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Geometric flow of Bloch sphere manifolds and Quantum error corrections

Genji Fujii

Department of Nuclear Engineering, Kyoto University, 6158540 Kyoto, Japan
(Dated: December 16, 2025)

It is well known that quantum states, particularly qubits and BECs qubits, can be represented
by a spherical structure known as the Bloch sphere. Several error models describe errors that
effectively shrink the Bloch sphere, such as the depolarizing channel and particle loss, which can be
mitigated through redundancy error correction models. In contrast, it may be possible to realize
error correction by directly deforming the Bloch sphere itself. Geometric flows, particularly the Ricci
flow, describe the evolution of a metric over time. In the Ricci flow equation, the metric contracts
along directions of higher curvature, leading to a uniformization of curvature across the manifold.
In our approach, we utilize such geometric flows to achieve error correction by allowing the metric
of the Bloch sphere naturally defined by geometric quantities such as the Fubini-Study or Bures
metric to evolve. To employ these geometric quantities and equations, it is necessary to endow the
Bloch sphere with a differentiable manifold structure, which can indeed be done. Moreover, our
error correction scheme is distinctive in that it does not rely on redundancy.

I. INTRODUCTION

Quantum error correction is an essential component for
large-scale quantum computers. However, quantum sys-
tems are highly sensitive to their environment, leading to
the occurrence of errors. Various forms of error models
exist, and it is necessary to address them; many of these
models manifest as deformations or shrinks of the Bloch
sphere. Dealing with quantum errors, redundancy is of-
ten employed, and a variety of codes have been proposed,
including the Shor code[1], Steane code[2], and surface
codes[3]. In addition, particle loss errors can be partic-
ularly detrimental in multi-particle systems. Under such
errors, it may not sufficient to simply replace the number
of loss particles from the environment. Then quantum
error correction continues to play a crucial role in multi-
particle systems, and codes such as the cat code[4], GKP
code[5], and binomial code[6] have been proposed to cor-
rect for particle loss and related errors. However, these
error-correcting codes cannot correct an arbitrarily large
number of particle losses. In practice, as the number of
lost particles increases, issues arise such as deviations of
the state from the code space and the inability to re-
cover the logical state. This issue may potentially be
overcome by moving beyond the framework of quantum
mechanics described by unitary time evolution, for exam-
ple, by employing approaches that involve non-Hermitian
systems[7–9], non-Unitary systems[10] or open quantum
systems.

In this way, the contraction of the Bloch sphere
caused by errors can be understood within a geometric
framework. Indeed, several theoretical frameworks have
been proposed for the geometric treatment of the Bloch
sphere[11–13]. In modern geometry, manifolds consti-
tute a major area of geometry that has been extensively
studied for their mathematical significance. The spher-
ical surface S2 = {(x, y, z) ∈ R3|x2 + y2 + z2 = 1} is
a type of manifold in Riemannian geometry, character-
ized by charts and an atlas. While S2 represents a unit
sphere of radius one, we also consider NS2 = {(x, y, z) ∈

R3|x2 + y2 + z2 = N}, a sphere of radius N . It should
be noted that S2 and NS2 are topologically equivalent
(homeomorphic). In addition, a differential structure can
be introduced on a manifold, which allows one to natu-
rally define metrics such as the Fubini-Study metric[14]
and the Bures metric[11, 15, 16] on the Bloch sphere.
However, it should also be noted that operations such as
exterior differentiation lie outside the framework of uni-
tary time evolution.

From a geometric perspective, particularly in our case
where we focus on spherical surfaces, the Ricci flow equa-
tion serves as a time-evolution equation. The Ricci flow
equation was introduced by Hamilton as an analogy to
the heat diffusion equation[17]. According to the Ricci
flow, the metric evolves in time so as to smooth out the
curvature of the sphere and make it more uniform. More-
over, the normalized Ricci flow is a geometric flow that
preserves the total area, and it is known that, after suffi-
cient time, the surface approaches a sphere with a radius
determined by its Gaussian curvature. There, time is
treated not as physical time, but as a parameter.

