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Narrowband optimal control is proposed as a protocol of optimal quantum sensing, providing maximum
accuracy for given resources. The procedure is demonstrated on the IBM quantum computer to estimate the
amplitude of the qubit Rabi frequency. It is based on optimizing the quantum Fisher information (QFI) when
it becomes equal to the classical Fisher information. This scenario offers a practical quantum sensing because
it only involves population transfer to the excited state as the target without dynamical phases, which would
otherwise be difficult to control and measure. The protocol uses the single-shot-shaped pulse method and an
inverse optimization, to design a pulse that results in the optimal QFI in terms of energy or equivalently operating
time, referred to in short as local narrowband inverse optimization (NIO). Multiple π pulses are shown to
be particular cases of this protocol. An alternative semiglobal optimal NIO procedure producing a partially
nonoscillatory profile is also demonstrated. Our approach also offers application to optimal atomic selective
excitation in an array of atoms for quantum technology.

DOI: 10.1103/gt51-g34c

I. INTRODUCTION

Quantum metrology or sensing is a cutting-edge tech-
nology offering high-resolution and high-sensitivity mea-
surements, which is of paramount importance for quantum
technologies [1–23]. Unlike traditional classical sensing
methods, which collect data from a large number of systems,
quantum sensing operates at the quantum level, providing
highly precise information about various physical properties.
Time-dependent Hamiltonians allow in principle precision be-
yond the limits imposed by time-independent Hamiltonians
[24–26]. Techniques of shortcut to adiabaticity [27] and opti-
mal control [28–31] have been proposed [32–34], aiming at
maximizing the quantum Fisher information (QFI) [35,36].
Maximizing QFI means reaching its upper bound for given
ressources. However, achieving such maximization by opti-
mal protocols (i.e., by optimizing time or energy) may not
be experimentally practical since the corresponding optimal
state is in general a superposition of the bare states of the
considered system with a specific dynamical phase, which is
complicated to reach accurately, requiring precise controls,
and, even more importantly, difficult to measure. On the con-
trary, classical Fisher information (CFI) [37], based on the
projective measurement associated with the bare states, is a
much more accessible quantity, but is intrinsically smaller
than (or equal to) the QFI. Both requirements will be shown
to be met for specific instances (multiple π pulses) where CFI
is equal to QFI.
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In this paper, we propose a procedure of quantum sens-
ing that is based on the practical maximization of the QFI
restricted to this situation for which CFI is equal to QFI.
We consider the case of a qubit and a proof of principle of
this procedure is demonstrated on IBM’s quantum computer
[38–40]. More specifically, the control protocol targets com-
plete population transfer from the ground state of the qubit
(referred to as CPT in short). The estimation of an unknown
parameter consists in calculating the final dynamical state for
a series of values of this parameter and a specific control
pulse, and to check when the experimental result corresponds
to the theoretical model. From the key property that a larger
QFI is associated with a narrower fidelity profile with respect
to this parameter, an optimized estimation corresponds to a
profile that has the minimum width produced by minimum
resources (time, energy, ...). Such profiles have been designed
with (nonoptimal) composite pulses (CPs) in Ref. [41]. In
this work, we show that one can reach maximum narrowband
profiles from optimal control theory without any ansatz for
the pulse parameters. This is achieved by the single-shot-
shaped-pulse (SSSP) method [42] and inverse optimization,
in short narrowband inverse optimization (NIO), based on the
robust inverse optimization (RIO) technique [43], which leads
on the contrary to broadband profiles. This will be shown
to produce oscillatory profiles with several narrowband inter-
vals. An alternative procedure featuring a partially monotonic
nonoscillatory optimal profile is demonstrated. The protocol is
applied for the sensing of the coupling of a two-state system
(via its Rabi frequency), for which we show that the QFI is
bounded by the square of the Rabi pulse area. The proof of
principle is implemented on the IBM quantum computer via
a digital version of NIO based on the digital RIO [44]. We
remark that the link between this method and optimal control
theory has been recently exhibited in Ref. [45].

Below, we provide the detailed structure of the paper and
summarize its content in order to guide the reasoning that
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allows one identifying sensing with optimal control, its char-
acterization by QFI and CFI, and its practical implementation.

In Sec. II, we define the QFI, FQ(t ), and CFI, FC(t ),
in the context of the two-state model (of Hamiltonian Hα)
and highlight important properties. The QFI quantifies the
instantaneous knowledge of the value of a parameter α and
we provide its upper bound. We consider the specific problem
of estimating the Rabi frequency defined as (1 + α)�, where
α = 0 corresponds to an initial estimate. The goal consists
then in determining the value of α with its precision. We
show that it can be directly determined by the profile of the
fidelity F of the CPT (obtained for a certain dynamics to be
defined) as a function of α since the QFI represents its cur-
vature [see Eq. (7)]: A larger QFI corresponds to a narrower
profile, i.e., to a better knowledge of α. We show that the QFI
attains its maximum bound (which is the square of the pulse
area) when the dynamics follows (or quickly reaches) a half
superposition of the eigenstates of ∂αHα , which corresponds
in general to a superposition of the bare states. Since such a
superposition is in practice difficult to control and to measure
accurately, we limit the procedure to the particular situation
corresponding to the dynamics achieving CPT, for which CFI
is equal to QFI, i.e., the CFI reaches its maximum bound. We
next present different strategies producing a narrowband CPT
profile optimizing the energy. In terms of the resources, both
CFI and QFI show in principle the same efficiency since both
are bounded by the square of the pulse area for the considered
sensing. This efficiency is achieved for a resonant pulse of
(2n + 1)π area (with n a positive or null integer). We present
its generalization with pulses of any other area (requiring a
nonresonant pulse with a time-dependent detuning). We show
that they produce an oscillatory profile, referred to as local
profile, since the accurate sensing of α requires to be well
located around α = 0. The QFI in this case does not reach its
maximum bound but approaches it as will be seen in Sec. III.
An alternative strategy consists in flattening optimally the
profile near the zero-area pulse, referred to as 0π pulse. This
shows a monotonic nonoscillatory profile for α � 0 referred
to as semiglobal profile with a QFI below its maximum bound.
We show that the composite pulse strategy [41] provides infor-
mation values that scale only linearly with the pulse area (i.e.,
with the number of constituent pulses), far from the bound of
the square of the pulse area.

In Sec. III, we present the principle of optimal quantum
sensing, i.e., sensing by optimal control. The protocol uses the
single-shot-shaped pulse method [42] combined with an in-
verse optimization [43], which is referred to as narrowband by
NIO. Sections IV and V are devoted to its numerical demon-
stration and implementation on IBM’s quantum computer,
respectively. We conclude in Sec. VI. Additional material is
provided in the Appendices.

II. QUANTUM AND CLASSICAL FISHER INFORMATION

A. Optimization of the quantum Fisher information

1. Definition of the quantum Fisher information

QFI, denoted as FQ(t ), quantifies the instantaneous knowl-
edge at time t of the value of a parameter α around a certain
value α0 associated with a Hamiltonian Hα (t ) [35,37]. QFI can

be expressed in a number of equivalent ways, as described in
Appendix A. Here, we briefly introduce some expressions that
will be used in the design of the control process and define the
quantum sensing that we specifically address. These include
Eq. (A10), with ti = 0:

FQ(t ) = 4

h̄2

∣∣∣∣ ∫ t

0
〈φα0 (s)|∂αHα0 (s)|φα0,⊥(s)〉ds

∣∣∣∣2

, (1)

where |φα0 (t )〉 and |φα0,⊥(s)〉 are, respectively, the state of a
qubit when α = α0 and its orthogonal state. The QFI can be
shown to be bounded as [24,34]

FQ(t ) �
[

1

h̄

∫ t

0
(μmax(s) − μmin(s))ds

]2

, (2)

where the μmax(t ) and μmin(t ) are the (instantaneous) maxi-
mum and minimum eigenvalues of the gradient ∂αHα0 (t ).

