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Abstract

Building on the strong nonlinear response of graphene nanostructures and Neu-

mann's symmetry principle, we theoretically study the di�erence-frequency generation

(DFG) of a circularly polarized THz �eld with controllable handedness (or spin angu-

lar momentum, SAM). Using the tight-binding description of graphene and the time-

dependent density matrix approach, we perform real-time calculations of the nonlinear

conversion produced by the interaction of the two contra-rotating, circularly polarized

infrared electromagnetic pulses with individual graphene nano�akes and nanoribbon

compounds. We observe high conversion e�ciency for all studied systems, as evidenced

by their performance when arranged into the metasurface. In such con�gurations, the

e�ciency of the DFG of the SAM-carrying THz �eld can be above 10−3 W/W2. We

further address the possibility of mitigating the e�ects of the unavoidable in practical

situations symmetry distortions at the atomic or macroscopic level, which degrade the

SAM selectivity of DFG. Our work extends theoretical studies of the THz manipulation

with graphene nanomaterials towards spin-carrying radiation.
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Introduction

Nowadays, THz technologies are experiencing rapid expansion in various �elds of fundamen-

tal and applied research, ranging from sensors, imaging, and communications1�6 to near-�eld

imaging6�8 and scanning tunneling probes. In this latter situation, directing the THz pulses

into the junction of a scanning tunneling microscope allows one to track with atomic-scale

resolution the dynamics of molecular vibrations, electron transfer, and electron-photon cou-

pling.6,9�16 This is without mentioning the possibility of using THz radiation for controlling

electron emission by ultrashort and powerful optical pulses.17 The progress of the �eld would

bene�t from the development of compact THz sources. To this end, along with the utilization

of the quantum cascade lasers,5,6 2D materials and in particular graphene appear as a promis-

ing platform.18�21 owing to their high and tunable nonlinearity22�34 associated among other

e�ects with collective electron excitations (plasmons).35�38 Thus, along with THz generation

in graphene by the photon drag e�ect,39,40 carrier injection at graphene-metal interfaces,41

and a photoconductive switch approach,42 the generation of THz graphene plasmons using

the nonlinear di�erence frequency generation (DFG) has been reported.43�45

The application range of THz technology can be further extended by using (nonlinear)

metasurfaces for engineering THz radiation carrying spin and orbital momentum. This said,

while manipulation and generation of structured light with nonlinear metasurfaces have

bene�tted from extensive theoretical and experimental research at optical frequencies,46�58

the THz frequency range is much less studied so far.59�61

In this theoretical work we leverage the high nonlinearity of graphene nanostructures to

obtain circularly polarized (carrying spin angular momentum, SAM) THz radiation via the

DFG process. Since an individual graphene nanostructure can be seen as a meta-atom or

building block of the 2D metasurface, characterizing its nonlinear response is a necessary step

for further developments. Using Neumann's symmetry principle,62,63 and an approach similar

to that employed for circular polarization states of the high harmonic generation,56�58,64�68

we de�ne conditions to control the circular polarization states of THz radiation obtained by
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DFG in graphene nanostructures. We then apply the time-dependent density matrix ap-

proach and tight-binding description of graphene (TDDM-TB) to calculate the electron den-

sity dynamics in graphene triggered by the two contra-rotating circularly polarized infrared

pulses, and to characterize the dipole induced in the nanostructure at THz frequencies. From

the perspective of practical applications, we further address the role of symmetry breaking

by atomic-scale or geometry imperfections, which strongly degrade the SAM selectivity of

the process. Similar to our earlier �ndings for high-harmonic generation,68 we show that this

problem can be alleviated when individual nanostructures are arranged into a metasurface.

The paper is organized as follows. The �rst section provides a brief description of the

method and de�nes conditions for the incident electromagnetic waves necessary for the DFG

of SAM-carrying THz radiation. The second section describes the TDDM-TB results ob-

tained for ideal and defective triangular graphene nano�akes. The third section is devoted to

the TDDM-TB results obtained for ideal and defective compound structures made of several

(centrosymmetric or not) graphene nanoribbons (GNRs), as well as for a disordered array

of such compounds.

Unless otherwise stated, atomic units are used throughout the paper.

Method

The nonlinear response of graphene nanostructures, and in particular the DFG process

Ω = ω1 − ω2 leading to THz generation, which is the focus of this work, is studied us-

ing the explicitly time-dependent TDDM-TB approach presented in detail elsewhere69 and

summarized in the supporting information (SI) of the present manuscript (see also Refs.

70,71). In brief, our method builds on earlier theoretical developments to address linear

and nonlinear e�ects in graphene plasmonics.72,73 It is based on the time-dependent density-

matrix (TDDM) calculations of the electron density dynamics in the π-bands of graphene

nano�akes described using the tight-binding (TB) model. The time-dependent density ma-
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trix, ρ̂(t), is represented in the basis φν of the carbon 2pz orbitals, which are centered at the

carbon atom sites within the nanostructure

ρ̂(t) =
∑
ν,ν′

|φν⟩ρν,ν′(t)⟨φν′ |, φν(r) = φ2pz(r−Rν). (1)

whereRν denotes the position of the carbon atom site ν and r represents electron coordinates.

The time evolution of ρ̂(t) is given by the quantum master equation74�76

i
∂ρ̂(t)

∂t
=

[
Ĥ, ρ̂(t)

]
− iγ

(
ρ̂(t)− ρ̂(0)

)
. (2)

Eq. (2) is solved in real time using the split-operator technique,77 with the initial condition

for time-propagation given by ρ̂(t = 0) = ρ̂(0), where ρ̂(0) is the density matrix of the ground-

state system.

The TB hamiltonian Ĥ = Ĥ(0) + V̂ (t) comprises the hamiltonian of the unperturbed

ground-state system, Ĥ(0), and the potential V̂ (t), which is created by the incident electro-

magnetic radiation and by the induced electron density (i.e., the electron density change

with respect to the ground-state reference density, ρνν(t) − ρ
(0)
νν ). Retardation e�ects are

neglected because of the small relevant size of the considered systems. The hamiltonian of

the ground-state system is given by Ĥ(0) =
∑

ν,j |φν⟩h⟨φj| + V̂ (0), where j stands for the

nearest neighbours of ν, and the hopping integral h = −2.8 eV.36 The potential V̂ (0) stems

from the deviation from the homogeneous charge distribution of the in�nite graphene layer

because of the �nite size of the nano�akes and their electrostatic doping.

