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CREATION OF CHAOS FOR INTERACTING BROWNIAN PARTICLES

ARMAND BERNOU, MITIA DUERINCKX, AND MATTHIEU MÉNARD

Abstract. We consider a system of N Brownian particles, with or without inertia, interacting in the
mean-field regime via a weak, smooth, long-range potential, and starting initially from an arbitrary
exchangeable N-particle distribution. In this model framework, we establish a fine version of the
so-called creation-of-chaos phenomenon: in weak norms, the mean-field approximation for a typical
particle is shown to hold with an accuracy O(N−1) up to an error due solely to initial pair correlations,
which is damped exponentially over time. Corresponding higher-order results are also derived in the
form of higher-order correlation estimates. The approach is new and easily adaptable: we start from
suboptimal correlation estimates obtained from an elementary use of Itô’s calculus on moments of the
empirical measure, together with ergodic properties of the mean-field dynamics, and these bounds are
then made optimal after combination with PDE estimates on the BBGKY hierarchy.

MSC-class: Primary 60K35; Secondary 35Q70, 82C22, 82C31, 35Q84.
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1. Introduction

1.1. General overview. We consider the underdamped Langevin dynamics for a system of N Brow-
nian particles with mean-field interactions, moving in a confining potential in R

d, d ≥ 1, as described
by the following system of coupled SDEs: for 1 ≤ i ≤ N,

{
dXi,N

t = V i,N
t dt,

dV i,N
t = − κ

N

∑N
j=1∇W (Xi,N

t −Xj,N
t ) dt− β

2V
i,N
t dt−∇A(Xi,N

t ) dt+ dBi
t , t ≥ 0,

(1.1)

where {Zi,N := (Xi,N , V i,N )}1≤i≤N is the set of positions and velocities of the particles in the phase
space X := R

d×R
d, W : Rd → R is a long-range interaction potential with the action-reaction condition

W (x) = W (−x), A is a uniformly convex confining potential, where {Bi}i are i.i.d. d-dimensional
Brownian motions, and κ, β > 0 are given constants. For simplicity, we choose the confining potential
A to be quadratic,

A(x) := 1
2a|x|

2, for some a > 0, (1.2)

although perturbations can be considered as well (see Section 1.3). Turning to a statistical description
of the system, in terms of a probability density FN on the N -particle phase space X

N , the Langevin
dynamics (1.1) is equivalent to the corresponding Liouville equation
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∂tF
N +

N∑

i=1

vi · ∇xiF
N = 1

2

N∑

i=1

divvi((∇vi + βvi)F
N )

+ κ
N

N∑

i,j=1

∇W (xi − xj) · ∇viF
N +

N∑

i=1

∇A(xi) · ∇viF
N , t ≥ 0. (1.3)

In this contribution, we investigate the behavior of the system in the regime of a large number N ≫ 1 of
particles in the general setting of initial data {Zi,N |t=0}1≤i≤N that are only assumed to be exchangeable
(that is, their law FN |t=0 is invariant under permutation of the particles), but that may be strongly
correlated. Let us recall two standard types of results for the system:

— Propagation of chaos:
If particles have weak correlations initially, then propagation of chaos is expected to hold, which
means that only little correlations can build over time. As a consequence, the distribution of a
typical particle is approximated by the solution µ of the mean-field Vlasov-Fokker-Planck equation

{
∂tµ+ v · ∇xµ = 1

2divv((∇v + βv)µ) + (∇A+ κ∇W ∗ µ) · ∇vµ, t ≥ 0,

µ|t=0 = µ◦,
(1.4)

where µ◦ stands for the initial single-particle distribution. Such a result has been established in
various settings and we refer e.g. to the recent work [6, 5] in case of singular interactions. More
precisely, for all 1 ≤ m ≤ N , denoting by FN,m the distribution of m typical particles in the system,
as given by the m-th marginal of FN ,

FN,m(z1, . . . , zm) =

ˆ

XN−m

FN (z1, . . . , zN ) dzm+1 . . . dzN , 1 ≤ m ≤ N,

we find that FN,m converges to µ⊗m as N ↑ ∞ for any fixed m. Beyond this qualitative convergence,
an optimal O(N−1) estimate for the convergence of marginals was first obtained in [11] for systems
with smooth interactions (and without Brownian noise, although the argument easily extends to
include diffusion). This first result was later complemented in [17], which established an analogous
estimate for bounded, possibly non-smooth interactions, and in a better metric: if correlations
vanish initially, then

‖FN,m
t − µ⊗m

t ‖TV ≤ CeCtmN−1, for all 1 ≤ m ≤ N and t ≥ 0. (1.5)

Furthermore, if the interaction intensity κ is sufficiently small, ensuring uniqueness of the mean-field
equilibrium, then the estimate (1.5) holds uniformly in time, without the exponential factor [18, 1].
(See also previous work relying on coupling methods, which yield a suboptimal convergence rate [4,
15].) For a detailed introduction to propagation of chaos, we refer to [7].

— Relaxation to equilibrium:
Even if the particles are strongly correlated initially, their distribution is known to relax to Gibbs
equilibrium on long times. More precisely, if the interaction intensity κ is small enough and if the
interaction kernel K is Lipschitz, the following uniform-in-N exponential estimate was obtained
in [4],

W2(F
N,m
t ,MN,m) ≤ Cme−

1
C
t, for all 1 ≤ m ≤ N and t ≥ 0,

where MN,m stands for the m-th marginal of the N -particle Gibbs equilibrium MN . As the latter
exhibits weak correlations, this entails in particular that initial correlations between the particles
must be exponentially damped over time.

Both uniform-in-time propagation of chaos and convergence to Gibbs equilibrium rely essentially on
the same phenomenon: due to the diffusion, correlations cannot accumulate too much over time and
must somehow be damped. This leads to the natural related question of creation of chaos as first
raised by Del Moral and Tugaut [9] (see also “generation of chaos” in [19, 21]): for general exchangeable
initial data, is it possible to show that the mean-field approximation holds to order O(N−1) up to an
error coming from initial correlations, which is damped exponentially over time?
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Such a result can in fact be deduced immediately from the coupling argument of [4], but only with
a suboptimal convergence rate O(N−1/2): more precisely, for weak Lipschitz forces, it follows from [4,
Theorem 2 and Remark 12] that

W2(F
N,m
t , µ⊗m

t ) ≤ CmN− 1
2 + Cm e−

1
C
tW2(F

N,m
0 , µ⊗m

◦ ), for all 1 ≤ m ≤ N and t ≥ 0. (1.6)

Our first objective is to achieve the optimal rate O(N−1) in this creation-of-chaos result, which to our
knowledge is not possible via the same coupling methods. More precisely, we look for bounds of the
following form, in some suitable metric,

‖FN,m
t − µ⊗m

t ‖ ≤ CmN−1 + Cme−
1
C
t‖FN,m

◦ − µ⊗m
◦ ‖, for all 1 ≤ m ≤ N and t ≥ 0. (1.7)

In the sequel, we establish estimates of this kind for weak smooth interactions, in negative Sobolev
norms instead of Wasserstein distance; see Theorem 1.1 below.

While virtually any proof of uniform-in-time propagation of chaos comes with some associated
creation-of-chaos result showing the damping of initial correlations, we emphasize that clean estimates
of the form (1.7) are more difficult to establish. In particular, there has been a lot of recent progress
based on hierarchical approaches to uniform-in-time propagation of chaos [17, 6, 18, 1, 5], starting from
the BBGKY hierarchy of equations for marginals, but such methods require to deal with information on
the whole hierarchy {FN,m−µ⊗m}1≤m≤N at once and can thus a priori not be used to obtain estimates
of the form (1.7) for any fixed m. For overdamped Langevin dynamics (see Section 1.3.1 below),
modulated energy methods can also be used to establish creation of chaos, see [21], but they require
much stronger initial information in the form of the relative entropy of the N -particle distribution
with respect to a tensorized state, which again cannot lead to clean estimates of the form (1.7) for
marginals.

Beyond this question on the creation and propagation of chaos, we refine our analysis by deriving
corresponding estimates on correlation functions. These functions capture finer statistical information
on the propagation of chaos in the system, and we shall see that the creation of chaos extends at this
level as well. The two-particle correlation function is naturally defined as

GN,2 := FN,2 − (FN,1)⊗2,

which captures the defect to propagation of chaos (1.5) at the level of two-particle statistics. This
quantity alone does not allow to reconstruct the full particle density FN : we define higher-order
correlation functions {GN,m}2≤m≤N as suitable polynomial combinations of marginals of FN in such
a way that the full particle distribution FN is recovered in form of a cluster expansion,

FN (z1, . . . , zN ) =
∑

π⊢JNK

∏

B∈π

GN,♯B(zB), (1.8)

where GN,1 := FN,1, where π runs through the list of all partitions of the index set JNK := {1, . . . , N},
B runs through the list of blocks of the partition π, ♯B is the cardinality of B, and where for
B = {i1, . . . , il} ⊂ JNK we write zB = (zi1 , . . . , zil). As is easily checked, correlation functions are
fully determined by prescribing (1.8) together with the requirement

´

X
GN,m(z1, . . . , zm) dzl = 0 for

all 2 ≤ m ≤ N and 1 ≤ l ≤ m. If initial correlations vanish, standard propagation of chaos leads to

GN,2
t = O(N−1), and a formal analysis of the BBGKY hierarchy further leads to expect

GN,m
t = O(N1−m), 2 ≤ m ≤ N. (1.9)

This is known as higher-order propagation of chaos and serves as a key tool to describe deviations from
mean-field theory; see e.g. [13, 11, 16, 12], and in particular [3, Corollary 1.3] for the derivation of the
Bogolyubov correction to mean field. Such estimates have been established in several settings, typically
with exponential growth in time: particle systems with smooth interactions were first treated in [11],
and the result was later extended to merely bounded, possibly non-smooth interactions in [16]; see
also [12] for weaker bounds in case of singular forces. When the interaction intensity κ is sufficiently
small, our previous work [3] proved that (1.9) actually holds uniformly in time, a result recently
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extended to bounded interactions in [23, 2]. All these results rely on the assumption that initial
correlations vanish. Yet, uniform-in-time versions of (1.9) hint toward a corresponding ‘higher-order’
creation-of-chaos phenomenon at the level of correlation functions: for general exchangeable initial
data, is it possible to show that the m-particle correlation GN,m is of order O(N1−m) up to an error
coming from initial m-particle correlations (or at least, from a finite number of correlations functions),
which is damped exponentially over time? For two-particle correlations, it already follows from (1.7)
that

‖GN,2
t ‖ ≤ CN−1 + Ce−

1
C
t‖GN,2

◦ ‖. (1.10)

In the sequel, we obtain similar estimates for all higher-order correlation functions; see Theorem 1.2
below. The only other result of this kind that we are aware of is the recent work of Lukkarinen and
Vuoksenmaa [19] regarding energy cumulants for the stochastic Kac model. In that work, however, the
authors appeal to hierarchical techniques, which require to deal with the whole hierarchy {GN,m}1≤m≤N

at once and do not yield simpler estimates of the form (1.10) for correlations of a fixed order.

Notation.

— We denote by C ≥ 1 any constant that only depends on the space dimension d and on the param-
eters β, a, as well as possibly on other controlled quantities when specified. We use the notation .
for ≤ C× up to such a multiplicative constant C. We write x ≃ y when both x . y and y . x hold.
We also use the notation ≪ (resp. ≫) for ≤ 1

C× (resp. ≥ C×) for some large enough constant C.
We occasionally add subscripts to C,.,≃,≪,≫ to indicate dependence on other parameters.

— For any two integers m ≥ n ≥ 0, we use the short-hand notation Jm,nK := {m,m+ 1, . . . , n}, and
we set JmK := J1,mK.

— For 1 ≤ q ≤ ∞, we denote by q′ := q
q−1 the conjugate exponent of q.

— For all z ∈ X, we use the notation 〈z〉 := (1 + |z|2) 1
2 .

— For any measurable space (E, E), we write P(E) for the space of probability measures on E.

