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LOCAL STABILITY AND RATES OF CONVERGENCE TO EQUILIBRIUM FOR
THE NONLINEAR RENEWAL EQUATION; APPLICATIONS TO HAWKES
PROCESSES

CELINE DUVAL AND ERIC LUCON

ABSTRACT. We study the asymptotic properties of the solutions of a nonlinear renewal equation. The
main contribution of the present article is to provide stability and convergence results around equilibrium
solutions, under some local subcritical condition. Quantitative rates of convergence to equilibrium are
established. Instability results are given in both the critical and supercritical cases. As an implication
of these results, we establish a Central Limit Theorem for Hawkes processes in a mean-field interaction.

Keywords. Nonlinear Renewal Equations, Volterra Equations, Stability, Convergence to equilibrium, Mean-
field models, Hawkes processes, Central Limit Theorem

AMS Classification. 45G10, 45M05, 45M10, 60G55, 60H30, 37N25, 92C20.

1. INTRODUCTION AND MOTIVATIONS

1.1. Nonlinear Renewal Equation and application to mean-field Hawkes processes. We are
concerned in this paper with the asymptotic properties of the Nonlinear Renewal Equation (that we
will sometimes denote as NRE in the rest of the paper)

t
(1) )\t =0 <§t +/0 h(t - S))\sd8> 5 t Z O,

whose unknown is the nonnegative function (A);>o and where the locally integrable function h, the
nonnegative ® and the locally integrable function &, vanishing at infinity, are given. Renewal Equations
such as (1) have met a considerable interest in the literature with various applications to e.g., renewal
theory [25], branching processes [5, 15, 16, 38|, demography and spread of diseases [8], actuarial risk
theory, see [21] and references therein.

The main motivation of the present work concerns the links between (1) and interacting Hawkes
processes. Since their introduction in [27] (originally motivated by the modeling of earthquakes activ-
ity), Hawkes processes have been successfully applied in various contexts, such as mathematical finance
(see e.g., [7, 32]), ecology [10], genomics [40] and neuroscience [20, 39], the latter application being the
main motivation of the present work.

The use of Hawkes processes is particularly well suited to the modeling of biological neurons, as
they adapt to the history of the whole network. Biological neurons form a large interactive network in
which each neuron receives and transmits information to other neurons in the form of electrical signals.
These signals are characterized by their similar amplitudes and very short durations, which can be
summarized as a single spiking instant. Thus, a common way to model these exchanges of information
is to associate to each neuron i € {1,..., N} within a population of size N > 1 the counting process
Z5N of its spikes. The jump dynamics of Z%V is defined through its intensity function denoted by

/\iv . This intensity allows to characterize the probability that, at each instant ¢, the process will jump:

informally P(Z%" has a jump in [t, t+dt]|F;) ~ )\i’th, where F; = o (Zﬁ’N, Vs <t, Vje{l,..., N})

denotes the history of all the processes in the network. We follow here the framework of [20], defining
1
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an homogeneous mean-field intensity for all particles:
: 1o [t |
2 MV Ay = [ Ene+ = h(t—s)dZiN |, i=1...,N.
t s , N s
j=1"0

All the quantities involved in (1) and (2) have a biological interpretation: ® : R — [0,400) is the
synaptic integration kernel or firing rate function, h is the memory kernel that modulates how the
past jumps of (2) affects the present intensity and &x; is a source term modeling the possible influence
of the history of the process on (—oo,0) onto the present. We assume that &y ¢ m & forall t > 0.

A usual choice in the literature corresponds to the empty source term £y = 0 which leads to
(3) ¢ =0,1>0.

Whereas some attention will be granted to the case (3) in the following, the point of our work will be
precisely to consider source terms £ as general as possible. One of the recent challenges is to take into
account the inhibitory or excitatory nature of neurons. From a modeling perspective, if the function
® is increasing, excitation can be modeled by positive values of the function h, while inhibition is
modeled by negative values. Considering inhibition generically poses complex mathematical issues, in
particular in the identification of the longtime dynamics of such processes (see e.g., [18, 24]). In the
rest of the article, we will sometimes refer to the excitatory case when h is assumed to be non negative.

The link between the particle system (2) and the Nonlinear Renewal Equation (1) comes from a stan-
dard large population limit. Since the biological network is very dense, the mean field approximation
N — oo is valid [20]: under natural assumptions on the coefficients, the system (2) is well-described
in the large population limit N — oo by some inhomogeneous Poisson process Z; whose intensity A
solves (1) (see Appendix B and (129) for a precise statement).

1.2. Sub- and supercriticality for the NRE. It is easy to see (we refer to Proposition 2.2 below
for a more precise statement) that if ® is continuous, h is integrable and &, t—> 0, any possible limit
—00

£ of \¢ as t — oo solves necessarily the following fixed-point equation

(@) (—o <e /0 = h(u)du> .

The identification of the limit and the stability of such fixed-point for the dynamics induced by (1)
will be one of the main purpose of the paper. Whenever h is integrable on [0, +0c0), we will use the
notation |||y = [, |h(u)|du.

1.2.1. The linear case. The historical version of (1) corresponds to the case where ®(x) = pu + z is
linear, > 0, h > 0 and & = £? given by (3), [25, 20]:

¢

(5) Mo = #+/ h(t — s)heds, >0,
0

In this case, the behavior of \; as t — oo is well-understood:

Theorem 1.1 ([25] and [20], Th. 10 & Th. 11). Suppose the above hypothesis concerning ® and that
h > 0 is integrable on [0,4+00). Then we have the following dichotomy concerning the solution A to

(5):
(a) Subcritical case: suppose that |h||y < 1, then \y —— —&—.
t—00  1=IIRl
(b) Supercritical case: suppose that ||h|l1 > 1, then A\ t—> +-00.
—00
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Hence, the dichotomy in Theorem 1.1 is between a bounded and convergent solution in the first case
and an unbounded divergent solution in the second. Explicit rates of divergence can be proven in the
supercritical case, see [20], Th. 11 and [30]. The linear Renewal Equation has been the subject of an
extensive interest in the literature that cannot be covered exhaustively here (see e.g., [6, 21, 16] and
references therein). In opposition to the fully nonlinear case, what makes the analysis considerably
simpler in the linear case (5) is that its solution can be expressed explicitly as the convolution w.r.t.
the resolvent kernel associated to (5) (see [25, 21, 30]).

Going back the general equation (1), the main question and motivation for the present work is then:

Question 1.2. When ® is nonlinear, what is the correct notion of criticality for Equation (1)? does
it refer to the convergence of Ay ast — 0o ? or more simply to the boundedness of X on [0,+00)? can
we identify a phase transition similar to the linear case of Theorem 1.17 if so, how does it involve h
and the nonlinear kernel ®?

1.2.2. Strong subcriticality in the nonlinear case. First begin with a very demanding statement: an
assumption that is usually adopted in the Hawkes literature [2, 11, 23, 22, 46] is the following strong
subcritical condition

(6) [@lzipllhlL < 1.
In this case, the behavior of X is described by the following straightforward result

Proposition 1.3. Suppose that ® is Lipschitz continuous and h integrable on [0,+00). Suppose that
(6) is true. Then, there is a unique fized-point  solution to (4) and for every bounded source term &
such that & P 0, the solution A = A& to (1) remains bounded and converges to £ as t — co.

— 00

There is no reason why Proposition 1.3 should be really new, but we have not found any complete
statement in the literature. We have reproduced its proof in Section A.l for completeness. However
Condition (6) is obviously too demanding for many interesting examples, as it prevents e.g., to consider
situations where there are multiple solutions to (4). A prominent example is when @ is sigmoid with
three fixed-points solution to (4) (see Figure 1 and e.g., [3, 28, 37, 43]).

1.3. Boundedness and convergence of solutions to the NRE.

1.3.1. Global estimates for boundedness. Let us address what is known in the literature concerning the
boundedness of solutions to (1). The strong statement (6) may be replaced by the following weaker
one, that is due to [8]:

P
(7) limsupﬂ |h]|; <1
Proposition 1.4 ([8]). Suppose that ® is locally Lipschitz, that h is integrable on [0,+00) and &
bounded on [0,400). Suppose that (7) is true. Then A = A& solution to (1) with source term & is
bounded on [0,400).

The proof of Proposition 1.4 is due to Brauer [8], it is stated in [8] under peculiar assumptions
(notably that ®(0) = 0 and h nonincreasing). We reproduce in Section A.2 its proof with minor
adaptations to convince the reader that everything works under our more general assumptions. We
refer to [26] for further results related to boundedness of solutions to (1). To the best of our knowledge,
nothing has been proven concerning the optimality of Condition (7) w.r.t. the boundedness of solutions
to (1). One contribution of the paper will be to prove that (7) is indeed optimal, in the sense that

when limsup|,| % |h|[; > 1, there are generically unbounded solutions to (1). Interestingly,

Condition (7) appears also in [41] as a sufficient condition for the existence of stationary univariate
Hawkes processes. We refer to Section A.3 for precise statements.
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1.3.2. Londen’s Theorem. Considering (1) from a neuroscience perspective, if \; stands for the intensity
of a generic neuron within an infinite population, what is commonly considered as the membrane
potential of the neuron [1, 13, 37] is the quantity x; defined as

¢
T =& +/ h(t — s)Asds, t >0,
0
so that
)\t:q)(ﬂft), tZ 0.

In this setting, the NRE (1) for the intensity A is equivalent to the NRE for the potential z; that is
written as

¢
(8) xp =& —i—/ h(t — s)®(zs)ds, t > 0.
0
An important result is due to Londen [35, 36], see also [9, Th.1 and Corollary], that is written in terms
of (8):

Theorem 1.5 ([36]). Suppose that h is nonnegative, nonincreasing and integrable on [0,+00) with

h(0) < +00. Suppose that ® is continuously differentiable on R and that there is no interval on which

®'(x) ||h||; = 1. Suppose finally that & is bounded on [0, 400) with lim; o & = 0. Let x := (xf) . be
t>

the solution to (8) with source term &. Then, if (x) is bounded, then x; = l, where £, solves the
—00

= ( /0 = h(u)du> o(L,).

The condition that there is no interval on which ®'(z) ||h|; = 1 implies that the solutions to (13)
are isolated. From the boundedness of &, the integrability of A and the continuity of ®, we deduce
immediately that the boundedness of x is equivalent to the boundedness of A: a similar result where x
is replaced by A is also true. We refer to [36] and [9, Th.1 and Corollary] for a proof of Theorem 1.5.

companion fixed-point relation

1.3.3. Comments on Londen’s Theorem. A series of papers have addressed sufficient conditions for
convergence of A;, most often in cases that do not match our hypotheses (assuming either that & is
nonincreasing, hence implying the uniqueness of a solution to (4) or that ®(0) = 0) see e.g., [33, 34, 42].
As deep and important as it may be, Theorem 1.5 leaves room for further comments and perspectives.

Firstly, the hypotheses of Theorem 1.5 are quite restrictive, especially concerning the kernel h: the
assumption that h being nonincreasing is not satisfied by many interesting examples, among which
Erlang kernels (see Section 3.4) that have been extensively considered in the Hawkes literature, see
e.g., [23] and references therein.

Secondly, Theorem 1.5 requires the a priori knowledge that the solution A is bounded. As we have
seen, a sufficient condition for this is (7). However, the possibility remains that (1) admits bounded
solution while (7) does not hold. Since A¢ is uniquely determined by its source term &, a more natural
criterion for boundedness than (7) (that exclusively relies on ®) should rely instead on the source term
£ itself. Hence, the question is

Question 1.6. For any given ®, can we characterize the source terms & for which the corresponding
solution X to (1) remains bounded?

Thirdly, once we know that some solution A to (1) is bounded, Theorem 1.5 does not say anything
on the identification of its limit as ¢ — oo in cases where (4) admits several solutions. Further questions
are then
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Question 1.7. (a) For a given solution £ to the fixed-point equation (4), can we characterize the
source terms & such that the corresponding solution A& to (1) converges to £ ast — co?
(b) If so, is it possible to obtain quantitative rates of convergence towards €%
(c) In case there is only one solution to (4), does this mean that every solution \ converge to { as
t — oo ? or are there solutions that oscillate or diverge to +00?

1.4. Contributions of this paper. The purpose of the paper is to address Questions 1.2, 1.6 and 1.7.

1.4.1. Local stability and rates and convergence to equilibrium. The first contribution of the paper is
to define a weaker local notion of subcriticality in replacement of (6) that concerns each fixed-point ¢
to (4): namely, we say that ¢ solution to (4) is locally subcritical if the following condition holds

) Il o (¢ [ hwyau)

Note that in the linear case (§ 1.2.1) Conditions (6), (7), and (9) coincide. The first main result of
the paper (Theorem 2.6) states a quantitative local version of Londen’s Theorem: under the local
subcritical Condition (9), we prove that once we know that the solution \ asymptotically reaches a
fixed small neighborhood of ¢, A; converges to £ as t — oo. Moreover, we give quantitative rates of
convergence depending on the decay of both £ and h as t — co. We prove in the second main result
(Theorem 2.8) that Theorem 2.6 is valid for a class of £ that are small perturbations of equilibrium
source term £°%* (see Proposition 2.3 and (14) for a precise definition). We prove also in Theorem 2.19
that the result of Theorem 2.6 holds for perturbations of the empty source term 50 = 0 given by (3) at
least in the excitatory case h > 0. Condition (9) appears also in [2] (see in particular the comments in
§ 2.3.5) as a sufficient condition for the long-time stability of mean-field Hawkes processes with spatial
interaction. However, [2] restricts to the case of exponential kernels h(u) = e and does not address
rates of convergence as we do.

< 1.

1.4.2. Optimality of the local condition in the excitatory case. Theorems 2.6 and 2.8 are valid without
any assumption on the sign of h: both results are applicable in a context with inhibition. In a situation
with pure excitation (i.e., h > 0) we complement the previous results by proving that Condition (9) is
indeed optimal w.r.t. the convergence of A\; towards ¢: we prove instability of the fixed-point in both
the supercritical case (see § 2.3.3) and the critical case (see § 2.3.4).

1.4.3. Optimality of the global condition for the boundedness of solutions. We also prove the optimality
of Condition (7) as far as the boundedness of solutions to (1) is concerned: when (7) does not hold,
we prove the generic existence of unbounded solutions to (1), see Appendix A.

1.4.4. Applications to fluctuations of mean-field Hawkes processes. A concrete use of Theorem 2.6 is to
give fluctuation results for the Hawkes process Z»V defined in Section 1.1, whose conditional intensity
is given by (2). In the asymptotic (N,t) — (00, 00), Central Limit Theorems have been established
when ¢ = ¢? given by (3) and under the strong subcritical condition (6) (see [7, Corollary 1] and
[20, Theorem 10] for the linear case and [22, Theorem 2| for the nonlinear case). From a statistical
perspective, these results are important because ZZ’N /t concentrates as (N,t) — oo towards ¢, the
unique (under Condition (6)) solution of (4), and ¢ can be estimated accordingly.

However, in the nonlinear framework, the normalization of the fluctuation result depends on the
unknown quantity m; := fg Asds making it statistically unusable (see the discussion in [24], § 4.2.1). To
make these results statistically meaningful, we need to study the rate of convergence of m;/t towards
¢ (see Equation (46)), which is made possible by Theorem 2.6. Our main result here is Theorem
2.21 providing the fluctuations of ZZ’N /t around ¢ in presence of a source term £ and for a nonlinear
function ®. The question of fluctuation of Hawkes processes has been recently the subject of an
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extensive literature, mostly in the univariate case. We refer e.g., to [7, 12, 19, 29, 30, 44, 46] for further
reference.

