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Abstract

We consider a stationary drift-diffusion system with ionic charge carriers and external generation
of electron and hole charge carriers. This system arises, among other applications, in the context of
semiconductor modeling for perovskite solar cells. Thanks to truncation techniques and iterative
energy estimates, we show the existence and uniform upper and lower bounds on the solutions. The
dependency of the bounds on the various parameters of the model is investigated numerically on
physically relevant test cases.
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1 Introduction
The mathematical modeling of charge transport in semiconductors is a classical subject, central both
to mathematical analysis of partial differential equations (PDEs) and to the design of electronic
and optoelectronic devices. In conventional semiconductor devices, drift-diffusion models describe
the motion of two mobile charge carriers—electrons and holes—coupled through the electrostatic
potential [20, 30, 31, 38]. However, in emerging technologies such as perovskite solar cells, additional
physical effects must be incorporated into the modeling framework [5, 9, 13]. A key example is ionic
transport: in addition to electronic carriers, the migration of ionic vacancies, despite being slow, influences
device operation [9]. Unlike standard models for solar cells, this extra species introduces nonlinearities
associated with volume exclusion effects, which are not captured [5] by the usual Boltzmann or Fermi-
Dirac statistics [21] employed for electrons and holes. These mobile ionic species are also crucial in
other modern semiconductor applications such as memristor modeling [4, 26,28,35]. Another essential
feature of solar cell modeling is photogeneration, which acts as an external source of carriers and must
be considered alongside the intrinsic recombination-generation mechanisms. Beyond photovoltaic energy
conversion, charge carrier generation induced by external radiation is also relevant in light sensing with
photodiodes [27,33] and non-destructive diagnostic techniques such as the laser beam induced current
(LBIC) [8,17,34,40] or the lateral photovoltage scanning (LPS) method [18,29]. In all these cases, the
generation strongly impacts charge carrier transport.

Motivated by these applications we are interested in this paper in the analysis of a generic charge
transport system which includes a mobile ionic species and generation effects. There has been several
recent works concerning the analysis of time dependent version of related systems [3,24,26,28]. However,
the key estimates of the previous papers are non-uniform in time so the analysis of the steady equations
does not follow. Henceforth, the goal of this paper is to analyze the corresponding stationary system
of equations, derive explicit bounds on solutions and investigate the influence of parameters on these
bounds in physically relevant test cases.

1.1 Stationary drift-diffusion equations with ionic carriers and generation
In a bounded domain Ω ⊂ Rd, d ≥ 1, we consider a non-dimensionalized system of continuity equations

−∇ · (nn∇vn) = G−R(nn, np), x ∈ Ω, (1.1a)
−∇ · (np∇vp) = G−R(nn, np), x ∈ Ω, (1.1b)

which are self-consistently coupled to the Poisson equation with rescaled Debye length λ > 0 reading

−λ2∆ψ = znnn + zpnp + zana + C, x ∈ Ω. (1.1c)

Here, ψ denotes the electric potential and nα ≡ nα(x), α ∈ {n, p, a} the charge carrier density, respectively
for electrons, holes and ions. The subscript α = a is chosen for the index related to ions because in
perovskite solar cell applications, this species corresponds usually to anionic vacancies. The quantity
G ≡ G(x) denotes an external generation rate, R(nn, np) is the electron-hole recombination-generation,
and C ≡ C(x) is the given doping density. For each charge carrier species, zα is the charge number with
zn = −zp = −1 and za ∈ Z, and vα ≡ vα(x) is related to the quasi-Fermi potential z−1

α vα of the carrier
species α. Without distinction, we shall call vα quasi-Fermi potentials in the following. The potentials
and densities are related by the state equation

nα = Fα (vα − zαψ) , and vα = F−1
α (nα) + zαψ, (1.1d)

where Fα is called statistics function. The statistics function and the recombination-generation term will
be precised in Section 1.2. The ionic vacancies are isolated in the semiconductor and at thermodynamic
equilibrium in the present model meaning that va is constant and determined by a given total mass
Ma > 0 through the relation

∇va = 0, and
∫
Ω

na dx =Ma. (1.1e)
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Thus, na should be seen as a function of the electric potential only, making the Poisson equation (1.1c)
nonlinear with respect to ψ for given sources nn, np and C.

The system is supplemented with Dirichlet boundary conditions on a part ΓD of the boundary
Γ = ∂Ω and on Neumann boundary conditions on the complementary part ΓN :

nn = nDn , np = nDp , ψ = ψD on ΓD, (1.2a)

∇nn · ν = ∇np · ν = ∇ψ · ν = 0 on ΓN , (1.2b)

where ν denotes the exterior normal vector and nDn , nDp are given functions which will be defined in
Assumption 1.1.

By combining the equations of (1.1) the system can be recast into the drift-diffusion form

−∇ · (Dn(nn)∇nn − nn∇ψ) = G−R(nn, np), x ∈ Ω, (1.3a)
−∇ · (Dp(np)∇np + np∇ψ) = G−R(nn, np), x ∈ Ω, (1.3b)

−λ2∆ψ = np − nn + zaFa (va − zaψ) + C, x ∈ Ω. (1.3c)

where the nonlinear diffusion coefficients are given by

Dα : x ∈ (0,+∞) 7→ x(F−1
α )′(x). (1.4)

Observe that this framework includes the case za = 0 for which (1.3) reduces to a stationary two-species
system with generation and a linear Poisson equation.

The early seminal contributions to the analysis of two-species stationary drift-diffusion equations can
be found in [25,30,31]. In [25], Gröger shows the existence of solutions for a stationary drift-diffusion
system with general statistics and recombinations, but without generation term G. His analysis relies on
truncations techniques that we shall use in the present analysis. However, the uniform bounds on the
solution cannot be adapted in the presence of an external generation term G. In the context of LPS
method, the recent [7] is concerned in a two-species drift-diffusion model with generation. The difficulty
to deal with arbitrary large generation term is mentioned in [7, Section 1], and the analysis developed in
the paper is instead based on a perturbative approach leading to a simplified system.

Elements of analysis of semiconductor model with external generation term can be found in the
context of non-destructive control of semiconductor devices. In these applications, the optical generation
term correspond to the energy induced by a laser beam. In [8, 17], drift-diffusion systems with external
generation and recombination terms are considered. The existence of solutions is proved using a fixed-
point argument, and is valid under a smallness assumption on the external generation term. In [14], a
similar system is studied in one-dimension, for which, under some simplification, analytical expressions
of solutions are given. In [16] a drift-diffusion system coupled with an energy term (taking into account
thermal effects) and external generation is considered. Using truncation techniques, L∞ bounds and
a topological fixed-point argument, the existence of solutions is proved without any restriction on the
intensity of the laser beam. However the analysis is limited to the two-species model with linear diffusion
(i.e. Dα = 1 or equivalently Fα = exp).

The present paper is concerned with the general three species model (1.1). The analysis includes
physically realistic statistics functions leading to nonlinear diffusion in the drift-diffusion form (1.3), real-
istic recombination-generation mechanisms and external generation term G without any size restriction.
The latter point constitutes the major mathematical difficulty in the analysis. The main contributions
of the present paper are the proof of existence of solutions to the system (1.1), the derivation of uniform
L∞ bounds on solutions and bounds from below on the density, as well as the numerical investigation
of the dependencies of those bounds on the various parameters of the equation in physically relevant
settings.

1.2 Main results
Let us start with some notation. With | · | we denote without distinction the Euclidean norm in Rn, the
Lebesgue measure of a set in Rd or the (d − 1)-dimensional Hausdorff surface measure of a set. The
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notation 1A denotes the indicator function of the set A. For Lebesgue spaces Lp(Ω) we use the notation
∥ · ∥Lp for the canonical norm and p′ = p/(p − 1) denotes the conjugate Lebesgue exponent. For the
Sobolev space H1(Ω) we use the notation ∥ · ∥H1 for the canonical norm. Along the proofs, K denotes a
positive constant which may change from line to line. Before stating the main theorem, let us gather the
assumptions on the data.

