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 A B S T R A C T

Advanced numerical simulations often rely on mesh refinement techniques to control discretization errors while 
limiting computational cost. In parametric studies, however, repeatedly adapting the mesh for each operating 
condition can lead to significant overhead. To address this issue, we introduce the Error-based Mesh Selection 
(EMS) method, and its practical variant approximate EMS (A-EMS), which selects, for any given condition, a 
mesh from a precomputed library expected to minimize the discretization error.

The method relies on Gaussian process models of restriction errors to predict, without additional model 
evaluations, the error associated with each library mesh. While EMS is formulated in a general setting, A-
EMSrequires suitable projection operators and error estimators, which may limit its applicability depending 
on the discretization framework.

The approach is assessed on an analytical oblique shock problem and on a supersonic scramjet configu-
ration. In both cases, A-EMSachieves mesh selections close to the optimal choice, significantly outperforming 
distance-based strategies. In the scramjet test case, the average computational time per evaluation is reduced by 
a factor of approximately 6 compared to systematic mesh adaptation, while maintaining comparable accuracy. 
A library of about 32 meshes is sufficient to achieve the prescribed accuracy.

Accounting for the cost of constructing the mesh library, the method becomes advantageous after a few 
tens to a few hundred evaluations, depending on the library size. These results demonstrate that A-EMSis 
particularly well suited for large parametric studies, such as uncertainty quantification, where the number of 
evaluations is high.
. Introduction

Numerical simulations based on nonlinear physical models aim to 
rovide accurate predictions by solving discretized governing equa-
ions. For steady problems, the quality of the numerical solution 
rimarily depends on the spatial discretization of the computational 
omain. Resolving small-scale solution features typically requires lo-
ally refined meshes, while uniform refinement is computationally 
rohibitive. Mesh adaptation is therefore essential, yet the lack of 
 priori knowledge of the solution structure prevents prescribing an 
ppropriate mesh beforehand.
Adaptive Mesh Refinement (AMR [1–3]) addresses this issue by 

teratively adjusting the mesh resolution according to solution scales 
stimated on successive meshes. Combined with robust error estimators 

∗ Corresponding author at: DAAA, ONERA, Institut Polytechnique de Paris, 92190 Meudon, France.
E-mail address: hugo.dornier@onera.fr (H. Dornier).

and refinement criteria, AMR enables the construction of meshes that 
meet accuracy requirements at controlled computational cost, and has 
been successfully applied to a wide range of complex problems [4,
5]. However, AMR incurs additional cost due to repeated solves, er-
ror evaluations, and mesh generation steps. This overhead becomes 
substantial in parametric, optimization, or sensitivity studies where 
many conditions must be evaluated [6–8]. For AMR methods, efficient 
strategies have been proposed to reduce the cost of each individual 
adaptation [9,10], without eliminating the need to iteratively adapt 
every mesh. To alleviate this burden, one would ideally employ a 
single mesh across all conditions. A common approach is to adapt 
the mesh to a nominal condition (Nominal Mesh Adaptation, NMA), 
but when the solution is highly parameter-dependent, this may lead 
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to large errors compared with systematic adaptation [11,12]. Adjoint-
based enrichments [13] partially extend the validity of nominal meshes 
but remain fundamentally local and cannot guarantee error control 
when solution structures vary markedly with the parameters.

Alternative strategies aim at constructing a single mesh representa-
tive of several conditions. In [14], local mesh metrics obtained from 
independently adapted meshes were combined to generate a unified 
mesh. This approach is more robust than nominal adaptation, though 
its performance depends on the choice of construction conditions. More 
recently, Mean Mesh Adaptation (MMA [15]) was introduced to control 
the average error over a continuous parameter set via Monte Carlo 
estimates. MMA performs well when refinement remains confined to 
limited regions of the domain; however, when solution features shift 
widely across the domain, the method yields near-uniform meshes and 
becomes less efficient than systematic AMR. Overall, methods relying 
on a single mesh are inherently restricted to problems with relatively 
stable solution structures.

The present work adopts a different perspective by considering 
multiple meshes, each adapted to a specific condition. These adapted 
meshes, together with their solutions and parameter values, form a 
library assumed to be given. We propose an Error-based Mesh Selection 
(EMS) method called Approximate EMS or A-EMS that, for any new 
condition, selects a priori the mesh from this library expected to yield 
the smallest error.

EMS is inspired by quantization theory [16,17], which maps high-
dimensional input data onto a finite codebook. Specifically, EMS par-
allels vector quantization techniques that partition a domain by min-
imizing a metric, as in clustering methods (e.g., 𝑘-means). Here, the 
mapping assigns each condition in a continuous parameter space to one 
mesh in the library while minimizing the associated discretization er-
ror. Assuming the availability of projection and interpolation operators 
between the approximation spaces, as well as a computable a posteriori
error estimator, A-EMS constructs error models for each mesh directly 
from the library. A key advantage is that no additional flow solutions 
are required during the selection phase.

The remainder of the paper is organized as follows. Section 2 
reviews the discretization framework, the class of problems considered, 
and the mesh adaptation strategies relevant to this work. Section 3 
introduces the EMS formulation and the proposed approximation (A-
EMS) strategy. Section 4 presents an analytical computational fluid 
dynamics (CFD) test case involving a supersonic oblique shock with 
exact solution available to finely investigate the method’s performance. 
Section 5 extends the study to a realistic supersonic scramjet configura-
tion [18], demonstrating the robustness and practical relevance of the 
approach.

2. Background materials

The EMS method proposed below is largely independent of the spe-
cific numerical schemes and adaptation strategies employed to obtain 
the discrete solutions and generate the adapted meshes. In this section, 
we state the general requirements for these methods to be compatible 
with EMS and introduce the notations used throughout the article.

2.1. Mesh and discrete solution

We consider a fixed domain 𝛺 ⊂ R𝑑 , 𝑑 ≥ 1, with boundary 𝜕𝛺. Let 
𝑢(𝑥) ∈ (𝛺) denote the unique solution of the problem, which satisfies 
the equations 
𝒫 (𝑢) = 0, (1)

Here, the operator 𝒫  encompasses both the governing equations and 
the boundary conditions. The solution space (𝛺) depends on the 
particular problem and is assumed to be equipped with a norm ‖ ⋅ ‖ . 
In what follows, the dependence of  on 𝛺 is omitted for convenience.
2 
To solve (1), we employ a discretization of 𝛺 represented by a 
mesh . Without loss of generality,  is defined as a collection of 
non-overlapping computational elements 𝑐𝑖 that partition 𝛺:

𝛺 =
⋃

𝑖∈
𝑐𝑖, ∀(𝑐𝑖, 𝑐𝑗 ) ∈ 2 𝑐𝑖 ∩ 𝑐𝑗 = ∅ for 𝑖 ≠ 𝑗.

This definition encompasses, for instance, the finite-volume (FVM) and 
finite-element (FEM).1 As is standard in the literature, ℎ() denotes the 
size of the largest computational element, ℎ() = max𝑐𝑖∈ |𝑐𝑖|, while 
|| denotes the number of computational elements in the mesh. We 
introduce the approximation space  ⊂ (𝛺) constructed on the mesh, 
and denote by 𝑢 ∈  the discrete solution. The dimension of the 
approximation space, dim( ), is typically larger than ||, even for 
scalar problems.

We assume that the discrete problem is well-posed with a unique 
solution, and that ‖𝑢 − 𝑢‖ → 0 as ℎ() → 0.

In practice, it is neither possible nor desirable to let ℎ() tend 
to zero to achieve a sufficiently accurate solution. A more effective 
strategy is to control the size of individual computational elements to 
attain a prescribed accuracy with minimal computational effort. For the 
discussion that follows, we assume that the objective is to control the 
approximation error measured in the 𝐿2(𝛺) norm: 

𝜀2 = ‖𝑢 − 𝑢‖

2
𝐿2(𝛺) =

∑

𝑐𝑖∈
‖𝑢 − 𝑢‖

2
𝐿2(𝑐𝑖)

. (2)

However, error control based on other error definitions may also be 
considered. For instance, in goal-oriented adaptation, one may wish to 
control the error,
𝜀 = |

|

𝛷(𝑢) −𝛷(𝑢 )|
|

,

where 𝛷 ∶  ↦ R is a quantity of interest.

