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Long time horizons in optimal control: The turnpike property and

asymptotic behavior of trajectories

Martin Gugat∗ Meizhi Qian∗ Jan Sokolowski†

Abstract

This paper investigates the dynamic turnpike phenomenon in Linear-Quadratic optimal control of
abstract conservative systems governed by skew-adjoint operators with compact resolvents and bounded
control operators. While classical turnpike theory emphasizes asymptotic convergence to a static steady
state, this work focuses on characterizing the transient dynamics. We identify the Initial Limit Arc as
the unique restriction of the infinite-horizon optimal trajectory to the stable invariant manifold of the
Hamiltonian system. Exponential convergence of finite-horizon solutions to this limit arc is established in
the energy norm, uniformly with respect to the time horizon. A spectral analysis of the decay rates reveals
a fundamental dichotomy: the convergence exhibits either a control-dominated oscillatory regime or a
saturation-limited monotonic regime, depending on the interplay between the regularization parameter
and the principal eigenvalues. Numerical experiments on the wave equation and the Timoshenko beam
system illustrate these regimes and verify the sharpness of the theoretical decay bounds.

Keywords: Turnpike property, Linear-quadratic optimal control problem, linear systems, dynamic op-
timal control problem, spectral methods, limit arcs

1 Introduction

Optimal control problems governed by partial differential equ-ations (PDEs) constitute a canonical class of
infinite-dimensional optimization challenges. Within this broad scope, the Linear–Quadratic (LQ) formula-
tion serves as the standard paradigm [20, 5, 32]. This framework is grounded in classical theories of Riccati
equations, including foundational results for hyperbolic dynamics with L2-Dirichlet boundary terms [18], pro-
viding a unified analytical framework that accommodates systems exhibiting both parabolic and hyperbolic
characteristics [27, 34, 36, 11].

However, despite the universality of this classical theory, its analytical foundation is not fully developed
when applied to conservative hyperbolic dynamics. The core difficulty lies in the absence of intrinsic dissi-
pation. Specifically, in parabolic settings, the solution to the algebraic Riccati equation typically exhibits a
smoothing property, mapping the state space into a subspace of higher regularity. This intrinsic regulariza-
tion naturally suppresses high-frequency modes, facilitating the proof of turnpike convergence. In contrast,
for conservative systems governed by skew-adjoint generators, the Riccati operator remains strictly bounded
on the energy space and lacks this compact smoothing action. Understanding the regularity of such sys-
tems often requires analyzing subtle properties, such as the hidden boundary regularity for wave equations
with mixed boundary conditions [3]. As a result, the high-frequency oscillatory structure of the state is
preserved under feedback, rendering standard regularization-based arguments ineffective. To analyze the
asymptotic behavior despite this lack of dissipation-induced smoothing, we adopt a direct spectral decompo-
sition approach. Rather than relying on the regularization of the Riccati operator, this framework allows us
to explicitly resolve the competition between control damping and conservative oscillations mode-by-mode.
While recent developments have addressed turnpike phenomena in conservative settings [33, 12], these results
predominantly rely on averaged estimates (integral turnpike) and do not resolve the precise pointwise-in-time
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structure of the optimal trajectory. For discrete-time and continuous-time settings, a comprehensive overview
of turnpike properties and their connection to strict dissipativity has been provided in [9, 10]. These works
highlight the role of control cost in determining convergence regimes and provide rigorous bounds for the
transient dynamics of optimal trajectories.

A particularly challenging subclass arises when the dynamics are governed by abstract second-order
evolution equations generated by skew-adjoint operators with compact resolvents [35, 25, 8]. This operator-
theoretic framework canonically realizes classical conservative models, including the wave equation and cou-
pled hyperbolic systems such as the Timoshenko beam [21, 17]. The defining feature of these systems is
their purely imaginary spectrum, which eliminates any form of analytic smoothing. In contrast to dissipative
dynamics—where high-frequency modes are naturally attenuated—conservative systems sustain oscillatory
behavior at all frequencies, and these oscillations interact nontrivially with the control input. As a result,
the optimal state cannot relax toward the steady-state minimizer through natural damping; instead, it must
evolve along an invariant spectral subspace dictated by the optimality system. This evolution is controlled
by a interplay between the regularization weight in the cost functional and the intrinsic oscillatory modes of
the generator, producing a transient phase whose structure resists characterization by standard approaches.

Despite significant advances in the study of turnpike phenomena, the conservative setting still lacks a
pointwise-in-time spectral framework capable of resolving the fine structure of the initial boundary layer un-
der optimal control feedback. Classical semigroup techniques, while sufficient for establishing well-posedness
and qualitative stability [31], offer limited insight into how the optimality system couples and redistributes
modal energy during the initial stage of the evolution. Likewise, spectral inequalities and microlocal observ-
ability estimates provide sharp but inherently global bounds [6, 19, 4], rendering them incapable of capturing
the transient, mode-by-mode competition between control penalization and intrinsic system dynamics. Cru-
cially, existing theory does not fully describe the mode-dependent redistribution of energy that governs the
transition from the initial state to the turnpike regime. These limitations highlight the necessity of a spec-
tral perspective—one that isolates and characterizes the dynamics of individual eigenmodes to uncover the
mechanism driving the conservative turnpike transition.

In this work, we develop such a framework by providing a rigorous long-horizon analysis of LQ op-
timal control problems for abstract second-order evolution equations. Our central objective is to obtain a
pointwise-in-time, mode-resolved characterization of the initial transient dynamics, thereby extending beyond
the integral-averaged descriptions typically available in the literature [15, 12, 14]. Using the spectral decom-
position of the conservative generator, we explicitly resolve the Hamiltonian optimality system [7] and uncover
a diagonal block structure that remains inaccessible through classical PDE-based methods. This structural
insight enables us to rigorously identify the initial layer as a well-defined dynamic trajectory—termed the
Initial Limit Arc—which admits an explicit parametrization in terms of the principal eigenfrequencies. This
construction provides a precise analytical description of the transient phase and reveals a fundamental spectral
dichotomy: a transition from control-dominated to saturation-limited decay rates, which ultimately governs
the exponential convergence toward the turnpike [2, 1].

The main contributions of this paper are summarized as follows:

1. Construction of the Initial Limit Arc: We rigorously establish the existence and uniqueness of the Initial
Limit Arc, a dynamic trajectory that governs the optimal transition from the initial state in the infinite-
horizon limit. Complementing classical turnpike theory—which typically characterizes convergence to a
static steady state or its associated infinite-horizon trajectory—we identify this limit arc as the unique
solution of the infinite-horizon optimality system residing on the stable invariant manifold, explicitly
resolving the transient trajectory typically described only via its asymptotic limit.

2. Uniform Exponential Convergence Estimates: We prove that the finite-horizon optimal state converges
to the Initial Limit Arc exponentially fast in the energy topology. By employing a spectral decomposi-
tion approach under a spectral gap assumption, we derive uniform estimates with respect to the time
horizon.

3. Spectral Dichotomy of Decay Rates: We provide a spectral analysis of the convergence rate, revealing a
distinct transition determined by the interplay between the regularization parameter and the principal
eigenvalue. We distinguish between a control-dominated oscillatory regime and a saturation-limited
monotonic regime, demonstrating that the decay rate is bounded by the system’s intrinsic dynamics as
the control cost vanishes.
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4. Numerical Verification on Coupled Hyperbolic Systems: We employ an adjoint-based discrete optimiza-
tion scheme to validate the theoretical estimates on the 1D and 2D wave equations and the Timoshenko
beam model. The results show that the empirical decay of the error consistently conforms to the spectral
predictions in both convergence regimes.

