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CONVERGENCE TO STABLE LAWS FOR PRODUCTS OF RANDOM

MATRICES
AXEL PENEAU

ABSTRACT. Under reasonable algebraic assumptions and under an infinite second order
moment assumption, we show that the logarithm of the norm (log-norm) of a product of
random i.i.d. matrices with entries in R or in any other local field satisfies a generalized
Central Limit Theorem (GCLT) in the sense of Paul Lévi.

The proof is based on a weak law of large number for the difference A,, between the
log-norm of the product of the first n matrices and the sum of their log-norms. This
weak law of large numbers morally says that A, behaves like a sum of i.i.d. random
variables that have a finite moment of order 2¢ as long as the log-norm of each matrices
has a finite moment of order ¢ for a given ¢ > 0.

This gain of moment is the central result of the present paper and is based on the
construction of pivotal times. Moreover, these results admit a nice higher rank extension
when one looks at the full Cartan projection instead of the log-norm.
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1.1. Notations and motivation. Through the present paper, E denotes a Euclidean,
Hermitian or ultra-metric space of dimension d > 2 over a locally compact field denoted

by K. Let GL(E) be the space of linear endomorphism of F and let SL(E) be the space
of endomorphism of E that have determinant 1.
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2 AXEL PENEAU

A semi-groupﬂ I' < GL(F) is said to be strongly irreducible if there is no non-trivial
[-invariant subset {0} € A C FE that is the union of finitely many subspaces. We say
that I' is proximal if there exists an element g € I' such that A\i(g) > A2(g), where
A1(g) > A2(g) = -+ > Ag(g) denote the logarithms of the moduli of the eigenvalues of g
counted with multiplicity. In other words I' is proximal if and only if there exists a rank
1 projection in the closure of KT

Let (7k)k>0 be a sequence of independent and identically distributed random matrices
and write v for the law of vy, as a short notation, we simply write (y)r>0 ~ v®". We
are interested in the random walk (%,,),>0, which is the sequence of left-to right partial
products of (vx), i.€.,7%, = Yo 7Yn_1 for all n > 0 and therefore 7, ~ v*". More
specifically, we are interested in the limit behaviour of the law of the log-norm log ||7,,|]
when the support of Y v*" — denoted by I', and which is the intersection of all closed
set that contain all the 7%,’s with probability 1 — is strongly irreducible and proximal.
For all matrix g, we write x(g) = log||g|| = max,ep (o} log(||gz||/||z||) € [—o00,4+00), for
the log-norm of g.

The motivation for the present paper is the proof of the following result, which extends
the General Central Limit Theorem to our model of non-commuting random walk.

Theorem A (Convergence to stable law with infinite variance). Let v be a probability
measure over SL(E) and let (y,)n>0 ~ v®N. Assume that T, is prozimal, that [ k*dv =
E(k(70)?) = +00 and that k.v is in the domain of attraction of a non-degenerate (i.e., not
a Dirac) probability measure L, in the sense that there exist two non-random sequences
(an) € (0,+00)N and (b,) € RN such that for all bounded and continuous function f, we
have:

Then for all such sequences (ay) and (by,), there exists a constant b > 0 such that for all
bounded and continuous function f, we have:

(2) lim E (f (’{(%) —bn *”b)) [ e

n—o00 an — oo

If one instead assumes that [ x*dv < 4oo and that ', is strongly irreducible and
proximal, Benoist and Quint have shown in [BQ16, Theorem 1.1] that:

Where A is the almost sure limit of x(7,,) /n, which is well defined as soon as [ kdv < 400
by the works Furstenberg and Kesten in [FK60], and proven to be positive, when T, is
strongly irreducible proximal, by the joint work of Guivarc’h, Raugi and Lepage [GR&5].

We remind that [Fel68, Theorem 8.1, page 298] states that the non-degenerate proba-
bility measure k., supported on R, is in the domain of attraction of a non-degenerate
probability measure £, in the sense of (Il if and only if there exists a constant 0 < o < 2
such that we have:

rt 9o
(4) Vr >0, lim M =’
t=too [Putdr,v(u)

In this case, by the works of Lévi and others, the law L is determined, up to an affine
transformation, by a-alone.

IThis simply means that for all pair g, ¢’ € ', the composition g¢’ is also in T.
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log |lvo -y |- Zk —; log |||l +nb

The proof of Theorem [Al simply consists in showing that con-
verges in probability to 0. For that, we use Theorem [I.3], which is the breakthrough of
the present article. Theorem [Alis a remarkable applications of the method developed in
the present paper. Yet the present paper is not really about the domain of attraction of
stable distributions. Indeed, we only use the black-box result stated as Lemma (4.1l

We denote by x the map g — log ||g|| (where ||g|| = maxx;éo |lgz||/||=|| is the operator
norm of g) and denote by N the map g — r(g) + k(g !). Let us remind that that r is
sub-additive (in the sense that k(gh) < k(g) + k(h) for all pair g, h) and therefore N also
is. Moreover N is non-negative and on SL(F), we have 0 <k < N < kd.

Given (7v,) ii.d., if we assume only that E(k(y9)) < 400, we know by the work of
Furstenberg and Kesten [FK60] that the sequence (7, )/n converges almost surely to
the constant A\ (v) := lim, E(x(%,))/n € [—00,+00), called first Lyapunov exponent of
v. In [BQ16, Theorem 1.1], Benoist and Qumt show that if x,v and N,v bottl} have
a finite moment of order 2 and that v is strongly irreducible and proximal, then x,v*"
satisfies a Central Limit Theorem.

Using the tools developed for the proof of Theorem [A] we can (quite unexpectedly)
lower the moment assumption on N to a first moment assumption.

Theorem B (Central limit Theorem with first moment assumption on the inverse).
Let v be a strongly irreducible and proximal probability measure over GL(E) and let

(Yn)nso ~ v, Assume that E(k(v0)?) < +oo and E(N(yy)) < +oo. Then the law of
£(Fp)=nA1(v)

NG
a > 0, such that for all bounded continuous function f, we have:

. o (1 (B [ e,

Moreover, we have lim,, Var(k(%,))/n = a*.

converges to a centred Gaussian law. It means that there exists a constant

The fact that lim,, Var(x(7,))/n = a® in Theorem [Blis not a mere consequence of (),
the combination of the two is equivalent to saying that (Bl) hold for all function f that
is sub-quadratic and continuous, in the sense that (f(z)/(2? + 1))ser is bounded and
continuous. The continuity condition on f can also be relaxed to a piecewise continuity
condition using the fact that the Gaussian distribution is absolutely continuous (with
respect to the Lebesgue measure) but the is not really the kind of problems we are
interested in in the present article. Another equivalent reformulation of the conclusion of

Theorem [Blis that the quadratic Wasserstein distance between the law of #l(y) and

the centred Gaussian distribution of variance a? has limit 0 i.e., there exists a coupling
of (Yn)n ~ v®N with a sequence (y,), of centred Gaussian random variables of variance
2 (not independent) and such that:

2

) — 0.

©) . < 5(Ta) = 12 (v)

N

To put emphasis on the non obviousness of the fact that lim, Var(x(7,))/n = a?, let
us look at the central limit Theorem for the coefficients. In [Pé25], we have seen that for

all v € F'\ {0} and all f € E*\ {0}, the distribution of W converges to the

Dirac at 0. So in the setting of Theorem [Bl the distribution of W converges

20n SLg4, we have 0 < k < N < (d — 1)k so the two moment conditions are equivalent. That being
said, in the setting of [BQ16, Theorem 1.1], the random walk is on GL(E).
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in distribution to the centred Gaussian distribution of variance a. It means that for all
bounded and continuous function f, we have:

o o (s (BTl )) [ Slene

Since P(| f7,,v| = 0) is not necessarily zero, we use the convention f(—oo) = 0, for the
left member of () to be well defined. Even when P(|f7,v| = 0) for all n, the sequence
Var(log|f7,,v|)/n may be stationary to +oo.

To illustrate this, let (z¥) € {0, 1}N2 be independent and uniformly distributed, let
E = R? and for all n > 0, let v, = Ry,diag(2,1), where 6, = > ;2 27"2k and Ry
denotes the rotation of angle 6. If we take f = (0 1) and v = ((1)) then for all n, k, we
have P(|f7,v] < n27%) > P(Vi < n,j < k, ] = 0) = 27 so if we sum over all values of
k, we get E(log_ | f7,v]) > 2720 27" k! log(2) — log(n) = +oc, even though |7, v| # 0.

In Theorem [Al we will moreover show that (2) holds for all function f such that
f(z)/(|x]? + 1) is bounded and continuous for all ¢ < «, where « is the stability pa-
rameter of £, i.e., the only constant such that ({]) is satisfied for y = k,v. Again, this is
equivalent to saying that there exists a sequence of random variables (y,) that all have
law £ and such that for all 0 < ¢ < «, we have:

q
) — 0.

(8) E(m(in)—bn—%nb_

1.2. Probabilistic estimate for the norm-cancellation function. Let (7,),>0 ~
v*N be a random sequenceﬁ and write 7, = 7 - - - Yn—1 for all n > 0.

We say that the sequence (7,,)n>0 is a right] random walk with step of law v, that way,
we have 7,, ~ v*n for all n > 0 (with the convention 7, = Id(F)). We say that a random
walk is strongly irreducible and proximal if its step law is.

The proof of Theorems [A] and [Bl do not rely on an Ergodic theoretic version of Feller’s
results but on probabilistic estimates for the quantity:

Qn

A0, -+ Yn-1) = K(Y0 Y1) — K(Y0) — - — K(Vn-1)-

By sub-additivity of x, we know that Ax(7y,,) is a non-positive random variable for all n

so it has a well defined expectation in [0, +00]. We say that Ax(yo, - ,7¥n_1) is the total
norm-cancellation of the word (yo,- -+ ,7,-1). We write 6(v) = lim, w € [0, 400,
the limit exists by sub-additivity of s (indeed, A1, < A, + A, for all m,n) we say
that d(v) is the average norm-cancellation of v, it may be —oo. Let us note that when
E(k(7)) < 400, we have A\;(v) = E(k(7)) + 0(v). Let us introduce a more general

notation.

Definition 1.1. Let I be a semi-group. We write I = |_|n20 ™ for the semi-group of
words on the alphabet T, endowed with the concatenation product ®. Let (V,+) be an
Abelian group and let k : I' =V, we write Ak : ' =V : (go,- -, gi—1) — K(go - - gi—1) —

-1
k=0 H(Qk)-

3The notation (v, )n>0 ~ vV, means that (v,)n>0 is a measurable map from a standard probability
space (€, P) to GL(E)YN and for all family of bounded measurable functions (1;);e; with I C N finite, we
have E([];c; %i(v:)) = ;e J idv, where E denotes the expectation form associated to P. In this case
that the random variables (7, )n>0 are independent and identically distributed (abbreviated to i.i.d.) of
law v.

4Some authors prefer to study the left random walk (Yn=1-""70)n>0 as it is compatible with the left
group action GL(E) ~ E. Since the methods developed in the present work are not based on the study
of this group action, we make the more practical choice of considering the right random walk.
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Given a sequence (7, )n>0 in a semi-group, and given two integers 0 < m < n, we write
Ym.n as short for the word (Vi -+ ,¥n—1) of length n —m and write ~,,,, as short for the
product v, - - - y,—1. That way v, = v n41 for all n.

Proposition 1.2. Let v be a probability distribution over a semi-group T, let (7,) ~ v&
and let k : I' — R be sub-additive. There exist a constant §(v) € [—o0,0], such that we
have almost surely:

(9) i 2600n) _ oy E(86Gon))

n—-+oo n n—-+oo n

Proof. For all 0 < n < m, we have:

A’%(:370,771) = A"’{'(:?O,n) + A'L{'(;?n,m) + A/{(’Yo,na 7n,m)~

Moreover, Ax < 0 by sub-additivity of k£ so Ak(Yom) < Ac(Yon) + AK(Fn,m) for all
n < m. Therefore, we may apply Kingman’s ergodic Theorem [Kin68| to the sequence of
non-positive functions f, : GL(E)N — R<o; (Yn)n>0 = Ak(Fo.n) and to the shift-ergodic
measure vV, O

=0(v).

Note that in fact, we may define a quantity 6(u) € [—o0, 0] for all shift-ergodic measure
pon GL(E)N, i.e., such that given (v,,)n>0 ~ i, we have (Yn41)n>0 ~ p and all asymptotic
events have probability 0 or 1. In the present paper, we are interested in controlling the
distribution of Ax(7p,,) for all n. For that we use the following key result.

