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ABSTRACT

The rise of Electric Vertical Take-Off and Landing (E-VTOL) vehicles, driven by the demand for fast
urban transport, emphasizes the need to understand and mitigate aeroelastic instabilities like whirl-flutter,
particularly in designs with distributed electric propulsion systems. Historically, whirl-flutter has caused
catastrophic failures, highlighting the need for comprehensive analysis in modern aircraft designs. This
work aims to develop a comprehensive computational model using the Finite Element Method to fully
capture the dynamics between rotating, expressed in a floating frame of reference, and stationary parts
of a structure, enabling a more accurate study of the whirl-flutter phenomenon. This analysis uses the
Floquet theory to study the system’s stability, particularly in a fixed-rotating frame of reference. The
model includes an innovative time-dependent mechanical coupling strategy for the mass, gyroscopic,
and centrifugal stiffness structural matrices, therefore fully preserving the dynamics of the structure. The
methodology involves the validation of various finite element matrices and components derived from
3D beam elements, followed by the implementation of time-dependent coupling between rotating and
stationary components. The developed model is applied to a wing-propeller structure, illustrating its
capability to work on complex geometry structures. The results show that the partial coupling between
translational degrees of freedom of rotating structures and those of the stationary structure at the hub,
is successfully validated. However, it is demonstrated that the Newmark integration scheme does not
provide consistent results, highlighting the need for alternative approaches for accurate time integration.
This partial success demonstrates the potential of the developed model as a tool for accurately capturing
critical dynamics in whirl-flutter analysis, contributing to the design and certification of future urban air
mobility vehicles.
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1. INTRODUCTION

Whirl flutter is an aeroelastic instability that arises in rotor-wing systems due to coupling between aero-
dynamic forces, gyroscopic effects, and structural flexibility. This phenomenon has gained importance
with the rise of Electric Vertical Take-Off and Landing (E-VTOL) vehicles, where distributed propul-
sion systems exacerbate stability challenges. Historically, whirl flutter has led to catastrophic failures in
propeller-driven aircraft, highlighting the need for accurate computational models.

Previous studies have employed linear time-invariant (LTI) and linear time-periodic (LTP) approaches to
analyze whirl flutter. While LTI methods simplify the problem, they fail to capture the time-dependent
behavior of rotating systems. LTP methods, particularly those based on Floquet theory, allow for a more
comprehensive stability analysis by considering the periodic nature of the problem.

This paper introduces a computational approach using FEM and Floquet theory to model and analyse
whirl flutter in rotor-wing systems more accurately. The structure of the paper is as follows: Section
2 details the methodology, including FEM implementation and stability analysis techniques. Section 3
presents numerical results and validation.

2. METHODOLOGY

The computational framework for whirl flutter analysis consists of:

2.1. Finite Element Modeling

The mathematical derivation is mainly based on the work produced by Vollan and Komzsik [1] with
additional information and mathematical development being included.

2.2. Full coupling of stationnary and rotating parts

Before going into the mathematical derivation of the coupling for the finite element formulation of the
problem. It is of interest to understand beforehand, the coupling of particles of mass m. Less complete
type of coupling also exists, they might be useful to capture some physical phenomenon. However,
there are not of interest in the developed model and therefore only a focus on the full coupling of the
particle of mass m is achieved. The coupling of stationary and rotating parts allows translational and
rotational displacement on both, stationary and rotating particles. A schematic of the studied coupling is
highlighted in Figure 1.
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Figure 1: Schematic of the full coupled stationnary and rotating parts. Reproduced from [1].