The paper is organized as follows. Section 2 establishes the abstract operator-theoretic framework, instan-
tiated by the wave equation and the Timoshenko beam model. The asymptotic analysis follows in Section 3,
where we construct the Initial Limit Arc and derive uniform convergence rates. Section 4 details the numer-
ical methodology, including the adjoint-based discrete optimization. Experimental validation on 1D and 2D
systems is presented in Section 5. Finally, Section 6 offers concluding remarks, with technical proofs deferred
to Appendix A.

2 Mathematical Formulation and Abstract Framework

This section establishes a rigorous operator-theoretic framework for the optimal control problem. First, we
introduce an abstract first-order evolution equation governed by a skew-adjoint generator. Subsequently,
we demonstrate that the specific second-order mechanical systems of interest—namely, the wave equation
and the Timoshenko beam—serve as canonical realizations of this abstract framework within an appropriate
energy space. This unified approach allows us to exploit the spectral properties of the generator to analyze
the turnpike phenomenon [35].

2.1 The Abstract First-Order System

Let X and U be separable Hilbert spaces, representing the state space and the control space, respectively.
Consider a linear dynamical system governed by the abstract first-order evolution equation:{

ż(t) = Az(t) + Bu(t), t ∈ (0, T ),

z(0) = z0,
(1)

where z(t) ∈ X is the state trajectory, u ∈ L2(0, T ;U) is the control input, and z0 ∈ X is the initial datum.
The well-posedness and asymptotic properties of the system rely fundamentally on the spectral structure

of the operator A. We impose the following assumptions, which are characteristic of conservative wave-like
systems.

Assumption 1 (Skew-Adjoint Generator). The operator A : D(A) ⊂ X → X is a linear, unbounded, and
densely defined operator. We assume that:

1. A is skew-adjoint, i.e., A∗ = −A.

2. The operator has a compact resolvent, specifically, 0 ∈ ρ(A) and the inverse A−1 is a compact operator
on X .

Consequently, the spectrum σ(A) consists exclusively of isolated purely imaginary eigenvalues. According to
Stone’s Theorem, A generates a strongly continuous group of unitary operators (Tt)t∈R on X . This implies
that the unforced system (u ≡ 0) is conservative, satisfying the energy identity:

∥z(t)∥X = ∥z0∥X , ∀t ≥ 0. (2)

Assumption 2 (Admissible Control). The control operator B is a bounded linear operator, satisfying B ∈
L(U,X ).

Under Assumptions 1 and 2, for any initial state z0 ∈ X and control input u ∈ L2(0, T ;U), the unique
mild solution to 1 is given by Duhamel’s formula:

z(t) = Ttz0 +

∫ t

0

Tt−sBu(s) ds. (3)
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The finite-horizon objective functional JT : L2(0, T ;U) → R is defined as

JT (u) :=
1

2

∫ T

0

(
∥z(t) − zd∥2X + γ∥u(t)∥2U

)
dt. (4)

Without loss of generality, we assume the target state is the zero equilibrium, zd = 0. The dynamic optimal
control problem is formulated as:

min
u∈L2(0,T ;U)

JT (u) subject to (1). (OCPT )

Since the cost functional JT is strictly convex and coercive, standard theory guarantees the existence and
uniqueness of an optimal control u∗

T .

Remark 1. While Assumption 2 focuses on bounded control operators (canonical for distributed control),
this choice is strategic rather than restrictive. The fundamental challenge in extending the turnpike theory
to conservative systems lies in the absence of intrinsic dissipation and the resulting persistence of oscilla-
tory modes across the entire spectrum. Unlike parabolic systems where natural damping facilitates stabi-
lization, conservative dynamics require the control input to actively reshape the energy distribution of the
trajectory. By considering bounded operators, we isolate this dynamical challenge from the regularity singu-
larities associated with unbounded boundary actuation. This setting allows for a rigorous characterization of
the Initial Limit Arc and uncover the spectral dichotomy between the control-dominated and saturation-limited
regimes—phenomena that are intrinsic to the skew-adjoint generator A and independent of the specific re-
alization of B. Consequently, the results presented here establish the fundamental asymptotic structure for
conservative control problems, serving as the requisite baseline for future extensions to boundary control sce-
narios involving admissibility criteria [35].

2.2 Application to Second-Order Hyperbolic Systems

This subsection specializes the abstract framework to general second-order evolution equations, showing that
they constitute a canonical realization of the first-order system 1.

Let H be a separable real Hilbert space and let A0 : D(A0) ⊂ H → H be a self-adjoint, positive-definite
operator with a compact inverse. We consider the second-order system:

ytt(t) + A0y(t) = B0u(t), y(0) = y0, yt(0) = 0, (5)

where B0 ∈ L(U,H) denotes the control operator.

The reduction to the first-order form 1 is achieved on the energy space X := D(A
1/2
0 ) × H, explicitly

equipped with the inner product:

⟨(v1, h1), (v2, h2)⟩X := ⟨A1/2
0 v1, A

1/2
0 v2⟩H + ⟨h1, h2⟩H . (6)

By introducing the state vector z(t) := (y(t), yt(t))
⊤, the system operator A and the lifted control operator

B are defined via the block matrices:

A =

(
0 I

−A0 0

)
, B =

(
0
B0

)
, (7)

with the domain D(A) = D(A0) × D(A
1/2
0 ). This construction is classical in the theory of conservative

systems and is recalled here for completeness.

Proposition 1. The operator A defined above is skew-adjoint on the energy space X .

Proof. The skew-symmetry of A follows directly from the definition of the inner product in 6, where the terms
⟨A0v, h⟩H and ⟨h,−A0v⟩H cancel out. The surjectivity of A (and hence skew-adjointness) is a consequence
of the invertibility of A0, which is ensured by its positive definiteness. We refer to [35, Proposition 3.7.6] for
detailed derivations.
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2.2.1 Model Problem I: The Wave Equation

The first concrete instance of our framework concerns the distributed control of the classical wave equation.
Let Ω ⊂ Rn (n ≥ 1) be a bounded domain with sufficiently smooth boundary ∂Ω.

To align with the abstract setting, the state space is chosen as H = L2(Ω) and the control space as U =
L2(Ω). The spatial operator is the Dirichlet Laplacian A0 = −∆ with domain D(A0) = H2(Ω) ∩H1

0 (Ω), so

that the energy space V = D(A
1/2
0 ) coincides with H1

0 (Ω), equipped with the gradient norm ∥v∥V = ∥∇v∥L2 .
Let QT := (0, T ) × Ω denote the space-time cylinder and ΣT := (0, T ) × ∂Ω its lateral boundary. The

state trajectory y ∈ C([0, T ];V ) ∩ C1([0, T ];H) satisfies
∂tty − ∆y = u in QT ,

y = 0 on ΣT ,

y(0) = y0 ∈ V, ∂ty(0) = 0 in Ω.