2. Quantum sensing of the Rabi frequency: Link between
quantum control profile and QFI

We consider, as a typical quantum sensing problem, the
estimation of the Rabi frequency of a qubit whose dynamics
is governed by the Hamiltonian Hα that can be expressed in
the basis {|0〉 = [1, 0]ᵀ, |1〉 = [0, 1]ᵀ} as

Hα = h̄

2

[ −� (1 + α)�
(1 + α)� �

]
= H0 + α

h̄�

2
σx, (3)

where α is here a small relative (dimensionless) static param-
eter, α � 1, to be determined, for which a first estimation
defines H0 (i.e., for α = α0 = 0). Here, the Rabi frequency
� ≡ �(t ) and the detuning � ≡ �(t ) are the time-dependent
controls. Introducing the Euler angles (θ, ϕ, γ ), we can
parametrize the states (defined below for α = 0 but the same
form applies for any α) as

|φ0(t )〉 = e−iγ /2

[
cos(θ/2)eiϕ/2

sin(θ/2)e−iϕ/2

]
, (4a)

|φ0,⊥(t )〉 = eiγ /2

[− sin(θ/2)eiϕ/2

cos(θ/2)e−iϕ/2

]
. (4b)

The Schrödinger equation can be expressed as a set of differ-
ential equations in terms of the Euler angles as [42]

θ̇ = � sin ϕ, (5a)

ϕ̇ = � + � cos ϕ cot θ, (5b)

γ̇ sin θ = � cos ϕ. (5c)

Starting from the definition (1) and using Eq. (5), the QFI can
be written as

FQ(t ) =
∣∣∣∣ ∫ t

0
eiγ

[ γ̇

2
sin(2θ ) − iθ̇

]
ds

∣∣∣∣2

. (6)

A key result is the relation between the QFI and the fi-
delity of the dynamics when α �= 0 with respect to the one
when α = 0. More precisely, we consider the fidelity, defined
as F(t ) = |〈φ0(t )|φα (t )〉|2, where |φα (t )〉 is solution of the
Schrödinger equation ih̄ ∂

∂t |φα (t )〉 = Hα|φα (t )〉. It is shown in
the next section that this fidelity is linked to the QFI for the
CPT at second order of perturbation theory as follows [see
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Eq. (D4)]:

F(t ) = |〈φ0(t )|φα (t )〉|2 = 1 − α2

4
FQ(t ) + O(α3). (7)

We then see that the QFI can be interpreted as the curvature
of the fidelity F with respect to the parameter α: A larger QFI
corresponds to a narrower profile. This result is intuitive in the
sense that a narrower profile is associated with a better knowl-
edge of the underlying parameter. A pulse �(t ) [associated
with a certain detuning �(t )] achieving a narrowband profile
is referred to as narrowband pulse.

The next tasks are to define the target state |φ0(t )〉 that
will be used for practical sensing with large QFI (ide-
ally maximum for given ressources), and how to optimally
reach it.

3. Maximization of the QFI

The eigenvalues and eigenvectors of ∂αHα = h̄�σx/2 are
±h̄�/2 and |+〉 = [1, 1]ᵀ/

√
2, |−〉 = [1,−1]ᵀ/

√
2, respec-

tively. Introducing A(t ) = ∫ t
0 �(s)ds the area of the Rabi

pulse, we obtain that the upper bound for the QFI is
given by

FQ(t ) � A(t )2. (8)

The optimal procedure that maximizes the QFI consists in
reaching as fast as possible a balanced linear combination of
the eigenstates (up to a global phase) 1√

2
(|+〉 + eiϑ |−〉) = 1√

2

eiϑ/2(e−iϑ/2|+〉 + eiϑ/2|−〉) [associated with the perpendic-
ular state 1√

2
(e−iϑ |+〉 − |−〉) = 1√

2
e−iϑ/2(e−iϑ/2|+〉 − eiϑ/2|

−〉)] [24,34], since the QFI then reaches its bound:

FQ(t ) =
∣∣∣∣ ∫ t

0
(〈+| + e−iϑ 〈−|)∂αHα0 (s)(e−iϑ |+〉 − |−〉)ds

∣∣∣∣2

= A(t )2. (9)

In the expressions above, the angle ϑ is a relative phase of the
superposition, which can take a priori any value for achieving
Eq. (9).

This is performed for any transfer of state from the ground
state by a resonant pulse, i.e., with a null detuning, for which
we determine that ϑ = A (see Sec. II C 1). However, such su-
perposition is expected to be complicated to reach accurately
and, even more importantly, difficult to measure. In practice,
this means that the target state associated with the maximum
bound of the QFI is generally a superposition of states of
the system, which may not be accessible experimentally or
difficult to access.

A particularly important and practical case is a π -pulse
CPT, for which ϑ = A = π , or any integer of π pulse (CPT
for an odd number of π or population return for an even
number of π ), where only a bare state (excited or ground state)
is involved and has to be measured.

B. Classical Fisher information: Definition and conditions
of maximization

The measurement precision is bounded by the QFI. This
bound corresponds to a specific positive operator-valued mea-
sure (POVM) to be used in the estimation process [37]. In a
given experimental setup, this limit may not be reached if this

POVM is not available. This difficulty can be circumvented by
considering the CFI, denoted as FC, which is defined directly
from the experimental POVM. By construction, we have

FC � FQ. (10)

We introduce the CFI associated with the projection-valued
measure (PVM) {|0〉〈0|, |1〉〈1|}, which is defined as [37]

FC =
1∑

k=0

(
d

dα
|〈k|φα〉|2)2

|〈k|φα〉|2 . (11)

This corresponds to the measurement of populations in the
ground/excited states, which is usually the most easily acces-
sible in experiment.

In Appendix B, we provide an alternative expression of the
CFI and establish the following property:

If |φ0〉 = |0〉 or |1〉, then FC = FQ in the limit of small α.
We will then consider the situation of CPT for which the

CFI reaches the QFI and is maximum.

C. Strategies of sensing optimization by CPT profiles

We summarize in this section several control strategies to
maximize the CFI for sensing, i.e., using a CPT profile, which
will be investigated in the next sections. We thus assume that
the initial state (at ti = 0) is the ground state |0〉.

1. Resonant pulses are optimal local narrowband pulses

For the resonant dynamics (i.e., with � = 0), we have
for the state [Eq. (4a)] |φ0〉 = [cos( 1

2θ (t )),−i sin( 1
2θ (t ))]

ᵀ

with the pulse area A(t ) = θ (t ) = ∫ t
0 �(s)ds and the phases

ϕ(t ) = γ (t ) = π
2 , and |φ0,⊥〉 = [−i sin( 1

2θ (t )), cos( 1
2θ (t ))]

⊥
.

We deduce that

|∂φ〉 = θ (t )

2

[
− sin

(
1
2θ (t )

)
−i cos

(
1
2θ (t )

)] = −i
θ (t )

2
|φ0,⊥〉, (12)

i.e., c = −i θ (t )
2 and thus ϕc = −π

2 and ϕc + γ = 0. We
conclude (from Appendix B) that the resonant dynamics max-
imize both the CFI and QFI at all times, with

FC(t ) = FQ(t ) = A(t )2. (13)

This shows the quadratic scaling of the QFI/CFI as a function
of the pulse area.

As mentioned above, in order to avoid the measurement of
superposition of states in practice, we consider the sensing
protocol defined through the excitation profile (or fidelity)
F ≡ FCPT = |〈1|φα (t f )〉|2, i.e., with the choice |φ0〉 ≡ |1〉 (up
to a phase) at a final time t f in Eq. (7). The curvature around
the CPT (i.e., the QFI) is given by

FC,(2n+1)π = FQ,(2n+1)π = (2n + 1)2π2, (14)

with n � 0 an integer. The number of π pulses in the area
is here characterized by the number 2n + 1. The π -pulse
resonant dynamics is the optimal pulse achieving CPT (with
respect to pulse area, or with respect to time or energy for
a square pulse) [46]. It gives the CFI and QFI [Eq. (14)]
with n = 0. By extension, we will obtain that the multiple
(2n + 1)π pulse resonant dynamics is the optimal pulse for
the estimation of the parameter α with the CFI and QFI given
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FIG. 1. Excitation profile (or fidelity) FCPT = |〈1|φα〉|2 as a func-
tion of the pulse amplitude error α exhibiting the QFI as its curvature
around α = 0 for (1) a π pulse (magenta circle line) and a 3π

pulse (dark blue dashed line, also referred to as QFI-NOP pulse for
FQ = 9π 2), showing an (oscillatory) locally narrowband profile for
a multiple π pulse; (2) the 3π composite pulse (red dotted line)
featuring a global (nonoscillatory) narrowband profile, however, of
lower QFI (FQ = 3π 2) than the resonant 3π pulse; and (3) the opti-
mal 0π -NOP of fifth order (of 2.435π pulse area and FQ ≈ 3.67π 2)
(black full line), exhibiting a semiglobal narrowband profile (i.e.,
nonoscillatory for α < 0). The latter shows a 20% better QFI than
the composite pulse for a 20% lower pulse area.

by Eq. (14), i.e., that are maximum for the given pulse areas
A = (2n + 1)π .

The respective excitation profiles for the 3π and 5π pulses
as a function of the error α in the single-pulse area are shown
in Figs. 1 and 2. The improvement of the narrowness for a

FIG. 2. Same as Fig. 1 but for a 5π pulse (dark blue dashed
line), the 5π composite pulse (red dotted line), and the (semiglobal)
optimal 0π -NOP of ninth order (of 3.81π pulse area and FQ ≈
6.87π 2) (black full line). The latter shows a 37% better QFI than
the composite pulse for a 24% lower pulse area.

larger number of multiple π pulses is clearly observed. One
can notice that the (2n + 1)π -pulse profile oscillates with
2n + 1 peaks in the interval α ∈ [−1, 1].

