
HAL Id: hal-05429736
https://hal.science/hal-05429736v1

Preprint submitted on 23 Dec 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Adjoint-based optimization of the Rayleigh-Bénard
instability with melting boundary

Tomas Fullana, Alejandro Quirós Rodríguez, Vincent Le Chenadec, Taraneh Sayadi

To cite this version:
Tomas Fullana, Alejandro Quirós Rodríguez, Vincent Le Chenadec, Taraneh Sayadi. Adjoint-based optimiza-
tion of the Rayleigh-Bénard instability with melting boundary. 2025. ⟨hal-05429736⟩

https://hal.science/hal-05429736v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Adjoint-based optimization of the

Rayleigh-Bénard instability with melting

boundary

Tomas Fullana1,2*, Alejandro Quirós Rodŕıguez1,
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Abstract

In this work, we propose an adjoint-based optimization procedure to control the
onset of the Rayleigh-Bénard instability with a melting front. A novel cut cell
method is used to solve the Navier-Stokes equations in the Boussinesq approxi-
mation and the convection-diffusion equation in the fluid layer, as well as the heat
equation in the solid phase. To track the interface we use the level set method
where its evolution is simply governed by an advection equation. An incomplete
continuous adjoint problem is then derived by treating the velocity field obtained
from the forward problem as a known variable in the adjoint convection-diffusion
equation, thereby avoiding the need to solve a Navier–Stokes adjoint in the fluid
phase. To the best of our knowledge, this provides the first adjoint-based opti-
mization framework for Rayleigh–Bénard instability with a melting boundary.
Two optimization problems, together with a comparison against a derivative-free
particle–swarm method, demonstrate that the proposed incomplete adjoint yields
gradients accurate enough to control the front shape while reducing the number
of expensive function evaluations by about an order of magnitude.
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1 Introduction

Stefan problem [1] models transport and transfer phenomena, in particular solid-liquid
phase change in evaporating or chemically reacting flows. Such phenomena govern the
interface motion in many engineering related problems such as dendritic solidifica-
tion [2, 3], phase transformation in metallic alloys [4], and solid fuel combustion [5].
At the interface, the Stefan condition arises from the interaction of liquid and solid
phases (both considered incompressible), resulting in a moving liquid-solid interface
(freezing or melting front). The speed of the front is directly related to the jump in
the conductive heat flux across the interface. In one dimension, this problem has been
studied in depth [6–8]; in higher dimensions, however, due to the unstable pattern
formation [9–11] specific numerical methods, such as the level set method [2, 12–21],
have been used to predict the motion and shape of the interface. In crystal growth, for
example, under-cooling triggers an instability mechanism, causing the solid phase of
the material to grow into the liquid phase in a finger-like or dendritic fashion, result-
ing in complex interfacial shapes and possible topography changes. Moreover, while
convection with a fixed topography is usually studied in the classical Rayleigh-Bénard
setup [22], many natural phenomena such as erosion or melting involve a coupling
between the flow and the moving boundary [23, 24].

The shape of the resulting interface may strongly affect the outcome and time-
frame of the production processes in many industrial applications involving phase
change [25, 26]. As a result, it is desirable to extract efficient control strategies to
manipulate the motion of the interface, for instance, by tracking a prescribed trajec-
tory. Two major types of optimization methods in use today are (i) gradient-based, and
(ii) derivative free methods. While an efficient class of generic algorithms (belonging
to the class of derivative free methods) based on the surrogate management frame-
work [27] and artificial neural networks [28] have been used for optimization in fluid
mechanics, mainly in the area of aerodynamic shape optimization, they could require
many function evaluations, for training purposes for example. When detailed simu-
lations of interfacial flows are concerned, each function evaluation commands a full
(potentially unsteady) CFD computation, causing gradient-based methods to be at
an advantage. Adjoint-based algorithms present a suitable method, as they allow the
determination of the gradient at a cost comparable to a single function evaluation [29–
32]. The use of adjoint methods for design and optimization has been an active area of
research which started with the pioneering work of Pironneau [33] with applications
in fluid mechanics, and has been extensively used in aeronautical shape optimiza-
tion by Jameson and co-workers [34, 35]. Ever since these groundbreaking studies,
adjoint-based methods have been widely used in fluid mechanics particularly in the
areas of aero- and thermo-acoustics [36, 37]. More recently flow regimes dominated
by nonlinear dynamics, such as separation and mixing have also been analysed using
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adjoint-based techniques [38–41]. Adjoint-based methods have also been employed for
the purpose of sensitivity analysis or control in flows in the presence of large gradients
(flames or interfaces) [42–45], showing great promise, and therefore are adopted here
to carry out the optimization procedure.

In the context of Stefan problems various control strategies have been employed
to track the location of the interface. In a one-dimensional setting, for example, set-
valued fixed point equations [46] or linear-quadratic defect minimization [47] have
been used to control the location of the front. Adjoint-based algorithms have also
been applied to a Stefan problem caused by heterogeneous reactions on a surface of a
one-dimensional solid particle [5] to extract sensitives with respect to various kinetic
parameters. Alternatively, in a two-dimensional setting, adjoint-based algorithms have
been utilized previously together with finite element and finite difference approaches
to track and control the location of interface by imposing heat flux (or temperature)
at the boundary in order to realize the desired interface motion [48–50]. In particular,
Bernauer & Herzog [51], making use of shape calculus tools, derived the set of adjoint
equations to extract control strategies for Stefan problems with a sharp representation
of the interface.