(8)

The control operator B0 : U → H is the identity embedding. Given a target profile yd ∈ V , the tracking
functional is

Jwave
T (y, u) :=

1

2

∫ T

0

∫
Ω

(
|∂ty|2 + |∇(y − yd)|2 + γ|u|2

)
dxdt, (9)

with regularization parameter γ > 0. Minimizing 9 subject to 8 is equivalent to the abstract problem
(OCPT ) with block operators A and B defined in Section 2, and target state zd = (yd, 0)⊤. The term
|∂ty|2 + |∇(y − yd)|2 in the integral coincides with the abstract energy norm in X = H1

0 (Ω) × L2(Ω). Zero
initial velocity is assumed; the extension to general initial data is straightforward.

2.2.2 Model Problem II: The Timoshenko Beam System

The framework naturally extends to coupled vector-valued dynamics, exemplified by the Timoshenko beam.
Let Ω = (0, L) denote the beam span, and define the state vector y(t, x) := (w(t, x), φ(t, x))⊤, representing
vertical displacement and rotation angle. The dynamics on QT = (0, T ) × Ω satisfy{

ρwtt −K(wxx − φx) = f,

Iρφtt − EIφxx −K(wx − φ) = m,
(10)

with clamped boundary conditions w = φ = 0 at x ∈ {0, L}, initial displacement y(0) = y0, and zero initial
velocity. The distributed control input is u = (f,m)⊤.

To match the abstract second-order form ytt + A0y = B0u, we introduce the weighted Hilbert space

H := L2
ρ(Ω) × L2

Iρ(Ω), ⟨y, ỹ⟩H :=

∫ L

0

(ρww̃ + Iρφφ̃) dx, (11)

where ρ > 0 is the mass density, Iρ > 0 the rotational inertia, EI > 0 the bending stiffness, and K > 0
the shear stiffness. The control operator B0 : L2(Ω)2 → H is the identity embedding. The spatial operator
A0 : D(A0) ⊂ H → H is given by

A0y =

(
−K

ρ (wxx − φx)

−EI
Iρ

φxx − K
Iρ

(wx − φ)

)
, D(A0) = (H2(Ω) ∩H1

0 (Ω))2, (12)

ensuring that A0 is self-adjoint and positive-definite on H.
The cost functional reflecting total mechanical energy is

Jbeam
T (y,u) :=

1

2

∫ T

0

(
∥yt∥2H + ⟨A0(y − yd),y − yd⟩H + γ∥u∥2L2

)
dt. (13)

Here, γ > 0 is the regularization parameter. Noting that ⟨A0·, ·⟩H defines the squared norm in V = D(A
1/2
0 ),

this problem is strictly equivalent to the abstract objective 4 with block operators A and B from Section 2.1,
ensuring full consistency with the abstract framework (OCPT ).
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3 Asymptotic Analysis and the Initial Limit Arc

This section investigates the asymptotic behavior of the optimal state trajectory yT (t) as the time horizon
T → ∞. While the system dynamics are governed by the abstract generator A defined in Section 2, the
turnpike phenomenon is analyzed here using the spectral decomposition of the spatial operator A0. This
mode-wise decomposition allows for a precise characterization of the convergence rates and the dichotomy
between oscillatory and monotonic regimes. Let {φj}j∈N be the orthonormal eigenbasis of A0 in H, with
corresponding eigenvalues 0 < λ1 ≤ λ2 ≤ · · · < ∞. The state y(t) admits the expansion:

y(t) =

∞∑
j=1

αj(t)φj . (14)

The limit trajectory, referred to as the Initial Limit Arc and denoted by Ξ(t), is identified as the solution
to the infinite-horizon problem residing on the stable manifold. The main result establishes that the finite-
horizon optimal trajectory yT (t) converges to this infinite-horizon limit Ξ(t) exponentially fast in the energy

topology V = D(A
1/2
0 ).

The asymptotic behavior is dictated by the roots of the characteristic polynomial associated with the j-th
mode optimality system:

pj(s) := s4 + (2λj − γ−1)s2 + λj(λj + γ−1). (15)

Assumption 3. Let S :=
⋃

j∈N{s ∈ C | pj(s) = 0} denote the set of all characteristic roots. It is assumed
that a global spectral gap µ > 0 exists:

µ := inf
s∈S

|Re(s)| > 0. (16)

Remark 2. The spectral gap condition µ > 0 in Assumption 3 acts as the crucial generator for the uniform
exponential decay estimates established later in Theorem 1. We note that this condition requires the real parts
of the characteristic roots to be bounded away from zero, which is distinct from requiring strict separation
of the spatial eigenvalues λj. In multi-dimensional domains, while λj may cluster, the asymptotic behavior
λj → ∞ (Weyl’s Law) ensures that the high-frequency roots of pj(s) maintain a non-vanishing real part.
Consequently, the global gap µ remains strictly positive for the bounded domains considered here, provided the
high-frequency modes do not accumulate on the imaginary axis (a property ensured by the discrete spectrum
of A on bounded domains).

However, it is insightful to consider the loss of this gap. In unbounded domains or singular geometries,
the spectrum becomes continuous, potentially leading to µ → 0. In such regimes, the exponential decay is
expected to degenerate into polynomial convergence. Our framework thus focuses on the discrete spectral
regime, establishing the requisite baseline for future extensions to infinite-energy settings.

Definition 1 (Initial Limit Arc). The Initial Limit Arc, denoted by Ξ(·), is defined as the unique solution to
the infinite-horizon optimality system satisfying the initial condition Ξ(0) = y0 and the finite energy constraint
Ξ ∈ L2(0,∞;V ).

From a dynamical systems perspective, Ξ(t) corresponds to the trajectory evolving strictly on the stable
invariant manifold of the associated Hamiltonian operator. Consistent with classical turnpike theory, it
serves as a dynamic turnpike attractor: as the horizon T → ∞, the finite-horizon optimal state yT (t) does
not converge to a static point but rather exponentially tracks Ξ(t) during the initial transient phase, deviating
only as the terminal boundary layer becomes dominant.

Theorem 1 (Global Exponential Convergence). Let y0 ∈ V be the initial state. Under Assumption 3, the
Initial Limit Arc Ξ (defined in Definition 1) satisfies the regularity property Ξ ∈ C([0,∞);V ). Furthermore,
the finite-horizon optimal state yT (t) of problem (OCPT ) converges to Ξ(t) with the following properties:

1. Pointwise Convergence: For any fixed time t ≥ 0, the finite-horizon optimal state converges to the
limit trajectory:

lim
T→∞

∥yT (t) − Ξ(t)∥V = 0. (17)
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2. Uniform Exponential Convergence: The convergence is exponentially fast and uniform with respect
to the horizon. There exists a constant C > 0 independent of T such that:

∥yT (t) − Ξ(t)∥V ≤ C ∥y0∥V e−µ(T−t), ∀t ∈ [0, T ). (18)

The decay rate µ is strictly positive and characterized by a spectral dichotomy involving the regularization
parameter γ and the principal eigenvalue λ1:

(a) Oscillatory Regime: If λ1 > 1
8γ , the convergence is oscillatory with rate µ ≥ 1

2
√
γ .

(b) Monotonic Regime: If λ1 ≤ 1
8γ , the convergence is monotonic (overdamped) with rate µ ≥

Re(
√
λ1).