The second term on the right-hand-side of Eq. (2) is a simpli�ed form of the Lindblad

super-operator and it describes the relaxation to the ground-state density matrix ρ̂(0) with

a rate γ. Here, in line with other works,26,78 we use γ = 15 meV to represent the plasmon

decay by the excitation of the optical phonons in graphene.35,79�82 The Landau damping of

plasmons by edge and defect scattering82�85 is implicitly accounted for in the TDDM-TB

framework. It is worth noting that as discussed below, the qualitative conclusions of this
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work regarding SAM selectivity of DFG are determined by the symmetry of the system and

are therefore robust with respect to the choice of γ.

We consider the situation sketched in Figure 1a. Two incident circularly polarized elec-

tromagnetic waves (denoted as 1 and 2), with electric �eld vectors E1 and E2, and frequencies

ω1 and ω2, propagate in positive direction of z-axis. That is, the propagation direction is

perpendicular to the graphene nano�ake located in the (xy)-plane. The symmetry selection

rules for nonlinear multipoles induced in this situation in the graphene nanostructure are

thoroughly derived and explained in the SI. Although below in this paper we will show an

alternative approach, our main derivation reported in the SI is based on Neumann's prin-

ciple which requires that the tensor that determines the response of the nanostructure is

invariant under transformation respecting the symmetry of the nanostructure62,63 (for the

high harmonic generation see discussion in Refs.56�58,64�67). In particular, for the DFG, the

polarization states µTHz = ±1 of the nonlinear dipole p(Ω) induced in the nanostructure

at THz frequency Ω = ω1 − ω2 can be obtained from (we consider that the frequencies are

positive)

µ1 − µ2 − µTHz = n S. (3)

Here S is the order of the rotational symmetry of the graphene nano�ake, n is any integer,

and µ1,2 = ±1 is the spin angular momentum (SAM, or handedness) of the fundamental elec-

tromagnetic �eld E1,2. We use µ1,2 = +1 for the circular polarization with a counterclockwise

rotation of the electric �eld vector in the graphene plane (the left-handed polarization), and

µ1,2 = −1 for the circular polarization with a clockwise rotation of the �eld vector in the

graphene plane (the right-handed polarization). Similarly, µTHz = +1 (µTHz = −1) cor-

responds to a counterclockwise (clockwise) rotation of the induced nonlinear dipole in the

graphene plane.

From Eq. (3) it follows that the only way to create a SAM selective DFG is to choose an

individual nano�ake or a compound system of several nano�akes with C3 symmetry (S = 3)

5



illuminated by two contra-rotating optical �elds, i.e.,

µ1 = ±1, µ2 = −µ1, S = 3. (4)

This results in the circularly polarized far �eld THz radiation emitted perpendicular to the

graphene plane with

µTHz = µ2 = −µ1. (5)

We thus set the incident electromagnetic waves with frequencies ω1 > ω2 leading to the

sought DFG in the following form in graphene plane

Ej(t) = E0(t) (êx cosωjt+ êy µj sinωjt) , (6)

Here, the unit length vector along the x-axis (the y-axis) is denoted as êx (êy), polarizations

of the incident waves are µ1 = −1, and µ2 = +1, and the slowly varying amplitude E0(t) is

common to both �elds. It is given by

E0(t) = A0 exp

[
−
(
t− t0
τ

)2
]
. (7)

Since the nonlinear response of the graphene nanostructure and, in particular the DFG is

strongly enhanced at plasmon resonances,26 we used ω1 and ω2 given by

ω1 = ωDP + Ω/2 and ω2 = ωDP − Ω/2 where Ω = 30 meV ≈ 7 THz. (8)

Here, ωDP is the frequency of the dipolar plasmon resonance of the nanostructure. The pulse

duration (FWHM of the �eld), τ = 3× 104 a.u. (≈ 726 fs), is chosen such that it comprises

approximately 5 periods of the THz �eld. The solution of Eq. (2) is computed within the

time interval 0 ≤ t ≤ tmax. By setting t0 = 5×104 a.u. (≈ 1210 fs) and tmax = 1.1×105 a.u.

(≈ 2660 fs), we ensure that (i) the incoming pulse is negligible in the beginning and at the
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end of the time-propagation, and (ii) the induced density fully relaxes to the ground state

by the end of the time propagation.

From the time-dependent electron density induced in the graphene nanostructure by the

incident electromagnetic �eld, and calculated using the TDDM-TB method, we obtain the

time-dependent induced dipole p(t) =
∑

ν

(
ρνν(t)− ρ

(0)
νν

)
Rν . We then perform its frequency

analysis according to

p(ω) =
1√
2π

∫ ∞

−∞
p(t) eiωt dt. (9)

The frequency-resolved dipole p(ω) is represented in the basis of rotating vectors

p(ω) = ê+ p+(ω) + ê− p−(ω) with ê± =
1√
2
(êx ± iêy). (10)

The left- and right-handed (complex) polarisation amplitudes p±(ω) provide a complete

description of the linear and nonlinear response of the system.

Thus, we de�ne the polarization index Ip(ω)

Ip(ω) =
|p+(ω)| − |p−(ω)|
|p+(ω)|+ |p−(ω)|

, (11)

it is +1 (-1) if the dipole is purely left- (right-) handed, and it is 0 if the dipole is linearly

polarized. In what follows, we will be mainly interested in Ip(Ω) which characterizes the

DFG at Ω = ω1 − ω2. One can also de�ne the second order hyperpolarizabilities

α
(2)
± (Ω) =

|p±(Ω)|
|E1(ω1)| |E2(ω2)|

, (12)

where Ej(ω) is obtained from Ej(t) using the same time-to-frequency transform (see Eq. (9)).

The far �eld THz emission by the free-standing nanostructure can be found from86

ETHz(r,Ω) = k2 eikr

r
(êr × p(Ω))× êr, (13)
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where r = (x, y, z), the unit length vector êr = r
r
, and wavevector k = Ω/c (c is the speed of

light in vacuum). In particular, the emission along the z-axis perpendicular to the graphene

plane is given by

ETHz(r,Ω) = k2 eikz

z
(ê+ p+(Ω) + ê− p−(Ω)) . (14)

That is, the polarization of the THz radiation emitted in the direction of propagation of the

fundamental waves E1 and E2 is the same as that of the nonlinear dipole induced at the

di�erence frequency. In what follows, we will consider this situation relevant for the response

of nonlinear metasurfaces composed of graphene nanostructures to fundamental wave(s)

at normal incidence. Consequently, by DFG we will understand the far-�eld radiation at

THz frequency Ω emitted along the z-axis perpendicular to graphene. Thus, the symmetry

selection rules derived for polarization states µTHz of the nonlinear dipole p(Ω) and given by

Eq. (3), Eq. (4), and Eq. (5) also describe the polarization states of the DFG.