Assumption 1.1. The domain Ω ⊂ Rd is bounded, connected and Lipschitz. The boundary ∂Ω is
divided into disjoint Lipschitz parts ΓD, ΓN such that ΓD ∪ ΓN = ∂Ω and |ΓD| > 0. The electron and
hole densities nn and np are related to the electric and quasi-Fermi potential through (1.1d) and for
α ∈ {n,p}, we assume {

Fα : R → (0,∞) is a C1- diffeomorphism;

0 < F ′
α(η) ≤ Fα(η) ≤ exp(η), ∀ η ∈ R.

(1.5)

The ionic density na is related to the electric and quasi-Fermi potentials through (1.1d) and we assume
Sa := supFa < +∞ ;

Fa : R → (0 , Sa) is a C1- diffeomorphism;

0 < F ′
a(η) ≤ Fa(η) ≤ exp(η), ∀ η ∈ R.

(1.6)

Observe that the boundedness of the image of Fa reflects that the density na is a priori bounded.
The Dirichlet boundary conditions are such that ψD, vDα ∈ H1(Ω) ∩ L∞(Ω) and nDα is defined by
nDα = Fα(vDα − zαψD) for α ∈ {n, p}. Observe that because of (1.5), the boundary densities are bounded
from above and below and we define

ND = max(∥nDn ∥L∞ , ∥nDp ∥L∞). (1.7)

The total mass Ma of the ions in (1.1e) is assumed to satisfy the compatibility condition

0 < Ma < |Ω|Sa . (1.8)

Concerning the external source terms, the doping profile and generation term are assumed to be such
that there is p ∈ [1,∞] satisfying p > d/2 and

C ∈ Lp(Ω) , G ∈ Lp(Ω) , G(x) ≥ 0 almost everywhere in Ω. (1.9)

The recombination-generation term takes the generic form

R(nn, np) = r(nn, np)nnnp(1− exp(−F−1
n (nn)−F−1

p (np))), (1.10)

with the rate satisfying for some constant r0 ≥ 0,

0 ≤ r(nn, np) ≤ r0.

The recombination term can be rewritten equivalently

R(nn, np) = r̃(nn, np)(exp(F−1
n (nn) + F−1

p (np))− 1),

with the modified rate r̃(x, y) = r(x, y)xy exp(−F−1
n (x)−F−1

p (y)) still satisfying

0 ≤ r̃(nn, np) ≤ r0, (1.11)

in virtue of the hypothesis (1.5). We will use this form of R in the proofs.

Let us give examples of statistics functions and recombination-generation rates which satisfy As-
sumption 1.1.
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Example 1.2 (Statistics functions). Typically, for electrons and holes one considers either Boltzmann
statistics

F(η) = eη,

which yields linear diffusion in (1.3), or Fermi-Dirac of order 1/2 statistics

F(η) =
2√
π

∫ ∞

0

ξ1/2

exp(ξ − η) + 1
dξ. (1.12)

For ionic vacancies, one typically chooses a Blakemore type statistics [5] writing

F(η) =
Sa

e−η + 1
. (1.13)

Example 1.3 (Recombination-generation rates). The hypotheses made on the recombination-generation
rate include the radiative

rrad(nn, np) = r0,rad,

with constant rate r0,rad and trap-assisted Schockley-Read-Hall (SRH) recombination

rSRH(nn, np) =
1

τn(nn + nn,τ ) + τp(np + np,τ )
,

where τn, τp are the dimensionless carrier lifetimes and nn,τ , np,τ the dimensionless reference carrier
densities.

Example 1.4 (External generation). Depending on the application, various models for the external
optical generation rate are used. In solar cell simulations, a common choice is an exponentially decaying
profile,

G(x) = G0 exp(−(x− y) · e)1E(x), x = (x1, . . . , xd) ∈ Ω,

representing absorption along the illumination direction e starting at y ∈ E in the subdomain E ⊂ Ω.
For non-destructive diagnostic scanning techniques, a localized Gaussian generation profile is typical,

G(x) = exp
(
−

d∑
i=1

(xi − µi)
2
)
, x ∈ Ω,

centered at the laser beam position µ ∈ Ω. Both profiles and their associated applications will be
illustrated in the numerical examples in Section 3.

Let us now state the main result of the paper.

Theorem 1.5. Under Assumption 1.1, there exists a weak solution

(va, vn, vp, ψ) ∈ R×
(
H1(Ω) ∩ L∞(Ω)

)3
to the system (1.1) in the sense of Definition 2.1. Moreover, there are explicit positive constants
Mα,Mψ, N,N,Na, Na and K such that for any weak solution to the system (1.1),

|vα| ≤Mα and |ψ| ≤Mψ,

for α ∈ {n, p, a}, almost everywhere in Ω. The corresponding densities nn, np, na ∈ H1(Ω) ∩ L∞(Ω)
satisfy (1.3) in the weak sense as well as the uniform bounds

0 < N ≤ nn ≤ N , 0 < N ≤ np ≤ N and 0 < Na ≤ na ≤ Na < Sa,

almost everywhere in Ω. Moreover,

∥∇vn∥L2 + ∥∇vp∥L2 + ∥∇nn∥L2 + ∥∇np∥L2 + ∥∇na∥L2 ≤ K.

All constants are explicit and depend on the data only through ∥G∥Lp , ∥C∥Lp , ∥ψD∥H1∩L∞ , p, r0, ND,
λ, Ma, |za|, Fα for α ∈ {n, p, a} and the domain Ω.
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The proof of Theorem 1.5 relies on two main steps.
First, we derive uniform bounds on weak solutions of (1.1) in Section 2.2. The main mathematical

difficulty concerns the derivation of a priori upper bounds on the densities nn and np and is due to
the external generation term G. In order to derive these bounds we use an iterative energy argument
reminiscent of the work of Stampacchia and De Giorgi, see [15, 36, 37]. We also refer to Vasseur [39]
and references therein for a modern perspective and to [16] for similar techniques used on a related
drift-diffusion system.

Second, we build in Section 2.3 a solution to the system starting from an approximate system with
truncated nonlinearities. This type of approximation is well-known for drift-diffusion systems, see for
instance [3, 25, 26, 30]. The existence for the truncated system follows from the Leray-Schauder theorem
as well as a minimization argument for the nonlinear Poisson equation. On the truncated system we
show that the uniform bounds also hold which implies that their solution coincide with those of (1.1)
for large enough truncation threshold.

We point out that Theorem 1.5 guarantees explicit bounds for the electric current

IB =

∫
B

(jn + jp) · ν dΓ , where jα = −zαnα∇vα , α ∈ {n, p} , (1.14)

flowing out of the system through an ohmic contact, that is, a boundary component B which satisfies

B ⊂ ΓD , B ∩Bc ∩ ΓD = ∅ . (1.15)

This is of interest because it provides a rigorous framework in the context of laser beam induced current
techniques [8, 17,34,40], as detailed in Section 3.2. We formalize this consequence in the following result.

Corollary 1.6. Consider an ohmic contact B, namely a subset of the boundary satisfying (1.15). For
any weak solution (va, vn, vp, ψ) to (1.1), the outward current IB in (1.14) is well defined. Furthermore,
there exists a constant K depending on the data as in Theorem 1.5 such that

|IB | ≤ K .