2.2. Adaptive mesh refinement (AMR)

Mesh adaptation aims to determine a mesh  that (approximately) 
minimizes the mesh size || while satisfying the error condition 𝜀 ≤
𝜀ad, where 𝜀ad > 0 is a prescribed target error. Here, we assume that 
the computational cost of obtaining 𝑢 increases monotonically with 
dim( ), which is proportional to ||.

In AMR methods, a sequence of refined meshes (0),(1),…  is con-
structed until the error criterion is satisfied. In the simplest algorithms, 
the current mesh (𝑘) is refined to (𝑘+1) by subdividing selected 
computational elements, so that (𝑘) ⊂ (𝑘+1) . A criterion is required 
to prioritize the elements that need refinement and to avoid refining 
elements 𝑐𝑖 that already contribute little to the error. A common choice 
is to select for refinement a subset comprising a fraction 𝛼ad of the 
computational elements in (𝑘), with 0 < 𝛼ad < 1, based on the local 
error contributions.

For instance, in the case of the 𝐿2 error norm in (2) and a scalar 
solution 𝑢, the decomposition reads 

𝜀2(𝑘) =
∑

𝑐𝑖∈(𝑘)

𝜀loc(𝑘) (𝑐𝑖)
2, 𝜀loc(𝑘) (𝑐𝑖)

2 = ‖𝑢 − 𝑢(𝑘)‖
2
𝐿2(𝑐𝑖)

= ∫𝑐𝑖
|𝑢 − 𝑢(𝑘) |

2𝑑𝑥. (3)

In practice, the exact solution 𝑢 is unknown, and estimators ̂𝜀 of 𝜀 are 
introduced, for instance using a posteriori error estimation [2,19–21]. In 
the case of goal-oriented adaptation, an additional adjoint problem may 
need to be solved to estimate the contribution of each computational 
element to the error.

Once the fraction 𝛼ad of computational elements carrying the highest 
estimated error 𝜀(𝑘)  is determined, the next mesh (𝑘+1) is generated 
through a refinement procedure. Various types of refinement can be 

1 The proposed method could also be applied to other discretization meth-
ods, e.g. finite-difference and discontinuous Galerkin, provided that error 
estimators are available.
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employed. One approach is to subdivide the selected elements 𝑐𝑖, 
possibly including some neighboring elements to maintain a smooth 
variation of cell sizes |𝑐𝑖| and ensure mesh quality. More generally, 
isotropic or anisotropic metrics can be defined to constrain the local 
sizes of the computational elements in the refined mesh (𝑘+1), in 
which case the nested character of the meshes and approximation 
spaces may no longer hold.

During the iterative process, the parameter 𝛼ad plays a crucial role. 
For small values of 𝛼ad, only a few elements are refined at each itera-
tion, so that (𝑘) and (𝑘+1) differ only slightly. Many iterations may 
then be required to obtain a mesh satisfying the target error 𝜀ad, but 
the resulting mesh will be sharply adapted. In contrast, for larger 𝛼ad, 
more elements are refined per iteration, which may yield a mesh that 
is less sharply adapted, though it can be reached in fewer iterations. In 
the present work, we assume that 𝛼ad is chosen appropriately to ensure 
well-adapted meshes and stays fixed throughout adaptation.

The structure of the AMR algorithm is summarized in Algorithm 1.

Algorithm 1 AMR algorithm.
Require: (0), 𝜀ad, 𝛼ad
1: Set 𝑘 = 0
2: Compute 𝑢(𝑘)  and local error estimates ̂𝜀loc(𝑘) (𝑐𝑖) ⊳ Using Eq. (1) 
and Eq. (3)

3: while ∑𝑐𝑖∈(𝑘) 𝜀loc(𝑘) (𝑐𝑖)
2 > 𝜀2ad  do

4:
 

Flag the 𝛼ad|(𝑘)
| elements with highest error estimates

5:
 

Refine the flagged elements of (𝑘) to generate (𝑘+1) ⊳ Here, 
an isotropic subdivision

6:
 

𝑘 ← 𝑘 + 1
7:

 
Compute 𝑢(𝑘)  and local error estimates ̂𝜀loc(𝑘) (𝑐𝑖) ⊳ Using Eq. (1) 
and Eq. (3)

return (𝑘), 𝑢(𝑘)

2.3. Present methods

As outlined in the introduction to this section, EMS is rather in-
dependent of the specific numerical methods employed for problem 
resolution and mesh refinement; this includes the type of mesh and ele-
ments used (structured or unstructured). Nevertheless, specific choices 
were made for its implementation and testing in this work. To investi-
gate the performance of the EMS method, we consider CFD problems, 
and more specifically, supersonic inviscid configurations. These con-
figurations are particularly challenging for studies involving variable 
conditions, as they feature localized phenomena such as shocks and 
expansion fans that are highly sensitive to boundary conditions. Con-
sequently, this study employs a standard finite volume method (FVM) 
on unstructured polyhedral meshes, combined with a first-order Roe 
scheme [22], which ensures stable handling of solution discontinuities 
such as shocks while maintaining a satisfactory level of accuracy. The 
local error estimator guiding the adaptation process is based on an a 
posteriori estimation of the interpolation error on 𝑢 . The specific es-
timator used here is a piecewise constant interpolation error estimator 
derived from our previous work [15], tailored for piecewise constant 
schemes such as the Roe scheme employed in this study. The error in a 
given cell 𝑐𝑖 is defined in Equations 3 and 4 of [15]. More generally, for 
𝑛th order schemes, the interpolation error estimate relies on the (𝑛+1)th 
derivative of the solution.

For adaptation, we adopt a standard isotropic subdivision strategy, 
in which cells marked for refinement are subdivided into 2𝑑 sub-
cells. A smoothing procedure is then applied to the resulting mesh 
to ensure a gradual evolution of cell sizes, so that the difference in 
refinement level between two neighboring cells does not exceed 1. 
This approach produces a sequence of nested meshes (𝑘) starting from 
an initial coarse mesh (0), which can be conveniently represented 
using a tree structure. This structure can be efficiently exploited for 
3 
compact adaptation procedures, storage, and various operations such as 
initial solution transfer, similarity measurements, and multi-resolution 
computations. Finally, we note that mesh coarsening is not considered 
in this study.

3. Error-based mesh selection

In this section, we extend the problem of predicting 𝑢 to multiple 
conditions. We introduce a vector of parameters 𝑞 ∈  ⊆ R𝑑𝑞  that 
defines these conditions. For example, 𝑞 may parametrize boundary 
conditions, model constants, or external forcings. Let 𝜇 denote the 
probability measure of 𝑞, such that

E𝑞 [𝑓 (𝑞)] = ∫
𝑓 (𝑞)𝑑𝜇(𝑞),

for any quantity of interest 𝑓 (𝑞).
We restrict ourselves to a fixed computational domain 𝛺 (inde-

pendent of 𝑞) and denote by 𝑢(𝑞) ∈  the solution satisfying the 
parameter-dependent problem 
𝒫 (𝑢, 𝑞) = 0. (4)

We assume that (4) is almost surely well-posed, and denote by 𝑢 (𝑞) ∈
 and 𝜀 (𝑞) the discrete solution and associated error corresponding to 
its resolution on a mesh .

3.1. Library of meshes

In the following, 𝑞 denotes the mesh adapted to 𝑢(𝑞), i.e., to the 
resolution of (4) for a given 𝑞. The mesh 𝑞 is constructed such that 
the estimated error 
‖𝑢(𝑞) − 𝑢(𝑞)(𝑞)‖ ≈ 𝜀(𝑞)(𝑞) ≤ 𝜀ad. (5)

Instead of computing 𝑞 for each queried parameter 𝑞 ∈ , or using a 
single mesh  for all 𝑞, we propose to address the problem by selecting 
a mesh from a finite library of 1 < 𝑁L < ∞ meshes.