Theorem 1.3 (Probabilistic bound on the norm-cancellation). Let v be a strongly irre-
ducible and prozimal probability measure over GL(E) and let (v,) ~ v®N. There exist
constants C, 3 > 0 such that for all 0 < i < j <k and for allt > 0, we have:

(10) P(|AR(Yig: x)l > 1) < Y Ce ™ P(N(y0) > t/k)%.

k=0

The great improvement from the results we have seen in [Pé25] is the fact that the
probability, on the right hand member of (I0), is squared. A direct consequence of (1)
is that for all ¢ > 0, we have:

E(| AR, 750 *) < 2E(N(70)7)* Y Ce k2.
k=0

This follows from an integration by parts detailed in the proof of Lemma .4l Moreover,
by construction, the constant C' and 3 are not sensitive to the tail of v in the sense that
a fitting pair C, § is given by a function of v that is continuous for the weak-* topology
on the open set of strongly irreducible and proximal measures. More details on this
observation are given in Section

In the case of N(7p) being bounded, ([I0) is equivalent to saying that there exist con-
stants C, 8 > 0 such that P(|Ak(7ij,vjx)| > t) < Ce Pt This is a well known result
proven by Guivarc’h and Lepage under the assumption that N(vy) has a finite exponen-
tial moment so we shall assume that N(7p) in unbounded in the proof to avoid having
to treat the bounded case separately. Note that if we only assume that N(7,) has a
finite exponential moment, then (I0) does not imply that |Ax(7;;, V)| has a uniformly
bounded exponential moment so formula (I0) shall only be used when the tail of N,v
decays slower than any exponential.

Theorem is derived from the following extension of [Pé25, Theorem 1.6]. The only
difference being that point () is given as a qualitative global independence result, while
point (7) in [Pé25, Theorem 1.6 is a quantitative result on the conditional distribution
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of the v,’s. Indeed, given two matrices g and h, and ¢ > 0, the notation gA®h in [Pé25]
means that |[Ax(g,h)| < |log(e)| with the present notations.

Given a sequence of integers (pn)n>0, we write p, = >, p, for all n and given a
sequence (7,) in a semi-group, we write (72),>o € 'V for the sequence defined by 72 =
Vs A0 (FF)n>0 € TN for the sequence characterized by the fact that 72 = 75

for all n. That way, we have 77, = 75,5, and 7;; = 75,5, for all i < j.

7ﬁn+1

Theorem 1.4 (Pivoting technique). Let v be a strongly irreducible and proximal prob-
ability measure over GL(E). There exist a compact K C GL(E), a constant C > 0, an
integer m > 0 and, defined on the same probability space, a sequence (v,) ~ v®, an i.i.d.
sequence (gn)n>0 € GL(E)Y and a sequence of integers (pp)n>o0 such that the following
points hold:

(1) For all n, we have v, = g, or v, € K.

(2) For all k, we have 75, ., € K™ almost surely and the conditional distribution
of (§£+2k+2)n>0 with respect to (A7), o @5 almost surely constant and does not
depend on k either.

(3) all the py’s have a finite exponential moment

(4) The data of (pn)n>0 is independent of (gn)n>o-

(5) For all 0 <i < j <k, we have almost surely:

| Ak (yig v < C.

(6) For all integer k and for all h € GL(E) that is given by a function of (), 11
and (gn)n, we have:

P (V) < 2k + L|AR(1g 0 )| < C) = 3/4.

(7) For all0 <i < j <k such that i and k — 1 are odd and for all g,h € GL(E) such
that |Ak(g,7?)| < C and |Ak(v;_1, h)| < C, we have:

|Ak(g77 5,75 )] < C.

The proof of Theorem [[L4] is essentially the same as the proof of [Pé25, Theorem 1.6]
since both are direct consequences of [Pé25, Theorem 4.7| applied to (GL(E),v), using
the formalism of [Pé25] §2&3|. A detailed proof is given in Section 2

In Theorem [[.4] we say that there exists two independent sequences (g,,) and (p,,) such
that for all n, we have g, = 7, when =, ¢ K. Since the value of g, does not appear
anywhere else in the conclusions of the Theorem, we could have simply said that relatively
to the data of the set I = {n > 0|, ¢ K} the data of (7,)nes is independent of the data
of (pn)n>0, which means that for all event A that depends on I and (7, ),er and all even
B that depends on I and (p,),>0, we have P(AN B|I) =P(A|I)P(B| ) almost surely
in /.

1.3. The Generalized Central Limit Theorem (GCLT). Let us detail the frame-
work behind the proof of Theorem [A] and state related results. Let us first remind the
statement of the classical GCLT for non-negative random variables.

We say that a sequence of o-finite measures (p,), on a topological space X converges
in the weak-*x topology to a o-finite measure £ when for all continuous and compactly
supported function f : X — R (i.e., there exists a compact K C X such that f(z) =0
for all z € X \ K), we have:

(11) i [ fan(o) = [ facia),
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in this case, we write p, — L. If moreover pu, is a probability measure for all n and
L also is, then (II]) holds for all bounded and continuous function. On X = R, given
a sequence of probability measures (j,), and a probability measure £, Lévi’s Theorem
tells us that p,, — £ if and only if we have lim, f+°o e du,(r) = lim, fj;o e dL(x).
For all measure p on R, we write i : 6 — f e e dyu(x) for the Fourier transform of p.
This is a continuous maps from R to the unit dlSC in C.

We say that a probability measure p on R is in the domain of attraction of a non-
degenerate probability measure £ when there exist sequences (a,) € (0, +00)Y and (b,) €
RN such that (z + (z —b,)/an)«p — L. By Lévi’s Theorem, this is equivalent to saying
that for all # € R, we have [i(8/a, ) e~ /e — £(6).

In this case, it has been shown that L is of type Egbﬁ , for some constants 0 < a < 2,
—1<p<1,a>0andbeR, where Egbﬁ is characterized by its Fourier transform Eg’b,
defined as: 7

(12) Fos g, Jexp (10b — Cylab|*(1 — ifsign(0) tan(ra/2))) for a # 1,
ab exp (i0b — C1|ab| — 2ipab log|ab|/)) for a = 1.

Where sign is the sign function that takes value 0 at 0, +1 on Ryy and —1 on Ry and
C, = fOJrOO x®sin(z)dx for x < 2, that way limt_,+oot L3,(t,+00) = a® and Cy = 1, that
way L, is the Gaussian distribution of variance a? and mean b.

Note that the set {Egbﬁ ;a > 0,0 € R} is closed under multiplication, which means
that the space {L;‘f ;a > 0,b € R} is closed under convolution. The terminology a-
stable comes from the fact that for all ag, aj, bo, b1, we have £2% % £28 = %P , whit

ao bo a1,b1 T ag,b
ay = a§+a§ and by = by+by+b witht/ =0 for o # 1 and b’ = (ao log(ap)+aq log(ay) —
as log(az)). R
For a < 2, saying that 1i(6/a, ) e~/ — L(#) for all § is equivalent to saying that
for all t > 0, we have:

1+5 _1-p8,
(13) nlffoot p(tay,, +00) = — ¢ and nl_l)Iiloot u(—oo, —ta,) = 5 @
and that b,/a, — b for @ < 1, that (b, — nf xdu(x))/a, — b when a > 1 and
that (b, — nfﬂn xdu(x ))/an — b When a = 1. For a = 2, L3 is simply the normal

dlstrlbutlon of variance a* and mean b (it does not depend on 3 because tan(mwa/2) = 0)
and saying that 7i(8/a,,)"e~/an — £(0) for all § € R is equivalent to saying that for
all £ > 0, we have:

w0 (e ([ )

and (b, — nf_Jr;o xdp(x))/a, — b.
We prove Theorem [A] as a corollary of the following result.

Theorem 1.5 (Generalized Central-Limit-Theorem for the norm). Let v be a strongly
irreducible and prozimal probability distribution over GL(E). Let (V)ns0 ~ v*N and
assume that E(k(y9)?) = +oo. Assume that there exist sequences (a,) € RY, and (b,) €
RY such that the law of (3} 70 K(v:) — bn)/a, converges to a mon-degenerate probability
distribution L with stability parameter 0 < a < 2. Assume that there exists ¢ > « such
that E(N(70)%?) < +oco. Then, there exist a sequence (V,)n>0 ~ v®N and a sequence
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(yn), defined on the same probability space, such that y, ~ L for all n and:
~,) — b, —nb e
K(Tn) o, ) _o

7

n

(15) lim E (

n—oo

Theorem 1.6 (Weak law of large numbers with doubled exponent). Let v be a strongly
irreducible and prozimal probability distribution over GL(E) and let (Yn)nso ~ v®N. Let
0 < q < 2 be a constant such that E(N(40)%¥?) < +00. When q > 1, §(v) is finite and we
have:

nl/q

E (’ Ak(Yo,n) — nd(v)

q
) — 0.
n—-+o00
When q < 1, we have:
E (' A'L{’(:?O,n)

nl/q

q
)—>O.

n—-+o0o

Theorem 1.7. Let v be a strongly iwrreducible and proximal probability distribution over
GL(E) and let (Yn)nso ~ V&Y. Assume that E(N(v)) < +oo. Then §(v) is finite and
there ezists a coupling of (v,) with a sequence of identically distributed centred Gaussian
random variables (y,), such that:

. <' AH(%%— now) ) —

In Theorem [L.7, we do not claim that the distribution of the ¥,’s is non degenerate. In
fact, when K is ultra-metric, it is easy to construct an example of strongly irreducible and
proximal random walk for which Ax(%y,,) is equal to 0 almost surely and for all n. Simply
take v to be the distribution of a matrix (1 j)=11 + M, )1<ij<a, Where (M, ;)i<ij<q is
taken i.i.d. following the Haar measure on the ball {z € K| |z| < 1}. Then for all y in the
support of v, we have ||7v|| = |efve1| and by induction, we show that, for all y,~" € T,
we have ||| = |efyei| and [|7]| = |ejyes| so [[v9/|| = lefvy'es] = [|v[l[7']] and therefore
Ak(7,7') = 0. Therefore, Ak, %" = ¢, for all n.

In [BQ16], Benoist and quint give a formula to compute the limit of Var(k,v*")/n in
terms of the v stationary measures £ on P(E) and £ on P(E*) when E(N(70)?) < +oc.
Namely, when E(N(v)?) < +oc following [BQ16], we have:

(16)

(17) i Var(An.™)/n = [ . / g (B50,2) = V00) +0(2) = 60)” do() el

For ¢(z) = fP(E*) Ak(f,2)de*[f]. When E(N (7)) < +oo, ([I7) still holds but we do not
prove that in the present article.

In an upcoming article, we will see that once we assume v to be strongly irreducible and
proximal, () holds without any moment assumptions, meaning that when the formula
on the right of (7)) is well defined and finite, it is the limit of Var(Ak,v®")/n and when
it is not, Var(Ar.v®")/n — +oo.

That is of no use in the present article since we only use the fact that (I6]) implies that:

. ('Mw —nd(v) ) g

Qp
for all sequence (a,) such that v/n/a, — 0. In particular, (I8)) holds for (a,) that satisfies
(@) in Theorem [Al

(18)
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1.4. GCLT in higher rank. Given a vector space F and an integer k, we write /\k E
for the space, endowed with a alternate k-linear map /\k L /\kE that has the
universal property of factorizing all alternate k-linear maps, equivalently, it is the dual of
the space of alternate k-linear forms. Note that /\k FE is a K-vector space of dimension
(§) for all 0 < k < d, is {0} for k > d and is undefined for k < 0.

We remind that the Euclidean (resp. Hermitian, resp. ultra-metric) norm on E defines
a unique Euclidean (resp. Hermitian, resp. ultra-metric) norm on /\k E forall 1 <k <
d. This norm is characterized by the fact that for all family (;1:2)0<2<k € E*, we have

I Ao @ill = ming y=p.a, H, o llyill and therefore || Ay @] < [Ty [ll|-

The natural norm on /\ E can be constructed for example as a scalar multiple of the
norm inducedi from the natural projection E®* = ®" E — AF E, that identifies two
k-vectors whenever they have the same image by all alternate k-linear map. The scaling
constant is 1 when K is ultra-metric and v/k! when K is Archimedean, i.e., K = R or
K = C. For that reason, the choice of the Euclidean or Hermitian norm is not always
consistent through the literature. That being said, the choice of scalar multiple of norms
plays no importance in the present work since the scaling constant cancels out in the
operator norm on End(\" E).

Given g € GL(E), and 1 < k < d, we write A* g € GL(A\" E) for the map characterized
by /\kg/\f:1 T, = /\f:1 gz;. We say the a measure v on GL(FE) is totally irreducible if
the measure /\ff v is strongly irreducible for all 1 < ¢ < d. For all 1 <1 < d, we define:

1L n tos (121
19 ki(g) = max min log [ —— |.

dim(F)>1

The right hand side makes it clear that the map k — ki(g) is non decreasing. We write
k : GL(E) — R? for the map g — (ki(g))1<i<q, the map & is often referred to as the
Cartan projection. Note that the right member of (I9) makes sense for all linear map
g € Hom(Ey, E), with the convention ;(g) = —oo when ¢ > dim(Ey) for Ey and F; two
Euclidean, Hermitian or ultra-metric spaces. '

Forall 0 < j < d, and for all g € GL(E), we write &;(g) = log || A" gl = 327_, #i(g) and
we write ®(g) = (%;(g))o<j<a € R% Note that %; is a sub-additive map for all 0 <j<d
so k and AR are both sub-additive for the coordinate by coordinate comparison order.

