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Abstract
Aerodynamic shape optimization of next-generation aeronautic components faces 
challenges related to robustness and scalability. Although switching to reliable, 
albeit expensive, high-fidelity flow models is essential for expanding the design 
space, the number of high-fidelity simulations that can be performed within 
the optimization loop is severely limited by computational budget constraints. 
Furthermore, optimization must handle multiple competing objectives and handle 
complex constraints in contexts where gradient information is difficult or impossible 
to retrieve. To address these challenges, we investigate gradient-free, multi-objective 
constrained optimization strategies based on multi-fidelity surrogate models. In 
particular, we focus on cases of extreme computational cost imbalance between 
high- and low-fidelity models, where optimization is driven by a very small number 
(O(10)) of high-fidelity simulations. In order to maximize the information extracted 
from the high-fidelity samples, we first generate a reduced representation of the 
design space. Next, we consider adaptive infill strategies for actively learning the 
surrogate using high-fidelity samples that best guide the optimization. Two strategies 
are proposed and compared: multi-objective constrained Bayesian optimization 
assisted by a co-kriging surrogate, and a genetic algorithm guided by a multi-
fidelity neural network and active learning. The two approaches are evaluated 
using analytical benchmarks and a realistic use case involving a low-Reynolds 
linear outlet guide vane cascade, of interest for aeronautical engines. Coarse-mesh 
RANS simulations are used as the low-fidelity model while RANS simulations with 
a transition model and automatic mesh adaptation are selected as the high-fidelity 
ones. The efficacy of the two strategies is measured using various metrics. For the 
problem under consideration, it has been found that for a small number of high-
fidelity samples and after dimension reduction, the Bayesian optimization strategy 
is more efficient. In the non-reduced design space however, both strategies yield 
similar performances.

Keywords  Aerodynamic Shape Optimization, Multi-fidelity Surrogate Modeling, 
Adaptive Infill, Data Reduction, RANS Simulation, Feature-based Mesh Adaptation
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​Introduction
Aerodynamic shape optimization (ASO) plays a central role in the design of next-gen-
eration aircraft and turbomachinery components, with growing importance in address-
ing sustainability and performance objectives [1, 2]. As aerodynamic designs grow more 
complex and environmental constraints tighten, a shift toward high-fidelity, scale-resolv-
ing flow models –such as Large Eddy Simulation (LES)– becomes necessary to capture 
key physical mechanisms and unravel breakthrough designs. However, the high compu-
tational cost of these models, often orders of magnitude higher than traditional steady 
RANS, poses significant challenges for their integration into the optimization loop. In 
the context of this work, aerodynamic shape optimization (ASO) refers to techniques 
aimed at enhancing aerodynamic performance by deforming shape parameters that 
define external surfaces [3] or aeronautical engine components, such as turbomachinery 
[4]. Optimization methods in ASO are typically classified into two major families: gradi-
ent-based and gradient-free approaches. Gradient-based methods rely on the solution of 
an adjoint problem to efficiently compute sensitivities of objective and constraint func-
tions with respect to the design variables [5]. These methods offer rapid convergence 
in high-dimensional design spaces and are widely used when gradient information is 
available and reliable. However, their practical deployment in industrial CFD contexts 
remains limited due to the challenges associated with differentiating complex legacy 
codes, particularly in the presence of turbulence models. While automatic differentiation 
(AD) offers a general solution in principle, its integration into large-scale CFD solvers 
is still limited due to memory overhead, performance loss, and the difficulty of han-
dling discontinuous or non-smooth operators [6, 7]. Moreover, in turbulence-resolving 
simulations gradients tend to become highly irregular or even chaotic, rendering them 
unreliable for optimization. This issue arises due to the high sensitivity of the resolved 
turbulent structures to small perturbations in the design space. As a result, the meaning-
ful use of gradient information in scale-resolving flows remains an open research ques-
tion [8–10]. For this reason, gradient-free methods—such as evolutionary algorithms 
and particle swarm optimization—are often preferred when dealing with complex physi-
cal models, noisy objectives, multiple conflicting goals, or difficult constraints [11–13]. 
However, they typically require a far larger number of function evaluations to converge 
[13], which makes their use with expensive solvers inacceptably costly. In the following, 
we focus on approaches that significantly speed up gradient-free methods coupled with 
costly flow solvers.

While gradient-free ASO has benefited from the progress in computational fluid 
dynamics (CFD) and high-performance computing, several bottlenecks persist, specifi-
cally related to geometry parametrization, mesh quality under geometrical changes, and 
the solution robustness and accuracy under large mesh deformations [14]. One major 
strategy for reducing the cost of repeated CFD evaluations is the use of surrogate mod-
els (e.g., [15, 16]), which approximate the expensive cost functions with cheaper mod-
els learned from a set of training samples. However, surrogate models suffer from the 
“curse of dimensionality,” requiring a large number of samples to achieve accuracy in 
high-dimensional design spaces. This can be prohibitive when costly models are used to 
drive the design. Multi-fidelity surrogates [17–19] offer a partial remedy by combining 
information from both low-cost, low-accuracy models and expensive high-fidelity simu-
lations. Furthermore, adaptive sampling/active learning strategies can further increase 



Page 3 of 32Schouler et al. Advanced Modeling and Simulation in Engineering Sciences           (2025) 12:35 

data efficiency by placing new samples where they will be most valuable for improving 
the surrogate model [20, 21]. In most ASO applications, the fidelity gap is usually mod-
erate, often involving different mesh resolutions or simplified physical models, with a 
cost ratio between low- and high-fidelity evaluations of about 10 to 100 [22, 23]. In such 
cases, optimization frameworks can afford dozens or even hundreds of high-fidelity 
samples, and infill strategies can dynamically determine the appropriate fidelity level for 
each new sample [24, 25]. However, in regimes involving unsteady RANS [26] or large-
eddy simulations (LES) [27, 28], the cost imbalance becomes extreme, with high-fidel-
ity evaluations being 1000 to 10,000 times more expensive. In these settings, the total 
number of usable high-fidelity evaluations can be as low as 10–20. This regime demands 
careful pre-allocation of high-fidelity queries and aggressive strategies for maximizing 
the information extracted from each.

Moreover, the large number of function calls required by gradient-free methods may 
restrict the fidelity of the CFD solvers used, leading to significant numerical errors and 
poor convergence [29]. Even when starting from a well-converged baseline, shape defor-
mations may introduce remeshing errors that degrade solution accuracy. In this context, 
automatic mesh adaptation [30] offers an attractive alternative by locally refining the 
mesh based on solution features. However, it remains underutilized in shape optimiza-
tion workflows [31–33].

This study develops and compares two multi-fidelity, surrogate-assisted optimization 
strategies designed for scenarios in which only a limited number of high-fidelity sam-
ples can be computed. Although our ultimate objective is to apply the framework to 
very costly LES, in this study we deliberately restrict ourselves to a realistic yet tractable 
aerodynamic use case for which a reference high-fidelity solution can be obtained using 
a brute force approach. Specifically, we consider the design of a low-Reynolds number 
outlet guide vane (OGV) cascade, which is representative of small-scale turbomachin-
ery. The low-fidelity model uses coarse-mesh RANS simulations, while the high-fidelity 
model employs a transition-sensitive turbulence model with feature-based anisotropic 
mesh adaptation [34] to ensure numerical accuracy. Specifically, we evaluate: 

1.	 A Bayesian optimization strategy using co-kriging surrogate models and uncertainty-
driven adaptive infill;

2.	 A multi-objective genetic algorithm assisted by a multi-fidelity deep neural network 
trained through active learning.

The main contributions of this paper are summarized below: 

1)	 A comparison of multi-fidelity optimization strategies combining gradient-
free methods with co-kriging and deep learning surrogates in a multi-objective 
turbomachinery design problem.

2)	 The integration of dimensionality reduction and active learning to enable surrogate 
training from very few high-fidelity samples.

3)	 The use of mesh adaptation to ensure robust and accurate high-fidelity simulations 
across deformed geometries.

The paper is organized as follows: the remaining of the introduction presents related 
work and background on multi-fidelity surrogate modeling. The optimization strategies 
and surrogate construction methods, including dimensionality reduction, are detailed in 
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the Methodology section. The application of the proposed approaches to the OGV cas-
cade is presented in the Results and Discussion section. Final remarks and perspectives 
are discussed in Conclusion.