Similar to the approach of [51] shape calculus tools have been employed to extract
the corresponding adjoint equations in our previous work [17]. However, contrary to
the previous studies, control strategies are extracted here to control the interface
shape resulting from the melting boundary. For the configuration considered here,
deriving the fully coupled analytical adjoint of the Navier–Stokes–Stefan system on a
moving domain is not tractable, which motivates the use of an incomplete continuous
adjoint tailored to this problem. The incomplete adjoint is derived – by considering the
velocity field in the fluid layer as a known variable in the adjoint convection-diffusion
equation – and used to minimize a tracking-type cost functional through a gradient-
based algorithm. We will show that the derived incomplete adjoint is sufficient to
retrieve meaningful information on the system and to drive the cost functional towards
its minimum at a substantially reduced computational cost.

The main contributions of this work can be summarized as follows. (i) A sharp-
interface optimal-control problem for the Rayleigh–Bénard instability with a melting
boundary, based on a level-set/cut-cell discretization of the two-phase Stefan problem
under the Boussinesq approximation is formulated. (ii) We then derive an incomplete
continuous adjoint that neglects the Navier–Stokes adjoint by treating the velocity field
from the forward simulation as a known variable in the adjoint convection–diffusion
equation. (iii) We demonstrate, on two non-trivial optimization problems and in com-
parison with a derivative-free method, that the resulting gradients are sufficiently
accurate to control the front shape while significantly reducing the number of function
evaluations.

The present study is restricted to a two-dimensional configuration with a sharp
interface representation and without surface-tension effects. The control is exerted
only through the temperature distribution prescribed at the upper boundary of a
periodic domain. As such, the proposed framework is intended as a first step towards
adjoint-based control of melting fronts in convection-driven problems.
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Fig. 1: Schematic of the melting boundary problem.

The paper is organized as follows; in the first section we will define the forward
problem and present validations cases, in the second section we will derive the con-
tinuous adjoint equations and in the last section we present the optimization results
resulting from the solution of the minimization of a tracking-type cost functional.

2 Governing equations

Following the recent studies on the Rayleigh-Bénard instability in the presence of a
melting boundary [12, 52], we consider the evolution of an initially flat liquid layer
heated from below and comprised between a wall and a solid layer. As the solid melts,
the liquid layer will grow vertically until a critical height where convection kicks in. A
schematic of this configuration is shown in Fig. 1. The gravity is pointing downwards
g = −gey and the horizontal size of the domain is bH, where b is the aspect ratio
and where H = 1 is the height of the system. The temperature at the bottom wall
is Tb = 0.7, and the one at the top wall is our control variable w(x) < 0, such that
w(x) < TM < Tb where TM = 0 is the melting temperature at the front. The choice
of Tb is such that ∆T = 1 when w(x) = −0.3. The initial flat interface is located at
h0 = 0.05 and the initial temperature field is set to zero.

In the fluid phase, we solve the Navier-Stokes equations in the Boussinesq approx-
imation coupled to the convection-diffusion equation for the temperature field. With
this approximation, the variation of the liquid density with the temperature is taken
into account in the buoyancy force only. This means that the density and thermal
conductivities are assumed to be constant and equal. The equations read

Pr−1

(
∂u

∂t
+ u · ∇u

)
=−∇p+Ra TL ey +∇2u,

∇ · u =0,

∂TL
∂t

+ u · ∇TL =∇2TL,

(1)
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where TL is the dimensionless temperature field in the liquid phase. The dimensionless
numbers governing this equation are the Prandtl number

Pr =
ν

k
, (2)

defined by the ratio of the liquid kinematic viscosity ν and thermal diffusivity k, and
the Rayleigh number

Ra =
g αt∆T H

3

ν k
, (3)

where g is the constant gravitational acceleration, αt the coefficient of thermal expan-
sion, H a characteristic length of the system and ∆T = Tb − TM . We apply no slip
boundary conditions on the lower boundary and on the interface between the two
phases. In the solid phase, the heat equation applies

∂TS
∂t

= ∇2TS , (4)

where TS is the dimensionless temperature field in the solid phase. At the interface,
both temperature fields are equal to the melting temperature

TL(x, t) = TS(x, t) = TM x ∈ Γ, (5)

where Γ denotes the front position. In the present example, we disregard surface
tension effects in the thermodynamic boundary condition at the front (ie. the Gibbs-
Thomson relation).

Finally, as phase change occurs, there will appear a latent heat which is either
absorbed or released. The condition of heat conservation at a given point on the
moving interface corresponds to the rate at which heat is generated at the boundary,
balanced by the rate at which this heat flows in either phase. Along the interface, the
Stefan condition [53] states that

v = St [∇T ]SL · n, x ∈ Γ, (6)

where v is the interface velocity, n is the outward normal unit vector at the interface
and [∇T ]SL = ∂TS/∂n−∂TL/∂n is the jump in normal components of the temperature
gradients from the solid phase to the liquid phase. The Stefan number St is defined as
the ratio between available heat in the system and the latent heat

St =
k∆T

LH
, (7)

where LH is the latent heat. The moving interface is captured using the level set
method. A level set function ϕ [54] is defined on the computational domain Ω to
map the locus of one of its iso-levels ({x ∈ Ω|ϕ (x, t) = ϕ0}) to an interface Γ (t) that
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separates two non-overlapping domains, ΩS (t) and ΩL (t), each occupied by a different
phase. The value ϕ is defined as the signed distance to the interface,

ϕ (x, t) =


−d (x,Γ (t)) , x ∈ ΩS (t)

0, x ∈ Γ (t)

d (x,Γ (t)) , x ∈ ΩL (t)

