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Inhomogeneous Sobolev and Besov Spaces:

Embeddings and prevalent smoothness

Quentin Rible!

L Univ Paris Est Creteil, Univ Gustave Eiffel, CNRS, LAMA UMRS8050, F-94010 Creteil, France

Abstract

In this article, we introduce inhomogeneous Sobolev spaces that naturally generalise the standard
Sobolev-Slobodeckij spaces. The inhomogeneity of these spaces is governed by a set function y, referred
to as an environment. In the case where p is an almost doubling set function, we relate these new
spaces with inhomogeneous Besov spaces recently introduced by Barral-Seuret in 2023. When p is
in addition a capacity, wee also prove that prevalent elements in such spaces are multifractal (with a

singularity spectrum that we determine), completing previous Baire generic results already obtained.

1 Introduction

The interest in multifractal properties dates back to the 1980s, when physicists sought to quantify the
local variations in the velocity of a turbulent fluid. Indeed, turbulent flows are not spatially homogeneous,
and the pointwise regularity of the velocity seems to differ widely from point to point. The relationship
between multifractality and the global scaling properties of the velocity was first discovered by U. Frisch
and G. Parisi [24]. Since then, multifractal notions have proved to be useful and relevant in various
mathematical domains: geometric measure theory, real analysis [13, 29, 50|, dynamical systems and ergodic
theory, diophantine approximation [20, 51, 52, 53|, to name a few.

This article focuses on the multifractal analysis of functions, which consists in describing the pointwise
behaviours of functions f : R* — R, computing their singularity spectrum o 7, and, when possible, relating
oy with the scaling function associated with f. More precisely, given zg € R? H € R, a function
f :R?Y — R belongs to C*(x) if there exist a polynomial Py, of degree less than | H |, a constant C' > 0,
and a neighbourhood V' of z( such that

Ve eV, |f(z)— Py(z—20)| <C |z —zol™. (1.1)
The pointwise Hélder exponent of f € L (RY) at xg is then
hy(xo) = sup{H € Ry : f e C(x)}. (1.2)

The associated singularity (or multifractal) spectrum oy of f is the mapping

of:h€RU{oo} s dimg (Ef(h)) € [0,d]U{~oc}, where Ef(h) :={z € R?: hy(x) =h}.  (1.3)
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Here, dimy stands for the Hausdorff dimension with the convention dimpy () = —oo (note that E¢(h) =0
for h < 0). This singularity spectrum describes the size of the level sets E¢(h) of the singularities of f in
terms of Hausdorff dimension and provides a geometrical description of their distribution.

Results on the pointwise regularity of functions belonging to classical spaces such as Bessel potential
spaces H*P(R?), Sobolev-Slobodeckij W*?(R?%) or Besov B;Q(Rd) spaces have been obtained in (3, 22,
30, 31, 34]. They are of two types: first, the identification of a universal upper bound for the singularity
spectrum of all function in a given space, and second, when possible, the computation of the explicit value
for the spectrum of a generic set of functions in the sense of prevalence or Baire categories.

Let us emphasize that for large classes of functions f (this holds similarly for Borel measures), the
singularity spectrum of f also satisfies a so-called multifractal formalism, meaning that oy coincides with
the Legendre transform T;; of a scaling function 77 : R — R associated with f, i.e.

73(h) = T (h) = inf hq ~ 77(q). (1.4)
The scaling function 7, defined using wavelets (see definitions below and [32, 33]), describes the statistical
scaling properties of f. This relationship is key, since when properly defined, 7 is numerically estimable
on real data, see for instance [33]. Such estimation algorithms have generated many breakthrough methods
in signal and image processing [57, 58| and other scientific fields |1, 35]. When (1.4) holds, one says that
the multifractal formalism holds for f.

A key feature of typical functions in the classical function spaces W*P(R?) and B;,q(Rd) is that their
singularity spectrum is always affine increasing. This is an apparent contradistinction with the fact that
the spectra estimated on real data through the multifractal formalism always have a strictly concave shape,
with an increasing and a decreasing part.

Tackling the problem of concave shape spectra not necessarily affine for functional spaces, Jaffard [31]

showed that given some admissible concave function 7 : Rt — R, typical functions in the sense of Baire
(r(p)—e)/p

e>0,p>0 “'p,q,loc
Fraysse [21]| obtained that prevalent typical functions in such spaces possess the same spectra.

categories in the intersection of Besov spaces [ (Rd) have concave increasing spectra.

In order to consider non-affine singularity spectra, one can look at the existing natural generalizations
of the classical Sobolev and Besov spaces, the weighted Sobolev and Besov spaces, which have various
possible definitions.

For h € R? and f : R* — R, consider the finite difference operator A f : & € R? — f(x 4+ h) — f(z).
Then, for n > 2, set AP f = A (A} f).

Let p : R — R be a measurable function, positive almost everywhere, called a weight. Under some
hypotheses on the behaviour of p given in [2], weighted Besov spaces Bp,(R?) consist of all measurable
functions f : R¢ — C such that

dh
PR~ NIAR T gy g < O°-
/Ihsl LoD |p|d
A function f belonging to such spaces presents a homogeneous pointwise behaviour as the weight in
the integral depends only |h|. These spaces have a generalised version called Besov space of generalised
smoothness Bg,’,fv , with v, N some sequences, studied by Farkas and Leopold in [19]. Moura in [45] and

Loosveldt and Nicolay in [41] gave alternative definition. Kreit and Nicolay linked them to generalized
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Hoélder-Zygmund A; ~ spaces [37, 38|. Such Besov space of generalised smoothness have been studied by
Kleyntssens and Nicolay in [36]

A second version of the weighted Besov spaces exists where the weight does not dictates the scale
behaviour of the function oscillations but the local behaviour of the function itself. The second version of
weighted Besov spaces [55] is defined as follows: for a weight p € L{ (R), a function f € L (R?) belongs

loc loc
to By (RY, p) if
dh

1A o ARy i < o
Even if the multifractal behaviour of functions in such spaces has not been studied yet, such spaces have
a characterisation through wavelet explicitly given by Triebel in |56, Chapter 6] that can be linked to the
spaces of interest in this article.
Another direction is the variable exponent Lebesgue and Sobolev, which are defined through the
weighted Orlicz spaces [18, 25| as follows. Let p : R? — [1,00) be a measurable bounded function, called

a variable exponent. The wvariable exponent Lebesgue space Lp(‘)(]Rd) consist of all measurable functions

f:R% = R such that
/ |f(2)[P®) dz < +o0.
Rd

The wvariable exponent Sobolev space WHPO)(RY), k € N, consist of all functions of LP()(R?) satisfying
in addition that f(k) € Lp(')(Rd). The variable exponent p is usually at least continuous, the usual
hypothesis is that it is log-Holder continuous. While typical functions in W*P(R9) exhibit affine spectra
with no decreasing parts [31], the spaces W*P()(R?) have not been studied yet.

This motivated the introduction by Barral and Seuret [9] of inhomogeneous Besov spaces, in which Baire
typical functions may have as singularity spectrum any admissible continuous concave curve, prescribed in
advance. For a Holder set function g (which can be thought as a measure for the moment, see Definition
1.1 below), the inhomogeneous Besov space Bl ,(R?) consists of all functions f in LP(R%) such that

- Anf 1 dh
dq/ h dh
/|h|<1 A7 p (B(- + nh/2,nh/2)) < too (1.5)

LP(R%) |h|4
These spaces are not spatially homogeneous in the sense that, in the above integral, the oscillations

A} f(z) of f are locally compared to the p-mass of a small ball of radius & close to x, and this mass may
strongly depend on x. They provide a natural framework in which typical functions have multifractal
behaviours similar to those observed in real data [9].

The present article has two objectives. First, we propose a generalised version of Sobolev-Slobodeckij
spaces in an inhomogeneous environment governed by almost doubling set functions, and relate them to
the already defined standard and inhomogeneous function spaces. Second, we obtain prevalent generic

results for the multifractal properties of functions in inhomogeneous Sobolev and Besov spaces.
Let us now give precise definitions and results. The diameter of a set E is denoted by |E|.
Definition 1.1. The set of Holder set functions is
H(RY) = {p: BR?Y) —» Ry U{+oc} : 3C,s >0, VE € B(RY), u(E) < C|B|*}.
When pu(E) < C|EJ® for all E with 0 < |E| <1, u is said to be s-Hélder.
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Figure 1.1: Left: Singularity spectrum of a typical function f € B;’q(]Rd). Right: Singularity spectrum
of a typical function f € Bf q(Rd). The dashed graph represents the (initial) singularity spectrum of pu.
When p = oo and f is typical in Bk ¢(R%), o = 0,,.