— For a measure µ ∈ P(X), we use the following short-hand notation for its moments,

Qr(µ) :=

ˆ

X

〈z〉rµ(dz), r ≥ 0. (1.11)

1.2. Main results. We start by defining the appropriate functional framework for our results: for r ≥ 0,
1 < q ≤ 2, and 0 < p ≤ 1, we consider the following weighted negative Sobolev norms on func-
tions h : X → R,

‖h‖W−r,q
p (X) := sup

{∣∣∣
ˆ

X

ϕh
∣∣∣ : ϕ ∈ C∞

c (X), ‖〈·〉−pϕ‖W r,q′ (X) ≤ 1

}
(1.12)

and for m ≥ 1 and functions h : Xm → R,

‖h‖
W−r,q

p (X)⊗m := sup

{∣∣∣
ˆ

Xm

ϕ⊗mh
∣∣∣ : ϕ ∈ C∞

c (X), ‖〈·〉−pϕ‖W r,q′ (X) ≤ 1

}
.1 (1.13)

The choice of these spaces is dictated by the available ergodic estimates on the linearized mean-field
evolution, which are not known to hold on the simpler unweighted spaces W−k,1(X); see e.g. [3] and
Lemma 2.1 below. As explained in Section 1.3.1, this is considerably simplified in the overdamped
setting.

Our first main result justifies the desired estimates (1.7) on the creation and propagation of chaos
in the above norms.

These estimates appear to be optimal in N , as they match the scaling (1.5) predicted by the BBGKY
hierarchy in the limit t ↑ ∞, and their dependence on deviations from initial chaos seems minimal.

1This is the norm of the injective tensor product W−r,q
p (X)⊗m on the subspace of symmetric functions, which of course

differs from the norm of W−r,q
p (Xm).
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Possible improvements may concern their dependence on m, the regularity assumptions, or the loss of
regularity in the norms, but such refinements are currently beyond the reach of our approach.

Theorem 1.1 (Creation of chaos). Let the interaction potential W be even, smooth and decaying
in the sense of W ∈ W d+3,∞ ∩ Hs(Rd) for some s > d

2 + 5, and let the confining potential A be

quadratic (1.2). Given an exchangeable N -particle distribution FN
◦ ∈ P(XN ) with all bounded moments,

consider the weak solution FN ∈ C(R+;P(XN )) of the Liouville equation (1.3) with initial data FN
◦ .

Given µ◦ ∈ P(X) with bounded second moments, also consider the weak solution µ ∈ C(R+;P(X)) of
the mean-field equation (1.4) with initial data µ◦. Then there is λ0 > 0 such that the following holds:
given 1 < q ≤ 2 and 0 < p ≤ 1

6 with pq′ ≫ 1 large enough, and provided that 0 < κ ≪ 1 is small
enough, we have for all 1 ≤ m ≤ N and t ≥ 0,

‖FN,m
t − µ⊗m

t ‖
W−3,q

p (X)⊗m . N−1 +
m̃∑

j=1

e−jλ0pt‖FN,j
◦ − µ⊗j

◦ ‖
W−2,q

3p (X)⊗j , (1.14)

where we have set for abbreviation m̃ = m for m even and m̃ = m + 1 for m odd. The exponent λ0

only depends on d, β, a, ‖W‖W 1,∞(Rd); the condition pq′ ≫ 1 only depends on d, β, a; the smallness

condition κ ≪ 1 further depends on p, q,W, Q2(µ◦), Q2(F
N,1
◦ ); and the multiplicative constant in (1.14)

further depends on m and Qmp(F
N,1
◦ ).

We now turn to the creation of chaos at the level of correlation estimates. The precise combinations
of initial correlations that must be tracked become increasingly intricate for higher-order correlations.
Although their explicit form can be readily inferred from the proof, we present here, for clarity, a
simplified statement under the assumption that the initial correlations satisfy a definite scaling. A
key novelty of this result is that, to estimate m-particle correlations, it suffices to control the initial j-
particle correlations only for j ≤ 2m− 1. This stands in contrast with the much stronger assumptions
usually required for propagation or creation of chaos: classical hierarchical methods, for instance,
demand knowledge of all initial correlation functions. We note, however, that the smallness assumption
on the interaction intensity κ below is particularly restrictive, as it depends on the order m of the
correlation function under consideration. While this condition is necessary in our approach, it can be
relaxed in the simpler setting of overdamped Langevin dynamics; see Section 1.3.1.

Theorem 1.2 (Creation of chaos in correlation estimates). Let W,A,FN , λ0, p, q, κ be as in the state-
ment of Theorem 1.1, and further assume W ∈ C∞

b ∩ H∞(Rd). Then the two-particle correlation
function satisfies for all t ≥ 0,

‖GN,2
t ‖

W−3,q
p (X)⊗2 . N−1 + e−λ0pt‖GN,2

◦ ‖
W−2,q

3p (X)⊗2 . (1.15)

In addition, given 2 ≤ m ≤ N and α ∈ [0, 1], if we have initially

‖GN,j
◦ ‖W−2,q

3p (X)⊗j ≤ C◦
jN

α(1−j), for all 2 ≤ j ≤ 2m− 1, (1.16)

and if κ is small enough (further depending on m), then we have for all t ≥ 0,

‖GN,m
t ‖W−rm,qm

pm (X)⊗m . N1−m + e−λ0pmtNα(1−m), (1.17)

for rm = m+ 1, some q′m ≃m q′, and pm ≃m p with pmq′m = pq′.

The multiplicative constant in (1.15) only depends on d, β, a,W,Q2(F
N,1
◦ ); the additional smallness

condition on κ only depends on p, q,m,Q2(F
N,1
◦ ); and the multiplicative constant in (1.17) further

depends on W,Qmp(F
N,1
◦ ) and on the constants (C◦

j )j in (1.16).

1.3. Extensions. We briefly discuss some straightforward extensions of the above results.
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1.3.1. Overdamped Langevin dynamics. Our results also apply to the overdamped Langevin dynamics,
as described by the following system of coupled SDEs: for 1 ≤ i ≤ N ,

dY i,N
t = κ

N

N∑

j=1

K(Y i,N
t − Y j,N

t ) dt−∇A(Y i,N
t ) + dBi

t , t ≥ 0, (1.18)

where K : Rd → R
d is a smooth force kernel with the action-reaction condition K(x) = −K(−x)

(we may choose K to derive from a potential, K = −∇W , but this is not necessary). In terms of a

probability density F̃N on the N -particle phase space (Rd)N , this particle dynamics is equivalent to
the following Liouville equation,

∂tF̃
N = 1

2

N∑

i=1

△xiF̃
N
t − κ

N

N∑

i,j=1

divxi

(
K(xi − xj)F̃

N
)
+

N∑

i=1

divxi

(
∇A(xi)F̃

N
)
. (1.19)

The associated mean-field equation is now the McKean-Vlasov equation

∂tµ̃ = 1
2△µ̃− κdiv(µ̃(K ∗ µ̃)) + div(µ̃∇A). (1.20)

In this setting, standard parabolic theory ensures that ergodic estimates for the linearized mean-field
equation hold in the unweighted spaces W−k,1(Rd) for k ≥ 0; see [10, 3]. This significantly simplifies our
proof: unlike in the underdamped setting, where working in weighted Sobolev spaces requires delicate
concentration estimates for moments of the particle dynamics, such estimates are no longer needed
here. Moreover, when adapting the proof to this unweighted framework, the smallness condition on
the interaction intensity κ in correlation estimates no longer needs to depend on the order of the
correlation. Indeed, in the underdamped setting, each iteration step of the correlation hierarchy incurs
a slight loss of weight, necessitating the use of order-dependent weights and, consequently, an order-
dependent smallness condition on κ; in the overdamped case, working in unweighted spaces removes
this constraint. More precisely, we obtain the following.

Theorem 1.3 (Creation of chaos — overdamped setting). Let the interaction force K be odd, smooth
and decaying in the sense of K ∈ C∞

b ∩ H∞(Rd) (say), and let the confining potential A be qua-

dratic (1.2). Given an exchangeable N -particle distribution F̃N
◦ ∈ P((Rd)N ) with bounded second

moments, we consider the solution F̃N ∈ C(R+;P((Rd)N )) of (1.19) with initial data F̃N
◦ and denote

by {G̃N,m}2≤m≤N the corresponding correlation functions. Given µ̃◦ ∈ P(Rd) with bounded second
moments, also consider the weak solution µ̃ ∈ C(R+;P(Rd)) of the McKean-Vlasov equation (1.20)
with initial data µ̃◦. Then there is λ0 > 0 such that the following hold for 0 < κ ≪ 1 small enough.

— For all 1 ≤ m ≤ N and t ≥ 0 we have

‖F̃N,m
t − µ̃⊗m

t ‖W−3,1(Rd)⊗m . N−1 +
m̃∑

j=1

e−jλ0t‖F̃N,j
◦ − µ̃⊗j

◦ ‖W−2,1(Rd)⊗j , (1.21)

where we recall the short-hand notation m̃ = m+ 1m odd.

— Given 2 ≤ m ≤ N and α ∈ [0, 1], if we have initially

‖G̃N,j
◦ ‖W−2,1(Rd)⊗j ≤ C◦

jN
α(1−j), for all 1 ≤ j ≤ 2m− 1, (1.22)

then we have for all t ≥ 0,

‖G̃N,m
t ‖W−m−1,1(Rd)⊗m . N1−m + e−λ0tNα(1−m). (1.23)

In addition, if the initial data are chaotic, that is, F̃N
◦ = µ̃⊗N

◦ , then for all 2 ≤ m ≤ N and t ≥ 0
we have

‖G̃N,m
t ‖W−m−1,1(Rd)⊗m . N1−m.

The exponent λ0 only depends on d, β, a, ‖W‖W 1,∞(Rd); the smallness condition on κ further depends

on W , Q2(µ◦), Q2(F
N,1
◦ ); the multiplicative constant in (1.21) further depends on m; the multiplicative

constant in (1.23) further depends on the constants (C◦
j )j in (1.22).
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1.3.2. Periodic setting. Our analysis is easily adapted to particle systems on the torus Td, for instance
in the spatially homogeneous setting A ≡ 0. However, in that case, for the Langevin dynamics (1.1), er-
godic estimates for the linearized mean-field equation only yield a super-polynomial decay t−∞ instead
of exponential; see indeed [22, Theorem 56] and [3, Remark 2.14]. For the overdamped dynamics (1.18),
on the other hand, the exponential decay still holds.

1.3.3. Non-quadratic confinement. Both for the underdamped and overdamped Langevin dynamics (1.1)
and (1.18), our results would hold in the same form if the quadratic confinement (1.2) were replaced
by A(x) = a|x|2 + A′(x) for some a > 0 and some smooth potential A′ ∈ C∞

c (Rd), provided that
‖∇2A′‖L∞(Rd) is small enough (only depending on β,W, a). In that case, we can still appeal to [3] to
ensure the validity of the ergodic estimates of Lemma 2.1 below, while the rest of our approach can be
adapted directly without major difficulties.

1.4. Overview of the argument. As explained above, to obtain clean estimates on the creation of
chaos at the level of marginals, we must avoid hierarchical methods and therefore develop an alter-
native way to capture information on correlations. A first non-hierarchical method was introduced
in [11], based on Glauber and Malliavin stochastic calculus along trajectories. This approach reduced
correlation estimates to a sensibility analysis of particle trajectories with respect to their initial data
and driving Brownian motions. However, it fails to yield uniform-in-time estimates.

A different, non-hierarchical method was later developed in [10] and completed in our previous
work [3], relying on the master equation formalism and on Lions’ differential calculus. This framework
allows one to directly exploit the ergodic properties of the mean-field dynamics, thereby obtaining
uniform-in-time correlation estimates. More precisely,define the empirical measure µN of the particle
system by

µN
t :=

1

N

N∑

i=1

δ
Zi,N
t

, t ≥ 0. (1.24)

The starting point in [10, 3] is the following dynamical decomposition of the empirical measure µN

ˆ

X

ϕµN
t = Ut(µ

N
◦ ) +

1

N

N∑

i=1

ˆ t

0
(∂µUt−s)(µ

N
s ;Zi,N

s ) dBi
s

+
1

2N2

N∑

i=1

ˆ t

0
(∂2

µUt−s)(µ
N
s ;Zi,N

s , Zi,N
s ) ds, (1.25)

in terms of the mean-field semigroup Ut(µ) :=
´

X
ϕµt[µ], with µt[µ] denoting the solution of the mean-

field equation (1.4) starting from µ, and where ∂µ denotes the L-derivative (see [10, 3] for details). The

Brownian term in (1.25) is of order O(N−1/2), while the last term is O(N−1). As shown in [3], using
graphical representation, this decomposition can be used to expand cumulants of the empirical measure
and thereby estimate correlation functions. However, to effectively control the contribution of initial
data (e.g. the term Ut(µ

N
◦ ) in (1.25)), one must combine this with Glauber calculus. Consequently, the

method relies on nonlinear concentration properties of the initial data and thus essentially requires the
system to be initially chaotic.