2. Generalization of optimal local narrowband pulses

We will design the optimal pulse (in amplitude and phase)
that reaches a given FQ = FC, anywhere in the intervals be-
tween the multiple π pulse given by Eq. (14). The resulting
profile of the fidelity [Eq. (7)] will be shown to be narrow-
band, but in general oscillatory as for the multiple π pulse
(being particular cases of such optimal pulses). Such pulses
as well as the resonant (2n + 1)π pulse produce thus optimal
local narrowband fidelity profiles, and are referred to in short
as QFI-NOP pulses. Contrary to the (2n + 1)π pulses, such
pulses do not lead in general to the maximum bound for the
QFI but approach it. We remark that the presence of multiple
peaks can lead to inaccurate sensing, which occurs if a wrong
peak is targeted.

3. Global narrowband composite pulses

An alternative strategy using CP has been proposed
in Ref. [41]. A sequence of a odd number N = 2n + 1
of π pulses with sign-alternating phases φ

(N )
k = kπ/N ,

k = 2, 4, 6, . . . , N − 1, and φ
(N )
k = −(k − 1)π/N ,

k = 1, 3, 5, . . . , N , leads to the excitation probability
p = sin2N (A/2), where A is the area of a single pulse:
A = NA. This features a flat profile around the 0π single
pulse, i.e., α = −1 (and around the 2π single pulse, i.e.,
α = 1) behaving monotonically from 0π single pulse (no
transfer) to π single pulse (CPT). It has been shown to
lead to a narrowband profile around α = 0. Expanding the
single-pulse area around π , A = π (1 + α), we can then derive
the QFI and show that it scales only linearly as a function of
the total pulse area:

FQ,(2n+1)CP = (2n + 1)π2, (15)

which is much less efficient than the quadratic scaling [Eq.
(14)] obtained for multi-π pulses.

The 3π and 5π CP narrowband fidelity profiles are shown
in Figs. 1 and 2, respectively. They both feature a single peak
and are thus referred to as global narrowband compared to the
oscillating profiles produced by multi-π pulses.

4. Optimal semiglobal narrowband pulses

Inspired by the result from the narrowband composite
pulses, we will develop the strategy that flattens the profile at
α = −1, which remarkably leads to a partially nonoscillatory
narrowband profile (for α � 0), but in an optimal way, i.e., an
optimal semiglobal narrowband profile. The pulses producing
such profiles are referred in short to as 0π -NOP pulses. The
fidelity profiles are shown in Figs. 1 and 2 for the respective
fifth and ninth orders. Such pulses do not lead to the maximum
bound for the QFI, but are still superior to the CP pulses (see
Fig. 5).

We notice that this strategy has also the technical advantage
that derivatives of higher orders can be addressed directly by
nullifying each of them.
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III. OPTIMAL QUANTUM SENSING: THEORY

Our protocol is based on an optimal control leading to a
narrowband CPT fidelity profile for a given QFI equal to CFI.
As already mentioned, we consider CPT since the curvature
of the profile can be measured conveniently without involving
any superposition of bare states. We remark that our control
process does not directly maximize QFI, nor CFI, because the
final state is fixed. It will be however shown numerically that
the obtained QFIs are close to their theoretical upper bound.
Optimality refers to the shortest (minimum) time, to the least
energy-consuming way, or to the smallest pulse area (depend-
ing in general on the chosen cost) that reaches a given QFI. In
the situation that is considered, the estimation of the coupling
term via the Rabi frequency, the optimal protocol gives the
same solution for the three costs (time, energy, or pulse area
minimum) since there is no drift term in the Hamiltonian [46].

Both narrowband QFI-NOP and 0π -NOP pulses can be
generated by the SSSP method [42] combined with an inverse
optimization [43], referred to as NIO in this context, as shown
below and in the Appendices.

A. The Single-Shot-Shaped Pulse method

Both optimal broadband (robust) and narrowband controls
can be implemented with the use of the SSSP method [42],
which is introduced below and in Appendix C.

The knowledge of the control parameters �(t ) and �(t )
gives us the dynamics of the qubit. The reverse is also true:
By inverting Eq. (5), we can determine the control �(t ) and
�(t ) from the knowledge of two dynamical variables among
the three angles θ (t ), ϕ(t ), γ (t ):

� = ϕ̇ − γ̇ cos θ, (16a)

� =
√

θ̇2 + γ̇ 2 sin2 θ. (16b)

Choosing, e.g., the given dynamical angles θ (t ), γ (t ), one can
indeed determine ϕ(t ) from Eq. (5c) (assuming � > 0):

ϕ = arctan

(
θ̇

γ̇ sin θ

)
,

{
0 � ϕ � π, for θ̇ � 0,

−π < ϕ < 0, for θ̇ < 0.

(17)

For the control of CPT, the boundary values are θi = 0, θ f =
π , and γi = ϕi. From Eq. (5c), it follows that ϕi = ϕ f = π/2.

More generally, one can consider any target state, and even
any state defined by the dynamics of H0(t ). We thus formulate
the perturbative expansion considering the fidelity between
the state solution |φα (t )〉 of Hα (t ) with respect to the one
|φ0(t )〉 of H0(t ), i.e., for α = 0, at the same time t :

〈φ0(t )|φα (t )〉 = 1 + O1 + O2 + O3 + · · · , (18)

with the order of the perturbation On ≡ O(αn), where α � 1
represents the small parameter. The shape of the pro-
file around α = 0 is controlled via the respective terms
On ≡ O(αn). They have to be nullified for robust control or

made on the contrary large for narrowband control.
The perturbative expansion at the heart of the method is

detailed in Appendix C. It provided the explicit form of the
corrections Õn [see Eq. (C6)] of the fidelity

F(t ) := |〈φ0(t )|φα (t )〉|2 = 1 + Õ1 + Õ2 + Õ3 + · · · .

(19)

B. Narrowband profile by QFI-NOP

Producing an optimal narrowband profile means shaping a
pulse that minimizes the energy or equivalently the pulse area,
or the time of operation, leading to a given narrowband profile
of the fidelity as a function of the parameter to be determined,
here α. This strategy consists more specifically to target a
given QFI of the profile around α = 0, for which the optimal
pulse is referred to as the QFI-NOP pulse. The technique is
developed in Appendix D, where the Euler-Lagrange equa-
tions are derived and lead to the differential equations for the
trajectory (γ (t ), θ (t )) that has to be minimized (with respect
to its corresponding energy):

0 = γ̈ + 2γ̇ θ̇ cot θ + θ̇ (λ1 sin γ − λ2 cos γ ), (20a)

0 = θ̈ − 1
2 γ̇ 2 sin 2θ − γ̇ sin2 θ (λ1 sin γ − λ2 cos γ ). (20b)

Inverse optimization means that we next derive the controls
�(t ) and �(t ) from the trajectories γ (t ) and θ (t ) obtained
as solutions of Eq. (20). By combining Eqs. (20a) and (20b)
to substitute the term with the Lagrange multipliers, we get
the constant of motion corresponding to a constant pulse
� ≡ �0 = cst. with |θ̇i| = �0 > 0, which is used as the nor-
malization of the Lagrangian multipliers λ j = λ̃ j�0, j = 1, 2
and the time t = t̃/�0. We obtain γ̇i = 0 from Eq. (20a) at
the initial time ti = 0. In summary, the boundaries, including
CPT, to be considered read

γi = π

2
, γ̇i = 0, θi = 0, θ f = π, |θ̇i| = �0. (21)

In order to derive the form of the detuning as a function of
the trajectory and for a constant �, we substitute ϕ̇ from
the derivation of Eq. (5c) γ̈ sin θ + γ̇ θ̇ cos θ = −ϕ̇�0 sin ϕ =
−ϕ̇θ̇ into Eq. (16a):

� = −1

θ̇
(γ̈ sin θ + 2γ̇ θ̇ cos θ ) = sin θ (λ1 sin γ − λ2 cos γ ),

(22)

where we have used Eq. (20a) for the last equality. Each tra-
jectory solution of Eq. (20) satisfying the boundary conditions
(21), obtained for certain Lagrangian parameters, will provide
an optimal pulse associated with a certain QFI. This will be
numerically analyzed in the next section (see Fig. 3). The QFI
will be shown to vary closely to its quadratic maximum as a
function of the pulse area (see Fig. 5).
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FIG. 3. Landscape as contour plot of the (dimensionless) QFI
from the solution of the differential Eq. (20) as a function of the two
Lagrangian multipliers (in units of �0) (QFI-NOP). Dark blue color
corresponds to absence of complete transfer (i.e., QFI artificially set
at zero), while lighter color indicates a larger QFI, i.e., a narrower
profile, when CPT is achieved.

C. Narrowband profile by 0π-NOP

For this strategy, we introduce ε ≡ α + 1 → 0+ for α →
−1 and redefine the decomposition of the Hamiltonian (3)

Hα→−1 = h̄

2

[−� 0
0 �

]
+ εh̄

2

[
0 �

� 0

]
≡ H� + εV. (23)

The corresponding Euler-Lagrange equations at fifth order are
determined in Appendix E. We obtain the four differential

FIG. 4. Contour plot of the (dimensionless) pulse area as a func-
tion of the two Lagrangian multipliers (in units of �0) from the
solutions in Fig. 3. Dark blue color corresponds to absence of com-
plete transfer (i.e., area artificially set as zero), while lighter colors
indicate larger pulse areas when CPT is achieved.