The topological support of u € H(R?) is supp(p) = {z € [0,1]? : w(B(z,r)) > 0,Vr > 0}. A set
function p is fully supported on a Borel set A when supp(u) = A.
By a small abuse of notations we will denote
H(0,1]%) = {u € H(RY) : supp(p) = [0,1]7}. (16)
For € H(R?), s > 0, and E C R, define
W (E) = (E)* and p)(E) = u(B)|EP,
and if p is sg-Holder, define for all s € (0, sp),
(—s) 0 if |[E| =0,
pN(E) = ,
w(E)E[7* if0<|E| < oo.

Observe that the set functions p?, ,u(+5) and u(_s), as defined above, still belongs to H(Rd).

In the second part of the paper, we will need the additional assumptions that the set functions p €
H(RY) are decreasing with respect to the embedding relationship, i.e. they are capacities. This is natural
since in many situations, the set functions, that are considered, are measures or powers of measures.

Hence, we define the sets of capacities
C(RY) = {u € H(RY):VE,F € B(R?), EC F = u(E) < u(F)}
C([0.1]%) = H([0,1]") N C(RY).
Definition 1.2. A set function u € H(R?) satisfies property (P) if there exist C, s1,52 > 0 such that

for all 7 >0, for all x € supp(p), C~'r’2 < u(B(x,r)) < Cro. (1.7)

In particular, such a yu is s;-Hélder. We will only consider set functions satisfying property (P) on R?
(or [0,1]9), implying that these functions will be fully supported on R? (or [0, 1]%).

Recall that a finite Borel measure p is said to be doubling if for some constant C,, > 1 (Soria and
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Tradacete [54]| proved that necessarily C,, > 2), for every = € R?, 7 > 0,

w(B(x,1)) < u(B(x,2r)) < Cy u(Bla,r)).

Since we work with set functions (for which one does not have in full generality that w(B(z,r) <

pu(B(x,2r))), and not necessarily with measures, we need to adapt this notion to our situation.

Definition 1.3. Let ® be the set of non increasing functions ¢ : (0,1] — Ry such that lim,_,o+ 10g(()) = 0.
A set function p € H(R?) is almost doubling on a set A when there exists ¢ € ® such that for every

zeA re (0,1, Re€[r,2r] and 2’ € B(z,r),
e u(B(',r)) < u(B(x, R)) < *Ou(B(x,r)). (1.8)

The set function p is said to be doubling when (1.8) holds with a constant function ¢.

Intuitively, this formula implies that moving a bit the centre and the radius of a ball keep its u-mass
controlled. Obviously, a doubling measure satisfies (1.8) with a constant function ¢. Examples of doubling
set functions include (1-periodic) Gibbs measures 4 [11, 17, 49] and their powers u*(E) := pu(E)® for s > 0.

We will refer to u € H(R?) as an environment, and we now describe how such environments are used
to define inhomogeneous Sobolev and Besov spaces.

Recall that for an integer k and p € [1, +o0], the classical Sobolev space W#P?(R?) is defined as:
Whp(RY) = {f e IP(RY) : V]| < k, D°f € LP(Rd)}.

It is a Banach space when endowed with the norm || f{[yykpay = 3 jaj<k 1P fllpray- When s € RN,
and p € [1, +00], the Sobolev-Slobodeckij space W*P(R?) is the set of functions f : R? — R such that

[ fllwso@ay = ILf [l s, p(Rd)Jr'S‘up |D* flyys-ts)p(ray < +00
where, when 0 € (0,1),
|f(z + h) — f(z)? e
‘f|W9,p(Rd) — (//RdXRd |h|9p+d dl‘dh . (].9)

We now introduce new inhomogeneous Sobolev spaces in a p-environment by modifying the above
formula in order to obtain a class of functions with a singularity spectrum not necessarily affine. To do so,
we interpret in (1.9) the term |h|? in the denominator as, up to a constant, the power of the d-dimensional
Lebesgue measure, denoted by £¢, of the ball B(x, h), and we replace it by the p-mass of this ball. This
introduces spatial inhomogeneity in (1.9), including Sobolev spaces as special case.

Let B[z,y| denote the Euclidean ball of diameter [z, y].

Definition 1.4. Let u € H(R?) satisfy property (P) with exponents 0 < s1 < sz, and consider p > 1 as

well as an integer n > |so + % + 1.

A function f belongs to WHP(RY) if and only if 1 lwup@ay < +o00, where || fllyurway = Il Leray +

’f‘me(Rd) and
(@)l dzdh "
_ ) 1.1
|f|WwP(Rd (//R?d M :L' x + nh]) ‘h|2d v ) ( 0)
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Consider s, s1,s2 > 0 such that s + d/p ¢ N and similarly for s; and sp. For p = (Lid)%*%, it follows
from the definition that W#*P(R?) = W*P(R?). When pu satisfies (P) with 0 < s1 < s9, the following
embeddings holds

WP (RY) s WHP(RY) 5 W5 P(RY), (1.11)

see Remark 2.8. In particular, for an s-Holder set function p € H(R?), one has WHP(RY) — Wt (R9).

Our first purpose is to relate these new inhomogeneous Sobolev spaces to the inhomogeneous Besov
spaces in a multifractal environment introduced by Barral and Seuret in [9]. To define these spaces, already

mentioned in (1.5), they first extended the classical definition of LP moduli of smoothness.

Definition 1.5. For every u € H(R?), for every n € N*, h € RI\{0} and = € supp(p), set

AR f(x)
w(Blz,z + nh])’

A" f(x) =

For p € [1,+00], for any open set Q C RY, the p-adapted n-th order LP modulus of smoothness of f is
defined for any t > 0 by

wn(f, 6 $Yp = t/2825<t HAZ,anL”(Qh,n) ’

where Qp, ,, = {x € Q: Blx,x + nh| C Q}.

Observe that it may happen, when p has a bounded support for instance, that u(B[x,z + nh]) =0
even if z € supp(u). In this case we write A}"" f(z) = 0. Inhomogeneous Besov spaces in p-environment

are defined in [9] as follows.

Definition 1.6. Let p € H(R?) with supp(u) = R? satisfying (P). Let 1 < p,q < +o0. Let n be an
integer such that n > [82 + gJ + 1.
The Besov space in p-environment BI’f,q(Rd) is the set of functions f : R* — R satisfying

(@7 (£,279 RYjen]| | <o (112)

1Flleey < +oo and |f1gs ey = | e

We will also consider the spaces
~ d (—9) d
B, RY:= () BY, (R (1.13)
0<e<min(1,s1)
If supp(p) = [0, 1], we use wh(f,277,(0,1)%), in equation (1.12) to define the space B 4([0,1]%) and
B! ,([0,1]%) similarly as in (1.12) and (1.13).
Taking p = ([Zd)%_%, it is casily seen, see [9], that Bj4(R?) = B (R?) when s > d/p.
Our first result concerns embeddings between inhomogeneous Sobolev and inhomogeneous Besov spaces.
Theorem 1.7. Let p > 1. If p € H(R?) with supp(u) = R? satisfies property (P) with exponents

0 < 81 < 89, then
d s d
By ,(RY) C WHP(R?). (1.14)

If in addition p is almost doubling, then

d R d 5 d
By ,(RY) € WHP(R) C By, (RY). (1.15)

6
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If u is doubling, then, for p > 1, Bh,(RY) = WHP(RY) (see Remark 3.4), which is the analog of
the standard equality for usual Sobolev-Slobodeckij and Besov spaces. This property and the previous
embeddings emphasise that formula (1.10) is indeed natural and generalises in an inhomogeneous way the

standard function spaces.
Remark 1.8. Similar embeddings could be obtained when replacing R% by [0,1]¢ in (1.15).

Let us now proceed to prevalent multifractal results. In [8], Barral and Seuret identified the typical
multifractal behaviour, in the Baire categories sense, of functions in Bﬁq(Rd), when p belongs to a large
class of set functions satisfying not only (P) but also an extra condition (P,), see Definition 2.4. This
typical multifractal behaviour is intimately related to that of u, and the value of p. Barral and Seuret
used this space to solve the so-called Frisch-Parisi conjecture, which consists in proving the existence
of function spaces in which typical functions satisfy the multifractal formalism [8, 9, 30| for any possible
admissible spectrum. To achieve this, they prove that the Bb, (RY) spaces admit a wavelet characterization.
The second part of this article will also use such a characterization to obtain the prevalent multifractal
properties in Bk (R?).

Write L? = {0,1}¢\ {09}, and consider a wavelet family {®, ¥, := ¥!(2/ . —k) b= k1) ezxzdx Ld
generated by a family of wavelets (®, ¥!),.; 4 (see Section 2.2 for details), such that every f € L2(R%) can
be written

rE Yl with o= 2df/ f(@) Wy (2)d. (1.16)
AEZXZAx LA Re
For k = (ki,...,kq) € Z% j € Z, we often identify the triplet A\ = (j,k,1) with the dyadic cube
Hle[kﬂ_j, (ki +1)277), and in particular we write u(\) for u(TT%, [k:277, (ki + 1)2779)).
Write Aj = {A = (j,k,1) : k€ Z% 1€ L%} for the set of the dyadic cubes of generation j.