We explicitly checked that for the variation of the electric �eld amplitude A0 between

10−6 and 10−5 a.u. the perturbative regime holds, i.e., α(2)
± (Ω) is independent of A0 as we

further show in SI. This also points at the dominance of the second order nonlinear process,

and the absence of notable transient e�ects linked with electron heating.78,87 For numerical

convenience, we then used A0 = 10−5 a.u. (5× 10−3 V/nm) throughout this work.

THz generation by the triangular nano�ake

We start our discussion with an example of the DFG by a triangular graphene nano�ake with

perfect S = 3 symmetry, sketched in Fig. 1a. It comprises 10194 C atoms and has armchair

469 a.u. long edges (approximately 25 nm). The tips of the nano�ake are smoothed with

a 1 nm curvature radius. We neglect the relaxation of the carbon atoms at the boundaries

of the nanostructure as it does not a�ect the symmetry and produces only a minor e�ect

on the nonlinear response.68 The nano�ake is electrostatically doped with 20 electrons so

that its dipolar plasmon frequency ωDP = 0.236eV, as evidenced by the resonance in the
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Figure 1: The DFG of the THz radiation from the triangular graphene nano�ake described
in the text. The nonlinear response is induced by two contra-rotating circularly polarized
electromagnetic pulses with electric �eld vector E1, frequency ω1 = 251 meV, and µ1 = −1
polarization for the �rst pulse, and with electric �eld vector E2, frequency ω2 = 221 meV,
and µ2 = +1 polarization for the second pulse. Panel a: sketch of the triangular graphene
nano�ake and of the direction of rotation of the electric �eld vectors E1 and E2. The black
point is the center of the C3 symmetry. For the sake of visibility of the graphene lattice, the
nano�ake presented here is 5 times smaller than the one used in the calculation. Panel b:
optical absorption cross section, σabs, normalized to the area of the graphene nano�ake. The
data is shown as a function of the frequency ω of the x-polarized optical pulse. It features
a resonance at the dipolar plasmon frequency ωDP = 0.236eV. Panel c: left handed (|p+|,
cyan) and right handed (|p−|, magenta) nonlinear dipolar polarization amplitudes de�ned
with Eq. (10). Results are shown as a function of frequency ω within the frequency range
near DFG at Ω = ω1 − ω2 = 30 meV. Full lines: results for perfect triangular nano�ake;
Dashed lines: defective nano�ake containing a single carbon atom vacancy. Panel d: the
amplitude of the nonlinear dipole |p(Ω)|. Panel e: polarization index Ip(Ω) de�ned with
Eq. (11). In panels d) and e) results at the di�erence frequency Ω = 30 meV are shown as a
function of the number of randomly distributed carbon atom vacancies Nv. The error bars
show the standard deviation.

absorption spectra in Fig. 1b. The DFG is induced by two incident contra-rotating circularly

polarized optical pulses with electric �eld vectors E1 and Et, frequencies ω1 = 251 meV and

ω2 = 221 meV, and SAM µ1 = −1 and µ2 = +1. The direction of the rotation of the electric

�eld vectors in the plane of the nano�ake is indicated in Fig. 1a, and the pulse pro�le and

�eld amplitude are described in the previous section.
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The TDDM-TB results for an ideal nano�ake, as shown in Fig. 1c are in full accord with

selection rules for circularly polarized states of the DFG. Indeed, as predicted by Eq. (4)

and Eq. (5), the DFG is SAM-selective. The nonlinear dipole induced at THz frequency is

purely left-handed with SAM µTHz = µ2 = +1. The spectral width of the THz signal is

consistent with the spectral width of the incoming �elds (a few meV) and the relaxation rate

γ = 15 meV introduced in Eq. (2) to represent the interaction with optical phonons.

While the results for an ideal nano�ake demonstrate the sought possibility of the DFG

of the circularly polarized THz pulse with controllable handedness, the question naturally

arises regarding the robustness of the results with respect to the lattice imperfections. Indeed,

lattice imperfections unavoidably destroy the atomic-scale C3 symmetry of the nanostructure

and a�ect the selection rules for the circular polarization of the nolinear dipole.68 To access

the role of the defects, we consider single carbon atom vacancies in the nano�ake. We follow a

widely used approach88�91 where several randomly chosen carbon atoms are removed from an

ideal graphene lattice and the lattice relaxation around defects is neglected. In our earlier

works68,69 we compared this simple model with ab initio fully-relaxed descriptions of the

defects,92�95 and we have demonstrated that the former yields semi-quantitative results for

the nonlinear response of defective graphene nanostructures.

Strictly speaking, even a unique defect downgrades the symmetry order of the nano�ake

from S = 3 to S = 1. In this situation, it follows from Eq. (3) that the induced dipole will

be generated with both polarizations µTHz = ±1 when µ2 = −µ1. Thus, the SAM selectivity

of the nonlinear process is lost. This said, for the unique vacancy out of 104 carbon atoms

the distortion of the perfect nanostructure is small, it is on the atomic scale. The symmetry

given by the macroscopic geometry of the nano�ake is preserved. Naively one might expect

that the induced THz dipole remains almost left-handed. This is absolutely not the case

as illustrated in Fig. 1c. Both nonlinear polarizations are produced with similar intensity

(results shown with dashed lines). The loss of handedness selectivity caused by a unique

carbon atom vacancy present in the honeycomb lattice is spectacular.
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To further explore the role of the defects we computed the THz generation from triangular

nano�akes with Nv = 1, 2, 4, and 8 carbon atom vacancies. For each Nv we generated �ve

defective nano�akes with random carbon atom vacancy positions. We present in Fig. 1d the

statistically averaged results for the nonlinear dipole p(Ω), and in Fig. 1e for the polarization

index Ip(Ω) at the THz frequency Ω = 30 meV. The e�ect of the lattice imperfections on the

DFG obtained here is similar to the one reported earlier for the generation of the circularly

polarized harmonics of the fundamental frequency.68 First, for 0 ≤ N =≤ 4 the induced

nonlinear dipole decreases with increasing number of vacancy defects leading to smaller THz

emission into the far �eld. This is a consequence of the decay and dephasing of the dipolar

plasmon of the nano�ake because of the electron scattering by defects.79,81,83,84,96�98 Above

four defects |p(Ω)| varies only mildly on the scale of the �gure and within the studied range

of Nv. Most important, already four randomly distributed carbon atom vacancies present in

the nanostructure (defect concentration ≈ 4×10−4) lead to the polarization index Ip(Ω) close

to zero. The sought generation of the circularly polarized THz radiation is lost. Obviously, a

larger number of Nv can only further degrade the symmetry, so that we limited our study to

Nv = 8. These results point at the practical di�culty in implementing individual nano�akes

for SAM-controllable THz generation in the far �eld because of the extreme sensitivity of

the DFG to the lattice symmetry on the atomic scale.