Definition 1.8. Let v be a probability measure on GL(E) and let (v,) ~ v®N. For all
0 <j<d, we write:

- E(AR(Hn
(20) d(v) == lim M

n—-+4oo n
When, 6(v) € (—o0,0]¢, we write 6(v) == (3;(v) — 851 (V) )1<i<a-
Contrary to s, & is not sub-additive, however, the map ® = (k1 + - - - + Kk )o<k<d 1S Sub-
additive coordinate by coordinate because we have % (g) = log || A" g| for all g € GL(E)

and 0 < k < d. Therefore, by Kingman-s sub-additive ergodic Theorem, there is a vector
0(v) € [~00,0]¢ such that v*N-almost surely, lim,, A'iﬁl%) = 0(v). When 0(v) € (—o0, 0]¢,

we simply set (1) = 0(1)g — 0(V)_y for all 1 < k < d.
Theorem 1.9 (Weak law of large numbers in higher rank). Let v be a totally irre-
ducible probability measure on GL(E) and let (Vn)nso ~ v*N. Let 0 < q < 2 such that

5Given a linear and surjective map, 7 : £ — F, with I/ a normed vector space, the semi-norm induced
by 7 on F is simply the distance (closest points distance or Hausdorff distance, they match in this case)
between cosets. When F is finite dimensional, it is easy to check that this semi-norm is in fact a norm.
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E(N(70)"?) < +o00. When q > 1, 0(v) is well defined and finite and we set b = —d(v)
otherwise, we set b = 0. Then we have:
) 0

Theorem 1.10 (Central limit Theorem in higher rank). Let v be a totally irreducible
probability measure on GL(E) and let (n)ns0 ~ v®N. Assume that N,v is integrable.
Then there exist constants b € R? and a € RY ® R? and a coupling of (v,) ~ v with
random variables y, ~ Ny for all n € N such that:

Ak(F,) + nb
nl/q

25

n—-+o0o

2

Ak (Fn) —nd(v)

(22) lim E T — Yn

n—o0

=0.

Using Theorems [[.9 and [LI0, we prove an analogous of Theorem [Al for totally irre-
ducible distributions.

An interesting fact is that in this case, we do not have an analogous of Theorem
with moment assumptions on N. That is because N = k1 — k4. So when & is in the
domain of attraction of a probability measure of stability parameter o, N has a finite
moment of order ¢ for all ¢ < . We remind that by a remark of Guivarc’h and Raugi
in [GR&9] under the strong irreducibility assumption, saying that a semi-group is not
proximal is equivalent to saying that the quantity x; — ko is bounded on I'.

Theorem 1.11 (Generalized Central Limit Theorem in higher rank). Let v be a totally
irreducible probability measure on GL(E). Let (Vn)nso ~ V&Y. Assume that kv has no
moment of order 2. Assume that there exist sequences (a,) € RY and (b,) € (RN such

that the law of (327~ f(7i) —bn)/an converges in the weak-+ topology to a non-degenerate
probability distribution £ on R%. Then there exist a constant b € R? such that the law of
(k(7,,) — bn — nb)/a, converges to L in the weak-* topology.

For the present article we do not need a fine understanding of the domain of attraction
of stable distributions. All we need to know is that when the hypotheses of Theorem
[L.11] hold, there exists a € (0, 2] such that £,v both has a finite moment of order ¢ for
all ¢ € (0,a) and a,/n'/? — 0 for all ¢ € {2} U (a, +00). The fact that \/n/a, — 0
when o« = 2 comes from the fact that 4,r has no moment of order 2. When £,v has
a finite second order moment the technique developed in [BQI16| tell us that the law of
((7,,) — nA1)/+/n converges to a Gaussian distribution whose covariance matrix is given
by a cocycle formula, analogous to (IT), that we will not detail in the present article.

That being said, in order to gain a basic understanding of the implications of Theorem
[LIT, let us remind that a law g on R? is in the domain of attraction of a stable law,
of stability parameter «, in the sense that there exist sequences (a,) € R+ and (by,)n>0
such that (z — (x —b,)/a,)™ — L if and only if:

e When o = 2, for all £ > 0, the covariance matrix of the restriction [I of 1 to the
ball of radius ta, multiplied by n/(a,)? converges to the covariance matrix of £
and (b, — n [ xdu(z))/a, converges to [ xdL(x). In this case £ is Gaussian.

bSince p{z,|z| < a,} has limit 1, it does not matter if we look at the restriction or normalized
restriction of y. We remind that the coefficient of index (i, j) of the covariance matrix of the restriction
of uu to B(tay,) is fB(m ) zizjdp(z fB . xzd,u fB(m ) T dp(z). Integrating over all R% on the second

term does not change the limit.
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e When a < 2 the measurd] n(z — z/ay).u converges to a non-zero and locally
finite measure, for the weak-* topology on R4\ {0}, and b, —n fB(an))/an converges
inV.

In this case, the limit of n(z — z/a,).u is of type CP, * [, where (3 is a
probability measure on the unit sphere, P, is the law of density at=*~'dt on
(0,+00) and C' € (0,+00) is a constant. The law £ is determined by the stability
parameter «, the measure /3 on the unit sphere (called harmonic measure of L),
the constant C' and the limit of b, — n fB(an))/an.

More precisely, L is the law of:

(23) b “+a Z <Fk1/ayk — /
k=1 k

where ¢ = C*, b = lim,, b, — nfB(an))/an and (74)x>0, (Yr)e>1 ~ EN @ BEN for

& the exponential distribution] on (0, +00) and 7 = Z?;S 7;. In the case of
Theorem [[LTT, the harmonic measure (8 associated to S has to be supported on
the Weil chamber {z € RY |2y > 25 > -+ > 24} because k,v is.

Following the historic framework developed by Lévi in the one-dimensional case, the
domain of attraction of multi-dimensional stable distributions can be understood via the
Fourier transform. However, the harmonic measure [ does not come out as explicitly
as it does via the study of order statistics, developed in [LWZ81] and explained in the
introduction of [ST95]. This point of view allows for a more intuitive and dimension-
independent understanding of the domain of attraction of stable distributions.

k+1
tl/ath(yk)) .

2. PIVOTING TECHNIQUE AND GAIN OF MOMENT

This section is dedicated to the proof of Theorem [L3l We first prove Theorem [L.4] as
a corollary of [Pé25, Theorem 4.7|. Then we prove Theorem [L3 as a corollary of both
Lemma and Theorem [[L3l Lemma combined with [Pé25, Theorem 4.7| allow to
give results that are similar to Theorem [L.3] for random walks in spaces that satisfy good
contraction properties like trees or relatively hyperbolic groups. The reader who is not
familiar with [Pé25] Section 4] may skip the proof of Theorem [I[.4] in a first read and
proceed to Section of the present article for the proof of Theorem [I.3

2.1. Pivoting technique. The aim of the present section is to prove Theorem [[L4] using
the tools developed in [Pé25]. This is the occasion to give more details on the theoretical
framework behind Theorem [[.4] and put emphasis on the constructive nature of the proof.

Let us quickly redefine the notations used in [Pé25, Section 4| and in the present
paragraph. Given a semi-group I, a sequence (g,)n>0 € IV, and a sequence of integers
(Pn)nz0 € NY, for all n > 0, we write B, = po+ - - -+ pn_1 and g% = (g5, - - -, 95, ,,-1) and
95 = 95, " 9p,.,—1- Given a word g = (go,- - ., gi-1), we write II(g) = go- -~ gi-1 = goy-
Given two indices m < n and a sequence (g,) in a semi-group, we write g, , as a compact
notation for g, - - - g,—1. That way, for all | < m < n, we have ¢;,, = gi.mGm.n-

We call metric semi-group a semi-group endowed with a second countable and metriz-
able topology, in practice, we think of I' as GL(F). Given a measurable binary relation A

"The measure n(x — x/an)«p is n times the law of x/a, for x ~ y, it has total mass equal to n on
R? and to n(1 — {0}) on R\ {0}, so its limit is zero or has infinite total mass on R¢\ {0}.

8This way, the set {71,k > 1} is a Poisson point process of intensity Lebesgue on (0,+00) and the
set {a?,;l/ayk, k > 1} is a Poisson point process of intensity CP, * 8 on R?\ {0}. The distribution
of the Poisson point process of intensity lim, n(x — z/a,).p is the limit of the distribution of the set
{x/an |0 <k < n} for (xx)r>0 ~ v®N.
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on ' and 0 < p < 1, we say that a probability measure v, is p-Schottky if for all constant
g € I', and for v ~ v,, we have:

(24) P(gAy) 21—p and P(yAg) =1-—p.

Given two matrices g and h and 0 < & < 1, we write gA®h when ||gh|| > ¢||g]|||R]|, or
equivalently, when Ax(g,h) < |log(¢)|. For all matrix ¢ € GL(E), we write o(g) =

exp(ka(g) — r1(g)) € [0,1].
In [P&25], we have seen the following result:

Theorem 2.1 (Pivotal times [Pé25, Theorem 1.6]). Let v be a strongly irreducible and
proximal probability distribution over GL(E). There exist constants 0 < ¢ < 1/2 and
m €N, a compact K C GL(E) and a probability distribution p on GL(E)N x (N\ {0})N
such that given ((Vn)n>0> (pn)n>0) ~ W, the following assertions hold.

(1) We have (), ~ V"

2) The sequence (Vh,),, is i.i.d. and independent of 7.

)

) For all k >0, we have 75, € K™ and o(75, ;) < % almost surely.

) For all k > 0, the conditional distribution of 7, ., with respect to the data of
(iz/)k’;&kdrl is gwen by a function of (5, ¥5,.o) that does not depend on k.

(5) Almost surely, and for all k > 0, we have P (gAsyng } (”ﬁ/)k/ﬁkﬂ) > 3/4 for all

g and P (7§k+1A€h } (Aﬁ/)k/ﬁkﬂ) > 3/4 for all h.

(6) There exists constants C, 3 > 0 such that E(e®P») < C' for all n > 0.

(7) For all A C GL(E)\ K, we have P (v, € A| (pp)yery) < 20(A).

(8) For alli < j <k such that i < k, for all f € E* UEnd(FE) such that fA*~! and

for all h € EUENd(E) such that v_A°h, we have f~?-- -fyf_lA%fy? e ph.

(
(3
(4

This result is weaker than Theorem [[.4] which moreover states that the data of (p,)n>0
and of (7,)n>0.¢x are independent relative to the data of {n > 0|+, ¢ K}. In Theorem
211 point () only says that the relative distribution of each ~,, with respect to the data of
(pr)k>0 is absolutely continuous with respect to v outside of K and does not say anything
about the coupling between the (v,),’s. To get the squared probability in Theorem [[3]
we really need the independence of the g,’s.

We remind that the sequence (p,,),, of Theorem 2Tl was taken to be the sequence (py,)n,
constructed in [Pé25, Theorem 4.7]. The aim of the present section is to show that this
sequence (P, ), does satisfy the conclusions of Theorem [[.4]

Before giving the statement of [Pé25] Theorem 4.7], let us remind that the Schottky
measure we want to consider is given by the following Lemma. This result is a probabilistic
formulation of a well known geometric result, credited to Abels, Margulis and Soifert
[AMS95]. Here we state it as it is stated and proven in [Pé25] Corollary 3.17|, with
§(e) =€%/48 and p = 1/6.

Lemma 2.2. Let v be a strongly irreducible and proximal probability measure on I'. There
exists an integer m, two constants o, e € (0,1) and a probability measure vs on I'™ such
that:

(1) The measure vy = I1,Ug is 1/6-Schottky for A® in the sense of (24]).

(2) The measure vy is absolutely continuous with respect to v®™ in the sense that
avg, < e,

(3) For all (sg,...,Sm—1) in the support of Us, we have o(so,) < £°/48.

(4) The support of Us is compact in I'™.

Now let us give the full statement of [Pé25 Theorem 4.7] and give it an alias for the
present article. Given o € (0,1), we write G, := (1 — a) Y 2, "), for the geometric
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distribution of parameter o, we remind that G, has mean o/(1—a). Given two sequences
of integers v = (v,) and w = (w,), we write w’ = ( Uny1-1
sequence 7 = (Y, ) in a semi-group, we have 4" = (y*)v,

oo Wk)n>0, that way, for all

Theorem 2.3 (Pivot extraction [Pé25, Theorem 4.7|). Let T' be a metric semi-group

endowed with a measurable binary relation A. Let o € (0,1) and let m > 1. Let v, be
a probability distribution on T™ such that av, < v®™ and let Rk = ﬁ(,/@m — awg). Let

vs = 1,05 and assume that vg is 1/6-Schottky for A. Then there exist random sequences

(ur )iy (S8)k, (Wor ) ~ EON @ 7N @ GPN - and two random sequences (vi), and (Py)y all

defined on the same probability space such that if we write wop,1 =1 for all k, w = mw,
(Yn)nen = O Uy, S p1, 0= W, Vop 1= Uy + Vapy1 + Dapy2 and Oopyy = Vagys for all k
(or in compact notations v = 17(3’1)®N) and p := 0P, then the following assertions hold:
(1) The data of (vi)x is independent of the joint data of (), and (wg)y.
(2) For all k € N, we have vyy1 = Vgpr2 = Vg3 = 1 and (”‘”“271)166N ~ Qf’g.
(3) For all k € N, we have v§,Avy, 1 AYY, ..
(4)

4) We have (Vi 3)ken ~ 02N and the sequence (Vg Virr1> Vinso)) pey 6 6-0-d- and

independent of (Viy43)ken.
(5) The data of (pr)x is independent of the joint data of (Ug)r and (wg)r and (vg)k
and (%)ke{o,l,z}MN-
(6) Each py is a positive odd integer, popr1 = 1 for all k and (pogs2)k @s i.i.d. and
independent of py.
(7) The distribution laws of po and ps have a finite exponential moment.
(8) The sequence (Yoyyo),s, 8 1-i-d. and independent of 7.
(9) For all k € N, we have 5, A%, .| almost surely. A
10) Almost surely and for all k € N, we have fyngAfy%’%H and there is a family of
odd integers 1 = cF <k <. < cfk = pakr2 such that for all 1 < i < j%, we have:
’7%21@-& T /y%}%-q-QJFCf*lA/y%}%-q-frcfA752k+2+0§+1 T 7;2k+2+c§+171-

(11) For all k € N, the conditional distribution of ﬁgkﬂ with respect to the joint data
of (Wﬁ)k,#kﬂ and (tg)g and (wy)g and (vg)x is the normalized restriction of s
to the measurable set:

(26) Cy = It {’Y el ’ 7§kA7§k+1A7§2k+2} '

Let us now admit 2.3l as a black box result and break down how Theorem [[.4lis a direct
consequence of Theorem 2.3 Namely, we show that for v, as constructed in Lemma 2.2]
the sequence (py) as constructed in Theorem 23] satisfies the conclusions on Theorem [[4]
To construct the sequence (g,), we only need to look at points () (8]) of Theorem 23]
The other points of Theorem are only needed to prove points (2)) to (§) in Theorem
[L4l. These points are reformulations of the conclusions of Theorem 2] in terms of Ax
instead of A®, we will quickly remind how they articulate with Theorem 2.3 without going
too deep into the proof.

