max log a,

mell
since Y ar < |I| - maxy ay. Applying this to ar = N(8, Tx, || - =) in equation [55] gives
tog N(6, o, | 1) < log 1] + max Tog N(5, 7. | ) (56)
Thus it remains to upper-bound log N (8, 7, || - ||oo) uniformly over .

H.2 SENSITIVITY OF THE NETWORK OUTPUT TO PARAMETER PERTURBATIONS (LIPSCHITZ IN
PARAMETER SPACE).

Fix a routing pattern 7. Under 7 the architecture becomes a deterministic (dense) composition of modules
where each MoE layer is replaced by the (sparse) subnetwork that contains only the & selected experts for
the corresponding tokens/layer. Denote by 6 the vector of all scalar parameters that are active under this
pattern (embedding + attention + non-expert weights + the selected experts’ weights). Let 8’ be another
parameter vector of the same shape and satisfying ||0 — 6’||oc < 1 for some 1 > 0. We will bound

sup [Tp(z) — Ty (2)]
zeX
by a constant times 7, with that constant depending polynomially on the architecture hyperparameters.

The network is a composition of Ly transformer blocks. Let B;(6;,-) denote block j (viewed as a map on
embedding tensors) parameterized by the block parameters ;. We write the forward pass as

HO =PE+ E(x), HY =B;#;,HY™Y), j=1,...,Lr,
and the scalar output Tp(z) is a fixed linear readout of H (7).

Define the sup-norm on embedding matrices by ||H||s = max; ¢ |H; | (matching the earlier notation). As in
the dense case, each module is: (i) Lipschitz in its input (constant L, polynomial in (demb, ™, WrrN, LFFN))
and (ii) Lipschitz in its parameters (constant Cparam polynomial in the same quantities and in ¢) (Anthony &
Bartlett, |1999; |Vershyninl, 2018 [Shalev-Shwartz & Ben-David, [2014).

(A) Multi-head attention sensitivity. Consider a single multi-head attention (MHA) block with m
heads, each head parameterized by query/key/value matrices and interaction kernels. Let the MHA parameter
vector be 1. For two MHA parameter sets ¢, ¢’ with [|¢) — ¥'|| < 7, and any input embedding H satisfying
|H||oo < M, the goal is to bound the following expression via Lemma
IMHA (H) = MHA (H)|| oo

Lemma H.1 (MHA parameter stability). For ||ty — ||, < n and ||H||,, < CMy,

IMHA ,(H) — MHA ,, (H)
for some architecture-dependent constant Cyipa . The dependence o émdgmb arises because each head sums

over £ tokens and involves inner-products of demn-dimensional projected vectors; the factor k comes from the
bound on parameter magnitudes.

o < CMHAEmdgmb K.

(B) FFN (non-expert) sensitivity. For the non-expert FFN parts (the small projection matrices that
are outside MoE experts see ??) with depth Lypnx and width wgpn, the parameter perturbation bound from
the dense proof is given by the following Lemma

Lemma H.2 (FFN parameter stability). For a (non-expert) FFN of depth Lrpn and width wrpn,

|[FEN, (k) — FFEN,/ (h)||. < CrrN demb WEERN K 1.

uniformly over ||h|loe < CMy (cf. (Bartlett & Mendelson,, |2002d); |Golowich et all |2018)). For each token
input h (and hence on the embedding matriz by taking sup over tokens); the polynomial dependence on wrrN
and Lypn reflects repeated matrix multiplications.
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(C) Expert-FFN sensitivity under fixed pattern (key MoE change). Under a fixed routing pattern
m, only k experts per token per layer are active, so the FFN stage of the block is effectively a concatenation
/ parallel application of exactly those k expert MLPs. For a single expert with parameter vector ¢ and
sup-norm perturbation ||¢ — ¢'||o < 7, the per-token difference is bounded as in (B) by the following lemma

