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CLASSICAL AND RELATIVISTIC BALANCE OF CONFIGURATIONAL
FORCES

R. DESMORAT, A. GRAVOUIL, AND B. KOLEV

En hommage a Jean Lemaitre

ABSTRACT. This article develops a unified variational framework for configurational (or mate-
rial) forces in both Classical (3D, non-relativistic) and Relativistic (4D) Continuum Mechanics.
Configurational forces describe the evolution of material defects—such as cracks, dislocations,
and interfaces—which move relative to the material rather than through physical space. In
the classical setting of hyperelasticity, the authors revisit the balance of configurational forces
using an intrinsic Lagrangian formulation, where the material body is modeled as an abstract
three-dimensional manifold. By treating the reference configuration as a variable and perform-
ing a Lagrangian variation with respect to it, they show that the configurational forces balance
naturally emerges. Importantly, this balance equation is not independent: it is equivalent to the
standard balance of linear momentum combined with constitutive relations, and it is expressed
through the Eshelby stress tensor on the reference configuration. The framework is then ex-
tended to Relativistic Hyperelasticity within General Relativity. Matter is described by a matter
field, a vector valued function, defined on the four-dimensional Universe, and the Lagrangian
(i-e., Action) includes both matter and gravitational contributions. Two stress—energy tensors
arise: the Noether stress—energy tensor (from variations with respect to the matter field) and
the Hilbert stress—energy tensor (from variations with respect to the Universe metric). Assum-
ing General Covariance, the authors prove that these tensors and their associated balance laws
are equivalent. By introducing the notion of an observer and specializing to static spacetimes,
the authors define a relativistic generalization of the deformation and derive a four-dimensional
Eshelby tensor. They show that in Special Relativity, as in Classical Continuum Mechanics, the
relativistic configurational forces balance is not a new equation but follows from the conserva-
tion laws of the Noether stress—energy tensor. Finally, they recover the classical configurational
forces balance as the non-relativistic limit of the relativistic theory. Overall, the paper provides
a rigorous geometric and variational interpretation of configurational forces, unifying classical
and relativistic formulations and clarifying their deep connection with standard equilibrium
equations.

INTRODUCTION

Configurational forces, also referred to as material forces, emerge in problems involving the
evolution of defects within a material. Unlike standard (Newtonian or mechanical) forces, which
govern the motion of material particles in physical space, configurational forces govern the mo-
tion of entities that migrate relative to the material itself. Typical examples include dislocations,
cracks, inclusions, voids, vacancies, and evolving interfaces. The notion of configurational forces
was first introduced in the framework of elasticity and Continuum Mechanics by Eshelby [16, 17].
Since then, several theoretical frameworks have been developed to clarify their physical inter-
pretation and to establish the corresponding balance equations. Historically, one may cite the
pull-back approach [55, 31, 56, 57], in which configurational force balance is viewed as the
projection of mechanical force balance equations onto the material manifold. In this context,
configurational forces are closely linked to material uniformity and homogeneity [91, 65] and
are interpreted as the driving forces associated with continuous distributions of inhomogeneities
[12, 13, 10, 50]. Another notable framework is the basic primitive objects approach proposed by
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Gurtin [25, 24, 30], where configurational forces are postulated as fundamental physical quanti-
ties, independent of mechanical forces, and their balance laws are obtained through invariance
principles. The Noether’s theorem approach [34, 43, 47] interprets configurational forces as the
conserved quantities associated with material translational invariance of the Lagrangian density.
The inverse motion approach [90, 55, 73, 87| derives configurational force balance equations from
the stationarity of the energy (or Action) functional with respect to variations of the reference
configuration while keeping the current configuration fixed. Closely related to these ideas is the
variational approach [38, 43], which introduces, in addition to the material and spatial configu-
rations, an auxiliary configuration—often called the parameter configuration—that serves as a
fixed reference for the motion of defects relative to the material manifold, in analogy with the
role of the material configuration for the motion of particles in space [48, 94].

In classical, i.e., three-dimensional and non-relativistic hyperelastodynamics, the so-called
configurational forces balance is not a new conservation equation. By pullback onto the refer-
ence configuration {2, for example by means of Piola and Ericksen identities [15, 75, 58], the
configurational forces balance is a reformulation of the balance of linear momentum combined
with the (hyperelasticity) constitutive equations. This combination implies that both kinematic
energy and strain energy densities enters the final expression of the Eshelby stress tensor.

As mentioned, there are several ways to derive the configurational forces balance [58, 55,
23, 31, 88]. We revisit in section 1 the classical variational approaches, and provide a rigorous
and geometric interpretation of the so-called horizontal variation introduced in [96]. We use the
Intrinsic Lagrangian Formulation of Classical Continuum Mechanics by Noll [66, 68] and Rougée
[76, 78, 77, 79], in which the body B labeling the material points is a three-dimensional compact
and orientable manifold with boundary equipped with a mass measure [35, 37]. The reference
configuration is not identified with the body, it is a time independent embedding of B into the
affine Euclidean space &, playing a key role in the variational derivation of the three-dimensional
configurational forces balance (as understood in [94]). The classical —non-relativistic— four-
dimensional Eshelby—Noether tensor is finally recalled.

Since the pioneering work of Nordstrom in 1916 [69], truly four-dimensional —relativistic—
formulations of Mechanics of Solid Materials [41] exist, in physics literature [83, 89, 85, 5, 32,
33, 4, 92], and in mechanics literature [22, 51, 52, 53, 11, 71, 72, 63]. In the present work, we
place ourselves within the appealing Variational Relativity framework developed by Souriau for
perfect (hyperelastic) matter [83, 84, 85] (see also [37]), with the Gauge Theory mindset [6]. The
Quantum Mechanics wave function 1 is replaced by a matter field defined as a vector valued
function ¥: M — B C R3, where the Universe M is a four-dimensional pseudo-Riemannian
manifold and where one recognizes the three-dimensional body B labeling the material points
of Continuum Mechanics. As proposed by Hilbert [29], a General Covariant matter Lagrangian
(i.e., Action) is simply added to the Hilbert—Einstein functional for gravitation, as recalled in
section 2. The variational extremization of the Lagrangian defines two stress—energy tensors
(more precisely stress—impulsion—energy tensors):

e the Hilbert stress-energy tensor T [29], a contravariant fourth-order tensor on the
Universe M, defined from the variational derivative of the Lagrangian with respect to
the (Lorentzian) Universe metric g,

e the Noether stress—energy tensor Ty [64], a mixed fourth-order tensor on the Universe

M, defined from the variational derivative of the Lagrangian with respect to the matter
field U.

At the end of section 2, we show that to assume that the matter Lagrangian is General Covariant
links the two stress—energy tensors, as Ty = ¢TH, and makes the associated Euler-Lagrange
equations and conservation laws equivalent.

This General Relativity framework does not presuppose the existence of time, and then the
not so direct introduction of a spacetime is interpreted as the definition of an observer. For
Souriau, an observer is a particular (passive) matter field [85, Section 39]. In section 3, we
expose and generalize his construction to possibly non flat but static spacetimes. This allows
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us to define a three-dimensional quotient manifold £, that becomes the affine Euclidean space
in case of the flat Minkowski metric ¢ = n of Special Relativity. An effective matter field is
accordingly defined, with values in a reference configuration system 2y C &£, rather than in B.
A four-dimensional relativistic generalization of the Continuum Mechanics deformation, ®, is
then proposed. section 4 shows that its related Noether tensor T.:p is a relativistic generalization
of the well-known (non-relativistic) spacetime Eshelby tensor, providing a direct formulation
(on the reference configuration) of the configurational forces balance. We prove that in Special
Relativity, as in 3D Classical Continuum Mechanics, the corresponding balance equation is not
a new equation: it is implied by the relativistic conservation laws for the Noether stress-energy
tensor qu Finally, in section 5, we provide the classical limits of the relativistic balance laws,
completing then the limits obtained in [36] by the classical limit of the configurational forces
balance.

We thus propose a novel variational framework inspired by General Relativity to derive the
balance equations of configurational forces within a rigorous and natural mathematical setting,
viewed as an appropriate limiting case of General Relativity.

Notations. We denote by ¢(-, -) the scalar product for a metric g, by ¢* (resp. ¢.) the pullback
(resp. pushforward) operation by ¢; (-)* stands for the dual transpose, the identity operator on
the tangent space TM of an n-dimensional manifold is noted I,,, and its dual transpose on the
cotangent space T*M, by I7.

1. CLASSICAL VARIATIONAL ELASTODYNAMICS

In Classical Continuum Mechanics, the “space” £ is an affine Euclidean space of dimension 3
and the Euclidean metric is denoted by q. The corresponding Riemannian volume form is then

denoted by volg and written as
\/det(gi;) dzt A da? A da?,

in any given system of local coordinates (x%). The material medium is parameterized by a 3D
compact and orientable manifold with boundary, noted B, and called the body. This manifold
B is equipped with a volume form, i.e., a nowhere vanishing 3-form, the mass measure p [91].