Then, could Hamiltons idea be applied to the metric
of a quantum system as well? While such an approach
may fall outside the framework of unitary time evolution
and thus requires caution, it also offers certain advan-
tages. Giving to theoretical frameworks that go beyond
conventional quantum computation, namely those that
depart from unitary time evolution governed by a Her-
mitian Hamiltonian such as non-Hermitian systems[7–9]
and non-unitary dynamics[10]. Errors like particle loss
are difficult to fully correct within the framework of uni-
tary evolution. Then, to address such errors, it may be
necessary to invoke theories that transcend the conven-
tional unitary framework. In our approach, error correc-
tion is achieved by allowing the metric of the Bloch sphere
to evolve under Ricci flow, independently of the quan-
tum system performing the computation. This scheme
requires no redundancy and, in principle, can correct an
large number of particle losses.
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II. QUBIT BLOCH SPHERE AND BECS BLOCH
SPHERE MANIFOLDS

A. Definition of Topological and Smooth Manifolds

Definition (Topological Manifold): A set M is
called an n-dimensional topological manifold if it is
equipped with a topology such that:

1. M is a Hausdorff space.

2. M satisfies the second countability axiom.

3. For every point p ∈M , there exists an open neigh-
borhood U ⊂M and an open set V ⊂ Rn together
with a homeomorphism

ϕ : U → V.

Each pair (U,ϕ) is called a chart, and a collection of
charts covering M is called an atlas.
Definition (Smooth Manifold): A topological man-
ifold M is called a smooth (or C∞) manifold if it is
equipped with an atlas A such that for any two charts

(U,ϕ), (U ′, ψ) ∈ A,

whenever U ∩ U ′ 6= ∅, the transition map

ψ ◦ ϕ−1 : ϕ(U ∩ U ′)→ ψ(U ∩ U ′)

is a C∞ map between open subsets of Rn. This condition
is called smooth compatibility.

B. Qubit Bloch sphere manifolds

Any density matrix ρ of a single qubit can be uniquely
expressed in terms of the Pauli matrices σx, σy, σz as

ρ =
1

2
(I + ~r · ~σ) , (1)

where

• I is the 2× 2 identity matrix,

• ~σ = (σx, σy, σz),

• ~r = (x, y, z) ∈ R3 is the Bloch vector,

• ~r · ~σ = xσx + yσy + zσz.

A pure state on the Bloch sphere can be written in spher-
ical coordinates (θ, φ) as

|ψ〉 = cos
θ

2
|0〉+ e−iφ sin

θ

2
|1〉 (2)

where 0 ≤ θ ≤ π, and 0 ≤ φ < 2π. The corresponding
Bloch vector is given by

~r = (sin θ cosφ, sin θ sinφ, cos θ), (3)

These interpret following coordinates

〈σx〉 = sin θ cosφ,

〈σy〉 = sin θ sinφ,

〈σz〉 = cos θ,

(4)

which parametrizes points on the unit sphere S2. On S2,
one can construct a C∞ structure by covering the north
and south poles with different charts, using the transi-
tion map between the chart expressed in position coor-
dinates and the chart expressed in spherical coordinates.
Furthermore, since the global phase has no physical sig-
nificance in a qubit system, the state space, modulo the
equivalence relation |ψ〉 = eiφ|ψ〉 is homeomorphic to the
complex projective space CP 1. Once the Bloch sphere
is endowed with a smooth manifold structure, one can
naturally introduce additional geometric objects such as
tangent spaces, differential forms, and exterior deriva-
tives. Moreover, treating the Bloch sphere as a manifold
allows us to define the Fubini-Study metric, which plays
the role of a Riemannian metric on CP 1 , in a natural
manner. We regard the Bloch sphere as CP 1 equipped
with a smooth Riemannian metric. Since the exterior
derivative is well defined in this setting, the differential
form d|ψ〉 ≡ |dψ〉 also acquires a precise meaning. Using
this framework, the Fubini-Study metric as

ds2 = 〈dψ|dψ〉 − |〈ψ|dψ〉|2

=
1

4
(dθ2 + sin2 θdφ2).