FIG. 5. Line of QFI reached by the QFI-NOP strategy (full line)
(corresponding to the maximum QFI from Fig. 3) for each pulse
area (from Fig. 4) when CPT is achieved, i.e., QFI = CFI. The
bound of QFI [Eq. (8)] (dashed line) can be realized for (2n + 1)π
pulses (when full and dashed lines intersect). The circles show four
QFI’s from fifth-order 0π -NOP; two are located on the QFI line.
The asterisk indicates the QFI from ninth-order 0π -NOP. The green
squares locate 3π and 5π CP QFIs, well below the optimal ones. The
insets show typical forms of the CPT fidelity profiles as a function
of the error α. One can identify the continuous modification of the
profiles along the QFI line, from π - to 3π -pulse profiles passing
by a fifth-order 0π -NOP profile (monotonic for α < 0), and from
3π - to 5π -pulse profiles passing by the profile of another fifth-order
0π -NOP solution (but featuring a peak for α < 0).

equations for the trajectory (γ (t ), θ (t )) that has to be mini-
mized:

0 = γ̈ + 2γ̇ θ̇ cot θ + 1

2 sin θ
μθ̇, (24a)

0 = θ̈ − γ̇ 2 sin θ cos θ − 1

2
μγ̇ sin θ, (24b)

μ̇ = μ1(θ̇ cos z − γ̇ sin θ sin z) − μ2(θ̇ sin z + γ̇ sin θ cos z),

(24c)

ż = γ̇ cos θ. (24d)

From the first two equations, it follows that � = (θ̇2 +
γ̇ 2 sin2 θ )1/2 is a constant of motion, meaning that the optimal
narrowband pulse amplitude appears to be constant �(t ) =
�0 = |θ̇i| > 0. From Eq. (24a) at the initial time ti, we obtain
γ̇i = −μ(ti )/4 ≡ −μi/4. In summary, the boundaries to be
considered read:

γi = π

2
, γ̇i = −μi

4
, θi = 0, θ f = π,

|θ̇i| = �0, zi = 0. (25)

We normalize with respect to �0: μ j = μ̃ j�0, j = 1, 2, μ =
μ̃�0, and t = t̃/�0. From the solution of Eq. (24), one
can find the shape of the detuning �(t ) using Eq. (16a).
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FIG. 6. Landscape as contour plot of |Q1| [Eq. (E5a)] when
θ = θ f = π (in a logarithmic scale) as a function of the two (dimen-
sionless) Lagrangian multipliers for μi = 0 (optimal value). A series
of four minimum values (as dark points) are exhibited for negative
μ1, corresponding to circles in Fig. 5, and symmetrically for positive
μ1 (leading to the same respective profiles).

Comparing it to Eq. (24a) and using the derivative of Eq. (5c),
we can conclude that

� = 1
2μ. (26)

A similar procedure for the ninth-order 0π -NOP can be found
in Appendix F.

We notice that this strategy has the technical advantage
compared to the QFI-NOP that derivatives of higher orders
can be addressed directly by nullifying each of them.

IV. OPTIMAL QUANTUM SENSING: NUMERICS

A. QFI-NOP

The landscape of the QFI from the differential equa-
tions (20) satisfying the boundaries (21) is plotted in Fig. 3.
The corresponding pulse area is shown in Fig. 4. From these
results, we deduce the maximum reachable QFI for each pulse
area in Fig. 5 (full line). More specifically, for each pulse
area (by fixing the final time T ), we found the pairs (λ1, λ2)
that satisfy the boundaries (21) and we retained the one corre-
sponding to the maximum value of the QFI.

One recovers the limit of π -pulse transfer leading to
the theoretical maximum value of QFI = A = π for such
pulse area. Above the area π , the QFI increases first
slowly and next sharply until the area 3π . We observe
the same behavior from 3π to 5π . We observe that, ex-
cept for the (2n + 1)π -pulse transfer, where the maximum
QFI is reached, the QFI is below the theoretical maximum
value A2.

B. Fifth-order 0π-NOP

In Fig. 6, the landscape of |Q1| [Eq. (E5a)] from the dif-
ferential equations (24) satisfying the boundaries (25) as a
function of the two Lagrangian multipliers for μi = 0 shows

four minimum pairs for positive μ1 and symmetrically for
negative μ1. These minimal values, which are numerically
shown to go to zero only for μi = 0, can be characterized
more precisely by an optimization procedure that consists
in finding the Lagrangian multiplier pairs (μ1, μ2) such that
the solutions of equations (24) satisfy the boundaries [Eq.
(25)] and the constraint |Q1| = 0 [whatever γ (t f )]. The final
time t f = T is not fixed in the procedure. The four min-
ima are positioned in Fig. 5 as circles. Two of them lie
on the line of maximum QFI and can thus be identified
as optimal.

The profile of the one associated with the smallest area
(A ≈ 2.435π , FQ ≈ 3.67π2) presents the interesting feature
of a monotonic behavior for α � 0, as in the case of the CP but
in a much more efficient way since it necessitates a 20% lower
area than the 3π CP for a 20% larger QFI. However, contrary
to the CP profile, the 0π -NOP profile is not symmetric around
α = 0 and is not flattened around α = 1. Figure 5 shows
that this 0π -NOP profile can be interpreted as the continuous
modification from the π pulse to the 3π -pulse profiles along
the maximum line of the QFI. For a pulse area above the
one (A ≈ 2.435π ) corresponding to this 0π -NOP, one can
observe the emergence of a peak localized in α ∈] − 1, 0[.
This peak reaches CPT at the resonant 3π pulse.

The profile of the minimum associated with the largest area
(A ≈ 4.7π , FQ ≈ 19.4π2) has a first peak in α ∈] − 1, 0[ and
can be interpreted as a continuous modification from the 3π -
pulse to the 5π -pulse profiles. This pulse features a dramatic
improvement of the QFI compared to the simple 3π pulse,
from 9π2 to 19.4π2, with a qualitatively similar profile. For
a pulse area above A ≈ 4.7π , one can observe a second peak
emerging for α ∈] − 1, 0[, which reaches CPT at the resonant
5π pulse.

Figure 7 displays the dynamics of γ (t ) and θ (t ) of the
0π -NOP of area A ≈ 2.435π . We have found that γ is time-
symmetric, while θ is antisymmetric:

γ (t ) = γ (T − t ), (27a)

θ (t ) = π − θ (T − t ). (27b)

The lower frame of Fig. 7 illustrates the symmetric trajectory
θ as a function of γ .

Figure 8 displays the population dynamics from the ground
state and the detuning resulting from the optimal trajectories
θ (t ) and γ (t ) of Fig. 7. This optimal detuning features a sim-
ple smooth form that can be easily produced experimentally.
The population dynamics is comparable to the 3π pulse in
terms of oscillations, except that the first oscillation does not
reach complete transfer nor complete population return.

Figures 9 and 10 show the optimal trajectories and the
resulting population dynamics and detuning, respectively, for
the pulse area A ≈ 4.7π . One can notice that the detuning
has a similar form as the previous one but with a narrower
variation. Population dynamics share similarities with the one
of the 5π pulse but with transient incomplete oscillations as
in the previous case.

C. Ninth-order 0π-NOP

The NIO Lagrange equations at ninth order [Eq. (F6)]
are determined in Appendix F. The numerical search of the

043255-7



HARUTYUNYAN, PEAUDECERF, SUGNY, AND GUÉRIN PHYSICAL REVIEW RESEARCH 7, 043255 (2025)

FIG. 7. Upper frame: Optimal trajectories θ (t ) (full line), γ (t )
(dashed line) for fifth-order 0π -NOP with pulse area A ≈ 2.435π .
Lower frame: corresponding optimal trajectory θ̃ (γ ).

Lagrange multipliers and of the optimal time leading to CPT
is difficult because (1) the unknown parameters (six including
the optimal time) are numerous, which induces many local
minima trapping the search procedure and (2) the dynamics
near the target at the poles is unstable. We apply the following
algorithm:

(1) We fix the final (large enough) optimal time of the pro-
cess T and find the optimal Lagrangian multipliers satisfying
the constraints Q1 = Q3 = 0 (at a certain precision), which
leads to a certain target angle θ f for this time T . We have to
apply the search many times using random initial Lagrangian
multipliers until finding the solution.

(2) We next slightly increase, T ′ > T , or decrease, T ′ < T ,
the final optimal time and launch the optimization algorithm
starting with the previously found Lagrangian parameters as
initial values. This results in a larger target angle θ ′

f > θ f .
(3) Iteratively, we modify the final time resulting in an

increasing target angle until reaching θ f = π .

FIG. 8. Population dynamics Pj = |〈 j|φ0(t )〉|2, j = 0, 1 (upper
frame), associated with the detuning (lower frame) with the square
pulse of amplitude �0 ≈ 2.435π/T resulting from the optimal tra-
jectories θ (t ) and γ (t ) of Fig. 7.