A configuration of a material medium is represented by a smooth, orientation-preserving
embedding [66] (particles cannot occupy the same point in space)

p:B—=¢E, X = x,
also referred to, sometimes, as a placement in mechanics [76, 78]. Its linear tangent map
Tp:TB—TE

is denoted by F and the submanifold Q, = p(B) of £ corresponds to a configuration system.
It is common to fix a reference configuration pp and thus to substitute the body B by the
submanifold Qo = po(B) of the ambient space £, a reference configuration system. In that case
the deformation ¢ :==pop, ! (sometimes called the transformation),

(ﬁ:Qo—)Qp, Xo 7 X,

is used rather than the placement p. Its linear tangent map T'¢ : TQy — T is traditionally
referred to as the deformation gradient (or as the transformation gradient). It is here noted F.
Setting Fg := Tpg, we have

Fy=T¢=Tp.(Tpy) * = FF," .
Remark 1.1. The mass density p is defined implicitly by
Ps [t = pvolg, p € C®(Q, R).

Given a reference configuration pg, one defines similarly the reference mass density pg by the
implicit relation

(1.1) (Po)« = povolg, — p € CF(Qo, R).
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The law of conservation of mass po/(po ¢) = det Fy is deduced from
(1.2) ¢ (pvolg, ) = povolg = Jy(p o ¢) volg, Jp = det Fy.

The configuration space in Continuum Mechanics is thus the set, denoted by Emb* (5, £), of
smooth embeddings of B into £. This set can be endowed with a differential manifold structure
of infinite dimension, indeed, an open set of the Fréchet affine space C*(B,E&) [26, 59]. The
tangent space to Emb™(B,€) at a point p € Emb™ (B, &) is described as follows. Let p(t) be
a smooth curve in Emb®™ (B, ) (a path of embeddings) such that p(0) = p, then (9;p)(0) = op
is a tangent vector at p (or a variation of p) and can be interpreted as a wirtual Lagrangian
displacement [14]. The choice of a reference configuration pg induces a diffeomorphism (or
change of parametrization of the configuration space)

Emb*(B,£) — Emb™(Q, &), p—¢:=popy ', where QyCE.

1.1. Intrinsic Lagrangian. Lagrangian Mechanics was initially formulated by Lagrange, first
for finite discrete systems (see [86] for an excellent book on that topic). It consists in writing
down a functional, the Lagrangian, defined on paths &: [tg,t1] — C, where C is the configuration
space of the mechanical system. In the case of first gradient hyperelasticity, the Lagrangian
(also called the Action) is written as

(1.3) o= [ ( / e<X,p<t><X>,atp<t><X>,F<t><X>>u> dt,

where the configuration space is here the set C := Emb*> (5, ) of smooth embeddings from B
to € and the path of configurations & is p = (p(t)), or simply p = (p(¢)) with a notation abuse.
The Lagrangian density £ is here a specific energy. It depends a priori on the coordinates on
the body, X, and on the first jet of p, at least for local systems. Note that conservative body
forces, but also boundary terms such as prescribed pressure (when non holonomic conditions are
satisfied [82, 81, 3, 74, 35]), can be included in the Lagrangian [2].

Remark 1.2. We omit the explicit dependency on time ¢ of the Lagrangian density [47]. We will
show in section 2 that this feature is a consequence of general covariance and the assumption of
flatness of spacetime.

Introducing a reference configuration pg € Emb™ (B, £) and the deformation path ¢ = (¢(t))
parameterized by time, or simply ¢ = (¢(t)),

(1.4) ¢(t) =p(t)opy Qo — Qpe),
such that

op(t) =0d(t)opo  and  F(t) =T¢(t).Tpo = Fy(t).Fo,
one can recast this integral on the reference configuration. We get

Llp] = /tl ( /Q (po)«[¢ (X, p(t)(X),8tp(t)(X),F¢(t),FO(X))M])dt
- /t 1 (/Q ¢ (pg ™t (x0), B(t)(x0), 0:(t) (x0), Fo(t).Fo(pp * (x0))) PoVOlq> dt,

where the second equality uses mass conservation (1.1). Usually, one prefers to express the
Lagrangian density on the reference configuration, as a function of the deformation ¢ and of its
first jets 0;¢ and T'¢ = Fy, setting
(15) LO(XCH¢(t7x0)7at¢(t7X0)7F¢<t7x0))

= pol (py ' (x0), B(£)(%0), Bud () (x0), Fs () Fo(py ' (x0))),
so that

Llp] = /t:1 </ﬂo LO(X07¢(t7X0)aat¢(t7xﬂ)7F¢(th0))VOIQ> dt.
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For the sake of conciseness, this expression can be simply written in condensed form

t1
(16) E[p] = /t' </Q LO(X07 ¢7 8t¢7 F¢) VOlq> dta

meaning that the constitutive tensors are defined on the reference configuration.

Remark 1.3. Let us emphasize that in definition (1.5) the linear tangent map of the reference
embedding (i.e., the reference deformation gradient),

FO = Tpg: B — TQU,

is omitted from the left inner arguments of the Lagrangian density Lg. This feature corresponds
to the mechanical choice of defining the material properties through a possibly heterogeneous
mass density pg = po(xg) and through constitutive tensors fields A = A(xg) on the reference
configuration Qy = po(B). Three such examples are: (i) the kinematic energy density

1
K (x0,019) = ipoHVHQ,

where V' = 0,¢ is the Lagrangian velocity, (i) the potential energy density pp g - ¢, introducing
the gravity g, and (7i7) the (anisotropic) Mooney energy density,

(1.7) W (x0,Fy) = tr (AC) — tr (Aq), on €,

where q is the Euclidean metric, C := ¢*q = ngF¢ is the right Cauchy—Green tensor, and

A is a contravariant second order constitutive tensor. Note that one has A = Aq~! in the
isotropic case, where A is the Mooney (material) parameter [61].

1.2. Natural variations of the Lagrangian. In formula (1.6), it seems forgotten that the
definition of the deformation ¢ requires the choice of a reference configuration pg. For a natural
derivation of the configurational forces balance, we prefer to rewrite the Lagrangian so that the
reference configuration pg acts as a parameter. The dependency on pg is made explicit thanks
to the pullback of the space integral onto the body B, as

(1.8)

£Ip] = Lold; po] = / 1 ( /B Lo(po(X), ¢(t, po(X)), e (. po(X)), (£, po(X))) pi 1) dr,

to
or simply as
t1
(1.9) L[p] = Lo[¢; po] = / </ Lo (po, ¢ © po, 8¢ © po, F 0 po) po V01q> dt,
to B

where the constitutive tensors are implicitly defined on the reference configuration. From the
previous definition of the Lagrangian (1.9), we can now introduce the corresponding variational
principle by the extremization of the Lagrangian:

(1.10) (5/.:[p] = (5£0[¢, po] = 5¢£0 -+ 5p0£0 = D¢£0.5¢ + Dpoﬁ().(spo =0 Yo, dpo

where DyLy.0¢ and Dy Ly.0pg are the variational derivatives with respect to ¢ and pg. Let us
denote by (-, ) the scalar product for the Euclidean metric q on the Euclidean space £. We get
then the following variations of the Lagrangian:

e the variation §,L¢ of Lo[¢; po] relatively to the path of deformation ¢ = (¢(t)) is [47]

t1
(1.11)  64L0 = DyLo.0¢ = (/Q (@]—div (gﬁ;) (?LO)» (5¢vol>

to

e
([ (oo g [ [0 ] o
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e the variation d,, Lo of Lo[¢; po] relatively to the reference configuration py is

(1.12) (5p0£0 = Dp0£0.5p0 =
f 0Ly 0Ly dLg 9Ly , . 1
/to </ﬂo <8X0+ 36 Fy+ oF, (TR + e - (0F ) — div(Lo 13)> - 8P © Po Volq) dt

t1
+ / </ LO <5p0 o po_l7 n0> da0> dt.
to 00

The details of the calculations for the variation relative to ¢ and pg are given in Appendix B.

Formally speaking, the proposed approach (already introduced in [94]) provides a rigorous and
geometric interpretation of the so-called horizontal variations introduced in [96] and which leads
to the same result. A key point of our approach it that it clarifies the underlining assumption —
fundamental for the further derivation of the configurational forces balance— that the variation
with respect to the reference configuration is performed at fixed constitutive tensors, defined on
the reference configuration system {2y (see Remark 1.3).

1.3. Euler’s Law of the balance of linear momentum. Applying (1.11) for variations ¢
which vanishes on the boundary 90y and for times ¢t = ¢ty and ¢ = t1, one gets then that a path of
deformation ¢ is a critical point of the Lagrangian £ if and only if it satisfies the Euler—Lagrange
equation

dLy . (OLy\ d [ 9Ly
1.1 0 aiv (522 ) - = = Q.
(1.13) s (8F¢> dt (a(atqs)) Gooon

d d
where the time derivative d—{ on 0y stands for the total derivative &f(t, X0, 0 (t, %0), Fy(t, %0)),
with respect to time ¢, and similarly (see Appendix A) div stands for the total divergence, of

components 88 T, (t, %0, Os (1, Xo), F,(t,x0)).
g

In order to avoid cumbersome notations and to clarify its interpretation with mechanical
contents, we introduce the following quantities:

0Lg
f = 9 (Exterior force density),
OL OL
p:i= 0(8:;5) = 8—‘/0, (Linear momentum density),
A OL oL
P := _8725 = —a—FZ, (First Piola-Kirchhoff stress tensor),
V = 00, (Lagrangian velocity).

of components f;, p;, P’ and V?, respectively. The Euler-Lagrange equation (1.13) recasts then
as the balance of linear momentum of Classical Continuum Mechanics,

(1.14) divP + f = (31—1;, on .