Consequently, the global decay rate satisfies the uniform lower bound:

µ ≥ min

(
1

2
√
γ
,Re(

√
λ1)

)
. (19)

3. Exponential Stability of the Limit Arc: The limit arc Ξ(t) itself decays exponentially to the target
steady state yd = 0 as t → ∞:

∥Ξ(t) − yd∥V = ∥Ξ(t)∥V ≤ Ce−µt. (20)

Proof of Theorem 1. The proof proceeds via the spectral decomposition of the spatial operator A0. By pro-
jecting the system dynamics onto the orthonormal eigenbasis {φj}j∈N, the infinite-dimensional optimization
problem decouples into a sequence of independent scalar fourth-order problems. The convergence analysis is
subsequently performed mode-by-mode. For brevity, the explicit analytical construction of the coefficients
and detailed algebraic verifications are provided in Appendix A.
Step 1: Modal Decomposition and Optimality System. Let y0 =

∑∞
j=1 ηjφj be the expansion of the

initial state. The condition y0 ∈ V implies
∑∞

j=1 λj |ηj |2 < ∞. Consistent with the target state yd = 0, the
target coefficients are zero (βj = 0).

Substituting the modal expansion y(t) =
∑

αj(t)φj and the dynamics relation uj(t) = α′′
j (t) + λjαj(t)

into the cost functional yields the decoupled objective:

JT (y, u) =

∞∑
j=1

∫ T

0

(
|α′

j(t)|2 + λj |αj(t)|2 + γ|α′′
j (t) + λjαj(t)|2

)
dt.

directly leads to the Euler-Lagrange equation for the optimal coefficient αj(T ; t). The resulting fourth-order
ODE is homogeneous:

α
(4)
j +

(
2λj −

1

γ

)
α
(2)
j + λj

(
λj +

1

γ

)
αj = 0, (21)

subject to the initial conditions αj(0) = ηj , α
′
j(0) = 0 and the terminal transversality conditions at t = T :

α′′
j (T ) = −λjαj(T ), α′′′

j (T ) =

(
1

γ
− λj

)
α′
j(T ).

The characteristic polynomial associated with 21 is pj(s) = s4 + (2λj − γ−1)s2 + λj(λj + γ−1). Setting
ζ = s2, the discriminant is given by

∆j =
1

γ
(
1

γ
− 8λj).

This partitions the spectrum N into two distinct regimes:

1. Oscillatory Modes (Iosc): ∆j < 0 (i.e., λj >
1
8γ ). The roots are complex quartets ±ωj ,±ω̄j .

2. Monotonic Modes (Imono): ∆j ≥ 0 (i.e., λj ≤ 1
8γ ). The roots are real pairs ±ρj,1,±ρj,2.
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Step 2: Analysis of Characteristic Roots and Spectral Gap. The asymptotic behavior is governed
by the location of the roots of the characteristic equation pj(s) = 0. We analyze the two regimes dictated by
the discriminant ∆j :

1. Oscillatory Regime (j ∈ Iosc): For modes with λj > (8γ)−1, the roots form complex quartets. Let ωj

denote the stable root in the second quadrant. The real and imaginary parts satisfy:

|Re(ωj)| ≥
1

2
√
γ

and lim
j→∞

|Im(ωj)| = ∞. (22)

The strictly positive lower bound on the real part implies that the decay rate for high-frequency modes is
limited by the control regularization parameter γ, independent of the frequency j.

2. Monotonic Regime (j ∈ Imono): For finite modes with λj ≤ (8γ)−1, the roots are real and negative.
As detailed in Appendix A, the slowest decaying root scales as

√
λj .

Combining both regimes, the global spectral gap is uniform:

µ := inf
j∈N

|Re(zj)| ≥ min

(
1

2
√
γ
,Re(

√
λ1)

)
> 0. (23)

This uniform gap µ is the key generator of the exponential convergence established in Theorem 1. The explicit
algebraic construction of the finite-horizon solution αj(T ; t) and its coefficients are deferred to Appendix A.
Step 3: Rigorous Construction of the Initial Limit Arc. The objective is to characterize the limit
trajectory Ξj(t) describing the asymptotic evolution near the initial time. Mathematically, Ξj(t) corresponds
to the unique solution of the modal optimality system on the infinite interval [0,∞).

The condition of finite cost requires Ξj ∈ L2(0,∞), which implies that Ξj(t) must reside strictly on the
stable manifold. Thus, it admits the general structural form:

Ξj(t) = cj,1e
νj,1t + cj,2e

νj,2t, (24)

where νj,1, νj,2 denote the stable characteristic roots satisfying Re(νj,k) ≤ −µ < 0. The coefficients cj,k
are uniquely determined by the initial conditions Ξj(0) = ηj and Ξ′

j(0) = 0. This structure highlights the
spectral dichotomy:

1. Oscillatory Regime (j ∈ Iosc): The roots are complex conjugates νj,1 = ωj , νj,2 = ω̄j , leading to
damped oscillations.

2. Monotonic Regime (j ∈ Imono): The roots are real and negative, leading to overdamped, monotonic
decay.

We now identify the specific coefficients cj,k by computing the pointwise limit of the finite-horizon solution
αj(T ; t) as T → ∞. Let µj = |Re(ωj)|. Since the unstable modes grow as | cosh(ωjT )| ∼ 1

2e
µjT , we analyze

the ratio of the numerator to the denominator Nj(T ).
The denominator scales as (see Appendix A for coefficients):

lim
T→∞

Nj(T )

e2µjT
=

1

4

[
|ωj |2

(
4λj

γ
− γ−2

)
+ λj

(
4λj

γ
+ γ−2

)]
:= gj . (25)

In the numerator, terms with repeated frequency indices (e.g., cosh(ωjT ) cosh(ωj(T − t))) scale at a rate
strictly lower than e2µjT due to algebraic cancellation, and thus vanish in the limit. Consequently, the sur-
viving contributions arise exclusively from the dominant cross-terms between distinct stable roots. Applying
the limit identity:

lim
T→∞

e−2µjT cosh(ωjT ) cosh(ω̄j(T − t)) =
1

4
eω̄jt, (26)

we derive the explicit pointwise limit:

Ξj(t) := lim
T→∞

αj(T ; t) =
1

2

ηj
gj

Re
(
[C1 − C2]eω̄jt

)
. (27)

Simplifying the constants matches the abstract form (24) specifically with:

Ξj(t) = ηjLj(t), with Lj(t) := Re

(
ω̄je

ωjt − ωje
ω̄jt

ω̄j − ωj

)
. (28)
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This explicitly confirms that the finite-horizon solution converges pointwise to the unique stable manifold
trajectory defined by the initial data ηj . Since Re(ωj) ≤ −µ, Eq. (28) guarantees the exponential decay

|Ξj(t)| ≤ Cj |ηj |e−µt. (29)

Step 4: Convergence in the Energy Norm. The finite-horizon solution αj(T ; t) differs from the infinite-
horizon limit Ξj(t) due to boundary layer terms reflecting from t = T . Detailed asymptotic analysis (Ap-
pendix A) yields the uniform estimate:

|αj(T ; t) − Ξj(t)| ≤ K|ηj |e−µ(T−t). (30)

Reconstructing the global error in the energy topology by summing over all eigenmodes yields:

∥yT (t) − Ξ(t)∥2V =

∞∑
j=1

λj |αj(T ; t) − Ξj(t)|2 ≤ K2e−2µ(T−t)
∞∑
j=1

λj |ηj |2. (31)

Identifying the series
∑∞

j=1 λj |ηj |2 as the squared initial energy ∥y0∥2V , we derive the global uniform estimate:

∥yT (t) − Ξ(t)∥V ≤ C ∥y0∥V e−µ(T−t), with C = K. (32)

This estimate strictly verifies the exponential convergence rate asserted in Eq. (18) of Theorem 1. Fur-
thermore, by fixing t and letting T → ∞, the right-hand side vanishes, thereby rigorously establishing the
pointwise convergence claimed in Eq. (17).