, (8)

where d (x,Γ (t)) denotes the minimal distance between the point x and the interface
Γ (t),

d (x,Γ (t)) = argminy∈Γ(t) ∥x− y∥ , (9)

with ∥·∥ denoting the Euclidean distance. The main advantage of the level set method
is that its evolution is governed by a simple advection equation

∂ϕ

∂t
+ v · ∇ϕ = 0. (10)

provided that the velocity field can be smoothly extended from Γ (t). The most natural
algorithm is to let v be a constant along the lines normal to Γ. To achieve this, the
method described in [55] is adopted here. Using this approach, the velocity is extended
in the normal direction by solving the following hyperbolic partial differential equation

∂F

∂t⋆
+ S(ϕ)

∇ϕ
|∇ϕ|

· ∇F = 0 in Ω

F (x, 0) = v on Γ
(11)

where F is the extended velocity field equal to v at the front, t⋆ denotes a pseudo-time
and S(ϕ) is the signature function

S(ϕ) =

−1 if ϕ < 0
0 if ϕ = 0
+1 if ϕ > 0

(12)

Equation 11 is then discretized using a first order upwind scheme and integrated in
time by a forward Euler method until steady state. Taking n as the normal vector
defined as

n = (nx, ny) =
(
ϕx/

√
(ϕ2x + ϕ2y), ϕy/

√
(ϕ2x + ϕ2y)

)
, (13)

the discretisation leads to

Fn+1
ij =Fn

ij − τ⋆
((
Sijn

x
ij

)+ Fij − Fi−1j

∆
+
(
Sijn

x
ij

)− Fi+1j − Fij

∆

+
(
Sijn

y
ij

)+ Fij − Fij−1

∆
+
(
Sijn

y
ij

)− Fij+1 − Fij

∆

) (14)

where ∆ is the uniform grid spacing, (x)+ = max(0, x) and (x)− = min(0, x), and the
time step τ⋆ is chosen so that τ⋆/∆2 = 0.45. The pseudo-time spawn in the velocity
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extension algorithm is purely fictitious and the number of iterations in Equation 14
corresponds to the width of the narrow-band (NB) around the 0-level set where the
velocities are initialized. A semi-implicit scheme described in [56, 57] is used here to
solve the level set advection equation. Using this method, the equation is written in
an alternative form

∂ϕ

∂t
+ F

∇ϕ
|∇ϕ|

· ∇ϕ = 0, (15)

which is then divided into conservative and non-conservative terms

∂ϕ

∂t
+∇ ·

(
Fϕ
∇ϕ
|∇ϕ|

)
︸ ︷︷ ︸

a

−ϕ∇ ·
(
F
∇ϕ
|∇ϕ|

)
︸ ︷︷ ︸

b

= 0, (16)

resulting in a second order partial differential equation akin to a weighted diffusion
equation. The first term (a) has a diffusion coefficient Fϕ that depends on the solution
and represents a nonlinear curvature flow whereas in the second term (b) the solution
is multiplied by the curvature of its level-sets. The main idea behind this scheme is
to distinguish two cases: if the product Fϕ is negative (positive, respectively) then a
represents a forward (backward, respectively) diffusion and b represents a backward
(forward, respectively) diffusion. The forward diffusion is treated implicitly while the
backward diffusion is treated explicitly leading to a semi-implicit scheme with a dif-
fusive CFL number (fixed to 0.5 in the test cases presented here).
In order to discretize Equation 16, we use the same notation as in [56]. Consider p to
be a finite volume of a cell and epq the edge between p and q, q ∈ N (p) where N (p)
is the set of neighboring finite volumes. The length of epq is normalized to 1. Let npq

be the outer normal vector to epq with respect to p. Finally, let us denote ϕ̄p the con-
stant reconstruction of ϕp in the finite volume p and ϕ̄pq the constant reconstruction
of ϕ on epq. Integrating volume p, Equation 16 yields∫

p

∂ϕ

∂t
dx+

∫
p

∇ ·
(
Fϕ
∇ϕ
|∇ϕ|

)
dx−

∫
p

ϕ∇ ·
(
F
∇ϕ
|∇ϕ|

)
dx = 0. (17)

Applying Stokes’ theorem and using the constant reconstructions of ϕ, we obtain∫
p

∂ϕ

∂t
dx+

∑
q∈N (p)

ϕ̄pq

∫
epq

F
1

|∇ϕ|
∇ϕ · npqds

−
∑

q∈N (p)

ϕ̄p

∫
epq

Fϕ
1

|∇ϕ|
∇ϕ · npqds = 0.

Let us denote |∇ϕpq| the reconstructed Hamiltonian |∇ϕ| on the edge epq and
(ϕq − ϕp) /1 the normal derivative ∇ϕ ·npq on the same edge. We obtain the following
expression ∫

p

∂ϕ

∂t
dx+

∑
q∈N (p)

Fϕ̄pq
|∇ϕpq|

(ϕq − ϕp)
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−
∑

q∈N (p)

Fϕ̄p
|∇ϕpq|

(ϕq − ϕp) = 0,

leading to ∫
p

∂ϕ

∂t
dx+

∑
q∈N (p)

F (ϕ̄p − ϕ̄pq)
|∇ϕpq|

(ϕp − ϕq) = 0. (18)

Looking at the term F (ϕ̄p − ϕ̄pq), we can distinguish two cases:

• If the term is positive, we have a ‘forward diffusion’ or inflow towards the cell.
• If the term is negative, we have a ‘backward diffusion’ or outflow from the cell.