1.5. Perspectives. In the excitatory case h > 0, we show in this work the optimality of the subcritical
condition (9) w.r.t. the stability of (1) around a constant intensity ¢ solving (4). In the case with
inhibition where h is allowed to take negative values, a similar optimality of (9) is, to the very least,
unclear.

Another interesting point is to study the emergence of periodic behaviors for (1). Whereas Londen’s
Theorem implies that no such periodic behaviors are possible in case h is nonnegative and nonincreas-
ing, the case where h may increase or take negative values remains largely open. In some particular
case of Erlang kernels with cyclic connectivity and inhibition, periodic behaviors have been exhibited
in [22] (see also [24]) but addressing more general kernels h remains to be done.

Another perspective concerns the possible influence of the local stability condition (9) on the particle
system (2) (and not only on its mean-field limit (1)). The long-term stability of (2) under (9) has
been proven in [2] in the case of exponential kernels h(u) = e~**, but the general case remains open.
Finally, regarding the fluctuation results mentioned in Section 2.4, Theorem 2.21 is established under
the strong subcritical condition (6) for technical reasons. Examining if this result remains valid under
the weaker condition (9) would be a valuable extension. We plan to address these questions in future
works.

1.6. Organisation of the paper. The rest of the article is organized as follows. Section 2 contains
the main results, in particular the stability results of Theorems 2.6 and 2.8 in the subcritical case
(Section 2.2). Section 2.3 gathers all the results concerning the excitatory case. The application to the
fluctuations of the Hawkes processes is detailed in Section 2.4. Section 3 contains a detailed analysis of
examples and particular cases concerning ® and h. Proofs of the main results are given in Sections 4, 5
and 6. Appendix A contains the results and proofs concerning the boundedness of solutions to (1).
Appendix B contains the proof of the fluctuation result. Technical results are gathered in Appendix C.

2. MAIN RESULTS

2.1. Well-posedness and preliminary results. We begin with the following well-posedness result
for (1):

Proposition 2.1. Suppose that ® is Lipschitz continuous, that £ is locally bounded and h is locally
integrable on [0, +00). There is a unique locally bounded (A¢)i>0 solution to (1) that is nonnegative. In
the case & is continuous, such a solution X is continuous. Suppose moreover that ® is of class C* with
@' Lipschitz continuous, that h is continuous on [0,+00) and that & is C* on [0,+00). Then, (At)i>0
solution to (1) is of class C' on [0, 4+00).

Proof of Proposition 2.1 is given in Section 4.1. The next result provides the identification of the
limit of any solution A to (1) in terms of fixed-point solution to (4) as discussed in Section 1.2:

Proposition 2.2 (Identification of the limit). Suppose that ® is a Lipschitz continuous function, that
h is integrable on [0, +00) and that & is bounded with & == 0. Denote by
— 00

+oo
(10) K= /0 h(u)du.

Let 28 = (:cf) . be the solution to (8) (resp. A& = ()\f) . be the solution to (1)) with source
t 24

term &. Then, z_f one among {1:5,)\5} admits a limit as t — oo, both do, and the respective limits



£y = limy_ /\f and £y = lim;_ o0 :z:f satisfy

) {a =2 (L),

fx = I{£>\

In particular, £y and £, satisfy the fized-point relations

(12) = P (kly)
and
(13) by = KD(ly)

where k in (11), (12) and (13) is given by (10).

Proposition 2.2 is a straightforward consequence of the dominated convergence theorem and the
continuity of ®. From now on, we are interested in the possible limits £) of A¢, which we will denote
by ¢ if no confusion arises.

We show now that any fixed-point £ to (12), specific equilibrium source terms & = £°9¢ gives rise to
constant solutions A = ¢ to (1) :

Proposition 2.3. Suppose that ® is Lipschitz continuous, strictly monotone of class C* whose deriva-

tive is Lipschitz continuous. Suppose that h is bounded, continuous and integrable on [0, +00). Suppose

that & is C* on [0, +00) with & == 0. Let A\ = S be the solution to (1) with source term €. Then,
—00

the following statements are equivalent:

(a) the source term & in (1) is equal to

0 +00
(14) & =& = / h(t — s)tds = ¢ / h(u)du,
—00 t
for some £ = ® (kl) solution to the fized-point Equation (12).
(b) the solution X is constant: Ay = Ao for all t > 0.

The constant value Ao in Item (b) corresponds to the fized-point £ = ®(kl) found in Item (a). We will
call £9% defined by (14) the equilibrium source term associated to the fized-point .

Proof of Proposition 2.3 is given in Section 4.3.

2.2. Stability and convergence rates around equilibrium in the subcritical case. Consider
in this section some ¢ = ¢y solving (12). Suppose that ¢ satisfies the local subcritical condition (9),

with the notation k = f0+°° h(u)du it rewrites as
IR]ly [ (s0)] < 1,

As discussed in Section 1.4, our first main result concerns a local version of Londen’s Theorem (The-
orem 1.5) around ¢, under Condition (9): we require mostly (see (17) below) that \; ultimately stays
within a small neighborhood of ¢. Under this assumption, we obtain convergence of A\; to £ as well
as rates of convergence under suitable decay assumptions on both £ and h. Note that contrary to
Theorem 1.5, we do not require anything on the monotonicity of both ® and h nor on the sign of h:
Theorem 2.6 is valid in a context where possibly h takes negative values. One should mention at this
point the previous result of Ney [38], which establishes asymptotic estimates in the particular case
where ®(0) = 0 and moment conditions on h. Before stating the result, introduce notation:

+oo
(15) , ::/ () [du, &> 0.
t
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In the second part of Theorem 2.6 below, we will require one among the following decay assumptions
for both £ and H given by (15):

Assumption 2.4. Let ( be either & or H given by (15). Let A,a,S be positive parameters. We will
say that

(a) ¢ has exponential decay as t — oo with rate a and constant A if
(Ea.n) G| < Ae™ ™, t > 0.

(b) C has polynomial decay as t — oo with rate a and constant A if
(Pa.a) |G| < At t > 0.

(¢) ¢ has bounded support with parameter S if
(Bs) G=0,t>8.
Example 2.5. The empty source term & = £ =0 (recall (3)) plays an important role in practical
applications. This case is of course covered by all items of Assumption 2./. A transposition of the
rates of convergence of Theorem 2.6 to & = &Y is given in Theorem 2.19, Eq. (42) below.

The main result is then

Theorem 2.6. Suppose ® is a twice differentiable Lipschitz function such that ||®" | < oo, h is
integrable on [0,400), £ is bounded such that & = 0. Suppose that ¢ solves (12) and verifies the
—00

subcritical condition (9). Let X be the solution to (1) with source term &. Suppose that X\ is bounded.
Fiz some €9 > 0 small enough such that

q)//
(16 r= iy = il (|9 0)] + 2oL 2tk i+ 1) ) € o),
Consider the following asymptotic proximity of the solution X\ in an eg-neighborhood of £: suppose that
there exists some tog > 0 such that
(17) |IAe — €| <o, Vt>to.
Then, we have convergence to equilibrium:

)\t — /L.
t—o00

Secondly, suppose that both & and H satisfy one property mentioned in Assumption 2./ for appropriate
parameters that are specified below. Then, there exists some C' > 0 independent of €9 and o(tp) > 0
such that for all t > o(to)

(18) |\t — €] < CA(t;t0,7)
where the form of the decay function A(t;to, T) is given as follows:

(a) & with exponential decay: suppose that there exist A,a > 0 such that £ satisfies (£4,4). Then,
e~ VPos(/TIVE it for some B,b> 0, H satisfies (&v.B)

(19) A(t;tg,7) = < log(t)Pt=? if for some B,b >0, H satisfies (Py )
e_losg%fytg)t if for some Sp, >0, H satisfies (Bg,).
(b) & with polynomial decay: suppose that there exist A,a > 0 such that & satisfies (Pq,a). Then,
e if for some B,b >0, H satisfies (& )
(20) A(tito,7) = St V1og(t)’t=" if for some B,b >0, H satisfies (Py,p)

@ if for some Sp, > 0, H satisfies (Bg, ).



(c) & with bounded support: suppose that there exist S¢ > 0 such that & satisfies (Bsé). Then,

e~ Vblog(1/n)Vi if for some B,b >0, H satisfies (& )

(21) A(t;tg, 7) = log(t)bt~° if for some B,b >0, H satisfies (Py p)
_ log(1/7)
e S¢VSnVio if for some S, > 0, H satisfies (Bg,,).

Remark 2.7. The choice of the parameter g > 0 defining T = 72, € [0,1) in (16) depends on the
a priori bound one has on ||\||s. This may not be therefore explicit in general. There are however
several generic situations where this is the case:

(a) Suppose that ® is bounded. Then, [|A]|co < ||P|loo, S0 that €9 depends on ® and h in an explicit
way.

(b) Consider the framework of Theorem 2.8 below: as seen in its proof, the constants 6 > 0 and
eg > 0 respectively in (22) and (23) can be made explicit in terms of ®, h and ¢. In particular,
(23) implies that | M| can be controlled in an explicit way w.r.t. the parameters of the model.

(c) Consider the framework of Theorem 2.19 below: as seen in its proof, we have \y < £ for all
t >0, so that eg can be again made explicit in terms of ®, h and £.

Both C' and o(tg) in (18) depend in an explicit way on the given parameters A, B,a,b,S as well as on
h,® and 7. We refer to Equations (87), (88), (89), (92), (94), (95) and (96) where we give explicit
bounds on C' and o. The constant T = 7., in (16) enters explicitly in the convergence rates found
in (19) and (21), through the term log(1/7). As expected, the faster rate is reached as g — 0 with
Teo — To, Where

e0—0

0 := ||h]|1]|®'(x0)| € [0, 1).
and this rate degenerates as 9 — 1. Note also that C remains bounded as T m 70.
0
The time to in (17) depends in a possibly nontrivial way on the source term & and 9. In particular,

in case | Ao — €| > £q, one has generically that to(so) —— +00 and hence, o(ty) —— +00.
e0—0 e0—0

In the second main result of this section, we are interested in a certain class of source terms £ for which
Theorem 2.6 is applicable i.e., for which (17) is valid, (giving in this sense a partial positive answer to
Items (a) and (b) of Question 1.7). This class consists of small perturbations of the equilibrium source
term £°0¢ given in (14).

Theorem 2.8. Suppose ® is a twice differentiable Lipschitz function such that ||®"| < oo, h is
integrable on [0, +00), & is bounded such that &, = 0. Let £ a solution to (12) satisfying the stability
condition (9). Rewrite the source term & as a perturbation of £ given by (14) as follows

& =& “
for some bounded n : [0, +00) — R with n; P 0. Then there exist eg > 0 such that for all € € (0,¢q),
there exists § > 0 such that the following is true: if n satisfies

(22) sup [ne| <6
>0
then
(23) sup |\ — 4| <e.
>0

Consequently, A\ = ¢ and under the same cases (a), (b) and (c) for & and H as in Theorem 2.6, we
—00

have the following uniform-in-time equivalent of (18): for any T € (70,1), there exists some constant
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C > 0 independent of € such that for allt > 0,
(24) At — 4] < e ACA(t;0,71),
where A(t;0,7) is the same as in (19), (20) and (21) where tyg = 0.

2.3. Stability and instability of equilibrium solutions in the excitatory case. We have shown
in the previous section that the subcritical condition (9) induces local stability around constant equilib-
rium solutions ¢ given by (12). Let us stress again that Theorems 2.6 and 2.8 do not require anything
on the sign of h: these results are also valid in the case where inhibition is present. The question now
concerns the optimality of Condition (9) w.r.t. the stability around fixed-points ¢. Whereas addressing
this issue seems to be difficult in the general case of signed h, we answer positively to this problem in
the purely excitatory case: in this subsection we assume that h > 0.

2.3.1. Monotonicity. The fact that h is nonnegative allows to obtain monotonicity properties that will
be useful in the rest of the paper:

Proposition 2.9. Suppose that ® is Lipschitz continuous, of class C' whose derivative is Lipschitz
continuous. Suppose that h is nonnegative, continuous bounded and integrable on [0,+00). Suppose
that € is C' on [0,+00). Let A = A be the solution to (1) with initial condition €. Then, the following
18 true:

(a) Suppose that ® is nondecreasing and that
(25) & +h(t)®(&) >0, (resp. &+ h(t)P(&) <0), t>0,

Then, the solution X\ is nondecreasing (resp. monincreasing) on [0, +00).
(b) Suppose that ®' is strictly positive on [0,400) and that one of the following condition holds:

(26) FEither (i) h(0) > 0 or (ii) h(t) > 0 for all t > 0.
Suppose also that in addition to (25), we have
(27) &+ h(t)®(&) > 0 (resp. & + h(t)®(&) < 0) on (0,6) for some § > 0.

Then, X is strictly increasing (resp. strictly decreasing).

Remark 2.10. (a) Condition (25) was already considered as a sufficient condition for monotonic-
ity in the linear case where ®(x) = p+x in several works: see e.g., Example, p. 258 in [25] and
in [21]. The fact that we are dealing with a nonlinear kernel raises some significant technical
difficulties. The present result is similar in spirit with Th. 2.1 of [17], although their assump-
tions are different from ours (e.g., it is supposed in [17] that h in non increasing and Item (a)
of Proposition 2.9 is not addressed in [17]).

(b) Conditions (i) and (ii) of hypothesis (26) capture non excluding sets of interesting examples:
Condition (i) includes the case of compactly supported h that are non zero in 0. Condition (ii)
includes any Erlang kernels hy, for alln > 0 (see (51), note that hy(0) =0 for n > 1 so that
Condition (i) is not met).

(c) For any ly > 0, the following source term

“+o00
(28) ==t [ hludu
t
leads to

(29) &+ h(t)2(&) = (2 (|hll1to) — Lo) h(t), t = 0.

Thus, £ in (28) boils down to the equilibrium source term £°4¢ in (14) if and only if £y solves
the fized-point relation (12). Hence, unless £y solves (12), under (26), the solution \¢ is strictly
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monotone. This is in particular true in the case of the empty source term £ in (3) (take h =0
in (28)) where X is strictly increasing (at least when ®(0) > 0). The derivation of Condition
(27) from (29) (which is trivial if h(0) > 0 by continuity) also holds in the second case (ii) of
(26). This observation is crucial in the case of Erlang kernels (see Definition 3.4) as hy(0) =0
forn > 1 so that §,+h(0)®(&) = 0. Remark that Condition (27) has been specifically designed
not to require anything on the value of £+ h(0)®(&).

2.3.2. Sufficient conditions for local stability/instability. When h is nonnegative, the fixed-point rela-
tion (12) becomes

(30) t= 2 ([|h][+£)
and the subcritical condition (9) becomes
(31) 1Rl12®" (1]l16) | < 1.

We will prove that (31) is indeed optimal w.r.t. the local stability of the equilibrium ¢, by addressing
the subcritical case in § 2.3.3 and the critical case in § 2.3.4. To do so, for any fixed-point ¢ solution
to (12), we begin with the identification of a generic class of source terms ¢ that are perturbations of
¢! given in (14) for which we can easily address the stability (see (35) and (36)) or instability (see
(33) and (34)) of the corresponding solution A¢ to (1).