Remark 3. The theoretical dichotomy predicts that as γ → 0, the convergence rate does not increase indef-
initely but saturates at the system’s natural frequency Re(

√
λ1). This saturation effect explains the specific

decay limits observed in the numerical experiments (Section 5).

4 Optimality System and Discretization

This section establishes the necessary optimality conditions for the infinite-dimensional problem (OCPT )
and introduces a consistent discretization strategy. Consistent with the asymptotic analysis in Section 3,
we analyze (OCPT ) as the finite-horizon formulation asymptotically consistent with the infinite-horizon
problem that defines the Initial Limit Arc. A standard “first optimize, then discretize” approach is adopted:
the Karush-Kuhn-Tucker (KKT) system is first derived in the continuous functional analytic setting, followed
by a consistent spatiotemporal discretization.

4.1 Variational Formulation and Adjoint Analysis

Let V ′ denote the topological dual of the energy space V with respect to the Hilbert space H, forming the
standard Gelfand triple V ↪→ H ↪→ V ′. Accordingly, we introduce the space of state trajectories with finite
kinetic and potential energy:

W(0, T ) :=
{
y ∈ L2(0, T ;V )

∣∣ yt ∈ L2(0, T ;H), ytt ∈ L2(0, T ;V ′)
}
, (33)

and denote the space of admissible controls by U := L2(0, T ;U).
Let p(t) denote the adjoint state, identified as the Lagrange multiplier associated with the dynamic

constraint (5). Under the standing assumptions and compatible terminal data, the adjoint state admits the
regularity

p ∈ C([0, T ];V ) ∩ C1([0, T ];H). (34)

The Lagrangian functional L : W(0, T ) × U × L2(0, T ;V ) → R is defined by

L(y, u, p) := JT (y, u) +

∫ T

0

⟨ytt(t) + A0y(t) −B0u(t), p(t)⟩V ′,V , dt, (35)

9



where ⟨·, ·⟩V ′,V denotes the duality pairing between V ′ and V , which coincides with the inner product on
the Hilbert space H whenever both arguments belong to H. JT (y, u) is the quadratic objective functional in
the energy space, consistent with the model-specific functionals (9) (wave equation) and (13) (Timoshenko
beam).

Stationarity of L with respect to y, u, and p (i.e., ∇L = 0), combined with standard integration by
parts in time and space, yields the canonical coupled boundary value problem for the optimality system.
This formulation preserves the infinite-dimensional structure and provides a rigorous basis for subsequent
consistent discretization.

Theorem 2 (First-Order Optimality Conditions). Let the operator A0 and the spaces H,V be defined as
in Section 2. The optimal triple (ŷ, û, p̂) is uniquely characterized by the solution to the following coupled
system:

1. State Equation (Forward in time):{
ŷtt(t) + A0ŷ(t) = B0û(t), t ∈ (0, T ),

ŷ(0) = y0, ŷt(0) = 0.
(36)

2. Adjoint Equation (Backward in time):{
p̂tt(t) + A0p̂(t) = ŷtt(t) −A0(ŷ(t) − yd), t ∈ (0, T ),

p̂(T ) = 0, p̂t(T ) = ŷt(T ).
(37)

The adjoint equation is presented here in a second-order form consistent with the variational structure
of the cost functional; equivalent formulations obtained by eliminating ŷtt via the state equation are
possible and lead to the same optimality system.

3. Stationarity Condition:

γû(t) −B∗
0 p̂(t) = 0 =⇒ û(t) =

1

γ
B∗

0 p̂(t), t ∈ (0, T ), (38)

where B∗
0 : H → U denotes the Hilbert space adjoint of B0.

The source term −A0(ŷ − yd) in (37) corresponds to the Fréchet derivative of the potential energy term in
the cost functional, and the terminal condition p̂t(T ) = ŷt(T ) arises from the kinetic energy term.

Remark 4. In the distributed control examples of Section 5, the control operator is the identity, B0 = I.
Consequently, the optimality condition simplifies to

û(t) =
1

γ
p̂(t), t ∈ (0, T ),

allowing the control variable to be explicitly eliminated from the coupled state-adjoint system.

4.2 Numerical Discretization and Optimization Algorithm

The continuous optimality system is solved numerically using a conforming Finite Element Method (FEM) for
spatial discretization and the implicit Newmark-β scheme for temporal integration. To distinguish physical
turnpike decay from algorithmic damping, we employ a strategy that adapts the integration parameters based
on the problem characteristics. The resulting discrete control problem is minimized via a Conjugate Gradient
(CG) method applied to the reduced cost functional.
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4.2.1 Spatiotemporal Discretization

Let Vh ⊂ V be a finite-dimensional subspace spanned by the nodal basis functions {ϕi}Nh
i=1. The state y,

adjoint p, and control u are approximated in this basis as:

yh(t, x) =

Nh∑
i=1

Yi(t)ϕi(x), ph(t, x) =

Nh∑
i=1

Pi(t)ϕi(x), uh(t, x) =

Nh∑
i=1

Ui(t)ϕi(x), (39)

where Y (t), P (t), U(t) ∈ RNh are the time-dependent nodal coefficient vectors:

Y (t) := [Y1(t), . . . , YNh
(t)]⊤,

with analogous definitions for P (t) and U(t). Substituting the expansions (39) into the weak form of the
state and adjoint equations leads to the semi-discrete system of ODEs:

MŸ (t) + KY (t) = F (t), (40)

MP̈ (t) + KP (t) = MŸ (t) − K(Y (t) − Yd), (41)

where M and K are the standard mass and stiffness matrices:

Mij = ⟨ϕj , ϕi⟩H , Kij = ⟨A1/2
0 ϕj , A

1/2
0 ϕi⟩H .

The load vector F (t) corresponds to the distributed control uh:

Fi(t) =

∫
Ω

uh(t, x)ϕi(x) dx =

Nh∑
j=1

Uj(t)Mij =⇒ F (t) = MU(t). (42)

This arises because the control enters linearly as a source term and is discretized in the same basis as the state.
The time interval [0, T ] is divided into Nt uniform steps of size ∆t = T/Nt. Applying the implicit Newmark-β
scheme [16], the semi-discrete state equation (40) is advanced in time by solving the linear system:

(M + βN∆t2K)Yn+1 = ∆t2βNMUn+1 + M
(
Yn + ∆tẎn + ∆t2

(1

2
− βN

)
Ÿn

)
, (43)

with the corresponding updates for velocity Ẏn+1 and acceleration Ÿn+1 using standard Newmark formulas.
Regarding the choice of Newmark parameters (γN , βN ), we prioritize the symplectic (energy-conserving)
trapezoidal rule (γN = 1/2, βN = 1/4) for the verification of spectral decay rates. This ensures that the
observed convergence is strictly driven by the optimal control feedback. For stiff coupled systems requiring
high-frequency stabilization, appropriate numerical dissipation is introduced via modified parameters, as
detailed in the specific numerical examples in Section 5.