We therefore define the diffusion coefficient apq as

apq =
F (ϕ̄p − ϕ̄pq)
|∇ϕpq|

, (19)

and the related dominant forward and backward diffusion parts as

afpq = max(apq, 0), abpq = min(apq, 0). (20)

Using a backward Euler time discretization, taking the forward contribution explicitly
and the backward contribution implicitly, Equation 18 gives the following linear system

ϕnp +
τ

∆2

∑
q∈N (p)

afpq(ϕ
n
p − ϕnq )︸ ︷︷ ︸

implicit

= ϕn−1
p +

τ

∆2

∑
q∈N (p)

abpq(ϕ
n−1
p − ϕn−1

q )

︸ ︷︷ ︸
explicit

(21)

where τ is the time step, ∆ the uniform grid spacing and n a given time step. To
reconstruct of ϕ̄p, ϕ̄pq and |∇ϕpq|, we use the diamond-cell strategy described in [57].
This evolution equation however does not preserve the signed distance property, which
can be restored by periodically employing a reinitialization procedure by solving an
Eikonal equation. There exist many numerical methods for solving this equation and,
here we have adopted that of Min [58], also recently used in the work of Limare [12].
For further details on the numerical implementation of the level set coupled to a cut
cell method, we refer the reader to [17, 19, 20].

The forward problem, setting St = 1, can be recast in the level set framework as
follows.
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Find a function T : Ω× [0, tf ]→ R and a function ϕ : Ω× [0, tf ]→ R such that

∂TS
∂t

= ∇2TS in ΩS(t) (FP.a)

Pr−1

(
∂u

∂t
+ u · ∇u

)
= −∇p+Ra TL ey +∇2u in ΩL(t) (FP.b)

∇ · u = 0 in ΩL(t) (FP.c)

∂TL
∂t

+ u · ∇TL = ∇2TL in ΩL(t) (FP.d)

∂TL
∂t

= ∇2TL in ΩL(t) (FP.e)

T (x, 0) = T0 (x) in Ω (FP.f)

TS = w (x) on ∂ΩS (FP.g)

TL = Tb on ∂ΩL (FP.h)

T (x, t) = TM on Γ(t) (FP.i)

∂ϕ

∂t
= −[∇Ti]SL · ∇ϕ on Γ(t) (FP.j)

ϕ(x, 0) = ϕ0 (x) in Ω (FP.k)

(FP)

The global Rayleigh number in Eq. (3) will control the onset of the Rayleigh-Bénard
instability. The effective Rayleigh number is defined as

Rae = Ra (1− TM ) h̄3, (22)

where h̄ is the average fluid height

h̄(t) =
1

b

∫ b

0

h(x, t)dx. (23)

When the effective Rayleigh number reaches the critical value Rac = 1707.76, the
initial diffusion-driven motion is transformed into a convection-driven one. We con-
sider a domain with aspect ratio b = 4, a fixed temperature w = −0.3 at the top
boundary and vary the global Rayleigh number. Figure 2a shows the average height
as function of time for the different cases. In the Ra = 104 case, the critical Rayleigh
number is not reached and the motion of the fluid layer is not affected, thus remain-
ing a diffusion-driven one, similarly to the planar motion. In the rest of the cases, the
effective Rayleigh number Rae (Fig. 2b) crosses the threshold indicating the onset of
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the instability, characterized by a sharp increase in interface speed. Figure 3 shows a
time series of the temperature field and interface position for the Ra = 105 case and
Figure 4 shows the vorticity field for the same case. When the critical Rayleigh num-
ber is reached, the first bifurcation appears, creating the convection cells. The size of
the convection cells will then vary with the secondary bifurcations mechanism. When
the averaged height h̄ matches the characteristic wavelength of the convection rolls,
the convection cells have sufficient time to merge and then stabilize. We also note that
the interface is deformed according to the shape of the cells.

(a) Average height (b) Effective Rayleigh number

Fig. 2: Average height and effective Rayleigh number as a function of time for Ra =
105, 8× 104, 4× 104, 104.
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(a) t = 0.1

(b) t = 0.2

(c) t = 0.3

(d) t = 0.4

Fig. 3: Times series of the temperature field and interface position for the Ra =
105 case. The color map is the temperature field in both phases and the interface
corresponding to the 0-level set is denoted in red.

11



(a) t = 0.1

(b) t = 0.2

(c) t = 0.3

(d) t = 0.4

Fig. 4: Times series of the vorticity and interface position for the Ra = 105 case. The
interface corresponding to the 0-level set is denoted in red.
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3 Adjoint problem

We now aim at solving a minimization problem by using the adjoint of (FP). We
assume that the desired temperature field T d and the desired position of the interface
ϕd are known a priori. The control variable w is then iteratively calculated trough
an optimization procedure to reach these desired quantities and will drive our cost
functional towards its minimum. The following tracking-type cost functional provides
a mathematical description of the control goals stated above

J (T, ϕ,w) = β1
2

∫
Ω

∣∣T f − T d
∣∣2 dx+β2

2

∫
Γf

∣∣ϕf − ϕd∣∣2 ds+β3
2

∫ tf

0

∫
∂ΩS

|w|2dsdt (24)

with constants β1 to β3 acting as weights, T f and ϕf the final temperature field and
level set function of (FP) and Γf the final position of the interface (0-level set of ϕf ).
The first term monitors the final temperature distribution and is mostly used as an
initializer for the adjoint temperature field for the adjoint problem. The second term
controls the relative position of the level set function with respect to the desired one.
Taking advantage of the signed distance function property of both ϕd and ϕf , the
discrete form is simply the square of the difference between both functions computed
in the points belonging to the final interface Γf . Finally, the last term penalizes the
control cost and leads to the gradient equation in the adjoint problem.