This algorithm assumes a continuous variation of the
Lagrange multipliers as a function of θ f . We found a
solution for the ninth-order 0π -NOP for the parameters
μ3 ≈ −0.04943, μ4 ≈ 0.13557, μ5,i ≈ −0.54684, μ6,i ≈
−1.43772, and μ7,i ≈ 1.01249, featuring a semiglobal

FIG. 9. Optimal trajectory θ̃ (γ ) for fifth-order 0π -NOP with
pulse area A ≈ 4.7π .
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FIG. 10. Same as Fig. 8 but for the optimal trajectory of Fig. 9.

profile, i.e., monotonic for α < 0 (see Fig. 2). The pulse area
is only 3.81π , which, compared to the CP technique requiring
a 5π -pulse sequence for the same order, represents a pulse-
area reduction of 24%. Moreover, the QFI derived for the
ninth-order 0π -NOP, FQ ≈ 6.87π2, is 37% larger than the CP
technique QFI, FQ,(2n+1)CP = 5π2.

The trajectory of the optimal solution can be found
in Fig. 11 with the same kind of symmetries [Eq. (27)]

FIG. 11. Optimal trajectory θ̃ (γ ) for ninth-order 0π -NOP with
pulse area A ≈ 3.81π .

FIG. 12. Same as Fig. 8 but for the optimal trajectory of Fig. 11.

as before. Figure 12 shows the population dynamics and
the detuning from the trajectory of Fig. 11: It is slightly
more complex compared to the previous cases. The dy-
namics significantly deviates from the 3π - or 5π -pulse
dynamics.

The comparative CPT profiles of π -pulse, fifth- and ninth-
order 0π -NOP are displayed in Fig. 13. We observe the
increasing QFI, i.e., a narrower profile at the peaks around
α = 0, for higher-order optimization associated with the flat-
tening near α = −1 and to larger pulse areas, as expected. We
notice the nonsymmetric 0π -NOP curves around α = 0 (ex-
cept in the region very close to the peaks at α = 0), contrary
to CP profiles (see Figs. 1 and 2).

V. QUANTUM SENSING PROTOCOL: IMPLEMENTATION
ON IBM’S QUANTUM COMPUTER

A. Implementation on IBM’s quantum computer

IBM [38] provides open access to their quantum computers
based on superconducting transmon qubits. With the use of
the Python programming language and the Qiskit library [39],
specifically Qiskit pulse [40], one is able to shape pulses
online [47]. We recently proposed a digital shaping of the
detuning overcoming the limitation of the sampling time for a
direct discretization [44]. The digitization consists of using a
train of short resonant subpulses to mimic a continuous detun-
ing in sampling it via the (constant) phase of the subpulses:

Ĥ (t ) = 1

2
h̄

∑
n

�n1n(t )�
( t − tn

σ

)[
0 e−iϕn

eiϕn 0

]
, (28)
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FIG. 13. Comparative CPT fidelity profiles (full line) of π -pulse,
fifth- and ninth-order 0π -NOP, associated with the respective pulse
areas: π , 2.435π , 3.81π , and the respective QFI: π 2, 3.67π 2, 6.87π 2,
as functions of the deviation α, with their experimental demonstra-
tion on the IBMs “ibmq-lima” quantum computer (dotted lines). The
errors between experiment and theory are mainly due to readout
(around 4%).

where each subpulse of shape �(t ), amplitude �n, phase ϕn,
and characteristic duration σ is centered around tn = nτ , with
τ the delay between two consecutive subpulses. In our case,
we take Gaussian subpulses, �(t ) = e−t2

, with τ = 6σ such
that we can neglect the indicator function 1n(t ) (1n(t ) = 1
when t ∈ [tn−1/2, tn+1/2[, otherwise it is 0) because the sub-
pulses do not overlap with each other. It can be shown that to
have accurate results we can take identical Gaussian subpulses
with identical �0 amplitudes (for a constant global pulse) and
σ durations and only change the phase ϕn = ϕ(tn) between
these subpulses in a way that mimics the continuous detuning
�(t ), from integration of

� = ϕ′ + τ 2

24
ϕ′′′ + · · · = ϕ′[1 + O((τ/T )2)] ≈ ϕ′. (29)

The results for the phases from the fifth-order detuning of
Fig. 10 and from the ninth-order detuning of Fig. 12 can be
found in Fig. 14 and in Fig. 15, respectively.

In Fig. 13, we show the experimental implementation of the
square Rabi π -pulse, fifth- and ninth-order 0π -NOP solutions
on the IBM’s “ibmq-lima” quantum computer compared to its
respective theoretical profiles. In Fig. 13, the value of α = 0
of the experimental data is calibrated at the first peak of the
profiles. For each experiment, we have used a train of dig-
itizing 21 Gaussian pulses, identical in their amplitude and
duration σ = 5 × √

2 ns. For the Rabi process, we used a
square pulse of duration τ . Each experiment was repeated
8096 times in order to get accurate average values for the
fidelity. The errors are mainly due to readout, as men-
tioned in the guideline [38] and due to the sampling time
tsamp ≈ 0.222 ns. The experiment was conducted on qubit
number 0 with a frequency of 5.03 GHz and anharmonicity
−0.33574 GHz. We observe a very good agreement between
the theoretical profiles and their experimental implementation.
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FIG. 14. Detuning as a function of time of fifth-order 0π -NOP
(full line) of Fig. 10 and the corresponding (piecewise) phases of
each subpulse for a train of 21 digitizing subpulses.

B. Parameter determination on IBM’s quantum computer:
Protocol and results

The determination of the parameter α and its precision are
based on the theoretical CPT fidelity profile (see Figs. 1 and
2), denoted Ftheo.(α), where α = 0 is a first estimation of the
exact value, of the asymptotic form

Ftheo.(α) ∼ 1 − 1
4α2FQ (30)

in the vicinity of α = 0.
One can thus determine an estimate of the (exact) exper-

imental value αe from the measurement of the CPT fidelity
using the theoretical CPT fidelity profile, Ftheo.(αe) ∼ 1 −
1
4α2

eFQ. This principle holds for αe close enough to α = 0,
i.e., in the quadratic region of the profile [Eq. (30)]. From the
determination of αe, we obtain � in the units of the exper-
iment via the relation �e = �(1 + αe). In practice, we will
determine the estimate of αe as well as a confidence interval
αe ∈ [α1, α2], which we will make as small as possible using
a narrow profile. The confidence interval is deduced from the
measured mean value of the fidelity ± the standard deviation
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FIG. 15. Same as Fig. 14 but for ninth-order 0π -NOP of Fig. 12.
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FIG. 16. From a given theoretical profile [Eq. (30)], plot of the
interval of the population measurements in the excited state bounded
by the mean value ± the standard deviation (s.d.), associated with
an α segment [α1, α2]. A given interval of the fidelity profile corre-
sponds to a smaller α segment for a larger QFI, hence to a better
precision of α. Note that, according to Fig. 13, we have artificially
introduced an error in the profile mimicking the readout error.

of the mean (see Fig. 16). Our goal is to demonstrate that one
can get a better accuracy for a narrower profile.

In the experiment, the mean value and standard deviation
are determined for each fidelity from 1000 trials. A first es-
timation of α has been derived by constructing a Rabi cycle
with a square pulse of varying area via �0 for a fixed time of
interaction, and taking the peak value (π pulse). To operate
on a given side of the profile (here negative α is chosen), we
have used a pulse �e = 0.9�0 in all experiments. The results
in α for different points along the line of maximum QFI (see
Fig. 5) are presented in Table I.

At the time of the experiment, we used the “ibm-osaka”
quantum machine’s first qubit. We observe that increasing
the pulse area, and therefore the QFI, results in a narrower
range, indicating a more precise estimation. According to the
result from the largest QFI, the mean value of αe is around
αmean = −8.4% in the interval [α1 = −8.2%, α2 = −8.6%].

TABLE I. The parameters α1 and α2 (in absolute values) are
found according to the method shown in Fig. 16; αmean is the value
of α for which the fidelity is equal to the mean fidelity of the IBM
experiment (see text). The table shows that by increasing the pulse
area and the QFI, the range of the deviation decreases resulting in a
more precise parameter estimation.