The total energy density Ey = Ey(t,xo) of the system on the reference configuration o, is
defined as the Legendre transform of the Lagrangian Lg. It is written as

OLg
1.15 Ey = o —Log=p-V — Ly.
(1.15) 0 2(0:9) i — Lo =p 0
We have thus
dEy d ( 0Ly > ( 0Ly ) 9 dLg
- - -0 + | ——— 0, "
@ —a\o@e ) 2 \e@e ) YT w

dt \ 0
C[d ( oL OLy dLo\ ... 0L
- {dt (aw)) < 99 >} Ot = <8F¢> (T 5
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Hence, along a critical path ¢ (which satisfies the Euler-Lagrange equations (1.13)), we get

dEy (9L dLg L.
sl U | Y=o
at v <8F¢> 0o = <aF ) WTo =5

Now, using the equality

. oL . [ 0Lg 0L
div <8t¢ 8FZ> = div <8F¢> <O + <8F > 0T o,

one gets
dEO . 8L0 8LO
1.16 — +div| == -0 — =0 Q
(1.16) oy ”(m tqﬁ) Lo o
which recasts as the Classical Continuum Mechanics balance for the total energy density
dE .
(1.17) dTO = div (VP),

when the Lagrangian density Ly does not depend explicitly on time ¢.

Remark 1.4. Here, we can recall the straightforward consequences of the well-known Noether’s
theorem [64] for Classical Continuum Mechanics [47, Section 5.5] (see also [49, 42]). This allows
to recover the balance of linear momentum (1.14) from the spatial translation invariance of the
Lagrangian. Similarly, one recovers the balance of angular momentum (i.e., the symmetry of
the Cauchy stress tensor), from the invariance by rotation of the Lagrangian.

1.4. Recovering the balance equation of Configurational forces. There are several ways
to derive the balance of configurational forces in the literature [58, 55, 23, 31, 88]. Here, we
propose a new one, in the framework of the Intrinsic Lagrangian Formulation of Continuum
Mechanics of Noll [66, 68] and Rougée [76, 78, 77, 79]: we derive it simply as a critical point of
the Lagrangian Lo[¢; po] defined in (1.3) (expressed on the body B and in which the reference
configuration pg acts explicitly as a parameter). Such a critical point is a couple deformation
path/reference configuration (¢, pg) which satisfies the vanishing of both variations

(5¢[,0 = 0, and (5p0[,0 =0.

The first equation leads back to Euler-Lagrange equation (1.13) and to the equilibrium equation
(1.14), whereas the second equation, applied to variations dpy which vanish on the boundary
0B, gives, by (1.12),

0Ly 0Ly Ly OL

. =0 —di *) =
o "0 TR, TR pag) (O T vl T) =0
By the formula
8L0 . OLg . 0Ly

which details, in components, as

(%):Wﬁ - (Sﬁg) (Fo)x

we get

)

Lo\ 7 .,
<3F¢) Fo)'sc
0Ly < 0Lg > d ( 0Lg >
o:F Fy ) — — -Fy.
o) T =5 \a@e T¢) @ \o@ey) T
‘We have therefore

8L0 8Lg . 6L0 . aLO
R R GG AR C IR,

N {dt (({)‘?itjw . F¢> _ % (8?8];;)) -F¢} —div(Lo L) = 0.
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This last equation recasts as
dLg {6L0 <6L0) d ( 0Ly >}
—+ = —div | =— F
Oxg 0 OF 0(0r0) ¢
0L 0Ly B
+ div ( o 8F LO I3> 4+ — a1 (8(at(;§) . F¢) = 0.

Making use of Euler-Lagrange equation (1.13), we obtain finally

oL oL d oL
(1.18) 870 + div < ;; 8F0 Ly 13> + — ( (a ((;) F¢> =0,
where we have introduced the first Piola-Kirchhoff tensor P = —dLg /OF 4 (with components
7 = —0Ly/OF Qf 7)» and the linear momentum density covector p. We end up with the balance
equation
0Ly

d
(1.19) dv(F¢ P+LOI3) + = (p-Fy) =0,

8x0

which is the configurational forces balance of Classical Continuum Mechanics on €g. The second
order tensor

(1.20) B:=-LI5-F, P

is the 3D Eshelby stress tensor, a mixed tensor field B: T*Qy — T*Q, with components (Br”),
and defined on the reference configuration.

Remark 1.5. In the particular case of homogeneous Hyperelasticity, the Lagrangian density is
given by (see Remark 1.3)

(1.21) Lo(6,V,Fo) = K(V) = W(Eg) + F-6. K= po(V,V),

where K is the kinematic energy density and W is the hyperelastic energy density. The config-
urational forces balance takes then the common form [16, 58]

=(W-K)If - F} - P,

d . OW

. — = P=
(1.22) divB + ” (p-Fy) =0, where 8F¢’
p=pV’,

and V” = qV is the covariant version of the Lagrangian velocity.

One can also recover the configurational forces balance using the Noether stress—energy tensor
defined in Appendix A (see also [58, 31]). In the present case, the field variable

P:RxQy— &, (200 = t,207) = (2 = ¢'(t, zo7)), 1<I<3and1<3<3,

is a submersion and we get the 4D Noether—Eshelby tensor (sometimes referred to as spacetime
energy-material momentum tensor or spacetime Eshelby tensor [17, 54, 23]),

L dLo
B .= T¢ = (qu))* 8T¢ LO

with components,

v OLo\ ” v
By :(Tqb)k“(@Tz)k —Lody".
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Since (T'¢)", = 8y¢" and (T'¢)"; = (Fy4)";, we have in particular

oL
k 0
B! = 0" 55 — Lo = Eo,
OLo\ !
I _ k 0 — _vkpl
B = 09 <8F¢>k VPP,

oL
B' = (Fy)", (88,#;) = pe(Fy)* ;.

Lo\ 7 )
B’ = (Fy)", <8F0> — Loo;) = —(¥3)/"P.” — Los;” = By,
¢/ k

Therefore, the relations of Appendix A
A L A L
(aivB) = 0 g ana (aivB) = _OLo
t I

Ot O0xo!
give back both the energy balance (1.15) and the configurational forces balance (1.22)
dEy ) - 0Lg .o o d
1.23 — =div(V -P — +divB+ —(p-Fy) =0

expressed on the reference configuration.

Remark 1.6. Equations (1.16) and (1.18) can also be written in a general spacetime matrix form.
Let us introduce the 4D divergence, div*”, and the block expression of the energy-momentum
Eshelby tensor (in Lagrangian coordinate system (¢, xg))

8L0 B o t aLO _ J

i | 9@ thﬁ Lo = (Bt") aati-aFd) = (B¢”)
* . 0 — t * 70 . x J
© oo ) Forgr, T B =B

This tensor recasts as

N

A E, -V.P
B— .
L'Fqs B }

using the definitions of subsection 1.3, and where B is the 3D Eshelby stress tensor. We have
thus

0Ly . AD
Bt x0) + div*” B = 0,
where
6L0 . 8L0 aLO
o(t,xq) { ot on] ’
and

div?’B = [B,", B",],
where Greek indices p, v, ... run from 0 for time to 3 (where 0 stands for ¢) and Latin indices
1,J,... run from 1 to 3.

2. RELATIVISTIC VARIATIONAL ELASTODYNAMICS

In General Relativity, the Universe is assumed to be a 4D orientable manifold M, endowed
with an hyperbolic metric g, of signature (—,+, +,+). Its pseudo-Riemannian volume form is
denoted by vol, and written as

(2.1) —det(g,) da® A dat A da? A da?,

in any given system of local coordinates (z*). Unlike Classical Mechanics, where the spatial
space £ is equipped with a fixed Euclidean metric q, the metric g is not fixed but is itself a field
variable which is influenced by the presence of matter or electromagnetic energy. In the present
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case, where we are only interested by matter and not by electromagnetism, we represent this
“perfect matter”, like Souriau [83, 84, 85, 36], by a smooth vector valued function

M-V,

defined on the 4D Universe M and with values in a three-dimensional vector space V. This 3D
vector space encodes possible labels for material points and W is called a perfect matter field. We
assume therefore that there is a 3D compact orientable manifold with boundary B C V, called
the body (see Figure 1) and endowed with a 3D volume form u € Q3(B), the mass measure [32].
The mass measure on B encodes the density of matter particles and as in 3D Classical Continuum
Mechanics [91, 66, 67, 68], the integral
m = / 7
B

is interpreted as the total mass of matter under study.

It is further assumed that each perfect matter field ¥ is a submersion on W := ¥~1(B),
meaning that the linear tangent map TW : TW — TV is of rank 3 at each point of W. Hence,
the sets W=1(X), X € B, are one-dimensional submanifolds of M called particle World lines.
The set W C M is fibered by these particle World lines and referred to as the matter World
tube.

vH(X)

World tube
W =0 (B)
C Universe A

Bl matter field ¥ @
Vv

m

FIGURE 1. The World tube W = ¥~1(B) fibered by the particle World lines ¥~1(X).

Remark 2.1. It is worth mentioning that the point of view is here reverse to the one of Classical
Continuum Mechanics of solids, in which a configuration is an embedding p: B — £ of the body
B into the 3D space £. A key difference is that, in Classical Continuum Mechanics, p and its
tangent map F = Tp: TB — TE, are invertible, whereas here, the matter field ¥ and its tangent
map T'P are not.