Let {𝑞𝑖, 𝑖 = 1,… , 𝑁L} be a set of distinct parameter vector values 
in . For each 𝑖 = 1,… , 𝑁L, we define 𝑖 ≐ (𝑞𝑖) and 𝑢𝑖 ≐ 𝑢𝑖

(𝑞𝑖). 
The task considered in this section is then to select the appropriate 
mesh 𝑖 from the library to approximate the solution 𝑢(𝑞) for a queried 
parameter 𝑞 ∈ .

Assuming that a mesh 𝑖 is suitable in the neighborhood of 𝑞𝑖, a 
simple approach for mesh selection relies on the parametric distance. 
Specifically, we choose the mesh 𝑖dist  with index 𝑖dist given by 

𝑖dist ∈ argmin
𝑖∈{1,…,𝑁L}

𝑑𝑊 (𝑞𝑖, 𝑞), (6)

where 𝑑𝑊  is the weighted Euclidean distance on R𝑑𝑞 , 
𝑑𝑊 (𝑞, 𝑞′)2 = (𝑞 − 𝑞′)𝑇𝑊 (𝑞 − 𝑞′), (7)

where 𝑊  is a symmetric positive definite matrix. Since the components 
of the vector 𝑞 may correspond to different physical quantities, the 
matrix 𝑊  is essential for properly scaling these quantities. Transfor-
mations that map the components’ ranges to the unit interval do not 
reduce 𝑊  to the identity matrix, as the distance would still depend on 
the parametric ranges. In the following we refer to this first approach as 
Distance-based Mesh Selection (DMS). In practice, 𝑊  should be fitted 
to the specific problem under consideration, a task that can require 
considerable effort and may yield limited efficiency. This observation 
motivates the development of a more robust approach in the remainder 
of this section.

3.2. Error-based mesh selection

We formulate the problem in terms of a policy p ∶  → {1,… , 𝑁L}
that aims to minimize the resulting approximation error 
𝜀 (𝑞) = ‖𝑢(𝑞) − 𝑢 (𝑞)‖. (8)
p(𝑞) p(𝑞)
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The solution 𝑢p(𝑞)
(𝑞) represents the approximate solution of the prob-

lem with parameter 𝑞, computed on the mesh from the library selected 
by the policy at 𝑞.

To determine the optimal policy, we must specify the class of 
policies under consideration and clarify the sense in which optimality 
is defined. Since 𝑞 is a random variable and the error is non-negative, 
any moment of its distribution could serve as a valid criterion. A natural 
choice is to minimize the mean error for the policy: 

(p) = E𝑞

[

𝜀p(𝑞)
(𝑞)

]

. (9)

However, evaluating the performance of a policy typically requires 
computing the error for many values of 𝑞, which makes this approach 
impractical.

To derive an alternative approach, we observe that for any policy 
p, a lower bound on the mean error in (9) is

(p) ≥ E𝑞

[

min
𝑖=1,…,𝑁L

𝜀𝑖
(𝑞)

]

, 𝜀𝑖
(𝑞) = ‖𝑢(𝑞) − 𝑢𝑖

(𝑞)‖.

This expression highlights the role of the error functions 𝜀𝑖
(𝑞) in 

determining the performance of a policy. Rather than directly mod-
eling p, we propose to model selected error functions to construct an 
approximate policy. The motivation is that these error functions can be 
inferred from the library without any additional problem resolution, as 
explained below and illustrated in the results section.

Computing the error functions for each library mesh over all queried 
𝑞 is not feasible, since 𝑢(𝑞) is unknown. The choice is made instead to 
rely on the error estimates 𝜀𝑖

(𝑞), which would require solving 𝑢𝑖
(𝑞)

on the library meshes. Performing these 𝑁L resolutions may not be 
practical compared to performing a full specific adaptation, unless 𝑁L
is small. To overcome this limitation, we introduce a proxy error model 
for 𝜀𝑖

(𝑞), which can be determined directly from the library.

3.3. Error models

A first approach to constructing the error models from the library 
is to compute, for all 1 ≤ 𝑖, 𝑗 ≤ 𝑁L, the estimated errors 𝑒𝑖,𝑗 ≐ 𝜀𝑖

(𝑞𝑗 ), 
and use them to build a model 𝑒𝑖(p). This approach requires 𝑁L(𝑁L−1)
additional resolutions on known meshes. To reduce this computational 
effort, we further approximate 𝜀𝑖

(𝑞𝑗 ) using the so-called restriction 
error [23] formulation.

We define 𝛱𝑖 as the projection operator from  onto 𝑖
, given by 

𝛱𝑖𝑢 = arg min
𝑣∈𝑖

‖𝑢 − 𝑣‖. (10)

This defines an orthogonal projection since 𝑖
⊂  . This projection can 

be computed efficiently in the case of MRA (multi-resolution analysis) 
methods, particularly when the meshes in the library are structured and 
represented by (possibly incomplete) trees. In fact, most MRA libraries 
provide utilities to project functions from one mesh to another. Writing 
the error 𝜀𝑖

(𝑞) at 𝑞 = 𝑞𝑗 , we obtain

𝜀𝑖
(𝑞𝑗 )2 = ‖𝑢(𝑞𝑗 ) − 𝑢𝑖

(𝑞𝑗 )‖2 ≤ ‖𝑢(𝑞𝑗 ) − 𝑢𝑗‖
2 + ‖𝑢𝑗 − 𝑢𝑖

(𝑞𝑗 )‖2

≤ 𝜀ad + ‖𝑢𝑗 −𝛱𝑖𝑢𝑗‖
2 + ‖𝛱𝑖𝑢𝑗 − 𝑢𝑖

(𝑞𝑗 )‖2. (11)

The second term, ‖𝑢𝑗 −𝛱𝑖𝑢𝑗‖, is known as the restriction error and is 
denoted by 𝑒𝑖 in the following. It is defined such that the restriction 
error vanishes when 𝑖

 is locally richer (more refined) than 𝑗
. 

Consequently, it quantifies the loss of quality in 𝑢(𝑞𝑗 ) when projected 
onto 𝑖

. This quantity can be computed with limited computational 
effort, since the adapted solutions 𝑢𝑗 are readily available.

The final term, ‖𝛱𝑖𝑢𝑗 − 𝑢𝑖
(𝑞𝑗 )‖, is generally expected to be domi-

nated by the restriction error, as it quantifies the difference between a 
reasonably accurate approximation of the projection of 𝑢(𝑞𝑗 ) onto 𝑖
and the actual solution computed on 𝑖.

The next task is to construct surrogate models ̂𝑒𝑖(𝑞) for the restriction 
errors. These restriction errors can be efficiently computed from the 
4 
library for 𝑞 = 𝑞𝑗 , 𝑗 = 1,… , 𝑁L, as explained above, providing the 
data necessary to train the models. Here, we employ Gaussian process 
(GP) regression [24] to approximate the restriction error functions. 
This choice is motivated by the robustness of GP models, which can 
accommodate limited training data. Additionally, GP models provide 
confidence intervals that can be leveraged to develop infilling strategies 
for enhancing the library in future work.

The models take the following generic form: 

𝑒𝑖(𝑞) ≈ 𝑒𝑖(𝑞) =
𝑛
∑

𝑘=0
𝛽𝑘𝑓𝑘(𝑞) +𝑍(𝑞). (12)

In (12), the 𝑓𝑘 are prescribed trend functions, and 𝑍 is a Gaussian 
process. The GP, 𝑍, has a prior distribution, which is updated via Bayes’ 
formula using the 𝑁L observations 𝑒𝑖(𝑞𝑗 ). The prior distribution consists 
of a mean function and a covariance function 𝐶(𝑞, 𝑞′), generally involv-
ing hyperparameters that must be set alongside the trend coefficients 
𝛽𝑘. In the present work, we rely on the library smt [25], which provides 
several choices of trend functions and covariance structures, as well as 
different algorithms for regression and hyperparameter optimization. 
Based on numerical tests, we train the GP models on standardized data 
(centered and scaled), using linear trend functions, zero-mean priors, 
and simple squared exponential covariance functions. 