This result is a direct consequence of Theorem 1.5. We detail its proof in Section 2.3.3.
As a final comment, let us mention that uniqueness of solutions to (1.1) is known to be false in

general for the system (1.1) even in simple settings, see [6] and references therein.
The analytical results of Theorem 1.5 are complemented in Section 3 with physically motivated

numerical simulations. In two representative applications to study how the generation rate G, the Debye
length λ, and the doping profile C influence carrier densities and potential profiles. For these simulations,
we employ a stationary version of the time-implicit two-point flux finite volume scheme introduced in [2].
While this is outside of the scope of the present paper, we mention that the techniques developed here
could be adapted to the finite volume numerical discretizations of the system to show existence and
uniform bounds on the approximate solution with uniform dependency on the mesh size. We refer to
the work of the third and fourth author of the present paper in [11] (see also [12]) for an example in the
case of a simpler linear steady convection diffusion system with mixed boundary conditions.

1.3 Outline
Section 2 is dedicated to the proof of Theorem 1.5. In Section 2.2, we derive uniform upper and lower
bounds for weak solutions of (1.1) using an iterative energy argument for the upper bounds on the
densities and monotonicity / maximum principle arguments for the rest of the bounds. In Section 2.3,
we build a solution to the system from an approximate version with truncated nonlinearities. Then,
Section 3 is dedicated to numerical investigation of the bounds on two test cases: a three-layer perovskite
solar cell with anion vacancies and a two-dimensional laser-beam-induced-current setup for the a classical
two-species drift-diffusion system. Finally we recall in appendix a technical lemma due to Stampacchia
which is crucial in the iterative energy argument.
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2 Existence of weak solutions and uniform bounds
This section is dedicated to the proof of Theorem 1.5. We start with a precise definition of the notion of
weak solution in Section 2.1. Then, we show a priori estimates on weak solutions in Section 2.2. Finally,
we prove the existence of weak solutions to a truncated system of equations in Section 2.3. Adapting the
a priori estimates to the truncated system, we deduce that a weak solution to the truncated system is
indeed a weak solution to the initial system.

In the following we use the functional space

H1
D(Ω) = {u ∈ H1(Ω) such that u|ΓD = 0},

where u|ΓD denotes the trace of u on ΓD. For any function in H1
D(Ω), we denote by Kp the Poincaré-

Sobolev constant (depending only on p and Ω) of the continuous and compact embedding H1
D(Ω) ⊂ Lp(Ω),

namely
∥u∥Lp ≤ Kp∥∇u∥L2 , for all u ∈ H1

D(Ω), (2.1)

which holds for any p ∈ [1,∞] if d = 1, p ∈ [1,∞) if d = 2 and p ∈ [1, 2d/(d− 2)] if d > 2.

2.1 Notion of weak solution
Definition 2.1. A quadruplet (va, vn, vp, ψ) ∈ R× (H1(Ω) ∩ L∞(Ω))3 is called a weak solution to (1.1)
if it satisfies the mass constraint ∫

Ω

Fa (va − zaψ) dx = Ma , (2.2)

and there exists (v̂n, v̂p, ψ̂) ∈ (H1
D(Ω))

3 such that (vn = v̂n + vDn , vn = v̂p + vDp , ψ = ψ̂ + ψD) and for all
test functions (un, up, ϕ) ∈ (H1

D(Ω))
3,∫

Ω

nα∇vα · ∇uα dx =

∫
Ω

(G−R(nn, np))uα dx, for α = n, p, (2.3a)

λ2
∫
Ω

∇ψ · ∇ϕdx =

∫
Ω

(np − nn + zaFa (va − zaψ) + C)ϕdx , (2.3b)

where the densities nn, np are defined by (1.1d).

Lemma 2.2. Under Assumption 1.1, for any weak solution (va, vn, vp, ψ) in the sense of Definition 2.1,
the related densities na, nn, np belong to H1(Ω) ∩ L∞(Ω). Moreover they are bounded from below by
positive constants and satisfy (1.3) in the weak sense, that is∫

Ω

(zαnα∇ψ +Dα(nα)∇nα) · ∇uα dx =

∫
Ω

(G−R(nn, np))uα dx, for α = n,p, (2.4a)

λ2
∫
Ω

∇ψ · ∇ϕdx =

∫
Ω

(np − nn + zana + C)ϕ dx, (2.4b)

for any test functions (un, up, ϕ) ∈ (H1
D(Ω))

3. Moreover the diffusion coefficients defined in (1.4) satisfy
Dα(x) ≥ 1 for all x ∈ (0,+∞).

Proof. The bounds and H1(Ω) regularity of the densities follow from the state equation (1.1d) and
Assumption 1.1. The drift-diffusion form on the densities then follows from the identity

nα∇vα = Dα(nα)∇nα + zαnα∇ψ.

Finally the bound Dα(x) ≥ 1 is a consequence of (1.5).

2.2 A priori estimates
In the following, we derive upper bounds for the densities nn and np in Section 2.2.1. Then, we derive
upper and lower bounds on the potentials vn, vp, va and ψ in Section 2.2.2.
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2.2.1 Upper bounds on the densities

Proposition 2.3. Under Assumption 1.1, there exists an explicit constant N ≥ ND such that any weak
solution to (1.1) in the sense of Definition 2.1 verifies

0 < nn ≤ N and 0 < np ≤ N almost everywhere in Ω. (2.5)

Proof. The lower bounds follow from Lemma 2.2. In order to prove the upper bounds, we will adapt
a method essentially due to Stampacchia [36, 37]. For α ∈ {n,p}, we define the function Eα : ν ∈
[ND,+∞) 7→ Eα(ν) ∈ R+ by:

Eα(ν) =
∫
Ω

∣∣∣∇ log
(
1 +

(nα
ν

− 1
)
+

)∣∣∣2 dx, ∀ν ≥ ND , α ∈ {n, p} . (2.6)

We note that Eα is a non-increasing function of ν. Moreover, as log(1 +
(
nα

ν − 1
)
+
) belongs to H1

D(Ω)

for ν ≥ ND, the Poincaré inequality writes∥∥∥log (1 + (nα
ν

− 1
)
+

)∥∥∥2
L2(Ω)

≤ K2
2Eα(ν), ∀ν ≥ ND.

Our aim is to establish the existence of N such that Eα(N) = 0 , so that nα ≤ N for α = n, p.
Let us introduce the non-negative function, bounded by 1, vanishing on (−∞, 0), defined by

φ : s ∈ R 7→ s

1 + s
1s≥0.

and the auxiliary function wν,α = nα

ν − 1. They satisfy ∇nα = ν∇wν,α and

Eα(ν) =
∫
Ω

∣∣∣∇ log
(
1 + (wν,α)+

)∣∣∣2 dx =

∫
Ω

φ′(wν,α)|∇wν,α|2 dx.

For the test function uα =
φ(wν,α)

ν , the lower bound on the diffusion coefficient Dα implies that∫
Ω

Dα(nα)∇nα · ∇uα dx =

∫
Ω

Dα(nα)∇wν,α · ∇φ(wν,α) dx ≥ Eα(ν), for α = n,p. (2.7)

Moreover, the upper bound (1.11) implies that R(nn, np) ≥ −r0, so that, with the Lp bound on G, we
obtain thanks to the Hölder inequality∫

Ω

(G−R(nn, np))(un + up) dx =
1

ν

∫
Ω

(G−R(nn, np)) (φ(wν,n) + φ(wν,p)) dx

≤ ∥G+ r0∥Lp

ND

(∥∥1{nn≥ν}
∥∥
Lp′ +

∥∥1{nn≥ν}
∥∥
Lp′

)
. (2.8)

Then, applying (2.4a) for α = n, p with the corresponding uα, summing the two equalities and using
(2.7), (2.8), we get

En(ν) + Ep(ν) ≤
∫
Ω

∇ψ · ((wν,n + 1)∇φ(wν,n)− (wν,p + 1)∇φ(wν,p)) dx

+
∥G+ r0∥Lp

ND

(∥∥1{nn≥ν}
∥∥
Lp′ +

∥∥1{np≥ν}
∥∥
Lp′

)
. (2.9)