We assume that each choice of the control variable w leads to unique states T (w)
and ϕ(w). Therefore, the minimization problem (MP) reads

minw J (T (w), ϕ(w), w)
subject to (FP).

(MP)

We will now proceed with the derivation of the corresponding continuous adjoint
problem. The main novelty behind our derivation is that the velocity field u, known
at each time step from the forward solution, is treated as a known variable in the
adjoint equations. This allows us to discard the adjoint of the Navier–Stokes equations
in the fluid phase and leads to an incomplete adjoint formulation. The minimization
procedure will serve as a validation of this hypothesis.

Let Θ be the adjoint temperature and ψ the adjoint level set function. In order to
compute the gradient of J (w), we introduce the following Lagrange functional L (dx,
dt and ds are omitted for brevity)

L
(
T, ϕ, w,Θ,ΘD

S ,Θ
D
L ,Θ

I , ψ
)
= J (T, ϕ, w)

−
∫ tf

0

∫
ΩS

(
∂TS
∂t
−∇2TS

)
ΘS −

∫ tf

0

∫
ΩL

(
∂TL
∂t

+ u · ∇TL −∇2TL

)
ΘL

−
∫ tf

0

∫
∂ΩS

(T − w)ΘD
S −

∫ tf

0

∫
∂ΩL

(T − Tb)ΘD
L −

∫ tf

0

∫
Γ

(T − TM )ΘI

−
∫ tf

0

∫
Γ

(
∂ϕ

∂t
+ [∇Ti]SL · ∇ϕ

)
ψ.

(25)
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Similarly to the temperature field, ΘS,L : (x, t)→ R+ denotes the adjoint temperature
field in either phase. The Lagrange multipliers ΘD

S,L and ΘI are used for the boundary
conditions on the domain and the interface respectively.

The adjoint system is obtained by setting to zero the derivatives of the Lagrange
functional with respect to T and ϕ : LT (·) = Lϕ(·) = 0. Setting the initial conditions
to

T (x, 0) = T0(x),

ϕ(x, 0) = ϕ0(x),
(26)

leads to δT (x, 0) = δϕ(x, 0) = 0 when calculating the derivatives in the direction δT
and δϕ.

We start by deriving the adjoint temperature equations by setting LT (·) = 0.
The terms in the Lagrangian that do not depend on the temperature vanish and we
move the spatial and temporal derivatives towards the adjoint state Θ. By applying
integration by parts, once with respect to time and twice with respect to space, we
obtain

LT δT =

∫ tf

0

∫
ΩS

(
∂ΘS

∂t
+∇2ΘS

)
δT +

∫ tf

0

∫
ΩL

(
∂ΘL

∂t
− u∇ΘL +∇2ΘL

)
δT

−
∫
ΩS

(
Θf

S − β1
(
T f − T d

))
δT f −

∫
ΩL

(
Θf

L − β1
(
T f − T d

))
δT f

+

∫ tf

0

∫
∂ΩS

(
−∂ΘS

∂n
δT +

∂δT

∂n

(
ΘS −ΘD

S

))
+

∫ tf

0

∫
∂ΩL

(
−∂ΘL

∂n
δT +

∂δT

∂n

(
ΘL −ΘD

L

))
+

∫ tf

0

∫
Γ

(
ΘS v⃗S · n−ΘLv⃗L · n−

∂ΘS

∂n
+
∂ΘS

∂n
−ΘI

)
δT

+

∫ tf

0

∫
Γ

(Θ− ψ|∇ϕ|) [∇δT ]SL · n ∀δT = 0.

with v⃗S and v⃗L the velocities of the control volumes ΩS and ΩL respectively, only
non-zero on Γ. The second to last term, corresponds to the normal jump in adjoint
temperature, which gives ΘI = −[∇Θ]SL ·n as ΘS = ΘL on Γ. By altering the directions
of variations and eliminating certain terms, we obtain the adjoint temperature problem
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

−∂ΘS

∂t
= ∇2ΘS in ΩS(t)

−∂ΘL

∂t
− u∇ΘL = ∇2ΘL in ΩL(t)

Θ(x, tf ) = β1(T
f − T d) in Ω

∂ΘS

∂n
= 0 on ∂ΩS

∂ΘL

∂n
= 0 on ∂ΩL

Θ(x, t) = ψ|∇ϕ| on Γ(t)

ΘI = −[∇Θ]SL · n on Γ(t)

(AT)

The first two equations of the adjoint temperature problem (AT) are the heat and
convection-diffusion equations in reverse time. The third equation is the initial con-
dition for the adjoint temperature field, that depends on the desired temperature
distribution T d. The fourth and fifth equations are the homogeneous Neumann bound-
ary conditions for the adjoint field mapped from the Dirichlet boundary conditions
of the forward problem. The second to last equation is the Dirichlet boundary condi-
tion at the interface that now depends on the value of the adjoint level set function
ψ. We can note that the adjoint level set function will not behave as a signed dis-
tance function but as an auxiliary variable that acts on the temperature field through
the boundary condition at the interface Γ. Finally, the last equation states that the
multiplier ΘI , defined on Γ, must be equal to the jump in normal gradient of Θ.