In the present work, in order to overcome this limitation, we develop a new, non-hierarchical approach
that yields uniform-in-time correlation estimates even for non-chaotic initial data. Our method can be
viewed as a linearized version of the approach in [10, 3]. Instead of decomposing the dynamics of the
empirical measure through the nonlinear mean-field semigroup as in (1.25), we write

ˆ

X

ϕµN
t =

ˆ

X

(U0,tϕ)µ
N
◦ +

1

N

N∑

i=1

ˆ t

0
∇v(Us,tϕ)(Z

i,N
s ) · dBi

s

− κ

ˆ t

0

ˆ

X

µN
s ∇v(Us,tϕ) · ∇W ∗ (µN

s − µs) ds,
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where {Us,t}0≤s≤t stands for the backward dual linearized mean-field evolution (see (2.1) below for
details). Comparing with the mean-field equation, this yields for the empirical fluctuation µN

t − µ,

ˆ

X

ϕ(µN
t − µt) =

ˆ

X

(U0,tϕ)(µ
N
◦ − µ◦) +

1

N

N∑

i=1

ˆ t

0
∇v(Us,tϕ)(Z

i,N
s ) · dBi

s

− κ

ˆ t

0

ˆ

X

µN
s ∇v(Us,tϕ) · ∇W ∗ (µN

s − µs) ds. (1.26)

This identity, already used for instance in [8], can be exploited as follows: the Brownian term is of
order O(N−1/2), while the last term is linear in µN

t −µt and can therefore be treated as a perturbation
of the left-hand side when κ ≪ 1.

More precisely, starting from (1.26), we derive moment estimates on µN
t −µ. Specifically, we consider

the following quantities,

AN,m(t) := sup
ϕ

E

[∣∣∣
ˆ

X

ϕ(µN
t − µt)

∣∣∣
m
]
,

where the supremum is taken over a suitable class of smooth test functions ϕ. Using (1.26) together with
Itô calculus and ergodic estimates for the linearized mean-field evolution {Us,t}0≤s≤t, and assuming
that κ is small enough for the last term in (1.26) to be treated as a perturbation, we formally obtain
for all t ≥ 0,

AN,m(t) ≤
(Cm

N

)m
2
+ Cme−λ0mtAN,m(0), (1.27)

see Proposition 3.1. Note that the scaling N−m/2 is optimal since fluctuations of the empirical mea-
sure are known to be of order O(N−1/2). Making this estimate rigorous requires some care in the
underdamped Langevin setting. In this case, ergodic estimates for the linearized mean-field evolution
hold only in weighted Sobolev spaces. As a result, one must work within such weighted spaces, which
inevitably entails a loss of moments of the empirical measure in the estimates. These losses are con-
trolled by suitable concentration bounds on the particle system. In turn, this is precisely what leads
to the order-dependent smallness condition on κ in Theorem 1.2.

Estimates of the form (1.27) have the advantage of cleanly isolating the contribution of the initial
fluctuations and showing that it is damped exponentially in time. However, moments of the empirical
fluctuation µN

t − µt do not directly translate into estimates on correlation functions. In particular,

as t ↑ ∞, the bound (1.27) only provides an O(N−1/2) error for the propagation of chaos, instead of
the optimal O(N−1), and an O(N−m/2) bound for the m-particle correlation function, rather than the
optimal O(N1−m).

To recover the optimal scalings, we return to a hierarchical approach. Starting from the coarse
correlation estimates obtained from (1.27), we can now rigorously truncate the BBGKY hierarchy and
perform hierarchical analysis without requiring information on all initial correlations. We then show
that the optimal rates can be rigorously recovered iteratively from the nonlinear BBGKY hierarchy
satisfied by correlations: inserting suboptimal estimates into the hierarchy leads to self-improving
bounds. To our knowledge, this use of the BBGKY hierarchy is new. Rather than carrying out direct
estimates on the hierarchy — which in this context would require overly strong assumptions on the full
family of initial correlations — we first derive coarse estimates on correlations by a different, stochastic-
calculus-based method, and then use the hierarchy to bootstrap these into optimal asymptotic scalings.
A similar strategy has since been employed in [2, 12] for different purposes.

Finally, compared with our previous work [3], the present analysis yields significantly stronger con-
clusions on the creation of chaos — with a considerably simpler and more direct proof. However, the
method developed here is inherently perturbative as it requires the interaction intensity κ to be suffi-
ciently small. This limitation stems from the need to treat the last term in the decomposition (1.26)
as a perturbation. By contrast, the framework in [3] only relies on ergodic estimates for the linearized
mean-field evolution, which in some settings remain valid even for large κ.
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Plan of the paper. Section 2 collects preliminary material, including ergodic estimates for the lin-
earized mean-field equation and moment bounds on the empirical measure of the particle system.
Building on these ingredients and using Itô calculus, Section 3 establishes a rigorous version of the key
estimate (1.27) (see Proposition 3.1), providing moment bounds on empirical fluctuations.

In Section 4, we complete the proof of Theorem 1.1. We first show in Section 4.1 how the moment
bounds from Proposition 3.1 can be reformulated as suboptimal mean-field estimates on the first
marginal FN,1 of the particle system. Next, in Section 4.2, we insert these preliminary estimates into
the BBGKY hierarchy to recover optimal mean-field bounds on FN,1. Finally, Section 4.3 combines
these optimal bounds with the moment estimates of Proposition 3.1 to establish sharp mean-field
estimates on all marginals.

Section 5 is devoted to the proof of Theorem 1.2. In Section 5.1, we first derive suboptimal bounds
on correlation functions from the moment estimates of Proposition 3.1. Then, using the BBGKY
hierarchy, Section 5.2 develops a nonlinear hierarchy of a priori estimates on correlations. The proof of
Theorem 1.2 is completed in Section 5.3 through an iterative argument combining these ingredients.

2. Preliminary results

In this section, we recall the available ergodic estimates on the linearized mean-field equation in
weighted Sobolev spaces and we prove some concentration bounds for the empirical measure of the
particle system. These ingredients are both crucial in the sequel.

2.1. Ergodic estimates for linearized mean-field. As correlations are driven by the linearized
mean-field operator, a key ingredient to understand the damping of initial correlations is naturally
given by ergodic estimates for linearized mean field. Recall that µ stands for the solution of the mean-
field equation (1.4) with initial data µ◦. This equation admits a unique steady state M for 0 < κ ≪ 1
small enough, which can be characterized as the unique solution to the fixed-point Gibbs equation

M(x, v) = cM exp
[
− β

(
1
2 |v|

2 +A(x) + κW ∗M(x)
)]

, (x, v) ∈ X,

where cM is the normalizing constant such that
´

X
M = 1. This fixed-point equation has indeed a

unique solution whenever κβ‖W‖L∞(Rd) < 1. For h ∈ C∞
c (X) and t ≥ 0, we consider the (non-

autonomous) backward dual linearized mean-field evolution,
{

∂sUs,th+ v · ∇xUs,th =
(
− 1

2△v +
1
2βv · ∇v + (∇A+ κ∇W ∗ µs) · ∇v

)
Us,th, s ≤ t,

Us,th|s=t = h.
(2.1)

In [3, Proposition 7.1], we obtained the following ergodic estimates in weighted Sobolev spaces. This
is a consequence of hypocoercivity techniques together with a suitable use of the enlargement theory
of Mischler and Mouhot [20]. (In [3], an estimate is obtained instead for the forward primal linearized
evolution, but it is equivalent to this one by duality.)

Lemma 2.1 (Dual ergodic estimates, [3]). There exist κ0, λ0 > 0 (depending on d, β, a, ‖W‖W 1,∞(Rd))

such that given κ ∈ [0, κ0] we have for all r ≥ 0, 1 < q ≤ 2, 0 < p ≤ 1 with pq′ ≫ 1 large enough (only
depending on d, β, a), t ≥ s ≥ 0, and h ∈ C∞

c (X),

∥∥∥〈z〉−p
(
Us,th−

ˆ

X

hM
)∥∥∥

W r,q′ (X)
. e−λ0p(t−s)‖〈z〉−ph‖W r,q′ (X),

where the multiplicative constant only depends on d, β, p, q, r, a, ‖W‖W r+d+1,∞(Rd), and Q2(µ◦).

We emphasize that the above ergodic estimates are not known to hold in W r,∞(X), but only in
weighted spaces. As this forces us to work with polynomial weights, we also need to control moments
of the particle dynamics, which is the purpose of the next section.
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2.2. Concentration bounds for the empirical measure. Working within weighted spaces, we will
inevitably lose moments of the empirical measure in the estimates (see proof of Proposition 3.1 below).
To control these losses, we need the following concentration bounds. The proof is based on Itô’s formula
and is reminiscent of similar computations used in the coupling argument of [4].

Lemma 2.2 (Concentration bounds). Let κ0 > 0 be as in Lemma 2.1 and consider the empirical
measure µN as defined in (1.24). There exist λ0 > 0 (only depending on β, a) and C0 > 0 (further
depending on d, ‖W‖W 1,∞(Rd)), such that for all 2 ≤ m ≤ N , 0 < p ≤ 1, L ≥ C0Q2p(µ◦), and t ≥ 0 we
have

E
[
(Q2p(µ

N
t )− L)m+

]
≤

(C0Lm

N

)m
2
+ Cm

0 e−λ0pmt
E

[∣∣∣
ˆ

X

〈z〉2p(µN
0 − µ◦)

∣∣∣
m
]
. (2.2)

In addition, for all r ≥ 0,

E[Qr(µ
N
t )] = Qr(F

N,1
t ) ≤ C0(C0r)

r
2 +Cr

0e
−λ0rtQr(F

N,1
◦ ). (2.3)

Proof. We divide the proof into two steps, starting with the concentration bound (2.2), before turning
to the more classical proof of the moment estimate (2.3).

Step 1. Proof of (2.2).
Let 0 < p ≤ 1 be fixed. In the spirit of [4], we consider the random process

GN
t :=

1

N

N∑

i=1

(Ri,N
t )p, Ri,N

t := 1 + a|Xi,N
t |2 + |V i,N

t |2 + ηXi,N
t · V i,N

t ,

for some η ∈ (0, 2
√
a) to be chosen later on. Note that this range of η ensures

Ri,N
t ≃a,η 〈Zi,N

t 〉2, GN
t ≃a,η Q2p(µ

N
t ). (2.4)

The particle dynamics (1.1) and Itô’s formula yield

dRi,N
t = −

(
aη|Xi,N

t |2 + (β − η)|V i,N
t |2 + ηβ

2
Xi,N

t · V i,N
t − 1

)
dt

− κ

N

N∑

j=1

(2V i,N
t + ηXi,N

t ) · ∇W (Xi,N
t −Xj,N

t )dt+ (2V i,N
t + ηXi,N

t ) · dBi
t.

Provided that 0 < η ≪ 1 is chosen small enough (only depending on β, a), we can find λ0 > 0 only
depending on β, a such that

dRi,N
t ≤ −2λ0R

i,N
t dt+ C0dt+ (2V i,N

t + ηXi,N
t ) · dBi

t, (2.5)

where henceforth C0 stands for a positive constant only depending on d, β, a, ‖W‖W 1,∞(Rd), the value

of which may change from line to line. By Itô’s formula, using p(p − 1) ≤ 0 and (Ri,N
t )p−1 ≤ 1, we

deduce

d(Ri,N
t )p ≤ −2λ0p(R

i,N
t )pdt+ C0p(R

i,N
t )p−1dt+ 1

2p(p− 1)(Ri,N
t )p−2|2V i,N

t + ηXi,N
t |2dt

+ p(Ri,N
t )p−1(2V i,N

t + ηXi,N
t ) · dBi

t

≤ −2λ0p(R
i,N
t )pdt+ C0p dt+ p(Ri,N

t )p−1(2V i,N
t + ηXi,N

t ) · dBi
t ,

and thus, summing over i and recalling the definition of GN
t ,

dGN
t ≤ −2λ0pG

N
t dt+ C0p dt+

p

N

N∑

i=1

(Ri,N
t )p−1(2V i,N

t + ηXi,N
t ) · dBi

t.