The pullback by ¥ of the mass measure p on the body B
Up = (poW)(TY., TV, TV-)
is a 3-form defined on the 4D World tube W. Since V¥ is assumed to be a submersion, there
exists a nowhere vanishing vector field J™2' on W, such that
(2.2) U* 1 = i pmacvoly = J™ - vol,

where i ymat is the interior product (or left contraction) of J™*" with the 4-form vol,. This vector
field J™% is the current of matter [83] (it spans the one-dimensional kernel of the tangent map
TD).

To describe perfect matter, it is furthermore assumed that J™a! is timelike, i.e. that

g(Jmat Jmaty <0 on W,
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and induces therefore a time orientation on W. The rest mass density is defined as

(2.3) pri=/—g(Jmat, Jmat) - = U,

where U is a unit timelike vector field on the World tube (¢(U,U) = —1). Since (div? J™*")vol, =
dV*u = ¥*du = 0, mass conservation takes the form

div? J™ = div9(p,U) =0 on W.

2.1. Relativistic variational calculus. Souriau’s formulation of Relativistic Hyperelastic-
ity [83, 85] is described by the following Lagrangian,

E[Q? \Il] = H[g] + £ [97 ‘I/],
where

Mg = / i (R, (m) — 2A) vol,.

is the Hilbert-Einstein functional which described inertia and gravitation, R, is the scalar cur-
vature, A is the cosmological constant, and k = 87G/c? is the Einstein constant, function of the
gravitational constant G and the speed of light c. The additional term L£™?'[g, U], represents
perfect matter and is the source of the gravitational field.

A Lagrangian L[g, V] is general covariant if

Llp*g, " V] = L]g, ¥],

for all (local) diffeomorphism ¢. When a Lagrangian £™%*[g, ¥] is local and its density depends
only on the 0 jet of g and the first jet of W, it is written as

(2.4) L7 g, U] = /L(m,gm, ¥ (m), T,,¥) volg,

and general covariance implies that

(2'5) L(m7 A(m)*ggo(m)A(m)ﬂ \I]((p<m))a Tgo(m)\IIA(m)) - L((p(m), Go(m)> \I/((p(m)>, Tcp(m)lp)7

for all m € M, where A(m) = T,¢ is the tangent map of the local diffeomorphism ¢. In
particular, one can deduce that L does not depend explicitly on m in that case. It was moreover
proven by Souriau [83, 85], the following result.

Theorem 2.2 (Souriau, 1958). Suppose that the Lagrangian

L7 g, V] = /L(gm,\IJ(m),Tm\Il)Volg,
18 general covariant. Then, its Lagrangian density L can be recast as
(2.6) L{gm, W(m), T W) = LI(W(m), K (m)),
for some function LI¢, and where
(2.7) K := (T9) g (TV)*
has been called the conformation by Souriau.

The conformation is a vector valued function K : M — S?V, where S?V is the vector space
of symmetric contravariant second-order tensors on V. Since ker T;, ¥ is timelike everywhere,
K (m) is positive definite for all m € W. We will see in section 3 how the conformation K is
related to the inverse of the right Cauchy-Green tensor of Classical Continuum Mechanics.

Remark 2.3. For the sake of brevity in variations calculations, we will next write the Lagrangian
density as L(g, ¥, T¥) rather than L9¢(V, K).
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2.2. Variations relative to the matter field and the Noether stress—energy tensor.
The first variation dy £ = 0 with respect to the matter field, the vector-valued function ¥, of
the Lagrangian

Llg, ] = Hlg] + / LG, ¥(m), Ty ) vol,.

leads to the Euler-Lagrange equation

oL oL oL oL \ "
2. EL = = — iv9 _— = EL = - — —
28) Vs gy A <8T\IJ> 0. (BLw <a\p>1 (8(T\I/))I LY

Remark 2.4. In Gauge Theory [6], in which the matter field v is the particle wave function of
Quantum Mechanics, the variational equation 6,£ = 0 corresponds to the wave equation such
as the Klein-Gordon equation (the relativist version of the Schrédinger equation for spinless
particles), or the Dirac equation for spin 1/2 particles.

Assuming that ¥ is a submersion, which is one of the main hypothesis in the theory of perfect
matter, the Euler-Lagrange equation (2.8) is equivalent to the equation
divi Ty = 0,
by theorem A.1, where

. oL OL \ "
L * . * v __ I o v
Ty = (T0)" oo — LT, Tu,” = (T0) ﬂ(& \1:)1 L5,

is the Noether stress-energy tensor.

2.3. Variations relative to the metric and the Hilbert stress—energy tensor. Besides
the Noether stress—energy tensor, another stress—energy tensor was introduced by Hilbert in the
context of General Relativity [29]. It is formulated using the variational derivative with respect
to the metric g and defined as

5£mat
dg '’

(2.9) T .= -2

when the variational derivative 6£/dg is a regular distribution. This tensor TH, that we shall
call the Hilbert-stress—energy tensor, is a contravariant second order tensor field, contrary to the
Noether stress—energy tensor ']i\p, defined in subsection 2.2 as a mixed tensor field. It is the
source term in the Einstein equation

)
2K oA =Einf + Ag ' = TH,
dg g
obtained as the variational stationary equation d,£ = 0 for the full Lagrangian L[g, ¥]. Here

. _ . 1 ~1
Elnf] =gt <R1cg — iRg g) g

is the contravariant form of the Einstein tensor and Ric, the Ricci tensor. A direct consequence
of the general covariance of the Hilbert-Einstein functional H is that [64]

div/(Ein} + Ag™') =0,

where div? is the divergence with respect to the Universe metric g. It implies the conservation
law [9, 93]

(2.10) divI TH =0,

for every solution of the Einstein equation, and is a relativistic extension of the Classical Con-
tinuum Mechanics equilibrium equation (1.14).
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Remark 2.5. The impressive observation is that for a general covariant Lagrangian £™%[g, U],
with density L9¢(¥(m),K(m)), we get

T\P = gTHa

Therefore, in the case of general covariant Lagrangian describing perfect matter (see Appen-
dix A), we have

(2.11) SyL=0 <= ELy =0 <= diviTy =0 <= div/TH =0 < §,£=0,

since the metric is parallel, and dg £ = 0 does not lead to a new equation.

3. INTRODUCTION OF AN OBSERVER

In General Relativity, there is no intrinsic definition of space and time. In order to connect
the relativistic framework with the classical one (a Galilean structure on M [39, 40]), we need
first to introduce a time function t on M. This time function is assumed to have a timelike
gradient everywhere (and is thus a submersion). It is usually interpreted as the introduction of
an observer. When such a function exists, it allows to define a spacetime structure or (3 + 1)-
structure on M (see [7, 44, 18, 45, 19, 1, 95, 21]). This structure corresponds to a foliation of
M by spacelike hypersurfaces

& ={meM; i(m)=t}.
The unit timelike normal IN to &; is defined as
(3.1) N := —N grad’t, N = (—g(grad?¢, grad? Lt))_l/2 ,
where N is called the lapse function [1, 21] and the gradient is relative to the metric g. The
minus sign is chosen so that the quadrivector N is future-oriented, meaning that the value of ¢
increases along the flow curves of V.

We shall introduce the 3D submanifolds of the World tube w; := W N &; and denote by Wy,
the restriction of ¥ to w;. Here, the submanifolds w;, parameterized by time ¢ play the same
role as the configuration systems in Classical Continuum Mechanics, see Figure 2. Since we have
assumed that ¥ is a submersion and that ker TV is timelike, the tangent map TW;: Tw; — TB
is invertible. In practice, there is no obstruction to assume that ¥;: w; — B is moreover a
diffeomorphism.

FicURE 2. The foliation of the World tube W by spacelike hypersurfaces w;.
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The orthogonal decomposition with respect to IN of the unit timelike quadrivector U (defined
by (2.3)) is written as

(3.2) U=~ (N n %) . g(N,u)=0.

It allows to define the (generalized) Lorentz factor ~ as the scalar product [21]
1

2 )
[ Iul;
C2

and to interpret u as the relativistic 3D Eulerian velocity [85, 36]. Furthermore, from TW.U = 0,
we get that

(3.3) v:=—-g(U,N) =

V. (N n %) —0, with TU.N =NV,

and we obtain the following expression for the relativistic Eulerian velocity,
1
N

3.1. Static spacetimes. In order to make closer the connection with Classical Continuum
Mechanics, we choose first to adopt the passive matter hypothesis, meaning that the presence of
a continuous medium/structure does not affect the Universe metric g, which can then be assumed
as given solution of the Einstein equations in the vacuum (a so-called exterior solution). We
shall assume moreover that this metric g is static [46, 28, 60, 62], which means that

(3.4) u TV, .6,.

(1) there exists a Killing vector field M on the Universe (i.e. Lys g = 0) which is timelike
everywhere (stationary metric a la Lichnerowicz [46]),

(2) and moreover that M = — grad9t = —g~'df is the gradient (with respect to the metric
g) of a time function #, the minus sign making it future oriented.

In that case, the flow of the vector field M acts as a one-parameter sub-group G of isometries
for the metric g (which could be interpreted as time translations). We will make the following
further global hypotheses which seem reasonable for our purpose (some of the following assertions
may be redundant, see [27] and bibliography herein for more details on stationary and static
spacetimes):

(1) The Killing vector field M is complete, meaning that integral curves are all defined on
(—00, +00);

(2) The one-parameter subgroup G generated by the flow of M acts freely on M;

(3) Each integral curve of M is a line (not a circle) and intersects each hypersurface & in
one and only one point;

(4) G permutes the 3D hypersurfaces &;.