Turning now to the adjoint level set problem; due to the geometric non-linearity
induced by ϕ on the domains of integration a careful treatment of each term is required
as described in [51]. Denoting DJH(ϕ); δϕK the variation of H(·) in the direction δϕ,
the adjoint level set equations are derived by setting Lϕ(·) = 0

Lϕδϕ = D JJ (T, ϕ,w); δϕK

+D

s∫ tf

0

∫
ΩS

(
∂TS
∂t
−∇2TS

)
ΘS ; δϕ

{
+D

s∫ tf

0

∫
ΩL

(
∂TL
∂t

+ u · ∇TL −∇2TL

)
ΘL; δϕ

{

−D
s∫ tf

0

∫
∂Ω

(TS − w)ΘD
S ; δϕ

{
−D

s∫ tf

0

∫
∂Ω

(TL − Tb)ΘD
L ; δϕ

{

−D
s∫ tf

0

∫
Γ

(T − TM )ΘI ; δϕ

{
−D

s∫ tf

0

∫
Γ

(
∂ϕ

∂t
+ [∇Ti]SL · ∇ϕ

)
ψ; δϕ

{
.
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We divide the contributions of the adjoint level set term-by-term. The contribution
from the cost functional, removing the terms that do not depend on ϕ, simplifies to

D JJ (T, ϕ, w); δϕK = D

s
β2
2

∫
Γf

|ϕf |2; δϕ
{

By using the theorem on the derivative of a boundary integral (Theorem A), we obtain

D JJ (T, ϕ, w); δϕK = −β2
2

∫
Γf

δϕf

|∇ϕ|

(
∂|ϕf |2

∂n
+ κ|ϕf |2

)
.

By specifying that δϕ = 0 on δΩ, the second and third terms are then equal to zero.
For the fourth term, we need to assume that the adjoint level set ϕ and the multiplier
ΘI are defined on all of Ω. Under such assumptions, we can apply the same boundary
integral theorem (Theorem A). Moreover, using the fact that TM is constant along
the interface, this term simplifies to

−D
s∫ tf

0

∫
Γ

(T − TM )ΘI ; δϕ

{
= −

∫ tf

0

∫
Γ

δϕ

|∇ϕ|
∂T

∂n
ΘI .

Finally, by applying the same boundary integral theorem together with the chain rule,
the last term simplifies to

−D
s∫ tf

0

∫
Γ

(
∂ϕ

∂t
+ [∇Ti]SL · ∇ϕ

)
ψ; δϕ

{

= −
∫ tf

0

∫
Γ

δϕ

|∇ϕ|

(
∂

∂n

((
∂ϕ

∂t
+ [∇T ]SL · ∇ϕ

)
ψ

)
+ κ

(
∂ϕ

∂t
+ [∇T ]SL · ∇ϕ

)
ψ

)
+

∫ tf

0

∫
Γ

(
∂δϕ

∂t
+ [∇T ]SL · ∇δϕ

)
ψ

= −
∫ tf

0

∫
Γ

δϕ

|∇ϕ|
∂

∂n

(
∂ϕ

∂t
+ [∇T ]SL · ∇ϕ

)
ψ +

∫ tf

0

∫
Γ

(
∂δϕ

∂t
+ [∇T ]SL · ∇δϕ

)
ψ.

By using the assumption of constant velocity v extended in the normal direction on
all of Ω, we obtain that

−D
s∫ tf

0

∫
Γ

(
∂ϕ

∂t
+ [∇Ti]SL · ∇ϕ

)
ψ; δϕ

{
= −

∫ tf

0

∫
Γ

δϕ

|∇ϕ|

(
∂δϕ

∂t
+ [∇T ]SL · ∇δϕ

)
ψ.

In order to obtain the adjoint Stefan condition, we need to move the derivatives from
δϕ to ψ. Assuming that ψ is defined on all of Ω, we can use the corollary B on
integration by parts in time on a moving surface

−
∫ tf

0

∫
Γ

δϕ

|∇ϕ|

(
∂ϕ

∂t
+ [∇T ]SL · ∇ϕ

)
ψ = −

∫
Γf

δϕfψf +

∫
Γ0

δϕ0ψ0

16



−
∫ tf

0

∫
Γ

(
δϕ
∂ψ

∂t
+∇(δϕ ψ) · v + δϕ ψ divΓ v + ψ[∇T ]SL · ∇δϕ

)
= −

∫
Γf

δϕfψf +

∫
Γ0

δϕ0ψ0 −
∫ tf

0

∫
Γ

δϕ
∂ψ

∂t

−
∫ tf

0

∫
Γ

δϕ (∇(ψ) · v + ψ divΓ v) +

∫ tf

0

∫
Γ

(
ψ[∇T ]SL · ∇δϕ− ψ∇δϕ · v

)
.

The last term cancels due to the fact that [∇T ]SL = v on Γ. The resulting terms of the
adjoint level set, using δϕ0 = 0, give

Lϕδϕ = −β2
2

∫
Γf

δϕf

|∇ϕ|
∂|ϕf |2

∂n
+ κ|ϕf |2

−
∫ tf

0

∫
Γ

δϕ

|∇ϕ|
∂T

∂n
ΘI

−
∫
Γf

δϕfψf −
∫ tf

0

∫
Γ

δϕ
∂ψ

∂t

−
∫ tf

0

∫
Γ

δϕ (∇(ψ) · v + ψ divΓ v) .

By regrouping the terms by their domains of integration and requiring Lϕδϕ = 0 ∀δϕ,
we obtain that

ψf = − 1

|∇ϕ|
β2
2

(
∂|ϕf |2

∂n
+ κ|ϕf |2

)
−∂ψ
∂t

= ∇ψ · v + ψ divΓ v +
1

|∇ϕ|
∂T

∂n
ΘI .

This equation can be interpreted as a first-order conservation law on Γ and the source
term on the right-hand-side can be extended in the neighborhood of Γ. For details on
the derivation and simplifications of Lϕ(·) = 0, we refer the reader to [17].