(5)

where,

|dψ〉 = −1

2
sin

θ

2
dθ|0〉+ e−iφ(−i sin

θ

2
dφ

+
1

2
cos

θ

2
dθ)|1〉,

(6)

and d : Ω0(S2)→ Ω1(S2). When the quantum system is
in a mixed state, the metric on the Bloch sphere is given
by the Bures metric. The Bures metric is

ds2
Bures =

1

4
(d~r · d~r +

(~r · d~r)2

1− r2
). (7)

It should be noted that the operation of taking the ex-
terior derivative lies outside the scope of unitary trans-
formations. Also, in the case of pure states, the Bures
metric coincides with the Fubini-Study metric.

C. BECs Bloch sphere manifolds

The BECs coherent state was introduced by Byrnes et
al[18], together with the Bloch sphere structure. We first
verify that the S2 ∼= CP 1structure is also present on this
BECs Bloch sphere same as the qubit case. To begin
with, the BECs coherent state and the Stokes operators
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are defined as

| cos
θ

2
, e−iφ sin

θ

2
〉〉 ≡ 1√

N !
(cos

θ

2
a† + e−iφ sin

θ

2
b†)N |vac〉,

Sx = a†b+ b†a,

Sy = −ia†b+ ib†a,

Sz = a†a− b†b,
N = a†a+ b†b

(8)

where a†, b† obey commutation relations [a, a†] = [b, b†] =
1 and |vac〉 is a vacuum state. The radius of the BECs
Bloch sphere can be expressed in terms of the sum of
expectation value of the Stokes operators.

〈Sx〉 = N sin θ cosφ,

〈Sy〉 = N sin θ sinφ,

〈Sz〉 = N cos θ.

(9)

Sum is

〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2 = N2. (10)

In this way, by choosing the polar coordinate chart

~r = (N sin θ cosφ, N sin θ sinφ, N cos θ). (11)

In the case of the BECs Bloch sphere manifold, just as
in the qubit Bloch sphere, one can introduce separate
charts around the north and south poles. Then, the
NS2structure is naturally induced, allowing us to treat
it as a manifold. The key difference from the qubit case
is that the radius is determined by the particle num-
ber, and therefore takes discrete values. It should be
noted that, in the qubit case, including the interior of
the sphere yields the space B3, whereas in the BECs
case the angular directions remain smooth but the ra-
dial direction is discretized. As a result, the space is
no longer a smooth manifold in the usual sense; instead,
it may be regarded as a manifold with a partially bro-
ken differentiable structure. We denote this space by
M = {rn}n∈Z × NS2 ≡ S2

rn . Here, S2 denotes the
usual radius N , C∞smooth sphere, while {rn} has dis-
crete values. Then (N, θ, φ) with N ∈ {1, 2, 3, .........},
(θ, φ) ∈ S2. The essential point is that the S2

rn
∼= S2

exists, and that the space as a whole is characterized by
a stacked-sphere structure, in which spheres are piled up
in a stepwise manner along the radial direction. In this
notation, the tangent bundle vanishes in the radial direc-
tion, where only a difference operator can be defined. In
other words, the structure of the BECs Bloch sphere de-
composes into a two-dimensional continuous part (θ, φ)
and a one-dimensional discrete part N . Therefore, the
directions θ and φ remain smooth, and both the Fubini-
Study metric and the Bures metric can be defined on S2.
In the case of pure states, these two metrics coincide and
reduce to

ds2 =
N2

4
(dθ2 + sin2 θdφ2). (12)

. Here, we have used the fact that it is

d| cos
θ

2
, e−iφ sin

θ

2
〉〉

=
1√
N !

(−1

2
sin

θ

2
dθa† + e−iφ(−i sin

θ

2
dφ+

1

2
cos

θ

2
dθ)b†)

× (cos
θ

2
a† + e−iφ sin

θ

2
b†)N−1|vac〉.

(13)

Moreover we can calculate inner product using bose-
particle commutation relations

〈dψ|dψ〉 =
N2

4
(dθ2 + 4 sin2 θ

2
dφ2), (14)

and

〈ψ|dψ〉 = N sin2 θ

2
dφ. (15)

Then we can get

ds2 = 〈dψ|dψ〉 − |〈ψ|dψ〉|2

=
N2

4
(dθ2 + sin2 θdφ2).