If the function f has a support in [0, 1]%, we will write
F=(f®)2+> > ol (1.17)
7>0 A€A;
Definition 1.9. Let p € H(RY) with supp(u) = R satisfying (P) with 0 < s1 < s3 and p € [1,+0c].
Consider an integer n > LSQ + %J + 1. Consider wavelets (®,'),c 4 that belong to C™(R?) and have at
least n vanishing moments (see Section 2.2 for details).

A function f belongs to bﬁ’gp(Rd) if and only if f € LP(RY) and |f] g < +oo, where

M7p7q7
()
1(A) AEA; x Ld

7 (=#)
md@®) = () o, TYRY. (1.19)

0<e<min(1,s1)

1P Hp

\f\u,p,q,mzu(sj )jeNqu(N)7 with ! —’ (1.18)

1P(A;x L4)
Then define

Similarly, when supp(u) = [0,1]¢, a function f belongs to bg,’gp([O, 1)) if and only if f € LP([0,1]%)
and | f], . =0, and 357’;1}([0, 1]9) is defined by
replacing R? by [0,1]¢ in (1.19).

g < +oo, with the convention that ﬁ =0 as soon as p(A)
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Remark that bﬁ’;p (RY) ¢ gﬁ’gp (R%) and similarly on [0, 1]%. In particular, when p = ¢ = oo, bﬁ.‘c’,tpoo(Rd)
is the space of those functions f for which

C = sup M < +00.

ANEZXZ4Ax L4 N(/\)

This can be rewritten as |cx| < C u()), so the space b (R?) can be understood as a inhomogeneous
generalisation of Holder C%(R?) spaces, which are known to be characterised by the fact that |cy| < C'|\|*
for every A. This justifies, once again, the name "environment" used for pu, since the set function may
have various local behaviours and the constraint |cx| < C u(A) is highly dependent on p and the location
of the cube A.

When p < oo, the space bgjoqé(Rd) can be seen as a inhomogeneous generalisation of Caldéron and
Zygmund T3 (RY) spaces.

Let us also mention that the spaces C®(R%) and T;(]Rd) have been generalised by Kreit, Loosveldt
and Nicolay [37, 38, 39, 42, 43] with the spaces C7(R%) and T},(R%) with v a sequence. The space
C7(R%) is characterise by lex,;| < Cwy; for every A € A; (for a sequence v = (v;) verifying, for all j,
C™lj < 941 < Oy

Remark 1.10. The spaces gf,,q(Rd) and qu([o, 1]%) are Fréchet space [9]. A translation-invariant complete

metric that induces the same topology as the family ”'Hbu(*g),\lf = |||l + ]'|£(_5>,p’q7\1,} can
P.q 0<e<min(1l,s1)
be defined by
_ 1f = gll 1m0
Vigebal, dif.g)= >, 27" ro (1.20)

L =gl p-rm
pP,q

n>max(1,sl_1)

The key property, relating the two parts of the present work, is the following: Assume that the set
function p € H(R?) is in addition a capacity, i.e. for every Borel sets E,F € B(R?) such that E C F,
p(E) < wp(F). Then, it is proved in [9] that, provided an extra condition on the capacity pu
(condition (P,) that we give below), biy (RY) and Bl (R?) coincide (resp. by ([0,1]4) and
Eﬁq([(), 1]9)), and in particular do not depend on the choice of ¥ satisfying the condition of Definition 1.9,
see Theorem 2.7 for the precise statement. So, when working with suitable set functions u, the prevalent
multifractal behaviour in B ,(R?) coincides with that in bl ,(RY).

Furthermore, since multifractal properties are local, we will focus on behaviours of functions on the
cube [0,1]%, and will consider functions written under the form (1.17). This is not a restriction, since any
function f written as in (1.16) can be decomposed as a (countable) sum

F=F+> fl+0),
Lezd
where fis regular (corresponding to the low frequency part of f) and f, has a decomposition of the form
(1.17). Then, each function f(. + £) has an interesting behaviour only on the cube £ + [0,1]¢, and the
multifractal properties of f will be deduced from the juxtaposition of the properties of the f.

From now on, we focus on set functions p; € #([0,1]?) and on functions belonging to
bl (10,1]4) and by ([0,1]%) written as (1.17).
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Our goal is to obtain the prevalent multifractal behaviour in b&%(Rd) in larger classes of capacities
than in [9]. Recall that the prevalence theory, proposed by Christensen [15] and Hunt, Sauer and York [27]
independently, supersedes the notion of Lebesgue for universally measurable sets in any real or complex
topological vector space E endowed with its Borel o-algebra B(E). All Borel measures ¥ on (E, B(E)) will
be automatically completed, i.e. for every set A C E and B € B(E) such that the symmetric difference
AAB is included in some D € B(E) with ¥(D) = 0, one sets ¥(A) := 9(B).

Definition 1.11. A set A C E is universally measurable if it is measurable for any (completed) Borel
measure on . A universally measurable set A C E is called Haar-null, or shy, if there exists a finite

completed measure ¥ that is positive on some compact subset K of E and such that
for everyx € E, 9(A+x)=0. (1.21)

The measure ¥ used to show that some subset is Haar-null is called transverse. More generally, a set that
1s included in a Haar-null universally measurable set is also called Haar-null.

Finally, the complement in E of a Haar-null subset S, denoted SC, 1s called prevalent.

Hunt pioneered the use of prevalence in function spaces [26]. More recently, Bayart and Heurteaux [10]
and Balka, Darji and Elekes [5] studied the dimension of images of continuous functions. Fraysse, Jaffard
and Kahane [22, 23] and then Aubry, Maman and Seuret [4] studied, respectively, the prevalent regularity
of functions and traces of functions in Besov spaces. Olsen studied the multifractal and L?-dimension of
prevalent measures on compact sets of R% [47, 48].

Let us give the last definitions needed to state our second main theorem.

Definition 1.12. Let u € H(R?). For x € supp(u), the lower local dimension of ju at x is defined by

h,(z) = liminf w.

1.22
—H r—0+ log(r) (122)

The singularity spectrum of p is then the Hausdorff dimension of the level sets of the local dimension
o, heRw—dimg (E#(h)) where E,(h) = {z € supp(p) : h,(z) = h}.

We also defined E, (h) as the set of points x where the local dimension (1.22) is a limit and equals h.
Finally, for every integer j > 1, the scaling function of p € H([0,1]9) is defined by

... 1
() = liminf — log, > uv (1.23)
)\EAjﬂ[O,l]d

where 09 = 0 by convention.

When supp(p) = [0,1]%, the singularity spectrum of x is bounded above by the Legendre transform ™
of the scaling function of y (recall formula (1.4)) : for every h >0, o,,(h) < 7;(h), see [12, 31, 40].

Definition 1.13. A set function u € H([0,1]%) satisfies the strong multifractal formalism (SMF) if for

every h >0, oy, (h) = 7;(h) = dimpy (E,(h)).

Our main theorem regarding prevalent multifractal properties holds for capacities. This additional

property on set functions to get capacities (the decreasing property) is in fact natural in the functional



Embeddings and prevalent properties in inhomogeneous Besov spaces

setting. Indeed, looking back to formula (1.5), it is intuitive that if the oscillation of f on an interval I is
controlled by p(I), then the oscillations on a subinterval J C I shall be controlled by u(J) < u(I), since
the oscillation on J is necessarily smaller than that on I.

We only consider the case p = co. Indeed, the general case p < co would require a finer study.

Theorem 1.14. Let p € C([0,1]%) be an almost doubling capacity satisfying (P) and verifying the SMF.
For all f € E&%([O, 1%,

oulh) if h < 7,(0)

h) <
7sh) < d if h > 7,,(0).

(1.24)

In addition, there exists a prevalent set of functions f € g&%([o, 1]9) satisfying of =0y

h

0 i 0 _ —
hy h, —TN(O) h, >

Figure 1.2: Singularity spectrum of a prevalent set of functions in 3{:5%([0, 1]%)

Remark that this result stays true for f € by ([0,1]4) € by ([0,1]%). In other words, the prevalent
singularity spectrum in Eﬁ.‘g?;([o, 1]9) or bﬁg‘};([o, 1]9) coincides with that of . One directly deduces a similar
result for Eéto’:lé([(), 1]9).

Corollary 1.15. If p satisfies condition (P) given in Definition 2.4, then the previous theorem holds
when replacing 5&7(1([0, 1]9) by quq([(), 1]%) and WH>([0,1]%).

This simply follows from the fact that, as said before, provided that (P%) is satisfied, Egqu([O, 1]%) and
B ,([0,1]%) coincide.

We shall prove Theorem 1.14 for b4'y([0,1]9), the proof for b4'%([0,1]%) is simpler, we will explain
where to adapt and short-cut our proof to get the simpler case.