The adjoint equation is integrated backward in time, from tNt = T to t0 = 0, using the same Newmark-β
scheme and incorporating terminal conditions:

PNt = 0, ṖNt = ẎNt . (44)

4.2.2 Numerical Optimization Strategy

The discrete optimization problem is addressed by minimizing the reduced cost functional Ĵh(U). Let Sh :
U 7→ Y (U) denote the discrete control-to-state operator, which maps a given control input to the unique
solution of the forward problem (40). The reduced functional is defined by evaluating the objective functional
on the manifold satisfying the state equation:

Ĵh(U) := JT (Sh(U), U). (45)

The minimization is performed via the Conjugate Gradient (CG) method applied to the reduced functional
[23].
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To ensure mesh-independent convergence behavior, gradients are computed with respect to the discrete
L2(QT ) inner product. This metric corresponds to the discrete inner product in L2(Ω) induced by the finite
element mass matrix M, ensuring consistency with the underlying Hilbert space geometry. For two space-time
vectors U and V , this inner product is approximated using the trapezoidal quadrature rule in time:

⟨U, V ⟩L2(QT ) ≈ ∆t

Nt∑
n=0

wn U
⊤
n MVn, (46)

where wn denote the quadrature weights given by w0 = wNt
= 1/2 and wn = 1 for 1 ≤ n ≤ Nt − 1. Under

this inner product, the Riesz representative of the gradient, denoted by G, is identified as the coefficient
vector

Gn = ∇U Ĵh
∣∣
n

= γUn − Pn, n = 0, . . . , Nt, (47)

where Pn is the discrete adjoint vector satisfying (41). This vector G serves as the discrete gradient direction
used to update the control in the CG iteration. The complete iterative optimization procedure is detailed in
Algorithm 1.

Algorithm 1 Conjugate Gradient Method for (OCP )T

Input: Initial discrete control U (0) = 0, tolerance ϵ > 0.
Output: Optimal discrete control U∗.
1: Step 1: Initialization
2: Solve discrete state equation (40) with U (0) to obtain Y (0).
3: Solve discrete adjoint equation (41) with Y (0) to obtain P (0).
4: Compute initial gradient G(0) = γU (0) − P (0).
5: Set initial direction D(0) = −G(0) and k = 0.
6: Step 2: Iterative Minimization
7: while ∥G(k)∥ > ϵ do
8: Determine step size αk via Armijo backtracking.
9: Update control: U (k+1) = U (k) + αkD

(k).
10: Gradient Evaluation:
11: a) Solve discrete state Eq. (40) with U (k+1) to obtain Y (k+1).
12: b) Solve discrete adjoint Eq. (41) with Y (k+1) to obtain P (k+1).
13: c) Compute gradient: G(k+1) = γU (k+1) − P (k+1).
14: Conjugate Direction Update (Fletcher-Reeves):

15: Compute βk = ⟨G(k+1),G(k+1)⟩
⟨G(k),G(k)⟩ .

16: Update direction: D(k+1) = −G(k+1) + βkD
(k).

17: Set k = k + 1.
18: end while

5 Numerical Results

This section provides a quantitative verification of the asymptotic behavior established in Theorem 1. The
objective is to quantify the pointwise discrepancy between the finite-horizon optimal state yT and the theoret-
ically constructed Initial Limit Arc Ξ, representing the unique infinite-horizon optimal trajectory. Particular
emphasis is placed on verifying the spectral dichotomy predicted by Theorem 1, namely the decomposition
of the error dynamics into a control-dominated oscillatory component and a saturation-limited monotone
component, governed by the interaction between the regularization parameter γ and the principal (lowest)
eigenvalue of the operator.

The discretized optimal control problems are solved using the adjoint-based Conjugate Gradient scheme
described in Algorithm 1. All spatial discretizations are implemented using conforming finite element spaces
provided by FEniCSx (DolfinX, version 0.10.0) [22]. To distinguish the asymptotic convergence of the op-
timal feedback from spurious numerical dissipation, the time integration scheme is adapted to the problem
regularity: the symplectic trapezoidal rule is employed for the wave equation benchmarks to ensure exact
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discrete energy conservation, whereas for the stiff Timoshenko beam system, the Newmark-β scheme with
dissipative parameters is employed to stabilize high-frequency modes.

Three representative benchmark problems are considered: (i) the 1D wave equation serving as a spectral
reference; (ii) the 2D wave equation on the unit square illustrating multidimensional spectral effects; and
(iii) the Timoshenko beam system demonstrating the applicability of the theoretical framework to coupled
vector-valued dynamics. In all cases, the desired state is the zero equilibrium, yd ≡ 0, consistent with the
formulation in Section 2.

5.1 Case 1: 1D Wave Equation on the Unit Interva

We begin with the 1D wave equation on the unit interval Ω = (0, 1), where A0 = −∂xx denotes the Dirichlet
Laplacian. Since the analytic eigenvalues are explicitly given by λj = (jπ)2 for j ∈ N, making this case an
ideal spectral benchmark for validating the theoretical decay rates. The spatial domain is discretized using
a uniform finite element mesh with grid size h = 1/50, , employing the finite element space Vh ⊂ H1

0 (Ω)
spanned by piecewise linear Lagrange basis functions. The time interval is partitioned with a fixed time
step ∆t = 0.01. To rigorously isolate the control-induced spectral behavior from algorithmic dissipation,
the temporal integration is performed using the symplectic trapezoidal rule (Newmark parameters γN =
0.5, βN = 0.25). This choice ensures that the discrete energy of the unforced system is conserved, so that any
observed asymptotic decay is strictly attributable to the optimal control feedback. The discrete optimization
is solved via Algorithm 1 with a gradient norm tolerance ϵ = 10−8.

To verify the spectral dichotomy, we initialize the system with the fundamental eigenmode for both
regimes: y0(x) = sin(πx). This choice excites the lowest spectral mode, which is predicted to govern the
asymptotic decay rate. We measure the trajectory discrepancy at a fixed observation time tobs = 0.02 using
the L2(Ω)-norm:

EH(T ) := ∥yT (tobs) − Ξ(tobs)∥H =

(∫ 1

0

|yT (tobs, x) − Ξ(tobs, x)|2 dx

)1/2

. (48)

Although Theorem 1 establishes convergence in the stronger energy topology V , the continuous embedding
V ↪→ H implies that EH(T ) decays exponentially at the same spectral rate.

Since the exact Initial Limit Arc Ξ(t) is defined on an infinite horizon, it is numerically approximated by
a finite-horizon solution yTref

(t) computed with a sufficiently large horizon Tref ≫ tobs. According to the
exponential convergence property established in Theorem 1, the approximation error at the observation time
tobs is bounded by: ∥∥Ξ(tobs) − yTref

(tobs)
∥∥
V
≤ C ∥y0∥V e−µ(Tref−tobs). (49)

Given that tobs = 0.02 and Tref = 100, and considering the spectral gap µ > 0, this truncation error scales
as O(e−µTref ), which is numerically negligible compared to the discretization error. Thus, yTref

serves as a
valid surrogate for the true limit Ξ.