DFG using graphene nanoribbons

Centrosymmetric nanoribbons

Chemically synthesized in a bottom-up approach, GNRs possess perfect microscopic regu-

larity99�102 and thus represent an interesting alternative to large-size nano�akes for SAM-

controllable THz generation. With this in mind, we consider DFG generation by the C3

compound structure shown in Fig. 2a and in Fig. 2b. This structure consists of three iden-

tical GNRs radially disposed around a center of symmetry, with a rotation angle of 2π/3
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Figure 2: The C3 compound of the three identical GNRs. Panel a: geometrical arrangement
of radially disposed GNRs with an angle 2π/3 between them. R is the distance between the
inner end of the nanoribbons and the center of symmetry of the compound (R = 150 a.u.
is shown here). Panel b: arrangement of carbon atoms within the aGNR13 nanoribbon.
The nanoribbon has a length of L = 396 a.u. and contains 1270 carbon atoms. The blue
dashed lines indicate the carbon atom rows, labeled by 1, ..., 13. Panel c: The frequency of
the dipolar plasmon of the C3 compound of aGNR13 nanoribbons. Results are shown as a
function of the geometry parameter R. The inset shows the linear dipolar polarizability α(1)

of the compound structure with R = 400 a.u.. It is calculated as a function of the frequency of
the linearly polarized electromagnetic plane wave, and it reveals a dipolar plasmon resonance
at ωDP = 167 meV.

between them. To reduce plasmon damping by edge scattering we have chosen GNRs with

armchair edges.85 Their width of 28 a.u. (approximately 1.5 nm ) is such that they count 13

�horizontal� alignments of carbon atoms. These are the so-called aGNR13 nanoribbons99�102

which exhibit semiconducting character and a highly non-linear response (see SI). Each

aGNR13 nanoribbon considered here has a length of L = 396 a.u. (approximately 20.7 nm)

and contains 1270 carbon atoms. Each nanoribbon is electrostatically doped with 6 elec-

trons, resulting in a longitudinal dipolar plasmon frequency of an individual nanoribbon

ωaGNR13
DP = 167 meV. Within the range of the geometry parameter R addressed here, 20 a.u.

≤ R ≤ 500 a.u., the dipolar plasmon frequency of the GNRs compound changes only weakly,

remaining close to ωaGNR13
DP , as shown in �gure Fig. 2c.

The DFG from the C3 compound of aGNR13 nanoribbons is shown in Fig. 3. The non-

linear response is induced by two contra-rotating circularly polarized electromagnetic pulses

one with ω1 = 182 meV and µ1 = −1, and the other one with ω2 = 152 meV and µ2 = +1.

12



 0

 1

 2

 3

 0  100  200  300  400  500
 0

 0.5

 1

p 
(1

03  a
.u

.)

po
la

ris
at

io
n 

in
de

x

R (a.u.)

Figure 3: TDDM-TB results for the DFG generation from the C3 compound of identical
aGNR13 graphene nanoribbons. The nonlinear response is induced by two contra-rotating
circularly polarized electromagnetic pulses one with ω1 = 182 meV and µ1 = −1, and the
other one with ω2 = 152 meV and µ2 = +1. The amplitude |p(Ω)| (blue line, left vertical
axis), and polarization index Ip(Ω) of the induced nonlinear dipole (red line, right vertical
axis) are shown at the di�erence frequency Ω = 30 meV as a function of the geometry
parameter R (see Fig. 2a).

The amplitude |p(Ω)| (blue line), and the polarization index Ip(Ω) (red line) of the induced

nonlinear dipole at the di�erence frequency Ω = 30 meV are calculated with TDDM-TB

as a function of the geometry parameter R. In accord with the selection rules for the C3

symmetry (Eq. (4), and Eq. (5) we obtain that Ip(Ω) = 1 irrespective of R. The amplitude

of the nonlinear dipole, on the other hand, rapidly decreases with R. Indeed, each individual

aGNR13 nanoribbon considered here is centrosymmetric so that even-order hyperpolariz-

abilities are zero. Since only even-order nonlinear response enables DFG at Ω = ω1 − ω2,

THz generation is impossible for the free-standing nanoribbon. In contrast, in a compound

nanostructure, the mutual interactions induce a non-centrosymmetric environment for each

aGNR13 nanoribbon. This allows for even-order non linear e�ects. Obviously, when R in-

creases the interactions between GNRs become smaller leading to the smaller |p(Ω)| created
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by the compound. Except when explicitly mentioned, results presented below in this paper

are obtained for R = 50 a.u. (≈ 2.6 nm). This choice is a compromise between the e�ciency

of frequency conversion and a realistic scale for constructing the compound.

If the bottom-up process ensures a perfect regularity of the nanoribbons at the atomic

scale, defects may occur in the macroscopic geometry of the compound nanostructure. To

access the role of these geometry distortions on the generation of THz radiation with con-

trolled SAM, we addressed the defective aGNR13 compounds. Results shown in Fig. 4 are

obtained by altering the position (δx, δy displacements), orientation (δφ rotation) and length

(δL elongation) of the aGNR13 nanoribbon labelled as 1 in Fig. 2a. The geometry distortion

parameters δx, δy, δφ, and δL are de�ned in the insert of Fig. 4a. An ideal C3 compound

corresponds to R = 50 a.u., L = 396 a.u., and a 2π/3 angle between the nanoribbons.

The geometry distortions lift the C3 symmetry (S = 3) and lead to a C1 symmetry

(S = 1) of the compound, so that one envisions the same consequences as those calculated for

the defective triangular nano�ake in Fig. 1. Indeed, it follows from Fig. 4 that the symmetry

break impacts the absolute value |p(Ω)| (blue line), and the polarization index Ip(Ω) (red

line) of the nonlinear dipole induced at the di�erence frequency Ω = 30 meV. Clearly, the

sensitivity to defects already observed for the unique triangular nano�ake is present. Note

however, that in the case of the triangular nano�ake, the symmetry break results from atomic-

scale defects. The macroscopic geometry characterized by the C3 symmetry is preserved.