In [9], Barral and Seuret obtained the same singularity spectrum as in Theorem 1.14 for Baire typical
functions, but only for two large classes of capacities (a class of measure with a multifractal spectrum
prescribed in advance and Gibbs capacities defined as power of Gibbs measures). Here we treat a larger
class of capacities, and complete their result by confirming that prevalent and Baire typical regularity
coincide.

It is certainly an interesting question to extend Theorem 1.14 to bk ([0, 1]%) and W#? when p < +o0.

10
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Organisation of the paper

Section 2 gives the necessary definitions and the properties of measures and capacities used to de-
fine a multifractal environment, then presents the wavelet multifractal formalism and the wavelet leaders
formalism developed by Jaffard in 32, 33].

Section 3 contains the proof of our first main Theorem 1.7. This section also proves the case Bp,(R?) =
WHP(RY) for y doubling.

In Section 4, the proof of Theorem 1.14 is given. For this, using a wavelet construction, we introduce
a saturating function 9, of '5*;5?;([0, 1]%) having a prescribed multifractal behaviour coinciding with that of

p. This function will be a key object we build to show prevalent results on the spectrum of functions of
bh2q ([0, 1]9).

2 Additional definitions and properties on capacities, wavelets and mul-

tifractal formalism

Let A = J;cz Aj be the set of all dyadic cubes.

For z € RY, \;(x) is the dyadic cubes A of generation j such that € A (with the small abuse of
notation using the identification between A = (j,k = (ki,...,kq),1) € Z x Z? x L and the corresponding
dyadic cube [T, [k:277, (k; + 1)277)).

For j € Z, A € A; and N € N*, let N denote the cube with the same centre as A and radius equal to
N 2797 in (R4, ||-||..). For instance, 3) is the union of those A € A; such that OA N AN # @ where O
is the boundary of the cube .

2.1 Capacity and formalism

Notation. For any set Borel A C R? and capacity u, we will denote p|4 = pu(. N A).

To describe the local behaviour of 1 € H([0, 1]%), one needs, in addition to the lower local dimension

(1.22), other local dimension.

Definition 2.1. Let u € H([0,1]%). For z € supp(u), the upper local dimension of u at  is

hyu(z) = limsup w.

roo+ log(r)
Whenever h,(x) = hu(x), the common limit is denoted by h,(z). For a € R,
E, (o) ={z esupp(p) : h,(z)=0a}, Eu(a)={zecsupp(p) : hy(zr)=a}
and  Ey(a) = E, (o) NE,(a).

Remark 2.2. Note that the local dimensions are sometimes defined as

logy p(Aj(z)) logy 11(Aj (7))

h,(x) = liminf - and h,(z) = limsup ——~"222 2.1
By (a) = lim uf 21 () = Timsup 2 (21)
1 ; — 1 )
or hy(e) = timinf 282 ECN@) 0 i sup 12820BN (@)
Jrtoo -J j—+oo —J

11
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However, this paper mainly considers doubling or almost doubling set functions for which all previous
notions of local dimensions (1.22) and (2.1), level sets, singularity spectrum and scaling function do not

depend on whether dyadic cubes or centred balls are considered.

Recall that the Legendre spectrum h — 75 (h) is increasing on the interval h < 7/,(0%) and is decreasing
on h > 7,(07). The following Proposition 2.3 can be deduced from [6, 7, 9, 40, 46].

Proposition 2.3. Let u € H([0,1]%) with supp(u) = [0,1]%, such that u obeys the SMF (Definition 1.12).
Then for every h € RY:

(i) One has 0,(h) = dimg (E,(h)) = dimg (E.(h)) = 75:(h).
(ii) When h < 7/,(0%), dimpy (E;(h)) = 75 (h).

(iti) When h > 7,(07), dimy (Ei(h)) = 7(h).

(iv) When 7,,(07) < h < 7,(07), ou(h) = d.

All the set functions we work with satisfy the property (P) given in Definition 1.2. Observe that (P)
implies that for all j € N and A € Aj,

C™127I%2 < y(\) < 02795, (2.2)

Property (P) and (2.2) are not equivalent in general, but it is the case when p is almost doubling (with

slightly different constant C' and exponents s; and s9), which will always be the case for us.

Definition 2.4. A set function p € H(R?) satisfies property (Py) if there exist C,s5 > 0 and ¢ € & (see
Definition 1.3) such that for all j, 7" € N with j < j', for all N A;j such that OX NOX+# 0, and N € Ay
such that N C \:

p(X) < €203 7)2U" =052 1y (\!). (2.3)

In particular, p is almost doubling in this case. While the u-mass of each dyadic cube is controlled by

s1 and sy by (P), Property (P,) can be seen as a kind of weak quasi-Bernoulli property of .
Lemma 2.5. Any doubling set function u € H(R?) satisfies Property (Py).

Proof. Let j,j € N with j < j/, A, X € A;j such that OAN ON#0, and X € Ajr such that A C A. Calling
yn the centre of M and y5 the one of X, one has X C B(yy,2-277).
Since p is doubling, (1.8) holds for a constant function ¢, so there exists a C), such that for R € [r, 2r]
and 2’ € B(x,r),
C (B, 7)) < p(B(x, R)) < Co p(B(', 7). (2.4)

Remark that [yy — y5| < 3 x 2=+ So, applying inequality (2.4) between X and B (%, 2*7'), and

then from this last ball to B(yy,2-277), one gets () < C’g w(B(yx,2-277)). Then applying it j/ —j +2

times to pass from radius 27711 to 277"~ yields finally
u(X) < G Iu(X) = O 2091080y (), (25

One concludes that p satisfies property (Py) with C'= C}! and sy = logy(C),). O

12
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2.2 Multi-resolution wavelet analysis

Let d € N* and 1 < p, ¢ < 4+00. Recall that a function ¢ : R* — R has n + 1 vanishing moments when
for every multi-index o € N such that 25:1 a; < n, /d oty (x)de = 0.

For an arbitrary integer N > 1, there exist Compalitly supported functions ¥ € CN(R) (called the
scaling function) and ¥' € CN(R) (called the mother wavelet), with ! having at least N + 1 vanishing
moments and such that the set of function ‘1’]1‘,1@ sz W(2z — k) for j € Z and k € Z form an orthogonal
basis of L2(R). In this case, the wavelet is said to be N-regular.

Let us introduce the notations
0% :=(0,...,0), 19:=(1,...,1), L%*={0,1}%\0%

An orthogonal basis of L2(R?) is obtained by tensorization as follows (see [44, Chapter 2 and 3| for a

general construction): for A = (j, k,1) € Z x Z% x L%, let us define the tensorised wavelet

d
_ l;
=1

with k = (ki,...,kp) and I = (I3,...,Ip) € L%, with the additional notation ® = PO,
Thus for every f € L?(R?), one has the decomposition (1.16) (observe that we use an L> normalisation

for the wavelet coefficient (cy)xea.)

Proposition 2.6. /28, 32] Suppose that v > 0 and N = |y + 1|. Suppose that ®, ¥ € CN(R) is at least
N + 1-regular. Let f:[0,1]2 — R be a locally bounded function with wavelet coefficients {cx}rcaxpd, and
let x € [0, 1]

If f € CV(z), then there exists a constant M < oo such that for all A = (j,k,1) € A x L,

lea] < M 2797 (1+ 272 — k)7 (2.6)
Conversely, if (2.6) holds true and if f € U,y C°([0, 1]9), then f € CY~"(x) for every n > 0.

The inhomogeneous Besov spaces introduced in Section 1 and those of Definition 1.9 are related thanks

to the following Theorem proved in [9].

Theorem 2.7. Let i € C(RY), 0 < 51 < s9 and r > [32 + ;CEIJ + 1. Suppose that properties (P) and (Py)
holds for p with the exponents (si,s2) and that Bz’iq(Rd) has been constructed using the p-adapted n-th
order LP moduli of smoothness, for some n > r. Consider a wavelet ¥ that belong to C™(R?) and have at

least n vanishing moments.
For every e € (0,1), there exists a constant C. > 1 such that for all f € LP(RY),

),

11l Loay + 1f 158, may < Cellflpmay + | flucto) pqw)-

Moreover, when i is doubling (with Lemma 2.5), Bb,(RY) = Bﬁ’;}(Rd) and the norms || f| 1pgay +
]f|#7p’q’\1, and ||fHLp(Rd) + ’f|ng(Rd) are equivalent. Also, this equivalence is independent of the choice of
n>r and ¥ e F,.