Proposition 2.11. Suppose that ® is Lipschitz continuous strictly increasing, of class C' with &
Lipschitz continuous. Suppose that h is nonnegative, bounded continuous and integrable on [0,400).
Define the following class of perturbations of the equilibrium source term £°9¢: let x : [0, +00) —
[0, +00] be a C! strictly decreasing function such that xo = ||h||1 and x; == 0. For any given £y > 0,

define
¢ e
(32) £ = ‘I’(\hWo)/ h(u)du + (o — @([|h[1€0)) X, t = 0.
t

Consider the solution \ := N to (1) with source term €% given by (32). Let £ be some solution to
the equation £ = ®(||h|[1¢). Then, the following is true:
(a) €% in (32) is a uniform approzimation of the equilibrium source term £ given by (14) for
fo close to L:

sup ‘ﬁf’zo — fq’e’ — 0, asly— L.
>0

(b) Sufficient conditions for local instability: suppose that there exists some & > 0 such that one of
the following holds
(33) for all by € (£,€+0), ®(||h][1bo) > Lo
(34) or for all by € (€ —0,0), ©(||h|14o) < Lo.
Then, if (33) (resp. (34)) holds, for all by € (£, + 8) (resp. Lo € (£ —§,£)), the solution N\
s such that

lim inf ))\f’eo — ﬁ‘ > 0.
t—o00

(¢) Sufficient conditions for local stability: suppose that there ezists some § > 0 such that one of
the following holds

(35) for all by € (6,6 + (5), @(”h”lgo) < {y
(36) or for all by € (€ — 0,0), ®(||h|14o) > Lo.
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Then, if (35) is satisfied, for any by € (£,£+6), for all t > 0, )\i"eo > { and )\i"go = ¢, and
if (36) is satisfied, for any by € (€ — 0,0), for allt >0, )@MO < /¢ and )\iclo /

t—o00

Proof of Proposition 2.11 is given in Section 6.2.

Remark 2.12. (a) Taking x; = [ h(u)du in (32), we see that €% is equal to gho =1, ;roo h(u)du

given by (28).

(b) Under the subcritical condition (31), Conditions (35) and (36) are trivially satisfied. This is
of course compatible with the results of Theorems 2.6 and 2.8. Proposition 2.11 states here
a weaker notion of stability, as it is restricted to the class of perturbations given by (32).
Interestingly, Proposition 2.11 allows to consider the critical case ||h|1®'(||h|1€) = 1: in this
case, one will need to look at the sign of the first higher order derivative ®®)(||h||1£) that is
nonzero (together with the parity p) to obtain sufficient conditions for (35) (stability starting
from the right) or (36) (stability starting from the left). This will be the purpose of Section 2.5./.

(¢) Conversely, in the supercritical case ||h||1®'(||h][1€) > 1, both Conditions (33) (instability from
the right) and (34) (instability from the left) are satisfied. This is in itself sufficient to show
the optimality of the Condition (31) for the stability of ¢ (at least in the case where h >
0). However, in the supercritical regime, we are able to show instability for a wider class of
perturbations, see § 2.5.5.

2.3.3. Supercritical fized-points. We suppose in this paragraph that the fixed-point ¢ = ®(||h||1¢) sat-
isfies now the supercritical condition

(37) 1Rl @ ([IA][1€) > 1.

The claim is that Condition (37) induces instability for the dynamics (1) starting around £°9¢. Recall
here Item (c) of Remark 2.12: ¢ is then unstable from above and below in the sense of Proposition 2.11.
The main result of this section extends the regime of instability to both generic positive and negative

nontrivial perturbations of %9, This however requires some further (but natural) assumptions on ®
and h.

Theorem 2.13. Suppose that ® is Lipschitz continuous strictly increasing, of class C' whose derivative
is Lipschitz continuous. Let £ be some fized-point solution to (30) such that the supercritical condition
(37) is true. Suppose that ¥ : y — @ (||h|1y) is convez-concave around ¢, that is convex on (£ — 0, /]
and concave on [(, 0+ §) for some § > 0. Suppose that h is strictly positive, bounded continuous and
integrable on [0,4+00). Write the source term as &§ = ffq’g + 1 with n bounded and continuous on
[0, +00) with n == 0. Suppose that one of the following condition holds:

(a) Instability from above: suppose that n, > 0 for allt >0 and ny > 0.
(b) Instability from below: suppose that n, <0 for allt >0 and ny < 0.

Then, in each cases (a) and (b), the solution A of (1) with source term & does not converge to £ as
t — oo.

Proof of Theorem 2.13 is given in Section 6.3.

Remark 2.14. The proof of Theorem 2.13 relies on similar arguments as in Theorem 4 of Brauer [8].
The purpose of [8, Th. 4] was to address the case where £ = 0 with ®(0) = 0 and ®'(0)||h|l1 > 1. One
can see Theorem 2.13 as a generalization of the result of Brauer to all fired-points £. In particular, it is
written in [8], page 317: 71t is natural to conjecture that a condition like that of Theorem 4 should be
necessary for nonzero limits of solutions of (1). However, the proof depends strongly on the fact that
the approach to the limit zero is necessarily from above. For a nonzero limit, the solution may oscillate
about the limit ans it does not appear that any general result of this nature can be true.” We claim
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that the hypothesis of convexity-concavity of Theorem 2.13 allows to transport the argument of Brauer
to every positive fixed-point £. The existence of damped oscillatory solutions that converge towards
some fized-point is also mentioned in the seminal article of Feller [25], in the linear case. We confirm
this observation in § 3.4.3 with an explicit solution with damped oscillations converging towards some
supercritical point in the case of Erlang kernels.

2.3.4. The critical case. Assume in this paragraph that the fixed-point ¢ solution to (30) is locally
critical, 7.e.,

(38) IRl ®" ([[A]l16) = 1.

In this case, the stability around the equilibrium solution &4 depends on higher derivatives of ® in

1AL

Assumption 2.15. Suppose that ® is of class C*° in a neighborhood of ||h||1¢ such that the sequence

of derivatives (¢(k)(|]h|]1€))k>2 is not equally zero: denote as

(39) pi= min{k > 2, d®) (|| 10) # o} .

Under the latter assumption, Proposition 2.11 applies: a simple Taylor expansion allows to derive
directly the sign of ® (||h|1£y) — o in a neighborhood of ¢ from the sign of ®®)(||h|1£) and the parity
of p. Table 1 summarizes the corresponding results.

@) (||A]l16) > 0 @) (||A]l16) <0

p even Instability from above (see (33)) Stability from above (see (35))
Stability from below (see (36))  Instability from below (see (34))

p odd Instability from above (see (33)) Stability from above (see (35))
Instability from below (see (34)) Stability from below (see (36))

TABLE 1. Local stability around the equilibrium source term £ under Assump-
tion 2.15 depending on the parity of p given by (39) and the sign of ®®)(||h[|1£). Stability
and instability are to be understood in the context of the results of Proposition 2.11
(we assume here that the hypotheses of this Proposition are satisfied).

Remark 2.16. It is also possible to consider the degenerate case where

(40) ' (|h)|10) = 1, and ®F)(||h||1€) = 0 for all k > 2.

1 1
A typical example satisfying (40) is of the form ®(z) ~ x + ae_mlgp”hlhf + be—mlmqh“le
(a,b € R) as © — ||h|[1¢ for some fized-point £ solution to (30). A similar analysis as in Table 1 can
be made depending on the signs of a and b.

The case where ® satisfies (40) with ® being analytic around ¢ is even more degenerate, as it
corresponds to the case where there is some 6 > 0 such that ®(|h|[1£) = € on ({ — 6,0+ 0). In this
case, stability around the fized-point ¢ obviously does not hold, as for any € € (0,8), X*¢ solution to
(1) starting from £°9F¢ is constant, equal to £ + ¢ (recall Proposition 2.9) and does not converge to £.
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2.3.5. Stability around the empty source term. We analyse in this paragraph the asymptotic behavior
of (1) starting from (perturbations of) the empty source term &’ given by (3). The case ®(0) = 0
reduces to the fixed-point stability problem mentioned in Section 2.2. Then ¢ = 0 is a solution to (30)
and &2 correspond to the equilibrium source term £°¢°. In particular, starting exactly from (3) leads
to the constant solution A = 0 and the stability analysis around (3) goes back to the previous results
of Section 2.2. Therefore, we assume now ®(0) > 0 and that the set of solutions ¢ > 0 to (30) is not
empty and we define £1 as the infimum of such solutions:

(41) Oy :=inf {¢ >0, (||h]1£) =1¢}.
Let us introduce the class of perturbations we consider.

Assumption 2.17. Suppose that the source term & satisfies {o < ||h||141, & == 0, for allt > 0,
&+ h(t)® (&) > 0 and that there exists some 6 > 0 such that & + h(t)® (&) > 0 on (0,9).

Remark 2.18. A class of source terms & satisfying Assumption 2.17 corresponds to €% as defined
n (32), for any €y < €1 and x of class C* on [0,+00), with xo = ||h|l;, Xt = 0 and x} < 0 with
— 00

X, <0 on (0,8). The empty source term £ corresponds to the choice of by =0 and X? = joo h(u)du.

The main result is the following:

Theorem 2.19. Suppose that ®(0) > 0, ® is Lipschitz continuous, of class C' with ® Lipschitz
continuous and ®' > 0. Suppose that h is nonnegative, bounded continuous and integrable on [0, +00)
and verifies (26). Suppose that the source term & satisfies Assumption 2.17. Then, we have

A —— 0
t—o0

where €1 > 0 is given by (41). In particular, for all T € [0,1), there exists some constants C,c > 0
such that for all t > 0

e~ V/blog(1/T)vE if for some B,b >0, H satisfies (& )
(42) A — 1] < O { log(t)’t° if for some B,b >0, H satisfies (Py.B)
e—clog(1/m)t if for some S, >0, H satisfies (Bg, ).

Proof of Theorem 2.19 is given in Section 6.4. Estimate (42) is nothing else than a simple application
of the rates of convergence found in (19) to the present situation (59 has exponential decay with any
rate a > 0). However, we do not have any a priori explicit control on the constants C' and ¢ as they
depend on the time ¢y necessary for A\; to enter an ep-neighborhood of ¢; (recall (17)), which is not
explicitly known.

Remark 2.20. The convergence to {1 starting from (perturbations of ) the empty source term is valid
disregarding the value of the derivatives of ® in {1||hl|1. Note that, since ®(0) > 0, we necessarily have
that ||h||1®"(¢1||h||1) < 1. In particular, it may very well be that ||h|1®’(¢1]|h][1) = 1 and (for instance)
" (¢1||h||1) > 0: €1 may be unstable w.r.t. source terms around £° (recall § 2.3.4) but however may
attract trajectories starting from perturbations of € = §®.

2.4. Application: a functional central limit theorem in the subcritical Hawkes model. Let
us go back here to the mean-field Hawkes process (Z Lo, ZN ) whose conditional intensity is given

by (2). Let ¢ be a solution to (4) and let £ be such that )\f = ¢. From a statistical viewpoint, a
—00
classical estimator of ¢ is, for some i € {1,..., N},

)

-~ Z
(43) Ing = 7'5 t>0.
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By exchangeability, the law of 7, ~,¢ does not depend on . The properties of l, N+ in (43) can be studied
by determining the limiting distribution of Z; for large N and t. We are interested in the asymptotic
normality of £y ;, that is the behavior of

(44) \/E(ZN,t—e), t>0, N>1,

as (t, N) — oo. It turns out that a slightly different fluctuation result has already been proven in [20,
Theorem 10] for the linear case and in [22, Theorem 2] for the nonlinear case. Both results are proven
under the assumption that ¢ = £° given by (3) and under the strong subcriticality condition (6). More
precisely, for the nonlinear case that concerns us presently, it is proven in [22, Theorem 2] that for

¢ =¢v
(45) m! (Zt@ - ) d N(0,1)

(t,N)—(00,00), %—)O

where m? = fg Mds, where A? is the solution to (1) driven by £?. This result must be refined to make

it statistically usable and turn it into something relevant to (44): as it is, the quantity m? in (45)

is difficult to quantify, and careful control of its properties when t gets large is necessary to obtain a
result that is relevant from an applied perspective. Proceeding as in [24], we have the decomposition

(46) Vi (ZN,t - z) - %\/ﬁt (itt - 1) Vi (% - e) = Iny(1) + I(2).

The control of the first term I (1) is similar to (45). The result of Theorem 2.6 provides a valuable
answer to the estimation of the second term I;(2) in the left hand side of (46) as, thanks to Theorem
2.6, the limits of the terms y/m;/t and I;(2) can be rendered explicit. Thus, we obtain the following

result, established not only for & = £? but for a general source term &.

Theorem 2.21. Let ® be a twice differentiable Lipschitz function such that ||9"]| < o0 and h a

square-integrable function on [0, +00). Suppose that Condition (6) is true. Let N > 1 and consider a

family of predictable processes En = (En4t)i>0 and a bounded source term & with & t—) 0 such that
= —00

sups>o E[|én,s — &) < Ce/V'N for some positive constant C¢ > 0. Define A = A& as the solution to (1)
with source term §. Additionally, suppose that & satisfies (P, 1) for some A >0 and a > 1/2 and H
given in (15) satisfies (Py ) for some B >0 and b > 1/2. Let (Z}); > 0,i=1...,N, be the family of
Hawkes processes defined as in Section 1.1 with intensity function (2), with source term &y, kernel h
and function ®. Let my := fot Asds. Then it holds that, for alli=1,..., N,

(47) (v

— Myt d

my >ue[0,1] (£,N)=(00,00), 40

B,

where % is the convergence in distribution and B = (By)ue,1) 8 @ standard Brownian motion. As a
corollary we get that:

(48) Vi (E - 2) d s N(0,0).

(t,N)—(00,00), %—)0

where € is the unique solution to Equation (12).
Proof of Theorem 2.21 is given in Appendix B.

Remark 2.22. The hypothesis made on & and H in Theorem 2.21 corresponds to the slowest decay
behavior within Assumption 2.4 for which Theorem 2.6 ensures that I;(2) in (46) goes to 0 as t — oo.



16 CELINE DUVAL AND ERIC LUCON

If & (resp. H) satisfies the other cases (£,.4) and (Bs) of Assumption 2.4, & (resp. H) also satisfies
(Pa,a), changing the constants A and B if necessary.

In [7] a similar result is proven in case where ® is linear, h > 0 and § = &Y. More precisely, it is
proven in [7, Lemma 5] that I;(2) — 0 as t — oo under the following condition

(49) /0 h VEh(t)dt < co.

Theorem 2.6 allows to handle this term in the nonlinear case and with a non zero source term, extending
[7, Corollary 1] to these cases. Comparing the Condition (49) and the one imposed by Theorem 2.0,
we observe that they are almost equivalent. Indeed, supposing that I' := fooo \/Zh(t)dt < oo then, for
anyt >0

\/Z/too h(u)du < /too Vuh(u)du < T

and the constraint ftoo h(u)du < Bt for any t > 0 is satisfied for B =T and b = 1/2. Conversely,
if [ h(u)du < Bt for any t > 0 is satisfied for some B > 0 and b > 1/2, then, writing for u > 1,

Vu = fl\/a dy + 1 and using Fubini- Tonelli Theorem, we get

/0OO Vuh(u)du = /01 Vuh(u)du + /100 /yoo Alu)dudy + /1+oo hlu)du

2

1 © B 400
< / Vuh(u)du +/ —dy +/ h(u)du < co.
0 1Y 1

Finally, a detailed analysis of fluctuations for univariate Hawkes processes in the linear case is done
in [30], addressing in particular the optimality of the condition of [7] w.r.t. the existence of Central
Limit Theorems. We refer to [30] for details.

3. PARTICULAR CASES AND EXAMPLES

The aim of this Section is to expand the local estimates of the previous section into global study of
particular cases (concerning simultaneously ®, £ and h) that are particularly relevant w.r.t. applica-
tions.

3.1. The case with no fixed-point. We start with the case where the set of fixed-points solutions
to (4) is empty (in particular ®(0) > 0 and ¢ is unbounded).