Area QFI FQ |α2| |α1| |α2 − α1| |αmean|
2.435π 36.2 5.5% 7.3% 1.8% 6.5%
2.8π 65.3 6.8% 7.8% 1% 7.3%
2.9π 76.3 8% 8.7% 0.7% 8.4%
3π 88.8 8.2% 9.0% 0.8% 8.6%
3.6π 93.9 7.7% 8.5% 0.8% 8.1%
4.6π 175.9 8.3% 8.7% 0.4% 8.5%
4.9π 224.1 8.2% 8.6% 0.4% 8.4%

This shows that the relative accuracy has been improved by
a factor of five between the estimation from the lowest QFI
(FQ = 36.2) and from the largest QFI we have considered
(FQ = 224), and of more than one order of magnitude com-
pared to the simple π pulse. The improvement of the accuracy
(i.e., the reduction of |α1 − α2|) approximately follows the
inverse of the increase of the QFI, as can be deduced from
the calculation:

Ftheo.(α2) − Ftheo.(α1) ∼ 1
2FQ(α1 − α2)αmean, (31)

i.e.,

α1 − α2 ∼ 2
Ftheo.(α2) − Ftheo.(α1)

αmean

1

FQ
, (32)

where the mean value αmean, determined as αmean ∼ (α1 +
α2)/2, and Ftheo.(α2) − Ftheo.(α1) weakly depend on the QFI
FQ (determined at α = 0). We anticipate an improvement of
several orders of magnitude for a pulse with a large (odd)
number of π .

VI. CONCLUSION

We have proposed a narrowband optimal control strategy
for quantum sensing of the Rabi frequency coupling in the sit-
uation where QFI equals CFI, meaning that one targets CPT.
This features the practical advantage of being relatively easy
to measure because it does not involve phases and complex
tomographic methods. We have introduced two distinct ap-
proaches: the QFI-NOP and 0π -NOP. The QFI-NOP method
is designed to maximize the QFI around α = 0, which corre-
sponds to a first estimation of the Rabi frequency, with optimal
pulses. In this approach, we have shown that the resulting
QFIs are remarkably close to their maximum bounds. In par-
ticular, resonant pulses with areas that are odd multiples of
π achieve the maximum bounds. However, QFI-NOP pulses
generally produce an oscillatory profile that is only locally
narrow. This may be less practical when the Rabi frequency
is entirely unknown, as identifying the correct peak among
multiple peaks becomes difficult. A first estimate from a π

pulse is necessary to correctly apply this approach.
On the other hand, the 0π -NOP approach is designed to

flatten the profile near α = −1 (corresponding to a 0π pulse).
We have shown that it can provide a semiglobal profile, i.e.,
which is monotonic for α � 0. We find that the fifth-order 0π -
NOP pulse is in fact one of the QFI-NOP pulses, since the
resulting QFI is located on the QFI line in Fig. 5. However,
this is not true for the ninth-order 0π -NOP pulse.

The optimal semiglobal profile may find an important ap-
plication for the optimal selective excitation of an atom or ion
to be locally addressed within a chain, as, e.g., in an ion trap
platform [48], or in a two-dimensional optical lattice [49], as
originally proposed with the use of CP [50]. Associating the
Gaussian intensity profile of the laser beam to the α variable,
we can identify the values α = −1 to no intensity and 0 to
its maximum at the beam center. The transfer profile of the
0π -NOP pulse then results in a global narrowband spatial
transfer profile.

The optimal manipulation of the profile as broadband
(RIO) or narrowband (NIO) opens further perspectives such
as optimal passband pulses [51]. We note that optimal nar-
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rowband pulses as a function of detuning can be generated by
the method presented in this paper.
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APPENDIX A: QUANTUM FISHER INFORMATION

In this Appendix, we recall the basic definitions of the
quantum and the classical Fisher informations. We consider
a quantum system defined in a Hilbert space H whose dy-
namics are governed by the Hamiltonian ĤX that depends on
an unknown parameter X . The time evolution of the quantum
state |ψX 〉 also depends on the parameter X . We can therefore
define a distance, at a nonzero time t f , between two states
|ψX1 (t f )〉 and |ψX2 (t f )〉, for the same initial condition |ψi〉. A
natural way to define this distance is to use the Fubiny-Study
metric that leads to

d2(|ψX1〉, |ψX2〉) = acos2(
√〈ψX2 |ψX1〉〈ψX1 |ψX2〉), (A1)

where d denotes the distance between the two states. For
two sufficiently close values X1 and X2 of X , the correspond-
ing states |ψX1 (t f )〉 and |ψX2 (t f )〉 are very close so that the
distance [Eq. (A1)] can be approximated by a first-order ex-
pansion as follows:

d2(|ψX1〉, |ψX2〉) = 1 − |〈ψX1 |ψX2〉|2. (A2)

Equation (A2) highlights a general strategy used in the esti-
mation of quantum parameters, which consists of maximizing
at a time t f the distance between the two states |ψX1〉 and
|ψX2〉 in order to find the value of the unknown parameter
by a measurement of the quantum state. A more precise and
local statement of this idea can be derived as follows. We
set |ψX1〉 = |ψX0〉 and |ψX2〉 = |ψX0+dX 〉, where dX is a small
variation around X = X0, with X0 being a preliminary estimate
of the unknown parameter. The corresponding state can be
written at first order as

|ψX0+dX 〉 = |ψX0〉 + |∂X ψX0〉dX + O(dX 2), (A3)

where we denote |∂X ψX0〉 = ∂|ψX0 〉
∂X . Using Eq. (A2), the dis-

tance d between |ψX0〉 and |ψX0+dX 〉 is given by

d2 = 1 − |〈ψX0+dX |ψX0〉|2.

From Eq. (A3), we deduce up to the terms of order two that

|〈ψX0+dX |ψX0〉|2 = 1 + dX 〈ψX0 |∂X ψX0〉
+dX 〈∂X ψX0 |ψX0〉 + dX 2|〈∂X ψX0 |ψX0〉|2.

From 〈ψX0+dX |ψX0+dX 〉 = 1, we obtain the relation

dX 〈ψX0 |∂X ψX0〉 + dX 〈∂X ψX0 |ψX0〉
= −dX 2〈∂X ψX0 |∂X ψX0〉,

which leads to

d2 = dX 2〈∂X ψX0 |∂X ψX0〉 − dX 2|〈∂X ψX0 |ψX0〉|2.
The QFI, denoted as FQ, is finally defined from the local
curvature of the square distance around the estimate X0 of the
parameter, as

FQ = 4[〈∂X ψX0 |∂X ψX0〉 − |〈∂X ψX0 |ψX0〉|2]. (A4)

The local character of the QFI can be clearly seen in Eq. (A4)
since it depends only on the state and its derivative in X0.

We now derive two other expressions for the QFI that will
be useful in the context of its maximization. In order to sim-
plify the expressions, we omit below the index X0 in the state
and in the Hamiltonian. The dynamics of the states |ψ (t )〉
and ∂X |ψ (t )〉 are given by the Schrödinger equation and its
derivative with respect to X as

ı
d

dt

( |ψ (t )〉
|∂X ψ (t )〉

)
=

(
Ĥ (t ) 0

∂X Ĥ (t ) Ĥ (t )

)( |ψ (t )〉
|∂X ψ (t )〉

)
, (A5)

with the initial conditions |ψ (ti)〉 = |ψi〉 and |∂X ψi〉 = 0 and
with units such that h̄ = 1. The formal solution of this system
can be expressed as( |ψ (t )〉

|∂X ψ (t )〉
)

=
(

Û (t ) 0
∂XÛ (t ) 0

)(|ψi〉
0

)
, (A6)

where

Û (t ) = 1 − ı

∫ t

ti

Ĥ (τ )Û (τ )dτ

and

∂XÛ (t ) = −ıÛ (t )
∫ t

ti

Û †(τ )∂X Ĥ (τ )Û (τ )dτ. (A7)

For the QFI, we arrive at

FQ(t ) = 4(〈∂X ψ (t )|∂X ψ (t )〉 − |〈ψ (t )|∂X ψ (t )〉|2)

= 4(〈ψi|∂XÛ †(t )∂XÛ (t )|ψi〉
− |〈ψi|Û †(t )∂XÛ (t )|ψi〉|2).

Introducing the operator Â(t ) = ∫ t
ti

Û †(τ )∂X Ĥ (τ )Û (τ )dτ , we
obtain

FQ(t ) = 4(〈ψi|Â2(t )|ψi〉 − |〈ψi|Â(t )|ψi〉|2).

Finally, the QFI is equal to four times the variance of the
operator Â(t ),

FQ(t ) = 4(〈Â2(t )〉|ψi〉 − 〈Â(t )〉2
|ψi〉) = 4Var[Â(t )]|ψi〉, (A8)

which depends on the initial condition |ψi〉. Equation (A8) can
be expressed as a function of the state |ψ (t )〉 at time t by using
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the relation |ψi〉 = Û †(t )|ψ (t )〉:
FQ(t ) = 4Var[Â′(t )]|ψ (t )〉, (A9)

where Â′(t ) = Û (t )
∫ t

ti
Û †(τ )∂X Ĥ (τ )Û (τ )dτÛ †(t ).

Another expression of the QFI can be derived as follows.
From the definition of the operator Â(t ), we have

〈Â(t )〉 =
∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)|ψ (τ1)〉dτ1

and

〈Â2(t )〉 =
∫ t

ti

∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)Û (τ1)

× Û †(τ2)∂X Ĥ (τ2)|ψ (τ2)〉dτ2dτ1.