In contrast, for the defective aGNR13 compound, the atomistic structure of the GNRs is

preserved, and the distortions concern the macroscopic geometry. Thus, the atomic scale

relevant for the triangular nano�ake transforms to the nanometer scale for the aGNR13

compound (100 a.u. ≈ 5.3 nm) with much better persistence of the polarization index in

the latter system.

To get deeper insights into the performance of the compound system and into the possible

ways of its improvement presented below, it is handy to go beyond the general framework

provided by Neumann's principle. Let us establish the selection rules for the circular states
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Figure 4: E�ect of geometry distortion on the DFG from the compound structure of aGNR13
graphene nanoribbons. The nonlinear response is induced by two contra-rotating circularly
polarized electromagnetic pulses one with ω1 = 182 meV and µ1 = −1, and the other
one with ω2 = 152 meV and µ2 = +1. Panel a: geometry distortion parameters δx, δy,
δφ, and δL describing displacement and elongation of the GNR oriented along the x-axis
(nanoribbon 1 in Fig. 2a). The compound of ideal C3 symmetry corresponds to R = 50 a.u.,
L = 396 a.u., and zero distortion. Panels b to e: amplitude |p(Ω)| (blue line, left vertical
axis), and the polarization index Ip(Ω) (red line, right vertical axis) of the induced nonlinear
dipole. Results at the di�erence frequency Ω = 30 meV are shown as a function of one of the
distortion parameters, while the other distortion parameters are maintained at zero. Panel
b: the nanoribbon is shifted in the xy plane by êxδx. Panel c: the nanoribbon is shifted in
the xy plane by êyδy. Panel d: the nanoribbon is rotated by δφ. Panel e: length of the
nanoribbon is changed to L+ δL.

of the DFG that explicitly exploit the geometry of the compound structure addressed here.

As explained above, while an individual aGNR13 nanoribbon is centrosymmetric, mutual

interactions between nanoribbons allow for even-order nonlinear e�ects. The nonlinear dipole

at the di�erence frequency is then induced in each GNR (given the aGNR13 geometry, the

nonlinear dipole is aligned with the GNR axis). For the compound of three nanoribbons
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rotated by a 2π/3 angle with respect to each other, and arranged as sketched in Fig. 2a, the

unit vectors êk (k = 1, 2, 3) in the radial direction along the nanoribbons are given by

ê1 =
ê+ + ê−√

2
ê2 =

e−
2iπ
3 ê+ + e

2iπ
3 ê−√

2
ê3 =

e
2iπ
3 ê+ + e−

2iπ
3 ê−√

2
(15)

Then, using the C3 symmetry, the THz dipoles induced in the nanoribbons at the frequency

Ω can be expressed in the form

pk(Ω) = p(Ω) exp(−i2φk) êk. (16)

In Eq. (16) φk is the angle between nanoribbon k and the x-axis. In the present compound

system, φk = 2π(k− 1)/3. The −2φk dephasing term arises from the time shift of the �elds

experienced by nanoribbon k because of its radial rotation by an angle φk in the compound

system.

Indeed, let us consider for simplicity an incident cw radiation. The incident �eld of

electromagnetic wave 1 rotates clockwise in the (x, y)-plane (µ1 = −1). Therefore, for

nanoribbon k it is advanced by ∆t1,k = φk/ω1. Then, the radial component of the total

�eld (incident �eld plus the �eld induced by the linear response of the nanostructure) as

seen by nanoribbon k can be expressed as E1,k(ω1) = E1(ω1) e−iφk Conversely, the �eld

of the electromagnetic wave 2 with µ2 = +1 is delayed by ∆t2,k = φk/ω2. As seen by

the nanoribbon k the radial component of the corresponding total �eld can be expressed as

E2,k(ω2) = E2(ω2) e
iφk (notice that E1,k and E2,k depend on the position along the nanoribbon).

The longitudinal polarization density at the di�erence frequency is given by Pk(Ω = ω1 −

ω2) ∝ E1,k(ω1)E∗
2,k(ω2), which leads to Eq. (16). (Here Z∗ denotes the complex conjugate of

Z.)

The total dipole induced in an ideal C3-symmetric aGNR13 compound at the di�erence
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frequency Ω is

pcomp(Ω) =
3∑

k=1

pk(Ω) =
p(Ω)√

2

3∑
k=1

[
ê+ + e(k−1) 2iπ

3 ê−

]
=

3 p(Ω)√
2

ê+. (17)

It follows from Eq. (17) that the net left-handed polarization µTHz = +1 results from the

constructive interference of the left-handed components ê+ of the dipoles carried by the

individual nanoribbons. The right-handed components ê− interfere destructively.

Since the nonlinear dipole pk(Ω) induced in each individual centrosymmetric nanoribbon

stems from the near-�eld interactions, re-positioning a nanoribbon by the δx and δy displace-

ments (see Fig.4b and Fig.4c) lifts the absolute value degeneracy of the pk=1,2,3(Ω) dipoles

(but do not change the orientation of the dipoles). This, in turn, a�ects the interference of

di�erent contributions when computing the total dipole and thus Ip(Ω). Similarly, changing

the length L of one of the GNRs (Fig.4e) shifts its plasmon resonance and thus modi�es

its (i) linear and (ii) nonlinear response, a�ecting the phases and amplitudes of the induced

dipoles pk=1,2,3(Ω) and hence their interference. Rotation of one of the nanoribbons (chang-

ing angle φk) primarily a�ects the relative phase of the corresponding nonlinear dipole. It

thus degrades the destructive interference for ê− components of the DFG in Eq. (17), and

strongly a�ects the polarization index Ip(Ω) of the emitted THz radiation. The analytical

expression for the nonlinear response of the C3 compound given by Eq. (17) helps thus to

understand numerical results reported in Fig.4.

Breaking centrosymmetry of the nanoribbons

In this subsection, we show that breaking the centrosymmetric character of the GNRs is

lifting the e�ect of geometry distortions caused by the nanoribbon δx and δy displacements.

Consider �rst the C3 compound of non-centrosymmetric identical nanoribbons and contra-

rotating continuous wave (cw) �elds E1(t) and E2(t) given by Eq. (6) with E0(t) = A0. In

this situation, the longitudinal nonlinear dipole pcw
k (Ω) induced in each nanoribbon can be
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expressed as

pcw
k (Ω) = A2

0

(
α
(2)
L (Ω) + Ck(Ω)

)
exp(−i2φk) êk, (18)

where φk and êk are de�ned in the previous subsection. The �rst term in brackets accounts

for the nonlinear dipole owing to the incident �elds with α
(2)
L (Ω) being the longitudinal

second-order hyperpolarizability. The second term in brackets accounts for the e�ect of the

induced �elds created by the neighbouring GNRs.