Proposition 3.1. Suppose that ® is continuously differentiable. Suppose that h is nonnegative, non-

increasing continuous and integrable on [0,400). Suppose that & is bounded on [0,+00) and verifies

& = 0. Suppose that equation (30) has no solution. Then, the solution X\ to (1) with source term
— 00

& wverifies

At — +00.
t—o00

Note that Proposition 3.1 is the only moment in this paper where we make use of Londen’s Theorem.
In particular, it is restricted to nonnegative nonincreasing kernels h.

Proof of Proposition 3.1. Denote by W(¢) = ® (|||, ¢). Since ®(0) > 0, the fact that, by assumption,
there is no such ¢ such that W(¢) = ¢ implies, by continuity, that ¥(¢) > ¢ for all £ € R. Fix M > 0
and define the truncated version of ¥, UM (¢) := min(¥(¢), M). Then, ¥M < ¥ UM is bounded and
¢ = M is the unique fixed-point of WM. A technical point here: as it is, ¥™ does not match the
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hypotheses of Theorem 1.5, as UM is not smooth. In this sense, replace \I/M(ﬁ) = \IJ(E)JFM_Q'\II(L})_M' by

a smooth version
W(0) + M — 3 log (2cosh (k (¥ (€) — M)))
2

It is easy to see that UM is infinitely differentiable with W/ (¢) — WM (/) as k — oo. Moreover,

\Ilﬂ/f < UM and for large k£ > 1, \Ifﬁ/[ has a unique fixed point ¢ ps such that ¢; s k—) M. Fix
—+00
M

for the rest of the proof some sufficiently large k > 1 such that £; p; > 5 Then, if one denotes

by )\é‘/f the solution to (1) driven by \If,i\/[ < M, )\IJCVI is then bounded and we obtain by Theorem 1.5
that )\Q/[t == lk, v, unique fixed-point of \IIQ/[ . Since \IJQ/[ < W, applying now Proposition C.2,
’ —00

vl (e) =

, k> 1.

we have for all t > 0, /\% < A¢. Taking liminf; o, on both sides of the previous inequality gives

% < Ll p < liminf; o Ay, Since this is true for all M > 0, we have liminf; .., Ay = 400 and the
result follows. O

3.2. The case of a unique fixed-point. We make in this paragraph the following assumption

Assumption 3.2. The kernel ® is of class C?, such that ® > 0 with ||®"||, < oo and ®(0) > 0.
Suppose that h is nonnegative, bounded continuous and integrable on [0, +0c). Suppose that € is C* on
[0, +00) with & t—> 0. Suppose also that ® has a unique fized-point £ > 0 solution to (12).

— 00

Under the present assumption, we necessarily have ||h||; ®'(||h||; £) < 1. We specify here the previous
results to the following cases:

3.2.1. Case 1: Suppose here that
® (||h]|y o) > Lo for all £y # L.

In this case, ® is unbounded and we necessarily have ||h||; ®'(||h||, £) = 1: the fixed-point ¢ is critical.
Moreover, the following holds:

(a) The equilibrium source term &°%* is globally unstable from above, in the sense of Proposi-
tion 2.11: namely, for any ¢y > ¢ (and not only on a neighborhood (¢, ¢+ ¢)), the solution )\
starting from the source term £% defined by (32) is increasing and cannot be bounded (oth-
erwise it would converge to the unique fixed-point ¢ by Theorem 1.5, which is not possible).
Therefore, A oo +o0o. Hence, we are in a case where (1) admits unbounded solutions that
diverge to +00 as t — co.

(b) The equilibrium source term £°4¢ is globally stable from below, in the sense of Proposition 2.11.
Namely, for any ¢g € [0,¢] (and not only in a neighborhood (¢ — 4, ¢]), the solution A to (1)
starting from the source term £ given by (32) converges to ¢ as t — co. This is in particular
the case of the solution starting from the empty source term &°.

3.2.2. Case 2: Suppose now that
(50) P (HhHl Eo) > fg for all {5 < £ and ® (”h”l 60) < g for all £g > £.

In this case, the equilibrium source term £¢4 is globally stable from below and from above, in the sense
of Proposition 2.11. Namely, for any ¢y € [0, +00) (and not only in a neighborhood of ¢), the solution
A to (1) starting from the source term & given by (32) converges to £ as ¢ — oo. This is in particular
the case of the solution starting from the empty source term £?. Moreover, if one assumes furthermore
that ||hl|; @'(||h||l; £) < 1, then strong local stability holds for £°+* in the sense of Theorem 2.8 and

the rates of convergence to ¢ established in Theorem 2.6 are valid for any source term £ such that )\f
converges to £. Finally,
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@ ()
x
case h is nonincreasing, Londen’s Theorem applies and /\f converges to the unique fixed-point
l, whatever the source term may be.
(b) However, Proposition A.3 below gives an example of ® with limsup,_, ., (=) |h]l1 = 1 with a

€T
unique subcritical fixed-point ¢, verifying (50) and such that (1) admits a diverging solution.

|lh|l1 < 1, then by Proposition 1.4, any solution A to (1) is bounded and, in

(a) If limsup,_,

3.3. The sigmoid case. An example of ® that is commonly met is the sigmoid kernel, see Figure 1.

Assumption 3.3. Suppose that ® is sigmoid, i.e., in addition to Assumption 3.2 that ® possesses
three fized-points €5 < £, < {5 such that ||h||; ' (|h]|, () < 1 and ||k, @ (||h|; €u) > 1. Suppose also
that £ — @ (||h]|{ £) is convex-concave around {y, that is convex on [0,4,] and concave on [¢,,+00).

The NRE (1) driven by @ satisfying Assumption 3.3 is sometimes called in the literature the multi-
stable NRE (see e.g. [28, 37]). Although this denomination makes perfect sense in case h is exponential
(as one retrieves then the usual notion of stability for ODEs, see Remark 3.5 below), this notion of mul-
tistability requires clarification for general kernels h. One of the main motivations of the present paper
has been precisely to give a meaning of this notion of multistability as precise as possible. Namely,
under Assumption 3.3, the following holds :

(a) Both equilibrium source terms %> and ¢ ea.t are strongly stable in the sense of Theorem 2.8.

(b) The equilibrium source term ge@te is strongly unstable in the sense of Theorem 2.13.

(c) If one restrict to source terms of the form &° = £, :OO h(u)du (recall (28)), we know explicitly
the basins of attraction of both the stables points ¢; and ¢ (recall Remark 2.10): if £y < £,
then the solution A to (1) starting from £% converges to ¢; and if £y > £y, X\ converges to (1,
see Figure 1. In particular, \? starting from the empty source term &? converges to l5.

(d) For any solution A that converges to either £ or £, rates of convergence found in Theorem 2.6
apply.

2.00 1

175

1.50 1

1.25 1

1.00 +

0.75 4

0.50 4

0.25 4

0.00 +

(A) A sigmoid kernel ®. (B) Trajectories of solutions to (1).

FIGURE 1. The case of the sigmoid kernel ®(z) = 0.5 + (1 + exp(—8(z — 1))) " (Fig. 1a) satisfying
Assumption 3.3 with £ = 0.5212, ¢, = 1 and £ = 1.4788. Here h is the Erlang kernel of order n = 2
and rate o = 3 given by Definition 3.4 below. Fig. 1b shows some trajectories A to (1) starting from &°
given by (28) for different values of £. Red (resp. blue) trajectories, corresponding to values £ < £, = 1
(resp. £ > £, = 1) all converge to £; (resp. £1).
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3.4. The Erlang example. A choice of kernels h that have been extensively studied in the literature
[14, 23] concerns Erlang kernels:

Definition 3.4. Let n > 1 and o > 0, h is the Erlang kernel of order n with rate a if
tn
(51) ho(t) = a"le™® — vt > 0.

Note that the renormalization in (51) has been chosen so that ||h||; = 1, which simplifies the expression
of the critical conditions (31), (37) and (38) into ®'(¢) < 1 (resp. ®'(£) > 1 and ®'(¢) =1).

The specificity of Erlang kernels is that, unless n = 0, h,, is not nonincreasing and h,(0) = 0. In
particular, Londen’s Theorem does not apply. However, the hypotheses made in this paper (see e.g.,
(26) and Remark 2.10) are precisely designed to include Definition 3.4: Proposition 3.1 excepted (which
is the only moment where we apply Londen’s Theorem), every result stated in this paper applies to
the case of Erlang kernels.

3.4.1. Erlang cascade. In the case of Erlang kernels, the particle system (ZVV ..., ZV:N) given by (2)
becomes Markovian [23]. In the context of the mean-field limit, this translates into the fact that the
nonlinear convolution equation (8) can be described in terms of a cascade of coupled ODEs. Namely,
write for all kK =0,...,n,

t
(52) Tt = &y + / hp—p(t — 8)®(z0,5)ds
0

where zo; = x; is the solution to (8) with source term &y, := & and &i,...,&, are prescribed Cc!

functions on [0, +00) such that &;; == 0 and %ﬁﬁ == 0. Denote by ¢ := o0 = & and ¢, = &
—00 —00

for k = 1,...,n, the initial conditions for all &. Using (51), observe that h/,(t) = —ahy,(t) + ahp_1(t),

hn(0) = 0 for n > 1 and hy(t) = —aho(t), ho(0) = «, then (xo,...,z,) solves for n > 1 the following

system of coupled non autonomous ODEs:

(53) Loy = —ampy + azpyig + ol + S — g, k=0,...,n—1
%xn,t = —0Xp; + 04‘13(930,15) + O‘fn,t + %én,tv
with initial condition (zop,...,Zn0) = (co,c1,...,¢s). One readily sees that equilibrium points to

(53) are (Zo,...,Tpn) = (¢,..., ), where £ = ®(¢) solves (30) (recall that ||h|; = 1 here). A simple
calculation shows that (53) reduces to the autonomous system

(54)

d
Tkt = —QTp s + ATy, k=0,....,n—1
d
JiTnt = —arpg + a®(zoy),

if and only if

k .
, v\
Sn—kit = Za]cn,kﬂﬁ e t>0, forallk=0,...,n.
j=0
In other words, the unique solution (zg,...,z,) to the system (54) with initial condition (cg, ..., c,)
has the representation (52). We have the following particular cases:
e Taking ¢yp = ¢; = ... = ¢, correspond to the source term &° = cg fﬁoo hp(u)du given by (28)
for the kernel h,,. In particular, taking ¢co = ¢; = ... = ¢, = 0 corresponds to the empty source
term &% given by (3).
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e More generally, for any L € {1,...,n — 1}, taking co =c; = ... =cp #0and cpy1 = ... =
¢n, = 0 corresponds to the source term given by (28)

(55) 3

)

“+oo
s = co/ hr(uw)du, t >0,
t
for the Erlang kernel hy, of lower order L < n.

3.4.2. Stability w.r.t. polynomial perturbations in the subcritical case. The Jacobian matrix of (54)
around some equilibrium point (4,...,¢) is

11 0 - 0
0 -1 1 .

(56) Jr =« : e 0
0 RPN

o) 0 - 0 -1

The eigenvalues of J; are A\ = « (@’(ﬁ)%ﬂe% — 1>, k = 0,...,n. Therefore, £\, < 0 for all

k =0,...,n as long as we are in the critical case ®'(¢) < 1. It allows to deduce that the equilibrium
source term £°%* is locally stable w.r.t. to polynomial perturbations of the form

n ,
A
(57) & = ot = Zoﬂcjﬁ e t>0
j=0
as long as the coefficients (co, ..., c,) are sufficiently close to (¢,...,¢). We actually prove far more in

Theorems 2.6 and 2.8, even in this simple Erlang case: £°¢¢ is actually stable w.r.t. to any perturbations
that is sufficiently close to €%, not only w.r.t. polynomial perturbations of the form (57). Note
that the previous local stability argument around any (¢,...,¢) does not say anything about the
convergence of the solution starting from (0, .. .,0) (this corresponds to the empty source £?) nor from
(€,...,£,0,...,0) (this corresponds to ¢ := Ef;roo hr(u)du given by (55) for an order L < n), as both
initial conditions are generically not close to (¢,...,¢). Whereas the first case of £? relies on a very
specific monotonicity argument (recall Theorem 2.19), the second case of {7, is out of the scope of the
present paper. We illustrate in Figure 2 the difficulty of dealing with this second case in general.

Remark 3.5 (The exponential case). It is worth mentioning the specific case n = 0. The kernel h is
then exponential: h(u) = ho(u) = ae™*", u > 0 and the system (53) reduces to the single ODE

d d
(58) aa}t = —ax; + Oé(I)(LUt) + Oéft + Eft’ t Z 0,
with xo = co. Again, this system becomes autonomous
d
(59) ot = o + a®(xy), t > 0.
if and only if
(60) & = Goe ™, t20.

The choice of (60) is by no means insignificant: this reduction of the dynamics of the NRE (1) into the
autonomous ODE (59) has been transposed in [13] (and further developed in [2, 3, 37]) to a context of



21

FIGURE 2. Two different trajectories of (1) in case ® is given as in Fig. 1a and h is Erlang with order
n = 2 and a = 3, for different choices of source terms &: the red trajectory corresponds to the choice
of £% given by (55) for L = n = 2 and the blue one to £ for L = 1 < n. Both correspond to £ = 1.4.
The red trajectory converges to the upper stable point £ in accordance to Fig. 1. On the contrary,
choosing some lower order source term &z (that obviously does not satisfy the proximity condition (22)
of Theorem 2.8) leads to the blue trajectory that crosses the unstable point ¢, = 1 and converges to
the lower stable point ¢, . Identifying precisely the basin of attraction around the equilibrium source

term feq’ej is certainly a difficult task.

Hawkes processes with spatial extension. This has lead to a microscopic interpretation of the well-known
Neural Field Equation [4, 45]

(61) Ou(x) = —au(z) + oz/DW(x,y)Q)(ut(y))dy

that is a version of (59) with spatial extension. We refer to the aforementioned references for more
details and the precise interpretation of (61).

3.4.3. Stable manifold in the supercritical case. Consider the supercritical case (37), that reduces here
to ®'(¢) > 1. It is proven in Theorem 2.13 that the equilibrium solution ¢ is then unstable w.r.t.
source terms ¢ that are uniformly above or below £¢9¢, giving rise to solutions A that remain either
above or below ¢. The possibility nonetheless remains about the existence of generic perturbations
of £t that would lead to solutions A that converge to ¢ while oscillating around ¢. The possibility
of oscillations around its limit has been already discussed by Feller [25] in the linear case (see also
Brauer [8]). We illustrate this phenomenon in the simple case of the Erlang kernel of order n = 2 but
this example can easily be generalized to higher, orders. Take n = 2 and « = 1 for simplicity. The
-1 1 0
matrix in (56) becomes Jy, = | 0 —1 1 | for 79 := ®'(¢) > 1. The eigenvalues of J; are then
70 0 —1

1
(Ao, A1, Ag) := (7’03 — 1, u+iv, pu— z'zx), with Ag >0, p=—-1—-2 <0and v = \/gm. Denote (v, w, w)

a basis of eigenvectors associated to (Ag, A1, A2). In particular, one can choose w = w; + fwy with
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! V3

wp= | Ty and wy = \/gTo% and a direct computation shows that any solution to the linear
0

wl=

—27‘0g
system Y'(t) = J;Y (t) may be written as
Y (t) = ae’v + e (cos (vt) (bwy — cws) + sin (vt) (—bwy + cws)), t >0,
where a, b, ¢ are arbitrary constants. The stable subspace corresponds to the choice a = 0. Take for
simplicity b = € and ¢ = 0 for some small ¢ > 0. Hence,
(62) Y.(t) = eet (cos (vt) — sin (vt)) wy, t >0,
is a solution to Y'(t) = J;Y (t) such that YZ(t) == 0, with initial condition Y;(0) = ew;. Then, by
—00
Hartman-Grobman Theorem, there exists some homeomorphism ¢ from a neighborhood of 0 onto a
neighborhood of the fixed point (¢, ¢, £) with g(0) = (¢, ¢, ¢) such that, for small e > 0, X (¢) := g (Yz(t))
is a solution to the nonlinear system (54) that verifies X, () = (¢,¢,£). This means that for such
—00
a fixed € > 0, for the choice of (¢, c1, c2) := g (Yz(0)) = h(cwy), the source term & = &y given by (57)
gives rise to a solution A* to (1) such that )\f = ¢ under the supercritical condition (37). In view
—00
of (62), this solution is indeed oscillating around ¢. Characterizing the stable manifold around ¢ in the

supercritical case for general kernels h is certainly a difficult task, but this simple example shows that
Theorem 2.13 cannot be significantly improved.