(16)

From these results, it follows that the BECs Bloch sphere
possesses the metric of a sphere with radius N .

III. ERROR MODELS

FIG. 1: (a) The depolarizing channel uniformly shrinks
the radius of the qubit Bloch sphere by a factor of
(1 − 2p). (b) The particle loss channel shrinks the
radius of the BEC Bloch sphere to N −N ′. This figure
corresponds to the case of N ′ = 1.

In this section, we examine the error model under
consideration and its geometric representation. The
type of errors we focus on are those that shrink the
Bloch sphere. In contrast, errors that modify the phase
of the Bloch vector or deform of the Bloch sphere are
excluded from our analysis. A quantum error process
can be described using Kraus operators as follows:

E(ρ) →
∑
iEiρE

†
i . This mapping can be expressed in

this form regardless of whether an error actually occurs
or not. In fact, this form assumes that p represents the
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average over multiple trials when the experimental setup
is fixed. Although the weight p indicates the probability
of an error occurring, it is noteworthy that it also has
a geometric aspect as it determines the radius of the
Bloch sphere.

A. Error models of qubits

A representative example of shrinking the Bloch sphere
error models in a qubit system is the depolarizing chan-
nel. In this case, an X,Y, Z errors occur uniformly
with probability p

3 , and correspondingly, the radius of
the Bloch sphere is shrinked along the all directions
(Fig.1(a)). This error model is described by Kraus oper-
ators constructed from the Pauli operatore, and is given
by

E(ρ) = (1− p)ρ+
p

3
(XρX + Y ρY + ZρZ). (17)

This error acts on the Bloch vector by shifting it as in
(x, y, z)→ ((1−p)x, (1−p)y, (1−p)z). Let us determine
the metric of the Bloch sphere under the action of a de-
polarizing channel. First, the exterior derivative of the
Bloch vector is given by

d~r =((1− p)(cos θ cosφdθ − sin θ sinφdφ),

(1− p)(cos θ sinφdθ + sin θ cosφdφ),

− (1− p) sin θdθ),

(18)

and since the inner product between Bloch vectors is in-
dependent of θ and φ, it also yields ~r · d~r = 0, because
~r ·~r = const→ ~r ·d~r = 0. Consequently, the second term
in the Bures metric vanishes. The Bures metric becomes

ds2 =
(1− p)2

4
(dθ2 + sin2 θdφ2). (19)

which is simply the metric of the sphere scaled by a factor
of (1− p) This result is consistent with the fact that the
depolarizing channel uniformly contracts the sphere.

B. Error models of BECs qubits

Particle loss is an unavoidable error in many-body
systems, and various error correction codes have been
proposed[4–6], and [19]. We propose a particle-loss error
channel model, whose Kraus operators are defined as

E = e−iH1,2t, (20)

where

H1,2 ≡ (a†1a2 + b†1b2 + a†2a1 + b†2b1)/N. (21)

Considering the commutation relation

[H1,2, αa
†
2 + βb†2] = (αa†1 + βb†1)/N, (22)

this Kraus operator functions by introducing system 1,
which counts the particle number, and coupling it to sys-
tem 2. The particle-loss channel can be expressed as

E(ρ) = (1− p)ρ+ pEρE†. (23)

We can readily identify the space in which particle loss
has occurred by measuring the auxiliary system. For
example, if auxiliary system 1 yields a measurement out-
come of the particle number as 1, the system used for
quantum computation will have N −1 particles. the sys-
tem, after appropriate renormalization, becomes

ρloss = | cos
θ

2
, e−iφ sin

θ

2
〉〉(N

′)(N ′)
2 2〈〈cos

θ

2
, e−iφ sin

θ

2
|

(24)
In this case, The action of the error channel in particle
loss reduces the particle number after mesuring auxiliary
system as N ′ = N − 1, that is, it effectively shrinks the
radius of the BECs Bloch sphere (Fig.1(b)). Since this
state is pure state, we can calculate the Fubini-Study
metric. A metric is

ds2 =
(N − 1)2

4
(dθ2 + sin2 θdφ2). (25)