Using in (2.4b) the test function ϕ = log(1 + (wν,n)+)− log(1 + (wν,p)+), which satisfies

∇ϕ = (wν,n + 1)∇φ(wν,n)− (wν,p + 1)∇φ(wν,p),
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we obtain that∫
Ω

∇ψ · ((wν,n + 1)∇φ(wν,n)− (wν,p + 1)∇φ(wν,p)) dx =

1

λ2

∫
Ω

(np − nn + zana + C)
(
log
(
1 +

(nn

ν
− 1
)
+

)
− log

(
1 +

(np

ν
− 1
)
+

))
dx

≤ 1

λ2

∫
Ω

(zana + C)
(
log
(
1 +

(nn

ν
− 1
)
+

)
− log

(
1 +

(np

ν
− 1
)
+

))
dx, (2.10)

due to the monotonicity of the log function. Now, since p > d/2, one has that q = 2p′ = 2p/(p− 1) is
such that H1

D(Ω) embeds continuously in Lq(Ω), see (2.1). Moreover 2
q +

1
p = 1 so using successively

Hölder, Sobolev and Young’s inequalities one obtains

1

λ2

∣∣∣∣∫
Ω

(C + zana) (log(1 + (wν,α)+) dx

∣∣∣∣
≤ 1

λ2
∥C + zana∥Lp

∥∥1{nα≥ν}
∥∥
Lq ∥log(1 + (wν,α)+)∥Lq

≤ 1

2
Eα(ν) +

K2
q

2λ4
∥C + zana∥2Lp

∥∥1{nn≥ν}
∥∥2
Lq .

Combined with (2.9)-(2.10), this yields, for all ν ≥ ND,

En(ν) + Ep(ν)

≤

(
K2
q

λ4
∥C + zana∥2Lp +

2

ND
∥G+ r0∥Lp

)(∥∥1{nn≥ν}
∥∥2
Lq +

∥∥1{np≥ν}
∥∥2
Lq

)
. (2.11)

For r > q = 2p/(p− 1) such that H1
D(Ω) ⊂ Lr(Ω), which exists since p > d/2 (see (2.1)), observe that

for µ > ν ≥ ND and α = n, p,

1{nα≥µ} ≤
∣∣∣∣ log(1 + (nα

ν − 1)+)

log(1 + (µν − 1)+)

∣∣∣∣r 1{nα≥ν}.

This implies ∫
Ω

1{nα≥µ} dx ≤ Kr
r

(Eα(ν))
r/2

(logµ− log ν)r

and, from (2.11), we deduce

En(µ) + Ep(µ) ≤ ζ
(En(ν) + Ep(ν))

r/q

(logµ− log ν)2r/q
∀µ > ν ≥ ND, (2.12)

with

ζ = K2r/q
r

(
K2
q

λ4
∥∥|C|+ |za|Sa

∥∥2
Lp +

2

ND

∥∥G+ r0
∥∥
Lp

)
.

to the function E = En ◦ exp+Ep ◦ exp defined on (log(ND),+∞), nonnegative and nonincreasing. As
it satisfies

E(y) ≤ ζ
E(x)β

(y − x)α
∀y > x ≥ logND,

with β = r/q > 1 and α = 2r/q > 0, we obtain the existence of N > ND such that E(log(N)) = 0 and,
therefore, En(N) = Ep(N) = 0. Using that from (2.11), one has E(log(ND)) ≤ 2ζ|Ω|2/q/K2r/q

r , the
upper bound can be taken explicitly as

N = ND exp

(
K

(
∥C∥Lp + |za|Sa

λ2
+

∥G∥
1
2

Lp + r
1
2
0

(ND)
1
2

))
.

with K depending only on p and Ω. This concludes the proof of Proposition 2.3.
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2.2.2 Bounds on the potentials

Proposition 2.4. Under Assumption 1.1, there exists explicit constants Mψ and Mv such that any
weak solution to (1.1) in the sense of Definition 2.1 verifies

−Mψ ≤ ψ ≤Mψ, (2.13a)

−Mv ≤ vα ≤Mv, for α = n, p. (2.13b)

Proof. Due to Proposition 2.3, the assumptions C ∈ Lp(Ω) with p > d/2 and Fa ∈ L∞(R), we know
that the right-hand-side of the Poisson equation is bounded in Lp(Ω). If p = ∞, then the bounds (2.13a)
follow from the maximum principle. If p is merely such that p > d/2 the same estimates as in the
previous Section 2.2.1, for the much simpler Poisson equation −∆ψ = f ∈ Lp(Ω) can be replicated to
obtain (2.13a).

Then, the state equations (1.1d) imply that for α = n, p,

vα ≤ F−1
α (N) +Mψ, (2.14)

and we can set Mv = max{F−1
n (N) +Mψ, F−1

p (N) +Mψ, ∥vDn ∥L∞ , ∥vDp ∥L∞}.
It remains to show that these potentials are bounded from below. Therefore, we write (2.3a) with

the test functions (un, up) ∈ (H1
D(Ω))

2 defined by

uα = (vα +Mv)− = −(vα +Mv)1{vα+Mv≤0} for α = n, p.

On the one hand, we have, for α = n, p,∫
Ω

nα∇vα · ∇uα dx = −
∫
Ω

nα|∇uα|2 dx, (2.15)

while, on the other hand,∫
Ω

(G−R(nn, np))uα dx ≥
∫
Ω

r̃(nn, np)(exp(vn + vp)− 1)(vα +Mv)1{vα+Mv≤0} dx.

But, exp(vn + vp) = exp(vn +Mv) exp(vp −Mv) ≤ exp(vn +Mv). This implies

(exp(vn + vp)− 1)(vn +Mv)1{vn+Mv≤0} ≥ 0.

Therefore, we get, for α = n, p, ∫
Ω

(G−R(nn, np))uα dx ≥ 0 (2.16)

and from (2.15) and (2.16) we deduce ∫
Ω

nα|∇uα|2 dx = 0,

which yields, since nα > 0 and uα ∈ H1
D(Ω), that uα = 0 and vα ≥ −Mv and concludes the proof of

Proposition 2.4.

It remains to prove the bounds on va. For this, we start with a preliminary well-posedness result
concerning the nonlinear Poisson equation (2.4b) with mass constraint (2.2). The proof follows from
elementary calculus of variation arguments, which are inspired by [10]. This lemma will also be useful in
the next section.

Lemma 2.5. Under Assumption 1.1, for any f ∈ Lp(Ω) with p ∈ [1,∞] and p > d/2, and σ ∈ [0, 1],
there exists a unique weak solution (va, ψ), with va ∈ R and ψ−σψD ∈ H1

D(Ω), to the nonlinear Poisson
equation

−λ2∆ψ = σ(f + zaFa(va − zaψ)) in Ω, and ψ = σψD on ΓD,
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with the mass constraint
Ma =

∫
Ω

Fa(va − zaψ) dx,

and it satisfies the estimate

σ|va|+ ∥ψ∥2H1 ≤ σK(1 + ∥ψD∥2H1 + ∥f∥2Lp),

for some explicit constant K > 0.

Proof. For ψ̂ ∈ H1
D(Ω) and v ∈ R, consider the functional

J(ψ̂, v) =

∫
Ω

[
λ2

2
|∇(ψ̂ + σψD)|2 + σGa(v − za(ψ̂ + σψD))− σ

(
za
Ma

|Ω|
+ f

)
ψ̂

]
dx,

where
Ga(x) =

∫ x

−∞
Fa(y) dy −

Ma

|Ω|
x.

Clearly, from (1.6), Ga is a strictly convex function and one checks that J is a well-defined strictly
convex functional with values in R ∪ {+∞}, whose critical points coincide exactly with weak solutions
to the nonlinear Poisson equation with mass constraint. Moreover, thanks to (1.6) and (1.8), there are
µ,K > 0 such that

Sa|x|+K ≥ Ga(x) ≥ µ|x| −K for all x ∈ R.