The quotient space £ := M/G is a smooth three-dimensional manifold, which can be in-
terpreted as the 3D space of Classical Mechanics. Moreover, under our global hypothesis, the
following map

(3.5) T-M—->RxE, m — (t(m), 7(m))

where m: M — & is the canonical projection map, is a diffeomorphism which allows to trivialize
the universe as a global spacetime i.e., (341)-structure.

The Universe metric ¢ induces then a —not necessarily flat— Riemannian metric g on the
quotient space £ such that the canonical projection

(3.6) m: (M, g) = (£,9)

is a Riemannian submersion [20]. In particular, its restriction to each 3D submanifold w: & — &
is a Riemannian isometry.
Given a static metric g, it is always possible to find a local coordinate system (z*) such that

m

(3.7) e

=0, and gp; =0 (1<i<3).
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In practice, such a coordinate system is introduced a priori [62] and is chosen such that the time
function is ¢ = 2°/c, where c is the speed of light. The spacelike hypersurfaces & correspond
thus to the level sets 2° = ct. By (3.1), the lapse function is then N' = /—ggo and

0 10
g Y% _ NN
0z  c ot N

so that the metric can be expressed as
g=-N' @ N’ 4+ g=-N2Pdt> +g, gN =0,

where g = gijd:vidwj is the spatial part of g. Finally, the 4D volume form associated to the
Universe metric g can be expressed as

voly = ~N° A volg = Nedt Avoly, where volg := invol,.

Note that voly is a time independent volume form on each spatial hypersurface &;.
Examples of static spacetimes (satisfying our global hypotheses) are given by the flat Minkowski
spacetime and the (exterior) Schwarzschild spacetime (to take account of gravity, as in [36]).

Example 3.1 (The Schwarzschild spacetime). It was formulated in [80] to describe the grav-
itational field around a spherical celestial object such as the sun and used to prove the first
experimental confirmations of General relativity. The Schwarzschild metric can be expressed as

q= 5z‘jd$idxj,
r=\/djzrlel,

where g = k(r)q is conformal to the Euclidean metric in the Cartesian isotropic coordinates
(2% = ct,2"). The associated 4D volume form on M is

g=—-N(r) Ade? + k(r)aq, {

vol, = N'k2edt A volg,

and we refer to [62, 36] for the corresponding expressions of the lapse function N'= N (r) and
of the conformal factor k = k(r). Let us simply recall that [62]

1 GM 1 2 GM 1
(3.8) Nzl—G+O<>%1, k:1+G+O< )%1,

2 A 2 g ct

at the surface of a planet of mass M and of radius ry, where GG is the gravitational constant and
¢ the speed of light.

Example 3.2 (The Minkowski spacetime). It corresponds to Special Relativity, which is defined
as the affine space R* endowed with the flat Lorentzian metric

g=n=—cdt’ +q,

where g = q = 5Z-jdxida:j is the Euclidean metric, and the lapse function is A/ = 1. In that
case, the Killing field is M = % and the 3D quotient space &€ = M/G is endowed with the
Riemannian metric g = q. The 4D volume form on M is then given by

voly = vol,, = cdt A volg.

Here M = % and G corresponds really to times translations, and the quotient space (€, g)
corresponds to the affine Euclidean space of Classical Continuum Mechanics with g = q. In that
case, the trivialization 7 is a Riemannian isometry between (M, n) and the product manifold

(R, —c*dt?) x (&, q).
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3.2. The observer as a matter field. Following Souriau [85, Section 39|, when a static
spacetime is involved, it is pertinent to give a more precise definition of an “observer”, not only
as a time function (as it seems common in General Relativity), but as a special —observer—
perfect matter field Wo, “linked” with the spacetime structure induced by the time function f.
More precisely, we introduce such a matter field as a vector valued function ¥g: M — V which
satisfies moreover
Las g =0,

where M = —gradft is the Killing vector defining the static spacetime structure. This “ob-
server” (which can be assimilated as the laboratory) is thus synchronized with the time function
t (its proper time coincides with t), since TWy. grad?# = 0. The world lines of ¥ coincide with
the flow lines of M. In that case, ¥ induces a diffeomorphism

Uy: £ =V, suchthat Uy= Pgom,

in such a way that the following diagram commutes

M2y
i‘ ao

In this framework, we can then propose a relativistic generalization of the Classical Continuum
Mechanics reference embedding
Po ::@(;1: B— €&,

which corresponds to the diagram

MLy

P A

£

Then, in accordance with classical 3D notations, we shall introduce
Qo = po(B) C 5,

interpreted as the reference configuration system embedded in the three-dimensional Riemannian
manifold (&, g), and

FO = Tp07
the linear tangent map of pg = @071.
Remark 3.3. In practice, it is often assumed that the restriction of the observer matter field ¥
to the spacelike hypersurface &, coincides with ¥;, at some “initial date” ¢ = ¢y. In that case
we get

QO = F(wto).

3.3. Effective matter fields and relativistic defoimelltion. The choice of an observer mat-
ter field ¥y, and the induced diffeomorphism py = Uy :V — &, allows to replace the field
variable ¥: M — V by the field variable ¥: M — &£ [85], where

(3.9) U= poo V¥,

is called the effective matter field. It is defined on the 4D Universe M but with values in the
3D manifold &, instead of the vector space V for W.

Remark 3.4. There is an apparent complexification of the problem since V is assumed to be a
vector space but £ is only a manifold. Note however, that if we can assume that ¥g: & — V
is a diffeomorphism, then & inherits the structure of an affine space. This remark is important
since we deal with a new variable U of a variational calculus.
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The restriction of the effective matter field ¥ to the open subset w; of &

Uy wy — Qo = po(B), Uy == pgo Ty,
is a diffeomorphism. It allows us to define the relativistic three-dimensional deformation ¢ =
(¢pr = ¢(t)), parameterized by time ¢, and given by
(3.10) dr: Qo — Q= (wy), G :=To0 \Tlt_l,
The 3D submanifolds of &,

O =7(w) and Qo = m(wy,)
correspond to the deformed and reference configuration systems of Continuum Mechanics (or
Qp(r) and Qo in section 1). Similarly, the mapping p = (p: = p(t)), parameterized by time,
(3.11) pr=7moU; 1B Q&
is an embedding, interpreted in Continuum Mechanics as the embedding of the body B into the
Euclidean space (£,q). The mappings p and ¢ are linked by the relation
¢t =Dpiopy

identical to (1.4) for Classical Continuum Mechanics, where py = @0_1 can be interpreted as a

reference configuration.

Remark 3.5. Assuming that the restriction of the observer field ¥ to the spacelike hypersurface
wy, coincides at an initial time t = ¢y with ¥, , we get the common identities of Classical
Continuum Mechanics,

Pty = Po, Qto = QO and ¢to = lda

but in a relativistic framework.

The corresponding linear tangent maps are given by
F:.=Tp;: TB— TSy, Fy:=T¢s: Ty — T,
and we have N
F =TV, F,=FF'=(T%)",
so that Fy appears as a relativistic version of the so-called deformation gradient in Classical

Continuum Mechanics.
One can furthermore introduce a relativistic four-dimensional deformation ® as

(3.12) D:RxQy—>RxE, (t,x0) — (t,x) = ®(t,x0) = (¢, P¢(Xx0)),
which might be seen as a diffeomorphism between open subsets of M, using the trivializa-
tion (3.5). Since
U(t, ¢y(x0)) =x0,  VteR, Vxg € Qo,
by the very definition of ¢, and using the trivialization (3.5), we get that
é_l(t7x> = (t’ {Iv’t(X»’
and, in time-space block notation,
1 0 1 0
(3.13) = [&ggb FQJ = [_F¢.(at\i) o® F,
since
8 U (L, br(x0)) + (TV,)8p =0 and TU,.Fy=1I;.
By (3.4), we get the following equivalent expressions of the relativistic Eulerian velocity
1
N

either in terms of the matter field W, the effective matter field Cﬁ, or the deformation ¢.

u(t) = T 1.0 = —%T\Tf{l.c’)ﬁ’ = %3@ od L,
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Introducing the (relativistic) Lagrangian velocity V' := 0;¢, we shall summarize the notions
of relativistic Eulerian and of Lagrangian velocities with the following diagram

Fy
TQO —_—> TQt

[ e

Qo ——
which shows that the deformation ¢y, its tangent map Fy, = T'¢;, the Lagrangian and Eulerian
velocities V = 0;¢ and N u are the relativistic generalization of the same classical notions. Recall

that N/ =1 for Minkowski spacetime and that /'~ 1 (by Schwarzschild lapse function (3.8)) at
the surface of a planet.

3.4. Effective conformation. To make a closer link with Classical Continuum Mechanics,
Souriau has further introduced the effective conformation [85, §39]

(3.14) K := (TV) g {(TTO)*, M — S’T*E.
We have then
K:T@(M—;u®u>@@y,
and
(3.15) Ko®=F,' (g‘l—j\écQV@V) F;*:(F;gF¢)—1—0<cl2>,
which is defined on R x Q.

Remark 3.6. Assuming that the observer matter field ¥y and the matter field ¥ coincide at an
initial date ¢t = to on the spacelike manifold wy,, we have ¢(t = ty) = id and Fy(t = to) = I3, so
that

K(t=t)=g'+0 (;) .

This last expression allows us to recognize F;‘5 gF 4 as the right Cauchy-Green tensor, when
N =k =1 and g = q is the Euclidean metric. This is the case in Special Relativity. For this
reason, the second order time dependent covariant tensor field

(3.16) C:=K o,

defined on R x 24 can be considered as the relativistic generalization of the right Cauchy—Green
tensor for more general static spacetime (satisfying our global hypothesis of subsection 3.1).