Hf”Lp(Rd) + ‘f‘/},,p,q,‘l/ < C€(HfHLP(]Rd) + | /] u(+e) g
Bp,q (RY)

13
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Remark 2.8. [9, Remark 2.17] When g satisfies (P) with 0 < s; < s2, one has (Ed)%2 <pu< (Ed)%l
(in the sense that for every B(xz,r) C RY, (Ed)%(B(x,r)) < u(B(z,r)) < (Ed)%(B(x,r))) inducing the

embeddings

B »(RY) — Bl (RY) — B (RY). (2.7)

When a > S, one has
BEY (RY < BET(RY) and BE(RY) < BT (RY) (2.8)

Similarly, we can replace R? by [0,1]% in all the previous embeddings.

3 Embeddings between inhomogeneous Sobolev-Slobodeckij and Besov
spaces.

3.1 Preliminary

We start by extending [9, lemma 2.3] for the p-adapted LP modulus of smoothness to obtain the

following lemma.

Lemma 3.1. Let e > 0, p € [1,+00), n € N* and pu € H(R?) be an almost doubling set function.
There exists a constant C = C(e,d,n,p) such that for all f € LP(R?) and 0 < t < 1, the following

mequality holds:
wh(f,t, RO < C 1 /
t<|h|<4nt J zeR?

Proof. The approach follows the lines of the proof of [16, inequality (3.3.17)] and [9, Lemma 2.3].
For any h,y € R?, recall the following equality (see (3.3.19) in [16]):

A e o dadn., 3.1
h

n

1) = S0 () 1Ak, ot ) = ALy )] (32)

k=1

First, one has

LR = s [N = s [ AR s

t/2<|hI<t t/2<|h|<t

Arf@) |
= sup / dx.
t/2<|h|<t Joera | W( B[z, T + nh])
By (3.2), for t/2 < |h| <t and y € R?, one has
/ Apf@) [P / Vi (DM QAL f @+ kh) = Afyy f@] [
zER? M(B[xv x + nh]) zER? M(B[$7 T+ nh])
f(x +kh) |” A f@) [
< 4 . .
¢ ’pz/xeRd Bz, + nh]) pu(Blx,x + nh)) de (3:3)

In particular, the last inequality holds for y € B(0, 3t)\B(0, 2t).
For a fixed /2 < |h| < t and y € B(0, 3t)\B(0,2t), for every k € {1,--- ,n}, |h| < |n(h + ky)| < 8n?|h|

14
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and |h| < |k(h + ny)| < 8n?|h|. Hence,
h h
Blz,z+n(h+ky)] C B <:):—|— n2,8n2\h|> and Blzx+kh,z+k(h+ny)] C B (x—i— n2,8nz\h\> . (3.4)

Lemma 3.2. There exists a constant C ,, that depends only on n and € such that

W9 (Bl -+ n(h + ky)]) < Cen 1 (B ( o 8n2|hr>) , (35)
) (Blz + kb, + k(h +ny)]) < Cem p <B (x + % 8n2|hy>> , (3.6)
o) <B (:c + %h, 8n2h\>> < Cep i (Blz,z + nhl). (3.7)

Proof. The key property is that all the considered balls have comparable diameters (with a constant
depending on n only), and the almost doubling property of p ensures that their y-mass is comparable up

to a small exponential error term.

Let us prove (3.7), and we will use the same argument to prove the rest. Remark that Blz,z + nh| =
B (a: + 1k %) and B (z + 4, 8n%|h|) have the same centre and 8n?|h| < 2K %h‘ for K = [logy(n)]| +5.
Using the almost doubling property (1.8) applied K times, one obtains

[ (B ($ + n2h,8n2\h|>> < eZkK:_Ol qﬁ(2kn\h|/2)'u (B <5C + %h’ n|2h]>> . (3.8)

Using that ¢ is non-increasing, we have
h
1 (B (a; + %, 8n2\h\>> < HoWN/2) | (Blz, & + nh)) .

Since lim,._,o+ % = 0, there exists an 0 < R. < 1 such that for all 0 <r < R, 0 < ¢(r) < — 5 log(r).

So depending on the value of |h|, two cases can be separated:
o 110 < ™M < R, then eK¢0Ihl/2) < 25 (n|n|)<.
o If R. < %, then, since ¢ is non-increasing, ¢(n|h|/2) < ¢(R.). So eKeMhl/2) < Ké(Re) < e <
(%) @inn—=.
Summarising the above, for some C. ,, large enough, one has
m (B (m + T;h,SnQIh\)) < Cen (1672|h]) S (Blz,z +nh]),

leading to (3.7).
The same argument gives (3.5) and (3.6), we give them quickly. Using the almost doubling property

(1.8) at most K times and that ¢ is non-increasing gives inequalities similar to (3.8), which in turn yields
that for k € {1,...,n},

p(Blro +nlh -+ k) < Kol (5 (o4 B s ) ).

p(Blx + kh, @ + k(h + ny)]) < MO0, (B <x + ?78n2|h|))

15
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Then, the same discussion based on the value of |h| gives

u(+5) (Blz,x +n(h+ky)]) < Cep i (B <x + nzh,8nQVL|>) ,

h
1) (Bl + kh,z + k(b +ny)]) < Ce (B <:1: + n2,8n2|h|>) .

Proof of Lemma 3.1 (continued). The combination of (3.5) and (3.6) with (3.7) gives
h
max (MHQS) (Blz,z 4+ n(h+ ky))) , u'2) (Ble + kh, z + k(h + ny)])) <Cep (B (x + %, 8n2\h|>>

for some uniform constant C; ,. Using this suitably in (3.3) leads to

A f(x + kh)
H,m ky
HA fHLP Rd) E”vPZ/x rd | u(T29) (Blx + kh, x + k(h + ny)])

A2+kyf( ) pd
w+28) (Blx,z + n(h + ky))) )

< En,pz/x
< m,pz/x

Then, defining Cy = £4(B(0,3)\B(0,2)), an integration with respect to y over B(0,3t)\B(0,2t) yields

d H fHLp(Rd & ’p; 2t<|y|<3t JzeRd

Further, operating the change of variable ¥/ = ky in each term of the sum yields

n
C td Aﬂv < C / /
d H fHLP(Rd 5’"”’; 2kt<|y|<3kt JrcR4

p

+

dr

AT f (o +kh)‘ ]A““ ()

p
h+ky ’

€Rd

dz.

Au(+2€> n ‘ ’A“ ) n )

p
ok, 1@

€Rd

(+2¢) 4 p (+25)n p
AL, f(ac)‘ ‘AZJrky f(a;)‘ dxdy.

(+2¢) (+2¢) p
A (@) A @) dady.

By observing that t < |h + y| < 4nt, it gives

Cat? || A" <2n Cep / /
d H fHL”(Rd " Henp t<|y|<dnt JzcRd

The previous upper bound is independent of h, so one concludes as desired by

2n C.
w“(f,t,]Rd)p = sup ||AP"f < =P / /
" P t/2§|h|§tH 0 lloeey = CCath Jicyi<ant Joera

AZ(HE)’"f(:C) ‘p dxdy.

A0 f ()| dady.
O]

Remark 3.3. Let p € [1,+00), n € N*. If u € H(RY) is doubling, we obtain that there exists a constant
C = C(d,n,p) such that for all f € LP(R?) and 0 <t <1 :

wh(f,t, RN < C ™7 e /z " |AR" f(a)|" dwdh. (3.9)

The e can be dropped in (3.1).
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3.2 Embedding of inhomogeneous Besov spaces into inhomogeneous Sobolev spaces

Let us explain our approach to get the first embedding (1.14) of Theorem 1.7. Recall that B} ,(R%)
and WHP(R?) are defined using p-adapted n-th order finite difference operator and moduli of smoothness
with n an integer such that n > \:92 + %J +1

To prove (1.14), we first need to obtain that [|. [y upga) < Il ge @a) to get B ,(RY) ¢ WHP(RY).

Let f € B, p(Rd). We begin by decomposing the semi-norm defined in (1.10) as follows

(z)[P / / AL f(@)P
dxdh < E dzdh
//de w(Blz,x + nh])P|h|2d - ‘o2 2o Joera w(B[z, x + nh])P|h|??

<hL+1I

where

| AR f ()P
I / / dzdh
. % 9-i<|hj<2-i+1 Jyerd p(Blx, x4 nh])P|h|2

Apf ()P
I —/ / dzdh.
? h1>2 Joera p(Blx x—l—nh]) A2

The term I; can be bounded above as follows

; Ap f(x)|P
I < 92id A% dxdh
! Z/ i<|h|<2-7+1 /xERd pu(Blx, x + nh])P

JEN
< 92jd A,u,nf Pdedh
GZIVL_j<Ih|<2—j+1 /xeRd A, ()]
< 22jd AM7 h
g\]f i<|h|g2-i+1 H fHLp(Rd
- 2 (2794, RS
Jg\]/ i< |h|<2-H (f )
< Cq Y20 2 (g2 R,
JEN
So
<Oy S0 20670 wr(f, 276D, Ry, o
JEN

We next proceed with Ir. For every n € N* and z, h € R?

n

1) = S0 () o+ k).

k=0
So the convexity of t € R +— [¢|P yields

ARF@)P < Cuy Z( )it +

Moreover, as u satisfy property (P) from Definition 1.2 and nh/2 > 1, one has

C~' < w(B[z,z + nh)).