Lemma 2.4. Let v be a strongly irreducible and proximal probability distribution over
GL(FE). Let a,e,m and vs be as in Lemma [22 and (py) be as in Theorem for
A = A°. Let K C T be such that Us(K™) = 1. Let vke be the normalized restriction of
vito K=T\ K when v(K) < 1 and vge = 01q, otherwise. Let (ix = Lx(vx) and let
g = Yk for all k such that i, = 0. Assume that the conditional distribution of (gk)i,—1
with respect to all the random variables defined in Theorem is VOO - Thep for
all k, the joint data of (Pr)k>o and (ix)r>o is independent of (gi)k>o0-



14 AXEL PENEAU

Proof. First, note that (gi)r>0 ~ Vi and (gx)r>o is independent of (i )x>0 so all we have
to show is that the data of (g)r>0 is independent of (pg)r>o relative to (ix)r>o-

First, we show that the data of (g )r>0 is independent of (wy)g>o relative to (ig)g>0. By
definition of (g )i,—1, all we have to show is that the conditional distribution of (), —o
with respect to the joint data of (i;) and (wy) is almost surely equal to yEURI=0r Pyt
note that the normalized restriction of & to I'"™\ K™ is equal to the normalized restriction
of ®™ to the same set. Moreover, the data of (ix)r>o is determined by the joint data of
(ug)r>o0 and (wg)r>o so the conditional distribution of (uy);,—o with respect to the joint
data of (i) and (wy) is vtk =0

To conclude, we use points (Il) and (&), which combined tell us that the joint data of
(ug)r and (wg)r (and therefore of (7)) is independent of the joint data of (py)x and (vk)x

so the conditional distribution of (uy); —o with respect to the joint data of (ig)g, (wg)g,

(vk)r and (pr)r>o 18 Ok 15=0} Moreover, the data of py, is determined by the joint data
of (wg)k, (vi)r and (pk)k>0, which concludes the proof. O

Lemma 2.5. Let v be a strongly irreducible and proximal probability distribution over
GL(FE). Let a,e,m and s be as in LemmalZ2. Let C = |log(e)| +1log(2). Let p be as in
Theorem [2.3, then for all 0 <i < j < k, we have almost surely:

(27) | AR 75| < C

Moreover, for all 1 < i < j < k and for all g,h such that ‘Aﬁ(g,’}/f)} < C and
}AFL(’)/Z_U h)} < C, we have:

(28) |Ak(gnl;, 70 k)| < C.

Proof. In [Pé25], we have shown that for a;, e, m and 75 be as in Lemma and (py), as
in Theorem [2.3] the joint law p of (V,,)n>0 and (p,).>o satisfies the conclusion of Theorem
2.1 The formula ([27)) follows from (&) in Theorem 211 O

Let us now give the details of the proof of Theorem [L.4

Proof of Theorem[I14 Let a,e >0, m > 1and K C GL(E) and 75 € Prob(K™) be as in
Lemma Let (uy), (sn), (wy), () and (p,) be as in Theorem [[4] and let (g,) be as
in Lemma 2.4

Let us construct the sequence (g,). Let vge be the normalized restriction of v to
K¢ = GL(E) \ K vkge = v otherwise. Consider a random sequence (g,,) such that
(un), (5n), (wn), (9,) ~ EN @M @GN @i and let g, = v, when v, ¢ K i.c., gn = Uy
when u,, ¢ K and max{k|mw;, < n} is even and g, = g/, otherwise. Let us show that
the conclusions of Theorem [I.4] are satisfied for p = p

Point (1) in Theorem [[.4]is a direct consequence of the construction of g. Let us check
that (g,) ~ u®Y and that (g,) is independent of the joint data of (s,) and (w,). Because
of the product structure, (g,) is trivially independent of (s,) so all we need to check is
that for all A C GL(E) such that A ¢ K, we have P(u, € A|u, ¢ K) = vige(A). For
that, write 4,, for the event (max{k|mw; < n} is even), (i,) is independent of (u,) so
P(u, € Alu, ¢ K) =P(u, € A,in| N(u,) > B,i,) =P(v, € A| 7, ¢ K) = vke(A).

Point (2) in Theorem [[.4] is a consequence of points (8) and (II)) in Theorem
Indeed, by (§) in Theorem 23] for all & > 0, the sequence (ﬁgj tokto)j>0 is indepen-
dent of (75;)o<j<r- Moreover, by () in Theorem 23] the conditional distribution of
(V3;11)0<j<k with respect to the joint data of (35;)o<; only depend on (75;)o<;j<r- Hence,
the joint data of (75;,)o<j<k and (73;)o<j<k is independent of (35,5, 5)j>0- By @) in
Theorem again, the distribution of (7?5]» +or42)j>0 does not depend on k. By point
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() in Theorem [23] again, the conditional dist{"ibution of (V3; 2x43)0<; With respect
to (72)nem\(2n+k43) is given by a function of (Aﬁgﬂzk”)jzo. Hence, the joint data of

ﬁgﬁzkw)jzo and (V3 9143)o<; is independent of (77)o<n<or and its distribution does not
depend on k. O

To conclude the present reminder section, let us also remind the reader that we know
how to compute the law of the sequence (). Let (t,) ~ n®N with n = 26, D Ll I
let Xo =0 and for all n > 0, let X,,,; = (X,, +t,)". by construction of the sequence
(pg) in the proof of [Pé25] Theorem 4.7] and by [Pé25 Lemma 4.12], the law of the non-
decreasing sequence (pQ“TH)kZO is the same as the law of the non-decreasing sequence
(max{j € N|X; = k})r>0. Point () in Theorem 23] follows from that fact. We also
know from point 2 that (“£=1);cy ~ g{@g and from point (§) in Theorem that the
data of (pg)r is independent of the data of (vy)g. This fully determines the law of (p)
though we do not have a nice analytical formula for it. From the law of large numbers
and the fact that 7 has mean 2/9 and from the fact that (pog o) is i.i.d, we deduce that
E(p2) = 8 and therefore we can compute:

5 1—« 3) 7

E 1 E —1 9
Bl 1 4 B0 =Ly, 0 LT

Bp2) = == B0 + == —B0) = 5~ (5~ +3) T3
2.2. Study of the tail of the blocks. This section is dedicated to the proof of Theorem
[L3l We state the intermediate Lemma in a general setting as we will need it in future
works to show that the results of the present paper hold for Gromov’s relatively hyperbolic
groups as well as other groups.

We call metrizable semi-group a second countable Hausdorff-separated topological
space endowed with a continuous and associative composition map. We call metrizable
group a metrizable semi-group with a unit that admits a continuous inverse map.

Lemma 2.6 (Gain of moment). Let I' be a metrizable semi-group. Let N : I' — Rsq be
a continuous and sub-additive map. Let V be a Banach space and let k : I' — V be a
continuous and N -almost additive map i.e., such that for all g,h € T, we have:

(29) 1Ak (g, h)I| < min{N(g), N(h)}.

Let B be a real constant. Let 0 < a < b be random integers, and let p:=b—a. Let v be a
probability measure on T and let (gi)x>0 ~ v®" be a random i.i.d. sequence. Assume that
the data of (a,b) is independent of the data of (gr)r>0- Let (Vk)o<k be a random sequence

such that v = gx or N(vx) < B for all k. Let R := ZZ;L N (k) —maxg<r<s N(7k). Then
we have:
(30) 1Al < B

Moreover, for allt > 0, we have:

[t/B] 2
) BR= 0 <PEE-1 >0+ Y ()P0 = 0P (N> )

k=2

Before giving the proof of Lemma 2.0] let us remind the reader that for I' = GL(FE),
the maps x : g — log ||lg|| and N = g + log||g|| + log||g ||, are measurable and satisfy

@9).

Proof. Assume a and b to be fixed and let p = b — a. Note that we have:
(32) R=min 3 N(3,),

a<i<b -
a<j<b
J#i
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The minimum being reached for all k£ such that N(7;) = maxo<;<, N(7;). Let a <i < b.
By (29), we have for all i < j <b

AR, 1)l < N(v5)-
By the same argument, we have for all a < j < 4:

[AR (5, vi10) | < N ().
Formally, by a telescopic sums argument we have:

b—1
A fYab ZAK‘ fijnyJrlb Z Ali(fyivﬁfy]')’

j=a J=t+1
the first sum being empty when a = ¢ and the second sum being empty when ¢ = b — 1.
Hence, by triangular inequality, we have:

ARGl < Y N(y)
a<j<b,j#i
If we take I to minimize (32]), we have:

[AK(ap)[| < R.

This proves (30).

Now we prove ([BI). Let B = max N(K). Then for all i ¢ I, we have N(v;) < B. Let
t > (w—1)B and assume that R > ¢. Then there exist at least two indices 0 < i < j < w
such that N(v;) > = and N(v;) > p%l. Otherwise, there would exist ¢ < p such that

w—1
for all j # i, we have r1(7;) < zﬁ and, we would have R <t¢. If R>t> (p—1)B, then
we necessarily have a <i < j < b such that N(vy;) > zﬁ and N(~;) > zﬁ' Moreover, we

have:

Vi<jel, P (N(%-) > 1%1 AN(y) > ﬁ 'w) — Nov(t/(p — 1), +00)?

Therefore, for all ¢ > (p — 1) B, we have:

P> t]5) < ()e/lp = 1) +oc)
We conclude by taking the sum over all possible values of p. O

Now we prove Theorem [[.3] using Theorem [[L4] and Lemma 2.6l Let us first introduce
some useful tools for the proof.

Definition 2.7 (Subordinated word). Let I' be a monoid i.e., a semi-group with a unit
element. We say that a word 7 = (Vk)o<k<r(y) € T is subordinated to a word g =
(gr)o<k<L(g) € T and write 7 < § if there exist a family 0 < ig < - < i) < L(g) such
that for all 0 < k < L(7), we have Vi, = Giyip,, -

Proposition 2.8. Let I' be a monoid, and let K =T — R be sub-additive. Then Ak is a
non-increasing map for the subordination relation on T.

Proof. We rely on the fact that Ax < 0, which is a direct consequence of the sub-additivity
of k. Let ¥ = geT. Let I > 0andlet 0 <ip <--- <ipy < L(g) be such that for all
0 <k < L(%), we have v = gi,5,.,- We write i_y = 0 and ip(5)41 = L(g). Formally, we
have:

(33) Ak ( ) A/‘f(go i01 Jio,is Jir (7), L(g) + AK/ Z AK’ glk zk—i—l
k=-1
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So Ak(g) is a sum of non positive terms, one of them being Ax(%) and therefore Ax(g) <
Ak(7). O

Lemma 2.9. Let (p,)n>0 € NI§1 be independent random variables. For alln € N, we
write |n|, = max{p, | k € N,p, < n} and [n], = min{p, |k € N,p, > n}. Then for all
n,t € N, we have:

(34) P([nly — [nlp = 1) < tmaxP(p, = 1).

Proof. Let n be fixed and write [, := max{k € N|p, < n}. Note that [, < n because
we assumed the measures 7; to be supported on N>;. Note also that for all n, we have
(n], — [n], =0or [n], — [n], =p,. We have:

(. =1)=Je =)0 (k=1.)

Note also that for all £, n , we have k = [, if and only if p, < n and py > n —D,, so we
have:

n

(o, =t < e =) N @ <n)0 (px > 1 —py)
k=0
c U ee=0n@ =000 >n—1).
k<j<n

Now for all £ < j < n, the events (p, = j) and (px = t) are independent by assumption.
Therefore, we have:

P(p, =1) = > P@, = )P(pr = )lnjt

k<j<n

n J
=Y S RG=Pm=1)
j=n—t+1 k=0

For all j, by positivity of p, there is at most one integer k such that p, = j, so we have
Y —o P, =J) =P(3k,p, = j) < 1. Therefore:

(35) P(p, =1t) < j:nitﬂorgggj Plpy =1t) < tmaxP(p; =1). O

Now we prove the following result which says that Points (d), (3), () and () in
Theorem [[4] imply Theorem [[3l One may note that the result still holds when only
assuming x to be N-almost additive. The sub-additivity assumption is however very
convenient for the proof and true in most practical applications.