Lemma H.3 (Expert stability). For a single expert MLP Ey,
1Es(h) = Egr (B)]| oy < Coxp demb Wbk K1)-
Since only k experts are active, the total perturbation coming from expert blocks per token scales linearly in
|32 Boh) = 37 By )| < e Cop denms whi
ics i€S

(D) Block-level perturbation bound. Combining (A),(B),(C) and the residual connection structure
of the transformer block (additive skip-connections and tokenwise FFNs), a single block B; satisfies, for
parameter perturbation < 7 inside the block and any input H with ||H |l < M yields to Lemma

Lemma H.4 (Block-level stability). With k active experts per block under a fized routing pattern,

1B (6, H) — B;(85, H)|| . < Chiock (fmdZyy, + dempWEERY + kdempwiisd) .

hence we may write (absorbing polynomial factors into a single constant)
|B; (0, H) — B;j(0}, H)||oo < C Paren(¢,m, dewny, wrrN, Lrrn) K1,
where Puycn(+) is a polynomial capturing the block-dependence and includes the linear factor k in the expert
term.
(E) Induction across blocks. Let HY) and H'() denote the block outputs when using 6 and 6’ respectively.
We can write
|HOD = H'Dlloe = |1B;(6;, HI™Y) = By (8, H'9 V) |
< ||B;(0;, H=Y) = B;(0;, H'Y"Y)||os + || B;(0;, H'V™V) — B;(8);, H'V V)| .

input-Lipschitz term param-perturbation term

The input-Lipschitz term is bounded by L, |HU—Y — H'G=1)||, where Ly, is the Lipschitz constant of the
block as a function of its input (this constant depends polynomially on demp, m, wrrN, Lypn but not on M).
The param-perturbation term is bounded by the block-level bound in the previous paragraph. Thus

|HD — HO||. < Lil|HG™ — H'G D] 4 Cy Paven () k1.

Iterating this inequality from j = 1 to j = Ly and noting that H(©) = H’(®) (same positional encodings and
same input) we obtain

Lr—1 Lt

(Lr) _ ppr(Lr)
|~ H T||oos(§ Liy) Co Paean () i < 2

Cb arch( )577'

The previous inequality is proved in details in lemma Since the decoder/readout is a fixed linear projection,
the final scalar output difference is bounded by the same order. Thus there exists an overall Lipschitz constant

! 7Lt
Lparam C L arch (E m demb» WFFN, LFFN)

such that
sup |T9(l‘) - T@’ (l‘)| < Lparam .
zeX

Crucially: Parcn(+) contains a factor linear in the number of active experts per layer(k) and Lparam does not
depend on the total number of experts M for a fixed routing pattern (it depends on M only through how the
pattern is chosen which we handle with the union bound).
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H.3 PARAMETER COUNTING AND PARAMETER-SPACE COVERING (FULL DETAILS).

Fix a routing pattern w. Let 6, denote the vector formed by all scalar parameters that are active under
7 (token embedding/positional terms, attention and non-expert FFN parameters for each block, and the
experts that appear in 7). Write p := |0,ct| for the active parameter dimension.

(a) Parameter domain and norm. By the magnitude constraint ||0]|, < £ (Assumption in Lemma [3.6)), the
admissible parameter set is included in the /,,—ball of radius k:

Boo(k)? = {ueR": |lullos <K} = [—K, K"
(For £, the “ball” is the axis-aligned cube.)

(b) Constructing an n—grid in parameter space. For a mesh width 1 > 0, define the coordinatewise grid on
[_Ka “] by

g, = {—K—FTU :rEeZ, —/<;§—/€+rn§/£}.
Along each coordinate, the number of grid points is at most

2 2
N, < [iw 1< g < 3r (for n < k; else enlarge the constant).
n n n
Therefore the full p-dimensional grid G} has cardinality bounded by
2 p 3K\ P
ol < (Z2+1)" < (Z) (57)
n n

Moreover, for every u € [—k, )P, rounding each coordinate of u to its nearest grid value produces @ € gh with
lu — ]l < n (or n/2 if we choose midpoints).
Hence g,’; is an n—net for the parameter cube in the ¢, norm.