𝐶(𝑞, 𝑞′) = 𝜎2 exp

[

−
‖

‖

𝑞 − 𝑞′‖
‖

2

𝑙2𝑐

]

, (13)

with variance (𝜎2) and correlation length (𝑙𝑐) as hyperparameters.
One challenge in approximating the restriction error 𝑒𝑖 from a 

limited dataset 𝑒𝑖(𝑞𝑗 ) is that the approximation must be sufficiently 
accurate when the error is small, to discriminate between meshes that 
induce low errors. For a large library, the restriction error 𝑒𝑖 may 
be small only in a limited neighborhood of 𝑞𝑖 and large elsewhere, 
so that most data points 𝑒𝑖(𝑞𝑗 ) take large values. Training a GP on a 
dataset dominated by high-error points can compromise the quality of 
the prediction. To mitigate this effect, we found it more effective to 
train the GP model 𝑒𝑖(𝑞) using only the restriction errors corresponding 
to parameters 𝑞𝑗 within a fixed neighborhood 𝑖 of 𝑞𝑖. Defining this 
neighborhood geometrically based on the distance ‖𝑞𝑖 − 𝑞𝑗‖ encounters 
the same difficulties discussed in 3.1, and we adopted the following 
definition, 
𝑖 = {𝑗 = 1,… , 𝑁L |𝑒𝑖(𝑞𝑗 ) ≤ 𝛿𝑒}, (14)

where 𝛿𝑒 is a user-prescribed error threshold. With this definition, the 
GP training disregards data points with excessively large errors, thereby 
improving the predictive capability in regions where the error is small.

3.4. Approximate EMS method

Given a library of meshes (and their associated solutions), the 
approximate EMS (A-EMS) method proceeds in two stages. In the offline 
stage, the restriction error models 𝑒𝑖(𝑞) are constructed. In the online 
stage, the index of the mesh to use for a queried parameter value 𝑞 is 
selected from
p(𝑞) = argmin

𝑖=1,…,𝑁L

𝑒𝑖(𝑞).

The selected mesh will therefore be the one with the lowest restriction 
error predicted by the GP.

To assess the performance of the A-EMS method, we focus on the 
resulting average error 
(p) = E𝑞

[

𝜀p(𝑞)
(𝑞)

]

. (15)

The A-EMS error can be compared to the average minimal error 
achievable with the considered library. Let 𝑖∗(𝑞) denote the true optimal 
mesh selection, 
𝑖∗(𝑞) = argmin ‖𝑢(𝑞) − 𝑢𝑖

(𝑞)‖, (16)

𝑖=1,…,𝑁L
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and denote corresponding 𝜀∗(𝑞) the minimal error,

𝜀∗(𝑞) = ‖𝑢(𝑞) − 𝑢𝑖∗(𝑞)
(𝑞)‖.

With these notations, the local sub-optimality of the A-EMS method is 
defined by 

𝜌A-EMS(𝑞) =
𝜀p(𝑞)

(𝑞) − 𝜀∗(𝑞)

𝜀ad
, (17)

and the global sub-optimality is 

𝜌A-EMS =
‖𝜀p(𝑞)

(𝑞) − 𝜀∗(𝑞)‖2

𝜀ad
. (18)

To complete the assessment of the A-EMS method, we provide a 
brief analysis of its computational cost and compare it with the cost 
of performing a systematic mesh adaptation for all queried parameters 
𝑞, referred to as Specific Mesh Adaptation (SMA). The computational 
time required to generate the library in this analysis is not taken into 
account, as it is subsequently amortized over a large number of queried 
values 𝑞, which is assumed to be much greater than 𝑁L. Accounting for 
the library construction cost requires adding 𝑁L SMA costs to the total 
cost (see Eq.  (19)). The impact on the average cost of A-EMS depends 
on the ratio between 𝑁L and the number of queried values of 𝑞.

Under the working assumption of an MRA method, where the mesh 
(𝑘+1) is obtained by refining a fixed fraction 𝛼ad of the cells in (𝑘)

into 2𝑑 sub-cells, we obtain

|(𝑘)
| = |(0)

|𝐺𝑘
𝑑,𝛼ad

, 𝐺𝑑,𝛼ad = (1 + (2𝑑 − 1)𝛼ad)

where |(0)
| is the number of cells in the initial mesh, 𝐺𝑑,𝛼ad > 1 is 

the mesh size increase factor per adaptive iteration, 𝑑 is the number 
of spatial dimensions, and 𝛼ad is the fraction of cells refined at each 
iteration.

To estimate the computational cost of the methods, we assume 
that the cost of error estimation and mesh refinement is negligible 
compared to solving the problem on a given mesh, which is often 
the case with modern (possibly parallel) mesh adaptation frameworks. 
Therefore, for systematic mesh adaptation, the total cost to obtain a 
solution on a sufficiently refined mesh corresponds to the cost of solving 
the problems on the sequence of refined meshes. We further assume 
that the solution time for a given mesh can be expressed as

𝑇 () = 𝐶||

𝛾 ,

with 𝛾 ≥ 1 characterizing the solver’s scalability. The total compu-
tational time to obtain the solution on the adapted mesh (𝑘ad) is 
then

𝑇𝑘ad = 𝐶|(0)
|

𝛾
𝑘ad
∑

𝑘=0

(

𝐺𝑘
𝑑,𝛼ad

)𝛾
,

where 𝑘ad is the number of adaptation iterations required to reach the 
prescribed accuracy. In practice, 𝑘ad depends on the parameter 𝑞, the 
target precision 𝜀ad, and the refinement fraction 𝛼ad. We are interested 
in the average computational time to solution, 𝑇 SMA = E𝑞

[

𝑇𝑘ad
]

. For 
small 𝑘ad variations with 𝑞, the SMA average time to solution can be 
approximated by 

𝑇 SMA ≈ 𝐶|(0)
|

𝛾
𝑘ad
∑

𝑘=0

(

𝐺𝑘
𝑑,𝛼ad

)𝛾
, (19)

where 𝑘ad is the (rounded) average number of adaptive iterations.
For the A-EMS method, only a single solution needs to be computed 

for each queried 𝑞, with a cost

𝑇A-EMS(𝑞) = 𝐶|p(𝑞)|
𝛾 .

When the library consists of 𝑁L samples drawn uniformly from 𝑑𝜇, 
we have E [

| |

]

≈ |(0)
|𝐺𝑘ad . It is also reasonable to assume that 
𝑞 𝑖 𝑑,𝛼ad

5 
E𝑞
[

|p(𝑞)|
]

≈ |(0)
|𝐺𝑘ad

𝑑,𝛼ad
 if the policy performs correctly. Under these 

assumptions, the average time to solution for the A-EMS method is 

𝑇 A-EMS ≈ 𝐶|(0)
|

𝛾
(

𝐺𝑘ad
𝑑,𝛼ad

)𝛾
. (20)

The averaged gain in time per solution of the A-EMS method, compared 
to SMA, is

𝑇 SMA − 𝑇 A-EMS ≈ 𝐶|(0)
|

𝛾
𝑘ad−1
∑

𝑘=0

(

𝐺𝑘
𝑑,𝛼ad

)𝛾
= 𝐶|(0)

|

𝛾
1 −

(

𝐺𝛾
𝑑,𝛼ad

)𝑘ad

1 − 𝐺𝛾
𝑑,𝛼ad

.