Consider now that the separations between the nanoribbons are such that Ck(Ω) ≪ α
(2)
L .

For the present system, this corresponds to separations between the closest extremities of

the nanoribbons greater than 25 nm, as veri�ed by TDDF-TB calculations (see Fig. 5). In

the absence of inter-ribbon interactions Eq. 18 transforms to

pcw
k (Ω) = A2

0 α
(2)
L (Ω) exp(−i2φk) êk. (19)

Adopting a general interpretation not constrained by the C3 symmetry, where êk is the unit-

length vector along a GNR oriented at an angle φk with respect to the x-axis, one recognizes

that Eq. (19) provides the nonlinear dipole induced in the individual free-standing GNR. As

follows from Eq. (17), the selectivity of the polarization states of the DFG is ensured by the

interference between the nonlinear dipoles induced in the three nanoribbons. To this end,

(i) the amplitudes of the dipoles must be the same, and (ii) their relative phases φk+1 − φk

must di�er by 2π/3. With pcw
k (Ω) given by Eq. (19), the �rst and second conditions do not

depend on geometry variations given by the δx and δy displacements of the nanoribbons

along x and y directions.

This is an important result: for identical noninteracting, non-centrosymmetric nanorib-

bons oriented such that φk+1 − φk = 2π/3, Eq. (17) holds and the DFG with µTHz = +1 is

robust irrespective of the positions of the nanoribbons in the 2D (x, y)-plane. As an example,

their extremities can be aligned, which means that the global shape of the compound is very

far from C3 symmetry, although its behavior with respect to THz generation is strictly that
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Figure 5: TDDM-TB results for the DFG generation from an ideal C3 compound of identi-
cal non-centrosymmetric GNRs. The nonlinear response is induced by two contra-rotating
circularly polarized electromagnetic pulses one with ω1 = 177 meV and µ1 = −1, and the
other one with ω2 = 147 meV and µ2 = +1. The geometry of an individual nanoribbon with
L = 396 a.u. is sketched in the insert. The geometry of the compound system is sketched
in Fig. 2a. The narrowest end of GNRs is pointing towards the center of the compound.
The amplitude |p(Ω)| (blue line, left vertical axis), and polarization index Ip(Ω) (red line,
right vertical axis) of the induced nonlinear dipole at the di�erence frequency Ω = 30 meV
are shown as a function of the geometry parameter R. The dotted blue line indicates the
asymptotic value of |p(Ω)|.

of a C3 compound. Thus, Neumann's principle determines a su�cient, but not necessary,

condition to ensure the selectivity of the polarization state of the �eld radiated at the dif-

ference frequency. It is also worth noting that such a compound structure should feature

a nonlinear circularly polarized THz dipole independent of the location of the nanoribbons

with respect to each other

pcw+ (Ω) =
3√
2
A2

0α
(2)
L (Ω), (20)

as can be obtained from Eq. (17) replacing p(Ω) by A2
0 α

(2)
L (Ω) (see Eq. (19)).

This said, while robust against GNRs translation in the (x, y)-plane, the interference

conditions remain sensitive to the variations of the orientation of the GNRs and to the
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variations of their length δL. The latter is mainly related to the shift of their dipolar

plasmon resonance frequency leading to di�erent hyperpolarizabilities α(2)
L (Ω), and thus to

di�erent amplitudes of the dipoles induced by the DFG.

To test the e�ect of the centrosymmetry break of GNRs we transformed an ideal aGNR13

nanoribbons into non-centrosymmetric ones by removing 8 carbon atoms at one of their

ends (see the sketch of the non-centrosymmetric GNR in the insert of Fig. 5). The length

L = 396 a.u. of the original GNRs and their electrostatic doping by 6 electrons is preserved.

The change in geometry results in a 5 meV redshift of the dipolar plasmon frequency of the

individual non-centrosymmetric nanoribbon.

For the sake of comparison with the compound of aGNR13 nanoribbons (Fig. 3), we show

in Fig. 5 the DFG from an ideal C3 symmetry compound of identical non-centrosymmetric

GNRs. The TDDM-TB calculations are performed for di�erent values of the geometry

parameter R. The nonlinear e�ect is induced by two contra-rotating circularly polarized

electromagnetic pulses one with ω1 = 177 meV and the other one with µ1 = −1, and

ω2 = 147 meV and µ2 = +1. The incident electromagnetic radiation is thus the same

as in the subsection above devoted to centrosymmetric aGNR13 nanoribbons, except that

ω1 and ω2 have been redshifted by 5 meV to account for the corresponding redshift of the

ωDP. The geometry of the compound is sketched in Fig. 2a, where the narrowest end of

the nanoribbon is pointing towards the center of the compound. The main di�erence when

comparing results in Fig. 3 and in Fig. 5 appears at large separations R, where the mutual

interactions between nanoribbons tend to zero. As discussed above, for the compound of

centrosymmetric aGNR13 nanoribbons the induced nonlinear dipole vanishes in this situation

(see Fig. 3). In contrast, for the compound of the non-centrosymmetric GNRs the amplitude

of the induced nonlinear dipole |p(Ω)| tends to the asymptotic limit approximately given by

Eq. (20). The �approximately� is used here because Eq. (20) is derived for the cw fundamental

�eld, while in TDDM-TB calculations we consider fundamental pulses of �nite duration.

In Fig. 6, we study the consequences of the geometry distortions linked with misalignment
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Figure 6: E�ect of the geometry distortion on the DFG from the compound of three non-
interacting, non-centrosymmetric GNRs (an individual nanoribbon is sketched in Fig. 5).
The nonlinear response is induced by two contra-rotating circularly polarized electromag-
netic pulses one with ω1 = 177 meV and µ1 = −1, and the other one with ω2 = 147 meV
and µ2 = +1. The amplitude |p(Ω)| (blue line, left vertical axis), and polarization index
Ip(Ω) (red line, right vertical axis) of the induced nonlinear dipole at the di�erence frequency
Ω = 30 meV are shown as a function of the geometry distortion parameters δφ and δL. Pa-
rameter δφ describes the rotation of one of the GNRs from an ideal orientation given by the
angle φk = 2π(k − 1)/3 (k = 1, 2, 3) with respect to x-axis, and δL describes elongation of
one of the GNRs with respect to its nominal length L = 396 a.u.. Panel a: The nanoribbon
is rotated by δφ while δL = 0. Panel b: The length of the nanoribbon is changed to L+ δL
while δφ = 0.