In Figure 1, σ , ρ and Aα represents respectively the translation vector of the stationary part, the trans-



lation vector of the rotating part and transformation matrix of the rotational deformation of the rotating
part. The location vector of a rotating particle reads, in its most general form, as:

r̄ = σ +BHr+Hρ+HAα+Hr, (1)

where the {̄} makes reference to the fixed coordinate system. The matrix B corresponds to the transfor-
mation matrix of the small nodal translations. This matrix reads as:

B =

 0 −θ̄ ψ̄
θ̄ 0 −φ̄
−ψ̄ φ̄ 0

 . (2)

It is also of interest to introduce the transformation matrix H which allows to switch from a location
vector located in the rotating frame of reference to the fixed coordinate system. This transformation
matrix reads:

H =

cosΩt − sinΩt 0
sinΩt cosΩt 0
0 0 1

 . (3)

One also introduces the matrix A, which is simply the matrix containing the coordinates of rotating
nodes. This matrix reads

A =

 0 z′ −y′
−z′ 0 x′

y′ −x′ 0

 . (4)

2.2.1. Mathematical properties of the transformation matrix H

It is of interest to introduce some mathematical properties of the transformation matrix H.

HTH =

1 0 0
0 1 0
0 0 1

 = I; (5)

Ḣ = Ω

− sinΩt − cosΩt 0
cosΩt − sinΩt 0

0 0 0

 = ΩH̄; (6)

Ḧ = Ω2

− cosΩt sinΩt 0
− sinΩt − cosΩt 0

0 0 0

 = Ω2 ¯̄H; (7)

H̄TH =

 0 1 0
−1 0 0
0 0 0

 = P; (8)

HT H̄ =

0 −1 0
1 0 0
0 0 0

 = PT = −P; (9)

H̄T H̄ =

1 0 0
0 1 0
0 0 0

 = J = H̄H̄T (10)



2.2.2. Lagrange equation of motion

In order to take into account the rotation of the stationary part, the following transformations allow the
rotation of the stationary part to be taken into account:

BHr =

 0 −θ̄ ψ̄
θ̄ 0 −φ̄

−ψ̄ φ̄ 0

 cosΩt − sinΩt 0
sinΩt cosΩt 0
0 0 1


x
y
z


=

 0 −θ̄ ψ̄
θ̄ 0 −φ̄

−ψ̄ φ̄ 0


x cosΩt− y sinΩt
x sinΩt+ y cosΩt

z


=


−θ̄(x sinΩt+ y cosΩt)
θ̄(x cosΩt− y sinΩt)

−ψ̄(x cosΩt− y sinΩt) + φ̄(x sinΩt+ y cosΩt)


=

 0 0 −x sinΩt− y cosΩt
0 0 x cosΩt− y sinΩt

x sinΩt+ y cosΩt −x cosΩt+ y sinΩt 0


φ̄
ψ̄
θ̄


= B0β.

(11)

As a result, the augmented generalised coordinate vector reads:

g =


σ
β
ρ
α
r

 , (12)

and the governing matrix M of the motion becomes:

M =
[
I B0 H HA H

]
. (13)

As a result, making use of all the previously established relationships, it is possible to derive the Lagrange



equation of motion for the fully coupled case. The equation reads as
[Mσ] m [B0] m[H] m[H][A]

m [B0]
T m [B0]

T [B0] m [B0]
T [H] m [B0]

T [H][A]
m[H]T m[H]T [B0] [Mρ] m[A]

m[A]T [H]T m[A]T [H]T [B0] m[A]T [Mα]




σ̈

β̈
ρ̈
α̈


+ 2Ω


0 m

[
B̄0

]
m[H̄] m[H̄][A]

0 m [B0]
T [
B̄0

]
m [B0]

T [H̄] m [B0]
T [H̄][A]

0 m[H]T
[
B̄0

]
[Cρ] m[P ]T [A]

0 m[A]T [H]T
[
B̄0

]
m[A]T [P ]T [Cα]




σ̇

β̇
ρ̇
α̇



+Ω2


0 m

[
B̄0

]
m[H̄] m[H̄][A]

0 m [B0]
T
[
B̄0

]
m [B0]

T [H̄] m [B0]
T [H̄][A]

0 m[H]T
[
B̄0

]
[Zρ] −m[J ][A]

0 m[A]T [H]T
[
B̄0

]
−m[A]T [J ] [Zα]




σ
β
ρ
α



= Ω2


−m[H̄]{r}

−m [B0]
T [H̄]{r}

{fcp}
{fcα}



(14)

2.3. Numerical implementation of the coupling between stationnary and rotating parts

In addition to understanding the phenomena involved, this work’s main difficulty is implementing this
static/rotational coupling numerically. The aim of this sub-section is therefore to explain the numerical
implementation of the coupling and the points that need to be taken into account to reproduce the results
obtained.