This expression indicates that the differences will primarily depend 
on the refinement fraction 𝛼ad and the average number of adaptation 
iterations 𝑘ad, two quantities that are not independent, since reducing 
𝛼ad generally requires more adaptation iterations. The reduction in com-
putational time will also increase as the target precision 𝜀ad decreases, 
because 𝑘ad will increase. However, the average error of A-EMS does 
not necessarily decrease unless the library is sufficiently rich.

4. EMS investigation on oblique shock

This section examines the proposed selection method using an 
analytical problem that permits the exact projection of the solution 
onto a prescribed mesh and the evaluation of the resulting error at low 
computational cost.

4.1. Oblique shock problem presentation

We consider the two-dimensional flow of an inviscid, compressible 
fluid around a symmetric wedge of fixed angle 𝜃𝑤, see Fig.  1(a). For 
a supersonic inflow, an attached oblique shock forms symmetrically 
at the wedge tip and extends outward at a constant angle 𝛽, which 
depends on the inflow Mach number 𝑀0, the wedge angle 𝜃𝑤, and the 
ratio of specific heats of the perfect gas, 𝛾.

The oblique shock separates two constant regions: the inflow region 
and the post-shock region. Both are known explicitly as functions of 
the problem parameters (𝜃𝑤,𝑀0, 𝛾), see [26]. Fig.  1(b) illustrates the 
dependence of the shock angle 𝛽 on 𝑀0 and 𝛾 for 𝜃𝑤 = 15◦. The 
shock angle decreases with 𝑀0 and increases with 𝛾. The effect of 
𝛾 becomes more pronounced at higher Mach numbers: it is almost 
negligible around 𝑀0 ≈ 2, but dominant near 𝑀0 ≈ 8.

This variation in the dependence of 𝛽 on the flow parameters poses 
a challenge for mesh selection methods, since a simple parametric 
distance cannot capture such heterogeneous dependencies. For the 
analysis, we consider two ranges of uncertain conditions. The reference 
range is (𝑀0, 𝛾) ∈ 𝑅2 = [2, 8] × [1.4, 2], and the restricted range is 𝑅1 =
[2, 4] × [1.4, 1.6], both assumed with uniform probability distributions.

This simple flow configuration enables a cost-effective and accurate 
piecewise-constant approximation on any prescribed mesh, enabling 
precise evaluation of discretization errors. For mesh adaptation, we 
focus only on the Mach field and employ a standard AMR strategy that 
isotropically subdivides a fraction 𝛼ad of the mesh cells with the largest 
local error estimates, continuing until the estimated 𝐿2 error falls below 
𝜀ad = 0.005. All computations presented use the interpolation error 
for error estimation. The refinement fraction is fixed at 𝛼ad = 0.02 to 
produce sharply adapted meshes. An adapted mesh is shown in Fig.  2.

4.2. Selection maps and error analysis

In this section, we consider a library of 𝑁L = 16 meshes associated 
with parameter values 𝑞𝑖, generated by a Sobol sequence in 𝑅2. Fig. 
3 reports the positions of the parameters 𝑞𝑖 using symbols, while 
subdomains of 𝑅2 sharing the same minimizer 𝑖∗ in Eq.  (16) are shown 
with a common color. We distinguish between used and unused meshes 
by the marker shape: meshes selected at least once are represented 
at their parameter location 𝑞  with hexagons, whereas meshes never 
𝑖∗
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Fig. 1. Presentation of the oblique shock problem.
Fig. 2. Mesh adapted at 𝑀0 = 4 and 𝛾 = 1.75 (library sample) along with 
mach number field for 𝑀0 = 3.7 and 𝛾 = 1.8.

selected are indicated with triangles. The three maps in Fig.  3 are 
generated by evaluating the errors over an 80 × 80 uniform grid of 
parameter values.

The first plot, Fig.  3(a), shows the optimal selection map. A first 
observation is that some library meshes are never selected. This occurs 
because a more refined mesh, adapted to another condition, may yield 
a similar shock angle 𝛽. Since the jump across the shock increases 
with 𝑀0, the optimal strategy favors the mesh adapted to the higher 
Mach number when two candidates produce comparable shock angles. 
Furthermore, because the 𝑞𝑖 are drawn randomly, the resulting selection 
domains exhibit highly disparate sizes, reflecting the nonlinear para-
metric behavior highlighted above. Mesh selection strategies rely on 
solving the problem on a mesh from a precomputed library, which is 
generally not fully adapted to the specific parameter of interest. For 
localized structures such as the oblique shock, this imperfect adaptation 
is clearly visible in Fig.  2, where the adapted region does not align well 
with the shock farther from its origin. Enriching the library enhances 
the alignment of the refinements with the flow structure.

Fig.  3(b) presents the selection map produced by the A-EMS method. 
For comparison, the contours of the optimal map are also shown. One 
observes that, while the A-EMS map captures some features of the 
optimal map, such as the Mach-aligned anisotropy and the increasing 
influence of 𝛾 as 𝑀0 grows, the boundaries of the selection domains are 
generally misplaced. In addition, all but one mesh are selected, and the 
resulting domains are sometimes disconnected or small. The GP mod-
eled errors are likely responsible for these complex selection domains, 
6 
as they can lead to a noisy policy in areas where the restriction errors of 
different meshes are comparable, particularly at the boundaries of the 
optimal selection domains. Nevertheless, as discussed below, selecting 
a non-optimal mesh remains acceptable when the induced error is close 
to that of the optimal choice.

This relatively coherent behavior contrasts with the selection map 
of the Distance-based Mesh Selection (DMS) method, shown in Fig. 
3(c). Here, the map is constructed using a diagonal weight matrix 
corresponding to the standard Euclidean distance in normalized 𝑀0 and 
𝛾 (i.e., 𝑊𝑀0 ,𝑀0

= (𝑀0max − 𝑀0min)−1 and 𝑊𝛾,𝛾 = (𝛾max − 𝛾min)−1). The 
resulting partition of  is the Voronoi partition of the space induced 
by 𝑊 . In this case, all meshes are selected within their parametric 
neighborhood; consequently, the boundaries of the selection domains 
differ substantially from those of the optimal map. We emphasize that, 
although this choice is consistent with standard practice, the use of this 
weight matrix 𝑊  is not optimal for the DMS strategy. In [27], several 
approaches for optimizing 𝑊  are discussed, leading to DMS methods 
that still underperform compared to A-EMS. The superior performance 
of the A-EMS method can be attributed to the greater expressiveness 
of Gaussian Process (GP) models, compared with the use of a constant 
weight matrix 𝑊  over the entire parameter domain in DMS.

While indicative of proximity to the optimal selection, the maps 
are not directly informative of the errors achieved by the A-EMS
and DMS strategies. To complete the analysis, we examine the local 
errors for each method in Fig.  4. The figure reports the local sub-
optimality errors normalized by the target precision 𝜀ad, defined in (17) 
for A-EMS. The sub-optimality of the DMS approach, 𝜌DMS, follows the 
same definition as the A-EMS one in (17). Comparing Figs.  4(a) and
4(b), we observe that the sub-optimality of A-EMS remains below 𝜀ad
across most of the domain, whereas for DMS it exceeds 2𝜀ad in several 
regions. Moreover, the regions of high sub-optimality for A-EMS tend to 
concentrate along the boundaries of the selection domains, i.e., far from 
the library meshes. For both methods, the sub-optimality gradients are 
primarily aligned with the Mach direction, underscoring the greater 
mesh discrepancies along this parameter and the resulting reduction 
in accuracy of both modeling and selection in this direction.

Overall, the sub-optimality map of A-EMS (Fig.  3(b)) shows that 
when a non-optimal mesh is selected, the induced error is typically not 
significantly higher than for the optimal one, particularly in regions 
sufficiently populated. Notable exceptions occur in the bottom-left and 
top-right portions of , where large sub-optimality values are observed. 
In these areas, the policy based on the modeled restriction errors selects 
meshes adapted to significantly different shock angles. This behavior 
stems from the degradation of the GP approximations near domain 
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Fig. 3. Selection maps for the oblique shock problem on 𝑅2 with 𝑁L = 16. The library meshes parameters 𝑞𝑖 are shown with symbols (hexagons are selected 
meshes while triangles are never selected meshes).
Fig. 4. Sub-optimality maps and error distributions. Oblique shock on 𝑅2 with 𝑁L = 16. The library meshes parameters 𝑞𝑖 are shown with symbols (hexagons 
are selected meshes while triangles are never selected meshes).
boundaries due to extrapolation. It could be mitigated by sequentially 
enriching the mesh library.