(¢) Parameter-to-function Lipschitz map. From Step 2, we have the uniform parameter-stability (Lipschitz)
inequality
sup ’Te(x) — T (l‘)‘ < Lparam ||0 - elHooa
zeX
with
Lparam = LanT Parch(gv m, demba WFFN, LFFNa k) K,
independent of M for fixed routing pattern 7 (the dependence on k enters via Ppycp).

(d) From parameter cover to function cover. Given ¢ € (0,1), choose

]

Lparam

77:

Then any two parameter vectors within £,,—distance 1 induce network outputs within sup-norm distance at
most 0 (uniformly over € X'). Therefore, taking the grid GI' as in equation [57| and evaluating the network

at each grid parameter gives a d—cover of the function class 7, under || - ||oo:
NG T ) < J03] < (25)" = (Belmmm)”
Taking logarithms gives !
log N(3, 7o || lle) < - log( 02 = g, log( X hemmmm ) (5)

(e) Bounding the active parameter count p = |fact|. Decompose

‘eact| = |aembed| + ‘edec‘ + LT(|9attn| + |9ffn,nonexp| + |9exp,act|)~
Under a fixed routing pattern, expert parameter tensors are shared across tokens within a layer, so the active
expert count per layer satisfies [fexp act| < &k exp. Absorbing the (input/output) embedding and decoder
constants into Cy and writing I, for attention/non-expert parameters per block, we obtain the coarse
bound
|9act| S C’0 + LT (Hattn + k Hexp) ,S Hattn + LTkHexp-

Substituting this and the expression of Ljaram into equation @ and renaming constants, gives
CoxRM,
og N6, T, || loe) < C1(Magen + LrkTlexy) log (=252 )

)
which is the fixed-pattern covering bound used in Step 4. |
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H.4 COMBINE WITH THE ROUTING-PATTERN UNION BOUND.

Plugging the routing count equation [54] into equation [56| gives

eM CykR M
: < — . Z2nv0
1OgN(67 7—MoE? || ||00> = LTZk'IOg( L ) + C'1 (Hattn + LTkHexp) IOg( 5 )
CorkRM, M
S Cl (Hattn + LTkHexp> 10g<%) + CgLTgk lOg(%),
for some constants Cy,Csy, C3 > 0. This proves the lemma. O

I PROOFS OF STABILITY LEMMAS

1.1 Proor or [H.1]

Fix a sequence embedding H € R**%emb with ||H||o, < M and consider one MHA layer with m heads and
parameters

/(/) = {chh)a WI((h)v W‘(/h)v WO}hmzlv Hw”OO < K.
Let ' be another parameter set with ||¢) — 9’| < n. For head h, define
QW = HWE, K™ =gWP, v® = W,
and the (row-wise) attention map

A = Softmax<\/% QM ( K<h>)T) c R

The head output is O = AMY () ¢ REXdv and the MHA output is
MHA 4 (H) = [Concat_ O] Wy € R dems,
We show

IMHA(H) = MHAy (H)loo < Cuma €m0 dgpy, 51, (59)

for a universal constant Cyiga > 0 depending at most polynomially on (demn, di, dy) and on the bound M.

Step 1: linear projections (Q, K,V). For any matrices X and W, || XW||co < din|| X |lool|W |0 (since
each entry is a sum of dj, products). Hence, with ||H ||, < M, ||VV.(h)||OO < k, and HW.(h) — W.(h)/”oo <n,

1Q™ oo < demp Mk, |KM oo < dempMs, [V o < domb M,

and

1Q™ — Q™| < deMn, K™ — KW' |l oo < dewyMn, [V = V|| o < dep, M.