State of the art of ASO practices

Multi-fidelity surrogate assisted optimization

The use of surrogate models of the objective functions to replace expensive CFD solv-
ers in gradient-free optimization has become a popular practice [13]. Furthermore, in 
response to the hierarchical fidelity and cost of CFD solvers in terms of model or mesh 
refinement levels, there has been an increasing focus on multi-fidelity surrogate mod-
els [35]. Among them, the co-kriging method (AR1), based on Kennedy and O’Hagan 
linear autoregressive information fusion scheme [36] is by far the most commonly 
used in engineering design [18]. This approach has been extended to non-linearly cor-
related low- and high-fidelity sources by Perdikaris et al. [37], who have proposed the 
non-linear auto-regressive multi-fidelity Gaussian processes (NARGP) model. More 
recently, deep learning based multi-fidelity methods have been introduced. Examples 
include multi-fidelity deep neural networks (MFDNN) [38], multi-fidelity deep Bayes-
ian neural networks [39], multi-fidelity deep Gaussian processes [40], multi-fidelity deep 
neural operators [41] and multi-fidelity reinforcement learning [42]. Multi-fidelity sur-
rogate models for optimization are reviewed in [35]. An examination of the number of 
publications for different multi-fidelity surrogate methods applied to engineering design 
and optimization shows that correction-based methods, which use additive and/or mul-
tiplicative correction terms to model the relationship between successive fidelity levels, 
are the most prevalent (39.1%), followed by AR1 methods (20.7%) and single models1 
(17.2%). Of course, newer methods such as non-linear auto-regressive Gaussian process 
(2.3%) or deep Gaussian processes (3.5%) have been used to a lesser extent. In addition, 
multi-fidelity surrogates under severe computational budget constraints for the high-
fidelity model have received little attention in the literature. The question of whether 
newer models (theoretically capable of learning any kind of low-/high-fidelity correla-
tion) should be prioritized over simpler models is still open.

Adaptive infill

Multi-fidelity surrogates are generally trained with a reduced number of samples, espe-
cially in the high-fidelity level, in order to reduce the computational cost of generating 
the training data. However, their accuracy may not be sufficient to guide the optimiza-
tion towards the optimum of the actual objective function. To remedy this limitation, 
the model can be adaptively retrained several times during the optimization by carefully 
selecting additional samples that are likely to improve the model accuracy in the region 
of interest. This process is known as adaptive infill or adaptive sampling and is a topic of 
active research, especially in the context of multi-fidelity optimization [22–25, 43].

Table 1 summarizes the main characteristics of recent multi-fidelity optimization 
strategies with adaptive infill. When the surrogate models are of Bayesian nature, Bayes-
ian acquisition functions can be used to select the next infill locations based on the cur-
rent state of the surrogate model. This paradigm is known as Bayesian Optimization 

1 The single model approach consists of using independent surrogate models for each fidelity without assuming any 
kind of correlation between them.
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(BO). The multi-fidelity multi-objective version is referred to as MF-MOBO [24, 25, 43]. 
Multi-objective acquisition functions mostly consist in generalizations of their single-
fidelity equivalents. For instance the generalized expected improvement matrix (GEIM), 
also called variable fidelity expected improvement matrix (VFEIM), is an extension of 
the well-known expected improvement (EI) that can be used to derive multi-objective 
infill criteria [44, 45]. Similarly, the probability of improvement (PI) has been extended 
to multi-objective adaptive sampling in [20] and as the minimum probability of improve-
ment (MPI) criterion in [46]. For non-Bayesian models, the alternative is to combine 
the surrogate model with an optimization algorithm from which one or multiple best-fit 
candidates are selected as infill samples. These are then computed with the high-fidelity 
solver while another strategy is used to sample low-fidelity infill samples. In [22], the 
particle swarm optimization (PSO) algorithm is used to sample high-fidelity infills and 
the max-min Euclidean distance (ED) criterion is used to sample additional low-fidel-
ity infills. In [23], the teaching-learning-based optimization (TLBO) algorithm [47] and 
Latin hypercube sampling (LHS) are used to sample high- and low-fidelity infills, respec-
tively. For both approaches, the surrogate is updated after each infill step and the proce-
dure continues until it converges to an optimal solution that is in close agreement with 
the solver results.

Although [23] gives an ASO example where MFDNN outperformed single-fidelity 
kriging, both models were combined with a non-Bayesian infill strategy. Therefore, it is 
difficult to know whether this conclusion would hold if the kriging model was used in its 
multi-fidelity form and combined with a Bayesian infill strategy.

Given the promising results recently obtained with the MFDNN model [22, 23] and 
the enduring popularity of the AR1 model despite its seniority, we selected these two 
methods for further comparison in the context of multi-fidelity ASO with adaptive infill 
under a limited number of high-fidelity samples.

Shape parametrization and data reduction

In ASO, the shape under study is typically defined by a discretization of hundreds or 
thousands of surface points. These, in turn, are parametrized by tens (in 2D) or hun-
dreds (in 3D) of design variables that form the problem dimension. Shape parametriza-
tion methods are reviewed in [3], which divides them into constructive and deformative 
models. Constructive models include various kinds of spline methods such as Bezier 

Table 1  Main characteristics of multi-fidelity optimization methods with various adaptive infill 
strategies
Ref. Problem DOEs Total infills Infill Cost

dimension LF HF LF HF strategy ratio
Multi-fidelity single-objective optimization with MFDNN

 Zhang et al. [22] 30 120 60 120 60 PSO⋆& ED 7

 Wu et al. [23] 12 160 20 1280 160 TLBO⋆& LHS -

Multi-fidelity multi-objective BO with AR1

 He et al. [43] 144 - 720 - 150 GEIM+ 10

 Mourousias et al. [25] 30 2000 274 9 VFEIM+ 30

 Charayron et al. [24] 20 20 10 10 MPI+ 116

 Matar et al. [28] 4 41 5 15 2 PI & LCB 30 000
The "Total infills" column indicates the total number of infill samples for each level of fidelity. In the infill strategy column, 
the "✭" symbol indicates that the high-fidelity sample is selected as the optimization algorithm best candidate. The "+" 
symbol indicates a variant of an existing strategy
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spline, basis spline and non-uniform rational basis spline. On the other hand, deforma-
tive models include free-form deformation (FFD) [48], class shape transformation [49] 
and Hicks-Henne bump function [50]. As explained in [3], the simplest methods for 
CFD-based optimization are deformative methods, and FFD is particularly suitable for 
high-fidelity optimization where the baseline geometry is already sufficiently close to 
the optimal solution. It may be noted that in addition to these approaches, deep learn-
ing based methods such as DeepGeo [51], Bezier-GAN [52] or variational autoencoders 
[53] enable the exploration of wide design spaces using only a few parameters and have 
shown great promise in conditions without prior knowledge of the optimal shape.

Since the optimization convergence speed and the minimum amount of data required 
to train surrogate models increase with the problem dimensions, several data reduc-
tion methods have been proposed to reduce the parametrization size. Active subspace 
techniques use gradient evaluations to identify the most influential parameters of mul-
tivariate functions, where the principal directions of variability are not aligned with the 
coordinates of the input space [54]. Both linear (e.g. POD) and non-linear (e.g. autoen-
coders and generative adversarial networks) gradient-free reduction techniques applied 
to the shape parametrization have since become common practice [13], and this remains 
an active field of research [55–58]. In [57, 58], principal component analysis (also some-
times referred to as proper orthogonal decomposition, POD, or singular value decom-
position, SVD) is shown to simultaneously reduce the number of necessary samples to 
train surrogate models and to improve their modeling accuracy. A similar approach has 
recently been considered in [27, 28]. For all these reasons, an approach combining FFD 
and POD is adopted herein.

Discretization error control

When it comes to CFD-based optimization, the challenge of mesh management is para-
mount, as the quality of the function objective evaluation depends on the quality of the 
discretisation used to compute it. Poor choices in mesh resolution and numerical solvers 
can lead to errors that propagate through the surrogate model [59], ultimately resulting 
in an incorrect optimal design. Indeed, Cinnella and Congedo [29] showed for a tran-
sonic airfoil single optimization problem that the numerical errors in the representation 
of the objective function makes the genetic algorithm convergence harder. While opti-
mizations on fine grids or the use of Richardson extrapolation can mitigate the prob-
lems, none of them guarantees optimal mesh quality for all the designs explored during 
the optimization.