IV. RICCI-TYPE GEOMETRIC FROWS AND
QUANTUM ERROR CORRECTIONS

A. Ricci Flows

The Ricci flow equation was proposed by Hamilton in
1982[17]. He focused on the fact that the metric on a
Riemannian manifold can be evolved by considering an
equation analogous to the heat diffusion equation. Ac-
cording to Ref.[17], the Ricci Flow equation is defined
as

∂gij
∂t

= −2Rici,j . (26)

where, gi,j denotes the Riemannian metric, and Rici,j
denotes the Ricci tensor. It is noteworthy that in two
dimensions, the Ricci tensor can be expressed as in
Rici,j = Kgi,j using the Gaussian curvature K. Then,
the Ricci flow equation is

∂gij
∂t

= −2Kgi,j , (27)

When the curvature is positive, the time evolution under
the Ricci flow causes the sphere to gradually shrink and
eventually collapse to a point. To avoid this, Hamilton
considers the normalized Ricci flow, which is appropri-
ately scaled and constrained to preserve the area.

∂gij
∂t

= −2Rici,j +
2

n
K̄gi,j , (28)

where K̄ = 1
Area(M,g)

∫
M
Kdµ, usually on S2, K̄ =

4π
4πR2 = 1

R2 . Eq(27) becomes

∂g

∂t
= (−2K + 2K̄)g. (29)
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It is known that this equation converges to K = K̄ = 1
R2

∞
as t→∞[17].

B. A Quantum error correction using the Ricci
flow on the qubit Bloch sphere

We investigate quantum error correction based on the
normalized Ricci flow equation in the qubit system. Our
scheme is as follows. First, we define the code space as
the set of states on the Bloch sphere that possess Gaus-
sian curvature as a normalization term before any error
occurs. When an error occurs, the radius of the Bloch
sphere contracts with probability p. We then let the er-
rored state evolve under the normalized Ricci flow so
that it asymptotically approaches the pre-error Gaus-
sian curvature by varying the metric. To realize our
scheme, we need to compute the Gaussian curvature.
Since all the metrics we deal with take the form shown in
ds2 = A(p(t))dθ2+B(p(t), θ)dφ2, the Gaussian curvature
can be easily calculated using the following formula

K(p(t)) = − 1

2
√
A(p(t))B(p(t), θ)

× d

dθ
(

1√
A(p(t))B(p(t), θ)

d

dθ
B(p(t), θ).

(30)

The Gaussian curvature after the error is expressed as

K =
1

(1− p(t))2
. (31)

Here, we take the probability p(t) as the time factor as-
sociated with the time evolution of the Ricci flow. Origi-
nally, p represents the fixed error probability that occurs
in a given experimental setup. However, we reinterpret
p(t) as describing the probabilistic flow of the entire ex-
perimental system, and consider the deformation of the
Bloch sphere radius through p(t) under the Ricci flow
equation. By taking a sufficiently large t, the condi-
tion K = K̄, namely 1

(1−p(t))2 = 1
1 is achieved, mean-

ing that p(t) decreases over time, the radius of Bloch
sphere becomes original radius 1, then eventually set-
tles to the result p(t) → 0. Here, note that the time-
evolving Fubini-Study metric, while it appears to be ex-
pressed in terms of the inner product of qubit states, is
in fact defined independently from the original state vec-
tors acting to unitary time evolutions, since the metric
is a geometric quantity. The quantum state space CP 1

is first introduced, and then, as an additional geomet-
ric structure, the Fubini-Study metric is incorporated to
provide a natural geometric interpretation for compar-
ing distances between quantum states. Moreover, there
are two independent types of time evolution: the origi-
nal state vectors evolve unitarily, whereas the geometric
quantities evolve non-unitarily. Since these two types of
evolution concern independently defined quantities, the
geometric structures, such as those related to quantum
informational phases, remain intact under time evolution.