The whirl-flutter phenomenon is due to a coupling between a rotating object and its attachment point. It
is possible, particularly in the case of a wing and propeller system, that there is a static part that is not
rotating (the wing for aerospace structure) which has no influence on the coupling but does influence the
dynamics of the results obtained by having a cohesion of the deformation modes between the wing and
the propeller. The wing is not taken into account in the coupling algorithm. The propeller system can
comprise a pylon attached to the wing and a nacelle made up of a rotor and in the case of the study carried
out. The propeller is modelled as a pylon (flexible or not) with a hub at its end where the various blades
of the propeller are attached to it. The coupling occurs between the blades making up the propeller and
the hub. It is important to remember that the dynamics of the blades are not directly linked in this study.
In conclusion, coupling occurs only on the propeller system. At the same time, the wing plays a role
in the structure expressed in the inertial frame of reference and plays a role in the global dynamics and
stability of the structure.

To visualize the latter, a representation of the coupling for the mass structural matrix that undergoes
a coupling between rotating and stationary components is shown in Figure 2. Analysis of the Figure
reveals the coupling between the rotor hub and the blades. As well as the coupling between the blades
and the rotor. All this shows that the coupling only affects the propeller system and not the stationary
wing .

2.3.1. Mass matrix coupling

The coupling algorithm for the mass matrix is described here below. First of all, the mass matrix of the
blade, i.e. rotating structure coupling in Figure 2, is achieved. For the mass matrix, no coupling takes



place on this structural submatrix. Therefore, the elementary mass matrix for this submatrix is expressed
as

MMM el = ρA

∫ l

0
ρANNNTNNNdx.

To assemble the different elementary matrices, expressed in the element frame, must before being assem-
bled, be expressed in the rotating frame of reference. This is done thanks to the transformation matrix
TTT e. The transformation from the element frame of reference to the rotating frame of reference is done by

MMM eS = TTT T
eMMM elTTT e.

The assembly concerns all degrees of freedom of the element.

Concerning the coupling between the Hub and the blades rotating, the coupling matrix that must be taken
into account when looking at the coupling between the blades and the rotating hub translational degree of
freedom is the matrixHHH , As the different elementary matrices are expressed and computed in the element
frame of reference, the coupling matrix HHH , which is expressed in the rotating frame of reference must
transform to the element frame of reference thanks to the transformation matrixRRRe. This transformation
is expressed as

HHHel = RRReHHHRRR
T
e .

Therefore, the elementary mass matrix, when tackling the coupling between the hub and the blades
rotating reads

MMM el = ρA

∫ l

0
NNNTRRReHHHRRR

T
eNNNdx.

To assemble in the rotating frame of reference, the elementary mass matrix MMM el must be transformed
from the elementary to the rotating frame of reference. This done similarly has done before

MMM eS = TTT T
eMMM elTTT e.

The assembly is made by adding to the translational degrees of freedom of the hub (located on the
rows) and on the degrees of freedom of the rotating elements (the blades), the elementary mass matrix
expressed in the rotating frame, the first three rows and all the columns of the first three rows ofMMM eS .

Similarly, the coupling between the blades and the hub is achieved using this time the coupling matrix
HHHT . As what was done previously, the coupling matrix which is expressed in the rotating frame of
reference must be transformed in the local frame of reference. Therefore, the elementary mass matrix
reads:

MMM el = ρA

∫ l

0
NNNTRRReHHH

TRRRT
eNNNdx.

To assemble in the rotating frame of reference, the elementary mass matrix MMM el must be transformed
from the elementary to the rotating frame of reference. This is similarly done as before

MMM eS = TTT T
eMMM elTTT e.