17



Embeddings and prevalent properties in inhomogeneous Besov spaces

Further,

" /n 1
IL<Cnp Y. <k> /2 2d/ Nf G+ kh)IPdadh
k=0 z€eR

<in| 1P|

o 753 10 ray AP
! k=0 <k> /2§h | 1|2 ||f||LP(]Rd)

- n
S C’n7p7d Z (k) Hf”Lp R4)
k=0

< Cnpd |70 a)- (3.11)

Combining the previous inequalities on I; and I, with the subadditivity of ¢ — t'/P, one gets
1/p

IN

1f | pogay + €7 | S 22070 wht(f,270-1 Ry
JEN

1/
”f”wf”@ﬁ)<(j,5d

< Copd ”fHB;:,p(Rd) :

We conclude that || f[lyga) S [1fll e, ra) ie. Bpp(RY) € WHP(RY).

3.3 Embedding of inhomogeneous Sobolev spaces into inhomogeneous Besov spaces

We prove now the converse embedding in (1.15) with the additional assumption that u € H(R?) is
almost doubling. To prove this result, we will show the following property:
For e € (0, 1), there exist a constant C. > 1 such that for all f € LP(R%),

Hf”Lp(Rd + ‘f‘B” Rd) s(HfHLp(]Rd) + ‘f‘W,LHs),p(Rd))- (3-12)
This yields WrP(RY) ¢ ] BY, T (RY).
0<e<min(sy,1)

Let us prove (3.12) for a fixed € € (0,1). Let f € LP(R%). One has by definition
ZQde” (f.279, R,

Jjd/p, ,m =7 RN ).
@127 Ry,

Then, using Lemma 3.1, we obtain

. . . 5 p
> 20k (f,27 RYD < Cyppe D 254 / | | / AR f(x)’ dxdh
JEN jEN 2-I<|h|<4n2-3 JRE
o ; (+2) P
< Cunpe Y3 2% / / A g )| dan
k=1jeN 279tk <|h|<2ith+L JRE
K
- ‘ AR f(x)[P
<C 927d / / A dxzdh,
= d,n,ILEZZ 9-tk<|hj<2-itkt1 JRd M(+a)(3[$,x+nh])p

k=1 jeN
with K, = |logy(4n)| = 2 + |logy(n)].
For a fixed j € N, for all k € {1,...,K,}, 277 K»=1 < 2i=k=1 Hence, for |h| < 277+ we have
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27 < 2Knt1p|=1 It follows that

Apf(x)P
2]d i 9—J Rd P < 2Kn+1 Cin / / | h dxdh
Z Wn f ) d,n,p,e Z Z ]+k<|h|<2—j+k+l R4 M("!‘S) (B[l‘, T+ nh])p|h|2d x

jEN k=1 jeN

nt(@)P
< Cyn 8/ / dxdh
it o<|nj<1 Jrd pFE) (Blz x—i—nh]) ||

AP p
< Cdnp / / | f( )’ dd:l?dh
T Jinjera Jra ) (Bla, @ + nh))P|h|?

We can conclude that

1£1l e Rd)+|f’B“ ®?) < Canpe(lfllpway + 1] Wi+ p(Rd ))-

Remark 3.4. Using Remark 3.3 instead of Lemma 3.1 above, one gets that

1fll e ey + | FlBe  may < Campe(Lf | Lo @ay + [ lwrme)-

So the & can be dropped in (3.12) and we obtain that for every p > 1, Bh,(R?) = WHP(R?)), as claimed
after Theorem 1.7.

4 Prevalent spectrum in b (10,19

We fix from now on ¢ € [1,+00] and an almost doubling capacity u € C([0, 1]¢) with supp(u) = [0, 1]¢
satisfying (P) and verifying the SMF (Definition 1.12). The local behaviour of elements of b]‘,fj;l’ ([0, 1]%) and
gg:;p ([0,1]9) is described via their pointwise Holder exponent, whose study is based on the characterisation
developed by Jaffard in [33].

Consider an integer n > LSQ + %J + 1 and wavelets (®, {U¥'},c.4) that belong to C™(R?) and have at

least n vanishing moments.

Definition 4.1. Let f € L (RY) for p € [1,+00]. Let (c\)xeaxra be the wavelet coefficients of f
associated with W. The wavelet leader of f associated with A € A is defined as

L = sup{len| : N = (j, k, 1) € A x L4, N < 3)}. (4.1)

Notation. Consider a function f € bty ([0,1]%). Following Definition 4.1, for = € [0,1]%, the wavelet
leader of f at scale j at x is denoted by

I f

with )\?(x) € A? the unique dyadic cube of generation j containing x (recall the definitions of Section 2).

The mention of f in the leaders might be omitted when the function is clear from the context.
The pointwise Holder exponent (1.2) can be expressed as follows (see [33, Proposition 4]).

Proposition 4.2. If f € C5(RY) for some ¢ > 0, then for every zo € RY, hy(xzo) < v if and only if

log L7 (o)
liminf ——~——= < r, and in this case
Jj—+oo log(2 7)

log L7 (o)

h = liminf —2-—=.
o) =B Togz9)
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. . TR}
4.1 A saturating function in b5°
To identify the prevalent properties of functions in 55;;’ ([o, 1]d), the classical strategy is to perturb
a countable family of prevalent sets with a saturating function whose multifractal structure is the one

S Aj X Ld,
u(X?)

~—

claimed to be generic. Let us consider the saturating function of [9, Section 6].
(4.2)

QN

Definition 4.3. Let us define, for every A = (j, k,l
g\ =

J

with the convention % = 0. The saturating function is 9, := Z DU
AEAX LA

From [9, Lemma 6.4], recalling the scaling function 7, (1.23), one has

Proposition 4.4. The function ¢, belongs to g&%([O, 11%) and its singularity spectrum is
oy, = T;po =0,
-1 9-Je+2108:() that converges. The singularity

=

The fact that ¢, € g&%([O, 1]9) is directly deduced from the definition of the norm (1.18) which gives
(=2 00,q,¥

that for every ¢ € (0,min(1,s1)), |9,
spectrum is deduced through the key property that for every x € (0,1)¢, hg,(z) = hy(x)
4.2 Lower bound of the pointwise Holder exponent in Egj;([o, 1]4)

Let us begin with the following result.

Lemma 4.5. For all f € b5 ([0,1]%), for every z € [0,1]%, hy(z) > h,(x).
(4.3)

Proof. Let us write the wavelet decomposition
J = co,04,00¥00d 00 + Z cf
AEAX LA

C.

f
C)

Let € € (0, min(1,s1)). Recall Definition 1.9. Since f € b’géf;”’([o, 1]9), for every j € N, sg<7s>’°° < 400
p(A) 27

sup sup

and one has
jGN )\EAJ' x La

()| 27,

c{‘ <C sup
AjrC3AY ()

For a fixed z € [0,1]¢, one has
= sup

!
L; (z) =
AC3A ()

Recall that p satisfy property (P) with 0 < s7 < s2. Hence, setting M = L%J + 1, (2.2) gives that for

every j' > Mj, if Ay C 3)\?(95)
() 2i's < CoI's1me) < Coils2e) < 2 ,u()\;l(x)) 27¢,

For j < j' < M}, using that u is a capacity, one has
i) 27 < u(hy) 29 < (3N (a)) 2%,
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The almost-doubling property of u gives that there exist ¢, : [0,1) — R4, such that lim; 4o % =0,
for which (1.8) applies. Considering r = 277, one has M(S)\?(az)) < e®u(7) ,u()\?(x)). Combining this with
the last two inequalities gives, for large js,
LY(z) < C max(C? 2%, o7 2Miz) jy(\d(2)) < C'e?n® ) 2Mie 1y (\Y(2)).

Hence, for all j € N large enough

log L;(x) <logC + ¢,(277) + log u(/\;l(:c)) + log (2M7%)
and

logLf(m) - log C N bu(277) IOgN()\?(@"))

log(277) ~ log(277) = log(277) = log(277)
Taking the liminf;cy on both sides gives hy(z) > b, () — Me. Since this holds for all ¢ € (0, min(1, s1)),
one concludes that hy(x) > h,(z). O

— Me.

Remark 4.6. In Lemma 4.5, one can replace Zggf;([o, 1]9) by b&%([o, 1]9), by simply setting e to zero in

all the computations.

4.3 Proof of Theorem 1.14

The key result to obtain the prevalent value of the singularity spectrum of functions in Z&%([O, 1]9) in

Theorem 1.14 is the following:

Proposition 4.7. The set
Fr={rebt(o.1)?) : voe0.1), hi(@) < hulx) (4.4)
is prevalent in b2y ([0, 1]7).