3.5. Mass conservation for static spacetimes. In a static spacetime, the metric g can be
written as

g=—-N?cdt* + g,
where N is the laps function, and g is the 3D Riemannian metric on the spatial hypersurfaces.
The 4D volume form on M is written thus as

voly = Nedt A volg.

Since : (M, g) — (£, g) is a Riemannian submersion and ker T'm is generated by grad f, we have
that 7*g = g and 7*vol; = volg, where g is the induced Riemannian metric on &.

The quadrivelocity U defined in (2.3), and the Lorentz factor v, defined in (3.3), are given
respectively by
1

v=2(=-2 d y=
c(Nat“)’ Y A T

The relativistic mass density is defined as [36]

(3.17) p = prYs
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where p, was defined as the rest mass density and related to the current of matter (2.2) by (2.3).
Introducing a reference embedding pg = ¥, “"Boe¢ , we get

(Po)«p = povolg,

where the reference mass density py = po(xo) is defined on the reference configuration Qy C £.
We have then the following result.
Lemma 3.7 (Mass conservation). Let g be a static metric and ®, the relativistic transformation
introduced in (3.12). Then, a relativistic mass conservation law can be expressed as

(po®)Jf =poom,
where T: M — & is the projection map and the Jacobian Jj is defined intrinsically by the
relation ®*voly = J§ vol,.

Remark 3.8. The present formulation of mass conservation on the reference configuration system
Qo C & generalizes the expression (1.2), po = (po ¢)Jy = (po ¢) det Fy, for Classical Continuum
Mechanics, for which £ is the affine Euclidean space.

Proof. We have

0 0 _
o, <8t> To. 5 o® a—l—/\/’u

and since

mat __ l ig p
J = pU = <N8t+> Nc( +Nu>

R (/\% o c1>) gt.

we get thus

We have therefore

(P*(’I:Jmatvolg) = icp*Jmat (P*VO].g = ( ) Jg 7 6 VOl (p (e] @)J;%VOIQ,

P
Ne
on one hand, whereas, on the other hand,

O (i ymarvoly) = " W™y = @*\Tl*(povolg) = " (povolg) = (po o m)vol.

We get thus (p o ®)J3 = po o, which achieves the proof. O

4. FROM VARIATIONS WITH RESPECT TO THE MATTER FIELD TO CONFIGURATIONAL FORCES
BALANCE

The Lagrangian L[g, V] = H[g] + £L™3[g, ¥], introduced in section 2 depends on two funda-
mental variables, the metric g of the universe and the matter field ¥, which represents perfect
matter. The first variation with respect to the metric g leads to Einstein’s equation, and to the
conservation law div? TH = 0, for Hilbert stress-energy tensor. It has been shown in [83, 85]
for Minkowski’s spacetime and in [36] for Schwarzschild’s spacetime, that as ¢ — oo, one re-
covers from it, Newton’s momentum balance of Classical Continuum Mechanics, the latter with
gravity. The first variation of the Lagrangian with respect to the matter field ¥ seems to have
not received any interpretation in this context. In Gauge Theory, when applied to Quantum
Mechanics (Remark 2.4), it is known that the first variation with respect to the elementary par-
ticles matter field leads to the wave equation [6], but what is the interpretation of the equation
dgL = 0 in present relativistic elastodynamics?

In this section, we shall answer this question, by showing that the variational equation dg £ = 0
leads to the usual configurational forces balance, at the classical limit. An intermediate step
to establish this result will be the formulation of relativistic configurational forces balance in
Minkowski spacetime, that is in Special Relativity.

To achieve this goal, the first step is to introduce an observer matter field ¥y, as detailed
in subsection 3.2, and compatible with a static spacetime structure defined by a Killing vector
M = —gradf¢, where £ is the time function. This allows us to define the space £ as the quotient
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space of the universe M by the flow of M and to introduce the projection map 7: M — &€ onto
this space. Under certain hypotheses (see subsection 3.1), it is possible to trivialize the universe
as the global spacetime R x &£, and to regard £ as the affine space of Continuum Mechanics; a
point m € M corresponds then to a couple (t,x), where x € £.

Since Wy is invariant under the flow of M (see subsection 3.2), it induces a diffeomorphism
Wg: & = V, where V is the 3D space which labels particles. Its inverse

Po :z@oil:BCV%QOCE
is the relativistic analog of a reference configuration in Classical Continuum Mechanics (sec-

tion 1). It allows us to redefine the matter field ¥: M — V as a map U: M= € , the effective
matter field (see subsection 3.3), where W := py o ¥, and pg is considered as a parameter.

Remark 4.1. From the point of view of variational calculus, the substitution ¥ T is just a
change of variable. However, V was assumed to be a vector space and V¥, a vector valued function,
but £ is, a priori, just a manifold. However, the additional assumption that pp: V — &£ is a
diffeomorphism, allows us to pushforward the vectorial structure of V' onto £, eliminating this
difficulty. Hence, ¥ can also be considered as a vector valued function. This is fortunate because
variational calculus is more involving for maps which are not vector valued function or sections
of a vector bundle.

We can thus formulate two variational problems
(1) égL =0, where L[g, V] = H[g] + | L(g, ¥, T¥)vol,, with Noether stress—energy tensor
oL
OTV
(2) and, 5@2 = 0, where £ = H|g] + L[g, ¥; po] = fi(g, @,T@)Volg, with Noether stress—
energy tensor

Ty := (TV)* ~ LI,

. - oL  ~
T- .= (T9)* - — — LIj.
] ( ) 9TV 4

Notice that
L(g(m), U(m), Ty ¥) = L(g(m), ¥(m), T, ¥),  ¥Ym e M,
or more simply

(4.1) L(g,V,TU) = L(g, ¥, T¥),  on M,
with ¥ = po © ¥. We deduce, then, that

~ oL oL
TV =F). TV d —=F;".——
A/
where Fy = T'pg. Therefore, the two Noether stress—energy tensors are equal,
T\f, - ']i‘\lfv
and
(4.2) diviTg =0 <= div/Ty = 0.

This shows that the two variational problems are equivalent (see Appendix A).

4.1. Relativistic Eshelby tensor. We shall now reformulate the variational problem (2) using
the change of variable given by the four-dimensional deformation (3.12)

O:RxQy—RxE, mo — m = ®(my).
We get
Zlg, @i po] :/E(g,@,ﬁu)(m) vol, :/Lo(mo,q>(m0),Tmoq>) vol,,

where

Lo(mo, ®(mo), Ty ®) := J§(mo) L(g(®(mo)), U(®(m0)), T(mo) ),
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and the Jacobian J§ is defined intrinsically by the relation ®*vol, = Jg vol, (J§ depends on
go® and TP).
Now, since ¥ o ® = 7, where m: M — & is the projection map m — x, we get more precisely

(4.3)  Lo(mo, ®(mo), Tny®) = J%(9(®(m0)), Ty ®) L(g(®(m0)), 7(m0), Tno T (Tyng®) ™),

and one has then

dLo g i oL _ _
=—JI(Td) ™ (Tm)* —o0® | (T®) "+ Lo (TP)™ ™.
We have thus shown that the Noether stress-energy tensor for the deformation @,
- 0L
4.4 Te := (T®) ——+ — Lo I}

has for expression

R oL
Ty = —J (Tn)* —o® | (T®)™™,
@ <1>( ) <3T\If >( )

and using the identity 70 o ® = T'r.(T®) !, we get

- ~ oL
To = —J (T®)* ((TT)* 0 & o ® | (TD) ™.
v = —J4 (T0)" (T¥) )((m )( )
Therefore, we get finally
(4.5) To = —JI(T®)* ('Ji‘wfu o <1>) (T®)™ — Ly I},

which we shall interpret as the (four-dimensional) relativistic Eshelby tensor.
In this context, we shall introduce, as in Classical Continuum Mechanics, the (four-dimensional)
relativistic first Piola—Kirchhoff tensor

s 0Ly g (n 7*
(4.6) Pi= -2t = Uy <']l‘q, o <I>) (T®)~™,
and the (four-dimensional) relativistic Mandel tensor
(4.7) M := (T3)*P = JI (TD)* (Tq; ° @) (TD)™* = Jp & Ty.
We get then the (four-dimensional) relativistic Eshelby tensor
o A * aLO * Y *

4.2. Formulation of configurational forces balance in Minkowski spacetime. From now
on, we assume that the static spacetime under consideration is the Minkowski spacetime, the
one of Special Relativity. We get thus that the Universe is M = R* endowed with the flat metric

g=n=—cdt* +q.

The quotient space £ is just R? and g = q is the Euclidean metric. The trivialization (3.5) is
then an isometry. We will work in the global coordinate canonical system of R* for which the
components of the Minkowski metric 7 are constant,

-2 000
1o 100
=10 01 0

0 00 1

In this context, we have the four-dimensional Piola identity

div'P = Jg (div" 'fr@> o d,
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where Jg := JZ, and the four-dimensional Mandel identity
div" M = div" ((T@)*]ﬁ’) = (T®)* div"P + P : VT

where

(div'P), = P,”,, and (div'M), =M," .

The proof of these identities will be omitted, since they are similar to the ones in 3D Classical
Continuum Mechanics (see [58, 55]).