Regime I: Oscillatory Convergence (γ = 1). We first investigate the oscillatory regime by setting
γ = 1. The fundamental eigenvalue is λ1 = π2 ≈ 9.87 > (8γ)−1 = 0.125. The spectral analysis predicts
oscillatory convergence with decay rate µ = 1

2
√
γ = 0.5. The evolution of the finite-horizon optimal state

yT and control uT is displayed in Fig. 1 and Fig. 2 for time horizons T ∈ {1, 10, 100}. As T increases,
the initial segment of each trajectory progressively aligns with the Initial Limit Arc Ξ, stabilizing onto the
turnpike structure. The quantitative error analysis in Fig. 3 (left) confirming the exponential nature of the
convergence. The logarithmic plot of the L2-error exhibits a strict linear trend. Crucially, the empirical
decay is significantly faster than the theoretical lower bound (represented by the red dashed line). Since the
numerical scheme is energy-conserving, this rapid convergence confirms that the theoretical estimate provides
a valid, albeit conservative, lower bound on the true spectral decay. Fig. 3 (right) illustrates the stabilization
of the state profile yT (t, xc) at the midpoint xc = 0.5. As the time horizon T extends, the finite-horizon
trajectories rapidly synchronize with this unique reference trajectory (black dashed line) during the initial
transient phase, visually confirming the turnpike property in the pointwise sense.
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Figure 1: Evolution of the optimal state yT (t, x) for time horizons T ∈ {1, 10, 100} in the 1D wave equation
(oscillatory regime).

Figure 2: Evolution of the optimal control uT (t, x) for time horizons T ∈ {1, 10, 100} in the 1D wave equation
(oscillatory regime).

Figure 3: Oscillatory regime behavior for the 1D wave equation (γ = 1). Left: Global L2-error ∥yT (tobs) −
Ξ(tobs)∥H at tobs = 0.02 versus the time horizon T (semilog scale). Right: Temporal profiles of the state
yT (t, xc) at xc = 0.5 for various horizons T .

Regime II: Monotonic Convergence (γ = 10−3). We now consider a much smaller regularization
parameter, γ = 10−3. In this regime, the fundamental eigenvalue satisfies λ1 = π2 < (8γ)−1 = 125,
indicating that the system operates in the monotonic (overdamped) regime. Although the control-dependent
rate 1

2
√
γ ≈ 15.8 predicts a very rapid decay, Theorem 1 shows that the convergence is ultimately limited by

the system’s intrinsic dynamics, which impose a maximum decay rate of µ = Re(
√
λ1) = π ≈ 3.14.

The numerical results in Fig. 4 provide clear evidence of this saturation effect. In Fig. 4 (left), the
empirical error decay (blue solid line) is compared with the control-predicted rate (green dotted line) and
the intrinsic spectral limit (red dashed line). The error initially follows the steep control-predicted rate but
asymptotically aligns with the spectral limit

√
λ1, confirming that as γ → 0, the turnpike convergence rate is

ultimately constrained by the real parts of the open-loop characteristic roots. The state evolution in Fig. 4
(right) shows strictly monotonic convergence to the limit arc, in contrast to the oscillatory behavior observed
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in Regime I, consistent with the bifurcation of the characteristic roots from the complex plane to the real
axis.

Figure 4: Monotonic regime behavior for the 1D wave equation (γ = 0.001). Left: Global L2-error ∥yT (tobs)−
Ξ(tobs)∥H at tobs = 0.02 versus time horizon T (semilog scale). Right: Temporal profiles of the state yT (t, xc)
at xc = 0.5 for various horizons T .

5.2 Case 2: 2D Wave Equation on the Unit Square

We extend the validation to the two-dimensional setting by considering the wave equation on the unit square
Ω = (0, 1)2. The operator A0 = −∆ is equipped with homogeneous Dirichlet boundary conditions. The
spectrum is given explicitly by λk,m = π2(k2 +m2) for k,m ∈ N. We initialize the system with the principal
eigenmode y0(x) = sin(πx1) sin(πx2), associated with the lowest eigenvalue λ1,1 = 2π2 ≈ 19.74.

To ensure high spatial accuracy, the domain is discretized using a structured triangular mesh with char-
acteristic length h = 1/32, employing quadratic Lagrange finite elements (P2) for both the state and control
variables. Consistent with the 1D benchmark, temporal integration utilizes the symplectic trapezoidal rule
(γN = 0.5, βN = 0.25) with a time step ∆t = 0.01. This choice eliminates numerical dissipation, ensuring
that the observed error dynamics are driven solely by the optimal control optimality system. We set the
regularization parameter to γ = 1. Since the principal eigenvalue satisfies λ1,1 ≈ 19.74 ≫ (8γ)−1 = 0.125,
the system operates deeply within the oscillatory regime. Theorem 1 predicts a global exponential decay rate
dominated by the control term: µ ≥ 1

2
√
γ = 0.5. The Initial Limit Arc Ξ(t) is approximated using a reference

trajectory computed over a long horizon Tref = 20.
The numerical results presented in Fig. 5 provide quantitative verification of these estimates in the mul-

tidimensional context. The global discrepancy EH(T ) (Fig. 5, left) exhibits a characteristic linear profile on
the semi-logarithmic scale. The empirical decay rate closely tracks the theoretical prediction of µ = 0.5. Cor-
respondingly, the state trajectory evaluated at the domain center xc = (0.5, 0.5) (Fig. 5, right) demonstrates
pointwise convergence to the Initial Limit Arc Ξ(t, xc). As the horizon T increases, the finite-horizon solu-
tions progressively coincide with the limit trajectory, numerically verifying the dynamic turnpike property
for multidimensional spectra.

5.3 Case 3: Timoshenko Beam Control

This final benchmark addresses the clamped-clamped Timoshenko beam, a coupled hyperbolic system govern-
ing the vertical displacement w(t, x) and the rotation angle φ(t, x) in (10). This case validates the framework’s
applicability to vector-valued dynamics. We consider a steel beam of length L = 1 m with Young’s modulus
E = 200 GPa, density ρ = 7800 kg/m3, and shear correction factor κs = 5/6. The derived operator param-
eters are Iρ = 6.50 × 10−6 kg · m and K = 6.41 × 106 N. The beam is subject to homogeneous Dirichlet
boundary conditions at both ends, physically corresponding to a clamped-clamped configuration where both
vertical displacement and rotation are fixed to zero (w = φ = 0 at x ∈ {0, L}). The system is initialized from
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Figure 5: Numerical illustration for the 2D wave equation (γ = 1). Left: Global L2-error ∥yT (tobs)−Ξ(tobs)∥H
at tobs = 0.02 versus the time horizon T (semilog scale). Right: Temporal profiles of the state yT (t, xc) at
the domain center xc = (0.5, 0.5) for various horizons T .

rest (∂ty(0, x) = 0) with a prescribed initial displacement profile:

w(0, x) = 2 × 10−3

(
1 − cos

(
2πx

L

))
, φ(0, x) = 0. (50)

The physical configuration is illustrated in Fig. 6.

x

w(t, x)

Clamped
w(0) = φ(0) = 0

Clamped
w(L) = φ(L) = 0

f(t, x)

m(t, x)
L = 1

Figure 6: Illustration of a clamped-clamped Timoshenko beam with distributed force f(t, x) and moment
m(t, x).