Further using Itô’s generalized formula for convex functions, bounding classically the expectation of
the local time using the quadratic variation, we get for all L ≥ 0 and 2 ≤ m ≤ N ,

d

dt
E
[
(GN

t − L)m+
]
≤ E

[
− 2λ0pm(GN

t − L)m−1
+ GN

t + C0pm(GN
t − L)m−1

+
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+
p2m(m− 1)

2N2
(GN

t − L)m−2
+

N∑

i=1

(Ri,N
t )2p−2|2V i,N

t + ηXi,N
t |2

]

≤ E

[
− 2λ0pm(GN

t − L)m−1
+ GN

t + C0pm(GN
t − L)m−1

+ +
C0pm

2

N
(GN

t − L)m−2
+ GN

t

]
,

hence, decomposing GN
t = GN

t − L+ L, we get for L ≥ C0/λ0,

d

dt
E
[
(GN

t − L)m+
]
≤ E

[
− 2λ0pm(GN

t − L)m+ +
C0Lpm

2

N
(GN

t − L)m−2
+

]
.

By Young’s inequality, this entails

d

dt
E
[
(GN

t − L)m+
]
≤ −λ0pmE[(GN

t − L)m+ ] + 2λ0p
(C0Lm

λ0N

)m
2
,

and thus, by Grönwall’s inequality,

E
[
(GN

t − L)m+
]
≤

(C0Lm

λ0N

)m
2
+ e−λ0pmt

E
[
(GN

0 − L)m+
]
.

Noting that

E
[
(GN

0 − L)m+
]
≤ E

[(
C0

ˆ

X

〈z〉2pµN
0 − L

)m

+

]
= Cm

0 E

[(ˆ

X

〈z〉2p(µN
0 − µ◦) +Q2p(µ◦)− C−1

0 L
)m

+

]
,

and further imposing L ≥ C0Q2p(µ◦), we conclude

E
[
(GN

t − L)m+
]
≤

(C0Lm

λ0N

)m
2
+ Cm

0 e−λ0pmt
E

[∣∣∣
ˆ

X

〈z〉2p(µN
0 − µ◦)

∣∣∣
m
]
,

and the conclusion (2.2) follows.

Step 2. Proof of (2.3).
Using the same notation as in Step 1, and starting from (2.5), we find by Itô’s formula, for any r > 0,

d

dt
E
[
(R1,N

t )r
]
≤ −2λ0rE

[
(R1,N

t )r
]
+C0rE

[
(R1,N

t )r−1
]
+ 1

2r(r−1)E
[
(R1,N

t )r−2|2V 1,N
t +ηX1,N

t |2
]
. (2.6)

In case r ≥ 1, using |2V 1,N
t + ηX1,N

t |2 . R1,N
t and Young’s inequality, we find

d

dt
E
[
(R1,N

t )r
]
≤ −2λ0rE

[
(R1,N

t )r
]
+ C0r

2
E
[
(R1,N

t )r−1
]
≤ −λ0rE

[
(R1,N

t )r
]
+ λ0

(C0r

λ0

)r
.

Hence, by Grönwall’s inequality, recalling r ≥ 1

E
[
(R1,N

t )r
]
≤

(C0r

λ0

)r
+ e−λ0rt E

[
(R1,N

0 )r
]
,

and the conclusion (2.3) then follows (up to renaming the constants), using

E
[
(R1,N

t )r
]
≃r E

[
Q2r(µ

N
t )

]
= E

[ˆ

X

〈z〉2rµN
t

]
= Q2r(F

N,1
t ).

In case 0 < r ≤ 1, rather using r(r − 1) ≤ 0 and (R1,N
t )r−1 ≤ 1 in (2.6), we find

d

dt
E
[
(R1,N

t )r
]
≤ −2λ0rE

[
(R1,N

t )r
]
+ C0r,

and the conclusion follows similarly. �
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3. Moment estimates on empirical fluctuations

This section is devoted to the following rigorous formulation of the key estimate (1.27), providing
moment bounds on the empirical fluctuations. The proof is based on a duality approach, combining
Itô’s formula with a Grönwall argument. The overall strategy is inspired by [8], although we work with
a different dual backward evolution on test functions; in particular, we rely on the same Fourier-based
reconstruction of the moment structure to close the argument.

Proposition 3.1. Consider the following quantities measuring the mean-field approximation error, for
any 1 < q ≤ 2, 0 < p ≤ 1, m ≥ 1, and t ≥ 0,

AN,m
p,q (t) := sup

{
E

[∣∣∣
ˆ

X

ϕ(µN
t − µt)

∣∣∣
m
]

: ϕ ∈ C∞
c (X), ‖〈z〉−pϕ‖W 2,q′ (X) ≤ 1

}
. (3.1)

There exists λ0 > 0 (only depending on d, β, a, ‖W‖W 1,∞(Rd)) such that the following holds: given

1 < q ≤ 2 and 0 < p ≤ 1 with pq′ ≫ 1 large enough (only depending on d, β, a), there exist κ0, C0 > 0
(further depending on p, q, Q2(µ◦), and ‖W‖W d+3,∞∩Hs(Rd) for s > d

2 + 3) such that given κ ∈ [0, κ0]
we have for all 2 ≤ m ≤ N and t ≥ 0,

AN,m
p,q (t) ≤

(C0m

N

)m
2
+ Cm

0 e−λ0pmtAN,m
3p,q (0).

Proof. Let λ0 stand for the minimum between the corresponding exponents in Lemmas 2.1 and 2.2.
Let 1 < q ≤ 2 and 0 < p ≤ 1 be fixed with pq′ ≫β,a 1. Instead of controlling directly the evolution

of AN,m
p,q (t), we appeal to a duality method similarly as e.g. in [8]: let us consider

DN,m
p,q (t) := sup

{
eγm(t−s)

E

[∣∣∣
ˆ

X

(Us,tϕ)(µ
N
s − µs)

∣∣∣
m
]

: 0 ≤ s ≤ t, ϕ ∈ C∞
c (X),

‖〈z〉−pϕ‖W 2,q′ (X) ≤ 1

}
,

for some exponent γ > 0 to be chosen later, where {Us,t}0≤s≤t denotes the backward dual linearized
mean-field evolution defined in (2.1). The exponential factor in this definition allows for an efficient
application of the ergodic estimates for the linearized mean-field evolution. Taking s = t in the
supremum, we immediately see that

AN,m
p,q (t) ≤ DN,m

p,q (t) and AN,m
p,q (0) = DN,m

p,q (0). (3.2)

Given a test function ϕ ∈ C∞
c (X) with ‖〈z〉−pϕ‖W 2,q′ (X) ≤ 1, using the cancellations between the

evolution of empirical fluctuations µN − µ and the dual linearized mean-field evolution for the test
function, we find by Itô’s formula, for all m ≥ 2 and 0 ≤ s ≤ t,

eγm(t−s)
E

[∣∣∣
ˆ

X

(Us,tϕ)(µ
N
s − µs)

∣∣∣
m
]
≤ eγmt

E

[∣∣∣
ˆ

X

(U0,tϕ)(µ
N
0 − µ◦)

∣∣∣
m
]

− γm

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m
]
dτ

+ κm

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1∣∣∣

ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ )
∣∣∣
]
dτ

+
m(m− 1)

N

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−2
ˆ

X

|∇v(Uτ,tϕ)|2µN
τ

]
dτ. (3.3)

From here, we split the proof into four steps and start by examining some of the terms appearing on
the right-hand side of this inequality.

Step 1. Estimate on the penultimate term in (3.3): for any L ≥ 1,
ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1∣∣∣

ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ )
∣∣∣
]
dτ
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. L

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m
]
dτ

+
L

m

ˆ s

0
e(γ−λ0p)m(t−τ)DN,m

p,q (τ) dτ +
1

m

ˆ s

0
e(γ−λ0p)m(t−τ)

E
[
(Qp(µ

N
τ )− L)m+

]
dτ. (3.4)

In order to write this term as a superposition of moments, we proceed as in [8, Proposition 5.9] and
decompose ∇W ∗ (µN

τ − µτ ) as a superposition of Fourier modes,
ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ ) = C

ˆ

Rd

iξŴ (ξ) ·
(ˆ

X

∇v(Uτ,tϕ)eξµ
N
τ

)( ˆ

X

e−ξ(µ
N
τ − µτ )

)
dξ,

where we have set for abbreviation eξ(x) := eix·ξ. By the ergodic estimates of Lemma 2.1, together
with the Sobolev embedding with ℓ > 2d/q′, we find

‖〈z〉−p∇v(Uτ,tϕ)eξ‖L∞(X) . ‖〈z〉−p∇v(Uτ,tϕ)‖W ℓ,q′ (X) . e−λ0p(t−τ)‖〈z〉−pϕ‖W ℓ+1,q′ (X). (3.5)

Choosing q′ ≥ pq′ ≫ 1 large enough, we can choose ℓ > 2d/q′ with ℓ + 1 ≤ 2. Hence, recalling the
choice of ϕ with ‖〈z〉−pϕ‖W 2,q′ (X) ≤ 1, we get

∣∣∣
ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ )
∣∣∣ . e−λ0p(t−τ)Qp(µ

N
τ )

ˆ

Rd

|ξŴ (ξ)|
∣∣∣
ˆ

X

e−ξ(µ
N
τ − µτ )

∣∣∣ dξ,

where the multiplicative constant only depends on d, β, p, q, a, Q2(µ◦), and ‖W‖W d+3,∞(Rd). For

any L ≥ 1, decomposing Qp(µ
N
τ ) ≤ L + (Qp(µ

N
τ ) − L)+, using |

´

X
e−ξ(µ

N
τ − µτ )| ≤ 2, and noting

that the assumptions on W ensure
´

Rd |ξŴ (ξ)|dξ . 1, we can bound

∣∣∣
ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ )
∣∣∣ . Le−λ0p(t−τ)

ˆ

Rd

|ξŴ (ξ)|
∣∣∣
ˆ

X

e−ξ(µ
N
τ − µτ )

∣∣∣ dξ

+ e−λ0p(t−τ)(Qp(µ
N
τ )− L)+.

Using this to estimate the penultimate term in (3.3), we find
ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1∣∣∣

ˆ

X

µN
τ ∇v(Uτ,tϕ) · ∇W ∗ (µN

τ − µτ )
∣∣∣
]
dτ

. L

ˆ

Rd

|ξŴ (ξ)|
ˆ s

0
eγm(t−τ)e−λ0p(t−τ)

E

[∣∣∣
ˆ

X

e−ξ(µ
N
τ − µτ )

∣∣∣
∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1

]
dτdξ

+

ˆ s

0
eγm(t−τ)e−λ0p(t−τ)

E

[
(Qp(µ

N
τ )− L)+

∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1

]
dτ. (3.6)

Let us start by examining the first right-hand side term in this estimate. Noting that the definition

of DN,m
p,q (t) entails in particular

E

[∣∣∣
ˆ

X

e−ξ(µ
N
τ − µτ )

∣∣∣
m
] 1

m

≤ ‖〈z〉−pe−ξ‖W 2,q′ (X)D
N,m
p,q (τ)

1
m . 〈ξ〉2DN,m

p,q (τ)
1
m ,

and noting that the assumptions on W allow to estimate as follows the remaining integral with respect
to ξ, for some δ > 0,

ˆ

Rd

〈ξ〉2|ξŴ (ξ)|dξ .δ

( ˆ

Rd

〈ξ〉2(d+δ
2

+3)|Ŵ (ξ)|2dξ
) 1

2 ≃ ‖W‖
H

d+δ
2 +3(Rd)

< ∞,

we can use Hölder’s inequality to estimate

L

ˆ

Rd

|ξŴ (ξ)|
ˆ s

0
eγm(t−τ)e−λ0p(t−τ)

E

[∣∣∣
ˆ

X

e−ξ(µ
N
τ − µτ )

∣∣∣
∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−1

]
dτdξ

. L

ˆ s

0
eγm(t−τ)e−λ0p(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m
]1− 1

m

DN,m
p,q (τ)

1
m dτ.
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Inserting this into (3.6) and further using Young’s inequality, we obtain (3.4).

Step 2. Estimate on the last term in (3.3):

m(m− 1)

N

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−2
ˆ

X

|∇v(Uτ,tϕ)|2µN
τ

]
dτ

≤ γm

2

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

Uτ,tϕ(µ
N
τ − µτ )

∣∣∣
m
]
dτ

+ γ
(Cm

γN

)m
2

ˆ s

0
e(γ−λ0p)m(t−τ)

E
[
Q2p(µ

N
τ )

m
2
]
dτ. (3.7)

By Young’s inequality, we can bound

m(m− 1)

N

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m−2
ˆ

X

|∇v(Uτ,tϕ)|2µN
τ

]
dτ

≤ γm

2

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

Uτ,tϕ(µ
N
τ − µτ )

∣∣∣
m
]
dτ

+ γ
( 2m

γN

)m
2

ˆ s

0
eγm(t−τ)

E

[( ˆ

X

|∇v(Uτ,tϕ)|2µN
τ

)m
2

]
dτ,

and the claim (3.7) follows again from the ergodic estimates of Lemma 2.1 as in (3.5).