Therefore, using the lower bound as well as Young’s, Hölder and Sobolev inequalities (observe that
H1
D(Ω) ⊂ Lp

′
(Ω) under the hypotheses) one finds that

J(ψ̂, v) ≥ λ2

4
∥∇ψ̂∥2L2 + σµ|Ω||v| − σK(1 + ∥f∥2Lp + ∥∇ψD∥2L2),

for some constant K > 0 depending only on p, Ω, Fa, |za| and Ma. Therefore, J is coercive and admits
a unique minimizer which is the unique solution to the nonlinear Poisson equation with mass constraint.
The estimate on the solution is obtained by noticing that for the minimizer one has J(ψ̂, v) ≤ J(0, 0).

Corollary 2.6. Under Assumption 1.1, there exists an explicit constant Ma such that any weak solution
to (1.1) in the sense of Definition 2.1 verifies

−Ma ≤ va ≤Ma. (2.17)

2.3 Existence proof
We now prove the existence of weak solutions in the sense of Definition 2.1. The proof is based on two
intermediate steps. First, we consider a modified system of equations based on some truncations of
the densities and of the potentials. Then, we obtain the existence of a weak solution to the truncated
system in Proposition 2.7 as a consequence of the Leray-Schauder fixed point theorem. Second, we prove
that any weak solution to the truncated system is indeed a weak solution to the initial system, for a
sufficiently big level of truncation.

2.3.1 Existence of a solution to a system involving truncations

Let us start with the definition of different truncations. For M > 0, we define TM : R → [M−1,M ] and
SM : R → [−M,M ] as

TM (x) =


1
M if x ≤ 1

M ,

x if 1
M ≤ x ≤M,

M if x ≥M,

and SM (x) =


−M if x ≤ −M,

x if −M ≤ x ≤M,

M if x ≥M.
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Then, we define the truncation of the diffusion coefficient function Dα as Dα,M : R → R satisfying

Dα,M (x) = Dα(TM (x)) ∀x ∈ R.

A direct consequence of the lower bound of Dα is that Dα,M (x) ≥ 1 for all x ∈ R. Let us now introduce
the C1-diffeomorphism Fα,M : R → R defined through its reciprocal function by

F−1
α,M (x) =

∫ x

1

(F−1
α )′(TM (y)) dy ∀x ∈ R.

This function is such that
Dα,M (x) = TM (x)(F−1

α,M )′(x) ∀x ∈ R. (2.18)

We finally define the truncation of the recombination-generation term R by

RM (x, y, z) = r̃(TM (x), TM (y))
(
eSM (F−1

n,M (x)−z)eSM (F−1
p,M (y)+z) − 1

)
∀(x, y, z) ∈ R3. (2.19)

Observe that because of the truncation SM we introduce a third argument z dedicated to the electric
field.

Proposition 2.7. Under Assumption 1.1, for all M > 0, there exists (ψM , nMn , nMp , vMa ) such that

(ψM − ψD, nMn − nDn , n
M
p − nDp ) ∈ (H1

D(Ω))
3 and vMa ∈ R,

the mass constraint (2.2) is satisfied by (vMa , ψM ), that is∫
Ω

Fa
(
vMa − zaψ

M
)
dx = Ma ,

and, for all (ϕ, un, up) ∈ (H1
D(Ω))

3 and α ∈ {n,p}, (ψM , nMn , nMp , vMa ) satisfies the weak formulation of
the truncated system

λ2
∫
Ω

∇ψM · ∇ϕ dx =

∫
Ω

(
TM (nMp )− TM (nMn ) + za Fa

(
vMa − zaψ

M
)
+ C

)
ϕ dx, (2.20a)∫

Ω

(Dα,M (nMα )∇nMα + zα TM (nMα )∇ψM ) · ∇uα dx =

∫
Ω

(G−RM (nMn , nMp , ψM ))uα dx. (2.20b)

Proof. In order to prove Proposition 2.7, we introduce an application τ : L2(Ω)2 × [0, 1] → L2(Ω)2 such
that τ(n̄n, n̄p, σ) = (nn, np). This application is defined in two steps.

Step 1: First, thanks to Lemma 2.5, for a given (n̄n, n̄p, σ), there is a unique function ψ = ψ̂+σψD ∈
H1(Ω) such that ψ̂ ∈ H1

D(Ω) and a unique va ∈ R solutions to the following problem: for all ϕ ∈ H1
D(Ω),

λ2
∫
Ω

∇ψ · ∇ϕ dx = σ

∫
Ω

(TM (n̄p)− TM (n̄n) + za Fa (va − zaψ) + C)ϕdx, (2.21)

with the mass constraint ∫
Ω

Fa (va − zaψ) dx = Ma . (2.22)

Furthermore, there is K independent of σ ∈ [0, 1] , such that

∥∇ψ∥L2 ≤ K. (2.23)

Step 2: Applying the Lax-Milgram theorem, we obtain the existence and uniqueness of n̂n ∈ H1
D(Ω)

and n̂p ∈ H1
D(Ω) such that, defining nn = n̂n + σnDn and np = n̂p + σnDp , one has for all un, up ∈ H1

D(Ω)
that∫

Ω

(Dn,M (n̄n)∇nn · ∇un +Dp,M (n̄p)∇np · ∇up) dx =

+

∫
Ω

∇ψ · (TM (n̄n)∇un − TM (n̄p)∇up) dx+ σ

∫
Ω

(G−RM (n̄n, n̄p, ψ))(un + up) dx. (2.24)
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Using un = n̂n and up = n̂p as test functions in (2.24) and once again classical inequalities (observe for
the generation term that, again, H1

D(Ω) ⊂ Lp
′
(Ω) under the hypotheses), we obtain the existence of K

which depends (in particular) on M but not on σ ∈ [0, 1] such that

∥∇nn∥2L2 + ∥∇np∥2L2 ≤ K
(
∥∇ψ∥2L2 + 1

)
. (2.25)

The mapping τ : (n̄n, n̄p, σ) ∈ L2(Ω)2 × [0, 1] → (nn, np) ∈ L2(Ω)2 is well-defined through Step 1
and Step 2. It satisfies τ(n̄n, n̄p, 0) = 0. Moreover, we deduce from (2.25), combined with (2.23), that
τ is a compact mapping from L2(Ω)2 × [0, 1] to L2(Ω)2 and that there exists a constant K such that
∥nn∥L2 , ∥np∥L2 ≤ K for all (nn, np, σ) ∈ L2(Ω)2 × [0, 1] satisfying τ(nn, np, σ) = (nn, np). Therefore,
the Leray-Schauder fixed point theorem (see Theorem 11.6 in [22]) yields the existence of a fixed
point (nMn , nMp ) ∈ (L2(Ω))2 to τ(·, ·, 1). Moreover, ψM ∈ H1(Ω) is obtained as a by-product of Step 1:
ψM = ψ̂ + ψD where ψ̂ ∈ H1

D(Ω) and vMa ∈ R are defined by (2.21)-(2.22) with σ = 1 and (nMn , nMp )

instead of n̄n, n̄p in the right-hand-side. The densities nMn , nMp belong to H1(Ω) and n̂n = nMn − nDn ,
n̂p = nMp − nDp belong to H1

D(Ω). Noticing that (ψM , nMn , nMp ) satisfies (2.20), this ends the proof of
Proposition 2.7.