The proof of Proposition 4.7 is postponed to Subsection 4.3.1. For the moment, we admit it and

explain how this allows us to deduce Theorem 1.14.

Proof of Theorem 1.14. Using Lemma 4.5 and Proposition 4.7, for all f € F*, for every z € [0, 1]¢,
hy,(z) < hy(x) < (). (4.5)

Fix h € R;.
Step 1: let us start with the upper bound oy < o,. By (4.5), one directly gets

E(h) C{z €R? : hp(x) <h} C{w €R? : h,(2) < h} = Ex(h),
Ef(h) c {z €R? : hp(x) > h} C {z €R? : h,(z) > h} = E, ().
We now apply Proposition 2.3 to p which satisfies the SMF, therefore
o if h < 7,(0%), (ii) gives
o5(h) = dimy (Eg(h)) < dimp (E5(h)) = 7:(h) = 0,(h),

o if 7/,(07) < h < 7,(07), with (iv), one has o¢(h) < d = o,(h),
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e if h>7/(07), (i7i) gives
o(h) = dimy (E;(h)) < dimy (Ef(h)) — 75(h) = o,(h).

Hence one gets the upper bound.

Step 2: let us move to the lower bound of > o,. For all x € E,(h), by Definition 2.1, one has
h,(z) = hu(z) = hy(x). Thus, by (4.5), one deduces hy,(z) = hy(x) and E,(h) C E¢(h). Finally,
Proposition 2.3 gives

oy (h) = dimpr (E;()) > dimy (B, (1)) = 0, (h).

4.3.1 Prevalence property of the auxiliary set F*
We want to show that (F*)E = % (0, 1))\ F* is shy. The set (F*)E can be written as
(7 = {1 e b0, + 3w € 0,17 hy(@) > Fu(@) }
We simplify the problem by including the complement of F* in a countable union of simpler ancillary
sets. For p € N*, 4 > 0 and M = (M3, My) € (N*)2, let
3z € [0,1]4,
OraM = f e V(0,117 ¢ WA = Gk D) € Ax L9, [ef | < My 2797 (14270 — k)
Vi > My, p(X;(x)) 2 2770717

Remembering Proposition 2.6, the sets OP"M shall be understood as the set of functions in b4y ([0, 1]%)
such that for some z € [0,1]¢, f € C7(z) and simultaneously the p-mass of the dyadic cubes \;(x) is
!

¢ (T
bounded below. This two properties will allow us to control the ratio u(;]i((:c)))
J

Proposition 4.8. One has

(]:N)CC U U U OPM

peEN* veQ4 Me(N*)?
: 1\C _
Proof. We write (FH)” = U Fp, where
peEN*
~ — 2

Fy= {7 BB + 30 € 011 hy(o) -l > 2
Supposing that f € Fj, there exists v € Q4 and = € [0,1]? such that hy(x) > v and hy(z) <y — %. Using
(2.6) of Proposition 2.6, one has

hy(z) >y = f € C(z)

— 3M; €N, V\; = (j, k,1) € A x L%,

of,| <M 27 (14 27 — k)
In addition, by (2.1), one has

— 2 1 Aj 1
h#(x)gfy—]—Q:HMQeN, sup M<7——

j>M, log277 T P
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= dMs € N, Vj > Mo, /,L()\j(gj)) > 9—i(v=1/p)
Hence, f € OP""M with M = (M, My). One gets that if f ¢ F*, then there exists p € N*, f € F5. Then,
for p € N*, there exists v € Q4 and an M = (My, M) € (N*)? such that f € OPM, o

To use the prevalence theory, it remains to prove the universal measurability of @M Analytic sets in
Polish spaces are defined as continuous images of Borel sets. Unfortunately, as we work with E&%([O, 1]%)
which is not separable, we cannot use the Polish spaces characterisation and have to consider a more
general definition, from Choquet [14], valid for any Hausdorff topological space X endowed with a Borel
o-algebra B(X).

Choquet’s capacitability theorem [14, Theorem 30.1] with the following definition of analyticity [14,

Theorem 5.1] give the right setting, as was observed in [4].

Definition 4.9. For a compact topological space K, the collection of its closed subsets is written K. Let
(B(X) x K)ss be the collection of countable intersections of countable unions of sets that are Cartesian
products of a Borel set in X and a closed set in K.

A set A C X is said to be analytic if there exists a compact space K and T € (B(X) x K)ys such that

A=mn(T) (4.6)
with m: X x K — X the canonical projection map mw(x,y) = x.
Then Choquet’s capacitability theorem yields the following theorem.
Theorem 4.10. FEvery analytic set of a Hausdorff topological space is universally measurable.
By Theroem 4.10, the universal measurability of OPYM is equivalent to its analyticity.

Proposition 4.11. Let p € N*, M € (N*)? and v € Q;. The set OPY"M s universally measurable in
bhzq ([0, 1)9).

Proof. We are going to prove the analyticity of OP""M by taking the right sets X, K and 7 in Definition 4.9,
then writing it as 7(7"). Denote X := (g’éoq;([O, l]d),d> with d defined in (1.20) and K := ([0,1]%, ||/ )-
Step 1: For A\j = (j,k,1) € A x L% let us introduce the maps ®x;5 ¢+ X X K — R defined as
oa; ¢ (fyz) = My 277 (1+ 1272 — k:|)7 - ‘cﬁj‘
:(f,z) —~ inf , ).
6:(fa) = nt . x(f,a)
Lemma 4.12. Each ¢y, is continuous on X x K.

Proof. Let e > 0. Recalling (1.20), for any f,g € X such that d(f,g) < e, one gets that, for any
n := |max(1, sl_l)J +1,

(=1/n) ¥

i Hf—gHbgw
L [f = gll, =m0
o0,q

<E.
This induces that || f — gHbH(,l/n)& < 2"e. By definition of H-||bu(,g)7q, in Remark 1.10, || f — g, < 2"e.
c0,q 0,49
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The application f € X — c{j = < 1 \Il,\j> € R is a scalar product between f and a fixed wavelet
Uy, With the classical remark that <f, \If)\j> < [flls H‘I’/\jHI, f— cf\cj is continuous. So the mapping

(f,z) — cf\c_ is continuous and so is ¢, as a sum of continuous functions. O
J

Step 2: Denote

log u(X)) 1 } . (4.7)

iy — = i P <y — =
Du(j,v —1/p) {)‘] €A log(2=7) =
Let us introduce
T :=¢ "([0,+0) (V[ X x N U
J>Ms X\eD,, (j,y—1/p)

Lemma 4.13. The set T belongs to (B(X) X K)4s.

Proof. First, it is straightforward from the definition that, for all A € A, X x A € B(X) x K, so taking a

countable intersection of compact sets,
xXx U  Ae®BX)x K.
J2M2 AeDy(j,y—1/p)

Let n € N and m € Z and consider
Fy,(nym) = {f € Bly((0,1]) : ¢ €27"[m,m +1]}.

Since 27" [m, m+1] is a closed interval, F),(n,m) is closed as the preimage of a closed set by the continuous

function f — c{j. Next, let us define

Xy, (n,m):=qze0,1]?:  sup ¢y (f,2) >0
fEF)\j(TL,m)

Observe that when f ranges in Egg?;([o, 1]4), all possible values of cf\cj € 27" [m, m + 1] are reached. Hence,
one can rewrite Xy, (n,m) as
X, (n,m) = {x € [0,1] : max M 277 (14202 — k)7 — |¢| > 0} :
c€ 27" [m,m+1]

The max can be in turn rewritten

Xy, (n,m) = {;1: c[0,1)% : Jee2 " mym+ 1), My 2797 (1422 — k)" = |c| > 0}.
Denoting the mapping v : (z,¢) € RY x R — My 2797 (14 |27z — k|)” — |c| € R, one has, for 7(z,c) =
the projection on the first coordinate,

Xy, (n,m) =7 (U—I(R+) N ([0, 1]¢ x 27"[m, m + 1])) .
The mapping v is continuous from R? x R to R, so v~ (R;) N ([0, 1]¢ x 27"[m, m + 1]) is compact. As the

projection is continuous, Xy (n,m) is also compact.

Lemma 4.14. One has
¢;j1([0’ —l—OO)) = ﬂ U F)\j (nam) X X)\j (n7m)

neNmeZ
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Proof. First, let us prove that gb;jl([(), +09)) C Mpen Umez Fr; (n,m) x Xy, (n,m).

Let (f,z) € qb;jl([(), +00)). Then every n € N, there is an integer m € Z such that cij € 27" m,m + 1]
and so f € F);(n,m). In addition, ¢y, (f,z) > 0, so SUPgeFy (n,m) éx; (9,7) = 0 and z € Xy, (n,m).
Hence (f,x) € Fy;(n,m) x Xy, (n,m).

Next, let us prove the converse inclusion d);jl([(), +00)) D Mpen Umez Fr; (n,m) x Xy, (n, m).