of the non-centrosymmetric nanoribbons and variation of their length. We consider the

compound of three noninteracting GNRs. The incident �elds are the same as those used

to obtain results for the C3 compound in Fig. 5. The nonlinear response of the compound

structure is determined as follows. First, the nonlinear THz dipole pk(Ω) is calculated

using TDDM-TB for each GNR independently. Second, the total dipole of the compound

is obtained as the vector sum of the individual contributions pcomp(Ω) =
∑3

k=1 pk(Ω). As

discussed above, breaking the centrosymmetry of GNRs allows the robust generation of the

circularly polarized nonlinear dipole pcomp at THz frequency irrespective of the location of

the nanoribbons. It is not sensitive to the translations of the nanoribbons along x and y

axes. At the same time, it follows from the TDDM-TB results that the compound structure

of non-centrosymmetric GNRs remains as sensitive to the variation of the orientation and

of the length of the nanoribbons as the one made of centrosymmetric nanoribbons (compare
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Fig. 6a and Fig.6 with Fig. 4c and Fig. 4d). Indeed, variation of the nanoribbon length δL

and orientation δφk changes the interference e�ects between the nonlinear dipoles in Eq. (17)

and a�ects the SAM selectivity of the DFG process.

Retrieval of the SAM selectivity of the THz generation for a large

set of nanoribbon compounds

It follows from the results in previous sections that the SAM selection rules for the circular

polarization states of DFG by individual graphene nanostructures are signi�cantly altered

by the atomic-scale defects and macroscopic geometry variations. Nonetheless, for harmonic

frequency generation with graphene nano�akes we have found,68 that averaging over a large

ensemble of the nanostructures, such as metasurface, can substantially reduce the e�ect

of the imperfections. The behavior of an ideal system could be partially restored. This

�nding explains why the symmetry selection rules for the circularly polarized harmonics

have been observed with plasmonic metamaterials,52,56,57 even though each individual meta-

atom obviously does not possess an ideal symmetry.

Indeed, consider the C3 compound system of aGNR13 nanoribbons as discussed in Fig. 2,

Fig. 3, and Fig. 4. Assuming a small geometry variation from an ideal Eq. (17) transforms

to:

pcomp(Ω) ≈
p(Ω)√

2
[3(1 + κ+) ê+ + κ− ê−] (21)

where κ± are complex-valued numbers with |κ±| ≪ 1. Random defects lead to a random

distribution of κ±. Eventually, its expectation value might be close to zero allowing retrieval

of an ideal system.

To examine if it is the case, we studied the polarization states of the DFG induced in

a large set of randomly distorted C3 (we label compounds according to their symmetry in

an ideal case) compounds of aGNR13 nanoribbons arranged on a 2D surface. To keep the

calculation tractable, we considered that there is no interaction between compounds, while
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the aGNR13 nanoribbons within each compound interact. In this situation, the DFG by

the ensemble of aGNR13 compounds can be obtained from the vector sum of the nonlinear

dipoles at di�erence frequency Ω calculated using the TDDM-TB method separately for

each individual aGNR13 compound. Since the calculation time for TDDM-TB scales as

the cube of the number of carbon atoms treated simultaneously, this approach results in a

signi�cant reduction in computational e�ort. We have shown (see SI) that for distances

between compounds ≳ 3000 a.u. (≳ 150 nm) the noninteracting approximation holds,

provided that collective e�ects linked to lattice resonances103�105 can be neglected. Given the

frequencies of the contra-rotating circularly polarized electromagnetic pulses incident on the

system (ω1 = 182 meV, and ω2 = 152 meV), one can arrange approximately 103 independent

aGNR13 compounds in a circle with a diameter substantially smaller than the wavelengths

λ ∼ 7.4× 103 nm of the incident �elds. A large 2D set of GNR compounds, with an average

distance between them (≳ 150 nm) can thus be regarded as a portion of a metasurface.

Starting with a perfect C3 arrangement of the L = 396 a.u. aGNR13 nanoribbons

characterized by R = 100 a.u. (see Fig. 2), we generated a sample of 512 randomly deformed

nanostructures. Using TDDM-TB, we computed the nonlinear THz dipole pcomp,j(Ω) (1 ≤

j ≤ 512) induced in each of them independently. Finally, the total induced THz dipole of

the random 2D array containing N compounds (N = 1, 2, 4, 8, . . . , 128), is given by

pN (Ω) =
∑

j=j1,...,jN

pcomp,j(Ω), (22)

For each value of N , the simulation is repeated for 512/N independent samples of j1, . . . , jN

compounds, enabling us to estimate the statistical dispersion of the results.

The geometries of the deformed nanostructures were generated using the following ap-

proach. First, the length of each of the three nanoribbons was modi�ed independently by

randomly chosen δL while keeping the center position and orientation of the nanoribbon

constant. The random choice of δL follows a normal distribution centered on zero with a
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Figure 7: DFG from a 2D array of N distorted aGNR13 compounds. An ideal C3 compound
comprises GNRs with a length of L = 396 a.u.. The geometry parameter R = 100 a.u. (see
Fig. 2 for the geometry). The nonlinear response is induced by two contra-rotating circularly
polarized electromagnetic pulses one with ω1 = 182 meV and µ1 = −1, and the other one
with ω2 = 152 meV and µ2 = +1. Panel a: an example of four distorted compounds. Panel
b: the amplitude |p(Ω)| per compound (blue lines, left vertical axis) and the polarization
index Ip(Ω) (red lines, right vertical axis) of the total nonlinear THz dipole of the array.
The dipole p(Ω) at the di�erence frequency Ω = ω1−ω2 = 30 meV is obtained by statistical
average over randomly composed 2D arrays of N distorted aGNR13 compounds. For further
details, see the main text of the paper. Results are shown as a function of N . The solid lines
are the mean values, while the dashed lines indicate the mean values plus or minus standard
deviation.

standard deviation of 37.8 a.u. (2 nm). The value of δL is then adjusted to the closest value

that preserves the shape of the nanoribbon at its ends. Second, the coordinates x and y of

the two ends of each of the three nanoribbons are randomly shifted, slightly changing their

orientation. Each of these shifts follows a normal distribution centered on zero with a stan-

dard deviation of 18.7 a.u. (1 nm), subject to the constraint of respecting the length L as

�xed in the �rst step. Fig. 7a provides an example of a four aGNR13 compound geometries

produced using this method.