A more rigorous way of controlling numerical errors and ensuring mesh quality is 
to use automatic mesh adaptation techniques. There are two kinds of mesh adapta-
tion method: feature-based mesh adaptation, which aims to provide the best mesh to 
compute the characteristics of a given sensor (e.g. Mach field), and the adjoint-based 
(or goal-oriented) mesh adaptation, which aims to provide the best mesh to observe a 
given scalar quantity of interest (e.g. drag coefficient) [30, 34, 60]. Despite their success-
ful application to both external [34] and internal [61] flow computations, mesh adapta-
tion tools are still not widely available in CFD codes, and they are rarely used in ASO. 
For instance, John et al. [33] showed the benefit of feature-based mesh adaptation for 
the aerodynamic design of turbomachinery configurations with fully structured block 
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meshes and single objective adjoint-based optimization. Chen et al. investigated single 
[62] and multi point [32] ASO with adjoint-based mesh adaptation. In both papers, par-
ticular attention is paid to avoiding over-refinement of undesirable designs according 
to the estimated error in the objective function, thus avoiding unnecessary computa-
tions. An attractive alternative to reduce the computational costs is to combine mesh 
adaptation with multi-fidelity optimization. This was recently done by Wackers et al. 
[63, 64], who showed the effectiveness of combining multi-fidelity radial basis func-
tions with mesh adaptation and adaptive infills for the single-objective optimization of 
hydrodynamic shapes parametrized with only one or two design variables. However, to 
the authors’ knowledge, such a strategy has not been applied to multi-objective ASO in 
high-dimensional spaces.

Methodology
In the following we consider two multi-fidelity methodologies for solving multi-objec-
tive optimization problems. In particular, we focus on two-objective problems. Given 
a design space Ω ⊂ Rd, with d the number of design variables, and nobj objective func-
tions Jk with k ∈ [[1, nobj]], our goal is to find a set PS of Pareto-optimal individuals, i.e. 
designs x∗ satisfying the Pareto dominance conditions [65]:

∀x ∈ Ω

{
∀k ∈ [[1, nobj]], Jk(x∗) ≤ Jk(x),

∃j ∈ [[1, nobj]], Jj(x∗) < Jj(x).
� (1)

In order to speed-up the optimization, in the following we seek for surrogate models 
that approximate the input/output relationships Jk : x �→ Jk(x) using information from 
a set of low-fidelity and high-fidelity evaluations of the objectives. Specifically, our goal 
is to obtain the best possible approximation of PS using the fewest possible expensive 
high-fidelity function calls.

Multi-fidelity surrogate-based optimization

In the present section we introduce two multi-objective surrogate-based optimization 
strategies with adaptive infills. The first one relies on a AR1 multi-fidelity surrogate cou-
pled with Bayesian optimization whereas the second one uses a multi-fidelity neural net-
work combined with a genetic algorithm. The high level structure of the framework2 is 
illustrated in Fig. 1 and each component (optimization algorithm, surrogate assistance, 
CFD fidelity, adaptive infill, data reduction) is configurable such that different optimiza-
tion approaches can be compared.

Bayesian multi-fidelity optimization

The first approach under consideration combines a multi-fidelity Gaussian process, and 
a Bayesian optimization algorithm with adaptive infills.

In its bi-fidelity form, the co-kriging model (AR1) which relies on Kennedy and 
O’Hagan linear autoregressive fusion scheme [36] relates a high-fidelity model fhf (·) to 
a low-fidelity model flf (·) through the expression:

fhf (x) = ρ flf (x) + δ(x).� (2)

2 The framework is hosted on github (see \url{https://mschouler.github.io/aero-optim/})

https://mschouler.github.io/aero-optim/
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The scaling factor ρ may depend on x but is usually assumed to be constant, while the 
additive bias δ(·) is a Gaussian process that models the difference between the two 
fidelities. In this work, we use the AR1 implementation of the smt package3 [66], which 
follows the recursive formulation of [17]. Such algorithm relies on a nested design of 
experiments (DOE) for the two levels of fidelity, i.e. high- and low-fidelity samples must 
be evaluated at the same locations in the parameter space. The nested structure enables 
the surrogate variance to be expressed in closed form. A benefit of this approach is that 
when dealing with L levels of fidelity, the predictive mean µl(·) and variance σ2

l (·) of 
each fidelity level l ∈ [[2; L]] can be expressed recursively as follows [24]:

µl(x) = ρl−1 µl−1(x) + µδl
(x),

σ2
l = ρ2

l−1 σ2
l−1 + σ2

δl
,

(with µδl  and σ2
δl

 the mean and variance of the bias term, respectively), so that each 
fidelity level can be trained separately.

With AR1 models, a separate surrogate model is trained for each objective function. 
Then, Bayesian optimization requires the definition of a suitable acquisition function 
that updates the best-performing designs using information from the surrogates. Here-
after, an optimization strategy is devised by mixing ideas from the last two approaches in 
Table 1 and described in Algorithm 1.

3 smt is an open source Python library hosted on github (see https://smt.readthedocs.io/en/latest/).

Fig. 1  Workflow of the multi-fidelity surrogate assisted optimization framework. The dashed box represents the 
optimization algorithm that may be skipped in case of Bayesian optimization. The gray boxes represent multi-step 
processes including candidate sampling, geometry deformation, mesh generation and low- or high-fidelity CFD 
simulations

 

https://smt.readthedocs.io/en/latest/
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Algorithm 1  Bayesian adaptive infill optimization

 

First, the low- and high-fidelity initial datasets are generated and AR1 models are 
trained. Then, at each iteration of the optimization, a high-fidelity infill sample is selected 
based on a regularized infill criterion. As explained in [67], regularization techniques 
helps to circumvent the ill-posedness of infill problems. Specifically, given any multi-
objective acquisition function αf (·), the next infill sample is obtained by maximizing:

αW B2S,f (x) = γ αf (x) − ψ(µf (x)).� (3)

where αW B2S,f  is a regularized acquisition function, γ is a real parameter, µf (·) is the 
collection of the Gaussian processes for each objective and ψ(·) is a so-called scalariza-
tion operator (e.g. max or sum). Similar to what was done in [24], we chose ψ to be the 
sum function, while the initial acquisition function αf  is taken as the minimum prob-
ability of improvement (MPI) [46], defined as:

MPI(x) = min
u∈P S

(
1 −

nobj∏
k=1

Φ
(

µk(x) − ŷk(u)
σk(x)

))
.� (4)

In the preceding expression, Φ(·) is the normal cumulative distribution function while 
µk(·) and σk(·) denote the predictive mean and standard deviation of objective k. The 
true high-fidelity response for objective k is denoted ŷk(·) and u ∈ PS form the current 
high-fidelity Pareto set.

In order to satisfy the nested dataset property, the infill point selected by the acqui-
sition function is computed using both the high-fidelity and the low-fidelity model. In 
addition, two extra low-fidelity infill samples are selected by minimizing the lower confi-
dence bound (LCB) of each objective as suggested in [27, 28]:

LCBk(x) = µk(x) − σk(x), k ∈ [[1, nobj]].� (5)

To favor diversity, additional low-fidelity candidates are selected by maximizing the min-
imal Euclidean distance from [22]:

max min d(x, Xlf ),� (6)

where d(·, ·) denotes the Euclidean distance between the new point x and the current 
low-fidelity DOE Xlf . At each infill step, all three optimization sub-problems resulting 
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from Equation 4, 5 and 6 are solved with particle swarm optimization. At that point, the 
surrogate models of each objective are updated and the procedure is repeated until the 
specified number of iterations based on the computational budget is reached. Lastly, an 
extra post-processing step is performed by running the NSGA-II genetic algorithm [68] 
with the final version of the surrogate models. This has for objective to provide a denser 
estimate of the Pareto front [24]. In the following, it will be referenced to as the pre-
dicted Pareto.

Neural-network assisted multi-fidelity optimization

The second considered strategy combines a multi-fidelity deep neural network 
(MFDNN) with a multi-objective genetic algorithm.