Note furthermore that the Lagrangian density Lo depends explicitly on mg, only through xq
but not through time ¢, because 7(mgy) = xg. Moreover, since g(®(mg)) = 7 is constant in our
setting, Lo does not depend on the punctual value of the 4D deformation ®, but only on 7T'®.
Therefore, we have

div?M = div?(M + Lo I}) — dLg
Ly OLg

= —div' Ty — - VT

Ve = S %) " aTd Y
X dLo .

— —div'Ty — P:VT®

N G TRV
so that
divi Ty + 220 B Y7o — divIM = —(T0)* div!P = —J (T)* (div” 'ﬂ‘~) o .
8(t,x0) v

In conclusion, we get the equivalence
0Ly

div? T = 0 div? T =0
v’ T <= div ¢+8(t,xo) )
where, since B .= ']i‘q>, the equality
. 0L
4.9 div'B =0
(49) VR A(t,xo)

is interpreted as the relativistic balance for configurational forces, with here

oLy _ [, 2L
a(t,XO)_ BXO ’

since Ly does not depend on time.
By (4.8) and (3.13), the relativistic Eshelby tensor can be expressed as in Classical Continuum
Mechanics (see subsection 1.4) as

oL oL
- 5@ jb) Qo —Lo O
(4.10) B=Ts = t Lo ol ¢

* *

o) e oR, 0l

with the same formal expressions for the balance equations as in subsection 1.3 and remark 1.6.
Finally, if the Lagrangian £ is moreover general covariant, then, by remark 2.5, the relativistic

configurational forces balance (4.9) is equivalent to the conservation law div’? TH = 0 for Hilbert’s

stress energy tensor. This implies the balance of linear momentum in Classical Continuum

Mechanics (1.14) as the classical limit ¢ — oo [85, 36].

5. THE RELATIVISTIC ESHELBY TENSOR IN SPECIAL RELATIVITY AND ITS CLASSICAL LIMIT

In this final section, we detail the relativistic formulation of the configurational forces balance
in the particular case of the static Minkowski spacetime (example 3.2, ¢ =7, g = q), and show
that its classical limit corresponds to the well-known expressions of subsection 1.4.
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In that case, the 3D quotient spatial space is the affine Euclidean space (£,q) and the trivi-
alization map (3.5) is given by

T M—=>RxE, m— (t,x),

with ¢ = £(m) and x = 7(m), where 7: M — & is the projection map. In this trivialization, the
relativistic deformation (3.12) is expressed as

(I):RXQ()—)RXS, (t,Xo)l—>(t,X=¢(t,X0>).

The relativistic mass density (3.17) recasts as

(5.1) pi=pry = ——2—,

2
EE

c2
where w is the (spatial) Eulerian velocity (such as uo® = 9;¢), and [|u/|, is its Euclidean norm.

Letting po: B — & be the reference embedding, recall that the equality (po).«p = povolq defines
the reference mass density po = po(xp). By lemma 3.7, setting

Jp = JI = det T®,

mass conservation on )y C & takes the form (po @) Jg = pg o .

5.1. The relativistic Eshelby tensor of a general covariant matter Lagrangian. We
shall assume now that the matter Lagrangian density L(n, U T\IJ) is general covariant. Then,
according to Souriau’s theorem 2.2, it recasts as a function Lgc(\Il K) of the effective matter
field U and the effective conformation

K= (T9) 7 (T9)", Kod=F, <q—1 - c%v ® V)F;*.

In General Relativity, mass and energy are mixed together and the contribution of mass to

the total energy if of order ¢. This leads to some difficulties when one tries to derive, from

General Relativity to Classical Mechanics, balance equations involving energy. In [83, 8], the
following Lagrangian density has been formulated

(5.2) L(n, U, TW) = p,c® + pyw

where p, = p (U, K) is the rest mass density and w = w(¥,K) is the (specific) strain energy
density of perfect (hyperelastic) matter. We deduce then, by (4.3), lemma 3.7 and the definition
(5.1) of the relativistic mass density, that

1 9 _ _ 1 _*
Lo(x0, 916, F ) = po(x0) /1 = 5 |00 [c2 +u(x0.F; (a7t = 500 © 00 F; )} ,

where V = 0;¢ is the relativistic Lagrangian velocity, and Fy = T'¢; is the linear tangent map
of the three-dimensional relativistic deformation (3.10), ¢;.
Introducing the relativistic kinematic energy density,

1 2 1 2 1
(5.3) K (%0, 016) i= poc? (1 —\1- Hat¢Hq> = 5m IVIG+0(5).

and the relativistic strain energy density

1 1
W (x0, 00, Fp) == pow(x0, F;' (a7! = 506 @ 00 )F*)\/1 — = [|8:9]2
(5.4) i (0751 ( 2 JE; )\/ 2 17l

_ 1
:pow(X(J’(ngF(f)) 1) +O<072>7
where we have assumed that w = O(1) for perfect matter, the Lagrangian density Lg recasts as

L():poCQ—K-l-W
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The problem is that this quantity diverges as ¢ — co. We shall thus prefer to substitute to the
original Lagrangian density, the following one

Lo poc? — Lo=K —W,

which is moreover in accordance with the usual definition of a Lagrangian density in Classical
Mechanics. Note that,

/ Lovolg = mc? — / (K — W) volg,
Qo Q0

where m (the total mass of the considered continuous medium) is a constant. Hence the quantity
poc? does not interfere in the variational calculus. This redefinition of the Lagrangian density
is possible in any static spacetime, using the formulation of mass conservation provided in
subsection 3.5.

Remark 5.1. There is a rate effect, related to the relativistic length contraction in 1/c?, on the
strain energy density W (that W — 0 when [[V/[|, — ¢), due to the Lorentz factor and the
definition of the inverse of the relativistic right Cauchy—Green tensor,

1
-1 _ -1 —1 —%
C'=F, (q ——CQV®V)F¢ .

Remark 5.2. The fact that Ly does not depend explicitly on the deformation ¢ itself, and thus
that OLo/0¢ = 0, derives from the fact that we were able to find a coordinate system in which
the components of the metric are constant functions. This is a consequence of Riemann theorem
when the metric is flat and is particular to Special Relativity. It’s consequence, in Classical
Mechanics, when taking the limit ¢ — oo, is the existence of so-called Galilean frames.

Using this choice of Lagrangian density Lg := K — W, we introduce the following quantities.
0L
Ey := 90 35) Oip—Lo=p-V-K+W (Relativistic energy density),
t

oL 0K ow
0 — — (Relativistic linear momentum density),

P=500) ~ 9(0d)  9(010)
N dLgy ow

P = —8—F¢ = a—Fd) (Relativistic first Piola-Kirchhoff stress tensor),
V =0 (Relativistic Lagrangian velocity),
. L .
B:=Fj- gFO — Lol = (W - K)I; - F7P (Relativistic Eshelby stress tensor).
¢

They allow us to recasts the relativistic Eshelby tensor (4.8) as the time-space block expression
o[ B VF]
p- F¢ B

Remark 5.3. The 3D (mixed) second order stress tensor B: T*Qy — T*Q is the relativistic
generalization of the classical Eshelby stress tensor (1.20).

The expression (4.9) of the relativistic balance for configurational forces recasts, as in re-
mark 1.6, as
(K —W)
8(15, X())
where div"? = div*” in the Cartesian coordinate system (t, XT) on the reference configuration
system (1o, uses both in Special Relativity and in Classical Mechanics.
The three-dimensional energy balance and configurational forces balance

E - K -
dBo _ divi(V - P), oK —W)
8X0

+div’B = 0,

. d
viB+ — (p-F,) =
a + div + a (p ¢) 0,

have thus the same form in Special Relativity Hyperelasticity and in Classical Hyperelastic-
ity (1.23).
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Remark 5.4. In Special Relativity, the variational equations (a) with respect to the reference
configuration po, d,,£L = 0, and (b) with respect to the effective matter field, 0L = 0, are
equivalent, since the formal calculations of subsection 1.4 still hold.

5.2. Explicit calculation of the components of B and of their classical limit. Let
- B 1 -1

be the generalized right Cauchy-Green tensor (3.16) and V? .= nV = qV be the covector
Lagrangian velocity. We have moreover

agb \l 2 ||at¢H W?

-1 __2 —% ow —

(at¢) wlx, C) =5V e R
0 _ , Ow
8:F(z)UJ(X(],Cj >:—2F¢ 9C- 1(3 s

the first two converging to zero at ¢ — co. We deduce from these properties the following results.
e The relativistic generalization of the first Piola-Kirchhoff stress tensor is

P =g, = 2m\1- 2y\vu F, a1 Ch

This 3D constitutive equation is interpreted as the Relativistic Hyperelasticity law (as
already noticed it is rate dependent by a relativistic effect, in 1/c?). At infinite speed of
light, it converges to the Classical Hyperelasticity law

ow

. ay aW _1
P =GR, = 0 F 50 ©
where C = F; qF, at the classical limit.
e The relativistic linear momentum density is
K —W 1% 1

9(0r9) \/1 ||V||2 \/1—w c?

since W depends on the Lagranglan Velomty V =0,¢ and C — F; qFy, p converges to

the classical expression poV’ at ¢ — co.
e The relativistic energy density is

K w

+ 2
Ve R

Setting C = F7% qF¢, and since then

1 ~
Eg=p V-K+W= —2V-PCF;1V.