Step 3. Estimate on the first term in (3.3):

E

[∣∣∣
ˆ

X

(U0,tϕ)(µ
N
0 − µ◦)

∣∣∣
m
]
≤ Cme−λ0pmtDN,m

p,q (0). (3.8)

By definition of DN,m
p,q (0), we find

E

[∣∣∣
ˆ

X

(U0,tϕ)(µ
N
0 − µ◦)

∣∣∣
m
]
≤

∥∥∥〈z〉−p
(
U0,tϕ−

ˆ

X

ϕM
)∥∥∥

m

W 2,q′ (X)
DN,m

p,q (0),

and the claim (3.8) then follows from a direct use of the ergodic estimates of Lemma 2.1.

Step 4. Conclusion.
Inserting (3.4), (3.7), and (3.8) into (3.3), we are led to

eγm(t−s)
E

[∣∣∣
ˆ

X

(Us,tϕ)(µ
N
s − µs)

∣∣∣
m
]
≤ Cme(γ−λ0p)mtDN,m

p,q (0)

+
(
CκL− 1

2γ
)
m

ˆ s

0
eγm(t−τ)

E

[∣∣∣
ˆ

X

(Uτ,tϕ)(µ
N
τ − µτ )

∣∣∣
m
]
dτ

+ CκL

ˆ s

0
e(γ−λ0p)m(t−τ)DN,m

p,q (τ) dτ +Cκ

ˆ s

0
e(γ−λ0p)m(t−τ)

E
[
(Qp(µ

N
τ )− L)m+

]
dτ

+ γ
(Cm

γN

)m
2

ˆ s

0
e(γ−λ0p)m(t−τ)

E
[
Q2p(µ

N
τ )

m
2
]
dτ.

Provided that γ ≥ 2CκL, taking the supremum over ϕ and 0 ≤ s ≤ t, we deduce

DN,m
p,q (t) ≤ Cme(γ−λ0p)mtDN,m

p,q (0)

+ CκL

ˆ t

0
e(γ−λ0p)m(t−τ)DN,m

p,q (τ) dτ + Cκ

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
(Q2p(µ

N
τ )− L)m+

]
dτ

+ γ
(Cm

γN

)m
2

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
Q2p(µ

N
τ )

m
2
]
dτ. (3.9)
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Noting that for pq′ ≫ 1 we have

E

[∣∣∣
ˆ

X

〈z〉2p(µN
0 − µ◦)

∣∣∣
m
]
≤ CmDN,m

3p,q (0),

and choosing L ≫ 1 large enough (only depending on d, β, a, Q2(µ◦), ‖W‖W 1,∞(Rd)), the concentration
bound of Lemma 2.2 yields, for 2 ≤ m ≤ N ,

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
(Q2p(µ

N
τ )− L)m+

]
dτ

≤
(CLm

N

)m
2

ˆ t

0
e(γ−λ0p)m(t−τ)dτ + CmDN,m

3p,q (0)

ˆ t

0
e(γ−λ0p)m(t−τ)e−λ0pmτdτ,

and thus, provided that γ ≤ 1
2λ0p,

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
(Q2p(µ

N
τ )− L)m+

]
dτ ≤

(CLm

N

)m
2
+ Cme(γ−λ0p)mtDN,m

3p,q (0).

Similarly, we can also bound
(Cm

N

)m
2

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
Q2p(µ

N
τ )

m
2
]
dτ

≤
(CLm

N

)m
2

ˆ t

0
e(γ−λ0p)m(t−τ)dτ + Cm

ˆ t

0
e(γ−λ0p)m(t−τ)

E
[
(Q2p(µ

N
τ )− L)m+

]
dτ

≤
(CLm

N

)m
2
+ Cme(γ−λ0p)mtDN,m

3p,q (0).

Inserting these bounds into (3.9), choosing γ := 1
2λ0p, and assuming that κ is small enough in the

sense of 2CκL ≤ 1
2λ0p, we find

DN,m
p,q (t) ≤

(CLm

N

)m
2
+ Cme−

1
2
λ0pmtDN,m

3p,q (0) + CκL

ˆ t

0
e−

1
2
λ0pm(t−τ)DN,m

p,q (τ) dτ,

and thus, by Grönwall’s inequality,

DN,m
p,q (t) ≤

(CLm

N

)m
2
+ Cme−

1
2
λ0pmtDN,m

3p,q (0)

+ CκLe−
1
2
λ0pmt

ˆ t

0
eCκL(t−τ)

(
e

1
2
λ0pmτ

(CLm

N

)m
2
+ CmDN,m

3p,q (0)

)
dτ.

As the smallness requirement on κ precisely ensures CκL ≤ 1
4λ0p, we get after computing the remaining

time integrals,

DN,m
p,q (t) ≤

(CLm

N

)m
2
+ Cme−

1
4
λ0pmtDN,m

3p,q (0).

Recalling (3.2), the conclusion follows (up to renaming λ0). �

4. Creation of chaos

This section is devoted to the proof of Theorem 1.1 using the above preliminary results. Our argu-
ment shows how the estimates of Proposition 3.1 can be turned into suboptimal mean-field estimates
for marginals, which in turn can be made optimal in N after combination with direct estimates on the
BBGKY hierarchy. A similar idea will be used again for the proof of Theorem 1.2 in Section 5.

We divide the proof into the next three subsections. Let λ0, p, q, κ be as in Proposition 3.1, and
assume p ≤ 1

6 (say). In the sequel, all multiplicative constants are allowed to depend on d, β, a, p, q,

Q2(µ◦), Q2(F
N,1
◦ ), and ‖W‖W d+3,∞∩Hs(Rd) for some s > d

2 +5. A subscript ‘m’ to constants is used to

indicate further dependence on m and Qmp(F
N,1
◦ ).



16 A. BERNOU, M. DUERINCKX, AND M. MÉNARD

4.1. Reformulation of Proposition 3.1. In this section, we show that Proposition 3.1 implies the
following suboptimal mean-field estimate, with a clean dependence on initial correlations:

‖FN,1
t − µt‖2W−2,q

p (X)
+ ‖GN,2

t ‖
W−2,q

p (X)⊗2

. N−1 + e−2λ0pt
(
‖FN,1

◦ − µ◦‖2W−2,q
3p (X)

+ ‖GN,2
◦ ‖W−2,q

3p (X)⊗2

)
. (4.1)

Noting that

E

[(ˆ

X

ϕ (µN
t − µt)

)]
=

ˆ

X

ϕ(FN,1
t − µt),

and that

AN,2
p,q (t) ≥ sup

{( ˆ

X

ϕ(FN,1
t − µt)

)2
: ϕ ∈ C∞

c (X), ‖〈·〉−pϕ‖W 2,q′ (X) ≤ 1

}

= ‖FN,1
t − µt‖2W−2,q

p (X)
,

Proposition 3.1 yields for m = 2,

‖FN,1
t − µt‖2W−2,q

p (X)
. N−1 + e−2λ0ptAN,2

3p,q(0). (4.2)

Also note that

E

[(ˆ

X

ϕ (µN
t − µt)

)2
]
=

( ˆ

X

ϕ(FN,1
t − µt)

)2
+

ˆ

X2

ϕ⊗2GN,2
t + 1

N

ˆ

X

ϕ2FN,1
t − 1

N

ˆ

X2

ϕ⊗2FN,2
t .

Taking the supremum over ϕ in this identity, and using the Sobolev embedding together with the
moment bounds of Lemma 2.2, which yields in particular

‖FN,2
t ‖W−2,q

p (X)⊗2 .

ˆ

X2

〈z〉p〈z∗〉pFN,2
t (z, z∗) dzdz∗ ≤

ˆ

X

〈z〉2pFN,1
t = Q2p(F

N,1
t ), (4.3)

we find ∣∣∣AN,2
p,q (t)− ‖GN,2

t ‖W−2,q
p (X)⊗2

∣∣∣ ≤ ‖FN,1
t − µt‖2W−2,q

p (X)
+ CN−1Q2p(F

N,1
t ).

Appealing to Lemma 2.2 in form of Q2p(F
N,1
t ) . 1 +Q2p(F

N,1
◦ ) . 1, this means

∣∣∣AN,2
p,q (t)− ‖GN,2

t ‖W−2,q
p (X)⊗2

∣∣∣ . ‖FN,1
t − µt‖2W−2,q

p (X)
+ CN−1. (4.4)

Combining this with the result of Proposition 3.1 to get a control on GN,2
t , we obtain

‖GN,2
t ‖W−2,q

p (X)⊗2 . ‖FN,1
t − µt‖2W−2,q

p (X)
+N−1 + e−2λ0ptAN,2

3p,q(0),

which thus yields, together with (4.2),

‖FN,1
t − µt‖2W−2,q

p (X)
+ ‖GN,2

t ‖
W−2,q

p (X)⊗2 . N−1 + e−2λ0ptAN,2
3p,q(0). (4.5)

Now applying (4.4) at t = 0 with p replaced by 3p, we find

AN,2
3p,q(0) ≤ ‖FN,1

◦ − µ◦‖2W−2,q
3p (X)

+ ‖GN,2
◦ ‖W−2,q

3p (X)⊗2 + CN−1,

and the claim (4.1) follows.
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4.2. Improved bounds via BBGKY hierarchy. In this section, we use the BBGKY hierarchy to
upgrade (4.1) into the following optimal-in-N mean-field bound on the first marginal:

‖FN,1
t − µt‖W−3,q

p (X)

. N−1 + e−
1
2
λ0pt

(
‖FN,1

◦ − µ◦‖W−2,q
p (X)

+ ‖FN,1
◦ − µ◦‖2W−2,q

3p (X)
+ ‖GN,2

◦ ‖
W−2,q

3p (X)⊗2

)

. N−1 + e−
1
2
λ0pt

(
‖FN,1

◦ − µ◦‖W−2,q
3p (X) + ‖GN,2

◦ ‖W−2,q
3p (X)⊗2

)
. (4.6)

Integrating the Liouville equation (1.3) with respect to its last N − 1 coordinates, and decomposing
the second marginal as FN,2 = FN,1 ⊗ FN,1 +GN,2, we find that the first marginal FN,1 satisfies the
following BBGKY equation,

∂t(F
N,1 − µ) = Rµ(F

N,1 − µ) + κ∇W ∗ (FN,1 − µ) · ∇vF
N,1

+ κ

ˆ

X

∇W (· − x∗) · ∇v(G
N,2 − 1

NFN,2)(·, z∗) dz∗,

where Rµ stands for the following (truncated) linearized mean-field operator (linearized at the mean-
field solution µ),

Rµh := 1
2divv((∇v + βv)h) − v · ∇xh+ (∇A+ κ∇W ∗ µ) · ∇vh.

Given ϕ ∈ C∞
c (X), recalling the definition (2.1) of the backward linearized evolution {Us,t}0≤s≤t, we

may then compute

ˆ

X

ϕ(FN,1
t − µt) =

ˆ

X

(U0,tϕ)(F
N,1
◦ − µ◦)− κ

ˆ t

0

(ˆ

X

∇v(Us,tϕ) · ∇W ∗ (FN,1
s − µs)F

N,1
s

)
ds

− κ

ˆ t

0

(ˆ

X2

∇v(Us,tϕ)(z) · ∇W (x− x∗) (G
N,2
s − 1

NFN,2
s )(z, z∗) dzdz∗

)
ds. (4.7)

Let us examine the three right-hand side terms separately. Using the ergodic estimates of Lemma 2.1,
the first one is bounded by

∣∣∣
ˆ

X

(U0,tϕ)(F
N,1
◦ − µ◦)

∣∣∣ . e−λ0pt‖〈z〉−pϕ‖W 2,q′ (X)‖FN,1
◦ − µ◦‖W−2,q

p (X).

For the second term, using again the ergodic estimates of Lemma 2.1 along with the Sobolev embedding,
we can bound

∣∣∣
ˆ

X

∇v(Us,tϕ) · ∇W ∗ (FN,1
s − µs)F

N,1
s

∣∣∣

. Qp(F
N,1
s ) ‖〈z〉−p∇v(Us,tϕ)‖L∞(X) sup

x∈Rd

∣∣∣
ˆ

X

∇W (x− ·) (FN,1
s − µs)

∣∣∣

. Qp(F
N,1
s ) e−λ0p(t−s) ‖〈z〉−pϕ‖W 2,q′ (X) ‖FN,1

s − µs‖W−3,q
p (X),

and thus, further using the moment bounds of Lemma 2.2,

∣∣∣
ˆ

X

∇v(Us,tϕ) · ∇W ∗ (FN,1
s − µs)F

N,1
s

∣∣∣ . e−λ0p(t−s) ‖〈z〉−pϕ‖W 2,q′ (X) ‖FN,1
s − µs‖W−3,q

p (X).