Fig.  4(c) further compares the error distributions obtained with 
the optimal selection, A-EMS, and DMS. Interestingly, the probability 
of achieving an error smaller than 𝜀ad is nonzero for all methods, 
particularly for the optimal selection and A-EMS. This effect arises from 
overlapping shock angles, which lead to resolution on overadapted 
meshes. The A-EMS error distribution exhibits a much lighter tail than 
that of DMS, with an almost negligible probability of exceeding 4𝜀ad. 
This result highlights the robustness of A-EMS, which is unlikely to 
produce excessively large errors.

To obtain a more quantitative comparison of the selection strategies, 
Table  1 reports the evolution of the averaged error for different library 
sizes and for the two parametric ranges. For convenience, these aver-
aged errors are normalized by the target error 𝜀ad. A first observation is 
that the averaged error decreases as 𝑁L increases and converges toward 
𝜀ad. As expected, the convergence of A-EMS is slightly slower than that 
of the optimal selection but significantly faster than that of DMS, with 
this trend being more pronounced for the larger range. Finally, the 
lower averaged error of the optimal selection for 𝑅2 compared to 𝑅1 at 
𝑁L = 64 is explained by the stronger effect of shock angle overlap in 
the wider range.

4.3. Error models investigation

The previous results have shown that A-EMS can select, for most 
queried values of 𝑞, a mesh that yields an error comparable to the 
optimal error and significantly smaller than that obtained with DMS. 
This selection relies on substituting the true error with the restriction 
error and predicting values at arbitrary parameters using a GP model. 
7 
Table 1
Averaged error (p), normalized by the target error 𝜀ad for the optimal 
selection (Opt.), A-EMS, and DMS methods. Using different library sizes 𝑁L
and the two parametric ranges. Oblique shock problem.
 ×𝜀ad  
 𝑅1 𝑅2
 𝑁L Opt A-EMS DMS Opt A-EMS DMS 
 1 2.70 2.70 2.70 5.15 5.15 5.15 
 8 1.45 1.52 1.83 1.85 2.26 2.59 
 16 1.32 1.41 1.65 1.52 1.78 2.16 
 32 1.19 1.29 1.51 1.29 1.58 1.94 
 64 1.12 1.22 1.36 1.08 1.28 1.63 

Consequently, the performance of the A-EMS method depends directly 
on the quality of the GP models.

To assess the validity of this approach, Fig.  5(a) presents a 𝑞-𝑞
plot comparing exact and restriction errors. Each point corresponds 
to the restriction error ‖𝑢(𝑞) − 𝛱𝑖𝑢(𝑞)‖ against the true error ‖𝑢(𝑞) −
𝑢𝑖

(𝑞)‖, for one of the 𝑁L meshes and one parameter value from the 
80 × 80 uniform grid covering 𝑅2. The plot thus contains 16 × 802

data points. A strong correlation between exact and restriction errors 
is evident, particularly at low error levels, where precision is critical 
for accurate mesh selection. We also note that while the exact error 
typically remains above 𝜀ad, the restriction error may vanish since it 
does not incorporate 𝜀ad.

Fig.  5(b) compares the restriction errors predicted by the GP models 
with the computed restriction errors. The correlation remains clear but 
exhibits greater dispersion than in the previous plot, and the GP models 
may even predict negative restriction errors. Finally, Fig.  5(c) compares 
the GP predictions directly with the exact errors. The combined effect of 
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Fig. 5. Comparison of exact, restriction, and GP error model. Oblique shock on 𝑅2 with 𝑁L = 16.
trend errors and the dispersion introduced by restriction and GP model-
ing does not significantly degrade overall accuracy, thereby explaining 
the correct behavior of the method.

The conclusion from our experiments on the oblique shock problem 
is that precise error prediction is not required to correctly decide on 
the mesh from the library to be used at a new query point. Indeed, 
confusion between meshes yielding comparable errors has little impact 
on the resulting accuracy. At the same time, even relatively crude 
GP models can reliably distinguish between well-adapted and poorly 
adapted meshes.

To further examine the approximation of the error by GP models, 
Fig.  6 analyzes the influence of the neighborhood size considered for 
GP construction. For simplicity, we adopt a geometric definition of 
the neighborhood, retaining the closest library parameters 𝑞𝑗 to build 
each GP model 𝑒𝑖(𝑞). The figure reports the dependence of the A-
EMS averaged sub-optimality on the neighborhood size for both the 
large and reduced parametric ranges. The results show that, beyond 
a sufficient neighborhood size, a minimum sub-optimality is attained. 
Two distinct behaviors then emerge as the neighborhood size increases. 
If the library is sufficiently rich to achieve an average error close to 
𝜀ad, the sub-optimality remains nearly constant and independent of 
neighborhood size. Conversely, if the library cannot achieve an average 
error close to 𝜀ad, the sub-optimality stays low but increases once 
the neighborhood size exceeds a certain threshold. This increase is 
explained by the relatively sparse sampling in low-error regions, which 
leads to a higher rate of non-optimal selections as the error models 
become biased by longer-distance trends.

4.4. Cost analysis

To further assess the efficiency of A-EMS, we provide a brief analysis 
of the computational cost and a comparison with other adaptation 
strategies. Specifically, Fig.  7 reports the effective average errors as a 
function of computational cost for Nominal Mesh Adaptation (NMA), 
the naive single-mesh approach; Mean Mesh Adaptation (MMA), which 
constructs a unique mesh designed to minimize the mean error; A-EMS, 
the present method; and Specific Mesh Adaptation (SMA), the most 
accurate but also the most computationally expensive approach.

To generate these error-to-cost curves, we progressively decrease 
the target precision 𝜀ad in the mesh adaptations. We then compute the 
average error achieved with the adapted meshes and the considered 
strategies. For SMA, the computational cost is defined by Eq.  (19) as the 
sum of costs of all adaptation iterations required to reach the average 
number of iterations 𝑘ad, estimated over the library meshes for each 
error target. Similarly, the cost of A-EMS is computed using Eq.  (20), 
corresponding to the cost of solving on the final grid of a 𝑘ad-iteration 
process. For A-EMS, 𝑘  is taken as the weighted average of the selected 
ad
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Fig. 6. Averaged sub-optimality of A-EMS as a function of the neighborhood 
size in the GP models construction and for the two parametric ranges. Oblique 
shock on 𝑅2 with 𝑁L = 64.

meshes’ 𝑘ad according to the selection policy, reflecting potential bias 
toward specific library meshes. For NMA, the cost corresponds to the 
last grid of a mesh adapted at the median parameter values, while for
MMA the cost derives from solving on a single mesh adapted to 𝜀ad [15]. 
In all cases, the same refinement fraction 𝛼ad = 0.08 is used.

Fig.  7 highlights the limitation of the NMA approach: it cannot 
achieve arbitrary levels of averaged error, because a mesh adapted to 
a nominal condition is generally unsuitable for other conditions unless 
the refinement is uniform. Consequently, the NMA cost increases even 
when the averaged error stagnates. A-EMS exhibits a similar trend, with 
a rapid initial reduction of the averaged error followed by a plateau, 
while the cost continues to rise. The asymptotic error level of A-EMS
depends on 𝑁L for the same reason as for NMA, which is a particular 
case of A-EMS with 𝑁L = 1. The convergence rate before stagnation is 
largely independent of 𝑁L, as it depends on the average size of the 
adapted library meshes. In the limit 𝑁L → ∞, A-EMS achieves the 
same convergence rate as SMA but at a fraction of its computational 
cost, corresponding to the saved adaptation iterations. In the examples 
presented, A-EMS is asymptotically five times less expensive than SMA. 
Nonetheless, very large libraries may introduce storage and handling 
challenges during mesh selection.