Step 2: score matrices and softmax. Let S(") = ﬁQ(h)(K(h))T € R and similarly S™’. By the
product rule and the matrix £, bound || XY T|loe < £)| X |lco||Y[|so>

1
15 = 8" oe < 2= (10" = QM acl KM lloe + QM ol K™ = KW oc ) € < Cs £, M? i,

with Cg := 2/y/dy,. The row-wise softmax o : R® — R’ has Jacobian J(z) = diag(c(z)) — o(2)o(2) T, whose
operator norm (for {,) is bounded by a universal constant (e.g., ||J(2)|lco—oo < 1; tighter bounds give 1/2 or
1/4 but are unnecessary here). Applying the mean value theorem row-wise,

14T — AW |og < Cam [|S™ = 5™ oo < CornCs L2y, M i,

for a universal Cyy, € [1/4,1].
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Step 3: head outputs (O = AWMV (), Decompose
O — O — (A _ AWy o AWy () _ y(hry
Using || XY |loe < £||X||oo]|Y|oc for £ x £ times £ x d,, together with Step 1 bounds on ||V, and
[V — v,
IOW —0W'loe < €AMW — AW | [V oo 4 €JAP [[oo |V — VI,
Since rows of A" are probability vectors, ||A™||,, < 1. Hence,

(00— 0|y < £ (CanCs £ A2y, M? 1) (dewis MB) + € (des M) < Co Sy M 521 + Loty M 1,

emb

where Co = CsnCs. We keep the dominant (polynomial) term and absorb the lower-order term into
constants.

Step 4: concatenate heads and output projection. Let O = Concatzlle(h) € R*(mdv)  Then
10—l < max JOM) —OW|| o < Cotds,, M K*.

emb

Finally, apply the output projection Wo with [|[Wo|lec < k and |[Wo — Wi|leo < n:
IMHA (H) = MHAy (H) [0 = [OWo — O'W( |l
< (0 = ONWolles + [[0'(Wo — W5)||oo
< (mdy) |0 = Ol |[Wolloo + (mdy) [0']|een
S COU-t (mdv)zdgmb M3 K:g n + (md’l)) ||O/||<X>n7

and we bound ||O’||« by the same polynomial in (¢, demp, M, k) as above. Absorbing d,, and all input/weight
bounds into the constant, and noting that the paper tracks only polynomial dependence on dimensions and
sequence length (hiding fixed architecture factors into Cyma ), we obtain

IMHA,(H) = MHAy (H)[loo < Cna £ m diy, 51,
which is equation 59} O

1.2 Proor or [l

Let FFN,, : Rdemt — Réemb he a depth-Lrppx MLP applied tokenwise, with hidden widths at most wgpy,
coordinatewise activation o (e.g., ReLU/GELU), and parameters 1 = {(W*,b¢)} LN, Assume the uniform
bounds ||[W*||le < &, ||b']|oc < & for all £. Let 1" be another parameter set with |[W¢ — W¥||, < n and
|6 — ¥|| <. Fix an input token h € R%m> and denote the layerwise states
ZO — h, ZZ _ J(Wézéfl + bé), Z/O _ h, Z/@ _ U(WZ/Z/éfl + b€/>.
We prove
IFFN () — FFN o (h)llow = 2577 — /BN | < e doy R 1, (60)

for a constant Crpn > 0 depending only polynomially on architectural constants and on a uniform bound on
[I7]lcc (absorbed into Crpn), exactly as done in the paper.

Auxiliary facts. We use (i) || X |00 < din||X |0 |t/|oo for X € Routxdin - (ii) [lo(u) —0(v)]|co < Lo ||tu—2]0o
with L, <1 for ReLU and L, = O(1) for GELU, and (iii) ||o(u)|lcc < ||t]|s for ReLU (and similarly for
GELU up to a constant).