4. PROOFS OF THE WELL-POSEDNESS AND REGULARITY RESULTS

4.1. Well-posedness of the mean-field limit: Proof of Proposition 2.1. We first establish
uniqueness of a locally bounded solution to (1). Suppose there exist two solutions A and A to (1), using
that @ is Lipschitz continuous we get

t
= e — | < |q>\Lip/ It — 5)| vsds,
0

uniqueness then follows from Lemma C.1. For the existence part, we follow a standard Picard iteration
method. Set A’ = 0 and

t
PUARIEE S <£t —l—/ h(t — u)AZdu) ds.
0
Note that for all n > 0, it holds that

t
N < 000) + e (Il + [ - s x0as).
0

Ast — & is locally bounded, using Lemma C.1, we get SUPye(0,7] SUPR>0 /\f+1 < Cr implying that A" +!
is locally bounded. Then, setting (5f+1 = ‘)\?‘H — )\ﬂ one gets using that ® is Lipschitz continuous
S <@Ly fg |h(t — u)| 6" du, so that Lemma C.1 implies that

sup 307 <
te[0,T n>0

and allows to conclude that there exists A locally bounded such that limy, . Supeo  [Ae — AY[ = 0.
If £ is continuous, we see by induction that A" is continuous, and hence by local uniform convergence,
S0 is A.

The fact that the solution is C! is a direct consequence of the following result.
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Proposition 4.1. Suppose that ® is Lipschitz continuous, of class C* with ® Lipschitz continuous.
Suppose that h is continuous on [0,+00) and that & is C' on [0,4+00). Let X\ = A& be the solution to
(1) with source term &. Then, \ is of class C' on [0, +00) and its derivative X' verifies

t t
(63) PUES (p(h,f,t) +/ h(t — u))\;du) P’ (& —i—/ h(t — u))\udu>
0 0
where the source term in (63) is given by
(64) p(h,&,1) = &+ h(1) (&), ¢ =0,
4.2. Proof of Proposition 4.1. We proceed in several steps:

Step 1: suppose first that h is C'. Then, from Proposition 2.1 X is continuous and in this case
t e [0 h(t—s)Asds is C* (with derivative given by ¢+ [0 h'(t — s)Asds +h(0)\;). Coming back to (1),
we deduce immediately that A is C!, since ® and ¢ are C! by assumption. The identity (63) is then
an immediate application of the chain rule. The rest of the proof is now devoted to prove the same
result under the assumption that h is continuous only.

Step 2: A C* mollification of h. Let (xc).~q a C' approximation of the identity, i.e., x-(s) = e x (s/e)
for some C'' nonnegative function y satisfying f0+°° X(u)du = 1. Introduce h. = h * x. and denote by
\e the solution to (1) with source term ¢ driven by the kernel k.. By Step 1, A. is C'! and we have

t t
(65) A= <p(h5,§,t) +/0 he(t — u)/\’audu> P’ (& —i—/o he(t — u))\&udu) .

Step 3: Uniform control in € of A\. and AL. Remark first that, by Lipschitz continuity of ®, for all
T>0,e>0,te0,T]

t
Aep < @(0) + \@]Ll-p <\§tl +/ |he(t — s)| /\6’5d3> .
0
We are therefore in position to apply Lemma C.1: there exist some ¢y > 0 and some constant Cp > 0
independent of € > 0 such that

(66) sup At < Cr, € € (0,ep).
te[0,7

We proceed similarly with AL: starting from (65), we have

o0 <o (o t pett = i) | (16 + (o0t + [ et — )l X ).

Since ®’ is Lipschitz, there is some constant C' > 0 such that

t t
“I)/ <§t +/ he(t — u))\ajudu> ’ <C <1 + |&] —l—/ |he(t — u)| )\a7udu> < Cr
0 0

for some Cp > 0 independent of €. Here, we have used the local boundedness of £, estimate (66) and
the fact that fg |he(u)| du — fot |h(u)] du < fOT |h(u)| du < +o00. Moreover, since h is continuous, he
E—r

converges uniformly to h as e — 0 on [0, 7] so that sup;> [he(t)| < supsepopy |R(¢)] + 1 uniformly in
e > 0. By the local boundedness &', we see from (67) that there exist some C 7, Cy 1 > 0 independent
of € > 0 such that

t
N, < 01,T+02,T/ helt — w)| [\..o] d
0
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We conclude again from Lemma C.1 that there is some C'r > 0 independent of £ > 0 such that

(68) sup P‘st‘ < Cr.
t€[0,T]

Step 4: Uniform local convergence of A: to A as € — 0. Again by the Lipschitz continuity of ®, for
t€[0,T]

t t
|&¢—&ts@um/rm@—sw—mv—ﬁumn&+@um/Whu—@H&ﬁ—Aaw.
0 0

By (66), the first term above may be bounded by Cr f(f |he(u) — h(u)| du — 0. Therefore, we
e—

conclude from Lemma C.1 that

(69) sup | Act — Al - 0.
t€[0,T]

Step 5: The family (\.) is Cauchy for the uniform norm on [0,T], VT > 0. Take £1,£2 > 0, then for
t € 10,7, it holds
(70) N = AL < A+ B,

e1,t

where we give the definitions of A; and B; below. Firstly,

t t
o’ (ft + /0 he, (t — u))\ghudu> — @ <ft + /0 hey (t — u))\EQ,udu> ‘

t
x&+@ﬁ@@w+4ha WAL, ydul

At =

Using the local boundedness of f’ the fact that he converges uniformly on [0,7] to h, estimate (68)
together with the fact that fo e (w)du —> fo |h(u)| du, we see that there exists some Cr > 0 such

that

€+ e, (1) (&) / ey (t — w)X, u| < Cr.
Using now the Lipschitz continuity of ®', we deduce that for some C7 > 0
A, < Oy </ ey (¢ — ) — hey (t — w)| Acy udu+/ ey (t = )] ey —Asw|du>.
Using (66), that fo |he, (1) — hey(u)| du m 0 and (69), we obtain that sup,cjo 7] At m 0.

Secondly, set

t
Bt = ’(I)/ <£t —|—/ h 52’ du)‘
0

(b () = ) 60) + [ bl = 0¥ udu— [yt = WA g

As before, there is a constant Cp > 0 such that ‘@’ (ft + fg he, (t — u))\a2 udu)) < C7 uniformly in

€2 > 0. Moreover, since h is continuous, we have sup,cp 7y |he, (t) — he, ()] P 0. It remains to
’ LE2—
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write

t t
/ hél( ))‘Isl udu - / h‘ ( 52 udu
0 0

/ |hey (2 Py ( ||/\1u‘du

/ ‘h’Ez t_u ‘ ‘Aelu Alag,u‘du

and to note that the first term in the righthand side goes to 0 as 1,2 — 0 (uniformly on [0,77), by
(68). Putting everything together back to (70) and using again Lemma C.1, we conclude that

sup |\ — 0.
tE[OT | Elt EQyt‘ €1, EQ—)O

Conclusion: by the previous steps, A\. converges as ¢ — 0 to A and \ is C.

4.3. Proof of Proposition 2.3. Suppose that & = £°9¢ for some ¢ = ® (k¢). Hence, we see from (63)
and (64) that for all t > 0

t
A =@ (& + /Ot h(t — u))\udu) /0 h(t — u)\, du.

By continuity, for all 7' > 0, there exists Cr > 0 such that sup;cjo 7 ‘(I)’ <£t + fg h(t — u))\udu)‘ < Cr
so that for all t € [0,T]

t
N < cT/ Ih(t — w)| [ X, d.
0

One conclude from Lemma C.1 that \; = 0 on [0,7] for all 7. Hence A is constant. Conversely,
suppose that A is constant: Ay = Ag for all ¢ > 0. Then \g = (& + Ao fo u)du). Passing to the
hmlt as t — 0o, we obtain that A\g = ® (kAg) so that A\g = ¢ is a solution to (12) Hence for all ¢t > 0,

Kl =0 1(0) =& + €f0 u)du, which gives that & = eq’ for all t > 0.

5. PROOFS OF THE STABILITY RESULTS IN THE SUBCRITICAL CASE

5.1. Proof of Theorem 2.6.

5.1.1. Preliminary. Theorem 2.6 is a consequence of the following result that we first prove.

Proposition 5.1. Suppose @ is a twice differentiable Lipschitz continuous function such that ||®" s <
00, h is integrable on [0,+00), £ is bounded with & P 0. Define
— 00

(71) vj = sup &t > 0.
s>t

Suppose that ¢ verifies the subcritical condition (9) and that A = \* is bounded. Let eg >0 and ty >0
such that Conditions (16) and (17) are satisfied. Recall in particular the definition of T = 7(g¢) € [0,1)
given by (16). Then, for any k > 1 and any M > ty, it holds

k—1 400
B T I T([AMlo +26) .
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Proof of Proposition 5.1. Recall that ¢ solves ¢ = ® (k{) with k = 0+°O h(u)du. Let t > 0, write

MN—l=d (@ + /Ot Wt — u))\udu> _ 9 <e/0+°° h(u)du>
~ o (gt _ z/:oo h(u)du + /Ot h(t — 1) — O)du + £/0+°° h(u)du) _ (z /;Oo h(u)du) .

Therefore, a Taylor expansion gives
+00 t
(73) M-l = (& _e/ h(u)du—i—/ Bt — ) (A —E)du) ' (kl) + R,
t 0
where the remainder term is
g I+l e :
(74 R() ::/ 8" (2) (B — w)da < 12 Nl ( z/ du—i—/ h(t—u)()\u—é)du) .
74

for By = & + fo u)Aydu. Fix now g9 > 0 and tg > 0 satisfying both (16) and (17): For ¢ > ¢,
At — €| < eg so that

t to t
/ (= w)| A — Cldu = / Ih(t — w)| A — €ldu + / Ih(t — )| A — €ldu,
0 0 to

t t—to
< (N lo + 0 / h(ar) s+ 20 / ()] du,
t—to 0

—+o00
SCO/ \h(u)| du + <o |11l
t

—to

where ¢y := ||A||, + ¢. Recalling the definition of H; in (15) and using the previous bound into (74),
we obtain that ¢ > tg,

1) (R < 12

Going back to (73), it follows that for ¢ > to, we have

(16| + Ly + coHroy + e0 111 )(!Et!MHﬁ/ Bt = )| A —zrdu)

t
De— 1] < |8(k0)| (\@r wett+ [ h =l - du)

(I)// ¢
1% (1 4 01, + gy + 0 011) (\@r +OH, + / [t — w)| | — €] du) -
0

With no loss of generality, we can further assume that top > 0 given in (16) is chosen such that
(76) |€ul < €0, and H, < g9, u > to.

Therefore, for t > 2t,
(I)// t
At — ¢ < {‘(D’(/%)‘ —|—50H2H°° (I4+£L+co+ ”h”1)} (]€t| + (Hy —i—/o |h(t — u)| | Ay — £ du) :

Note that the prefactor above is nothing else than W where 7 is given in (16). Hence, we obtain, for
1
t > 2t

(7 R (R NI R
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Let us now make an auxiliary calculation: for any general T' > 0 and ¢t > T, it holds
t T t
/ |h(t — u)| | Ay — ¢|du = / [h(t —w)| | Ay — £|du + / |h(t —w)| | Ay — £|du
0 0 T
+oo
(78) <o [ bl ducs [l sup [ - 6],
t—T u>T

where we recall that ¢y = ||A[|, + ¢. Combining (77) and (78), we obtain, for ¢ > max(T, 2ty),

’ €| = ||h|| <|£t +£Ht +COHt T+ ||h”1 Sup |)\ - €|>
1

The rest of the proof consists in iterating the resulting inequality: recalling the definition of v¢ in (71),
for any T1 > T(] > 2t0,

(79) sup [Ar — 0] < o
>, 71y

Start with some M > 2ty > 0 and set Ty = M and 71 = 2M: from (79), it holds that

<U§“1 +Hr, + coHr -1, + ”hHl sup Ay — é‘) .
u>Tp

sup |\ — €] < —— [ v5,, + €Hons + coHpr + ||hl]; sup [Ny — €] | -
t>2M 1214 u>M

Applying now (79) with Tp = 2M and T} = 3M, we have

_
sup [\ — £ < o | 0§y, + CHaas + coHps + By sup [Ay — (]
t>3M ||h||1 u>2M

.
< W (ng—l—Tng) - ——(Hspnr + THopr) + co———
1Al | ||1

(1 +7’)HM+7'2 sup [Ay, — 4.

||h||1 u>M
Iterating the latter we get for any k£ > 1,
ok ookl
sup A — 4] < v vt T T Hp gy coHym Y+ e
> ()M Hhul Z (1= T[], 2 (=) I2] E
7(co +¢) k
It 7HM + 7%¢q,
\hlllz (=DM Ay (1)
as H is non decreasing, which completes the proof. O

5.1.2. Proof of the convergence. We prove in this paragraph Itern 1 of Theorem 2.6, that is the conver-

Ga€ f
gence of A\; to £ as t — oo. Since & —>0 we have HhH Zj 07' Vlkt1—)M < Tl (1 UM o 0.
Hence, for ¢ large, take kK + 1 = L\fJ andM—k—Hsothatbothk+1—>ooandM%ooast%oo

and we have |\; — /| == 0 from (16), as required.
—00

5.1.3. A technical lemma. We now turn to the proof of the rates of convergence to ¢. First we give
a technical lemma controlling the order of the first term on the righthand side of (72). It should be
noted that for this term to be small, it is enough that one parameter among k or M is large, the other
parameter may remain bounded.