Lemma 2.10. Let I' be a metrizable monoid. Let N : I' = R be a continuous almost
additive map and let k : I' — R be a continuous, N-almost additive and sub-additive
map. Let K C T be compact. Let (pn)n>0 € NY, be a sequence of independent random
variables and let (g,) € TN be a random i.i.d. sequence, that is independent of (p,).
Let (v,) € TN be a random sequence such that for all n, we have v, = g, or v, € K.
Assume that there exist non-random constants C,3 > 0 such that for all n,t > 0, we
have P(p, = t) < Ce Pt and such that for all 0 < i < j < k, we have:

(36) AR 15l < C.
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Assume also that the law of P(N(go) > 0) > 0. Then there exist constants C", 5" > 0
such that for all t > 0, and for all 0 < i < j < k, we have:

(37) P (Ak(vig,v5) > 1) Z C"e 75%]}» N(go) > t/k)2-

Proof. For all n € N, we write |n], = max{k|p, < } and [n], = min{k|p, > n}. Let
0 <i < j < k. Formally, when [i], < [j], and [j], < |k], we have:

(38) Ak (Fify. ity © Viilpilily) © Ailonile @ Vsl lkly) © Flkpa k1)
- AH(VUJ%MP’ fy[ﬂp Lilp> fyLJJp [71p> fy[ﬂp Lk]p» fYU“Jp “ﬂp)
+ Ak (Figri,) + A% (T1nrit) + A% Fikgm,) -

By assumption, we have:

(39) | ARVl Filps ViTp il Vo [T Vil ks Vklpulk1) | < 4C
Moreover, by Proposition 2.8 we have:

AR Filptily © (Vilplits) @ Viilpile © (Vilpilklp) © Fiklpulkly) < Ar(igs Vik)-

In conclusion, we have:

(40)  Aw(vigvik) <40+ Ak (T, ri1,) [+ 18K Flgn10) T 1A Fleg,m,) |-

In case [i], > |j]p, we have [i], > j and therefore |i]|, = |j], and [i], = [j], and if we
assume that [j], < | k], then formally, we have:

(41) AR Fligptity © (Vilptkly) © Akl [k1p) = ARVl [i1ps Viilplklps Tk pi[K]p)
+ AR (Vg it,) + AK (Fikgi6,) -

The same formula holds when [j], > |k],, and [i], < [j]|,.- Moreover, in this case, the
word (7;,5,7;,k) is subordinated to the word 7|;|,.ri1, © (Vi 1klp) © Vikp.[k], SO We have:

AK’(/YZJ”YJ k) < 20 + |AK’( Vilp ﬂp) | + |A'L€ ( 7 1k]p, “ﬂp) |
and therefore (40) still holds. When we assume that [j], > |k],, and [i], > |j],, we
have = |i], = |j]|, = |k], and [i], = [j], = [k], so the word (v;;,7;k) is subordinated
to the word 7|;),.r:1, and (@Q) still holds.

Let us now explicit a uniform probabilistic bound on |Ax (Aﬂn Ipu[n] p) | for all n > 0.
The data of [n],, [n], is determined by (px)x>o so it is independent of the data of (g,,)n>0-
By Lemma 2.6] for B = max N(K) and for all ¢ > 0, we have:

P(|Ak (TYJL"Jpvﬁﬂp) | >t) <P(B([n], — [n], —1) >1)
[t/B] I .
X (5B~ lnly =07 (N > )
k=2
By Lemma 29, we have P([n], — [n], = k) < kCe ¥ for all k and all n and therefore:

C C
— _ _ 7 BBl —Blt/B]
P([n], — |n], —1>1t/B) < [1+t/B}eﬁ_1e +(eﬁ—1)2€ :
Let M > 1 be such that P(N(go) > B/M) > 1/M, such a M exist because lim s, 1 o, P(
B/M) —1/M = P(N(go) > 0), which is positive by assumption. Then, for all & >

N(go) >
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Mt/B + 1, we have P (N(go) > %) > P(N(go) > B/M) > 1/M. Now let C', ' > 0 be

such that for all k > 2, we have Ce ?*k2(k —1)/2 < C'e=P*" and for all t > 0, we have:
C’ 1 C C
B 1 VY N S S DS T CAR 7)1 NN RN 771
eﬁ'_le M—[ +/ —Ieﬁ—le +(€B_1)2€

By exponential comparison Theorem, we know that there exist such a C’ for all 8’ < .
Then we have:

P2k Gl,) | > 1) < 3 Ce ™ B(N (go) > 1/k)

k>1
By (40), we have for all ¢:
(42) P (ARl > 1) <) PUAK (T, m,) | > (8= 4C)/3)
ned{i,j,k}
<= t—4C
43 <Y 30 P (N
(43) < a0 e (Vi) > 5 )
For t > 8C', we have % > & and:
- t t
1 —B'k Ly 1 —B'k/6 v
Vt>8C,Z3Ce P(N(g0)>6k)— Z 3C"e IP’(N(gO)>k).
=1 kE6N>4
Hence, we have:
+00 t
(44) P (Ak(rus 0] > 8 < Y 3C" 4P (N(an) > |
k=1

For ¢t <8C, and for all k > 8CM/B, we have P(N(go) > t/k) > 1/M and therefore:

+00 _
, t 30" e B[8CM/B]/6

1 ,—B'k/6 e
E 3C"e P(N(g0)>k> > = i

k=[8CM/B]

We can always assume that C’ > M(1 — e=#/6)efI8CM/B1/6 /3 in that case, we have:

“+oo
/ t
Vi <8C, ) 30" P (N<go> > z) > 12 P (|AR(7754) | > 1)

k=1

In conclusion, we have ([37) for C” = 3C" and 5" = /' /6. O

Proof of Theorem[L3. Let K C T, m € N5; and C be as in Theorem [[4l Let (v,) ~ v,
(g9n) and (p,) be random sequences defined on the same probability space as in Theorem
L4l To apply Lemma 2T0l we need to show first that P(N(gg) > 0) > 0 and that there
are constant C, 3 > 0 such that for all n, we have P(p, = t) < Ce™?* and that the p,’s
are independent. The later is a direct consequence of points (2)) and (3) in theorem [[.4]

By (@) (looking only at the sequence of lengths), the sequence (pa)r>0 is independent
(indeed, the data of (pon)nsk is independent of (pa,)n<k for all k) and since pogi1 = m
for all k, it is non-random and therefore independent of everything (even itself) so the
sequence (pg)r>o is independent. By (3] all the pi-s have a finite exponential moment so
there exist constants Cy, 8, > 0 such that P(p, = t) < Cre ?+“. Moreover, by () again,
the sequence (pag)r>1 is identically distributed so all py shares its law with pg, p; or ps so
we have for C' = max{Cy, C;, Cy} and B, = min{fy, 1, B2}, we have P(p, =t) < Ce P!
for all n.
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Now let us prove that (37) implies (I0). If we assume N(79) to be unbounded, then
for all t > B = max N(K), we have P(N(vy) > t) > P(N(go) > t)P(N(v) ¢ K) and
for all t < B, we have P(N(y) > t) > P(N(vy) > B). Therefore, we have P(N (o) >
t) > P(N(y9) > B)P(N(go) > t) so (B7) implies (I0) with C' = C"P(N(vyy) > B)™? a,d
B = p". Moreover, we have P(N(gg) > B) > 0 so we may apply Lemma 210l

If we instead assume that P(N(go) > B) = 0 and that N,v is non-degenerate, then we
use (B8) or (@I]) which tells us that:

AR(Yig,vik) < AC+ B ([ilp = Lilplily + [51p — Lilplilp + Tk — LE]p[ilp)
By Lemma [2.9] this has a bounded exponential moment. We conclude using that fact
that N,v is non degenerate, i.e., there exists a > 0 such that P(N(vyy) > a) > « so on
the right hand side of (I0), we have Y Ce ™ P*P(N(vyo) > t/k)? > Cale P> If N,v is
degenerate then Ar(v;;,7v;k) = 0 almost surely for all i < j < k and (I0) is trivial. Note
that this last case does not occur when v is proximal. O

3. STUDY OF ALMOST ADDITIVE PROCESSES

A consequence of Theorem [[3] is that the random process (K(Ym.n))o<m<n 1S almost
additive in a way that we define in the first paragraph of the present section. To be
able to use some of the result in further works, we study almost additive processes in an
axiomatic way. For the moment, it is not clear whether or not the formulation in terms
of almost additive processes yields result that could not already be proven using classical
ergodic theoretic tools. We state results in full generality to avoid having to give different
statements for x and £ and to be able to apply them in a broader context.

3.1. Definition and motivation. In the present section, we call non-additive process in
an Abelian group V' a family (Sy.n)o<m<n Of elements of V. We assume V' to be endowed
with a second countable o-algebra. In the present section, we study non-additive processes
in a second countable Hilbert space V', over R endowed with a scalar product denoted by
(-,-) and the associated norm || - ||.

Definition 3.1 (Mixing process). Let S = (Spmn)o<m<n be a random process. We say
that S is time-invariant if it has the same law as the time-shift of S, defined as T'S =
(Spstns1)o<men- We say that S has no memory if for all 0 < m, the process TFS =
(Sitjmtk)o<i<k 15 independent of the joint data of (S;k)o<j<k<m. We say that S is mizing
if it has no memory and is invariant.

For now, we have not used the group structure on V' to define the probabilistic notions
of having no memory and being time invariant. To be able to say anything meaningful
on mixing processes, we assume the following moment condition.

Definition 3.2 (Almost-additivity). Let S = (Spmn)o<m<n be a random process in a
Hilbert space V. Given q¢ > 0 and C > 0, we say that S is C-almost additive in LY if for
all | < m <n, we have:

(45) E (1Stn — Stm — Smanll®) < C.

From now, let us denote by AS(l,m,n) the quantity S;, — S;m — Smn. We remind
that given a (random or not) sequence (x,),>0 € VY, and 0 < m < n, we write x,,, =
ZZ;:H xy, for the partial sum of x, that way (x,,,) is an additive process i.e., 0-almost
additive. To avoid confusion without overloading the notations, we use upper case letters
for general processes and lower case letters for those that come from sequences of random
variables. Contrary to additive processes, the distribution law of an almost additive
process (Sp.n)o<m<n can not be deduced from the distribution law of (S, )n>0 or (S, )n>0-
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Instead of making the strong lack of memory assumption of Definition B.1] we could
have made the weaker assumption that the law of S is ergodic for 7' (meaning that all
T-invariant events have probability 0 or 1). In [Kin68|, Kingman proves a law of large
numbers for ergodic processes on R that are sub-additive i.e., if E(Sp;1) < +00) and if
AS(l,m,n) <0 almost surely and for all | < m < n, then Sy,,/n converges almost surely
to a non-random limit in [—o0, +00).

In the present work we make the mixing assumption, that is stronger than a simple
ergodicity assumption but allows us to give more natural links between the probabilistic
behaviour of Sy, and the constants C' and ¢ of (43]).

3.2. Almost additivity of the Cartan projection. Let us now explain how Theorem
L3 implies that the random family (A&(Ymn))o<m<n, When v is strongly irreducible and
proximal or (AK(Ym.n))o<m<n, When v is totally irreducible is almost additive in L9 as
soon as soon as N (7)%? is integrable.

This follows from a simple argument of integration by parts.

Lemma 3.3. Let x be a real non-negative random variable. For all ¢ > 0, we have:
+oo
(46) / gt P(z > t)2dt < 2E(z9/%)%
0

Proof. Note that for all ¢, we have gt? 'P(z > t)* = 2(t7*P(z > t))(t/*'P(z > t)).
Therefore, by Holder’s inequality, we have:

+00 o0
/ gt P(z > t)2dt < 2supt?*P(z > t) / T1a/2-1p(y > 4)dt.

0 >0 0 2
By Markov’s inequality applied to 2%/2, we have P(x > t) < E(2%2)/t9/? for all t,
therefore, sup,-,t9/?P(z > t) < E(2%?). Moreover, by integration by parts, we have
J57 L2 P(r > t)dt = E(27/?). O
Lemma 3.4. Let v be a strongly irreducible and proximal probability distribution over
GL(E) and let (y,) ~ v®N. Let ¢ > 0 and assume that E(N(v)¥?) < 4+oc. Let C,3 >0
be as in Theorem and let C' = 2E(N(y0)¥?)2 32,2 Ce % k%, Then the processes
(K(Ym,n))o<m<n and (AK(Ym.n))o<m<n are C'-almost additive in L.

Proof. We want to show that for all 0 <1 < m < n, we have E(|A&(Yim, Ymn)|?) < C'.
Let 0 <1 < m < n be fixed. By Theorem [I.3] for all £ > 0, we have
“+oo
P(IAR(Ymy Ymn)| > 1) <Y CeFP(N(q0) > t/k)*.
k=1
By integration by parts and permutation of the sum and integral:
+o0o

E(JAK(yi5, vi6)]?) = / gt P Ak(yi g, k)| > t)dl
0

+o0 +00
< Z Ceﬁk/O qt"P(N (7o) > t/k)?dt
k=1

+o0 +00
<Y Ce s / gt 'P(N (o) > t)2dt.
k=1 0

Hence, by Lemma [3.3] we have:
+oo

E(| AR (Y Ymon)|7) < Y Ce R RIZE(N (30) ). u

k=1
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To study the higher rank case we simply look at the exterior products representations.