These results do not account for the cost of constructing the library 
mesh required by A-EMS. When this cost is included, it is useful to 
determine the number of evaluations required for A-EMS to become 
advantageous compared with SMA. This threshold is characterized by 
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Fig. 7. Cost-efficiency of the different adaptation strategies, using 𝛼ad = 0.08. 
Oblique shock on 𝑅2.

Fig. 8. Cost-efficiency of the A-EMS method for different refinement fraction. 
Oblique shock on 𝑅2 with 𝑁L = 16.

the break-even point, 

𝑘eq =
𝑁L, 𝑇 SMA

𝑇 SMA − 𝑇 A-EMS
. (21)

For instance, to achieve an average error of 3×10−3, a library of 𝑁L = 16
meshes is sufficient, leading to a positive return after only 𝑘eq = 25
evaluations. This highlights the advantage of A-EMS over SMA, even 
for relatively small numbers of evaluations in this case.

Regarding MMA, we observe that in this example it outperforms
SMA at large error levels but does not surpass A-EMS for the considered 
values of 𝑁L. Still, being a single-mesh method, MMA is simpler to 
implement and allows for average error control, without encountering 
convergence plateaus like NMA or A-EMS.

Finally, Fig.  8 illustrates the impact of the refinement fraction 
𝛼ad on A-EMS performance. For 𝛼ad ∈ [0.02, 0.3], the computational 
cost remains essentially constant for a fixed averaged error. However, 
excessively large 𝛼ad values (e.g., 𝛼ad = 0.6) reduce adaptation sharpness 
and therefore the efficiency of A-EMS. Accordingly, it is generally 
advantageous to use A-EMS with a low refinement fraction.

5. Validation on scramjet flow simulation

A two-dimensional supersonic scramjet flow, originally introduced 
in [18] and widely employed to assess adaptation methods [28–31], is 
considered in this section to validate the behavior of EMS.
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5.1. Scramjet case presentation

The symmetric scramjet domain consists of five regions, as illus-
trated in Fig.  9(b): an upstream section, a central duct, two outer ducts 
(top and bottom), and a downstream section where the duct flows 
merge. The boundary conditions consist of a supersonic inlet and outlet, 
with slip conditions imposed on the solid walls. The Euler equations 
for a perfect gas are solved in the flow domain using the finite-volume, 
cell-centered solver elsA [32] (ONERA-SAFRAN property). Fluxes are 
discretized using Roe scheme [22], and the unsteady governing equa-
tions are time-integrated until steady state using an implicit backward 
Euler scheme coupled with a LUSSOR-type linear solver.

The variable flow parameters are the inflow Mach number 𝑀0 and 
the inlet incidence angle 𝛼in, such that 𝑞(𝜃) = (𝑀0(𝜃), 𝛼in(𝜃)). These two 
parameters govern the flow structure and determine the position of 
the shock waves in the domain. The Mach number varies in the range 
3 ≤ 𝑀0 ≤ 5, which ensures a constant flow regime and a supersonic 
outlet across the entire interval. The incidence angle is restricted to 
0 ≤ 𝛼in ≤ 6, since viscous effects would become non-negligible at higher 
values. The two parameters are assumed to vary independently, with 
uniform distributions over their respective ranges.

To apply the EMS method, flow solutions and adapted meshes are 
computed for 𝑁L flow conditions (𝑀0, 𝛼in)𝑖 generated from a Sobol 
sequence in the rectangle [3, 5] × [0, 6]. Unless specified otherwise, 
𝑁L = 16. Each computation is initialized from the same coarse mesh 
0, containing |0| = 3, 000 cells. Mesh adaptation relies on an inter-
polation error estimate of the Mach number field to guide refinement, 
and it terminates when the error estimate 𝜀𝑘

 falls below 𝜀ad = 0.004. 
This threshold corresponds approximately to a one-order-of-magnitude 
reduction of the error estimate compared to the initial mesh 0.

Figs.  9(a) to 9(d) show three adapted meshes (upper part of the 
domain) and their solutions’ Schlieren fields (bottom of the domain). 
The flows present oblique shocks and expansion fans along with com-
plex interactions in the central and outer ducts. The upstream section 
reduction induces asymmetric oblique shocks that hit the struts past 
their leading edge. In the outer ducts, their reflections bounce off 
the walls up to the outlet. The varying duct section creates several 
expansion fans and oblique shocks interacting with each other in the 
downstream section. In the central duct, the shocks induced by the 
struts’ leading edges meet and reflect in the converging section. The 
throat creates a system of interacting expansion fans and shocks that 
develop and interact in the diverging section down to the outlet. The 
merging of the central and outer flows and their interaction with the 
trailing edge structures yield a complex flow in the downstream section. 
To capture the flow features, the meshes show local adaptations along 
the shocks and expansion fans in the upstream section and entrance 
of the central and outer ducts. Further downstream, the diffusion of 
the expansion fans and the complex interactions lead to more uniform 
refinement meshes. In addition, comparing the three meshes highlights 
the displacement and the changes in the flow structures with the 
conditions.

For the analysis of EMS, a validation set of 100 reference solutions 
is generated to evaluate the mesh selection strategies and the resulting 
errors. The validation samples correspond to flow conditions (𝑀0, 𝛼in)
drawn randomly within their respective ranges. Reference solutions 
are computed on a fine mesh ref , obtained by uniformly refining 
the initial mesh 0 six times, resulting in |ref | ≈ 12 × 106 cells. 
For consistency, a maximum of six successive refinements is permitted 
in the AMR procedure, ensuring that all adapted meshes in the EMS 
library are sub-meshes of ref .

5.2. Selection maps and error analysis

We first examine the quality of the selection maps for the scramjet 
problem. The results are presented in Fig.  10 for 𝑁L = 16. The first plot 
in Fig.  10(a) illustrates the optimal selection, with segments connecting 
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Fig. 9. Scramjet problem description.
Fig. 10. Selection maps for the scramjet problem with 𝑁L = 16. The maps show the association between the validation samples (full circles) and an element of 
the library (white-core circles). The optimal associations are shown with green segments, and non-optimal are shown in red.
each validation sample (solid circles) to the adapted mesh in the library 
(white-core circles) that yields the lowest error in the Mach field. For 
this case, the error is evaluated using the reference solutions. The plot 
emphasizes the dominant influence of the Mach number on the optimal 
selection across all incidence values, which is expected since the Mach 
number primarily determines the longitudinal position of the shocks, 
whereas the inlet incidence produces only minor vertical displacements 
of the shocks within the domain.

Next, we apply the A-EMS method, which relies on Gaussian process 
models of the restriction errors. Fig.  10(b) displays the discrete map, 
where green segments indicate selections that match the optimal ones 
(from the previous figure), and red segments indicate selections that 
differ from the optimal. Light gray dashed lines indicate the optimal 
selections for reference. Approximately 80% of the validation samples 
are associated with their optimal mesh from the library. The A-EMS
model successfully captures the dominant influence of the inflow Mach 
number on the selection process. Moreover, no significant correlation 
is observed between the selection error and the distance between a 
sample and its (erroneously) selected mesh, suggesting that the errors 
in the Gaussian process models exhibit no systematic structure.

The performance of A-EMS contrasts sharply with that of the para-
metric distance-based mesh selection (DMS), as shown in Fig.  10(c). 
Specifically, associating each sample with the library element having 
the closest flow conditions (accounting for the relative ranges of the 
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parameters) yields the optimal selection for only about 30% of the 
samples.