Lemma 5.2. Fiz 7€ (0,1), k> 1 and M > 0. Then the following holds:



28 CELINE DUVAL AND ERIC LUCON

(a) Ezxponential decay on &: if for some constants A > 0 and a > 0, we have vt Ae= t >0, it
holds if e=*M < 1, that

k— _
Tke aM

(80) Z Vesrgar S A= ar -

j=0

(b) Polynomial decay on &: if for some constants A > 0 and a > 0, we have vf = At7%, t > 0,
then it holds for some positive constant C7 > 0, that

k-1
(81) Y Ty < CIM Tk
j=0
Moreover the constant Cy = Ci(a,T) given in (85) depends only on a and T and remains

bounded as T — 19 = ||h1|[1|®' (k)] € [0,1).
Proof of Lemma 5.2. Since e=M < 7, Inequality (80) follows directly from
k—1 —aM\k k k
.6 _ —aM (6 ) -7 —aM T
¥va(k+1j)M = Ae (1 o ) < Aem M —o—.
]:

Now turn to Inequality (81): we write

k—1 k—1 k—1
(82) > Tﬂvfk+1_j)M =AM "k +1—5)"" = AM > " 1(j)
§=0 §=0 §=0
where ¢ : z — 7% (k+1—2)~%. A direct calculation shows that v is strictly decreasing (resp. increasing)
on [0, ax] (resp. on [ag, k + 1]), for a == % (indeed ay > 0 for large k). Decompose the
above sum into
k-1 Lo ] k—1
(83) V(@) =) + Y vH+ Y, v0)
Jj=0 Jj=1 j=lag]+1

the second sum being by convention 0 in case || + 1 > k — 1. This sum is non empty when

3log(T) +a

k—1-— H)>k—-1- l)=—""F"5——>0
(lou) + D2 k=1 (1) = JEDLE
i.e., when a > 3log (1/7). It can be bounded by
k-1 k k k_ lagl+1 Lo ) +1 foe( 11
™ — T T T loa
v [ wades [ rde- < < .
jg:kjﬂ lan | +1 Lok +1 log () log (1/7) = log(1/7)

Turn now to the first sum in (83): since ¢ is decreasing on [0, o]

[ar]—1

lak] . . lag|—1 k k T
;Q#(J): ]z:% Y +1) S/O w(ﬂﬁ)dl‘é/o w(x)dxz/o mdl‘-
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Let us estimate the last integral:
k x 1 _—klog(1/7)y
T 1 (& &
Ii(a) := dz = dy,
k( ) /0 (k—i— 1 _x)a La—1 A (1+ % _y)a Y

1 1 kerk a 1 ,—klog(1/7)y
Ny ="
ke \ (1+£)"log(1/r)  log(1/7) " log(1/7) Jo (141 —y)

by integration by parts. The remaining of the proof is to show that the integral within the last estimate
is bounded in k:

J( ) /l e—klog(l/ﬂ-)y 1 /l/\/E e—klog(l/T)y 4 1 e—klog(l/T)y 4
wa) = [ —————dy= ay+/ — -y,
o (L+i-9) T o (1+i-9) T SuvE (L -y

1 1
< + <1 - > ka-&-le—\/Elog(l/T).
a+1
W(irtg) U

From this we deduce that Ji(a) PR 0 and hence, coming back to (84), we deduce that there exists
—00

B o a(at1) \2(@HD)
some constant C'= C(a, ) > 0, e.g., C' = oa(1/7) 1+a+a Toa(1/7) , such that for all large

k, Ix(a) < k% Putting this estimate together with (83) into (82), we obtain (81) for the following
constant

B ) a R T 2a+1) \Y
(55) 01—A<1+10g<1/7> (ewoatm) g <”“+“<elog<1/r>> |

5.1.4. Proof of Theorem 2.6. We compute the rates implied by Proposition 5.1 under the different
decay constraints on £ and H for a positive large time T' > to where t( is defined in (17). In the sequel
we select the largest possible values for k and M subject to the constraint (k 4+ 1)M = T that give a
minimal upper bound for (72). Below A, B, a and b are positive constants.

O

Case ¢ is exponentially decaying. Suppose that v; = Ae™%, t > 0, we consider the possible decay
behavior for H. In addition to M > tg imposed by the assumptions of Proposition 5.1, we require also
that M is large enough so that e M < 5. Gathering the results of Proposition 5.1 and Lemma 5.2
we get

T(|| Ml o + 2¢) i Are—aM
A — < e Ul
- -7 T\l (res™ =1 MLASRESE
e T N T

(|||, + 20) k( A2
<% T Huy+T + Al +¢],
[All; (1 —7) 2Rl *

< k =
(86) <0 (HM +r ) - where Gy = T e

T([[A]] o, + 20) ( Ar? >
= Al + £
2T, T

so that 7 — Cy remains bounded as 7 — 79 = ||h||1|®’(x0)| € [0,1).

In the case Hy < Be™% t > 0, it follows that Ar1ynr — £ < Co (Be_bM + Tk) . Let T' > 0 be large and
define k +1 = {\/T\/b/ IOg(l/T)J and M = 15 so that e™* and 7" are of the same order. Consider
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2(2
T such that M >ty and e M < 5, namely T' > blog(1/7) max (t%, loga57)>. It follows that, for Co
defined in (86),

log? (2
@7 A=< Ce~VblesW/VT .o Co(B+1), T > o(tg) :=blog(1/7) (t% v oga2(7)> .

If H = Bt™®, t > 0, it follows that Ay — 4 < Co (M*b —I—Tk). Similarly, let 7' > 0 be large

and define k+ 1 = |b/log(1/7)(logT —loglogT')| and M = so that M~% and 7% are of the same

T

E+10
2

order. Consider T such that M >ty and e *M < 7, namely 7' > max <t0, bggf)> blog(1/7)logT. It

follows that, for Cy defined in (86),

1 2
(88) |Ar — ¢ <20y log(T)’T~°, T > o(ty) := —cW <—i> with ¢ := blog (1> (to Vv Oi(f)> ,
T

where W is the Lambert W function.

If h is compactly supported on [0, S], then H; = 0 for t > S. We select M = SVtg, then k = |T/M | —1.
It follows that, for Co defined in (86),

(89) Ar — €] < 205 YIS T > o(ty) = SV .

Case ¢ is polynomially decaying. Suppose that vf = At™%, t > 0, we consider the possible decay
behaviors for H. Gathering the results of Proposition 5.1 and Lemma 5.2 we get, for a constant
Cs = C3(a, T, ||A||« » 1) that remains bounded as 7 — 79

(90) |>\(k+1)M —l < Cs (Mfakfa + Hy + Tk>
7C1 - T(|A] o, + 20)

(91) Cs3:= o vV (J|A oo—i—ﬁ),
Tl Y TIal, (= |

where C] is defined in (85).

If H; < Be 1,5, it follows that Ay — € < Cs ((kM)=*+ e ®M 4+ 7%). Set T > 0 large and
define k+1 = |(b/a)T/logT| and M = kLH = m so that e and (kM) are of the same
order. We claim that for T large, 7% is negligible w.r.t. the two other terms: indeed, for this choice of
parameters, 7% < (kM)™® and 7F < e7M if WQUT)(

M > t, it follows that, for C5 defined in (91),

logT)? < T. Recalling that we assume also that

a?

— < —a > = a 2 i =
(92) [Ar — ] <3C3T™%, T > o(ty) := max (e , AW (2\[)> , with ¢ bloa(1/7)’

where W is the Lambert W function.
If Hy < Bt_bltzo, it follows from (90) that

(93) sy — £ < Cs ((kM)_“ MU T’f) .

__B
Similarly, set 8 = (1 — %) V0 and T > 0 large. Define k = T8 (log T)1 1—a/bJ and M = =5

b
\‘log(l/'r) +1 :

Below, we compute each term of (93).
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b
Suppose that b < a: then 8 = 0 and we have M~ < (W) T=b(logT)®, 7% < 771T~°. Using that

M > tg, t.e., T > tg—rr— log(l/T) log T, we get, for C3 defined in (91), that

-1 tob
4 M — 0] < log TT™°, T > o(ty) = — — thei=—0
(94) A | <3C5(logT) , > o(to) CW<C>,W1 c: Tog(1/7)’
where W is the Lambert W function.

b —a
Suppose that a < b: then 8 =1 — ¢ and we have M~ < (W) T-% and 7% < 7=1e=tT" "<

771T% as long as 7(logT) < T'~%. Using also that M > tg, that is T > (to log(l/ )) , we get, for C3
defined in (91), that

(95) Dp — 0] < 3C5T, T > olty) = (tolog(ﬁm)z v (-bfaw (1 - 2)) ,

where W is the Lambert W function.

If h is compactly supported on [0,S], then H; = 0 for t > S. We select M = SV tp, then defining
k+ 1= |T/M| immediately gives the bound for C5 defined in (91),

(96) MT — f‘ <3CsT7¢, T > U(to) = SV i.

Qo

Case § is with compact support. Suppose that § = 0 for ¢t > S¢ for some S¢ > 0. Then, for
M > 5 V to, we obtain from (72) that

7|\ + 2/
SY— MQHM (AL + 0).
1

Hence, we are back to a situation similar to (86) and the result follows.

5.2. Proof of Theorem 2.8. Start in a similar way as for the proof of Theorem 2.6: write

A—l=d (gt + /Ot h(t — u)(Ay — O)du + /Ot h(u)du€> .y (/Om h(u)dw) .

Using the definition of & = feq’ + n¢, we obtain

N—l=d (m 4 /Ot h(t = 1) (0 — O)du + /;OO h(u)due> o (/O+°° h(u)du€> .

By a Taylor expansion, we obtain

t
(97) A — 0= ¥ (k0) (m + / h(t — u) (A — e)du) L8,
0
where the remainder S; satisfies
12"l t i
(98) |1S¢] < T N + h(t —u)(Ay — £)du
0
Fix now some constants g > 0 and € € (0,9) that we will define later and consider
(99) t*:=1inf{t >0, |\t — | > €}.
Since A\g = ® (f w)dul + 770) =® (Kl + 7]0) there exists ¢ > 0 such that if |ng| < & then [\g — ] =

|[®(K +10) — (%)I < ([ @oolnol < 5 i 6 < 55
2[[®7oo
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By the previous estimate on |[\g — £|, we have t* > 0 and for all u € [0,t*], |\, — £| < e. Then, we
obtain from (98), for ¢ < t*,

I K

", ! : 2
| St ST ne| + € ; |h(t — u)| du ST(|77t|+5”h”1) ,

Using the same argument in the first term of (97), we obtain finally, for ¢ < t*,

| t| / H //Hoo
e — ) < (L by 10 (50)| 4+ 2], 12 ml+e|h

Recalling the hypothesis (22) made on 7, recalling also that 79 = ||h||; |®’(k¢)| we obtain that, for
t S t*y

o< (-2 il 2o (5 4 il
= g, o) o = 0w e i )

(I,// (I)//
(100) —¢ <TO+||h||§ | ”%) +5< o [%% (5+25||h||1)>.
2 171l 2
To complete the proof, we calibrate the necessary constraints on § and €. By (9), p :=1—19 > 0.
Define further
2p

1)
Tm=T1+=, and T :=Tg+ —.
1 0 3 9 0 3
Hence, by construction, we have
o = [|A[; ’q)’(/.;ﬁ)‘ <n<m<L

With this notation at hand, let &g > 0 which satisfies

2 _
(101) c<ep< 2zT0)
EN
Consider § > 0 that verifies
(102) §<min | == 2 ), , — 2T
29" loo

S197]
(nfoﬁl to e ”h”1€>

By Condition (101), the first term in the right hand side of (100) is smaller than 7y, and since
d < el|h|l; by (102), we have
70 3®"ls

|A —£|§571+6( +
' 17201, 2

|\ Rl 5) <em, t <ty

where we used again (102) in the last inequality. Since by construction 7y < &, we necessarily have
that (recall (99)) t* = 4o00. Therefore for all ¢ > 0, |\s — ¢| < e. This proves (23). The rest of the
proof consists in applying the results of Theorem 2.6. More precisely, Condition (17) is valid for ¢y = 0.
Therefore, we can proceed exactly as in the proof of Theorem 2.6 in a simpler setting which allows
for some modifications of the proof that we exemplify here: namely, starting again from (73), we see
here that the term & — ¢ f;roo h(u)du is nothing else than 7;. In particular, this term is by definition

controlled by ¢ < egg: there is no need to use the bound ‘ft - Eft+oo h(u)du‘ < |&| + £H; as in (75).

Hence, the constraint on o imposed by (76) is not needed here and one can take tg = 0. Then (24) is
a direct consequence of Theorem 2.6. This concludes the proof of Theorem 2.8.
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6. PROOFS CONCERNING THE EXCITATORY CASE

6.1. Monotonicity: proof of Proposition 2.9. We address the first item of Proposition 2.9. We
split the proof of Proposition 2.9 into several steps.

Start with Item (b): suppose that ®' is strictly positive on [0,+00), that (25) holds as well as
Condition (27) for some § > 0.

Step 1: strict monotonicity on a neighborhood of 0. We prove here that there exists some ty € (0, 9)
such that

(103) X, > 0 for all ¢t € (0, ).
Start with (63): setting x; = & + fo u)Aydu and p; := p(h,&,t) defined in (64), we have

t
Xy =@ (zy) pr + D () / h(t — uw)\, du.
0

Iterating n times the convolution in the previous equality gives

n

(104) N, = &' () <Z (@kp>t> + @' (z¢) (O" (hx X)),

k=0

where © is the linear operator defined by (O¢), := fot h(t — u)®' (zy)pudu, t > 0 and we set OV = Id.
For any ¢y € (0,1], © is a bounded operator on L>([0, ¢)):

to
107cjosy < s ¥ [ b ol -
By continuity supue[ 11 ®'(zu) < oo, so that choosing to € (0,1 A 4] sufficiently small such that
SUPy,e(o,1] P’ (z) [} o h(u)du < 1, one obtains from (104) that for ¢ € (0, to]

—+00

X = O (a) (Z (@kp)t> > @ (2)pr > 0

k=0

where we have used (26) and the positivity of ® and p and the fact that p; > 0 on (0,d). This proves
the claim (103).

Step 2: strict monotonicity on arbitrary time intervals: Fix some T > to. Introduce the time ¢, :=
inf {t € (to,T], \; <0}, with the convention that t, = T if A} > 0 on [to,T]. Since i, > 0, by
continuity, ty > to and on (0,t), A} > 0. We want to prove that \; > 0. Since X is locally bounded,

’{t +f0 u)A du’ < l€lloo o, + 1Al [[Allog 0,77 Hence, as @ is C! and @' > 0, there exists some
€0 = €o,r > 0 such infycpo ) @' (& + fo (t— u)/\udu) > 9. We have, on (0, t,), for h(u) := eoh(u),

t/v o~
(105) i > eopt —|—/ h(u)N,_,du = gopt + (h * X)t.
0

Note that with no loss of generality, changing € into a smaller one if required, one can assume that
eo € (0,1), so that ||h|l1 = e € (0,1). Iterating the linear convolution within (105) one obtains, on
(0,t4),

(106) X > e0 (T % p),
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where
+o0o

(107) T(t) =Y n().
k=0

Note that |||, < ek and [|h*¥]|o < |hlloogh™ so that the above series converges in L' 0 L™ and T
defines a nonnegative continuous function on [0, 4+00).

Case 1: suppose here that h(0) > 0. By continuity, there exists some J;, > 0 such that h(t) > cp1 s,

for ¢, := @ > (0. Then, an immediate recursion shows that for all £ > 1, the support of (1[075h])*k on

[0,T7] is at least [0, (kd) AT, that is equal to [0, 7] for k sufficiently large. We conclude that Y(t) > 0
for all t € (0,7].

Case 2: suppose here that h(t) > 0 for all ¢ > 0. In this case, keeping only the term for £ = 1 in
(107) (all the remaining terms are nonnegative), we simply have Y(t) > egh(t) > 0.

Hence, the conclusion of both previous cases is that YT(¢) > 0 on (0,7]. Then we necessarily
have (T * p), = g* Y(t. —u)pydu > 0, as the integral of the nonnegative continuous function u
Y (t« —u)py that is strictly positive for u in a neighborhood of 0, by (27). Hence, by (106), A;, > 0. It
is therefore impossible to have t, < T (otherwise we would have A} = 0 by continuity). Hence, t, =T
and A} > 0 for all ¢t € [0,77], for all "> 0. This concludes the proof of Item (b) of Proposition 2.9.

Step 3: Suppose that ® is nondecreasing and that (25) holds. Fix some ¢ € (0, 1] and introduce

& =& +et, t>0
(108) ¢ (z) =P(x)+e(l—e "), x>0,
he(t)  :=h(t) +eet, t>0.