The assembly is made by adding on the degrees of freedom of the rotating elements (the blades) and the
translational degrees of freedom of the hub (located on the rows). the elementary mass matrix expressed
in the rotating frame of reference; the first three columns and all the rows ofMMM eS .

Once all the elements requiring coupling have been traversed, the various structural sub-matrices are
assembled. Before that, the coupling matrices and the matrix corresponding to the rotating structure (in
our case, the blades) must have the rows and columns corresponding to the hub’s degrees of freedom
being removed. In fact, in the rotating frame of reference, the blades are considered to be clamped to the
rotating hub.
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Figure 2: Representation of a structural matrix undergoing time coupling between the rotating structure and the
hub. The different rows and columns (not represented) represents the different degrees of freedom of the complete
structure.

3. NUMERICAL RESULTS AND DISCUSSION

To validate the proposed method, a rotor-wing system with known stability characteristics is analyzed.
The key findings are as follows:

4. SIMPLE VALIDATION MODEL

In the first instance, the aim is to validate the coupled finite element model established previously par-
tially. The coupling is tested on a ground resonance model established by Hammond et al [2]. The
studied model is represented in Figure 3.

kx

e

Ω

cx

k
y

c y

ζi

Figure 3: Validation case: Ground resonance model. Reproduced from Hammond et al [2].

The different parameters used to perform the validation are available in Table 1.



Parameter Value Units

Number of blade N 4 -
Rotor radius R 5.64 m

Operational rotor speed Ω0 31.42 rads−1

Blade mass mb 94.9 kg
Blade mass moment Sb 281.1 kgm

Blade mass moment of inertia Ib 1084.7 kgm2

Lag hinge offset e 0.3048 m
Lag spring kb 0 Nmrad−1

Longitudinal hub mass Mx 8026.6 kg
Lateral hub mass My 3283.6 kg
Number of blades Nb 4 -

Longitudinal hub spring kx 1240481.08 N/m
Lateral hub spring ky 1240481.08 N/m

Table 1: Ground resonance model parameters (Hammond et al [2]).

4.1. Rigid model

A rigid model has already been develloped by former student Sviatoslav Tezikov [3]. In his work, a rigid
model is studied which does not take into account the deformation of the helicopter blades and therefore
their potential impact on the stability of the system under study. The equations governing the motions of
such a system have been derived by Hammond [2] and read:

(mx +Nmb)ẍh + cxẋh + kxxh = Sb

N∑
i=1

[
(ζ̈i − Ω2ζi) sinψi + 2Ωζ̇i cosψi

]
;

(my +Nmb)ÿh + cyẏh + kyyh = −Sb
N∑
i=1

[
(ζ̈i − Ω2ζi) cosψi − 2Ωζ̇i sinψi

]
.

This system of equations consist of N+2 differential equations which are coupled. The periodic coeffi-
cient arise because the blades equations are develloped in a rotating frame of reference wheras the hub
equations are develloped in a fixed frame of reference. An alternive consist of writting the hub equations
of motion in the rotating frame of reference. The equations thus read:

¨̄x+ ηh ˙̄x+ (ω2
h − Ω2)x̄− 2Ω ˙̄y − Ωηhȳ = ν2h

N∑
j=1

[
(ζj − Ω2ζj) sin

2π

N
(j − 1) + 2Ωζj cos

2π

N
(j − 1)

]
;

¨̄y + ηh ˙̄y + (ω2
h − Ω2)ȳ + 2Ω ˙̄x+Ωηhx̄ = −ν2h

N∑
j=1

[
(ζj − Ω2ζj) cos

2π

N
(j − 1)− 2Ωζj sin

2π

N
(j − 1)

]
,

where the bar notation refers to the global frame of reference and where the following parameters have
been introduced

ν2h =
Sb

mx +Nmb
;

ω2
h =

kx
mx +Nmb

;

ηh =
cx

mx +Nmb
.