The MFDNN model was initially introduced by Meng et al. [38]. In contrast with the 
linear correlation used in AR1 models, it relies on the combination of a linear neural net-
work Fl(·) and a non-linear neural network Fnl(·) according to the following equation:

fhf (x) = βFl(x, yL) + (1 − β)Fnl(x, yL),� (7)

where the correlation coefficient β ∈ [0; 1] can be learned [22] or fixed [23]. The net-
work architecture is illustrated in Fig. 2, where the low-fidelity model is approxi-
mated with a neural network NNL(xL, θ0), combined with two other networks 
NNH1(x, yL, θ1), NNH2(x, yL, θ2) that are used to approximate the correlation between 
the low- and high-fidelity data. The parameters θi for each network are trained by mini-
mizing the loss function:

Loss = LossyL
+ LossyH

+ λ
∑

θ2
i ,

LossyL
= 1

NyL

NyL∑
i=1

(
|ŷL − yL|2

)

LossyH
= 1

NyH

NyH∑
i=1

(
|ŷH − yH |2

)
,

� (8)

where ŷL and ŷH  are the true low- and high-fidelity values, while yL and yH  are the 
predicted low- and high-fidelity values. Although not required by the formulation of 
MFDNN models, using nested DOEs to construct the training sets was suggested in 

Fig. 2  MFDNN architecture reproduced from [23]
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[23]. The effect of this choice is therefore investigated in the next section. The MFDNN 
was implemented using the Pytorch4 library.

Since the MFDNN surrogate is deterministic, a non-Bayesian optimization strategy is 
selected in conjunction with this model, described in Algorithm 2. Unlike AR1 models, 
MFDNNs can easily be generalized to any number of objectives by extending the last 
layer of each of its sub-networks. As a drawback, no Bayesian consideration can be used 
to guide the selection of infill samples and update the optimization. For this reason, the 
MFDNN model is coupled with the NSGA-II genetic algorithm to obtain intermediary 
estimates of the Pareto front with increasing reliability. At each iteration, the best-per-
forming candidates are extracted from the Pareto set. The candidate offering the best 
compromise is recomputed with both the low- and high-fidelity solvers, hence ensur-
ing the nested property of the datasets. The best candidates with respect to each objec-
tive are recomputed with the low-fidelity solver only. Similarly to the Bayesian approach, 
additional low-fidelity samples can be selected by maximizing the minimal Euclidean 
distance. Once the specified number of iterations is reached, an extra run of NSGA-II is 
performed to densify the Pareto front.

Algorithm 2  Non-Bayesian adaptive infill optimization

Pareto front evaluation metrics

In the Results and Discussion section, the performances of different optimization strate-
gies are compared in the light of three multi-objective metrics.

The inverted generational distance (IGD) is defined as [65]:

IGD(A) = 1
|Z|




|Z|∑
j=1

d̂p
j




1/p

,� (9)

where Z is the reference Pareto front, A is an experiment resulting Pareto set and d̂j  is 
the Euclidean distance from zj ∈ Z  to its nearest objective vector A. The inverted gen-
erational distance plus (IGD+) is defined as [65]:

4 Pytorch is an open source Python library hosted on github (see https://pytorch.org/).

https://pytorch.org/
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IGD+(A) = 1
|Z|




|Z|∑
j=1

d+
j

2




1/2

,� (10)

where d+
i = max(ai − zi, 0) is the modified distance from ai ∈ A to its nearest refer-

ence point zi ∈ Z . A major difference between these two metrics is that IGD(·) is not 
Pareto compliant whereas IGD+(·) is weakly Pareto compliant [69]. Weak Pareto com-
pliance means that if A1 dominates A2, then IGD+(A1) < IGD+(A2) [69]. The last 
indicator is the hypervolume (HV), a quantity that measures the volume of objective 
space dominated by the Pareto front, bounded by a reference point (here, the baseline 
configuration).

Geometry parametrization

The geometry parametrization is a key component of the optimization strategy, since it 
determines the number of design variables, and hence the dimension of the search space. 
In this study, we focus on optimizing two-dimensional airfoil profiles for turbomachin-
ery configurations, which may require a large number of design variables to control vari-
ous engineering parameters. Several parametrization techniques have been considered 
in the literature to strike a compromise between flexibility and parsimony of the repre-
sentation (see for example [70]). In the aerodynamic optimization use case considered 
later in this paper, we build on the work of the authors in [71, 72], who used Free-Form 
deformation (FFD) to describe a wide variety of turbine blade sections efficiently using a 
small number of control parameters.

First introduced by Sederberg in 1986 [48], FFD consists in embedding a solid geom-
etry within a hull volume parametrized by control points. These points are then per-
turbed to deform the volume which results in geometric changes of the solid geometry. 
A 2D FFD of the DLR low Reynolds number (LRN) compressor cascade optimized in the 
Results and Discussion section is illustrated in Fig. 3, using 8 control points. Although 
this parametrization may seem overly simple and no convergence study was performed, 

Fig. 3  LRN cascade design space (a) and extreme deformations (b-c) for 8 FFD control points

 



Page 13 of 32Schouler et al. Advanced Modeling and Simulation in Engineering Sciences           (2025) 12:35 

Fig. 4  LRN cascade POD 4 principal geometric modes (a), energy and reconstruction error as a function of the 
number of modes (b). The black dashed line indicates the selected mode number Nm = 4 which conserves 
98.5% of the modal energy

 

the variety of profiles covered by the Pareto front obtained with the brute-force approach 
(see CFD-based single-fidelity optimizations) supports the hypothesis of its sufficiency.

Problem dimension reduction

To reduce the number of design points even further, the geometrical space is also sub-
jected to a Proper Orthogonal Decomposition (POD).

Starting off from a baseline geometry made of Np coordinates (xb, yb) ∈ RNp×2, Ns 
deformation samples are produced with a latin hypercube sampling (LHS) and used to 
build a database matrix:

S = [y1, . . . , yNs
] ∈ RNp×Ns .

Then, the fluctuation matrix F is computed from S and S̄ as:

F = S − S̄ ∈ RNp×Ns , with S̄ = 1
Np

Np∑
i=1

yi.

Next, the correlation matrix C of shape RNs×Ns  is computed from:

C = F t F,

and yields the following eigenvalue problem:

CV = Λ V.

From the solution V, the eigenfunctions matrix Φ is simply given by:

Φ = F V ∈ RNp×Ns .

The reduced designs S⋆ are finally given by:

S⋆ = S̄ + Φ⋆ V −1⋆,

with Φ⋆ ∈ RNp×d⋆

 and V −1⋆ ∈ Rd⋆×Ns . At that point, V −1⋆ is the matrix:
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V −1⋆ = [α1, . . . , αNs
] ∈ Rd⋆×Ns ,

where each modal coefficient column αi is associated to a reduced profile:

y⋆
i = yi + ϵ = S̄ + ϕ⋆ αi,� (11)

and ϵ denotes reconstruction error. From this last equation, it is hence possible to com-
pute the reduced parametrization α corresponding to any given profile y:

α ≃ (ϕ⋆tϕ⋆)−1ϕ⋆t y − (ϕ⋆tϕ⋆)−1ϕ⋆t S̄.� (12)

The POD decomposition maps the initial d-dimensional space, which is defined by the 
FFD control parameters, onto a reduced latent space of dimension d⋆ < d. For the LRN 
cascade geometry in question, the geometric modes, the energy and the reconstruction 
error are represented in Fig. 4.

It is worth noting that although FFD control point displacements have a physi-
cal meaning, the modal coefficients in the projected space do not. An immediate 
consequence is that the reduced design variables are harder to interpret. Another con-
sequence is that the extreme profiles are not conserved in the reduced space (see Fig. 5). 
This aspect can be particularly problematic if the meshing and simulation robustness are 
limited to strict deformation ranges but it is not the case in our context, but overall, the 
wide variety of profiles recovered with this simplification suggests that it is capable of 
capturing the complete behavior of the objective function.

CFD solver and feature-based anisotropic mesh adaptation

Throughout this work, both low- and high-fidelity solutions are computed with the CFD 
solver wolf, a vertex-centered mixed finite-volume/finite-element Navier-Stokes solver 
for both 2D or 3D unstructured meshes. Wolf is designed for anisotropic metric-based 
mesh adaptation. It can then be coupled with feflo.a, a generic purpose adaptive metric-
based mesh generator, to generate adapted 2D or 3D meshes. A synthetic description of 
wolf and feflo.a is available in [73] and a detailed description is provided in [61]. Hereaf-
ter, we briefly recall the mesh adaptation strategy.