Lemma 3.5. Let v be a totally irreducible probability distribution over GL(E) and let
(Yn) ~ v®N. Let ¢ > 0 and assume that E(N(7)?¥?) < +oco. Then the processes
(F(Ym,n))o<m<n and (AE(Ymn))o<m<n are LT almost additive.

Proof. Let T',, be the smallest closed semi-group of full v-measure. For all 1 < k£ < d
and for all g € GL(E), we write x(g) = k(A" g). Then for all k, we have formally
Rr = k1 + -+ rp. Let ©(v) be the set of indices 1 < k < d such that A" v is proximal.

Using the fact that N o A" < kN and by Lemma B4 applied to A" v, for all k € O(v),
there exists a constant C} such that for all 0 <[ < m < n, we have:

Moreover, by sub-additivity of the determinant, we have ARy = 0 on GL(E).

By [Pé25, Lemma 3.11] (credited to Guivarc’h and Raugi [GR89] in the specific setting
of products of invertible matrices), for all k ¢ O(v), there exists a constant By, such that
0 < kr(g) — kr1(g) < By for all g € T',. Therefore, for all g,h € T',,, we have:

(48) |Akk(g, h) — Arki1(g, h)| < 2By.
For all 1 < k < d, we write [k]eq) for the smallest element of §(v) N {d} that is

.....

[klew) = [jlew), we have formally on T',:

(49) |Aky — Akj| < 2B.
We use the convention %y = kg(g) = 0 for all g. Now let j > [1]eq), let k = [j]ew)
and let ¢ = [j]e() be the maximal element of {0} U ©(v) such that ¢ < j. We have
AR, — AR; = Zf:z +1Ak;j so by a barycentric inequality, for all 1 < j <k, we have:

1

—1

<2B

’Amj ~ 7 (AR, — AR;)

and taking the partial sum:

AR — ‘%(Am ~AR)| < 2Bk — ).

and by triangular inequality:
|AR;| < |ARy| + |AR;| + 2Bd.

Therefore, for all 0 <1 <m <n, and for 0 < ¢ < 1, by triangular inequality for |- |7, we
have:

E (‘Aﬁj<7l,ma f}/m,n>|q> < Ck‘ + Cz + Qde
and for ¢ > 1, by Minkowski’s inequality, we have:
E (|AR; (Yian, V)| )" < Oy + €7 4 2Bd

with the convention Cy = C; = 0. Therefore, there exist a constant C such that for all
0 < j <d, we have:

(50) E (|AR; (Yim, Ymn)|?) < C.

Moreover, for all 1 < j < d, we have Ax; = AR; — A%;_; so by Minkowski’s inequality,
we have:

(51) E (| AR (Yim, Ymn)|) < max{2,29}C.
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Taking the sum coordinates by coordinates, and by Minkowski’s inequality again, we
have:

(52) E (|| A& (Yim, Ymn) |9) < max{d, d”?} max{2,27}C. O

3.3. A dichotomy formula. In the present paragraph, we prove a non-probabilistic
formula that allows us to view non-additive additive processes as an infinite sum of
additive processes.

Definition 3.6 (A-process). Let (Syn)m<n be a process. By convention, we set Sy, =0
for all n. To help formulas fit in their own line, we write S, as short for Sy, and S, as
short for S, 11 for allm > 0. To avoid having to distinguish cases, we use the convention
Snm = —Smn for allm <mn and S,,,, := 0 for all n. We use the following notations:
e Forallj > 1 and for all family (n;)o<i<; € N1 of integers, we write AS(ng,...,n;) =
Snmnj - Ei;é Snzym'ﬂ'
o We denote by AS the error process associated to S, defined as ASy,,, = Smn —
Z;L;; S for all0 < m < n.
o For all k > 1, we write S* for the process defined as S,’fm = Skmn for all
0<m<n. ’
We say that S is additive if AS = 0.

Given a sequence of matrices (7,)n>0, and S defined as S, ,, = K(Ym,) for all 0 <m <
n, we have AS,, ,, = A(Vm.n)-

For all real number x, we write |z| for the integer part of x i.e., the largest integer
n € Z such that n < z. Given r > 0 and x € R, we write |z|, =r|z/r].

Before giving the proof of (Bfl), let us break down the notations. In practice, we are
only interested in the quantity AS(ng,...,n;) when j > 2 and ng < ny < --- < nj.
Note that by a telescopic sum argument, for all process S and all family (n, ..., n;), we
have AS(ng,...,n;) = A(AS)(ng,...,n;). Hence, for all 0 < m < n, we have AS,,, =
AS(m,m + 1,m +2,...,n) = A(AS),,,. However, we do not have A(S*) = (AS)*
for k > 2, since we are not interested in the process (AS)*, we write AS* for A(S*),
that way for all m < n, we have AS,’fm = Sﬁ’b,n — Z;L;il S}g = Skm.kn — Z?;; Skjkjtk =

AS(km,km +k, ..., kn). More generally, for all (n;)1<;<; and for all k, we have:
(53) ASk(TLQ,...,TLJ‘) :AS(k’no,knl,...,k’n]‘).

In fact it is enough to know the data of (AS(l,m,n))o<i<m<n to compute the values of
AS(ng,...,n;) for all (n;)i1<;<;, using the formula:

(54) VJ > Q,V(nz) € Nj+1, AS('I’L(), c. ,nj) = AS(no, c. ,7’1,];1) + AS(no, n;—1, nj).
This is a particular case of the fact that for all 1 < k < j and all (n;) € N1 we have:
(55) AS(no, e ,nj) = AS(TL(], ce ,’I’I,k) + AS(no,nk,nj) + AS('I’Lk, cey nj).

Let us now prove the following formula. By convention, we set S, (k) = 0 for all
expression z(k).

Lemma 3.7. Let (Sin)o<m<n be a family of elements of an Abelian group V. For all
i,m > 0, we have:

n—1 400 |n/29 -1
(56) Sn=>_ Sk+ > AS(0, |0y, [nly-1)+ Y AS@k Y (k+1/2),2(k+1)).
k=0 7=1 k=0

Moreover, for all j > logy(n), we have |n/27| = |n]y = 0 so the sum may be taken over

je{L, ..., [logy(n)]}.
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Proof. First note that for all n, we have S,, = S;,, = Z;é Sy + ASp,,. By (B3) applied
to j =k+2 and (n;); = (i);, for all k > 0, we have ASj o512 — ASp o, = AS(0, 2k, 2k +
2) + AS(2k, 2k + 1,2k + 2). By induction, we have for all n > 0:
[n/2]-1
ASon, = > (AS(0,2k,2k +2) + AS(2k, 2k + 1,2k + 2)).
k=0
Moreover, by (B4) and by induction, we have:
[n/2]-1

> AS(0,2k,2k +2) = AS(0,2,4, ..., [n]s) = AS] |, -

k=0
Therefore, for all n > 0, we have:

[n/2]-1
(57) ASom = ASpnpsn + > AS(2k, 2k + 1,2k +2) + ASE |, o).
k=0

Now we have show that (5Z) holds for all process S. Therefore, it holds for S?, and in
fact for S?' for all j. So for all n,j > 0, we have:

ASZ ) = ASZ (0, [[1/27] ]2, [n/27])
|n/20+1]—1
+ > ASY(2k,2k 41,2k +2) + ASY | ni .
k=0

Now we multiply everything by 2*, following (53) and we get:

(58) ASZ|, 0, = AS(0, [naer, [1)2)
|n/27+1 | -1
+ > AS(22k,27(2k +1),2(2k + 2)) + ASS | i .
k=0
Note that for all 0 < n < 27, we have ASO lnjai] = ASO% =0 and for 2 < n < 277! we

have ASQJ = ASS?I = (. By a telescopic argument, for all n > 0, we have:

0,[n/27] —

[logz(n)]—1 [log(n)]

(59) ASpn, = Z (ASF y0i) — ASQJ-;/QJJHJ) Z (ASQJn/QJ 1 = ASE L ai))-

j=0 j=1

By replacing j by j — 1 in (58)), we have:

ASS,JLn/ijlJ — AS(%,JUL/WJ = AS(O, L'I’LJ ) L'I’LJ 2]'71) + Z AS(2]k‘, 2j(k3 + 1/2), 2j(k + ].))
k=0
Therefore, for all n, we have:
|logy(n) | [n/27 | -1 ' ] ]
(60)  ASp, = Z AS(0, [n)o, [n)o) + Y AS2E,2(k+1/2), 2 (k + 1)).
k=0
We conclude using the fact that S, = Z;é Sy + ASp,, and that the terms of index

j > logy(n) are all zero. O
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3.4. Weak law of large numbers. In the present paragraph, we prove the weak law
of large numbers for almost additive processes in L? for 0 < ¢ < 2. Let us fix V to
be a real second countable Hilbert space, endowed with a scalar product (-,-) and the
associated norm || - ||. In the present article, we only use the results for V = R? but the
proofs works the same in infinite dimension. We remind that second countable Hilbert
spaces are all isometric to (2(N) = {(x;);>0, Y. 27 < +00}. We do not need to consider
larger Hilbert spaces because all measurable events can be expressed in term of a second
countable quotient.

Definition 3.8 (Fractional variance). Let 1 < ¢ < 2 and let x € V' be a random variable.
We write:

(61) Varg(x) :=E(||lz — Eo(z)][*).
That way Var,(z) = 400 when x has infinite moment of order q.

With our notations, Var, is the classical variance. We remind that the variance of a sum
of independent random variables is equal to the sum of their variances. For 1 < ¢ < 2,
this equality becomes an inequality.

Lemma 3.9. Let z,y € V be two random variables and let 1 < q < 2. By Minkowski’s
inequality, we have Vary(r + y)¥9 < Vary(r)Y9 + Var,(y)Y/9. If moreover x and y are
independent, then Var,(z + y) < Vary(x) + Var,(y).

We have two extremal case: for ¢ = 1, the equality stays true without the independence
assumption and for ¢ = 2 the inequality is in fact an equality. The proof is based on the
following functional inequality:

(62) Vi<qg<2Vz,yeV, ||lz+yl|? <zl + lyll? + allyl|* >y, ),

where (-, -) denotes the scalar product associated to the norm || - || on V. To prove (62,
we consider a decomposition x = x1y + x5, with z; € R and (y, x2) = 0. Note that (62])
is trivial when y = 0 and homogeneous, so we may assume that ||y|| = 1. That way, we
have ||z +y||*> = (1 + 1)% + ||22]|* and (62) reduces to:

(2]l + 1+ 221) 7% < (||2]*)7? + qz1 + 1,

which follows from the concavity of the map ¢ + t%/2 on [0, +00).

From (62)), we deduce that E(||z + y||?) < E(||z]|?) + E(]|y||?) when z is centred and
independent of y, which proves Lemma [3.9. As a consequence, we know that given an
i.i.d. sequence (z,),>0 in a Hilbert space V, for all 1 < ¢ < 2, we have:

(63) Var,(Z,,) < nVarg(x).

When ¢ = 2 this is an equality and when g < 2, we moreover have Var,(Z,)/n — 0 as we
will see in the next Lemma.
We remind that for all z,y € V', by concavity of the map ¢ — t? on [0, +00), we have:

(64) VO < g <1, [l +yll" < [lz]|* + [lyl]*.

From this, we deduce that E(||z 4+ y||?) < E(||z||?) + E(]|ly||?) for any pair of random
variables x and y.

Given a random variable x that is not centred, we do not necessarily have Var,(z) <
E(||z]|?) but by a naive application of Minkowski’s inequality, we always have Var,(z) <
E(||z||7) + [[E(z)]| < 2E(]|z]|9). In fact the infimum of E(||z — b||?), which is sometimes
used as g¢-variance proxy, is reached for a value of b called g-barycentre of the law of
x. The 2-barycentre is the usual mean, the 1-barycentre is the median, which is not
necessarily
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Lemma 3.10 (Weak law of large numbers). Let (x,),>0 be i.i.d. random variables in a
Hilbert space V. Let q € (0,2) and assume that B(||zo||?) < +o00. Let b=E(xq) if g > 1
and 0 otherwise. Then E(||Z, —nb||?)/n — 0 or in other words, (T,, —nb)/n'/? converges
to 0 in probability and in 1.9.

Proof. Up to a translation, we may always assume that b = 0. We want to show, using
the dominated convergence Theorem, that:

(65) E(l[za])/n :/t TPzl > () )dt — 0.

=0 n—o0

For that, we use the following decomposition. For all £ € N and for all s > 0, we write
yi = xp1|js, e<s- Note that for all n, and for all s, if ||z;]| < s'/¢ for all k < n, then
Tp, = U,. Therefore, for all n > 1 and all ¢ > 0, we have:

©) POl > (7)< P (e ol > (10)) + O > ().

To control the first term, note that
n—1
P (ol > () < S (fall > (n)") < nB(lol > )

Therefore, we have:

+o0 +oo
/ P (max ||z || > (nt)l/q) dt < / min{1, nP(||zo||? > nt)}dt
0 0

0<k<

+o0o
< / min{1/n, P(||xo||? > t)}dt
0

Moreover fo P(||zo||? > t)dt is finite and 1/n — 0 so by dominated convergence, we
have:

+o0
(67) / P (3 <, el > (n)7) db —> 0.