C. A Quantum error correction using the Ricci
flow on the BECs Bloch sphere

We investigate a quantum error correction scheme for
BECs systems based on the Ricci flow equation. The
discussion proceeds in analogy with the qubit case; how-
ever, an important point is that the radius N(t) takes
discrete values, which means that continuous time deriva-
tives cannot be defined. In other words, the Ricci flow
equation must be reformulated in a discrete form using
finite differences. In this case, while the Ricci flow equa-
tion becomes analytically simpler, there is no guarantee
that K converges to K̄ as t → ∞. Nevertheless, we
show that even in the discrete Ricci flow equation, the
radius of BECs Bloch sphere still converges to the orig-
inal N in the limit of large t. In the following discus-
sion, we work within the space {rn}n∈Z × NS2 ≡ S2

rn .
The meaning of this space is that it possesses a dis-
crete, (t ∈ R)-dependent radial coordinate N(t) in the
r-direction, while the space S2 retains a continuous dif-
ferentiable structure. First, the Gaussian curvature of
Eq.(12) and Eq.(25) in general value N(t) is given by

K =
1

N(t)2
. (32)

The discrete Ricci flow equation is defined as

ds2(t+ 1)− ds2(t)

∆t
= −(K − K̄)ds2(t). (33)

This becomes

N2(t+ 1)−N2(t)

∆t
= −(K − K̄)N2(t). (34)

We set the Gaussian curvature K̄ = 1
N2 as the code space,

where N represents the radius of the BECs Bloch sphere
before the error occurs. Since particle loss causes a de-
crease in the particle number, that is, N2(t+1) < N2(t),
we reverse the sign of equation on the right-hand side.
With these considerations, the discrete Ricci flow equa-
tion as

N2(t+ 1) = N2(t) + ∆t(1− N2(t)

N2
). (35)

We introduce a perturbation into this equation to study
its behavior. Assuming the following form, we perform a
linearization: xt = N2(t)−N2. Then, the discrete Ricci
flow equation as

xt+1 = (1− ∆t

N2
)xt. (36)

This sequence converges to xt=∞ = 0, then N(∞) = N
when the condition |1− ∆t

N2 | < 1 namely, 0 < ∆t < 2N2

is satisfied. Therefore, in the limit of large time, the
radius of the Bloch sphere can be expanded, completing
the quantum error correction.
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V. CONCLUSION AND DISCUSSION

We have shown that error correction can be achieved
by varying the radius of the Bloch sphere; alternatively,
this can also be interpreted as a suppression of the error
probability. From this perspective, the time evolution
can be viewed not only as an error-correcting process
but also as an experimental scheme for error mitigation.
In the case of qubit systems, where the radius of the
Bloch sphere is a continuous parameter, the error proba-
bility p(t) takes continuous values. In contrast, for BECs
qubits, the radius is discrete and directly associated with
the number of particles. In qubit systems, other types of
errors that deform the Bloch sphere, such as the phase
flip channel, bit flip channel, and bit-phase flip channel,
must also can be considered. The Bures metric of the
states after these errors is expected to be equivalent to
that of a sphere in Rieman space; however, for exam-
ple phase flip channel, due to the presence of the ~r · d~r
term, the equivalence does not hold exactly. This may
indicate that the quantum system possesses certain in-
trinsic effects that are reflected in the metric structure.
On the other hand, in BECs qubits, the radius of the
Bloch sphere is determined by the number of particles
and thus takes only discrete natural-number values, leav-

ing no room for such deformations, only shrinking. This
fact may suggest that the nature of errors in BECs qubits
is fundamentally different from that in conventional qubit
systems. We also note that, since our scheme does not
employ logical qubits, it is difficult to apply the Knill-
Laflamme conditions or to determine an error threshold.

Regarding experimental feasibility, our error correction
approach lies outside the framework of unitary time evo-
lution, making it challenging to treat as a conventional
quantum system. However, considering that the Ricci
flow equation was originally introduced as an analogy to
the heat conduction equation, a path toward experimen-
tal implementation may be conceivable. Specifically, it
might be possible to realize such a system by coupling it
to a thermal bath, allowing the metric to evolve over time
while particles are quasi-statically diffused and supplied
from the bath.

As an open problem, it remains to be explored whether
geometric structures and geometric flows can be applied
to other quantum systems, particularly multi-particle
systems such as continuous-variable qubits and optical
coherent states. In these systems as well, particle loss
may have pathological effects. clarifying the geometric
picture underlying such systems constitutes an impor-
tant direction for future research.
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