Starting off from a mesh H, the goal of mesh adaptation is to compute an optimal 
mesh Hopt by minimizing a given error estimate E, for a fixed number of elements Ne:

Hopt = argmin
Ne

E(H).� (13)

The metric-based mesh adaptation approach recasts the discrete mesh H into a continu-
ous Riemannian metric space where the continuous reformulation of Equation 13 can 

Fig. 5  Comparison between the FFD extreme profiles and 100 random reduced profiles sampled via LHS

 



Page 15 of 32Schouler et al. Advanced Modeling and Simulation in Engineering Sciences           (2025) 12:35 

be solved analytically for a fixed continuous mesh complexity Nc ∝ Ne. In the specific 
case of feature-based mesh adaptation, the goal is to minimize the interpolation error 
of a given “sensor field”. This problem can be solved analytically in the metric space as 
a function of the Hessian of the sensor field [73]. In the present computations we used 
the Mach number as a sensor because it guarantees the convergence of the solution and 
automatically captures complex flow features such as boundary layers, wakes and shock 
waves [61]. Details of the mesh adaptation algorithm can be found in the same reference.

The wolf solver uses the Spalart-Allmaras (SA) RANS model [74] to evaluate the tur-
bulent stresses. However, RANS models are not well suited to capture laminar/turbulent 
transition phenomena that often occur in turbomachinery configurations. For this rea-
son we consider the SA-BCM version, which takes into account the intermittency func-
tion γ, a local indicator of whether the flow should be considered as turbulent or not [75, 
76]. As opposed to more sophisticated transition models, this formulation is algebraic 
and does not require the resolution of additional transport equation, while still provid-
ing reasonably accurate results, as shown in Results and Discussion.

Results and discussion
In the following we apply the two proposed multi-fidelity and multi-objective strat-
egies to the ASO of a low Reynolds number (LRN) linear cascade of outlet guiding 
vane (OGV) blades. The system has been extensively investigated at the German aero-
space center (DLR) [77, 78], and tested in the transonic cascade wind tunnel of DLR in 
Cologne. This use-case has been recently revived as part of the SciFi-Turbo5 European 
research project.

Optimization problem description

The LRN-OGV use case aims at simultaneously optimizing the cascade efficiency for 
three operating points: the aerodynamic design point (ADP), whose flow conditions are 
given in Table 2, the operating point 1 (OP1) and the operating point 2 (OP2) with inci-
dence angle variations of respectively +/−5◦ with respect to the ADP incidence angle. 
As such, these operating points are representative of near-stall and near-choking con-
ditions. In addition, several geometric constraints are applied to make sure that the 
selected design can be manufactured. With these requirements, the optimization prob-
lem writes:

minimize {wADP , wOP } , with wOP = 1
2

(wOP 1 + wOP 2) ,� (14)

where w is the pressure loss coefficient defined as:

5 The project’s website is available at the following link: https://scifiturbo.eu/.

Table 2  LRN compressor cascade flow conditions at ADP
Inlet mach number M1 = 0.60
Inlet Reynolds number Re = 1.5 × 105

Inlet flow angle β = 133◦

Inlet total pressure P01 = 18 417 Pa

Outlet static pressure P2 = 16 258 Pa

Chord c = 70 mm

https://scifiturbo.eu/
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Fig. 8  LRN-OGV cascade: Mach field for the RANS SA model and coarse mesh

 

Fig. 7  LRN-OGV cascade: adapted mesh (based on the SA-BCM model) of complexity Nc = 16 000 and com-
posed of Ne = 38 000 cells

 

Fig. 6  LRN-OGV cascade: coarse mesh composed of Ne = 16 000 elements

 

w = P01 − P02

P01 − P1
,� (15)

with P1 the inlet static pressure, P01 and P02 the inlet and outlet pitch-wise averaged 
total pressures. The baseline relative design constraints are:

max(Xth)
cax

= ±20%,
Area

c2 = ±20%,
Xcg

cax
= ±20%,

where max(Xth), cax, Area, c and Xcg  respectively denote the axial position of maximal 
thickness, the axial chord, the blade area, the chord and the axial position of the center 
of gravity. The absolute design constraints are:

rle

c
> 0.5%,

rte

c
> 0.5%,

where rle and rte correspond to the leading and trailing edge radii.
Due to the simultaneous optimization of the performance for three operating condi-

tions, the computational cost of the objective function evaluation amounts to the execu-
tion of three simulations for each new design.
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Baseline solutions

In the multi-fidelity approach, two levels of fidelity are considered as follows. The low-
fidelity model corresponds to RANS simulations run on a coarse mesh automatically 
generated using the open source gmsh software6. The SA turbulence model available in 
the wolf code is used to account for the turbulent stresses. The high-fidelity solutions, in 
turn, are obtained by solving the Navier–Stokes equations supplemented with the SA-
BCM model on an anisotropic adapted mesh.

For the baseline ADP conditions, the corresponding low- and high-fidelity 
meshes are shown in Figs.6 and 7. The corresponding Mach fields are presented 
in Figs. 8 and 9. The flow is characterized by a laminar separation bubble at the suc-
tion side, which is captured by the high-fidelity model but is missed by the low-fidel-
ity one. The bubble strongly affects the distribution of the isentropic Mach number 

6 gmsh is an open source mesh generation software hosted on gitlab (see https://gmsh.info/).

Table 3  LRN compressor cascade baseline loss coefficients for the low- and high-fidelity solutions 
Fidelity Turbulence model Mesh (Ne) wADP wOP 1 wOP 2 wOP

(std%) (std%) (std%) (std%)
LF RANS SA coarse (16 000) 0.0360 0.0524 0.0411 0.0467

(-) (-) (-) (-)

HF RANS SA-BCM adapted (38 000) 0.0403 0.0929 0.0430 0.0679

(0.6) (1.8) (0.3) (1.2)
The high-fidelity results are averaged over 10 executions and std% indicates the standard deviation relative to the mean 
value in %

Fig. 10  Distributions of the isentropic Mach number along the blade wall for low- and high-fidelity solvers and 
experimental data from [77]. The high-fidelity model results are reported for various mesh complexities

 

Fig. 9  LRN-OGV cascade: Mach field for the RANS SA-BCM model and adapted mesh

 

https://gmsh.info/
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Mis =
[

2
γ−1

(
( P01

P )
γ−1

γ − 1
)] 1

2
 (with P the local static pressure and γ the gas isentropic 

exponent) along the wall, as reported in Fig. 10 where the results are compared with the 
measurements obtained in DLR testing facility. The complexity of the adapted grid is 
progressively increased until achieving grid convergence. A complexity Nc = 16 000 is 
finally deemed sufficient to obtain a mesh-converged solution.

In Table 3 we report the loss coefficients predicted by the low- and high-fidelity mod-
els. Due to the parallelism-induced non-deterministic nature of the adaptation proce-
dure, 10 simulations are performed to estimate the uncertainty in the predicted loss 
coefficients. For ADP and OP2, the standard deviation is less than 1% of the mean value, 
while it is slightly below 2% for the near-stall condition OP1, for which the SA-BCM 
model tends to predict unsteady flow due to the appearance of a large separation bubble.

CFD-based single-fidelity optimizations

To investigate the effect of the CFD model on the optimization results, we first run a 
low- and a high-fidelity brute-force optimization using the NSGA-II optimizer with 50 
generations of 20 candidates. The turn-around time of the high-fidelity optimization is 

Fig. 12  Best-performing profiles with respect to wADP  (top left), wOP  (top right) and best compromise (bottom)

 

Fig. 11  Single-fidelity CFD-based Pareto fronts for the low- (left) and high-fidelity (right) models. The Pareto front 
designs are represented in plain diamonds; the best candidates with respect to wADP  and wOP  are circled in 
blue and green; the best compromise at the center of the Pareto front is circled in black
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approximately 2 days on a 48 cores/96 threads workstation and about 3 hours for the 
low-fidelity optimization.

The results are illustrated in Fig. 11 where the final Pareto fronts after 50 generations 
are represented with plain diamonds, and the optimal solutions and the best compro-
mise between the two objectives are circled. The low- and high-fidelity Pareto fronts 
show dramatic differences, arguing for the use of a high-fidelity model to drive the opti-
mization. The recomputation of the optimal low-fidelity candidates with the high-fidel-
ity model highlights the complexity of the relationship between both fidelities. Indeed, 
the correlation is opposite to that of the LES/RANS correlation of [27, 28] where the 
low-fidelity model systematically over-predicted the high-fidelity objective function val-
ues. This makes the low fidelity model particularly misleading to the optimization if not 
corrected with high-fidelity information.