0 n—-+oo

Let us now bound the second term. The random variables (y}¥)o<p<, are i.i.d. and
——nt zz:n 1, nt h .
k—o Yr' so we have:

E (ygt) =nkE (ygt) and Var (@Zt) = nVar (ygt)

For all s > 0, write b, := ||E(y)| and vs := Var(y§). Then, by triangular inequality for
| - || and by Chebyshev’s inequality, for all n, ¢, we have:

(68) P(l[g [l > (nt)"/) < ((nt)/* = nbye) v
Here we use the notation (s), := max{s,0} and 07! = +oo. For ¢ < 1, we use the
estimate:

t1/4q
bmswmmns/ P(|lzol| > 5)ds
0

For ¢ > 1, we rely on the fact that E(zg) = 0 to use the estimate:

+oo
%smm—wm:/ P(|Jzo > 5)ds

tl/q
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By integration by parts, for ¢ > 1, we have:

+o0 +oo +00 sd
/ (/ Pz > s)ds) wVady — / / w V1P|l > 5)ds
0 ul/a 0 0

+o0 Sq—l
= P(||xo|| > s)ds
| Tl > 9

1
= ——E(||xg]|?).
p ([zoll?)

-1
For ¢ < 1, we have

[

1/q

+oo +oo
P(||zo|| > 5)ds> uwHdu = / / u”YduP(||zo|| > s)ds
0 s

400 Sq—l
:/ 1]P’(H:c0|] > s)ds
o _

1/q
= T E(lwo])
= 1_ p Zo .
In both cases, we have:
+oo
—1/q 1 q
(69) byu™ " du < E(]|xo]|%)
0 lg — 1]

and therefore we have lim,_, 4o byu' "% = 0. Finally, for ¢ = 1, we have lim,_, o bs =
|E(z0)|| = 0. Therefore, there exists a constant C' > 1 such that for all u > C, we have
ub, < u'/9/2. So for all t > C and for all n > 1, we have nb,; < (nt)/9/2. For all values
of ¢ < 2, we use the estimate:

ou <E(I5i?) = [ 25B(lzoll > s
0
Therefore, for all t > C' and for all n > 1, we have:
(nt)Y/a
(70) (nt)Y? — nbpy) " *nvg < S(nt)_z/q/ sP(||xol| > s)ds.
0

We integrate in ¢ and for all n > 1 we have:
400 400 (nt)l/q
/ (nt)Y — nbyy) *nu,dt < 8/ (nt)2/q/ sP(||zo|| > s)dsdt
0 0

c
< 8/ sP(||zol| > s)/ (nt)~*4dtds
0 s

a/n
o) q—l]P
[ >,
0 (1—=2/g)n

E(lol|*).

IN
o0

8
(g—2)n

Moreover for all > 0, we eventually have nt > C and therefore, ((nt)Y9—nb,;);*nv,; — 0
for all ¢ so we have:

c
/ min{1, ((nt)"4 — b)) *nvy ydt — 0,
0
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by dominated convergence. Then by (68)), we have:

+00 +o0
(71) / P > (nt)9)dt < / min{1, (n8)"% — nbye) 2nvn}dt — 0.
0 0

And by ([66]), we have

—+00

400
B/ [ RO > 0 [ B el > () )
0 0 0<k<n
And by (67) an (7)), both terms have limit 0. ]

Theorem 3.11 (Weak law of large numbers without drift for almost additive processes).
Let V' be a real Hilbert space. Let 0 < ¢ <1 and Cy > 0. Let (Sy,n)o<m<n be a V-valued
mizing process that is Cy-almost-additive in L. Assume also that E(||So||?) < +o00. Then
we have:

lim E(||S,]|9)/n = 0.

Moreover, for alln > 1, we have:

(72) E(||Sa]|) < ( (1517 +Cy > 27 J) [logy ()] Cy.
j>1
Proof. By Lemma B:ZL we have for all n > 1:
llogs (n w2 |
ZSH Z AS(0, [n)y, [nfou-1) + Y AS(2k,27(k+1/2),2(k +1)).
k=0

By (©4)), we have:

—

[log(n)]

E(IS19 < D EUSHD + Y- E(JAS(O, [n)a, [n)oi-1)])?

j=1

3

i
o

/23 |1
n Z (IAS(2k, 2 (k +1/2),27(k + 1))]|9).

Moreover, we have E(||A(l,m,n)||?) < C, for all I < m < n so we have:

[loga(n)]

B(S.7) < YRS + Y- Cy+ /2 )C,

which proves (72)). By Lemma B.7 and (64]) again, we have:
n—1

=519 <& |55
k=0

For all j > 0, we have:

q

a Llogs (n)] [n/27]—1 o ‘
) Z E > AS@k 2Y(k+1/2),2(k+1))
k=0

+ [logy(n) | Cy.

ln/2i -1 1

K!:=E > AS@k2Y(k+1/2),2(k+1))| | < [n/2]C, <n277C,
k=0
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and K;’ /n — 0 by Lemma B.I0 Therefore, by dominated convergence, we have:

n—oo

VnZO,ZKf/nSZQ‘qu:Cq and lim ZKq/n—O
j=1 =1

By Lemma 310 again, we have E <HEZ;3 Squ> /n — 0. Therefore:

n—1 q [logs (n)]
E(||S,]|%)/n < E ( > S ) /n+ > K!/n+ [logy(n)|Cy/n — 0. O
k=0 j=1

Theorem 3.12 (Weak law of large numbers with drift for almost additive processes).
Let V' be a real Hilbert space. Let 1 < q <2 and Cy > 0. Let (Spn)o<m<n be a V-valued
mizing process that is Cy-almost-additive in L. Assume also that E(]|So]|?) < +oo. Let

(73) b:= limw.

n n

Then, ||b]] < E(S,) + Cy’? and we have:
lim Var,(S,)/n = 0.

n

Moreover, for ¢ > 1, and for alln > 1, we have:

(74) Var,(S,)Y < n/d <Varq(50)1/q + V) Z2j/q> |log,(n)] V1.
j>1

with V, = maxg<;<m Varg(AS(k,l,m)) < 2C,.

Proof. By Lemma B:Z], we have for all n > 1:

[logy (n [n/27 -1
Zs,ﬁ Z AS(0, [n)ar, [n)am) + Y AS@2k,2(k+1/2),2(k +1)).
k=0

If we take the expectation, using the fact that S is time-invariant, we get:

[loga(n)]

E(S,) = nE(Sy) + Z E(AS(0, [n]a, [n]e-1)) + [n/27 JE(AS(0,2771, 27)).

j=1
Let b :=E(Sp)+>_,5, 27/ E(AS(0,2/71,27)). We remind that we have [[E(AS(I, m, n))|| <
Cy/" for all | < m < n and that n/2—|n/27| < 1forallj < logy(n)and D j>logy(n) 27In <

2 for all n. Then, by triangular inequality, we have ||b]] < E(Sy) + Cy’? and for all n > 1,
we have:

IE(S,) — nbll < 2C;/7|logy(n) + 1],

which proves (73)).
By the mixing assumption, the sequence (Sk)g is i.i.d. and therefore, we have:

n—1 n—1
Vn >0, Var, (Z Sk> < nVar,(Sy) and lim Var, (Z Sk> /n=0.
k=0 k=0

Moreover, for all j, and for all k the quantity AS(27k, 27 (k + 1/2),2/(k + 1)) is given by
a function of ()0 k<i<m<ai(k+1) 50 the sequence (AS(27k,27(k+1/2),27 (k4 1)))r>0 is
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ii.d. for all j > 0. Therefore, we have:

[n/27 -1
Varg [ Y AS@k,2(k+1/2),2(k+1)) | < [n/27]Vary(AS(0,277",27)),

k=0
for all n > 0 and:

[n/23 -1
lim Varg | ) AS(27k,27(k +1/2),2(k+ 1)) | /n=0.

k=0

Moreover, by Minkowski’s inequality, we have:

n—1 g  |logy(n))
(75) Var,(S,)"? < Var, <25k> + > Varg(AS(0, [n)a, [1)2-1))

k=0 j=1
oo /2] -1 1/
+ Varg | > AS(27k, 2(k+1/2),27(k + 1))
7=1 k=0
Therefore, we have
B Llogs ()]
Vary(S,)"/ < n'/®Vary(8)/4+ > Varg(AS(0, [n]y, [n)a-1))"/*
j=1
+oo ' ' ‘
+ ) /2| MeVar, (AS(0,271,27)) e,

j=1

which proves (74]). Moreover, by (75) and by dominated convergence, we have:
Var,(S,)"/n? — 0.

Proof of Theorem[L.8. Let v be strongly irreducible and proximal and let (v,) ~ v®N.
Let 0 < ¢ < 2 and assume that E(N(7,)%?) < co. By Lemma B4 the process
(AK(Ym.n))o<m<n is Li-almost-additive. Therefore,, by Theorem B.I2, for b = —§(v)
when ¢ > 1 and b = 0 when ¢ < 1, we have:

lim E (|A&(F0,,) + nb|?) /n = 0.

n—oo
Proof of Theorem[I.9. Let v be strongly irreducible and proximal and let (y,) ~ v®V.
Let 0 < ¢ < 2 and assume that E(N(7)??) < co. By Lemma B the process
(AFE(Ymon))o<m<n is Li-almost-additive. Therefore, by Theorem B.12] when ¢ > 1, the
limit:

—E(A&(3
s o B G)
n n

is well defined and taking b = 0 when ¢ < 1, we have:

Tim E (| A% (o,.) +nb|) /n = 0.
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3.5. Central limit Theorem. In this section, V' denotes a Euclidean vector space
(i.e., V ~ R? endowed with the usual scalar product) on which we will consider ad-
ditive mixing processes. We do not denote this Euclidean space by E or R? to avoid
confusion with the space on which random matrices act. In practice, we want to see V' as
the target space of the map (k;);co defined on End(F) for a given Euclidean, Hermitian
or ultra-metric space E and a subset © C {1,...,dim(F)}. Contrary to E that may be
Hermitian or ultra-metric, V' is always a real Hilbert space.

Let  a random variable that takes values in V. Assume that z is L?, i.e., E(||z|?)
+00. We write Cov(z) for the covariance matrix of x. Given an orthonormal basis (e;);
of V, and x = ) z;e;, the covariance matrix of = is given by the formula Cov(z); ;
Cov (i, x;) = E((z; — E(;))(x; — E(x;))).

That way Cov(z) is a symmetric matrix in the sense that Cov(z);; = Cov(x),, for
all 4,7 and it is positive in the sense that Cov(x);; > 0 for all i. This property in
invariant under a change of orthonormal basis. We denote by Symi(V) the space of
symmetric positive matrices. We remind that any element g € Symi(V) can be written
as a diagonal matrix diag(a;); with non-negative coefficients in an orthonormal basis
(€3)i, of V, its square root, denoted by /g, is associated to the matrix diag(,/a;); in the
same basis and is also in Symi(V). One cane easily check that in any basis, we have
9ij = Dk \/gzk\/gkj

In the present section, we endow the space of matrices in V' with the norm [|g||? =
>ij] gij]?. This norm is sub-multiplicative and does not depend on the choice of pair of
orthonormal bases, however it is not equal to the operator norm.

It is clear that given two independent random variables x,y, we have Cov(x + y) =
Cov(x) + Cov(y). Without assuming the independence of x and y, we have:

A\

~—

(76) H v/ Cov(z +y) — \/Cov(:c)H2 < Var(y).

In other words, the map x — y/Cov(x) is contracting in L2.

We remind that every L? random variable z shares its covariance matrix with a
unique centred Gaussian distribution denoted by NCov(m)- Moreover, we have Ncoy(z) =
v/ Cov(z) N®! where N denotes the centred Gaussian distribution ov variance 1 on R
and /Cov(z) * N®! the law of D ein/Cov(x), x; with (z;)ier ~ N

Given two probability distributions p and 7, we write Wy(p,n) for the minimum of
VE(|lz — y||?) for all couplings z ~ v and y ~ 1. That way, for all a,a’ € Sym? (V), we
have W (N, Ny) = ||v/a — Vd'||. Moreover for all random x € V, the law Nooy(s) is the
orthogonal projection of the law of x onto the space of Gaussian measures, which yields
([76).