Introducing the basis {|�k〉 ∈ H, k = 1, . . . , dim(H) − 1} of
the subspace orthogonal to |ψi〉 and the closure relation

|ψi〉〈ψi| +
dim(H)−1∑

k=1

|�k〉〈�k| = 1,

we obtain

Û (τ1)1Û †(τ2) = |ψ (τ1)〉〈ψ (τ2)| +
dim(H)−1∑

k=1

|�k (τ1)〉〈�k (τ2)|,

and we arrive at

〈Â2(t )〉 =
∫ t

ti

∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)|ψ (τ1)〉

× 〈ψ (τ2)|∂X Ĥ (τ2)|ψ (τ2)〉dτ2dτ1

+
dim(H)−1∑

k=1

∫ t

ti

∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)|�k (τ1)〉

× 〈�k (τ2)|∂Ĥ (τ2)

∂X
|ψ (τ2)〉dτ2dτ1.

Finally, this yields

〈Â2(t )〉 =
( ∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)|ψ (τ1)〉dτ1

)2

+
dim(H)−1∑

k=1

∣∣∣∣∫ t

ti

〈ψ (τ1)|∂X Ĥ (τ1)|�k (τ1)〉dτ1

∣∣∣∣2

.

Plugging the expressions of 〈Â2(t )〉 and 〈Â(t )〉 into Eq. (A8),
we obtain the third expression of the QFI:

FQ(t ) = 4
dim(H)−1∑

k=1

∣∣∣∣ ∫ t

ti

〈ψ (τ )|∂X Ĥ (τ )|�k (τ )〉dτ

∣∣∣∣2

. (A10)

APPENDIX B: CLASSICAL FISHER INFORMATION

Denoting by |∂φ〉 the difference at first order in α between
|φα+dα〉 and |φα〉:

|φα+dα〉 = |φα〉 + |∂φ〉dα, (B1)

we deduce that the CFI is given by

FC = 4
1∑

k=0

[Re (〈∂φ|k〉〈k|φα〉)]2

|〈k|φα〉|2 . (B2)

Since 〈φα+dα|φα+dα〉 = 1, we get 〈φα|∂φ〉 + 〈∂φ|φα〉 = 0.
Hence, |∂φ〉 can be expanded on the basis {|φα〉, |φα,⊥〉} as

|∂φ〉 = ib|φα〉 + c|φα,⊥〉, b ∈ R, c ∈ C, c = |c|eiϕc .

(B3)

Using Eq. (B1), and from the expressions of |φα〉 and |φα,⊥〉
(4), we arrive at

FC = 4|c|2 cos2(ϕc + γ ). (B4)

From the definition of the QFI [Eq. (1)], we also deduce that

FQ = 4(〈∂φ|∂φ〉 − |〈∂φ|φα〉|2) = 4|c|2, (B5)

which shows, as expected, that FC � FQ for the PVM
{|0〉〈0|, |1〉〈1|}. CFI reaches its bound, FC = FQ, when the
phases satisfy ϕc + γ = 0(π ) according to Eq. (B4).

In terms of state, we establish the property:
If |φ0〉 = |0〉 or |1〉, then FC = FQ in the limit of small α.
The proof goes as follows. We denote by p1 and p0 the

projections onto the states |1〉 and |0〉: pk = |〈k|φ0〉|2. The CFI
[Eq. (11)] can be expressed as

FC = 1

p0

(
d p0

dα

)2

+ 1

p1

(
d p1

dα

)2

. (B6)

Using p0 + p1 = 1, we get

FC = 1

p1(1 − p1)

(
d p1

dα

)2

. (B7)

Using the relation (7) up to the second order, p1 = 1 − α2

4 FQ,
we arrive (in the limit α � 1) at

FC = FQ(1 + O(α2)). (B8)

APPENDIX C: THE PERTURBATIVE EXPANSION
IN THE SINGLE-SHOT-SHAPED PULSE METHOD

Following the decomposition of the Hamiltonian (3),
which can be written in general Hα = H0 + αVα , the pertur-
bative propagator reads

U (t, ti ) = U0(t, ti )
[
1 + α

i
W1 +

(α

i

)2
W2 + · · ·

]
= U0(t, ti )

[
1+ O1 + O2+ · · · Q1 + Q2 + · · ·
−(Q̄1+ Q̄2+ · · · ) 1 + Ō1+ Ō2 + · · ·

]
,

(C1)

where the propagator U0(t, ti ) associated with the unperturbed
Hamiltonian H0(t ) takes the general SU(2) form: U0(t, ti ) =
[
a −b̄
b ā

] with |a|2 + |b|2 = 1, and the perturbative matrix

terms read

αnWn =
∫ t

ti

dt0 VI (t0)
∫ t0

ti

dt1 VI (t1) · · ·
∫ tn−2

ti

dtn−1 VI (tn−1). (C2)

The perturbation in the interaction representation is defined as

VI (t ) = U †
0 (t, ti )Vα (t )U0(t, ti ) (C3)

and leads to the matrix elements (at time t)

On =
(α

i

)n
〈0|Wn|0〉, Qn =

(α

i

)n
〈1|Wn|0〉. (C4)
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From the unitarity property of propagators, it follows that |1 +
O1 + O2 + · · · |2 + |Q1 + Q2 + · · · |2 = 1, and, from Eq. (18)
with the initial condition θi = 0, the fidelity is of the form

F(t ) := |〈φ0(t )|φα (t )〉|2 = 1 − |Q1 + Q2 + · · · |2

≡ 1 + Õ1 + Õ2 + Õ3 + · · · , (C5)

where one can identify order by order each correction to the
population transfer Õn ≡ Õn(O(αn)) as a function of the off-
diagonal terms of the perturbative matrix of Eq. (C1), n � 1:

Õ1 = 0, (C6a)

Õ2n = −|Qn|2 − 2
n−1∑
m=1

Re (Q2n−mQ̄m), (C6b)

= −|Qn|2 when Õ2(1�m<n) = 0. (C6c)

Õ2n+1 = −2
n∑

m=1

Re (Q2n+1−mQ̄m), (C6d)

= 0 when Õ2(1�m�n) = 0. (C6e)

APPENDIX D: EULER-LAGRANGE EQUATIONS
FOR QFI-NOP

The perturbation in the interaction representation [Eq.
(C3)] reads

VI (t ) = U †
0 (t, ti )Vα (t )U0(t, ti ) = h̄

[
e(t ) f (t )
f̄ (t ) −e(t )

]
,

(D1)

with the functions

e(t ) = 1
2α� cos ϕ sin θ, (D2a)

f (t ) = 1
2α(γ̇ sin θ cos θ − iθ̇ )eiγ . (D2b)

The first-order curvature (C6a) of the excitation profile (19) is
null. The second-order curvature (C6b) can be written as

Õ2(t ) = −1

4
α2

∣∣∣∫ t

ti

(1

2
γ̇ sin(2θ ) − iθ̇

)
eiγ dt

∣∣∣2

= −1

4
α2FQ(t ). (D3)

This remarkably shows the connection of the QFI to the
second-order curvature of the profile, as announced in Eq. (7):

d2F(t )

dα2
(α = 0) = −1

2
FQ(t ) + O(α). (D4)

For the case of CPT at time t f from the ground state, associ-
ated with the boundaries θi = 0 and θ f = π , we obtain

Õ2(t ) = −1

4
α2

∣∣∣1

2
[eiγ sin(2θ )]t f

ti + 2
∫ t f

ti

θ̇eiγ sin2 θdt
∣∣∣2

= −α2
∣∣∣∫ t f

ti

(ψ1 + iψ2)dt
∣∣∣2

(D5)

with the respective real and imaginary parts

ψ1 = θ̇ cos γ sin2 θ, ψ2 = θ̇ sin γ sin2 θ, (D6)

and one can identify the QFI (at time t f )

FQ = 4(|�1|2 + |�2|2), � j (γ , θ ) =
∫ t f

ti

ψ jdt . (D7)

The optimization can be applied with respect to a given cost,
the pulse energy E , area A, or duration T = t f − ti, respec-
tively:

E (γ , θ ) =
∫ t f

ti

dt (θ̇2 + γ̇ 2 sin2 θ ) =
∫ t f

ti

dt �2, (D8a)

A(γ , θ ) =
∫ t f

ti

dt
√

θ̇2 + γ̇ 2 sin2 θ =
∫ t f

ti

dt �, (D8b)

T =
∫ t f

ti

dt . (D8c)

For a bounded pulse � � �0, optimization with respect to
pulse area A or time T is equivalent in the sense that they
provide the same trajectory θ̃ (γ ). Optimization with respect to
pulse area A does not depend on the pulse shape through time
reparametrization, while optimization with respect to time (or
equivalently to energy) leads to a flat pulse with a constant
� = �0, where Tmin = A/�0.