Knowing (ψM , nMn , nMp , vMa ) is a solution to the truncated system (2.20), we can define some associate
quasi-Fermi potentials as

vMn = F−1
n,M (nMn )− ψM , vMp = F−1

p,M (nMp ) + ψM . (2.26)

We have that (vMn , vMp ) ∈ H1(Ω)2, (vMn − (F−1
n,M (nDn ) − ψD), vMp − (F−1

p,M (nDp ) + ψD)) ∈ H1
D(Ω)

2 and
for all (un, up) ∈ (H1

D(Ω))
2,∫

Ω

(TM (nMα )∇vMα ) · ∇uα dx =

∫
Ω

(G−RM (nMn , nMp , ψM ))uα dx, for α = n, p. (2.27a)

2.3.2 Proof of Theorem 1.5

The a priori bounds on weak solutions follow from Proposition 2.3, Proposition 2.4 and Corollary 2.6.
Observe that the bounds on the potentials also yield uniform lower bounds on the densities. It remains to
show the existence part. To proceed, we will now establish L∞ bounds on the solutions to the truncated
system (ψM , nMn , nMp , vMa ) defined by (2.20) and to the associated quasi-Fermi potential (vMn , vMp ) defined
by (2.26). The crucial point consists in proving that these L∞ bounds do not depend on M for M
sufficiently large, so that a solution to the truncated system is indeed a solution to the initial system. In
order to obtain the L∞-estimates for the solutions to the truncated system, we follow the main lines of
Section 2.2.

Step 1. Upper bound on the densities
In order to establish an upper bound on the densities, we follow the lines of the Proof of Proposition

2.3. The functions EMα : [ND,+∞) → R+ are defined by substituting nMα to nα in the definition (2.6)
of Eα. The auxiliary functions are now denoted by wMν,α = nMα /ν − 1.

For ν ≥ ND, we follow the computations leading to (2.9), which yields

EMn (ν) + EMp (ν) ≤
∫
Ω

∇ψ ·

(
TM (ν(wMν,n + 1))

ν
∇φ(wMn )−

TM (ν(wMν,p + 1)

ν
∇φ(wMν,p)

)
dx

+
∥G+ r0∥Lp

ND

(∥∥1{nM
n ≥ν}

∥∥
Lp′ +

∥∥∥1{nM
p ≥ν}

∥∥∥
Lp′

)
. (2.28)

Now, we introduce the function hMν defined by

hMν (s) =

∫ s

0

TM (ν(w + 1))

ν
φ′(w) dw ∀s ∈ R.
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It is a non-decreasing and non-negative function that vanishes on (−∞, 0], so that we can obtain the
inequality equivalent to (2.10):

EMn (ν) + EMp (ν) ≤ ∥G+ r0∥Lp

ND

(∥∥1{nM
n ≥ν}

∥∥
Lp′ +

∥∥∥1{nM
p ≥ν}

∥∥∥
Lp′

)
+

1

λ2

∫
Ω

(
C + za Fa

(
vMa − zaψ

M
))

(hMν (wMν,n)− hMν (wMν,p)) dx. (2.29)

But, we also observe that if M ≥ ν−1, then for all w ≥ 0, ν(w + 1) ≥M−1 which yields that

TM (ν(w + 1))

ν
≤ (w + 1), for all w ≥ 0.

This implies that hMν (s) ≤ log(1+ s+) for all s ∈ R. Therefore, we obtain an inequality similar to (2.11):
for ν ≥ ND and M ≥ 1/ν,

EMn (ν)+EMp (ν) ≤(
K2
q

λ4
∥|C|+ |za|Sa∥2Lp +

2

ND
∥G+ r0∥Lp

)(∥∥1{nM
n ≥ν}

∥∥
Lp′ +

∥∥∥1{nM
p ≥ν}

∥∥∥
Lp′

)
.

Finally, if M ≥ 1
N

, with N defined in Proposition 2.3, we can follow the end of the proof of this
proposition, so that we obtain

0 < nMn , nMp ≤ N almost everywhere in Ω. (2.30)

Step 2. Bounds on the potentials
A direct consequence of (2.30) is that the bounds on ψM are the same as the bounds on ψ, if M ≥ 1

N
:

−Mψ ≤ ψM ≤Mψ.

Let us now choose M that satisfies also M ≥ N , so that F−1
α,M (nMα ) = F−1

α (nMα ) for α = n, p. Then, we
deduce that

vMα ≤Mv, for α = n, p,

with Mv defined in the proof of Proposition 2.4.
Next, we prove that the quasi-Fermi potentials vMα are also bounded from below. Using un =

(vMn +Mv)− as a test function in (2.27a) for α = n, we have that

−
∫
Ω

TM (nMn )|∇un|2 dx =

∫
Ω

(G−RM (nMn , nMp , ψM ))un

≥
∫
Ω

r̃(TM (nMn , nMp ))(eSM (vMn )+SM (vMp ) − 1)(vMn +Mv)1vMn +Mv≤0 dx.

But as soon as M ≥Mv, we have:

exp(SM (vMp )−Mv) ≤ 1,

exp(SM (vMn ) +Mv) ≤ 1 if vMn +Mv ≤ 0.

We deduce, as in the end of the proof of Proposition 2.4 that un = 0 and, therefore, that vMn ≥ −Mv.
The proof is similar for vMp .

Conclusion. We have obtained that for M satisfying

M ≥ max(N
−1
, N,Mv),

with N and Mv respectively defined in Proposition 2.3 and Proposition 2.4, the solution to the truncated
system (ψM , nMn , nMp ) satisfies bounds that do not depend on M . This means that the solution to the
truncated system defined by (2.20) is a solution to the initial system (1.1).
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Remark 2.8 (Multi-layer devices). The model (1.1) is not general enough to describe some typical
perovskite solar cell device. Indeed, generally, one has a multi-layer domain with mobile anion species
only in some layers ΩPVK ⊂ Ω (see Section 3.1 for an example). In order to include this type of devices
into the modelling framework, for the stationary problem at hand here, it amounts to introduce some
characteristic function in the Poisson equation

−λ2∆ψ = np − nn + zaFa (va − zaψ)1ΩPVK(x) + C.

We leave the reader to check that the analysis can be extended easily to this type (and more general)
settings.

2.3.3 Proof of Corollary 1.6

To prove Corollary 1.6, we consider a solution (va, vn, vp, ψ) to (1.1) and fix some B ⊂ ∂Ω which
satisfies B ∩Bc ∩ ΓD = ∅. We first prove that IB in (1.14) is well defined. To do so, we point out that
jα, α ∈ {n, p}, belongs to L2(Ω) by taking the L2 norm in (1.14) and applying Theorem 1.5, which
guarantees that (nn, np) (resp. (vn, vp)) is explicitly bounded in L∞(Ω) (resp. H1(Ω)). Furthermore,
∇ · (jn + jp) also belongs to L2(Ω), since the difference between (1.1a) and (1.1b) reads ∇ · (jn + jp) = 0.
Therefore the normal trace ∇ · (jn + jp) · ν is bounded in H−1/2(∂Ω) and we have [23]∫

∂Ω

(jn + jp) · ν u dΓ =

∫
Ω

(jn + jp) · ∇udx ,

for all u ∈ C∞(Ω̄). In particular, this guarantees that∫
∂Ω

(jn + jp) · ν (u1 − u2) dΓ =

∫
Ω

(jn + jp) · ∇(u1 − u2) dx ,

for all (u1, u2) ∈ X2, where

X = {u ∈ C∞(Ω̄) |u(x) = 1 , ∀x ∈ B and u(x) = 0 , ∀x ∈ Bc ∩ ΓD} .

We check that u1 − u2 ∈ H1
D(Ω), which allows us to substitute jn + jp in the previous right hand side

according to (2.3a) with α ∈ {n, p}, leading to∫
∂Ω

(jn + jp) · ν (u1 − u2) dΓ = 0 .