For the last term in (4.7), we aim to appeal to the bound (4.1) of Step 1 for GN,2. Note, however,
that the map (z, z∗) 7→ ∇v(Us,tϕ)(z) ·∇W (x−x∗) is not an admissible test function for such estimates

in W−2,q
p (X)⊗2, cf. (1.13). To remedy this, we decompose W as a superposition of Fourier modes,

which indeed allows to reduce to a tensorized test function. More precisely, by polarization, using that
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GN,2
s − 1

NFN,2
s is symmetric in its two variables, and recalling the short-hand notation eξ(x) = eix·ξ,

we can bound
∣∣∣
ˆ

X2

∇v(Us,tϕ)(z) · ∇W (x− x∗) (G
N,2
s − 1

NFN,2
s )(z, z∗) dzdz∗

∣∣∣

≤
ˆ

Rd

|ξŴ (ξ)|
∣∣∣
ˆ

X2

eξ(x∗)e−ξ(x)∇v(Us,tϕ)(z) (G
N,2
s − 1

NFN,2
s )(z, z∗) dzdz∗

∣∣∣dξ

≤ 4‖GN,2
s − 1

NFN,2
s ‖W−2,q

p (X)⊗2

ˆ

Rd

|ξŴ (ξ)|‖〈z〉−peξ‖W 2,q′ (X)‖〈z〉−peξ∇v(Us,tϕ)‖W 2,q′ (X) dξ.

(4.8)

Noting that

‖〈z〉−peξ‖W 2,q′ (X) . 〈ξ〉2, ‖〈z〉−peξ∇v(Us,tϕ)‖W 2,q′ (X) . 〈ξ〉2e−λ0p(t−s)‖〈z〉−pϕ‖W 3,q′ (X),

we deduce
∣∣∣
ˆ

X2

∇v(Us,tϕ)(z) · ∇W (x− x∗) (G
N,2
s − 1

NFN,2
s )(z, z∗) dzdz∗

∣∣∣

. e−λ0p(t−s)‖〈z〉−pϕ‖W 3,q′ (X)‖GN,2
s − 1

NFN,2
s ‖W−2,q

p (X)⊗2

ˆ

Rd

〈ξ〉4|ξŴ (ξ)|dξ,

where the last factor can be controlled by ‖W‖Hs(Rd) for s > d
2 +5. Combining these estimates for the

different terms in (4.7), and taking the supremum over ϕ, we get

‖FN,1
t − µt‖W−3,q

p (X)
. e−λ0pt‖FN,1

◦ − µ◦‖W−2,q
p (X)

+ κ

ˆ t

0
e−λ0p(t−s)‖FN,1

s − µs‖W−3,q
p (X) ds+ κ

ˆ t

0
e−λ0p(t−s)‖GN,2

s − 1
NFN,2

s ‖W−2,q
p (X)⊗2 ds.

Now inserting the bound (4.1) of Step 1 for GN,2, using (4.3) together with Q2p(F
N,1
t ) . 1, we obtain

‖FN,1
t − µt‖W−3,q

p (X)
≤ CN−1 + Cκ

ˆ t

0
e−λ0p(t−s)‖FN,1

s − µs‖W−3,q
p (X)

ds

+ Ce−λ0pt
(
‖FN,1

◦ − µ◦‖W−2,q
p (X) + ‖FN,1

◦ − µ◦‖2W−2,q
3p (X)

+ ‖GN,2
◦ ‖W−2,q

3p (X)⊗2

)
.

Provided that κ is chosen small enough so that Cκ < 1
2λ0p, the claim (4.6) follows from Grönwall’s

inequality.

4.3. Conclusion. We now use the previous steps to establish optimal-in-N mean-field bounds on all
marginals. For this purpose, we first express the marginals in terms of moments of the empirical
measure. Let ϕ ∈ C∞

c (X) be momentarily fixed with ‖〈z〉−pϕ‖W 3,q′ (X) ≤ 1. For all m ≥ 1, we have

E

[(ˆ

X

ϕ(µN
t − µt)

)m
]
= N−m

N∑

i1,...,im=1

E

[ m∏

l=1

(
ϕ(Zil,N

t )−
ˆ

X

ϕµt

)]

= N−m
∑

π⊢JmK

N(N − 1) . . . (N − ♯π + 1)

ˆ

X♯π

(⊗

B∈π

(
ϕ−
ˆ

X

ϕµt

)♯B
)
FN,♯π
t ,

where we use the same notation as in (1.8) for sums over partitions. Note that the moment bounds
of Lemma 2.2 together with the Sobolev embedding and the choice of ϕ yield, for all π ⊢ JmK,
mimicking (4.3),
∣∣∣∣
ˆ

X♯π

(⊗

B∈π

(
ϕ−
ˆ

X

ϕµt

)♯B
)
FN,♯π
t

∣∣∣∣ .m

ˆ

X

〈z〉mpFN,1
t ≤ (Cm)

mp
2 + Cme−λ0pmtQmp(F

N,1
◦ ) .m 1.
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Hence, neglecting all O(N−1) terms in the above, we get
∣∣∣∣E

[( ˆ

X

ϕ(µN
t − µt)

)m
]
−
ˆ

Xm

(
ϕ−
ˆ

X

ϕµt

)⊗m
FN,m
t

∣∣∣∣ .m N−1.

Noting that
ˆ

Xm

(
ϕ−
ˆ

X

ϕµt

)⊗m
FN,m
t =

m∑

j=0

(
m

j

)
(−1)m−j

( ˆ

X

ϕµt

)m−j
ˆ

Xj

ϕ⊗jFN,j
t

=

m∑

j=1

(
m

j

)
(−1)m−j

( ˆ

X

ϕµt

)m−j
ˆ

Xj

ϕ⊗j(FN,j
t − µ⊗j

t ),

and focusing on the term corresponding to j = m in the sum, we deduce
∣∣∣∣E

[(ˆ

X

ϕ(µN
t − µt)

)m
]
−
ˆ

Xm

ϕ⊗m(FN,m
t − µ⊗m

t )

∣∣∣∣ .m N−1 +

m−1∑

j=1

∣∣∣
ˆ

Xj

ϕ⊗j(FN,j
t − µ⊗j

t )
∣∣∣. (4.9)

Taking the supremum over ϕ ∈ C∞
c (X) with ‖〈z〉−pϕ‖W 3,q′ (X) ≤ 1, we deduce in particular for

all m ≥ 1,

‖FN,m
t − µ⊗m

t ‖
W−3,q

p (X)⊗m .m N−1 +AN,m
p,q (t) +

m−1∑

j=1

‖FN,j
t − µ⊗j

t ‖
W−3,q

p (X)⊗j , (4.10)

and thus, after a direct iteration,

‖FN,m
t − µ⊗m

t ‖W−3,q
p (X)⊗m .m N−1 +

m∑

j=2

AN,j
p,q (t) + ‖FN,1

t − µt‖W−3,q
p (X).

Inserting the result of Proposition 3.1 and the result (4.6) of Step 2, we then get

‖FN,m
t − µ⊗m

t ‖
W−3,q

p (X)⊗m .m N−1 +
m∑

j=2

e−λ0pjtAN,j
3p,q(0)

+ e−
1
2
λ0pt

(
‖FN,1

◦ − µ◦‖W−2,q
3p (X)

+ ‖GN,2
◦ ‖

W−2,q
3p (X)⊗2

)
. (4.11)

From here, it remains to express the AN,j
3p,q(0)’s in terms of initial correlations. Noting that

E

[∣∣∣
ˆ

X

ϕ(µN
t − µt)

∣∣∣
j
]
≤





E

[( ´
X
ϕ(µN

t − µt)
)j]

: j even,

E

[( ´
X
ϕ(µN

t − µt)
)j−1

] 1
2
E

[( ´
X
ϕ(µN

t − µt)
)j+1

] 1
2

: j odd,
(4.12)

using (4.9) at t = 0, and taking the supremum over ϕ ∈ C∞
c (X) with ‖〈z〉−3pϕ‖W 2,q′ (X) ≤ 1, we find

for all j ≥ 2,

AN,j
3p,q(0) .j N−1 +

j̃∑

l=1

‖FN,l
◦ − µ⊗l

◦ ‖
W−2,q

3p (X)⊗l , j̃ := j + 1j odd.

Inserting this into (4.11), we get

‖FN,m
t − µ⊗m

t ‖W−3,q
p (X)⊗m .m N−1 + e−

1
2
λ0pt‖GN,2

◦ ‖W−2,q
3p (X)⊗2 +

m̃∑

j=1

e−
1
2
λ0pjt‖FN,j

◦ − µ⊗j
◦ ‖W−2,q

3p (X)⊗j .

Decomposing

GN,2
◦ = (FN,2

◦ − µ⊗2
◦ )− (FN,1

◦ − µ◦)⊗ FN,1
◦ − µ◦ ⊗ (FN,1

◦ − µ◦), (4.13)

the conclusion (1.14) follows for all m ≥ 1 (up to renaming λ0). �
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5. Correlation estimates

This section is devoted to the proof of Theorem 1.2. Similarly as for Theorem 1.1, the argument
starts from the estimates of Proposition 3.1: we show how these can be used to deduce suboptimal
estimates on correlations, which in turn can be made optimal in N after combination with direct
estimates on the BBGKY hierarchy. Note that this time we will need to iterate BBGKY estimates
multiple times to achieve optimality. We divide the proof into the next three subsections.

While in the introduction we defined correlation functions so as to satisfy the cluster expansion (1.8),
we recall that they can be defined more explicitly as polynomial combinations of marginals:

GN,1 = FN,1,

GN,2 = FN,2 − FN,1 ⊗ FN,1,

GN,3 = sym
(
FN,3 − 3FN,2 ⊗ FN,1 + 2(FN,1)⊗3

)
,

GN,4 = sym
(
FN,4 − 4FN,3 ⊗ FN,1 − 3FN,2 ⊗ FN,2 + 12FN,2 ⊗ (FN,1)⊗2 − 6(FN,1)⊗4

)
,

and so on, where the symbol ‘sym’ stands for the symmetrization of coordinates. More generally, we
can write for all 2 ≤ m ≤ N ,

GN,m(z1, . . . , zm) =
∑

π⊢JmK

(♯π − 1)!(−1)♯π−1
∏

B∈π

FN,♯B(zB), (5.1)

where we use a similar notation as in (1.8) for sums over partitions and where ♯π stands for the number
of blocks in a partition π. We also use the following abbreviation for functional spaces: for all r, p, q,m,

W−r,q
p,m := W−r,q

p (X)⊗m.

5.1. From moment mean-field estimates to correlations. From now on, we let µ be the weak
solution of the mean-field equation (1.4) with initial condition

µ◦ := FN,1
◦ .

In this section, we examine how the correlation functions {GN,m}2≤m≤N can be related to moments

of the empirical fluctuation µN
t − µt in terms of the AN,m

p,q ’s defined in (3.1), and we show that Propo-
sition 3.1 implies the following hierarchy of estimates on correlations with suboptimal N -dependence
(N−m/2 instead of N1−m, cf. (1.9)). Note the unfortunate discrepancy in the weights on the two sides
of the inequality: this is natural in view of Proposition 3.1, but, since the regularity and the weight
are intertwined through the condition pq′ ≫ 1, a careful choice of parameters will be required when
iterating across the hierarchy of correlations.

Proposition 5.1. Let λ0, p, q, κ be as in Proposition 3.1 with µ◦ = FN,1
◦ . Then we have for all

2 ≤ m ≤ N , r ≥ 2, 0 < p0 ≤ p, and t ≥ 0,

‖GN,m
t ‖W−r,q

p0,m
.m N−m

2 +
∑

1≤k≤l≤m−1

∑

j1,...,jk≥1
j1+...+jk=l

N l−k−m+1
k∏

i=1

‖GN,ji
t ‖W−r,q

mp0,ji

+e−λ0pmt×





∑m/2
ℓ=1

∑
ℓ≤K≤L≤m

∑
j1,...,jK≥1
j1+...jK=L

NL−K−m+ℓ
∏K

i=1 ‖G
N,ji
◦ ‖

W−2,q
3mp,ji

: m even,

∑m
ℓ=1

∑
ℓ≤K≤L≤2m

∑
1≤j1,...,jK≤m+1

j1+...+jK=L

(
NL−K−2m+ℓ

∏K
i=1 ‖G

N,ji
◦ ‖

W−2,q
3mp,ji

) 1
2

: m odd,

where the multiplicative constant only depends on d, β, a, p0, p, q, r,m, Q2(F
N,1
◦ ), and ‖W‖W d+3,∞∩Hs(Rd)

for some s > d
2 + 3.