The optimal trajectory (γ (t ), θ (t )) can then be determined
by the Euler-Lagrange optimization for a fixed QFI, i.e., solu-
tion of the Euler-Lagrange equations

∂L
∂ζ

− d

dt

(
∂L
∂ζ̇

)
= 0, ζ = γ , θ, (D9)

for given values of the two integral constraints � j (γ , θ ) =
� j,0, j = 1, 2. The Lagrangian reads

L = L0 + λ1ψ1 + λ2ψ2, (D10)

where λ j , j = 1, 2 are the Lagrange multipliers associated
with the two respective constraints � j , j = 1, 2, that can be
fixed independently, and

E (γ , θ ) =
∫ t f

ti

dt (θ̇2 + γ̇ 2 sin2 θ ) ≡
∫ t f

ti

dt L0(γ̇ , θ, θ̇ ),

(D11)
if we consider the minimization of the energy [Eq. (D8a)]. The
Euler-Lagrange equations lead to the differential equations of
the trajectory (γ (t ), θ (t )):

0 = γ̈ + 2γ̇ θ̇ cot θ + θ̇ (λ1 sin γ − λ2 cos γ ), (D12a)

0 = θ̈ − 1
2 γ̇ 2 sin 2θ − γ̇ sin2 θ (λ1 sin γ − λ2 cos γ ),

(D12b)

where we have redefined λ1/2 → λ1, λ2/2 → λ2 for
convenience.

APPENDIX E: EULER-LAGRANGE EQUATIONS
FOR FIFTH-ORDER 0π-NOP

Following this decomposition, the perturbative propagator
[Eq. (C1)] can be rewritten as

U (t f , ti ) = U�(t f , ti )

×
[

1 + O1 + O2 + · · · Q1 + Q2 + · · ·
−(Q̄1 + Q̄2 + · · · ) 1 + Ō1 + Ō2 + · · ·

]
,

(E1)
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with U�(t, ti ) the propagator associated with H�(t ), the per-
turbative matrix terms [Eq. (C2)], and the perturbation in the
interaction representation

VI (t ) = U †
�(t, ti )V (t )U�(t, ti ) = 1

2

[
0 g(t )

ḡ(t ) 0

]
, (E2)

with the function

g(t ) = �(t )e−i
∫ t

ti
ds �(s) = i�(t )e−iϕ(t )ei

∫ t
ti

dsγ̇ (s) cos θ (s)
, (E3)

where we have used Eq. (5b). In this case, the fidelity from
Eq. (18), around α = −1, can be simplified to

F = |〈φT |φα (t f )〉|2 = |Q1 + Q2 + · · · |2

= −Õ1 − Õ2 − Õ3 − · · · (E4)

with the relation (C6). Since ε is small, we can consider the
first terms that read for the considered perturbation (E2):

|Q1| = ε

∣∣∣∫ t f

ti

dt g(t )
∣∣∣, (E5a)

Q2 = 0, (E5b)

|Q3| = ε3
∣∣∣∫ t f

ti

dt ḡ(t )
[∫ t

ti

dt ′g(t ′)
]2∣∣∣ when Q1 = 0,

Q4 = 0. (E5c)

In this case, one can thus address specifically the derivative at
each order of the profile around 0π (i.e., around α = −1). We
analyze below its explicit realization for the fifth order. The
ninth order is treated in Appendix F.

Nullifying |Q1| around α = −1 results in a fifth-order flat-
tening of the profile (in short fifth-order 0π -NOP), because
everything up to Õ5 included is then nullified according to
Eqs. (C6) and (E5). We apply the Euler-Lagrange optimiza-
tion that minimizes the energy of the pulse with the constraint
|Q1| = 0. We introduce the dynamical parameter

z(t ) =
∫ t

ti

ds γ̇ cos θ, z(ti) = 0, ż = γ̇ cos θ, (E6)

in order to take into account the integral in g(t ) [Eq. (E3)].
With the use of this parameter, we can reformulate |Q1| as

|Q1| =
∣∣∣∫ t f

ti

ϕ1dt − i
∫ t f

ti

ϕ2dt
∣∣∣, (E7a)

ϕ1(γ , θ, z) = γ̇ sin θ (t ) cos z(t ) + θ̇ sin z(t ), (E7b)

ϕ2(γ , θ, z) = γ̇ sin θ (t ) sin z(t ) − θ̇ cos z(t ). (E7c)

Therefore, we have to minimize the pulse energy with the
following two constraints:

ψ j (γ , θ, z) =
∫ t f

ti

dt ϕ j (γ̇ , θ, θ̇ , z) = 0, j = 1, 2, (E8)

according to the Lagrangian

L = L0(γ̇ , θ, θ̇ ) + μ1ϕ1 + μ2ϕ2 + μ(t )(ż − γ̇ cos θ ), (E9)

L0(γ̇ , θ, θ̇ ) = θ̇2 + γ̇ 2 sin2 θ, (E10)

leading to the four differential equations with four unknown
functions to be determined, θ (t ), γ (t ), z(t ), μ(t ):

0 = γ̈ + 2γ̇ θ̇ cot θ + 1

2 sin θ
μθ̇, (E11a)

0 = θ̈ − γ̇ 2 sin θ cos θ − 1

2
μγ̇ sin θ, (E11b)

μ̇ = μ1(θ̇ cos z − γ̇ sin θ sin z) − μ2(θ̇ sin z + γ̇ sin θ cos z),

(E11c)

ż = γ̇ cos θ (E11d)

forming the NIO Lagrange equations at the fifth order.

APPENDIX F: NINTH-ORDER α-NIO

In this Appendix, we explore the next-order solution by
optimal nullification of both Q1 and Q3 using Euler-Lagrange
optimization. In this case, all of the elements Õ j are nullified
for j � 9 according to Eqs. (C6) and (E5). The first step
consists in introducing a Lagrangian that takes into account
both constraints |Q1| = |Q3| = 0 and the parameter to be
minimized (time, energy, or pulse area). For this purpose, we
introduce three dynamical parameters:

z(t ) =
∫ t

ti

ds γ̇ cos θ, z(ti ) = 0, ż = γ̇ cos θ, (F1a)

y1(t ) =
∫ t

ti

ϕ1(t ′)dt ′, y1(ti ) = 0, ẏ1 = ϕ1(t ), (F1b)

y2(t ) =
∫ t

ti

ϕ2(t ′)dt ′, y2(ti) = 0, ẏ2 = ϕ2(t ), (F1c)

and therefore |Q3| becomes

|Q3| =
∣∣∣∫ tt

ti

dt[ϕ1(t ) + iϕ2(t )][y1(t ) − iy2(t )]2
∣∣∣. (F2)

The Lagrangian writes

L = L0(γ̇ , θ, θ̇ ) + μ1ϕ1 + μ2ϕ2 + μ3Re

× [(ϕ1 + iϕ2)(y1 − iy2)2] + μ4�[(ϕ1 + iϕ2)(y1 − iy2)2]

+ μ5(t )(ż − γ̇ cos θ ) + μ6(t )(ẏ1 − ϕ1)+ μ7(t )(ẏ2 − ϕ2).
(F3)

The terms of the right-hand side of Eq. (F3) account for the
optimality and the constraints for nullifying |Q1| and |Q3| via
the Lagrange multipliers μ j , j = 1, 2, 3, 4 and the last three
Lagrange multipliers μk (t ), k = 5, 6, 7 are for the definitions
of z, y1, y2, respectively. The Lagrangian can be simplified by
introducing two variables λ1(t ) and λ2(t )

L = L0(γ̇ , θ, θ̇ ) + λ1ϕ1

+ λ2ϕ2 + μ5(t )(ż − γ̇ cos θ ) + μ6(t )ẏ1 + μ7(t )ẏ2,

(F4)

with

λ1(t ) = μ1 + μ3
(
y2

1 − y2
2

) − 2μ4y1y2 − μ6(t ), (F5a)

λ2(t ) = μ2 + μ4
(
y2

1 − y2
2

) + 2μ3y1y2 − μ7(t ). (F5b)
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After a similar procedure as before, the set of equations to be
solved can be written as

2γ̇ sin2 θ + sin θ (λ1 cos z − λ2 sin z)

−μ5(t ) cos θ = −μ5i, (F6a)

2θ̈ − γ̇ 2 sin 2θ − μ5(t )γ̇ sin θ

+λ̇1 sin z + λ̇2 cos z = 0, (F6b)

μ̇5 = λ1ẏ2 − λ2ẏ1,

λ̇1 = −4ẏ2(μ3y2 + μ4y1),

λ̇2 = 4ẏ1(μ3y2 + μ4y1),

ż = γ̇ cos θ, (F6c)

ẏ1 = θ̇ sin z + γ̇ sin θ cos z, (F6d)

ẏ2 = θ̇ cos z − γ̇ sin θ sin z. (F6e)

As expected, we obtain that �(t ) is constant, �(t ) = �0

(chosen positive), which is used for the normalization. The
initial values are γi = π/2, γ̇i = −μ5,i/4, θi = 0, θ̇i = 1,

and zi = y1,i = y2,i = 0. μ3, μ4, μ5,i, λ1,i, λ2,i are the free
parameters to be determined to satisfy the CPT boundary
condition, θ f = π , and the constraints Q1 = Q3 = 0.
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