Finally, the last term to complete the adjoint Stefan problem is the gradient
equation. By setting Lwδw = 0 in Equation 25, we have

Lwδw =

s
β3
2

∫ tf

0

∫
∂ΩS

|w|2; δw
{
−

s∫ tf

0

∫
∂ΩS

(TS − w)ΘD
S ; δw

{
.

Using the previously defined multiplier ΘD
S that is identically equal to ΘS on ∂ΩS

we obtain the gradient equation 0 = β3w+Θ on ∂ΩS . Putting it all together, we can
now formulate the adjoint problem as follows
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Find a function Θ : Ω× [tf , 0]→ R and a function ψ : Ω× [tf , 0]→ R such that

−∂ΘS

∂t
= ∇2ΘS in ΩS(t) (AP.a)

−∂ΘL

∂t
− u∇ΘL = ∇2ΘL in ΩL(t) (AP.b)

Θ(x, tf ) = β1(T (tf )− Ttf ) in Ω (AP.c)

∂ΘS

∂n
= 0 on ∂ΩS (AP.d)

∂ΘL

∂n
= 0 on ∂ΩL (AP.e)

Θ(x, t) = ψ|∇ϕ| on Γ(t) (AP.f)

∂ψ

∂t
+ div(ψv) =

1

|∇ϕ|
∂T

∂n
[∇ΘI ]SL · n on Γ(t) (AP.g)

ψ(x, tf ) = −β2
2

(
∂

∂n
|ϕf |2 + κ|ϕf |2

)
in Ω (AP.h)

0 = β4w +Θ on ∂Ω (AP.i)

(AP)

We again emphasis on the fact that, here, the velocity field u is considered as a known
variable, eliminating the need to derive the adjoint of the Navier-Stokes equations n
the fluid phase and leading to an incomplete adjoint formulation.

4 Optimization results

Adjoint-based methods—being efficient gradient-based optimization approaches—are
often the methods of choice in PDE-constrained optimal control. By solving an adjoint
equation once, one obtains the gradient of the objective with respect to all control
variables at minimal cost, making the optimal-control formulation both tractable and
efficient even for large-scale parameter spaces. We choose to solve the minimization
problem (MP) by using the limited memory BFGS (L-BFGS) method, a quasi-Newton
method originally described in [59]. The main characteristic of this method is that it
determines the descent direction by preconditioning the gradient with an approxima-
tion of the Hessian matrix. This information is obtained using past approximations –
the number of approximations is determined by the memory length parameter which
is set to m = 10 – as well as the gradient. As an initial guess for the initial Hessian,
we use the scaled identity matrix as described in [60]. Algorithm 1 summarizes the
L-BFGS method used in our numerical example. The algorithm is stopped at a given
iteration n if one of the following criteria is fulfilled

• The relative difference in control variable

∣∣∣∣wn−1 − wn

wn

∣∣∣∣ < 10−8.
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• The relative difference in cost functional

∣∣∣∣J n−1 − J n

J n

∣∣∣∣ < 10−8. This criterion

can be relaxed to allow temporary increase of the cost functional, for example to
‘escape’ a local minimum.

• The norm of the gradient |∇J n| < 10−6.

Algorithm 1: Optimization procedure using the L-BFGS method

input : w0, m = 10
output: w, T , ϕ, Θ, ψ

k ← 0, l← 0
while not converged do

Solve the forward Stefan problem (FP) for T k and ϕk

Solve the adjoint Stefan problem (AP) for Θk and ψk

Compute the gradient:
∇J k = β3w

k +Θk

if k ≥ 1 then
sk−1 = σk−1dk−1 gk−1 = ∇J k −∇J k−1

if (sk−1)T gk−1 ≤ 0 then
l← 0

else if (sk−1)T gk−1 > 0 then
l→ l + 1
if l > m then

Remove {sl−m, gl−m}
end

Add {sl−m, sl−m}

end

end

Choose an initial approximation to the inverse of the Hessian Hk
0

Construct the direction dk = −Hk∇J k

Determine σk using a Line Search algorithm with backtracking where
σk = argminJ (wk + σkdk)

Update wk+1 = wk + σkdk

k → k + 1
end
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To test our gradient-based minimization procedure, we now consider the numerical
setup defined in 1. The goal of this optimization procedure is to actuate on the top
boundary condition to diminish the fluid layer growth, therefore reducing the onset of
the instability. The actuator w is parametrized with the following basis

w = −|a1| − |a2| (1− tanh(2x)2), (27)

where x corresponds to the bounds of the domain and a1 and a2 to the basis
coefficients. Through the optimization process, the amplitude of each coefficient is
determined using the gradient equation (AP).i. Practically, we fit the the temperature
values on the boundary with a give basis, and update the coefficient at each iteration
of the optimization procedure. By opting for a parameterized distribution we ensure
the smoothness of the actuation function. Indeed, due to the high sensitivity of the
cost functional with respect to the basis considered – too many parameters will create
multiple local minima – the number of parameters are kept at a low enough value to
ensure the convexity of the problem while allowing spatial variation of the actuation
function.

The global Rayleigh number is set to Ra = 105 and an initial guess w = 0. The
coefficients in the cost functional (24) are set to β1 = 1, β2 = 1 and β3 = 10−3.
The desired solution is computed beforehand with coefficients a1 = 0.3 and a2 = 2.
Figure 6 shows the interface position and temperature field at different iterations of
the optimization procedure. The initial guess with w = 0 allows the interface to grow
unperturbed, creating self-similar convection cells that affect the interface shape. The
localized heat flux at the top boundary will create a heat gradient at the center of
the domain leading to a destabilization of the interface and the appearance of the
convection-driven regime before the unperturbed case (Fig. 5).