Proof. Let us first recall that the m-th cumulant of a bounded random variable X is defined by

κm(X) :=
d

dt

∣∣∣
t=0

logE[etX ],
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which can be expressed as a polynomial combination of moments of X,

κm[X] =
∑

π⊢JmK

(−1)♯π−1(♯π − 1)!
∏

B∈π

E[X♯B ]. (5.2)

We will use the standard link between cumulants of the empirical measure and correlation functions.
We first used this link in [11, Section 4] and we further included a self-contained statement and proof
in [3, Lemma 2.6]. It can be stated as follows: for all ϕ ∈ C∞

c (X), 1 ≤ m ≤ N , and t ≥ 0,
∣∣∣∣κm

[ˆ

X

ϕµN
t

]
−
ˆ

Xm

ϕ⊗mGN,m
t

∣∣∣∣

.m

∑

π⊢JmK
♯π<m

∑

ρ⊢π

N ♯π−♯ρ−m+1

∣∣∣∣
ˆ

X♯π

(⊗

B∈π

ϕ♯B
)(⊗

D∈ρ

GN,♯D
t (zD)

)
dzπ

∣∣∣∣. (5.3)

For m ≥ 2, as cumulants are invariant under translation, we can write κm[
´

X
ϕµN

t ] = κm[
´

X
ϕ(µN

t −µt)].
From (5.2), it follows that

∣∣∣κm
[ˆ

X

ϕµN
t

]∣∣∣ .m E

[∣∣∣
ˆ

X

ϕ(µN
t − µt)

∣∣∣
m
]
.

Hence, we can deduce for all ϕ ∈ C∞
c (X), 2 ≤ m ≤ N , and t ≥ 0,

∣∣∣
ˆ

Xm

ϕ⊗mGN,m
t

∣∣∣ .m E

[∣∣∣
ˆ

X

ϕ(µN
t − µt)

∣∣∣
m
]

+
∑

π⊢JmK
♯π<m

∑

ρ⊢π

N ♯π−♯ρ−m+1

∣∣∣∣
ˆ

X♯π

(⊗

B∈π

ϕ♯B
)(⊗

D∈ρ

GN,♯D
t (zD)

)
dzπ

∣∣∣∣.

For r ≥ 2, 1 < q ≤ 2 with q′ > d, and 0 < p0 ≤ p ≤ 1, taking the supremum over the test function ϕ,

recognizing the definition (3.1) of AN,m
p0,q (t), noting that for p0 ≤ p we have AN,m

p0,q ≤ AN,m
p,q , and also

noting that the Sobolev embedding implies

‖〈z〉−p0ℓϕℓ‖W r,q′ (X) . ‖〈z〉−p0ϕ‖ℓ
W r,q′ (X)

, for ℓ ≥ 1, (5.4)

we deduce for all 2 ≤ m ≤ N and t ≥ 0,

‖GN,m
t ‖W−r,q

p0,m
.m AN,m

p,q (t) +
∑

1≤k≤l≤m−1

∑

j1,...,jk≥1
j1+...+jk=l

N l−k−m+1
k∏

i=1

‖GN,ji
t ‖W−r,q

mp0,ji

.

Hence, by Proposition 3.1, for suitable λ0, p, q, κ,

‖GN,m
t ‖W−r,q

p0,m
.m N−m

2 + e−λ0pmtAN,m
3p,q (0) +

∑

1≤k≤l≤m−1

∑

j1,...,jk≥1
j1+...+jk=l

N l−k−m+1
k∏

i=1

‖GN,ji
t ‖W−r,q

mp0,ji

.

It remains to express AN,m
3p,q (0) in the right-hand side in terms of initial correlations. For that purpose,

we first appeal to the cluster expansion of moments in terms of cumulants: given ϕ ∈ C∞
c (X), by

definition of cumulants, we can expand for all m ≥ 1,

E

[(ˆ

X

ϕ(µN
0 − µ◦)

)m
]
=

∑

π⊢JmK

∏

B∈π

κ♯B
[ˆ

X

ϕ(µN
0 − µ◦)

]
.

With the choice µ◦ = FN,1
◦ , we note that κ1[

´

X
(µN

0 − µ◦)] = E[
´

X
(µN

0 − µ◦)] = 0, and we may thus
restrict the sum to partitions π such that ♯B > 1 for all B ∈ π. Appealing to (5.3) at t = 0 in order to
control cumulants back in terms of correlation functions, and taking the supremum over ϕ, we deduce
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sup

{
E

[( ˆ

X

ϕ(µN
0 − µ◦)

)m
]

: ϕ ∈ C∞
c (X), ‖〈z〉−3pϕ‖W 2,q′ (X) ≤ 1

}

.

m∑

ℓ=1

∑

j1,...,jℓ≥2
j1+...+jℓ=m

ℓ∏

i=1

( ∑

1≤k≤l≤ji

∑

n1,...,nk≥1
n1+...nk=l

N l−k−ji+1
k∏

s=1

‖GN,ns
◦ ‖W−2,q

3mp,ns

)
.

In the right-hand side, we note that the sum over j1, . . . , jℓ ≥ 2 with j1+ . . .+ jℓ = m requires 2ℓ ≤ m,
so the first sum can be restricted accordingly. Reorganizing the sums, we are then led to

sup

{
E

[( ˆ

X

ϕ(µN
0 − µ◦)

)m
]

: ϕ ∈ C∞
c (X), ‖〈z〉−3pϕ‖W 2,q′ (X) ≤ 1

}

.

m/2∑

ℓ=1

∑

ℓ≤K≤L≤m

∑

j1,...,jK≥1
j1+...+jK=L

NL−K−m+ℓ
K∏

i=1

‖GN,ji
◦ ‖

W−2,q
3mp,ji

.

For m even, this means

AN,m
3p,q (0) .

m/2∑

ℓ=1

∑

ℓ≤K≤L≤m

∑

j1,...,jK≥1
j1+...jK=L

NL−K−m+ℓ
K∏

i=1

‖GN,ji
◦ ‖W−2,q

3mp,ji

,

and for m odd, after combination with (4.12),

AN,m
3p,q (0) .

m∑

ℓ=1

∑

ℓ≤K≤L≤2m

∑

1≤j1,...,jK≤m+1
j1+...+jK=L

(
NL−K−2m+ℓ

K∏

i=1

‖GN,ji
◦ ‖

W−2,q
3mp,ji

) 1
2

.

This concludes the proof. �

5.2. BBGKY hierarchical estimates. Starting from the BBGKY hierarchy for marginals of FN ,
and recalling how marginals can be expanded in terms of correlations (and vice versa), we can derive
a corresponding BBGKY hierarchy of nonlinear equations for correlations. Before stating it, we start
by introducing some useful short-hand notation.

Definition 5.2. Consider a collection {hm}1≤m≤N of functions hm : Xm → R such that for all m the
function hm is symmetric in its m entries (such as {FN,m}1≤m≤N or {GN,m}1≤m≤N ).

— For P ⊂ JmK with P 6= ∅, we define hP : Xm → R as

hP (zJmK) := h♯P (zP ),

and for P = ∅ we set h∅ := 0.

— For P ⊂ JmK with P 6= JNK, we define hP∪{∗} : Xm+1 → R as

hP∪{∗}(zJmK, z∗) := h♯P+1(zP , z∗),

and for P = JNK we set hJNK∪{∗} = 0.

— For P ⊂ JmK and k, ℓ ∈ P , we define

Sk,ℓh
P := ∇W (xk − xℓ) · ∇vkh

P .

— For P ⊂ JmK and k ∈ P , we define

Hkh
P∪{∗}(zJmK) :=

ˆ

X

∇W (xk − x∗) · ∇vkh
P∪{∗}(zJmK, z∗) dx∗.
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With this notation, we now formulate the BBGKY hierarchy of nonlinear equations satisfied by
correlation functions. To the best of our knowledge, such hierarchies for correlations were first written
down by Ernst and Cohen [14] in the context of Boltzmann-type systems. We refer to [16, Section 4] for
the derivation in the case of the overdamped dynamics (1.18): lengthy but straightforward algebraic
manipulations are needed to collect the different factors in the correlation hierarchy. For convenience,
we shall write A − B = A \ B for set difference, with for instance A − B − C = A \ (B ∪ C) and
A ∪B − C = (A ∪B) \ C.

Lemma 5.3 (Correlation hierarchy, see e.g. [14, 16, 23]). For fixed N , correlation functions satisfy the
following hierarchy of equations: for all 1 ≤ m ≤ N ,

∂tG
N,m =LN,mGN,m + κ

N −m

N

m∑

k=1

HkG
N,JmK∪{∗}

− κ

m∑

k=1

∑

A⊂JmK−{k}

m− 1− ♯A

N
Hk

(
GN,A∪{k,∗}GN,JmK−{k}−A

)

+ κ
N −m

N

m∑

k=1

∑

A(JmK−{k}
A6=∅

Hk

(
GN,A∪{k}GN,JmK∪{∗}−A−{k}

)

− κ
m∑

k=1

∑

A⊂JmK−{k}

∑

B⊂JmK−{k}−A

m− 1− ♯A− ♯B

N
Hk

(
GN,A∪{k}GN,B∪{∗}GN,JmK−A−B−{k}

)

+
κ

N

m∑

k,ℓ=1

Sk,ℓG
N,JmK +

κ

N

m∑

k 6=ℓ

∑

A⊂JmK−{k,ℓ}

Sk,ℓ

(
GN,A∪{k}GN,JmK−A−{k}

)

+ κ
N −m

m

m∑

k=1

Hk

(
(FN,{∗} − µ(z∗))G

N,JmK + (FN,{k} − µ(zk))G
N,JmK∪{∗}−{k}

)
,

where LN,m stands for the following (non-autonomous) m-particle linearized mean-field operator,

LN,m :=
m∑

k=1

Id⊗k−1⊗L◦
N,m ⊗ Id⊗m−k, (5.5)

L◦
N,mh := 1

2divv((∇v + βv)h) − v · ∇xh+
(
∇A+ κ

N −m

N
∇W ∗ µ

)
· ∇vh

+κ
N −m

N
∇vµ ·

ˆ

X

∇W (x− x∗)h(z∗) dz∗.

Starting from this hierarchy of nonlinear equations for correlations, combined with ergodic estimates
for the linearized mean-field evolution, we establish the following a priori estimates. While relating
norms with similar weights, a loss of regularity, due to the derivatives in the hierarchy, can be observed
here, creating additional constraints on the choice of regularity and weights when combining this result
with Proposition 5.1 in the proof of Theorem 1.2.

Proposition 5.4. There is λ0 > 0 (only depending on d, β, a, ‖W‖W 1,∞(Rd)) such that the following

holds: given 1 < q ≤ 2 and 0 < p ≤ 1
6 with pq′ ≫ 1 large enough (only depending on d, β, a), provided

that 0 < κ ≪ 1 is small enough (further depending on p, q, Q2(F
N,1
◦ ), and on ‖W‖W d+3,∞∩Hs(Rd) for

some s > d
2 + 5), we have for all 2 ≤ m ≤ N , r ≥ 4, and t ≥ 0,

‖GN,m
t ‖W−r,q

p,m
. e−λ0pmt‖GN,m

◦ ‖W−r,q
p,m

+

ˆ t

0
e−λ0pm(t−s)

(
‖GN,m+1

s ‖W 1−r,q
p,m+1
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+
∑

i1+i2=m+1
1≤i1,i2≤m−1

‖GN,i1
s ‖W 1−r,q

p,i1

‖GN,i2
s ‖W 1−r,q

p,i2

+N−1
∑

i1+i2=m
1≤i1,i2≤m−1

‖GN,i1
s ‖W 1−r,q

p,i1

‖GN,i2
s ‖W 1−r,q

p,i2

+N−1
∑

i1+i2+i3=m+1
1≤i1,i2,i3≤m−1

‖GN,i1
s ‖W 1−r,q

p,i1

‖GN,i2
s ‖W 1−r,q

p,i2

‖GN,i3
s ‖W 1−r,q

p,i3

+
(
N−1 + e−λ0ps‖GN,2

◦ ‖W−2,q
3p,2

)
‖GN,m

s ‖W 1−r,q
p,m

)
ds, (5.6)

where the multiplicative constant further depends on m, r, Qmp(F
N,1
◦ ), and on ‖W‖W d+r+1,∞∩Hs(Rd)

for some s > 2r + d
2 − 1.