4.2. Validation of the different numerical scheme

To validate the various numerical scheme,the various presented numerical schemes are tested and com-
pared to results available in the literature. The different results obtained with the various numerical
schemes are highlighted in Figure 4, Figure 5, Figure 6 and Figure 7.
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Figure 4: Relative modal damping ratio obtained using
Newmark integration scheme using rigid model.
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Figure 5: Relative modal damping ratio obtained using
Runge-Kutta integration scheme using rigid model.
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Figure 6: Relative modal damping ratio obtained using
Newmark V2 integration scheme using rigid model.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

-0.05

0

0.05

Figure 7: Relative modal damping ratio obtained using
α generalised integration scheme using rigid model.

The different numerical schemes employed provided results in agreement with results presented by Ig-
nacio et al in [4].The different results are obtained neglecting the external damping on the hub cx and
cy and the blade damping cb but the coupling term corresponding to the gyroscopic term are taken into
account. However, one can observe that the results obtained using the Runger-kutta integration scheme
are quite different from the ones obtained using the Newmark integration scheme. In fact, the zone of
instability which corresponds to a positive modal damping is larger than the zone of instability obtained
using the Newmark integration scheme. In addition, Newmark’s integration scheme detects two zones
of instability separated each separated by a stability zone. These results seem to be more in accordance
with results obtained in the literature. The difference in the instability zone is probably coming from the
particularity of the different integration schemes. In fact, the Runge-Kutta integration scheme employs
a variable time step to limit the relative error between two integration steps whereas the Newmark in-
tegration scheme employs a constant time step. The results obtained using alpha generalised numerical
scheme are a bit higher than the one obtained using Newmark numerical scheme but this is due to the
fact that the spectral radius is taken into in the computation of the value of the parameter β and γ of the
scheme, which makes them different from the one of the Newmark scheme.

Although Floquet theory and the analysis of Floquet exponents have enabled us to conclude whether the



rigid model under study is stable or not, it is interesting to study the behavior of the dynamic system
under study at a speed of rotation concluded by Floquet theory to be stable or unstable. To do so, The
Newmark integration scheme is employed using as an initial condition an initial displacement, over one
blade, of 0.001 m and no initial velocity. Figure 8 and Figure 10 each represent the movement in the x
and y degrees of freedom plane of the hub. It can be seen that when the rigid system is rotated at a speed
of 3 rad/s, which is a stable speed according to Floquet’s theory, the movement remains bounded around
its equilibrium position, which is confirmed by analyzing the movement over ten periods of revolutions
(Figure 9), whereas when this system is rotated at a speed of rotation said to be unstable by Floquet’s
theory, it can be seen that the hub’s movement is not bounded and could lead to its destruction if operated
at this speed of rotation. This critical behavior is visible when looking at Figure 11, when the movement
of the hub is studied over ten periods of revolution of the propeller.
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Figure 8: Hub displacement over one period of revolu-
tion when rotor rotating at Ω = 3 rad/s.
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Figure 9: Hub displacement over ten periods of revolu-
tion when rotor rotating at Ω = 3 rad/s
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Figure 10: Hub displacement over one period of revo-
lution when rotor rotating at Ω = 30 rad/s.
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Figure 11: Hub displacement over ten periods of revo-
lution when rotor rotating at Ω = 30 rad/s

5. CONCLUSIONS

This study introduces an advanced computational framework for whirl flutter analysis, leveraging FEM
and Floquet theory. The results demonstrate improved accuracy in stability prediction, particularly
through the use of time-dependent coupling. Key conclusions include:

◦ Time-dependent coupling enhances accuracy in whirl flutter analysis.

◦ Floquet theory effectively identifies instability regions in rotor-wing systems.



◦ Runge-Kutta integration provides superior results but at a higher computational cost.

Future work will focus on optimizing computational efficiency and integrating aerodynamic forces for
more comprehensive analysis. Experimental validation will also be pursued to further confirm the effec-
tiveness of the proposed approach.
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