The previous relation justifies that IB in (1.14) is well defined as

IB =

∫
∂Ω

(jn + jp) · ν u dΓ =

∫
Ω

(jn + jp) · ∇udx ,

for all u ∈ X. Furthermore, taking the absolute value and applying Cauchy-Schwarz inequality in the
right hand side, we find

|IB | ≤ (∥jn∥L2(Ω) + ∥jp∥L2(Ω)) inf
u∈X

∥∇u∥L2(Ω) .

We conclude the proof by checking that X is nonempty since B ∩ (Bc ∩ ΓD) = ∅.

3 Numerical simulations
In this section, we simulate the charge transport in two representative applications to study how the
generation rate influences carrier densities and potential profiles. We employ a stationary version of
the time-implicit two-point flux finite volume scheme introduced in [2]. The simulations are performed
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with the Julia package ChargeTransport.jl [1], which in turn is built on VoronoiFVM.jl [19], which
implements the Voronoi finite volume method for general nonlinear diffusion-convection-reaction systems.

For both applications, we use the Fermi-Dirac integral of order 1/2, as stated in (1.12), for electrons
and holes as statistics function. We combine radiative and SRH contributions, entering the recombination-
generation term in (1.10), r(nn, np) = r0,rad+(nn+np)

−1, with r0,rad = 1 in the solar cell case (Section 3.1)
and r0,rad = 0 for the laser-beam application (Section 3.2). Both numerical examples are integrated
in [1], where the solar cell simulations are contained in the example file Ex109_PSC_NonDimensional.jl
while the LBIC simulations are conducted with Ex203_LBIC_NonDimensional.jl.

3.1 Three-layer perovskite solar cell
In this example, we simulate the charge transport in a perovskite solar cell in one dimension, consisting
of an absorber layer, which captures photons from sunlight, sandwiched between two transport layers, as
illustrated in Figure 3.1a. We partition the domain Ω into three subdomains Ω = ΩETL ∪ ΩPVK ∪ ΩHTL
with ΩETL = [0, 1], ΩPVK = [1, 5], and ΩHTL = [5, 7]. While we assume in the first setup that za = 0,
resulting in a bipolar model, we assume in the second setup za = 1. In that case, ionic movement is
restricted to the middle layer ΩPVK. In this one-dimensional set-up, we solely assume outer Dirichlet
boundaries. At the inner interfaces, we assume continuity of potentials as well as their gradients. With
these additional interfacial conditions the above analysis of the model can be extended to multi-layer
devices as explained in Remark 2.8. Finally, we choose a uniform grid spacing h ≈ 1.26× 10−2, resulting
in a total of 558 nodes.

Figure 3.1: (a) Schematic of the three-layer solar cell architecture, with the perovskite layer ΩPVK
sandwiched between the electron transport layer ΩETL and the hole transport layer ΩHTL. Light enters
through the left contact. The boundaries ΓN and ΓD are also indicated. (b) Exponentially decaying
photogeneration rate G, present only within the absorbing perovskite layer ΩPVK.

The Debye length is set to λ = 1. The doping density is piecewise constant across the three regions
with C = 10 in ΩETL, C = −10 in ΩHTL and to C = 0 in ΩPVK. The photogeneration rate, illustrated in
Figure 3.1b, is modeled by an exponentially decaying function G(x) = 1ΩPVK(x)G0 exp(−(x−x1)), where
x1 = 1 marks the left edge of the absorber layer and G0 is a scaling factor. Photogeneration is confined to
ΩPVK with a typical value G0 = 1, corresponding to standard solar illumination conditions, i.e., a clear
sunny day. Moreover, we impose Dirichlet boundary conditions at the contacts: vDn |x=0 = vDp |x=0 = 0,
ψD|x=0 = ψ0 at the left contact and −vDn |x=7 = vDp |x=7 = V , ψD|x=7 = ψ0 + V at the right contact,
where V is the applied voltage and ψ0 the equilibrium solution of the Poisson equation without left-hand
side. This equilibrium solution also serves as the initial guess for the nonlinear solver. In the following,
we examine the impact of the photogeneration rate on charge transport by varying the generation
prefactor G0.
Two-species model.
First, we consider the case of the two species model, i.e., za = 0, with an applied voltage of V = 2.
Figure 3.2 shows the potential profiles for different G0, where brighter colors indicate larger G0 and
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arrows mark the direction of increase. Figure 3.3 displays the corresponding electron and hole densities,
along with the L∞ norms of carrier densities and potentials as functions of G0.

Figure 3.2: (a) Electric potential ψ (blue), and quasi-Fermi potentials of (b) electrons (green) and (c)
holes (red), shown for different values of the photogeneration prefactor G0. Brighter colors correspond
to larger values of G0 with arrows indicating the direction of increasing G0. The externally applied
voltage, which enters through the Dirichlet boundary conditions, is set to V = 2.

The strongest impact of increasing G0 on the potential profiles appears in the hole potential vp
(Figure 3.2c). For increasing G0, vp rises sharply at the interface between the electron transport layer
(green shaded) and the perovskite layer (gray shaded). The electron quasi-Fermi potential vn (Figure 3.2b)
and the electric potential ψ (Figure 3.2a) are also influenced, though markedly only for larger prefactors
such as G0 = 102.

Since both transport layers have the same absolute doping, the electron nn and hole np densities in
Figure 3.3 are uniformly distributed along the transport direction for small G0. The carrier densities
grow in the intrinsic perovskite layer with increasing G0. However, the hole density increases slightly
more than the electron density, consistent with the distribution of the potential profiles.

Figure 3.3: (a) Electron density (green) and hole density (red) shown for different values of the
photogeneration prefactor G0. Brighter colors correspond to larger values of G0 with arrows indicating
the direction of increasing G0. (b) L∞ norms of the carrier densities of electrons (green), and holes
(red dashed) as well as (c) L∞ norms of the quasi-Fermi potentials of electrons (green) and holes (red
dashed), and the electric potential (blue dotted), plotted as a function of the photogeneration prefactor
G0. The externally applied voltage, which enters through the Dirichlet boundary conditions, is set to
V = 2.

Examining the L∞ norms in Figure 3.3b and Figure 3.3c, we find that for smaller choices of the
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photogeneration prefactor G0 < 101 that the potentials and carrier densities remain bounded relative
to their Dirichlet values. This observation is consistent with physical expectations. For larger G0, the
L∞ norms of the quasi-Fermi potentials and carrier densities increase, showing a strong impact of the
photogeneration within the perovskite layer. Nevertheless, even for unrealistically high G0 ≫ 101, all
quantities remain bounded.
Three species model.

Figure 3.4: (a) Electric potential ψ, and quasi-Fermi potentials of (b) electrons vn (green), vacancies va
(gold) and (c) holes vp, shown for different values of the photogeneration prefactor G0. Brighter colors
correspond to larger values of G0 with arrows indicating the direction of increasing G0. The applied
voltage is set to V = 1.

Next, we recover the full model (1.1) with za = 1. We choose the Blakemore statistics, stated in
(1.13), with the saturation density Sa = 10 as the statistics function. As mentioned earlier, the vacancy
potential va is constant and determined by the integral equation in (1.1e). We set Ma = |ΩPVK|Ca, with
C = −Ca = −7.5 in the perovskite layer ΩPVK for this example, which enforces global charge neutrality,
as expected from measurements [5, 13].

As before, Figure 3.4 shows now the potential profiles for V = 1 and varying G0, with brighter
colors indicating larger G0 and arrows marking the direction of increase. Lastly, Figure 3.5 presents the
corresponding carrier densities and the L∞ norms of carrier densities and potentials as functions of G0.
In addition, the figures now include the vacancy quasi-Fermi potential and the associated ionic vacancy
density.

The electron and hole potentials and densities remain nearly unchanged compared to the previous
case, with only moderate variations for small G0 and the strongest effect on the hole quasi-Fermi
potential. The additional ions flatten the electric potential in the intrinsic layer slightly, consistent with
physical expectations. The weak influence of G0 on the ionic vacancy density is also reasonable, since
photogeneration affects only electrons and holes, with vacancies coupled to them only indirectly through
the electric potential.