Step 1: bound the forward activations. Let dy = demp and dy < wppy for 1 < £ < Lppny — 1, and
Arpen < demb. Inductively,

HZEHOO < LU(HWeZZ_lHOO + ||b£||<>0) < La(df—lﬁ' ||ZZ_1||OO + ’f)-

Solving this recursion gives

120 12" “loc < Co (dmaxk)’, dmax = Mmax{demb, WrEN |, (61)

where Cj absorbs L, and ||h]|s. (Exactly the same bound holds for the primed sequence, since ¢’ obeys the
same magnitude constraints.)
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Step 2: one-layer perturbation inequality. Fix ¢ € {1,..., Lppx} and set uf = Wez/=1 4 bf v/t =
W2 =1 £ ¥ Then

12 = 2o < Lo Ju* = ¥loe < Lo (WA = 2070 oo + IOW = W)= oo + [ = 07 )
Using the auxiliary facts and equation

12 = 2" lloe < Lo (domai 271 = 2/ Hloo + dean 2/ loo + 1) < e 57 = 2/ loe + Bem, (62)
where

ap = Lody_1k, Be = Lo (de—1Co(dmaxk) " + 1).

Step 3: iterate the perturbation recursion. Starting with [|2° — 2/°||,. = 0 and applying equation
layer by layer,

LrpN LppN

||ZLFFN _ Z/LFFN”OO <n Z (/3[ H at)-
=1 t=0+1
Since oy < Lydmaxk and Be < Crdmax(dmaxk) ™! + Oy for a constant O,
Lrrn
”ZLFFN — Z! breN oo <m-Co Z (dmax(dmaxn)z_l) (dmaxK)LFFN_Z < 0+ C3dnax (dmaX”)LFFN_:L'
(=1

Finally, dmax < max{demp, WrFrN} < demb + wrrN < 2wppy (for the hidden layers to be useful we take
WFFN > demb/2; otherwise replace wégFNN by (dmaX)LFFN). Absorbing all fixed constants and powers of & into
Crrn, we obtain the clean architectural polynomial

||ZLFFN — o/ Lren ”Oo < CrpPN demb wégllilN K,

which is equation O

1.3 PROOF OF

Let Ey : Rlemb — Remb he a tokenwise MLP (the exzpert) of depth Lppn with hidden widths at most wgpN,
coordinatewise activation o (ReLU/GELU), and parameters ¢ = {(W*, b*)} 5", Assume uniform magnitude

bounds ||[W¥||le < K, [|b’]|c < & for all £. Let ¢’ be another parameter set with |[W¢ — W¥| ., < n and
|6* — b"||0o < 1. For a token h € R%mb define the layerwise states

0= h, - U(Wezé—l + bé)7 S0 h, S U(We/zlé_l + bél),
so that Ey(h) = 2L7v~ and Ey (h) = 2/ Lren,

Goal. Show ;

[1Es(h) = Eg(h)l[co < Coxp demb wgpy' K1, (63)
with Cexp > 0 depending at most polynomially on (Lyew, ||o||Lip, ||1]|ec) and on fixed architectural constants,
in the same sense as the paper.

Auxiliary inequalities. For X € R%u*din and ¢ € R%»,
[Xulloo < din | X[|ool|te]loo, (64)

lo(u) = (V)] < Lollu = vljos,  llo(u)llec < Colltefloo, (65)
with L, <1 for ReLU and L, = O(1) for GELU (similarly for C,).
Step 1: forward activation bound. Let dy = deymp and dy < wppn for 1 < ¢ < Lppy — 1, and
dLpey < demp. Using equation [64]-equation
HzéHoo < CU(”WZZE_l”oo + ||bé||0<>) < Ca(dfflﬁuzé_l”oo + ”)~
Unrolling the recursion yields

HZeHoo; ”Z/Z”oo S CO (dmax/{)ea dmax = max{dembawFFN}7 (66)

for some constant Cy absorbing Cy, L, and ||| co-
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Step 2: one-layer perturbation. Set u’ = W%2/~1 + b and /¢ = W¥2'*~1 +b¥. Then

12 = 2 lloe < Lol = ' floc < Lo ( WA(1 = /57 log W = WH)2 g +[16° = 6|oc ).