The shape of the Pareto fronts hints that the Pareto-optimal high-fidelity candidates 
encompass very different geometries, whereas the tight low-fidelity Pareto front and 
small variations in wOP  suggest more similar shapes. This is confirmed by inspection 
of Fig. 12, which shows the optimal blade profiles for the two models. According to the 
high-fidelity model, the best-performing profile at nominal condition exhibits a flatter 
pressure side than the baseline, whereas the low-fidelity best individual mostly differ 
from the baseline at the rear of the suction side. Furthermore, the profiles ensuring the 
best off-design performance are highly cambered in the rear part and differ significantly 
from the baseline, which is not the case for the low-fidelity best-performing individual 
with respect to this criterion. Similarly, significant differences are also observed for the 
designs corresponding to the best compromise between the two objectives.

Surrogate-assisted multi-fidelity optimization

The LRN-OGV cascade optimization problem is then solved using the Bayesian and 
neural network based multi-fidelity strategies, with and without dimensionality reduc-
tion, for a total of six configurations detailed in Table 4. A preliminary study on analyti-
cal functions, reported in Appendix A, was used to select the MFDNN architecture. The 
latter, analogous to that of Zhang et al. [22], is given in Table 7 where the dimensions 
of the output layers yL, yH  and the parameter β are extended to the number of objec-
tives. The models are trained from initial nested DOEs including n − 1 LHS samples 
and the baseline results. This minimizes the risks of having high-fidelity infill samples 
with poorer performance. In order to perform fair comparisons between each configu-
ration, the same initial DOEs are used for the non-reduced optimizations (E1, E3, E5). 
In the same way, the initial DOEs of the two POD-based optimizations (E2, E4, E6) are 

Table 4  Multi-fidelity multi-objective assisted optimization configurations 
Experiments Problem DOEs Total infills Infill strategy

dimension LF HF LF HF (see Methodology)
E1: AR1 8 99 + 1 9 + 1 100 10 MPI, LCB & ED

E2: AR1 & POD 4 99 + 1 9 + 1 100 10 MPI, LCB & ED

E3: MFDNN 8 99 + 1 9 + 1 100 10 NSGA-II & ED

E4: MFDNN & POD 4 99 + 1 9 + 1 100 10 NSGA-II & ED

E5: AR1 8 99 + 1 9 + 1 100 10 αW B2S,MP I , LCB & ED

E6: AR1 & POD 4 99 + 1 9 + 1 100 10 αW B2S,MP I , LCB & ED
The “Total infills” column indicates the total number of infill samples of each fidelity

The number of infill steps is equal to the number of HF infills
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the same and built by inverse reconstruction of the reduced parameters corresponding 
to the non-reduced configurations (see Problem dimension reduction). For each experi-
ence, five runs are performed.

In the end, each experiment yields two Pareto fronts. The dataset Pareto which cor-
responds to the one formed by the high-fidelity points, and the predicted Pareto which 
is given by the post-processing NSGA-II execution coupled with the final version of the 
surrogate model.

Dataset Pareto metrics evaluation

We begin with the analysis of the Pareto-front metrics. Table 5 summarizes the opti-
mization results with respect to the performance metrics introduced at the end of the 
Methodology section. As evident from the first column of each block, it appears that in 
spite of our efforts to reduce the discrepancies between the initial DOEs, the cumulative 
effect of the POD reconstruction error and the model error in case of strong boundary 
layer detachment result in non-negligible objective value differences. For this reason, the 
POD-based configurations depart with a slightly poorer initial high-fidelity DOE in view 
of all performances metrics.

To get a grasp of the optimization speed, the metrics are evaluated after five and ten 
infill steps. After five infills, it seems that both POD-coupled models (E2, E4) offer a bet-
ter exploration of the design space with a significant increase in the hypervolume below 
the baseline objective values. Regarding the inverse generational distance criteria, the 
AR1 model without data reduction (E1) yields the best IGD and IGD+ values and ratios 
but very close to that of the POD-coupled AR1 (E2). Given the problem sensitivity and 
in view of the three metrics, it appears that for a very low number of infills, the AR1-
based configurations (E1, E2) are the most efficient.

At the end of the ten infills, the results indicate that the Bayesian-based strategies 
(E1, E2, E6) compare well and the POD-coupled versions (E2, E6) provide the best 

Table 5  Comparison of the dataset Pareto mean IGD, IGD+ and HV for the different configurations 
after 5 and 10 infill steps over five runs 
Exp. IGD (↓) IGD+ (↓) HV (↑)

init. final ratio init. final ratio init. final ratio
Reference - 0 - - 0 - - 1.7 × 10−4-

Performance metrics after 5 infill steps

 E1 8.8 × 10−3 6.8 × 10−31.3 8.1 × 10−35.7 × 10−31.5 1.3 × 10−5 2.1 × 10−51.6

 E2 9.0 × 10−3 7.1 × 10−31.3 8.9 × 10−36.9 × 10−31.4 3.9 × 10−6 3.8 × 10−513.0
 E3 8.8 × 10−3 8.0 × 10−31.1 8.1 × 10−37.5 × 10−31.1 1.3 × 10−5 1.8 × 10−51.4

 E4 9.0 × 10−3 8.3 × 10−31.1 8.9 × 10−37.7 × 10−31.3 3.9 × 10−6 1.9 × 10−55.0

 E5 8.8 × 10−3 8.6 × 10−31.0 8.1 × 10−37.4 × 10−31.2 1.3 × 10−5 1.6 × 10−51.2

 E6 9.0 × 10−3 9.0 × 10−31.0 8.9 × 10−38.9 × 10−31.0 3.9 × 10−6 3.9 × 10−61.0

Performance metrics after 10 infill steps

 E1 8.8 × 10−3 5.2 × 10−31.8 8.1 × 10−34.0 × 10−32.1 1.3 × 10−5 5.6 × 10−54.4

 E2 9.0 × 10−3 4.9 × 10−31.9 8.9 × 10−34.4 × 10−32.1 3.9 × 10−6 8.4 × 10−531.7
 E3 8.8 × 10−3 7.2 × 10−31.3 8.1 × 10−35.7 × 10−31.5 1.3 × 10−5 2.6 × 10−52.1

 E4 9.0 × 10−3 6.0 × 10−31.6 8.9 × 10−35.6 × 10−31.7 3.9 × 10−6 3.6 × 10−510.3

 E5 8.8 × 10−3 7.5 × 10−31.2 8.1 × 10−36.7 × 10−31.3 1.3 × 10−5 1.6 × 10−51.2

 E6 9. × 10−3 5.0 × 10−31.8 8.9 × 10−33.6 × 10−32.5 3.9 × 10−6 7.0 × 10−523.3

For each metric, "↓" indicates the lower the better, "↑" the opposite

The ratio is always to be maximized and in each block, the best performance is written in bold



Page 21 of 32Schouler et al. Advanced Modeling and Simulation in Engineering Sciences           (2025) 12:35 

performances with respect to the three metrics. On average, the Bayesian strategies with 
dimensionality reduction (E2, E6) perform the best. However, when the optimization 
is performed in the full parametric space, the MFDNN approach (E3) provides perfor-
mances somewhere between the two Bayesian variants (E1, E5).

Regarding the use of a regularised infill criterion, the results show no significant 
improvement. Regardless of the problem dimension (E5 or E6), regularisation does not 

Fig. 15  Comparison of the AR1-based models and the regularized infill optimization (E5, E6) results for one of 
the five runs. The predicted Pareto fronts are represented with blue (E5) and green (E6) empty diamonds. On the 
left side, the arrows between plain squares indicate the cumulative effect of the model and POD reconstruction 
errors between the initial high-fidelity DOEs. On the right side, the arrow between the empty diamonds and stars 
indicate the error between the actual and predicted values

 

Fig. 14  Comparison of the MFDNN-based models optimization (E3, E4) results for one of the five runs. The pre-
dicted Pareto fronts are represented with blue (E3) and green (E4) empty diamonds. On the left side, the arrows 
between plain squares indicate the cumulative effect of the model and POD reconstruction errors between the 
initial high-fidelity DOEs. On the right side, the arrow between the empty diamonds and stars indicate the error 
between the actual and predicted values

 

Fig. 13  Comparison of the AR1-based models optimization results (E1, E2) for one of the five runs. The predicted 
Pareto fronts are represented with blue (E1) and green (E2) empty diamonds. On the left side, the arrows between 
plain squares indicate the cumulative effect of the model and POD reconstruction errors between the initial high-
fidelity DOEs. On the right side, the arrow between the empty diamonds and stars indicate the error between the 
actual and predicted values
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improve the optimisation speed, as all the metric ratios remain close to 1 after five infill 
steps. However, after ten infill steps, the POD-coupled version (E6) performs as well as 
the non-regularised Bayesian strategy, while the performance of the non-reduced ver-
sion (E5) is slightly poorer than that obtained with the non-Bayesian strategy (E3). This 
suggests that the effectiveness of regularisation depends heavily on the dimensions of 
the problem, and that a non-Bayesian approach may be more effective in a high-dimen-
sional design space.