As the optimization procedure advances, we observe that the final interface position
converges to the desired one, with a localized heat flux that prevents the melting
interface growth at the center of the domain. In Figure 7 we show the evolution of
the normalized cost functional J /J0 as a function of the iterations. The procedure
stops at iteration 15, with a relative value three orders of magnitude lower, as the
norm of the gradient goes below the prescribed threshold and the basis coefficients
have reached the desired ones (Fig.8).

We now show a second optimization example, with a more complex basis

w =

4∑
n=1

an sinn(2πx) +

4∑
n=1

an+4 cosn(2πx). (28)

The global Rayleigh number is identical to the previous test case. The initial guess
is 0 and the desired solution is such that the interface remains flat, with a constant
heat flux w = −1. As shown in Figs.9 and 10, the optimization procedure is a able to
recover the desired solution even with a higher number of fitting coefficients.

We now compare the results to a derivative-free method (where no information on
the gradient is required), the Particle Swarm optimization algorithm [61]. This method
attempts to improve global convergence by switching between four evolutionary states:
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(a) Average height (b) Effective Rayleigh number

Fig. 5: Average height and effective Rayleigh number as a function of time for the
desired solution and initial guess.

exploration, exploitation, convergence, and jumping out. In the jumping out state it
tries to take the best particle and move it away from its local optimum, to improve the
ability to find a global one. We test the derivative-free optimization procedure on the
cases presented using the same parameters for the cost functional. Table 1 summarizes
the comparison between both methods. As expected, the derivative-free one attains a
lower minimum at a cost of a much higher number of function evaluations (one order
of magnitude higher). The L-BFGS algorithm driven by the incomplete adjoint thus
attains objective values close to those of the particle-swarm optimizer at a fraction of
the computational cost.

Case L-BFGS Particle Swarm
J calls ∇J calls Jfinal/J0 J calls Jfinal/J0

Case 1 31 16 1.02× 10−3 928 2.04× 10−4

Case 2 42 16 1.01× 10−3 2321 2.14× 10−4

Table 1: Comparison between the L-BFGS and the Particle swarm method for the
two considered cases.
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(a) Iteration 0

(b) Iteration 1

(c) Iteration 2

(d) Iteration 15

Fig. 6: Iterations 0, 1, 2 and 15 of the optimization procedure. The red curve represents
the desired shape and the black one the final position of the interface at a given
iteration. The color map corresponds to the final temperature field of the (FP).
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Fig. 7: Normalized cost functional as a function of the iterations of the L-BFGS
optimization procedure in the first test case.

Fig. 8: Basis coefficients as a function of the iterations of the L-BFGS optimization
procedure in the first test case.
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Fig. 9: Normalized cost functional as a function of the iterations of the L-BFGS
optimization procedure in the second test case.

Fig. 10: Basis coefficients as a function of the iterations of the L-BFGS optimization
procedure in the second test case.
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5 Conclusion

This paper demonstrates the feasibility of extending the optimization of Stefan prob-
lems to scenarios where the flow in the fluid phase is significant and cannot be ignored.
By treating the velocity field as a known variable in the adjoint equations, we were
able to derive an incomplete continuous adjoint formulation for the two-phase prob-
lem. Our results indicate that the adjoint-based gradient descent method effectively
controls the shape of melting fronts in this highly nonlinear system, while greatly
reducing the number of function evaluations compared with a derivative-free particle-
swarm algorithm. The present formulation is limited to two-dimensional, laminar flows
with a prescribed top boundary temperature in a periodic domain and an incomplete
adjoint in which the Navier–Stokes adjoint problem is not solved. While the numer-
ical examples indicate that the resulting gradients are accurate enough for practical
optimization, the method does not capture sensitivities associated with changes in the
flow field itself. This approach nevertheless shows great potential for applications in
more complex and dynamic melting processes. Future work could explore more com-
plex actuator basis, non-periodic domains, and three-dimensional systems to further
enhance the optimization framework and broaden its applicability.
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Theorem A (Derivative of boundary integral). Let J(Ω) =
∫
Γ
fds be a boundary

integral, the derivative is given by

dJ(Ω;V ) =

(
d

dλ

∫
Γλ

fdsλ

)∣∣∣∣
λ=0

= −
∫
D

δϕ

|∇ϕ|

(
∂f

∂n
+ fκ

)
ds

where V is the velocity field and κ is the mean curvature of Γ.
Theorem B (Surface transport theorem). Let f(·, t) : St → R be a scalar field defined
on the moving surface St. Then

d

dt

∫
St

f(x, t)dSt =
∫
St

ḟ(x, t) + f(x, t) divStw(x, t)dSt

where w is the normal velocity of the moving surface St and ḟ is the parameter-time
derivative of f . If f(·, t) is the restriction of a function f̂(·, t) to St, then

ḟ(x, t) = w(x, t) · ∇f̂(x, t) + ∂

∂t
f̂(x, t)

Corollary B (Integration by Parts in Time on a Moving Surface).∫ T

0

∫
St

ĝ(x, t)ĥt(x, t)dStdt =
∫
ST

g(x, T )h(x, T )dST −
∫
S0

g(x, 0)h(x, 0)dS0

−
∫ T

0

∫
St

ĝt(x, t)ĥ(x, t) +w(x, t) · ∇(ĝ(x, t)ĥ(x, t))

+g(x, t)h(x, t) divSt
wdStdt

where g and h are restrictions of ĝ and ĥ to St.
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