Sde—yk |27 =2 <d¢—1m ]2 ¢ oo
Using equation
||z2 - le”oo < (67 Hze_l - zw—lHoo + 6[ mn, Qyp = Ladl—lﬁa ﬂé = Lo’ (dé—ICO(dmaxK/)g_l + 1) (67)

Step 3: iterate the recursion. Starting from ||z — 2’9, = 0 and applying equation @ layerwise,

LrrN LrrN
||ZLFFN _ Z/LFFNHOO <n Z (ﬂz H at).
=1 t=0+1
Since ay < Lydmaxk and 5@ < Cl (dmax(dmaxﬁ)e_l + 1),
LyrrN
|25 — 2N < Co D dimax (dmax) TN T < Cs dinase (dimas) TN
=1

Finally, dimax < max{demb, wrrn} < ¢ wrpn for a numerical ¢y (or replace by dpax if preferred). Absorbing
fixed powers of x and numerical constants into Cexp, and noting that the input and output layers contribute
at most linear factors in depnp, we obtain the architectural polynomial

1Eg(h) = By (h)loo = 257 — 2" 277N oo < Coxp ey Wbk K1),

which is the claimed bound equation ]

1.4 NETWORK STABILITY & PARAMETER LIPSCHITZNESS

Lemma I.1 (Network stability & parameter Lipschitzness). Let Li, > 1 be the block input-Lipschitz constant.
Then for j=1,..., Ly,

HHU) - H’(j)H < Lin HH“‘U ~ H’U—”H + Cp Parcnin,

hence

sup |T0 (IZ’) - T9’ (IL’)‘ S Lparam m, Lparam - C/ LL arch (6 m, demba WFFN, LFFN, k)
reX

Let a (pre-norm) transformer block be
B; (9]'7 H) =H+ MHA¢(LN71751 (H)) + FFN;OHexp(LN’Yzﬁz (H)) + Z E(ih‘(LNVzﬁz (H))7
€S

where S; is the set of £ active experts of the MoE sublayer in block j under the fixed routing pattern, and
0; = {¥,x,{9i}ies;, 71, 81,72, B2}. Let 0 be another parameter vector with [|0; — 0}]l < 7, and fix the

input H € R demd with ||H||oo < CMp.

Step 1: decompose by residual additivity. Since H is added as a residual with the same value in both blocks,
1B;(6;, H) = Bj(0;, H) oo < |[MHAy (LN, 5,(H)) — MHAy (LN 51 (H))|

+ ||FENY"P (LN, 5, (H)) — FFN“‘?“XD(LN 2o (H))||

+ > [|Eo. (LN, 5, (H)) = Egr (LNoy g (H))|| -
iESj

< (B.1)

Step 2: control the LayerNorm parameter perturbations. For fixed H, the (per-token) layer normalization

LN, g(H) =70 H + B depends linearly on (7, 8) when H is fixed (the centering/scaling of H is the same for
both parameter sets). Hence

LNy 5(H) = LNy g7 (H)loo < CLN demn [[H oo (7, 8) = (7, 8 )loe < CLy demn £7- (B.2)
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Both MHA and FFN sublayers are Lipschitz in their inputs (with constants depending polynomially on
(¢, m, dempb, WrFN, LrFN)); thus the contribution of the LayerNorm parameter change to each sublayer’s output
is bounded by a constant times C] \demb#n, which we absorb into the module constants below.

Step 3: apply per-module parameter Lipschitz bounds. From the previously established lemmas:
(MHA)  ||[MHA(Z) - MHAy (2)|| . < Cyualmdiy, kn, VZ,
(non-expert FFN) HFFN;O%Xp (2) = FEN7"P(2) Hoo < COppN demb WEERN k7, V2,
(single expert) ||Eg(2) — Eg (2)]| . < Coxp demb WEERN K, Yz
Under a fixed routing pattern, exactly k experts are active in block j, so the MoE contribution is

S 11Eo(2) = B (Do < K Cop dormts wEER 11 (B.3)
iGSj

Step 4: combine everything. Apply the bounds from Step 3 to equation with Z = LN,, g, (H) and
z =LN,, g,(H); add the (absorbed) LayerNorm terms from equation

IB; (05, H)=B;(0}, H)|los < Cuna £m d2y, £0+CrpN demb WEERY £1+k Coxp demb WEER £1+Cl/x demb K.