Predicted Pareto evaluation

Finally for each strategy, examples of predicted Pareto obtained with a post-processing 
NSGA-II assisted execution are represented in Figs. 13, 14 and Fig. 15. As explained in 
[24], this last step can result in an unreliable predicted Pareto front if the model is not 
accurate enough. This word of caution is illustrated in this example where the predicted 
Pareto fronts extend in physically irrelevant areas of the design space. To assess the reli-
ability of the predicted Pareto, the predicted candidates with the objective values the 
closest to those of the reference candidates (see Fig. 11) are extracted from the Pareto 
sets and recomputed with the high-fidelity model.

As expected, the results indicate for all strategies that the region of the predicted 
Pareto which are not supported by the nearby presence of high-fidelity samples are 
highly unreliable. On the contrary, in the vicinity of the reference Pareto center which 
is more densely populated for all POD-coupled strategies (E2, E4, E6), the discrepancy 
between the predicted and the recomputed values are much smaller. To get an idea of 
how this observation translate into the design space, the profiles of the recomputed can-
didates of Fig. 15 are given in Fig. 16. For the optimal candidates without POD-coupling 
(E5), the failure to compute high-fidelity samples near the reference Pareto results in 
highly inconsistent geometries with respect to the quantities of interest they are sup-
posed to optimize. For the POD-coupled configuration (E6), the lack of high-fidelity 
samples in the low wADP  area of the objective spaces results in a blade somewhere 

Fig. 16  Comparison of the optimal predicted profiles for one of the five runs of the AR1-based model and regular-
ized infill optimization (E5, E6). The profiles with the lowest wADP , wOP  and at the center of the Pareto front are 
represented on the top left, top right and bottom
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between the reference optimal and the baseline geometries which leads to a smaller 
improvement of wADP  and a higher degradation of wOP  than predicted. Regarding the 
other two optimal geometries, the agreement with the reference solution is much better.

Dataset Pareto evaluation

Going back to the initial objective which is to improve the performances of the baseline 
cascade, Table 6 summarizes the average improvements resulting from the high-fidel-
ity samples of each configuration. In comparison to the reference results, all strategies 
prove to work remarkably well and bring noticeable improvements with respect to both 
quantities and especially for wOP . The slighter difficulty to improve wADP  comes from 
the fact that all five runs use the same initial DOEs which drive the optimization in the 
direction of better wOP  due to the presence of initial high-fidelity samples in that area. 
The quality of the candidates with the optimal objectives trade-off (i.e. located at the 
center of the dataset Pareto) is more variable as two (E3, E5) out of the six strategies fail 
to provide a compromise candidate concurrently improving both quantities of interest. 
Nevertheless, all POD-coupled strategies (E2, E4, E6) are highly satisfactory.

Summary

In regards of the optimization metrics (IGD, IGD+ and HV), the results indicate that, 
on average, the AR1 model associated to the considered Bayesian infill strategies and 
dimension reduction (E2, E6) performs better than its non-Bayesian counterparts (E4). 
Regarding the extra NSGA-II step, although it does provide a denser Pareto front esti-
mate, its extrapolation capacities are highly dependent on the nearby presence of 
high-fidelity samples. Finally, for all configurations, the dimension reduction through 
POD-coupling proved to significantly improve the quality of the dataset Pareto in 
regards of both the optimization metrics and the optimized quantities of interest.

Table 6  Comparison of the average performances for the different configurations over five runs 
Exp. opt. opt. opt. trade-off

wADP , wOP

Reference 0.0293 0.0427 0.0335, 0.0538
(27%) (36.2%) (16.8, 20.8)

E1 0.0357 0.0459 0.0373, 0.0516
(11.6) (32.4) (7.4, 24.1)

E2 0.0334 0.0512 0.0357, 0.0530
(17.1) (24.6) (11.6, 21.9)

E3 0.0375 0.0484 0.0390, 0.0521
(7.0) (28.7) (3.2, 23.2)

E4 0.0363 0.0485 0.0384, 0.0526
(10.0) (28.6) (4.7, 22.5)

E5 0.0369 0.0472 0.0392, 0.0547
(8.6) (30.4) (2.8, 19.5)

E6 0.0361 0.0476 0.0363, 0.0526
(10.6) (29.9) (10.0, 22.5)

The percentage of improvement with respect to the baseline values is given between parenthesis and the best performance 
is written in bold



Page 24 of 32Schouler et al. Advanced Modeling and Simulation in Engineering Sciences           (2025) 12:35 

Conclusion
This study considers four approaches to addressing the main challenges of ASO under 
the assumptions of extreme evaluation cost imbalance and strict budget constraints. To 
this end, mesh adaptation, shape parametrization data reduction, multi-fidelity surro-
gates and adaptive infill are leveraged to solve the optimization under constraint of a 
low Reynolds number compressor cascade designed at DLR [77, 78]. The blade shape 
is parametrized with eight FFD control points and three optimization approaches are 
considered. Bayesian infill (with or without regularization) strategies are associated 
with AR1 models, while a non-Bayesian infill strategy (based on NSGA-II) is associated 
with MFDNN models. In addition, data reduction is performed using POD to halve the 
number of design variables hence yielding a total of six optimization configurations. 
The multi-fidelity models were trained for all configurations by combining low- and 
high-fidelity data, respectively obtained with the RANS SA model for coarse meshes 
and the transition RANS SA-BCM model for anisotropic adapted meshes. At the end 
of the adaptive optimization, a post-processing step which consists of running NSGA-
II assisted with the final version of the surrogate model was performed as suggested in 
[24].

For the cascade optimization, the results show that, in regards of the considered 
optimization metrics (IGD, IGD+ and HV), the AR1 model associated with Bayesian 
approaches performs better than the MFDNN-assisted non-Bayesian optimizer, pro-
vided that the search space dimension is reduced using POD. In addition, the present 
conclusions hold for the very few high-fidelity sample regime targeted in the study. 
The NSGA-II post-processing step was found to provide a denser Pareto front; how-
ever, its effectiveness depends heavily on the presence of nearby high-fidelity samples. 
Therefore, it is recommended to recompute the high-fidelity solution for any geom-
etry extracted from the predicted Pareto front. Finally, dimensionality reduction using 
Proper Orthogonal Decomposition (POD) proved highly effective for the Bayesian strat-
egies, significantly enhancing results with respect to both the optimization metrics and 
the quantities of interest. Specifically, optimal candidates with wADP  improved by 10 to 
17% and optimal candidates with wOP  improved by 25 to 30% were obtained. Trade-off 
candidates that simultaneously improved both objectives were also identified, achieving 
up to 10% improvements in wADP  and up to 22% in wOP .

As RANS solvers are unable to capture the wealth of physical phenomena characteris-
tic of turbomachinery flows, we plan as future work to assess the robustness of our pro-
posed strategies in the context of RANS/LES multi-fidelity optimization.

Appendix A: preliminary studies with analytical test functions

Multi-fidelity surrogates evaluation: 1D test functions

Gaussian process based multi-fidelity models were compared by Brevault et al. in [18] 
with the aim of evaluating their strengths and weaknesses depending on the characteris-
tics of several analytical and aerospace problems. Their study includes both simple cor-
relation models such as AR1, and more advanced models such as the non-linear auto-
regressive Gaussian process and deep Gaussian process. Their results suggest that when 
the number of available high-fidelity samples is limited, simple models tend to perform 
better than more complex approaches. Therefore, to get a first idea of how MFDNN and 
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AR1 models compare, a preliminary comparison of these surrogates is made using the 1D 
test functions used in [18]:

flf (x) = sin(4πx),

fhf (x) =
(x

2
−

√
2
)

sin(4πx + aπ)a,

x ∈ [0; 1] and a ∈ [[1; 4]].