2 ; -1
lim K = 5 lim (p V)= fpo IVIlg CILIEOW = pow(x0,C7),

c— 00

the relativistic energy density has for classical limit

lim Ey = lim K + hm W = fpo ||VH + pow(x0,C~ .

c— 00 Cc— 00
e The relativistic expression for B is formally the same as in Classical Continuum Me-

chanics, namely

B = (W-K)I;—F;P, 1imB=(1imW—1imK)I§— lim P,

c— 00 c— 00 Cc— 00 CcC— 00

with the above classical limits for W, K and P.
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Remark 5.5. Dust is the particular case L = p,.c? (w =0, Ly = K), for which

K 1 5 1 poV? b 1
L Ivig 2 IVlla c? L IVIg c?
c? c?

The relativistic first Piola Kirchhoff stress tensor vanishes (f’ = 0), and the relativistic Eshelby
stress tensor

VI T I
) B=—gmIVIEs 40 ()

B=-KIf=—p?[1-4/1-
c

represents purely kinematic energy density.

CONCLUSION

This article proposes a unified and rigorous theoretical framework for understanding and de-
riving configurational forces by placing them at the core of a geometric variational formulation
inspired by General Relativity. Long regarded as conceptually subtle objects in Continuum
Mechanics, configurational forces are clarified here through an intrinsic approach in which the
material body is modeled as an abstract manifold, independent of its spatial configurations.
Within the classical three-dimensional framework of hyperelasticity, we show that the balance
of configurational forces naturally follows from the stationarity of the Lagrangian with respect to
variations of the reference configuration. This approach highlights that the configurational force
balance is not a new governing equation, but rather a reformulation of the balance of linear mo-
mentum combined with the constitutive relations, leading in a consistent manner to the Eshelby
stress tensor defined on the material configuration. The main contribution of the paper lies in
the extension of these results to the four-dimensional relativistic setting. Relying on a Generally
Covariant formulation of matter inspired by Souriau and on the variational principles of General
Relativity, the article establishes a deep correspondence between variations with respect to the
matter field and variations with respect to the metric of the Universe. This yields an equiv-
alence between the Hilbert and Noether energy—momentum tensors and provides a relativistic
interpretation of the Eshelby tensor as a natural object associated with material symmetries.
The introduction of an observer allows one to connect this relativistic formalism with Classical
Mechanics, by identifying the non-relativistic limits and demonstrating the continuity between
the classical three-dimensional and relativistic four-dimensional formulations. In this way, the
balance of configurational forces emerges as a particular case, in the sense of a classical limit, of a
more general relativistic conservation law. In conclusion, this work offers a unifying perspective
on configurational forces, showing that they fully belong to the general framework of variational
principles and conservation laws, both in Classical Mechanics and in Relativity. This approach
clarifies their conceptual status, strengthens their mathematical foundations, and opens the way
for future developments in the study of defects, interfaces, and complex materials within broader
geometric and relativistic frameworks.

APPENDIX A. FIRST ORDER VARIATIONAL CALCULUS AND STRESS—ENERGY TENSORS

In variational calculus, one starts with a Lagrangian

£) = [ i),

where 1) is a vector valued function from a d-dimensional manifold M to some r-dimensional
vector space V' (or more generally a section of a vector bundle above M of rank r) and w is
a differential form of degree d defined on M and depending on . The domain of integration
is not specified. Usually, the dependence on 9 is local, meaning that w is only a function of
the k-jet of 1. In the following we restrict to the case where £k = 1. Hence, given some local
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coordinates (z#) on M, defined on some chart U C R% and where (X!) are linear coordinates
on V, the problem recasts as

Ly (1) :/(]L(X,¢I(X),6V¢I(X)) dz' A+ Ada?

Here, the Lagrangian density L = L(z*, ¢/, 1/JI’V) is just the component of w in the chart (z#).
The critical points of £ are, by definition, the functions v such that

d

P ['U(¢ + é‘&ﬁ) =0,

e=0

for all charts U and variations v with compact support in U. They are the solutions of the
Euler-Lagrange equations

(A1) ELy := oL _ div (8L> =0,

Ty
where, in components,

oL oL \ * oL
we(ors), =2 (oro), =2 (i) 1= 7=r

and D,, is the total derivative (see [70, chapter 4]) defined as

D (3(?@)5) . 8?# <8(?{;)£ (x, wl(x)ﬁw[(X))) -

The conservation of the total energy density for a one-dimensional problem (d = 1) extends
for higher dimension problems, once one introduces the Noether stress—enerqgy tensor

oL
Ty, = (T4), (8”) ~ L3,",

here introduced independently from Noether’s theorem on Lie symmetries. Indeed, we have the
following result.

Theorem A.1. Let
- oL
. T, = (TV) - —— — LI*
(A2) b= (0"

be the Noether stress—energy tensor and suppose that 1 satisfies the FEuler—Lagrange equa-
tions (A.1). Then, we get

e oL
(A.3) divTy = s

If moreover, ¢ is a submersion, then, (A.1) and (A.3) are equivalent.
Proof. We have
(divTy), = D,Ty,”

= 0,(Ty)!, (8L>IV +(TY)", D, <8L>IV —(D,L)6,"

AT oTy
oY oL \ " oL
= S <(9T1/)>I + (TT/J) div <(9T1/)> -D,L,

with

I v 2.1
DuLzaL OL 9 <8L> 829

9zh 9yl gur T \OTY ), 0wror
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We get thus

- (oL oL 0L oyl
_ I _ _
(divTy)u = (T¥), div (aw) ;T oxn ol dan

OL OL OL
= (Ty)!,{ di — —
o' (575), = oyt )~ s
which proves that (A.3) is satisfied if (A.1) is satisfied. Suppose now that ¢ is a submersion
and that (A.3) is satisfied, then we have

;. (0L L\
(Tv) {d (aw)‘ aw} =0

OL oL
TY) - <div| — ) — = =0.
wor-{av (575) - 5¢
But, if T is surjective, then (7T'%)* is injective and we get thus that
oL 0L
div(——)—-—=—=0
" (em) o0~
which achieves the proof. (I

which recasts as

Remark A.2. Beware that with these definitions, in a change of chart p: U — U, ELy changes
according to the rule ELy = (det ¢) EL; (see [70, Theorem 4.8]. Similarly, T, is not really a
tensor but a tensor-density.

When the manifold M is equipped with a given volume form, for instance the Riemannian
volume form vol, of a (pseudo) Riemannian metric g, we can rewrite globally

w(th) = L(¢) volg,

where, this time, L is a true function (not the component of a d-form, defined only locally). In
that case, the Euler-Lagrange equations recasts as

oL oL
o 9 —

where div? is the Riemannian divergence and the corresponding Noether stress—energy tensor is

a true tensor field this time.

APPENDIX B. DETAILS OF THE CALCULATIONS

Lemma B.1. Let pg: B — &£ a reference configuration. Then

d(pg (volg)) = pdk((div u)volq),
where w := §pg o pp .

Proof. Set 7o := pgq. We have thus pg(volg) = voly,, and we get

5(pg (volg)) = 6(volyy) = =

9 tr(‘)’o_ ! 570)\’01‘)’0 )

whereas
57 = po (Luq), with Ly q=q(Vu + (Vu)'),
and u := dpg o pp~'. We have therefore
tr(yvo~'v0) = tr (po' (@) P (Lu @) = pd tr (Vu + (Vu)') = 2pg (divu).
We get thus finally

§(pg(volq)) = po (div ) voly, = pg ((divu)volg).
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Proof of formula (1.11). We have

o Ly L Ly
= [ U (58 o g 700 a0 ) i)

0Ly L 0Lg 9Ly
(9F¢ :To¢p = —div (8F > 0¢ + div (5(;5 8F¢,) ,

Lo\ 7, (9Lo\ 7 NN
(o2, 500 =-(5m2), SOt at )@. J

AL Cd 0L\ .. . d (0L
o) 0= (8(6@)) 0t (8(6@) 5¢>’

where the total derivative means the time derivative along the path b= ¢(t). Therefore, using
Stokes theorem for the integration by part of the spatial term and Fubini theorem (commutation
of the time integral with the spatial integral) for the time part, we get (1.11).

Proof of formula (1.12). We have
h dLy , OLg 9L dLg .
5p0£ = </l; |:<8X0 + = 96 F¢) + == 8F¢ TFy+ a(8t¢) (8,5F¢)> o p0:| - 0po (po VOlq)> dt

to
t1
+ / ( / Lyo poa(pgvolq)> dt.
to B
But, using lemma B.1, we get

§(pd (volg)) = po(div(dpo o poY) volg),

But

or, in components,

We also have

and hence
bt 0Ly OLg 0Lg JLg N
5p0£ = . </B |:<8X0 + = 90 F¢) B R —— 8F¢ TF¢ + == 8(8@) (8tF¢)) o p0:| - 0po (p() VOlq)> dt

t1
+/ (/ pg (Lo div(dpg o po_l)volq)> dt
to B
t1 0Lg 0Lg 0Lg Lo )
- 0 T Py =2t i TFy 4 —— - (,Fy) ) - 6 -1 ol>dt
/to </QO (8){0 0o ¢ OF, ¢ d(019) (0:F ) Po©oPo ~ Volg

t1
—l—/ </ Lg div(dpg o pol)volq> dt.
to Qo

Now, using the fact that
Lo div(épg opo ") = —dLo - (3po o po ") + div (Lo dpo o po )
= —div (Lo Ij) (6po o po~ ') + div (Lo Spo o po ') ,
and thanks to Stokes theorem, we get finally (1.12).
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