The function £ is locally bounded. Define A® the corresponding solution to (1) with initial condition
¢® and driven by the kernels ®° and h®. The corresponding p® is pf = p(h%,&5,t) = p(h,§&,t) +
e (1+ (h(t) +ee)(1 —e%0) + e'®(&)) so that

(109) 0<e<pite<pi<pte+|hlo+IP]e)-

Moreover, (®¢) (z) = ®'(z) + ce™ > ce™ > 0, since ® is nondecreasing. Finally, h*(t) > 0 for all

t > 0. Therefore, one can apply Step 1 to A*: we have /\?/ > 0 for all £ > 0. All that remains to prove

is that, for fixed ¢ > 0, \;” — A;. Fix some T' > 0 and for ¢ € [0, T], first look at Af := \§ — \;. We
E—

have,
AS| = |@F <§f+/0th€(t—s))\§ds) Y <§t+/0th(t—s))\sds>‘

(110) < |o° (g§+/0t he(t—s))\ids) s <gt+/0t he(t—s))\sds>‘

(111) +|@f (§t+/()th5(t—s))\sds> ~ 3 <gt+/0t he(t—s)ASds)’

t t
(112) + '<I> <§t +/0 he(t — S))\Sds) - (ft -l—/o h(t — s))\sds> ‘ = A1+ Az + As.

Note that |®°|,,, < |®|.,, +¢& < [®[;;, +1:= co, so that the term A; in (110) can be bounded by

t
A1 < e <5t+/ hE(t — ) A§|ds).
0
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The term Az in (111) is uniformly bounded by €, by construction of ®¢. Finally, by Lipschitz continuity
of @, the term As in (112) is bounded as

Az <@, :1(1)1[;])\ / |h*(t —s) — h(t — s)[ds < e[®[y,;, 2}(1)%])\5.
S S )

Hence, we deduce, for some Cpr > 0
t
A < gcT+/ BE(t— 5) |A] ds.
0

Applying Lemma C.1 gives that for all T' > 0, there is some Cr > 0 such that

(113) sup |A7| = sup |A; — M| < Cre.
te€[0,T) t€[0,T]

Now turn to Ay = A" — A, From (63), we have

t t
(114) |AY'| = ‘ <pf —i—/o he(t — u))\i’/du> o3 <§f —l—/o he(t — u)Aidu)
t t
- (pt +/0 h(t — u))\udu> o <§t —l—/o h(t — u)/\udu> ‘

By triangular inequality, (114) can be bounded by (A) + (B) + (C'), where the three terms are succes-
sively defined below. First, using (109) we write

(A) = ‘<p§ + /Ot he(t — u)/\f;’du> — (pt + /Oth(t — u)/\;du) ‘ e’ <§§ + /Ot he(t — u)Aidu)

t t
<o (@4 Il + 190) + [ 1700 =) |8 du+ [Ny [ 1870~ Bl
0 B 0

<Cr <e + /Ot he(t —u) |AY| du) :

Second, let
t t t
(B) = (pt +/ h(t — u)ALdu) ol <§f —i—/ he(t — u)AZdu) — o/ (ft +/ h(t — u))\udu>‘
0 0 0

<[], (HpHoo,[O,T] + Ve o.my HhHL[O,T]> <€t +/ he(t —u) | Ayl du + e [|A]l o 0T]>

Noting that [®=[,, < [®'[;, +¢& < ||, +1 < oo and using the a priori bound (113), we obtain
that, for some constant Cp > 0

(B) < Cre.
Finally, set

(C) := <pt +/Ot h(t—u)Xudu) ‘CDE” (5,5 +/Oth(t - u)/\udu> — @ <gt + /Oth(t—u))\udu) ‘

By definition of ®¢ in (108), we see immediately that there is some other constant Cr > 0 such that
(C) < Cre.
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Putting all these estimates together into (114), we obtain, for some other constant Cp > 0,
t
AT < O <5+/ WG~ ) ]A5’|du>.
0

Another application of Lemma C.1 gives that for all 7' > 0, sup,c[ 1 ‘Ai’/’ < Cre for some different

constant Cr. Hence \*' locally converges uniformly to A’ as € > 0. Since )\f’l > 0, we have \; > 0 for
all t > 0, hence the result.

Step 4: The other cases where A is nonincreasing, resp. strictly decreasing can be treated similarly.
Note that adapting the same approximation procedure to the nonincreasing case requires to introduce
& = & —et. We stress that the positivity of £ is not required at any point of this proof. This concludes
the proof of Proposition 2.9.

6.2. Proof of Proposition 2.11 . The difference 7, := 5 eqe writes

+o0
e = (@ (lAllibo) — Q(\Ih\hﬁ))/t h(u)du + (fo — ®([|hl[140)) xt

so that we indeed have sup;> || — 0 as £o — .
For the instability results, we first consider the case (33). Let A = A% be the solution to (1) driven

by % for ¢y € (£,¢ +6). By (33), we have \g = ® <£go) = ®O(||hl[1lo) > lo > ¢. To study the

monotonicity of A\, compute the quantity in (27) in Proposition 2.9:
(&) + h(OB(ES) = (to — (IRl 1fo)xs ¢ > 0.

Since for all £y € (£,4+ 6), ®(||h||1lo) > fo and x is nonincreasing it holds that (£°) + h(t)fb(&go) >0
for all t > 0. By Proposition 2.9, this means that ¢ — ) is nondecreasing. Therefore Ay > X\g > ¢, and
we have the result. In the case (34), a similar argument applies, A is nonincreasing so that A, < A\g < /.

For the stability results, we only prove the first point and leave the second to the reader. Assume (35)
and let A = A% be the solution to (1) driven by &% for £y € (¢, £+ 0). Adapting previous computations
allows to derive that A is noincreasing. It remains to prove that \; > £ for all ¢ > 0. Note that \g =
® (||h][1bo) > @ (||h]|1€) = ¢ by strict monotonicity of ®. Defining ¢, := inf {t > 0, \; < £ = ®(||h|1¢)},

We have by continuity that ¢, > 0. Since ® is strictly monotone and \; = ® (x¢), where x; =
—i—fo (t—s)Asds, we also have t, := inf {t > 0,24 < ||h||1£}. Suppose by contradiction that ¢, < +oo.
In this case, we have by continuity z;, = ||h||1¢. Then, we have

21, — [l = (@(|Rlbo) — 0) / " h(u)du + / “h(ts — 5) (A — D) ds + (€ — (|1 £o))xe > 0.

By strict monotonicity of ®, ®(||h||14p) — ft* w)du = ®(||hl|14o) — 2(||h||1£)) ft u)du > 0. Using

that on [0,¢.], As > ¢, we also have fo (te — 3) (As —£)ds > 0. Finally, (¢p — (HhHléo))Xt > 0 by

(35). This quantity is moreover strictly positive as x is strictly decreasing starting from yo > 0 with

Xt T 0. Hence z;, > ||h||1¢ which is a contradiction. Hence t, = +o00 and A\; > £ for all ¢ > 0. Since
—00

A is nonincreasing, A; converges as t — 0o to some fixed-point of ® (Proposition 2.2) within [¢, £ + J],
that is necessarily equal to ¢ by (35).

6.3. Proof of Theorem 2.13. We only consider the first case and leave the second to the reader.
Denote by A\; = ® (z;) the solution to (1) with source term & where x; = £fq’£—|—17t+fg h(t—s)Asds. We
have Ao = @ (||h|[1€ + no) > D(||h||1£) = ¢ by strict monotonicity of ®. Let ¢, = inf {¢ > 0, A\ < {}. By
continuity, t, > 0 and on [0, t.], Ay > £. Suppose by contradiction that ¢, < 400 so that by continuity,
At, = €. Then, xy, — ||hl[1€ = ne, + [3" h(te —5) (As —£)ds > 0, as n; > 0 and s — h(t, — s) (As — 1)
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is continuous and verifies in s = 0 h(t. — 0) (Ao —¥€) > 0. Hence z¢, > ||h||1¢, which contradicts the
fact that Ay, = £ so that x;, = &~ ()\t*) ~1(¢) = ||h||1£. Therefore t, = +oc0 and \; > £ for allt > 0.

Proceed now by contradiction and suppose that Ay — ¢ as t — co. By Proposition 2.2,

1 t
Y = <77t+/h(t—s)()\5—£)ds>+€2€
(IRl 0

converges as well to £ as t — oo. Therefore, there exists some ty > 0 such that for all ¢ > #g,

yr € [(,€ + 0) where (£ — 0, + 0) is the domain where ¥ is convex-concave. Fix now some arbitrary

e > 0 such that 7 := ||h]|1®(||h||1£) — & > 1. Since ||h|1®’ (||h]1y:) T ||h]|1®'(||R||1£) > 1, taking
oo

to > 0 even larger, one can furthermore suppose that V' (y;) = ||h|[1®'(||h||1y¢) > 7 for all ¢ > ty. By
concavity of W on [£,£ + §), one has for ¢t > to, 7 (y: —£) < ¥'(ys)(ye — £) < V(y) — ¥(¢). Hence
denoting by vy := A — € = W(y) — \IJ(E) > 0, we obtain that, for t > ¢y

t t
(115) v 2> T(yt - g) ||h”1 (7715 + / h( S)V8d8> = ﬁt + / h(t - S)Vsd87
0 0
where we have used the notation 7, := 7 T |t|1 and h(t) := Tlhﬁ)l so that ||h]; = 7 > 1. Let us write
t—to _
(116) R(t) =uv — / h(t — s)vsds, Vit > to.
0

We have from (115) and the fact that 7; > 0 and vs > 0 on [0,400) that R(t) > 0 for all ¢ > .
Moreover, t — R(t) is continuous, non identically 0 and writing

t/v
R(t) = vy / (s eyds,
to

we obtain since by assumption vy = Ag— /¢ = 0, by dominated convergence theorem that R(t) ==
S oo — 00
0. With this notation at hand, we obtain from (116) the equality: for all ¢t > ¢

t—to _
v = R(t) —I—/ h(t — s)vsds.
0

We are now in position to use the result of Feller [25, Theorem 3 (iii)] (see also [8]) to conclude that

since ||k]|; > 1, we have that v o oo, which contradicts the initial statement that A == L.
—00

Hence, As does not converge to ¢ as t — 00.

6.4. Proof of Theorem 2.19. We use similar arguments as before. Consider A = ¢ the solution to
(1) with source term ¢ satisfying Assumption 2.17. Note that under the present hypothesis, the solution
A is strictly increasing, by Proposition 2.9. Denote also by z; = l’f =& + fot h(t — u)A,du. Denote
by t1 = inf {t >0, z; > ||h]|; £1}. Note that o = & = ||h|l; €o < ||h|l; 1, so t1 > 0 by continuity.
Suppose by contradiction that ¢; < +oo. By continuity, we then have z;, = ||h||; 1. In particular,
Aty = O(xy,) = ®(||h||; €1) = £1. Since A is strictly increasing, by strict monotonicity of ®, so is z. In
particular, for all w € [0,1), z, < ||h]|; 41 and A\, < £;. Consequently, u € [0,¢1] — h(t1 —u)(Ay — 41)
is continuous on [0, ¢;] and is nonpositive. It is also nonzero in both cases of (26): indeed, if h(0) > 0,
h(t1 — u) remains strictly positive in a neighborhood of ¢; and since A, — ¢; < 0 on V, we have the
result. In case h(t) > 0 for all ¢ > 0, h(t; — u)(Ay, — ¢1) < 0 in a neighborhood of u > 0. Hence, in
both cases,

t1 t1
/ h(t1 —u)A,du < / h(t; — w)duly.
0 0
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Hence, we deduce that |||, 61 =z, = &, + fgl h(ti — u)Aydu < &, + 41 fotl h(u)du, implying that

+o0o
El/ h(u)du < &; .
t1

But this is in direct contradiction with Assumption 2.17 since integrating —& < h(t)® () gives
& < ®(&) [T h(w)du = ®(||hl], o) [;7°° h(u)du < ®(||h|, £1) f;7°° h(u)du = £1 [;7° h(u)du. Hence
t1 = 400 so that x¢ < ||h||; ¢1 for all t > 0. By monotonicity of ®, \y = ® (z;) < @ (||h]|; 41) = ¢1. In
particular A is bounded and we conclude from Proposition 2.2 that A\; converges in an increasing way to
some fixed point £ = ® (||h||; £). Since A < {1 and ¢; is the lowest of such fixed-point, £ = ¢;. The rest
of the proof consists in applying Theorem 2.6 in the case (19) as £” satisfies (P, 4) of Assumption 2.4
for any rate a > 0.

APPENDIX A. GLOBAL ESTIMATES FOR BOUNDEDNESS

We gather in this section all the results and proofs related to the boundedness of solutions to (1)
that is the subject of the discussion in Sections 1.2 and 1.3.

A.1. Proof of Proposition 1.3. Uniqueness of a solution ¢ to (12) follows directly from the contrac-
tivity hypothesis (6). By Lipschitz continuity of @,

t
Ar < @(0) + [P, <||€Hc>o +/0 At = s)] >\st> < P(0) + @[ I€llo + 2L 12114 Sup As

€[0,i]

P(0) 4[] 1ip 1€l oo
so that by (6), supssg As < T 12T, [l

Let h > 0 and s > t. Denote by A(s,h) = |Astn — As|. We have,

: A is bounded. Prove now that \; converges to £ as t — oo.

s+h s
A(s.) < [Py s = &+ 10035, [ 100 Aeiadi 8154, [ I e = Armad o

s+h s
(117) <[P !€s+h—§s|+|@lup\|/\|oo/ |h(u)|du+|q)’Lip/0 |h(s = )| [Autn — Ao du.

Concentrate on the last integrand:
s t s
/ (s — )| Pusn — Aa du = / h(s — )| Pusn — Aul du +/ (s — )] [Ausn — Al du,
0 0 ¢

s s—t
<2l [ Ibw)ldutsup A n) [ hw)]do,
s—t u>t 0
Putting this estimate into (117) and taking limsup,_,., on both sides, we obtain
lim sup [As1p, — As| < limsup [Ausn — Aul | 15, |5 -
s—00 U—00

Since A is bounded, limsup,_, . [As4n — As| < 400 and by (6), one has limsup,_, ., |As+n — As| = 0 for
all h > 0 so that \; converges as t — oo and its limit is necessarily the unique fixed-point ¢ to (12).

A.2. Proof of Proposition 1.4. Choose some K > 0 sufficiently large and r < 1 so that ®(z) [|h|; <
r|z| as long as |z| > K. For xy = & + fg h(t — s)Asds, we have

] < |&|+/I |h<ts>\<1><xs>ds+/I h(t — )| ® () ds,
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where I1 = {u € [0,t], |z, > K} and I = {u € [0,t], |z, < K}. By continuity of ®, there exists
some L > 0 such that sup,¢;, ®(z,) < L. Therefore,

2] < ]l —i—r/ \ht—s)]|x5]ds+L/ I(t — 5)|ds,

< l€lloo + 7 sup |as| [ [h(t—s) |ds+L/ |h(t — s)| ds,
s€[0,t] I

< [€lloe + 7 sup [zs][[Ally + L[A]; -
s€[0,t]

Taking the supremum on [0, 7] on both sides, we obtain

L|h
wup oy < (ot LAY,
t€[0,7T] 1—r|hl

As this bound is uniform in 7', we have the result: (z:)¢>0 is bounded and so is A.

A.3. Optimality of the global subcritical condition. The main contribution of this section is to
show that Condition (7) is essentially optimal for the boundedness of A, at least in the case where h is
nonnegative. Start with a result in the supercritical case:

Proposition A.1. Suppose that ® is Lipschitz continuous, C* with ® Lipschitz continuous and ® > 0.
Suppose that h is nonnegative, continuous and integrable on [0,+00) and verifies (26). Suppose that

the set of fized-points of ®, P :={€ > 0,® (|||, {) = ¢} is bounded by above. Suppose also

)
(118) lim sup 2(z) Ry > 1.
z—+o0o T
Consider a source term & of the form & = £ t+°° h(u)du, t > 0 as in (28). Then, there exists some
sufficiently large Lo such that the corresponding solution X = A& to (1) is such that limy_, o0 A = +00.