In addition to selection performance, the errors achieved by the A-
EMS method have been analyzed. Fig.  11 shows histograms of the true 
errors for the optimal selection (black), A-EMS (blue), and DMS (red), 
along with the corresponding estimated distributions. We first observe 
that the error density of A-EMS closely matches that of the optimal 
selection, albeit with a slightly heavier tail toward higher error values. 
This is expected, as A-EMS correctly selects the optimal mesh for the 
majority of samples. The comparison of the densities indicates, how-
ever, that non-optimal selections do not lead to a substantial increase 
in the true error; these mis-selected meshes remain effective choices, 
though not optimal. Quantitatively, A-EMS exhibits a sub-optimality of 
less than 1% relative to the optimal selection. In contrast, the true error 
distribution for the distance-based selection is considerably flatter and 
exhibits a pronounced high-error tail, corresponding to a sub-optimality 
of 26.5%. Increasing the library size to 𝑁L = 32 reduces the optimal 
averaged error from 0.0061 to 0.0053; A-EMS again approaches this op-
timal error within 1% sub-optimality, while the distance-based method 
improves but remains 24% sub-optimal.

The error analysis above indicates that the averaged error (≈ 0.0061) 
exceeds the target error 𝜀ad = 0.004 for all selection approaches, 
suggesting that 𝑁L = 16 is insufficient to fully cover the parameter 
domain.
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Fig. 11. True error distribution and histogram using A-EMS, DMS, and optimal 
selections. Scramjet case with 𝑁L = 16.

To complete the analysis, we compare with alternative approaches. 
A naive single-mesh approach based on a hierarchical mesh contain-
ing all library meshes (the union mesh) would require roughly 106
cells, which is computationally prohibitive. Alternatively, the MMA 
method [15] can generate a single mesh capable of achieving an 
averaged error comparable to the optimal selection (0.0061), with 
|MMA| = 3 × 105 cells approximately, a size 50% larger than the 
average size of the adapted meshes in the library. Furthermore, to 
ensure an average error close to the adaptation threshold 𝜀ad = 0.004, 
MMA requires a mesh with 5 × 105 cells, an even bigger overshoot of 
the library’s average mesh size. In contrast, by increasing the library 
density, A-EMS can reach 𝜀ad without increasing the average mesh size. 
Therefore, for this problem and the considered error level, the A-EMS
method enables the use of meshes that are at least 2–3 times coarser 
than a single-mesh approach, provided that the library densely samples 
the parameter domain.

To compare with the SMA approach, we measured and compared 
the computational costs of both SMA and A-EMS. The cost of perform-
ing SMA to reach 𝜀ad is, on average, approximately 13.5 CPU hours 
per parameter value. In contrast, with A-EMS, the average cost per 
evaluation is only about 2.2 CPU hours and remains nearly independent 
of the library size 𝑁L. Based on these measurements, break-even points 
can be estimated for different library sizes using Eq.  (21). For this prob-
lem, A-EMS becomes advantageous in terms of computational cost after 
approximately 20 evaluations for 𝑁L = 16, 39 evaluations for 𝑁L = 32, 
and 153 evaluations for 𝑁L = 128. As highlighted previously, relatively 
large libraries (i.e., 32 meshes or more) are required to reach 𝜀ad for 
this test case. Therefore, a realistic break-even point for the method 
in this example lies in the range of a few hundred evaluations. Since 
typical uncertainty quantification (UQ) studies involve thousands or 
more evaluations, A-EMS can significantly reduce their computational 
cost, asymptotically approaching the ratio of the average CPU times of
A-EMS and SMA evaluations. 

5.3. Error models investigation

To better assess the effectiveness of A-EMS, Fig.  12 presents an 
analysis of the predicted errors. The plot shows the GP-predicted errors 
at the validation samples as a function of the true error for each mesh 
in the library, yielding 𝑁L × 100 = 1, 600 data points. As expected, the 
predicted errors tend to underestimate the true errors, since they are 
constructed from the restriction errors and neglect additional contribu-
tions (see Eq.  (11)). In particular, the GP models predict errors below 
𝜀ad, which is impossible for the true errors. Two distinct trends are 
observed depending on the true error magnitude. For errors smaller 
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Fig. 12. Predicted error of A-EMS (GP models) against true error. Scramjet 
case with 𝑁L = 16.

Fig. 13. Evolution of the sub-optimality measure with the size of the neigh-
borhood used for A-EMS GP models construction. Scramjet case with 𝑁L = 32.

than ≈ 0.015, there is a reasonable correlation between the GP pre-
dictions and the true errors. This correlation deteriorates for larger 
errors, and the predictive capability of the GP models quickly degrades. 
Nevertheless, A-EMS selects sufficiently close meshes to ensure that the 
true error rarely exceeds 0.01, as seen in Fig.  11. Thus, the GP models 
provide rough error estimates that are adequate to correctly guide the 
mesh selection from the library.

Finally, Fig.  13 illustrates the dependence of the sub-optimality 
𝜌A-EMS on the neighborhood size used to construct the Gaussian process 
models. Here, 𝑁L = 32 is employed to allow for a sufficient range 
of neighborhood sizes. The observed trends are consistent with those 
reported for the oblique shock case. For small neighborhoods, the 
sub-optimality is high but decreases rapidly as the neighborhood size 
increases. Beyond a certain size, the sub-optimality stagnates and then 
gradually rises. This behavior reflects the trade-off between GP models 
designed to capture local error structures versus those optimized for 
a more global fit. These results highlight the importance of carefully 
choosing the neighborhood size to balance local accuracy with the 
broader generalization capability of the GP models.

6. Conclusion

We introduced Error-based Mesh Selection (EMS) methods, to im-
prove the efficiency of simulations performed across varying condi-
tions. Direct application of EMS being computationally intractable, we 
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propose an approximate strategy: A-EMS. While EMS is formulated 
generically, and is therefore largely independent of the numerical 
method and mesh type, A-EMS relies on the availability of suitable pro-
jection operators and error estimators, which may limit its applicability 
depending on the discretization framework.

The method predicts, for any given condition, the discretization 
error associated with each mesh in a precomputed library and selects 
the mesh expected to minimize this error. These predictions rely on 
Gaussian process models of restriction errors, enabling error estima-
tion across all library meshes without additional model solves. The 
approach was assessed on an analytical oblique shock problem and 
on a finite-volume CFD configuration involving a supersonic flow. 
In both cases, the restriction error proved to be a reliable surrogate 
for the discretization error, and the Gaussian process models enabled 
mesh selections close to the optimal choice, significantly outperforming 
simpler strategies such as parametric distance-based selection.

In the two example problems, the numerical experiments show that 
the average discretization error decreases rapidly as the library size 
increases. For instance, in the scramjet test case, a library containing 
approximately 32 meshes is sufficient to achieve the prescribed accu-
racy. Owing to the structure of A-EMS, increasing the library size has 
only a limited impact on the cost per evaluation, which remains low 
(about 2.2 CPU hours compared to 13.5 CPU hours for SMA).

However, constructing the library requires performing a set of 
condition-specific mesh adaptations. In our tests, the break-even point 
at which the benefits of A-EMS outweigh the initial library construction 
cost ranges from a few tens to a few hundred evaluations, depending 
on the library size. This makes the method particularly advantageous 
for large parametric studies, such as uncertainty quantification, which 
typically involve thousands of evaluations. In addition, moderately 
large libraries (e.g., up to 128 meshes for the scramjet case) are 
recommended, as they provide good average error convergence while 
preserving the computational efficiency of the method.

Despite these advantages, several challenges remain. Gaussian pro-
cess modeling becomes difficult when the restriction error exhibits 
strong anisotropy or when the library is unevenly distributed across the 
parameter space. Sequential construction of the library is, therefore, 
a promising direction. Future work will focus on designing infilling 
criteria guided by GP uncertainty, to quantify mis-selection likelihood 
and suboptimality risk. More advanced GP modeling techniques may 
further improve the selection quality. Additionally, coupling A-EMS
with Mean Mesh Adaptation (MMA) to compute a mean adapted mesh 
within each selection region represents a potential avenue to enhance 
robustness.
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