Additional vacancies do not noticeably affect the L∞ norms. For all relevant values of G0, the
potentials and carrier densities remain bounded by their respective Dirichlet boundary values. The ionic
vacancy density itself is constrained by construction via the state equation through the assumptions in
(1.6) and, therefore, cannot exceed the saturation density Sa = 10. These observations confirm that the
extended model remains stable and consistent with the expected physical behavior.

3.2 Laser-beam-induced-current technique
In the final example, we simulate the laser-beam-induced-current (LBIC) technique, a method used
to detect inhomogeneities in classical semiconductors. In this application, it is common to assume a
bipolar charge transport model, i.e., za = 0. The computational domain is divided into two doped
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Figure 3.5: (a) Electron density (green), hole density (red), and vacancy density (gold) shown for
different values of the photogeneration prefactor G0. Brighter colors correspond to larger values of G0

with arrows indicating the direction of increasing G0. (b) L∞ norms of the carrier densities of electrons
(green), holes (red dashed), and ions (gold) as well as (c) L∞ norms of the quasi-Fermi potentials of
electrons (green), holes (red dashed), ions (gold) and the electric potential (blue dotted), plotted as
a function of the photogeneration prefactor G0. In (b) we see also the scaled total mass Ma/|ΩPVK|,
which is the same for all G0. The applied voltage is set to V = 1.

regions, Ω = Ωn ∪ Ωp, with Ω = (0, 8)× (0, 4) and Ωp = (2, 6)× (1, 3), as shown in Figure 3.6a. For the
discretization, we employ a structured grid with 1219 nodes, where the control volume sizes range between
5.0 × 10−3 and 2.8 × 10−2. The boundary of the domain consists of a Dirichlet part ΓD = ΓD1 ∪ ΓD2 ,
with ΓD1 = {0} × (0, 4) and ΓD2 = {8} × (0, 4), and a Neumann part ΓN , where homogeneous boundary
conditions are imposed.

The LBIC technique measures the outgoing current IΓD
2

given by (1.14) through the device’s right
ohmic contact ΓD2 (and well defined according to Corollary 1.6), while a laser beam is applied at a given
position (x0, y0) ∈ Ω. Repeating this procedure for multiple beam positions yields the LBIC signal. The
generation rate, induced by the laser, can be described by a Gaussian profile

G(x, y) = G0 exp

(
− (x− x0)

2 + (y − y0)
2

2σ2

)
,

with the given beam center (x0, y0), amplitude G0, and a fixed beam width σ = 0.5. A visualization of
the generation profile at (x0, y0) = (4, 2) is provided in Figure 3.6b.

Figure 3.6: (a) Schematic of the p–n device, consisting of a p-doped material layer (red) embedded
within an n-doped material layer (green). (b) Spatial distribution of the optical generation rate G,
modeling a focused laser beam centered at (x0, y0) = (4, 2), with parameters G0 = 1 and σ = 0.5.
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Figure 3.7: Three-dimensional surface plots of (a) the electrostatic potential ψ, (b) the electron quasi-
Fermi potential vn, and (c) the hole quasi-Fermi potential vp under illumination by a laser beam positioned
at the center of the domain, i.e., at (x0, y0) = (4, 2). The calculations correspond to parameters G0 = 1,
λ = 1, and Cn = −Cp = 10.

Figure 3.7 shows the potentials and Figure 3.8 the carrier densities for a Debye length λ = 1.0, a
laser amplitude G0 = 1, doping values C = Cn = 10 in Ωn, C = −Cp = −10 in Ωp, and a focused laser
beam centered at (x0, y0) = (4, 2). As the laser beam is positioned in the domain center, the potentials
are mostly impacted in that area. The carrier densities in Figure 3.8 also follow expectations: we have a
higher hole density in Ωp and a higher electron density in Ωn, related to the choices of doping in that
layers.

Figure 3.8: Contour plots of the electron nn and hole densities np under illumination by a laser beam
positioned at the center of the domain, i.e., at (x0, y0) = (4, 2). The calculations correspond to parameters
G0 = 1, λ = 1, and Cn = −Cp = 10.

Next, we investigate how the total current changes in dependence of the laser beam position.
Figure 3.9a shows the simulated two-dimensional LBIC signal. The laser beam center (x0, y0) was
varied across all mesh points, and the total current was computed for each laser position. The resulting
signal behaves as expected, with a minimum just left of the p–n interface and a maximum to the right,
reflecting the characteristic junction response to the focused laser beam.

Finally, we investigate how the Debye length λ, the doping magnitude C, and the beam amplitude
G0 influence the LBIC signal. We fixed y0 = 2 and computed the total current for varying laser positions
along the x-direction (following the red plane in Figure 3.9a).

Non-destructive techniques such as the LBIC method generally correspond to inverse problems, in
which the measured current signal is known, while the underlying material parameters, for instance,
the doping profile, remain to be determined [32]. In such applications, the current signal is measured
at different laser positions, and the objective is to identify the material parameters that reproduce
this signal. In the following, we address the forward problem and analyze how variations in key input
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Figure 3.9: (a) Surface plot of the LBIC signal, represented by the total current, obtained by scanning
the laser beam across the grid, that is, by sequentially repositioning the beam to different locations
(x0, y0) and computing the resulting current at each position. The calculations correspond to parameters
G0 = 1, λ = 1, and Cn = −Cp = 10. Furthermore, we show the one-dimensional cross-sections of the
LBIC signal at y0 = 2, i.e., along the red plane in (a), where the laser position is varied along the
x-direction. For readability, we use the notation C = Cn = −Cp. The signal is shown for: (b) G0 = 1,
C = 10 and varying λ, (c) fixed G0 = 1, λ = 1 and varying C, and (d) fixed λ = 1, fixed C = 10 and
varying G0. Brighter colors correspond to larger values of the varying parameter, with arrows indicating
the direction of increasing parameter values.

parameters affect the total current. Figure 3.9b–d show one-dimensional cross-sections of the LBIC signal
for different parameter values. Brighter colors indicate larger values, with arrows showing the direction
of increase, while the black curve corresponds to the one-dimensional signal from Figure 3.9a. Smaller
Debye lengths lead to larger currents because they strengthen the internal electric field. Increasing the
doping raises the current by adding more carriers to the semiconductor, while a higher beam amplitude
produces more photocarriers, also boosting the current. In all cases, the overall shape of the current
signal is bounded and preserved, independent of the absolute magnitude of these parameters.

A Stampacchia’s lemma
For completeness we give a short proof of a slightly improved version of [37, Lemma 4.1].

Lemma A.1. Let E be a non-increasing and non-negative function satisfying, for some x0 ∈ R, α, ζ > 0
and β > 1,

E(y) ≤ ζ
E(x)β

(y − x)α
, ∀ y > x ≥ x0.

Then

E(x) = 0 , ∀ x ≥ x0 + ζ
1
α
β

β
β−1

β − 1
E(x0)

β−1
α .

Proof. If E(x0) = 0 there is nothing to prove. Otherwise, let φ(x) = E(x)/E(x0) and observe that it
satisfies φ(y) ≤ ζ ′φ(x)β(y − x)−α for y > x ≥ x0, with ζ ′ = ζE(x0)β−1. From there let ρ ∈ (0, 1),
and define xk+1 = xk + (ζ ′)

1
α ρ

(β−1)k−1
α for all k ∈ N. By induction 0 ≤ φ(xk) ≤ ρk so letting k → ∞,

limxk = x0 + z(ρ) with z(ρ)α = ζ ′ρ−1(1− ρ(β−1)/α)−α and yields φ(x0 + z(ρ)) = 0. Minimizing in ρ
yields the result.
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