Since wppn > 1 and k,m > 1, the last term is dominated and can be absorbed into the FFN /expert constants.
Renaming Choek to absorb all fixed numerical /polylog factors,

1B (0;, H) — Bj (0, H)loo < Chrock (€mdZypy + demb Wbk + k demb WHERY) £ 7).

This is the claimed block-level perturbation bound. O

1.5 Proor or [

Recall the block-level stability (for fixed input H and parameters differing by at most 7 in £,)

|Bj(0;,H) — B;j (0}, H)|loo < Cb Paren(£,m, derny, wreN, Lrpn, k) K1), (68)
and the input-Lipschitz property of a transformer block
1B (0;,U) = Bj(0;,V)lloo < Linl|lU = V||, (69)
where P,en(+) is a fixed architecture polynomial and Ly, > 1 is independent of j. Let
Aj = |HY) — H'D)|| ., HO) = Bj(gj’H(jfl)), H'U) = Bj(gé_le(jfl)).

Add and subtract B;(0;, H' (G=1)) and use the triangle inequality, equation and equation
A; =B (0;, HU™V) — B;(0, HU V)|
< ||B;(0;, HI=Y) — B;(0;, H'Y™) || o + || B; (0;, H'O~D) — B; (0, H'™Y) |

SLinA]‘—l <ChParchkn
S LinAjfl +Cb Parch(')’in' (70)

This is a linear inhomogeneous recurrence with Ag = 0 (since H 0) = H'(O) share the same input and
positional encoding).

Solving the recurrence. By induction on j (or by the discrete Gronwall inequality),

j—1

A_j < Cb Parch(')ﬁ:nz[’iil' (71)
t=0

Indeed, the base j = 1 gives Ay < CyParenkn. Assuming equation 71 for j — 1, plug into equation

j—2 j—1
Aj < Lin - CpParcnkn Z Liil + Cyp Parchkn = Obparch/fnz Litn-
t=0 t=0
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Geometric series bound. For j = L,

Lr—1
Ay = |HOD = HED g < (30 L) Oy Puan() i
t=0

LT_1

If Liy # 1, the sum is LLi SO

in—1"

Lir —1
HH(LT) _ H,(LT)HOO < ﬁ Cb Parch(‘) K.

If 0 < Ljy <1, then ZtL:TO*l Li’; < L and LﬁlT < 1, so the bound still holds after increasing the prefactor by
at most a constant depending on L. In both cases we may write, for a numerical constant C’ (absorbing

1
T o Lr),

|HET) — {1 < O LET Payen (£, m, demb, wrpN, Lepn, k) 61, (72)

From hidden states to the scalar output. Let the final readout be Tp(x) = R, (H¥ 7)), where R, is a
fixed linear map (e.g., token pooling followed by a linear form) with ||w||eo < k. Then

|T9(33‘)—T9/($)| = |RW(H(LT))—RM(H/(LT))| < HRw”oo—)oo ”H(LT) _ HI(LT)HOO + ||Rw _ Rw’||oo~>oo HH/(LT)”OO

via equation [72] < C"kn

Using equation [72 and the uniform forward bound on || H'(*7) ||, (polynomial in the architecture; absorbed
into C"'), we obtain

sup [Tp(x) — Ty (x)] < C' LET Paren (€, m, demb, wren, Lern, k) 61 + C” 61 < Lparam 7,
reX
with
Lparam = C* LﬁlT Parch(ga m, demba WFFN, LFFN7 k) R,

for a constant C* absorbing C’, C" and fixed readout norms. This is the claimed parameter-stability inequality.
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