The regularization parameter is set to γ = 0.1. The spatial domain is discretized using linear Lagrange
finite elements (P1) on a uniform mesh with Ne = 50 elements. Unlike the scalar wave equation, the coupled
Timoshenko system admits stiff shear modes prone to high-frequency numerical oscillations. To ensure
stability, we employ the dissipative Newmark scheme with parameters γN = 0.6, βN = 0.3025 and ∆t = 0.002.
This parameter choice introduces necessary algorithmic damping to stabilize the discrete spectrum while
maintaining second-order accuracy for low-frequency modes.

The Initial Limit Arc Ξ(t) is approximated using a reference trajectory computed over a horizon Tref = 20.
Given the coupled displacement-rotation dynamics, convergence is quantified in the global energy norm
∥ · ∥X defined in Eq. (6), rather than the scalar L2-metric employed for the 1D and 2D wave cases. The
quantitative results are summarized in Fig. 7. The energy-based error exhibits strict exponential decay (Fig. 7,
left). Notably, the empirical decay rate exceeds the theoretical control-induced lower bound µ ≥ 1/(2

√
γ),

reflecting the additional damping introduced by the time integration scheme, which stabilizes high-frequency
shear modes. Correspondingly, the vertical displacement trajectory wT (t, 0.5) (Fig. 7, right) demonstrates
pointwise convergence to the limit profile Ξ(t).

The vector-valued turnpike property is further illustrated in Fig. 8, showing the temporal evolution of
the optimal control components fT (t, 0.5) and mT (t, 0.5). For short horizons (T = 0.5, left), the controls
are dominated by the transient effort required to steer the system. As the horizon is extended to T = 1.0
(right), a clear structural transition emerges: after the initial transient phase (t > 0.6), both controls decay
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and stabilize near the steady-state values ud. This behavior explicitly confirms the static turnpike property:
for sufficiently long horizons, the dynamic optimization problem recovers the steady-state optimality, where
the control effort remains approximately constant to maintain the system at the desired equilibrium.

Figure 7: Numerical illustration of convergence in the energy norm for the Timoshenko beam model (γ = 0.1).
Left: Global error ∥Ξ − yT ∥X in the energy space at tobs = 0.02 versus the time horizon T (semilog scale).
Right: Temporal profiles of the vertical displacement wT (t, xc) at the midpoint xc = 0.5 for various horizons
T .

Figure 8: Optimal distributed controls fT (t, xc) and mT (t, xc) at xc = 0.5 for time horizon T = 0.5 (left)
and T = 1 (right).

6 Conclusions

The primary contribution of this work is a rigorous spectral characterization of transient optimal trajectories
for abstract second-order evolution equations. We introduced the Initial Limit Arc, proving that it coincides
with the unique infinite-horizon optimal trajectory evolving on the stable invariant manifold. Unlike classical
static turnpike theory, this dynamic construct captures the transient phase. We established that finite-horizon
optimal states converge to this limit uniformly in the energy norm, with error dynamics governed strictly by
the spectral gap of the underlying Hamiltonian operator.

A key finding is the spectral bifurcation of the convergence mechanism based on the control cost—specifically,
the sharp transition from a control-dominated oscillatory regime to a saturation-limited monotonic regime.
Numerical validation on the wave equation and the Timoshenko beam confirms this structure. Crucially,
the empirical decay rates consistently satisfy the theoretical lower bounds and validate the sharpness of the
spectral estimate in the conservative limit. The use of symplectic integrators further ensures that these
observations reflect physical control authority rather than algorithmic dissipation.

While the current framework relies on discrete spectral decomposition, it lays the groundwork for broader
extensions. Future research will address systems with continuous spectra, semilinear dynamics, and boundary
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control with unbounded operators. Additionally, investigating the impact of uncertainty in random hyperbolic
systems remains a relevant direction for robust control design [13].

Finally, this analysis bridges dynamic control theory and geometric design. Optimal design of distributed-
parameter systems is well-established in the static setting, employing topological [28, 24, 29, 30] and shape
derivatives [26]. However, the justification for applying these static tools to evolutionary problems has tradi-
tionally been heuristic. The asymptotic stability established here provides the missing theoretical foundation:
since the dynamic optimal trajectory converges exponentially to the steady state, the infinite-horizon cost is
dominated by the static performance. This justifies the use of static shape optimization as a rigorous proxy
for long-term dynamic design in flexible mechanical systems (see [28]).

A Explicit Derivations and Asymptotic Analysis

In this appendix, we provide the explicit construction of the finite-horizon optimal solutions and the rigorous
derivation of their infinite-horizon limits, as utilized in the proof of Theorem 1.

A.1 Explicit Solution for the Oscillatory Regime (j ∈ Iosc)

The characteristic roots are complex with λj > 1
8γ . Let ωj denote the stable root with Re(ωj) < 0. The

roots satisfy the properties:

|ωj |4 = λj(λj + γ−1), Re(ω2
j ) = −(λj − (2γ)−1). (51)

The optimal coefficient αj(T ; t) satisfying the boundary value problem is given by:

αj(T ; t) = Aj(T )
[
(ω̄2

j + λj) cosh(ωj(T − t)) − (ω2
j + λj) cosh(ω̄j(T − t))

]
+ Bj(T )

[
ω̄j

(
ω̄2
j + λj − γ−1

)
sinh(ωj(T − t))

− ωj

(
ω2
j + λj − γ−1

)
sinh(ω̄j(T − t))

]
.

(52)

The coefficients Aj(T ) and Bj(T ) are derived from the terminal conditions at t = T :

Aj(T ) = − ηj
Nj(T )

|ωj |2
[(
ω̄2
j + λj − γ−1

)
cosh(ωjT ) −

(
ω2
j + λj − γ−1

)
cosh(ω̄jT )

]
, (53)

Bj(T ) = − ηj
Nj(T )

[
−ωj(ω̄

2
j + λj) sinh(ωjT ) + ω̄j(ω

2
j + λj) sinh(ω̄jT )

]
, (54)

where the common denominator is:

Nj(T ) = |ωj |2
[

4λj

γ
+

(
4λj

γ
− γ−2

)
| cosh(ωjT )|2

]
+ λj

(
4λj

γ
+ γ−2

)
| sinh(ωjT )|2. (55)

A.2 Derivation of the Modal Error Bound

We analyze the pointwise error ej(T ; t) := αj(T ; t) − Ξj(t) for a fixed mode j. Since both αj and Ξj satisfy
the same fourth-order ODE, the error ej is a solution to the homogeneous equation. However, unlike Ξj ,
which satisfies the stability condition at infinity, ej is driven by the mismatch at the terminal time T .

The terminal value of the limit arc is Ξj(T ) = ηjLj(T ). Since Lj(t) decays exponentially, the boundary
condition mismatch scales as:

|Ξj(T )| ≈ C|ηj |e−µT . (56)

This terminal residual acts as a boundary source term that excites the unstable modes (associated with roots
−ωj ,−ω̄j) in the backward time direction. The propagation of this error from T back to t scales as e−µ(t−T ).
Consequently, the magnitude of the error at time t is bounded by:

|αj(T ; t) − Ξj(t)| ≤ K|Ξj(T )| · eµ(t−T ) ≤ K ′|ηj |e−µT eµ(t−T ) = K ′|ηj |e−µ(T−t). (57)

This uniform estimate justifies the modal bound utilized in Step 4 of the main proof.
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