Of course, Condition (118) can be compatible with the existence of convergent solutions A (it is for
example the case when (30) has a fixed-point ¢ such that ||h||; @' (|2|;) < 1 in which case Theorems 2.8
and 2.6 apply).

Proof of Proposition A.1. By (118), there exists some K > 0 and some r > 1 such that for all /) > K,
O (Lo ||h||;) > réy. Fix then some ¢y > max (supP, K). For such ¢y and & given by (28), compute
p(h,&,t) given by (64): using Remark 2.10 (see in particular (29)) we have

p(h; & t) = (@ ([|All, €o) — fo) h(t) = (r — 1) Loh(t).

By (26), Condition (27) is satisfied so that, using Proposition 2.9, we see that \ is strictly increasing,
starting from Ao = ® (y ||h||;) > 7o > supP. Therefore A is not bounded (if it were bounded, it
would converge, necessarily to some element of P). Hence \; — +00 as t — +00. O

We then address the possible behavior of solutions A to (1) in the critical case:

P
(119) lim sup &) A, = 1.
T—00 X
Example A.2. If ® is such that ®(x) ||h|; > x for all x, but such that (119) is nonetheless true (e.g.,
O(z) = mlog(l +e%), x > 0). We see from Proposition 3.1 that any solution A\ to (1) diverge to
400 in this case.
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Example A.2 is particular in the sense that the impossibility of convergence for any solution to (1)
is imposed by the absence of any fixed-point solution to (12). We provide in Proposition A.3 below an
example of some ® satisfying (119) with a unique fixed-point solution to (12) such that there exists
some & such that A = ¢ verifies )\ T oo In particular, this gives a situation in the critical case

(119) where there is coexistence between bounded convergent solutions A to (1) and diverging ones.
Proposition A.3. Consider the following kernel

(120) O(z)=x—e "+ e_%m\/m, x> 0.

Take h(u) = e, w > 0. Then, ® is Lipschitz continuous, strictly increasing, with ®(0) > 0, a unique
fized-point € such that |||, " (||h]]; ¢) < 1 and limg;_,« @(x |\hlly = 1. There exists some sufficiently

large & and some & = (&)e>0 with §—o = &o such that the solution X = \& to (1) with source term &
satisfies

Ar — +00.
t—o00

Proof of Proposition A.3. The fact that ® is Lipschitz continuous, strictly increasing, with ®(0) > 0,
with a unique fixed-point ¢ such that ||h||; ®'(k¢) < 1 and lim, (x)

Step 0: definition of & and A = 5. Let a > 0 +— ¥(a) := log <672a

=1 is basic analysis.

(% +1)+ 1) + 2a. It is easy

to see that ¥'(a) — 2 so there is some a, > 0 so that U is strictly increasing on [a,, +00) with
a—00

a

lim; o ¥ = 4oc0. In particular, for any £y > ¥ (a.), there is some a > a, such that

(121) & =Y(a).
For the rest of the proof, we fix once and for all such (£, a) verifying (121). Once this fixed, we define

—(t—s)
e

ds—e t —}—a/
VIt S0 ,/1+ t—s

We easily see that & is C' and a direct application of dominated convergence theorem shows that
& t—> 0. From now on, we define as A = A% the solution to (1) with source term ¢£. In particular,
—00

At = @ (x4) with xy = & + f e~ (t=s) xg)ds.

t
122 — (f_t + a

Step 1: Comparison result. Recalling (120) and since r(x) := \/m > 0, we have
O(x) > Po(z):=x—e*, x>0.

A direct application of the comparison result of Proposition C.2 gives

(123) x>y, t>0

where y = (y¢),~ solves
B t
=& +/ e 3 (y5)ds.
0

Step 2: Faplicit expression fory. One can take advantage of the exponential nature of h: differentiating
the previous identity, we obtain that g is the solution to the following differential equation

Ye=Po(y) —ye + & +&, t 20, with yo = &.
Notice here that ¢ defined through (122) has been precisely chosen so that & + & =

Hence, the previous equation boils down to

a
124 = —e V4 —— t>0.
(124) v Jite =

wier
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A simple change of variables y; = log(u;) turns (124) into a linear differential equation in wu;: u) —
utﬁ = —1. From this, we see that any solution to (124) is explicitly solved as

e—2a\/1+t 1
(125) yr = log <2+\/1—|—t>+c +2av1+t
a a

where c is an arbitrary constant. Recalling that yo = £y and that £ and a have been chosen through
(121), the constant ¢ is equal to 1.
Step 3: Conclusion. We directly see from (125) that y; = +oo and we conclude from (123) that
—00
¢y — +00 too. By strict monotonicity of ® so does A: Ay —— +00. O
t—o0 t—o0

APPENDIX B. PROOF OF THEOREM 2.21

Note that we have assumed that & is bounded such that & P 0. Proposition 1.3 applies: A\ = A
—00
solution to (1) with source term & converges to the unique fixed-point ¢ to (4): A == . Since
—00

|h]]1]®]||Lip < 1, there exists e¢ small enough such that (16) is satisfied and some ¢y > 0 such that (17)
holds. Then, Theorem 2.6 applies and allows to write

t ¢ log 5)bsds
(126 |- < 1/ A — £]ds < (”A”"":g)"(m + ol t ) < C'(log 1)t ™.
0

This in particular implies that m; /¢ == L.
—00

For any N > 1, the mean-field Hawkes process (Z Lo, ZN ) whose conditional intensity is given by
(2) has the following standard representation (see [11, Lemma 3]): consider on a filtered probability
space (€2, F,(Ft);>q,P) an family of i.i.d. Poisson measures (m;(ds,dz),i € {1,...,N}) with inten-
sity measure ds x dz on [0,00) x [0,00). Then defining the family of cadlag (F;);>o point processes
(Z})t>0,i=1,...n as given by

t o]
(127) A —/ / 1,<yimi(ds,dz),i=1,...,N,
0 JO

it is easy to see that each Z° given by (127) has indeed for intensity \i = Ang, @ =1,..., N, given
by (2). M = Ay = @ (fN’t + % Zjvzl fot_ h(t — s)dZﬁ). Given these 7;, following [20], we couple

(Zl, cee ZN) given by (127) with i.i.d. copies (Zl, e ZN) of inhomogeneous Poisson processes with
intensity A; solution to (1) in the following way:

t [ee)
(128) A / / 1<y, m(ds, dz).
0 JO

In other words, the coupling between (127) and (128) has been defined in such a way that both
processes are built on the same underlying Poisson measure ;. Thus, the following result (129) below
can be proved following the lines of the proof of [20, Theorem 8(ii)] and [20, Remark 9(a)] therein. The
addition of the source term &y entails some minor modifications that do not change the calculations
of the previous references. The details are omitted here. It holds that

1
< (Cet M&lhll2) ¢ 5 ¢t

(129) sup E < = ,
L—[p[l®[Lip VN VN

sup ’Zé -Z
i=1,...,N

il
s€[0,t]
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Consider the decomposition: for u € [0, 1]

me

(130) vﬁu<za_”n“>::¢m¢<za__>+wﬁm_”2@ﬁy—z@>

where by (129) we have that

) ~ t
E |su T—Z}<C.
iz~ Z,|| <0
It follows from (126)
_ - ~ 1 P
131 VeV s |Zi, -7 < C 0.
(131) ! uE[OI,)l] u wl = VMmN (t,N)—o0, £—0

To study the first term in the left hand side of (130), define M, := (7; — mut), a centered martingale
with jumps that are all of size 1, thus uniformly bounded. Moreover, [M, M],; = Zim as Z' is an
inhomogeneous Poisson process with intensity function ® (5, + fo h(. — u)dmu) , then

*/[:

Z

— Myt P
ut 0

ut t—o0

—i —i
(Z_> N T T
my mi ut mi t—o0

Using (126) we derive that m; '[M, M|, tl> u for all w € [0, 1]. Applying a functional martingale
—00

It follows that

limit theorem, see [20, Lemma 12] and its proof (see also [31, Theorem VIII-3.11]) we get the following:

mt t—o0

Z —my
(M“t ”“) B
u€[0,1]

where B = (Bu)ue[o,l] is a standard Brownian motion. Using the coupling result, this functional limit
result is then transferred to Z; using (130) and (131) and leads to the first limit result (47).

Secondly, (48) is easily derived from (46) combined with (47) and (126): from (126) and (47) with
d

(t,N)—(00,00), %—)0

(126) as b > %, leading to the desired result.

u = 1 we immediately get I +(1) N(0,£). The remaining term [;(2) goes to 0 using

APPENDIX C. AUXILIARY RESULTS

C.1. A Gronwall Lemma for convolution. The following lemma is a perturbed version of [20,
Lemma 23|:

Lemma C.1. Let h be locally integrable on [0,+00). Let (he)eso such that he — hin L. Let
e—

(9e)eso @ family of nonnegative locally bounded functions on [0, +00). If (ue)e>o is a family of nonneg-
ative locally bounded functions on [0,+00) such that

t
Uet < Gert —I—/ |he(t — s)| ue sds, t >0,
0
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then, for all T > 0, there exists some Cp > 0 (depending only on T and h but independent of € > 0)
and some g9 > 0 (depending on T and h) such that

sup uey < Cp sup gey, € € (0,€0).
t€[0,T] te[0,T]

Proof of Lemma C.1. The proof is an adaptation of [20, Lemma 23]. Let ¢ > 0 and 7' > 0. Write for
te[0,7],

t ¢
(132) Uet < Get + / |he(t —s) — h(t — s)| ue sds + / |h(t — 8)| ue, sds.
0 0

The second term of the righthand side of the previous inequality (132) can be bounded as

t T
/ he(t — 8) — h(t — )| ue.eds < sup u/ Ihe () — h(u)]| du.
0 s€[0,T] 0

Ll

By assumption h, —lo—co—> h so that there is some ¢y = eg(h,T) > 0 such that for ¢ € (0,e9),
E—>

f(;[ |he(u) — h(u)|du < 1. Concerning the third term in (132), proceed exactly as in [20, Lemma 23]:

let A > 0 (independent of €) such that fOT |h(w)| Ljp > adu < 1. Inserting this and the previous
estimate into (132), we get

1 t t
Ue t < et + Z Sup Ues + / ’h(t - S)‘ 1|h(t,5)|>Au575d8 + / ’h(t — S)‘].‘h(tis)lgAu(g’SdS,
s€[0,T7] 0 0

1 t t
< Gt + 1 SUp Ugs + SUP ua,s/ ’h<t - 3)‘ 1|h(tfs)|>AdS =+ A/ ua,sdsa
s€[0,7] s€[0,7] 0 0

1 t
S get+ 5 SUp Ues + A/ ua,sd3~
2 sefo,1] 0

Taking the supremum in ¢ € [0,7] on both sides, we get SUPye(o,7) Ue,t < 2SUDPsc(o,7] Yot + 2A fot Ug sds.
We conclude that supc 7] tet < e2AT Supye(o,7] ge,t DY the classical Gronwall lemma. g

C.2. Comparison results.

Proposition C.2. Let &1 and &5 two kernels which are Lipschitz continuous. For all i = 1,2, let \;
the solution to (1) for the choice of ® = ®;, driven by the same kernel h and with the same source
term &. Suppose that h is locally integrable (non necessarily nonnegative). Suppose that & is locally
bounded. Then the following is true:

(a) for all T > 0, there exist some constants C = C(T,h,®1) > 0 and k = (T, h,§, P2) such that

(133) sup Ay — A2y < C sup |Pa(u) — D1 (u)| < C @1 — Po| -
u€[0,T lul<w

Moreover, in the case |®1[y,;, [|h]l; <1, the constant C' can be made independent of T > 0 and
we have the uniform bound

(134) sup |)\1,u — )\27u‘ S C H‘I)l — CDQHOO .
u>0

(b) Suppose here that h is nonnegative, that & is continuous, that ®1 is nondecreasing as well as
(135) forallx € R, ®1(z) < Oa(x).
Then, it holds
(136) A < Aoy, £2>0.
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Proof of Proposition C.2. First prove the first item of Proposition C.2. Denote by c¢; the Lipschitz
constant of ®;. For all ¢t > 0,

t t
)\Z,t — )\Lt = (I)Q (ft +/ h(t — S)>\273d8> — (I>1 (ft +/ h(t — S))\l’sds> 5
0 0

= B, (gt + /0 t h(t — s))\273d8> — @ (& + /0 t h(t — S)A2,5d5>
(137) + <§t + /Ot h(t — S)A278d8> - (ft + /Ot h(t — S)Al,sds> .
]

Recall that ¢ — Ag is locally bounded: hence for all ¢ € [0, = [0, pt1],

t T
o+ [ Bt = 9hasds| < o + el [ 0] du o= mp < o

where the constant xp depends on (T, h, &, ®2). We obtain directly from the previous equality that

t
(138) |)\2,t — )\1,t| S sup ’(I)Q(u) — <I>1(u)] + 01/ ’h(t — S)| ‘)\275 — )\175| ds.
0

lu|<kT

We are now in position to apply Lemma C.1 (in a simple case where there is no dependence in any ¢):
there exists some C' = C(T, ®1) such that

sup Ao — A1l < C sup [Po(u) — Pi(u)l,
te[0,7T] lu|<kp

which is (133).
In the case ¢; ||h]]; < 1, one can bound (138) as
Azt = Arel < sup [ ®o(u) — @i(u)| + sup [Aos — Auslen [[Al

[u|<kp s€[0,17
which gives immediately (134).

Now turn to the proof of the second item of Proposition C.2. We first prove the result under a
stronger condition: suppose for the moment that (135) is replaced by

(139) <I>1(x) < @2($),l‘ € R.
Define
ty = inf {t > O, )\271; < Al,t} .

The point is to prove that ¢, = co. We proceed by contradiction and suppose that t,. < co. First note
that for i = 1,2, A\jo = ®; (o) so that A\j o < A2 implying that ¢, > 0. Then by Proposition 2.1 giving
continuity of the solutions, we have Aoy, = A1 ,. Write again (137) for ¢ = t,: we have

Tx tx
0= AQ’t* — )\1715* = O, <§t* + / h(t* — S)/\2,3d8> — o4 <ft* + / h(t* — 8))\2,3(18)
0 0

Tx Tx
+ ®; <§t* +/ h(t* — S)Az,sdﬁ) — o4 <§t* +/ h(t* — S))\Lsd8> .
0 0

By assumption (139), the term on the first line of the righthand-side of the previous equality is strictly
positive. Concerning the second term, we have that [j* h(t. — s)A1sds < [i* h(t. — s)Apsds as,
by definition of t., Ao s > A1 for s € [0,£] and h > 0. Therefore, since ®; is nondecreasing,
o, (gt* + e h(t, - S)AQ,Sd.s,») ) (gt* + Bt — 5))\17Sd8> > 0. Therefore the sum of the two

previous terms cannot be 0. So t. = 400 and (136) is true. Now prove (136) under the weaker
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condition (135). For ®; and ® verifying (135), define for any ¢ > 0, ®5(z) = ®2(z) + ¢ and denote by
A5 the solution driven by ®5. Then for all x € R, ®1(z) < ®o(x) < P5(x) so that one can apply the
previous intermediate result, that is for all t > 0, all € > 0

(140) M <5,

But now applying the first item of Proposition C.2, we have for fixed ¢ > 0, the existence of some
Cy > 0 such that ‘Ait — A2;¢| < Cie, so that passing to the limit as e — 0 (¢ fixed) into (140) gives the
desired result (136). This concludes the proof of Proposition C.2. O
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