Let (f,2) € Npeny Umez F,; (n,m) x Xy, (n,m). Then for all n € N, there exist an m € Z such that
f € Fx;(n,m) and v € Xy;(n,m).

One has c{j € 27"m,m+ 1] and SUPgeFy  (n,m) ¢x; (9,2) > 0. One deduces

Sup ¢Aj (9733) - gb/\j (f7 .fL') < sSup ’qb)\j (gvl‘) - ¢)\j (f,ﬂf)’

gEF)\]. (n,m) gEFAj (n,m)

< sup ’0‘;’\_ — cf\c’ <27m,
gePy (nam) | 0

As, this result holds for all n € N, one deduces that ¢, (f,z)>0 O

Hence, qﬁ;jl([(), +00)) € (B(X) x K)y5. We deduce that ¢~1([0,400)) = MNyeaxre @y ([0,+00)) also
belongs to (B(X) x K),s. This proves that the set 7 indeed belongs to (B(X) x K)4s. O

Step 3: By Definition 4.9, the canonical projection map 7 : (r,y) € X x K — x € X gives that
n(T)i={feX : ek (f2)€¢ ' (10,+)) and ¥j > My, p(As(x)) = 2770710}
is analytic in the space (X, B(X)).
Step 4: To conclude, notice that one can rewrite
OPYM — (7).

This yields that OP"M is analytic and thus universally measurable. O

As the sets OP'M are universally measurable, prevalence theory is now used to show the shyness of
(F “)E through the shyness of OP7"*_ To do so, the classical method is to use a finite dimensional subspace
P and the Lebesgue measure restricted to a compact subset of P as a transverse measure.

Let d; be an integer such that

d < dy/2p. (4.8)

Definition 4.15. Consider the saturating function ¢, whose wavelet coefficients are gy (see (4.2)).
Let P = Vectij—1,_ 4, (gq(l)) C b ([0,1]%) where gq(l) is the wavelet series whose wavelet coefficients
gf\l) are defined in the following way: for every A = (j,k,1) € A x {0,1},
(4) gr ifj (mod dy) =1,

g\ = (4.9)
0 else.
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Take an arbitrary f € E&%([O, 1}d), define the function f# by
R& f+P
B = fP=fayh g9l
f

Denote ¢y (resp. cf) the wavelet coefficient of f (resp. f#) and LJ; (resp. Lf) the associated wavelet

(4.10)

leader.

Proposition 4.16. For any function f € by ([0,1]%), the set {B eRL: fPe OP’V’M} has dy -dimensional

Lebesgue measure Lg, zero.

Proof. Let us rewrite {5 eRY: fBe Op’%M} as

3z € [0,1]4,
Bi={BeR . VA =(jkI)eAx L, ’cfj‘ < My 2797 (14 |2z — k|)”
and Vj > Ma, p(\j(x)) >2770-1/p)
We start with a technical lemma.
RO —

R
Lemma 4.17. The mapping 18 measurable.
B8 1p(8)

Proof. We will use the notation and function from the proof of Lemma 4.13.
Let ®: (8,x) — inf Ry (f%,2). The map ® is Borel on R% x [0,1]¢ as an infimum of countably
AjEAXL

J
many continuous functions. One sees that

By = {5 eRY . Fre (0,14, ®(B,xz) >0 and Vj > My, u(\i(x)) > 2*]'”*1/?)}.

This set can be rewritten as

By =7 | & ([0,+00) ()[R x U ). (4.11)

J>Ma XeDy(j,y—1/p)

where 7(3, z) = (3 is the canonical projection on the first coordinate and D, (j,7—1/p) is defined by (4.7).
Since the set in brackets in (4.11) is a Borel set, By is analytic by Definition 4.9. By Theorem 4.10, it is

also Lebesgue-measurable. O
We are ready to prove that the set B; has dj-dimensional Lebesgue measure L4, zero. For any
Ao := (Jo, ko, lo) € A, denote
dx € Ao,
Birg ={BERY : VA =(j,k1)€AxL, cfj‘ < My 29 (14 |2z — k)7 Y. (4.12)
and Vj > My, p(\j(x)) >2770-1/p)

By = limsup U Bra, = ﬂ U U B xo- (4.13)

70 (josko.lo)EA JEN* Go>J (jo ko,lo) €S,

so that

Let us show that L4, (Bf) = 0 by establishing an upper bound for each Ly, (By,5,) and using the Borel-
Cantelli lemma. One can ensure that jp is large enough so that jo > Ms + dy. Suppose that g and 5
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belong to a same By ),. There exist xg, T € X0 C R? such that for every j € N*,

Cﬁ ’ S M1 27j'y (1 + ‘le'g — kj B‘)W (4.14)

s » : -
’c)\j(xﬁ)’ <M; 2777 (142723 — kjpg|)’  and X (25)

for kj g and k; 5 the multi-integers associated respectively to A; (x) and )\j(xg).
For every j € {jo — di,...,jo — 1}, one has \j(zg) = Aj(25). Let us denote Xj = A\j(zg).
Using zg, T5 € Ao C Aj and (4.14), one deduces that there is a constant C' > 0 depending on M, jo, d;

A < C 2797 and A < C 279,
Aj Aj

From all this, we deduce that, for j € {jo —di,...,jo — 1} and i such that j (mod d) = 1,

] - 08) (s 15)

and 7 such that, for every j € {jo —di,...,j0 — 1},

< |2 | +|& | <20 9-lo=di),
Aj j
So, by (4.2) and (4.9),
~ 9—(jo—d1)y
Bi—Bi| <20 ———~.
j_2/q I ()\])

As for every j € {jo — di,...,j0 — 1}, one has j > Ms, then p (%) > 2790r=1/P) " and we deduce that
m (XJ) > 9=jo(7=1/p)

Going through all j € {jo — d1,...,jo — 1} induce that for every i € {1,...,d;}, one has

- 9—(jo—d1)y 9—(jo—d1)y _ (1 2loga(ip)
Bi = Pi| = 2C - 2/q 9—jo(v—1/p) SQng/q 9—jo(v—1/p) <20 217 2 ]O<p @ Jo )
= (o (=
Considering jp large enough, one gets that for every i € {1,...,d;},
Bi — Bi| < C 2790/,

This means that the distance between two elements of By, is at most 2770/% up to a universal constant.

Hence, the volume of By ), is given by
La,(By,) < C 2790/,

Summing over all the 240 dyadic cubes for kg € {0,...,2%}¢ at scale jo gives

Lg, U By, | <C 9do(d—d1/2p)

d
ko erO

Because of our choice (4.8), d < d;/2p so the Borel-Cantelli lemma implies that

Ly, |limsup (] By, | =0.

Jo—00 d
ko EZjo

Finally by (4.13), one concludes that L4, (B) = 0, which is the claim of Proposition 4.16. O
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We can now conclude regarding the shyness of the sets OPM .
Proposition 4.18. For every p € N*, M € (N*)? and positive rational vy, the set OPYM s shy.

Proof. Let ¥ = Gy L4, be the push-forward measure of the di-dimensional Lebesgue measure by

0,1]% — P
G:{ PR (419)

This measure is supported by a compact set of P C E&%([O, 1]9).
Fix any f € bty (]0,1]%). Using Proposition 4.16, for d-almost all F € P, f + F ¢ OP7"M  Hence for
any f € 5’;5%([0, 1]9), the set {f + OP"M} has ¥-measure equal to 0, i.e.,

I{f + 0P M) =0,

Since it is true for any f € by ([0, 1]%), the set OPM s shy. O

Using Proposition 4.8, the set (]—"“)[J is shy as it is a subset of countable unions and intersections of

shy sets. This yields that F* is prevalent, proving Proposition 4.7.

5 Extensions

We have identified the singularity spectrum for a prevalent set of functions in the case p = oo. This
leaves the finite case p < oo for which the conjectured result is the analog of the result by Barral and
Seuret for Baire typical function in g&%([(), 11%) 19].

Conjecture 5.1. Let p be an almost doubling capacity on [0,1]¢ satisfying (P) and verifying the SMF,
let p,q € [1,+00]. Consider the mappings

=t (2 t) ifte(—oo, *
Tup(t) = poH (pft ) A r) and 6p:a€ [TL(—}—OO),TL(—OO)] — o+ M. (5.1)
d if t € [p,+00) p
For all f € b=F([0,1)),
0=t(h)=71:,(h) ifh <7, (0
O'f(h) < JH( ( )) Tu,p( ) Zf = T/j,p( ) (52)
d if h > 1,,(0).
In addition, there exists a prevalent set of functions f € gg,’gp([(), 1)%) satisfying oy = 0, (071(-)) = 75,

A second possible extension is to relax the hypothesis of Theorem 1.14 to include capacities that are

not almost doubling, such as the Bernoulli multinomial measures and multiplicative cascade.
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