The Central Limit Theorem tell us that given an i.i.d. sequence (z,),>0 such that
Var(zg) < 400, the distribution of M\/g(m) converges in distribution and in the quadratic
Wasserstein topology, to the centred Gaussian distribution of covariance matrix Cov(x).
In other words, there exists, on the same probability space: a random i.i.d. sequence
(z,) ~ pu®N and a sequence (y,) such that v, ~ N, for all n and:

T, —nb

2
— Un 0.
VT )ﬁ

Theorem 3.13 (Central Limit Theorem for almost additive processes). Let Cy > 0 and
let (Sm.n)o<m<n be a mizing process in a Hilbert space V' that is Cy-almost additive in L2

(77) lim E (
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Assume that E(||So||?) < +o00. Then, for alln > 1, we have:

(78) \/ Var(S,) < v/nVar(Sy) + v/ Cs (logQ(n) + \/%/? 1)

and the quantities:

are both well defined in V' and Symi(V) respectively. Moreover there exists a coupling of
(Smn)o<mpen With sequence (yy,) such that y, ~ N for all n and:

liranE< x\/ﬁn — Yn )—)O.
Proof. We know that b is well defined by Theorem [3.12 First we prove that a is well

defined. We write Cy = CqZ/q, that way (Sy.n)o<m<n is Co-almost additive in L? By (76,
we have for all 0 < m < n:

(79) H V/Cov(So,) = 1/Cov(So,m + Syn)

<V

Moreover, by independence, we have:
(80) Cov(Som + Smn) = Cov(Som) + Cov(Smn)-

Therefore, for all © > 1, we have:

H \/QCOV<SO72i) — \/COV(SQQ%H)

‘S Cy

Therefore, the limit a := lim 27"Cov(Sy 2i) is well defined and for all n € N, we have:
212 _ 1

(81) Var(Sy ) < 2/ Var(So)—l— A1 VCy
and:
(82) ’ Cov(Soa)/20 — V| < 2/21\/(72.

Let n be an arbitrary integer i.e., not necessarily a power of 2. Then we have :

[logz(n)]

Z Sinlyicrilnly T AS(0, [n]ger, [1]2:).

=0
By independence and time-invariance, we have:

[logy ()] [loga(n)]

Cov Z SL"ngH ]y Z 2" COV 5021)<L J i L J2i+1).

Therefore, for all n, we have:

[logz(n)] [loga(n)]

Cov Z SLnJ2i+17|_nJ2i —naj| < Z (|n]oi — [n]gi+r) HCOV(SOQi)/Qi — a”

i=0 =0
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By (82) and by sub-multiplicativity of the norm, there exists a constant K such that
|Cov(Sp0i)/2" — al] < 272K for all i and (|n]y — |[n]e+1) < 2 for all n,i. Therefore,
we have:

[log,(n)] llogy () ]
2n —1

Cov Z S|ﬂj21+1 (7] i —nall < Z K2@/2 < K\/_n
=0 i=0 \/5 — 1

Moreover, by (76)), we have:

[loga(n)]

Cov Z Sinlysninly | =V Cov(Sy)| < v/ Callogy(n)].

Then by triangular inequality, we have Cov(S,)/n — a.4
To bound the variance, we use Lemma [3.7] and the triangular inequality for the L2
norm to get:

[loga(n)]

Var(S,) < .| Var (i&) Z V/Var(AS(0, [n]a, [n]a-1))
k=0

[logy(n)] [n/27]—1
+ Z Var | > AS(20k, 21(k +1/2), 21 (k + 1))
k=0

By Cs-almost additivity, we have Var(AS(k,l,m)) < Cy for all £ < I < m and by
independence, we have:

n—1
ar (Z Sk> = nVar(Sp) and

|n/27 | -1
Var | > AS2k,2(k+1/2),2/(k+1)) | = [n/27|Var(AS(0,27,27)) < nQ—CfQ
k=0

To get (78], we use the fact that E;ﬁ’ V2-i =1/(v/2-1).
Let un now prove the central limit Theorem. Let n and ¢ be arbitrary integers, by
Lemma [3.7 applied to S?, we have:

B [n/2¢]-1 llogs(n)] [n/27]—1 - '
Sin),: = Z Sit Z AS(0, [n)ar, [n)a-)+ Y AS2k, 2 (k+1/2),27(k+1)).
k=0

Let (y;,)n>0 be a random sequence such that y;, ~ Negy(siy for all n and:

n 2

> (S —E(S))/vVn = yn

k=0

E — 0.

For all j > 1, we write b; = E(AS(0,2771,27)). By independence, we have for all j,n

[n/27 -1
Var | > AS2k,2(k+1/2),2(k+1)) | = [n/2/|Var(AS(0,27",27)) < 277nCs.
k=0
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Then by triangular inequality for the L? norm, we have:

n/2i]—1 o 2

Sty — Z Si = [n/27]b; SZVQ_anQ+logz(n)\/?2-

j=t

E

Moreover, we have b = > 7%, 279b; +- E(S)/2". Therefore, we have:

2) 2- /\/C_’Q
1-1/V2

limsup\/ <H nb)/v/m— 272y, 10

n—o0

For all n, write 7, for the law of (S, — nb)/y/n we have:

1/2 /02
lim sup Wa (0, Nooy(si) /2
n%op 5 (1 C (So)/2) 1_1/\/—

and by (82), we have Wa(Nu, Neoy(siyj2i) < \2/ 21\/ (5 so by triangular inequality for the
Wasserstein distance, we have:

—2/2 /CY2 z/2
lim sup Wh (10, N, VCo.
m sup Wa(ih, No) < 77 Ve \/i v

Since this holds for all 7, we have lim,, .o Wa(1,,, Ns) = 0, which concludes the proof. [

Let us now apply the Central limit Theorem for almost additive processes to products
of random matrices.

Proof of Theorem[B. Let v be strongly irreducible and proximal and let (v,) ~ v®N.
Assume that E(N (7)) < oco. For all 0 < m < n, write S,,,, = K(Vmn). The process
(Sm.n) is L2-almost additive by Lemma 3.4l Moreover Sy = k(70) so E(]|So]|*) < +oc by
assumption. Then, by Theorem [3.13] up to taking a coupling, there exist a sequence (y,,)
of identically distributed centred Gaussian random variables, such that:

. AH(’?O,n) —n\ (V) ? -
lim E <‘ NG Yn ) = 0. U

Proof of Theorem[I71. Let v be strongly irreducible and proximal and let (v,) ~ v®.
Assume that E(N (7)) < oo. For all 0 < m < n, write S,,,, = A&(Ymn). The process
(Sm.n) is L2-almost additive by Lemma 3.4l Moreover, we have Sy = 0 so E(||So]|?) =
0 < +o00. Then, by Theorem B.I3], up to taking a coupling, there exist a sequence (y,,) of
identically distributed centred Gaussian random variables, such that:

lim E (' Ak(on) = n0(v) 2) — 0. O

n—oo

Jn S

Proof of Theorem[I.10. Let v be totally irreducible and let (v,) ~ v®N. Assume that
E(N(v)) < oo. For all 0 < m < n, write Sppn = A&(Ymn). The process (Spn) is
L%-almost additive by Lemma 3.4 Moreover, we have Sy = 0 so E(||Sy[]?) = 0 < +oc.
Then, by Theorem 313 up to taking a coupling, there exist a sequence (y,,) of identically
distributed centred Gaussian random variables in R?, such that:

lim E ('M(%’") — ) _ Yn 2) = 0. O

n—oo

n—00 \/ﬁ
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4. ON THE GENERALIZED CENTRAL LIMIT THEOREM

In the present section, we detail how Theorems and [L7 imply Theorem [L5] from
which Theorem [Al follows. With the same argument, Theorems and [L.I0 imply The-
orem [L.T1]

Let us state all the facts about the domain of attraction of stable laws that we will
need to use in the proof of Theorem [Al Theorem and Theorem [L.IT1

Lemma 4.1 (Black box, Lévi, Feller [Fel68]). Let d > 1 and let V =R%. Let 0 < a < 2
and let L be a non-degenerate a-stable law on V. Let pu be a probability distribution on
V oand let (x,)n>0 ~ p®N. Let (a,)n>0 € Rsg and (by)ns0 € VY be non random sequences
such that the distribution of (T, — b,)/a, converges in the weak * topology to L. Then
the following assertions hold:

(1) For all ¢ < «, u has a finite moment of order q, i.e., El|zg||? < +o0.
(2) Up to a coupling, there exist a sequence of random variables (y,) such that for all
n, we have y,, ~ L and for all ¢ < o, we have:

q
lim E ( ) =0.
n—o0

(3) For all ¢ > «, we have n*/?/a, — 0 and for a = 2, if we moreover assume that
E(||zo|?) = +oo, then \/n/a, — 0.

Tn_bn

— Yn
Qp,

Point () is not explicitly mentioned in [Fel68]. Saying that there exists an identically
distributed sequence (y,,) such that % — y» converges in probability to 0 is equivalent

to saying that the law of % converges in the weak-* topology to the law of the 1,’s.
The fact that this convergence also holds in L? for all ¢ < « is equivalent to saying that
moreover, the moment of order g of % converges to the moment of order q of the y,,’s.
This is direct when one proves the convergence via order statistics as detailed in [LWZ81].

Via Fourier transform, we need to use the fact that for all ¢ < «, the function z is
uniformly C? is the sense that there exists a constant C' such that for all ©,e € V*, we
have:

lq)
(0 + ) —1(0) = Y F 0 0) k! < Ce]”.

k=1

Therefore, the Fourier transform of the law of % converges in the Sobolev space W %>
to the Fourier transform of £. This implies that the law of % converges to £ in the

Wasserstein L¢ topology for all ¢’ < ¢ and therefore for all ¢ < a.
Let un now prove Theorem and Theorem [[LT1] via the following Lemma:

Proof of Theorem 1.3 and Theorem[I. 1. To prove Theorem [L5, write & = k and to
prove Theorem [[TI] write & = k. For all n, write x,, = K(y,). For all n, we have
k(7,) = Tn+AR(Yo.). Let (a,) and (b,) be non-random sequences such that (z,,—b,)/ay,
converges to the a-stable limit £. Let (y,) be as in point (2]) in Lemma [£l For ¢ > 1,
let b =4(v) and for ¢ < 1 let b = 0. For all n, we have formally:

- Yn

7 7 7

Hence, for ¢ < 1, by triangular inequality and monotonicity of the expectation we have:

“( e o) o= ()

R(¥,) — by + nb
an

En _bn

Qn Qn
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And for ¢ > 1, by Minkowski’s inequality, we have:
a\ 1/a
() o
For ¢ < 2, by Theorem or Theorem [[.9 applied to (v,), we have:

(‘ AR(Fon) + nb q) 0

nl/ q
For ¢ = 2, by Theorem [ or Theorem [[.T0l applied to (,), up to a coupling, there exist
a sequence y,, of identically distributed Gaussian variables such that we have:

o~ 2
hmE(HM_y/ >:o_

k(7,) — bn +nb
G,

En _bn

a\ 1/a AR b

Qn

q> 1/q

G,

Iim E

n—oo

n—00 \/ﬁ n

Therefore, by triangular inequality for the L? norm, we have:

(H Ak(Fo,) + nb
NG

By @) in Lemma BT} we have n'/?/a, — 0. So, in both cases, we have:
(HAR(%m)*”b q) =0

7

lim E

n—oo

2
) = E(|ly6]*) < +oo.

Iim E

n—oo

Moreover, by () in Lemma L] we have:

_n - bn !
lim E ( ? — Yn ) = 0.
n—00 Ay,
Therefore: _
. ( i(¥,) — bn + nb q) minlt/alt N
7
We use the fact that min{1/¢, 1} > 0 to conclude. O

Here, we have in fact proven the following intermediate Lemma and applied it to A&7.

Lemma 4.2. Let S be a mixing process that takes values in a finite dimensional real
vector space V. Let 0 < a < 2 and assume that there exists C > 0 and q € (o, +00) U{2}
such that S is C-almost additive in L9, Assume that the law of Sy is in the domain of
attraction of an a-stable law L and that Sy has an infinite moment of order 2, let (a,)
and (b,) be non random sequences and let (y,) be a random sequence such that for all n,
we have y,, ~ L and for all p < o, we have:

P

) o

lim E (
n—oo

Then there exists a constant b € V' that can be taken arbitrarily when n/a, — 0 and is
equal to lim,, —E(ASy ,)/n otherwise and such that:

p

)-o

Let us now prove Theorem [Al We simply need to show that the hypotheses of Theorem
hold.

n—1
k=0 Sk - bn _

n

G,

Som — by + b
(83) lim E (HO—JF" Y

n—o0 an,
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Proof of Theorem[dl. Let (v,) ~ v®*N. We want to apply Theorem to (v,). For
that we need to check that there exist ¢ such that @« < ¢ < 2 or « = ¢ = 2 and
E(N(70)%?) < 4+00. Remember that we assume v to be supported on SL(E). Therefore,
we have E?Zl ki(70) = log | det()| = 0 almost surely. We also know that x;(v0) < x(70)
for all 1 < i < d. Therefore, we have r4(7) = — Z?;ll ki(70) > —(d — 1)k(y) for all 4.
Moreover, we have formally N (7o) = k1(70) — ka(70) < dk(70). By (@) in Lemma A.T]
we have E(k(79)%?) < +oo for all ¢ such that ¢/2 < a. Let ¢ = v/2a, then we have
q/2 < a (and therefore E(N(79)%?) < +00) and o < ¢ < 2 or a = ¢ = 2 50 we may
apply Theorem [LH to (7y,). O

To truly prove the General Central Limit Theorem, we would need to show that the
converse of Theorems [A]l and [L.TT hold, namely, given (v, ), i.i.d. that satisfies the correct
algebraic assumptions and such that x(7y) has an infinite moment of order 2, if we have

sequences (a,,) and (b)), such that Hﬁzﬂ converges in law to a non-degenerate limit £,

then there exists b > 0 such that Zizo K(Zi)_b;_nb converges to the same limit £ that is
therefore a stable distribution.

To prove that we need a fine understanding of the proof of the Generalized Central
Limit Theorem via ordered statistics quite outside the scope of the present article that
is not really about stable laws.
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