Proof. We start by recalling the available ergodic estimates for the linearized mean-field operator LN,m.
Given m ≥ 1 and um◦ ∈ C∞

c (Xm) with
´

X
um◦ (zJmK) dzj = 0 for all 1 ≤ j ≤ m, let us consider the

solution um of {
∂tu

m = LN,mum, t ≥ 0,
um|t=0 = um◦ ,

where in the definition (5.5) of LN,m we recall that we have chosen µ as the solution of the mean-field

equation (1.4) with initial condition µ◦ = FN,1
◦ . By definition of LN,m as a Kronecker sum, we can

write

umt = (V N,m
0,t )⊗mum◦ ,

where {V N,m
s,t }0≤s≤t stands for the one-particle evolution defined by

{
∂tV

N,m
s,t h = L◦

N,mV N,m
s,t h, t ≥ s,

V N,m
s,t h|t=s = h.

In each component, we may then appeal to the ergodic estimate derived in [3, Theorem 2.13]: there
exist κ0, λ0 > 0 (only depending on d, β, a, ‖W‖W 1,∞(Rd)) such that, given κ ∈ [0, κ0], 1 < q ≤ 2, and

0 < p ≤ 1 with pq′ ≫ 1 (only depending on d, β, a), we have for all r ≥ 2 and t ≥ 0,

‖umt ‖W−r,q
p,m

. e−λ0pmt‖um◦ ‖W−r,q
p,m

,

where the multiplicative constant only depends on d, β, a, p, q, r,m, Q2(F
N,1
◦ ), ‖W‖W d+r+1,∞(Rd). Test-

ing the definition of Sk,ℓh
P with a tensorized test function, decomposing W as a superposition of

Fourier modes and using polarization similarly as in (4.8) to rewrite the resulting expression as a
superposition of integrals of hP tested with a tensorized test function (recall the definition (1.13) of
functional spaces), we are led to

‖Sk,ℓh
P ‖W−r,q

p,♯P
. ‖hP ‖

W 1−r,q
p,♯P

,

and similarly,

‖Hkh
P∪{∗}‖W−r,q

p,♯P
. ‖hP∪{∗}‖W 1−r,q

p,♯P+1
,

where the multiplicative constants only depend on d, r, ♯P , and ‖W‖Hs(Rd) for some s > 2r + d
2 − 1.

Now applying this to the equation for GN,m in Lemma 5.3, we get for all 2 ≤ m ≤ N , r ≥ 2, and t ≥ 0,

‖GN,m
t ‖W−r,q

p,m
. e−λ0pmt‖GN,m

◦ ‖W−r,q
p,m

+

ˆ t

0
e−λ0pm(t−s)

(
‖GN,m+1

s ‖W 1−r,q
p,m+1

+N−1
∑

i1+i2=m+1
1≤i1,i2≤m

‖GN,i1
s ‖W 1−r,q

p,i1

‖GN,i2
s ‖W 1−r,q

p,i2

+
∑

i1+i2=m+1
1≤i1,i2≤m−1

‖GN,i1
s ‖

W 1−r,q
p,i1

‖GN,i2
s ‖

W 1−r,q
p,i2

+N−1
∑

i1+i2=m
1≤i1,i2≤m−1

‖GN,i1
s ‖

W 1−r,q
p,i1

‖GN,i2
s ‖

W 1−r,q
p,i2
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+N−1
∑

i1+i2+i3=m+1
1≤i1,i2,i3≤m−1

‖GN,i1
s ‖W 1−r,q

p,i1

‖GN,i2
s ‖W 1−r,q

p,i2

‖GN,i3
s ‖W 1−r,q

p,i3

+
(
N−1 + ‖FN,1

s − µs‖W 1−r,q
p,1

)
‖GN,m

s ‖
W 1−r,q

p,m

)
ds.

Note that in the first sum in the right-hand side the terms with (i1, i2) = (m, 1) or (1,m) can be

bounded by N−1‖GN,m
s ‖

W 1−r,q
p,m

, which already appears in the last term. Hence, this first sum can be

restricted to 1 ≤ i1, i2 ≤ m−1, which is then bounded by the second sum. For the last right-hand side

term, involving FN,1−µ, we appeal to Theorem 1.1 with initial condition µ◦ = FN,1
◦ : provided that λ0

is chosen small enough (only depending on d, β, a, ‖W‖W 1,∞(Rd)), for all 1 < q ≤ 2 and 0 < p ≤ 1
6

with pq′ ≫ 1 large enough (only depending on d, β, a), provided that κ ≪ 1 is small enough (further

depending on p, q, Q2(F
N,1
◦ ), ‖W‖W d+3,∞∩Hs(Rd) for some s > d

2 + 5), we have

‖FN,1
t − µt‖W−3,q

p,1
. N−1 + e−2λ0pt‖GN,2

◦ ‖W−2,q
3p,2

,

which then yields the conclusion. �

5.3. Proof of Theorem 1.2. The claim (1.15) already follows from (4.1) in the proof of Theorem 1.1

with the choice µ◦ = FN,1
◦ . It remains to prove (1.17). Let 1 < q ≤ 2 and 0 < p ≤ 1

6 with pq′ ≫ 1 large
enough (only depending on d, β, a), let 2 ≤ m ≤ N and α ∈ [0, 1] be fixed, and assume that initially

‖GN,j
◦ ‖

W−2,q
3p,j

≤ C◦
jN

−α(j−1), for all 1 ≤ j ≤ 2m− 1. (5.7)

We split the proof into two main steps.

Step 1: Suboptimal estimates.
Let λ0, κ be as in Proposition 3.1. As already emphasized, the suboptimal hierarchical estimates on
correlations in Proposition 5.1 involve a loss in the weights. To accommodate this in the iterated use
of the hierarchy, we choose the initial weight carefully, setting p0 = p/n! for all 2 ≤ n ≤ 2m − 1.
A straightforward computation then shows that, under the initial assumption (5.7), Proposition 5.1
yields for all r ≥ 2, and t ≥ 0,

‖GN,n
t ‖W−r,q

p/n!,n
. N−n

2 + e−
λ0p
n!

tN−αn
2 +

∑

1≤k≤l≤n−1

∑

j1,...,jk≥1
j1+...+jk=l

N l−k−n+1
k∏

i=1

‖GN,ji
t ‖W−r,q

p/(n−1)!,ji

.

By a direct iteration of these estimates, inductively eliminating correlations in the right-hand side, and

using ‖GN,1
t ‖W−r,q

p,1
. 1, we deduce for all 2 ≤ n ≤ 2m− 1, r ≥ 2, and t ≥ 0,

‖GN,n
t ‖W−r,q

p/n!,n
. N−n

2 + e−
λ0p
n!

tN−αn
2 . (5.8)

Step 2: Conclusion via BBGKY analysis.
We leverage the suboptimal correlation estimates of Step 1, using the BBGKY estimates of Propo-
sition 5.4 and arguing by induction. As the desired estimates (1.17) are already known to hold for
two-particle correlations, cf. (1.15), we can assume that there is some 3 ≤ n ≤ m such that the following
holds: provided that κ is small enough (also depending on n), we have for all t ≥ 0,

‖GN,j
t ‖

W
−rj,qj
pj,j

. N1−j + e−λ0pjtNα(1−j), for all 2 ≤ j ≤ n− 1, (5.9)

where we have set
rj := j2, pj := p

(2j−2)! , qj := (2j−2)!q′

(2j−2)!q′−1 .

This set of parameters may appear somewhat intricate at first sight. We will explain the constraints
leading to the choice of pj and rj throughout the argument. The exponent qj is chosen so that
q′j = (2j − 2)!q′, ensuring that pjq

′
j = pq′ ≫ 1 and thereby allowing us to apply the ergodic estimates

from Lemma 2.1. Under this induction assumption (5.9), we shall show that the same estimate is also
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automatically valid for j = n up to further restricting the range of κ, which then concludes the proof.
We split the argument into two further substeps.

Substep 2.1: Proof that for κ small enough (also depending on n) we have for all 0 ≤ k ≤ n − 2,
r ≥ rn−1 + 1, and t ≥ 0,

‖GN,n+k
t ‖W−r,qn

pn,n+k
. N1−n−k + e−λ0pntNα(1−n−k)

+

ˆ t

0
e−λ0pn(n+k)(t−s)

(
‖GN,n+k+1

s ‖
W 1−r,qn

pn,n+k+1
+

(
N−1 + e−λ0pnsN−α

)
‖GN,n+k

s ‖
W 1−r,qn

pn,n+k

+

k+1∑

i=2

(
N1−i + e−λ0pnsNα(1−i)

)
‖GN,n+k+1−i

s ‖W 1−r,qn
pn,n+k+1−i

)
ds. (5.10)

We apply Proposition 5.4 with m = n + k and with exponents pn, qn satisfying pnq
′
n = pq′ ≫ 1.

Provided that κ is small enough (depending on n), we get from Proposition 5.4, for all 0 ≤ k ≤ n− 2,
r ≥ rn−1 + 1, and t ≥ 0,

‖GN,n+k
t ‖W−r,qn

pn,n+k
. e−λ0pnt‖GN,n+k

◦ ‖W−r,qn
pn,n+k

+

ˆ t

0
e−λ0pn(n+k)(t−s)

(
‖GN,n+k+1

s ‖W 1−r,qn
pn,n+k+1

+
∑

i1+i2=n+k+1
1≤i1,i2≤n+k−1

‖GN,i1
s ‖W 1−r,qn

pn,i1

‖GN,i2
s ‖W 1−r,qn

pn,i2

+N−1
∑

i1+i2=n+k
1≤i1,i2≤n+k−1

‖GN,i1
s ‖W 1−r,qn

pn,i1

‖GN,i2
s ‖W 1−r,qn

pn,i2

+N−1
∑

i1+i2+i3=n+k+1
1≤i1,i2,i3≤n+k−1

‖GN,i1
s ‖

W 1−r,qn
pn,i1

‖GN,i2
s ‖

W 1−r,qn
pn,i2

‖GN,i3
s ‖

W 1−r,qn
pn,i3

+
(
N−1 + e−λ0pns‖GN,2

◦ ‖W−2,qn
3pn,2

)
‖GN,n+k

s ‖W 1−r,qn
pn,n+k

)
ds.

Note that the condition r ≥ rn−1 + 1 ensures r − 1 ≥ rj for all 1 ≤ j ≤ n− 1. Using pjq
′
j = pq′ > 2d,

by Jensen’s inequality, we get

‖GN,j‖
W 1−r,qn

pn,j
. ‖GN,j‖

W
−rj,qj
pj,j

.

Using the initial assumption (5.7), as well as the induction assumption (5.9) for GN,j with j ≤ n− 1,
the claim (5.10) follows from the above estimate after straightforward simplifications.

Substep 2.2: Proof that for κ small enough (depending on n) we have for all 0 ≤ ℓ ≤ n−2 and t ≥ 0,

‖GN,n+k
t ‖

Wn−2−rn−ℓ,qn
pn,n+k

. N−n+k+ℓ
2 + e−λ0pntN−αn+k+ℓ

2 , for all 0 ≤ k ≤ n− 2− ℓ. (5.11)

This will conclude the proof: indeed, choosing ℓ = n − 2 and k = 0, the above estimate precisely
yields (5.9) with j = n as desired. We turn to the proof of (5.11) and argue by induction on ℓ. First,
for ℓ = 0, the claim (5.11) follows from (5.8). Our choice for pn is easily understood here, as the use
of (5.8) requires pn ≤ p/(n+ k)! for all 0 ≤ k ≤ n− 2, which is guaranteed for pn = p/(2n− 2)!. Next,
we can assume that there is some 1 ≤ L ≤ n− 2 such that (5.11) holds with ℓ = L− 1, that is,

‖GN,n+k
t ‖

Wn−1−rn−L,qn
pn,n+k

. N−n+k+L−1
2 + e−λ0pntN−αn+k+L−1

2 , for all 0 ≤ k ≤ n− 1− L, (5.12)

and it remains to show that (5.11) then automatically also holds for ℓ = L. This follows directly from
the result (5.10) in Step 2.1 combined with the induction assumption (5.12).

To apply (5.10), we require rn + 2 − n ≥ rn−1 + 1, which holds for rn = n2, thus explaining our
choice for this parameter. �
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