The calculated statistical improvement in the polarization state of the DFG from the

disordered 2D array of N nanostructures with geometry distortions is shown in detail in

Fig. 7b. It follows from our results that using a relatively small number of compounds

enables one to largely mitigate the e�ect of the non-ideal C3 symmetry of each nanostructure
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and to signi�cantly enhance the handedness of the induced THz dipole. In fact, the e�ect

of the average of the geometry �uctuations is already visible for a small set of only four

compounds N = 4 as shown in Fig. 7a. For example, individually aGNR13 compounds

labelled with 1,2,3, and 4 generate THz dipoles characterized by the polarisation index 0.6

(compound 1), 0.27 (compound 2), 0.24 (compound 3), and 0.60 (compound 4). This is

while collectively they generate a THz dipole with a higher polarization index of 0.72 (and

an amplitude approximately 4× the mean amplitude), i.e., closer to an ideal structure. It

is worth noting that for N → 128 the absolute value of the nonlinear dipole induced per

distorted aGNR13 compound tends, with very small dispersion, to a constant value, which

is only 10% lower than that for an ideal C3 compound nanostructure. We have made the

pinpoint tests showing that the statistical average allows for retrieval of the polarization

selectivity of DFG also for defective triangular nano�akes (see SI).

All in all �ndings presented in this subsection provide evidence that the theoretical re-

sults obtained for ideal nanostructures can also be exploited in realistic situations involving

unavoidable structural and geometrical symmetry distortions.

As a �nal remark, considering the metasurface built from noninteracting graphene nanos-

tructures (triangular nano�akes or GNR compounds) allows us to compare its DFG perfor-

mance with earlier �ndings for mode-matching metamaterials106 (infra-red DFG) or non-

linear metasurfaces loaded with multi-quantum-well structures59 (THz DFG). To this end

we de�ne two parameters: (i) the DFG conversion e�ciency per area of the unit cell S as

η = PΩ(Pω1Pω2)
−1, where Pω stands for the intensity of electromagnetic �eld at frequency ω;

and (ii) the metasurface conversion e�ciency as ηMS = PΩ(Pω1 + Pω2)
−1. As we show in SI,

using systems addressed here as noninteracting meta-atoms, and considering a surface unit

cell area S = 150× 150 nm2, we obtain η = 2× 10−4 − 1× 10−2 W/W2. This performance

is comparable to that reported for the mode-matching metamaterials.106 We further �nd

that ηMS = 2 × 10−9 % − 1 × 10−7 % for Ipump = 1 kW/cm2. While this is four orders of

magnitude lower than the conversion e�ciencies reported for nonlinear metasurfaces loaded
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with multi-quantum-well structures,59 it is important to note that the packing density of

triangular nano�akes is 1.2 %, and 0.4 % for nanoribbon compounds. Given that ηMS scales

with the square of the surface area, the performance per nonlinear element (or meta-atom)

remains comparable to that in the work of Tymchenko et al ,59 where the packing density of

the metasurfaces loaded with multi-quantum-well structures is close to 40 %. We emphasize

that Refs.59,106 report linearly polarized DFG, while we address the SAM selective genera-

tion of circularly polarized DFG in the THz frequency range. Our �ndings thus rea�rm the

potential of graphene as a platform for nonlinear applications.

Summary, conclusions and outlook

Using the time-dependent density matrix technique based on the tight-binding description

of the π-electrons in graphene we studied theoretically the nonlinear DFG from graphene

nanostructures enabling THz generation in the far �eld. Such nanostructures can be seen

as meta-atoms for nonlinear metasurfaces. Along with numerical analysis, the Neumann's

symmetry principle has been applied for the analytical derivation of the polarization states

of the nonlinear dipole induced in graphene at the di�erence frequency. According to the

analytical theory, circularly polarized THz radiation with controllable SAM (handedness)

can be obtained in the far-�eld emission perpendicular to the graphene surface. To this

end, an individual nano�ake or a compound system of several nano�akes with C3 symmetry

has to be subjected to two electromagnetic �elds (i) circularly polarized in the graphene

plane and (ii) of opposite handedness. The numerical simulations fully con�rm the selective

generation of THz radiation with controllable SAM under relevant conditions.

First, we considered ideal situations of perfect C3 symmetry systems such as triangular

graphene nano�akes or compound structures made of GNRs. To enhance the nonlinear

response, the incident electromagnetic �elds are in near resonance with the dipolar plasmon

of graphene nanostructure.
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Second, we addressed a perspective of the practical implementations and we found that

the unavoidable atomic-scale defects of the nano�akes strongly a�ect the polarization states

of the DFG, leading to the loss of the possibility to control the SAM of the THz radiation. In

this respect, bottom-up approaches available nowadays can be used to built small aGNR13

graphene nanoribbons without atomic-scale defects. However, macroscopic geometry distor-

tions are unavoidable when arranging nanoribbons into a C3 compound structure. It follows

from our results that such distortions also strongly degrade the performance of the device.

Finally, we studied strategies to improve the SAM selectivity of circular THz radiation

produced by DFG in graphene nanostructures despite imperfections associated with their

fabrication. We have shown that functionalization of the nanoribbons that breaks their cen-

trosymmetry allows reducing the e�ect of geometric distortion in a compound nanostructure

built from such nanoribbons. However, the most promising approach demonstrated here for

noninteracting defective C3 nanostructures consists in statistical averaging over their large

set, as would be the case for, e.g., metasurface. We obtained that random deviations break-

ing C3 symmetry of each individual nanostructure tend to average to zero, allowing retrieval

of the polarization state and e�ciency close to that of an ideal device.

We believe that being at the interface of the two active �elds of research, namely (i)

manipulation and generation of THz radiation with 2D materials including graphene and

(ii) utilizing nonlinear metasurfaces for manipulating structured light, our results contribute

to the analysis of challenges and opportunities in utilizing the strong nonlinear response of

graphene. Importantly, beyond the DFG of THz radiation considered in this work, or high

harmonic generation described earlier,68 the statistical retrieval of nonlinear polarization

states reported here should be generally applicable to the use of graphene nanostructures as

SAM-controllable frequency mixers.18,107,108
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The following �les are available free of charge. Supporting Information providing

� The TDDM-TB method;

� Selection rules for nonlinear multipole moments induced by circularly polarized light;

� E�ect of the number of carbon atom vacancies on the dipolar plasmonic resonance;

� Third harmonic generation from armchair graphene nanoribbons;

� Limits of the perturbative regime of nonlinear response;

� E�ect of the choice relaxation parameter γ;

� Range of the interaction between C3 compounds of aGNR13 nanoribbons;

� Statistical improvement of the circular polarization control for the THz generation

from triangular nano�akes;

� Estimate of the DFG e�ciency for graphene nanostructures arranged in metasurface,

comparison with earlier �ndings.
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