The subscripts hf and lf denote the high-fidelity function and its low-fidelity approxima-
tion, respectively. The parameter a controls the correlation between the two fidelities by 
introducing phase and amplitude differences, as shown in Fig. 17.

For each value of a, DOEs of respectively 10 and 40 high- and low-fidelity samples are 
drawn through Latin hypercube sampling (LHS) and are used for training the surrogate. 
The accuracy of the models is then computed by means of the root-mean squared error 
(RMSE) between the models and the high-fidelity solution evaluated at 1000 random 
points. For each configuration, the measures are repeated ten times using different train-
ing and evaluation DOEs, and the mean, as well as the minimum and maximum errors 
across the repetitions are reported.

In the present series of numerical experiments, the AR1 scaling factor is learned. The 
considered MFDNN architectures are those of Zhang et al. [22] and Wu et al. [23] as 
given in Table 7. For both configurations β is learned as well, the learning rate is set to 
10−4, the loss function is reduced with Adam optimizer [79] and the network parameters 

Table 7  Parameters of the MFDNN architectures
Neural network Layers Neurons per layer Activation Weight decay
MFDNN Zhang et al. [22]

NNL 6 32 Tanh 10−4

NNH1 1 16 - -

NNH2 2 16 Tanh 10−4

MFDNN Wu et al. [23]

NNL 6 20 Tanh 10−5

NNH1 3 16 - 10−5

NNH2 3 16 Tanh 10−5

Fig. 17  1D analytical test functions from [18]. The red and blue curves respectively correspond to the high- and 
low-fidelity functions
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are initialized with Xavier’s initialization method [80]. This means that for each repeti-
tion, the networks start from different initial states.

The histogram in Fig. 18 reports the mean errors obtained for the AR1 and various 
versions of the MFDNN, with error bars corresponding to the min/max RMSE values. 
For this simple 1D problem, all models perform reasonably well for any degree of correla-
tion (related to the chosen value of a) between the low- and high-fidelity models, even 
if smaller errors are registered for the well-correlated case a = 1. Of note, the MFDNN 
variations around the mean RMSE are much higher than those found for the AR1, so that 
for all a > 1, there is at least one configuration for which the MFDNN outperforms AR1. 
However, the two models do not differ much on average.

Considering the non-linearly correlated functions given by a = 3, Fig. 19 shows that the 
MFDNN model tend to perform better than the AR1 when the number of high-fidelity 
point increases, but not in the low high-fidelity sample regime targeted in our study. The 
results also suggest that using nested DOEs improves the accuracy performances of the 
MFDNN.

Evaluation of surrogate-based optimization using Bayesian and non-Bayesian adaptive 

infills

In this section, we carry out a preliminary assessment of the proposed optimization strat-
egies for two test problems extracted from the popular so-called ZDT test suite initially 

Fig. 19  RMSE of the multi-fidelity models for the 1D test function defined by a = 3 and different numbers of 
high-fidelity samples nhf . Each model is trained ten times using different DOEs and the error bars denote the min/
max RMSE registered across the repetitions

 

Fig. 18  RMSE of the multi-fidelity models for the 1D test functions with different values of the parameter a. Each 
model is trained ten times using different DOEs of respectively 40 and 10 low- and high-fidelity samples. The error 
bars denote the min/max RMSE registered across the repetitions
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proposed in [81] for bi-objective optimization algorithms. Specifically, we focus on the 
ZDT1 and ZDT2 cases adapted to multi-fidelity optimization.

Given two objective functions J1 and J2, the ZDT1 problem is defined with the follow-
ing low and high-fidelity functions [24]:

(J1)

{
fhf (x) = x1

flf (x) = 0.9x1 + 0.1
(J2)




fhf (x) = u(x)v(x)

flf (x) = (0.8u(x) − 0.2)(1.2v(x) + 0.2)

u(x) = 1 + 9
d−1

∑d
i=2 xi

v(x) = 1 −
√

x1
u(x)

where d is the problem dimension and x ∈ Rd. This problem has a convex analytical 
Pareto front given by the following Pareto set:

0 ≤ x1 ≤ 1 and xi = 0 for i ∈ [[2; d]]

The ZDT2 problem is given by the following functions [24]:

Table 8  Averaged value and standard deviation (between parenthesis) of IGD and IGD+ obtained 
for ten repetitions. 
Experiments Infill strategy ZDT1 ZDT2

(see Methodology) IGD IGD+ IGD IGD+
E1: AR1 MPI, LCB & ED 1.20 1.19 1.89 1.86

(0.53) (0.53) (0.72) (0.74)

E2: MFDNN NSGA-II & ED 0.85 0.73 0.69 0.55

(0.38) (0.42) (0.31) (0.29)

E3: AR1 αW B2S,MP I , LCB & ED 0.12 0.083 0.25 0.14
(0.026) (0.018) (0.11) (0.086)

The best performances are written in bold

Fig. 20  One realization of the ten ZDT1 (top) and ZDT2 (bottom) optimizations for E1 (left), E2 (center) and E3 
(right)
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(J1)

{
fhf (x) = x1

flf (x) = 0.8x1 + 0.2
(J2)




fhf (x) = u(x)v(x)

flf (x) = (0.9u(x) + 0.2)(1.1v(x) − 0.2)

u(x) = 1 + 9
d−1

∑d
i=2 xi

v(x) = 1 −
(

x1
u(x)

)2

It has a concave analytic Pareto front given by the same Pareto set as that of problem 
ZDT1.

Both problems are solved with their dimension d set to 6 and the size of the initial 
low- and high-fidelity DOEs are respectively 12 and 6. The number of infill step niter is 10 
and at each step, a single high-fidelity and nlf = 10 low-fidelity samples are computed. 
Table 8 summarizes the results obtained with the optimization approaches introduced in 
the Methodology section. Only the IGD and IGD+ criteria are evaluated for the dataset 
Pareto and for each configuration, the results are averaged over ten realizations com-
puted with distinct seeds. For each experiment, one realization is represented in Fig. 20.

Table 8 shows that for both problems, the Bayesian strategy with the regularized infill 
criterion performs the best. Indeed, as illustrated in Fig. 20, although the non-regularized 
Bayesian strategy provides relevant infill samples, they are still distant to the reference 
Pareto front. This is inherent to the MPI acquisition function which does not quantify 
the infill improvement itself but only its probability to be an improvement with respect to 
the other high-fidelity samples. With regularization, the Bayesian strategy systematically 
manages to give infill samples on the Pareto front. On average, this approach improves 
the Pareto-front metrics by an order of magnitude with respect to its non-regularized 
counterpart. On the other hand, the non-Bayesian strategy yields results somewhere 

Fig. 23  ADP (left), OP1 (center), OP2 (right) Mach fields of the candidate with the best compromise. Loss coef-
ficients values are: wADP = 0.03354, wOP 1 = 0.06473 and wOP 2 = 0.04286

 

Fig. 22  ADP (left), OP1 (center), OP2 (right) Mach fields of the candidate with minimal wOP . Loss coefficients 
values are: wADP = 0.04274, wOP 1 = 0.04617 and wOP 2 = 0.04049

 

Fig. 21  ADP (left), OP1 (center), OP2 (right) Mach fields of the candidate with minimal wADP . Loss coefficients 
values are: wADP = 0.02925, wOP 1 = 0.08938 and wOP 2 = 0.04789
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between the Bayesian strategies (see Table 8). But, as evident from Fig. 20, the NSGA-II 
algorithm tends to vertically extend the Pareto front on the left-side of the domain (i.e. 
for J1 → 0) in both cases. Since the non-Bayesian approach fully relies on NSGA-II runs, 
this results in the computation of high-fidelity infill samples in this particular area and a 
poor overall coverage of the Pareto front.

Based on these preliminary results, we retain the AR1 model with regularized Bayesian 
infill strategy and the MFDNN model with non-Bayesian infill strategy as the two most 
promising approaches to be further investigated for a more realistic ASO problem.

Appendix B: optimal candidates mach fields
This section presents the three operating points Mach fields for the best candidates 
selected on the reference Pareto front. Figure 21 for the candidate with the lowest wADP , 
Fig. 22 for the candidate with the lowest wOP  and Fig. 23 for the candidate at the center of 
the Pareto front which offers the best compromise between each objective.
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