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Abstract

In humans and other animals, category learning is associated with a better ability to discrimi-
nate between stimuli that are close to the category boundary, compared with stimuli well within a
category. This perceptual within-category compression and between-category separation, called cate-
gorical perception, was also empirically observed in artificial neural networks trained on classification
tasks. In previous modeling works based on empirical neuroscience data, we took an information-
theoretic approach that shows that this expansion-compression is a necessary outcome of efficient
learning. As a result, the impact of input or neuronal noise is reduced where it is most detrimental,
namely at the boundary between categories.

Here we extend our theoretical framework to artificial feedforward networks. The Bayes cost that
we consider is an average over the data distribution of the standard cross-entropy loss function.
We show that minimizing this cost implies maximizing the mutual information between the set of
categories and the neural activities prior to the decision layer. We then consider structured data,
formalized by the assumption of an underlying feature space of small dimension. We show that, for
wide networks, and more generally in situations of high signal-to-noise ratio, maximizing the mutual
information implies (i) finding an appropriate projection space, and, (ii) building a neural represen-
tation with the appropriate metric. The latter is based on a Fisher information matrix measuring
the sensitivity of the neural activity to changes in the projection space. Optimal learning makes this
neural Fisher information follow a category-specific Fisher information, measuring the sensitivity
of the category membership to changes in the projection space. One consequence is that category
learning induces the main neural correlate of categorical perception, an expansion of neural space
near decision boundaries.

To make this statement more precise we characterize the properties of the categorical Fisher infor-
mation. We show that its eigenvectors give the most discriminant directions at each point of the
projection space. We find that, unexpectedly, its maxima are in general not exactly at, but near, the
class boundaries. Considering toy models and the MNIST handwritten digits dataset, we numerically
illustrate how after learning the two Fisher information matrices match, and essentially align with
the boundaries between categories. Finally, we provide a variety of supplemental analyses, in par-
ticular we relate our approach to that of the Information Bottleneck, and we exhibit a bias-variance
decomposition of the Bayes cost, which is of interest on its own.

Keywords: deep learning, computational neuroscience, categorization, categorical perception, neural
geometry, mutual information, Fisher information, Bayesian learning
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1 Introduction

In neuropsychology, a large amount of experimental works has been done on the study of perceptual
decision making with stimuli whose level of ambiguity is (one of) the control parameter(s) — see, e.g.,
Refs. [67, 28] 63, B3, 8, 47, 34, 38, 39, 24, [64]. A main and general qualitative outcome of these
experiments is to exhibit common behavioral properties leading to the notion of a Categorical Perception
(CP) phenomenon [43]. The psychophysics of CP is characterized first by a sharp transition between
classes, where the categorical identity changes abruptly near the boundary — the continuous inputs
are clearly segregated in discrete outputs. Second, this categorization comes with a within-category
compression and a between-category separation. That is, two stimuli, close in input space, are perceived
closer if they belong to a same category than if they belong to different categories. Near the boundary
between categories (where the categorical ambiguity is the greatest), discriminability d’ and reaction
times are greater [42]. Various works have addressed the issue of explaining the CP phenomenon (see,
e.g., [B, [66, 30 [41]). In our previous works [I5] [16] we show that CP is a necessary outcome of efficient
coding of the stimuli when the goal is to optimize the identification of the associated categories (and not
to efficiently encode the stimuli themselves). Our analysis implies that the neural correlates of CP are
characterized by a neural geometry in which the space is expanded near class boundaries and contracted
away from the boundaries. The few neurophysiological experiments which give some hints on the neural
geometry confirm these predictions: see in particular Ref. [51], Figs. 2 and 6, showing that more neural
resources are allocated to the class boundary, and Ref. [64], in which an analysis of the activity of a pool
of recorded neurons exhibits the expansion/compression effect, as illustrated in their Fig. 5, panel H.
In contrast, in machine learning, for categorization tasks, the focus is mainly on finding a decision
boundary. Authors have addressed the issue of finding the best possible margin for linear separation
by a perceptron or with kernel methods (see, e.g., Refs. [I8| [72, 4]). However, few works consider
issues specifically related to the data (stimuli) ambiguity. Yet, previous computational work has shown
that the perceptual warping typical of categorical perception also happens in artificial neural networks
[44] [83], 82, [17, 90]. With protocols inspired by typical cognitive experiments, in Ref. [I7] we show with
extensive numerical experiments that the neural geometry, from layer to layer, gradually acquires the
characteristics of the geometry underlying CP, where space is magnified near category boundaries. These
numerical studies confirm the expectations from our theoretical analysis of CP in previous computational
neuroscience works [I5}[16]. In these studies of categorization tasks, we adopt a Bayesian and information-
theoretic viewpoint that is at the basis of many works in the context of the modeling of sensory coding
in the brain (see, e.g., Ref. [31]). In line with these previous works, here we show that, for analyzing
artificial multilayer neural networks, one can actually adopt, and adapt, the Bayesian viewpoint we
considered in the neuroscience context for the modeling of the neural basis of categorical perception in
human or other animals.

In the neuroscience context, modeling takes advantage of empirical results on the type of neural
architectures, neural codes and decision dynamics which are found ubiquitous in perceptual decision
making. In particular, a variety of empirical results reveal an encoding layer with a distributed represen-
tation of stimulus-specific cells — coding, e.g., for orientation, or movement, or more complex features—
followed by a decoding (decision) layer with cells specific to each one of the possible categories (see, e.g.,
Refs. [34], 52 38]). In the modeling of categorical perception, the feature space is thus considered as
known, and the processing leading to this encoding feature space is not considered. The modeling of
categorical perception then amounts to considering a neural architecture with, on one hand, the feature
space of small dimension, essentially identified with the stimulus space, and on the other hand, the neural
representation, the neural activity giving, in a distributed and generally noisy way, the localization in
this space. The readout is obtained by a decoding (or decision) layer with category-specific cells. It is
for such an architecture that we obtained analytical results.

In the context of machine learning, one has to deal with a high-dimensional input and the learning of
the multilayer processing able to produce a neural representation that can be linearly decoded. Typical
layers have a large number of neurons, and the possible existence of an underlying feature space of small
dimension is not necessarily discussed. In the present paper, by formalizing the notion of underlying
feature spaces, we further extend our Bayesian approach to the case of feature spaces of small dimension
for each layer. This allows us to adapt to the machine learning context the analytical results we obtained
in the neuroscience context. We also derive new ones as briefly described below. We analyze the out-
comes of our analysis in terms of geometry of the neural representations. In doing so, we provide a better
theoretical understanding of the numerical results previously obtained in Ref. [I7], that is more generally
of CP in shallow and deep networks. We also perform additional numerical experiments illustrating the



new theoretical results. It is important to notice that we study properties based on the adaptation of
the network to the stimulus (data) distribution, and not as the result of learning from a finite sample of
examples. This might seem as taking a step backward from the core goal of machine learning. However,
as we will see, this is what allows us to characterize the geometry of internal representations of a (natural
or artificial) neural network which has learned a categorization task.

The organization of the paper is as follows. First, in Sec. we extend the Bayesian formalism
introduced in Ref. [16] to the case of multilayer networks, allowing us to cast our approach and results
within the machine learning framework. We consider multilayer feedforward networks for which the goal
is to learn a categorization task. We do not specify the type of neural activation functions. We develop
a statistical approach: data (stimuli) are characterized by probability distributions, and their category
membership is also a random variable. For the network, we consider weakly noisy neural activities.
Technically, the statistical framework and the neural stochasticity allow us to make use of Bayesian and
information-theoretic formalisms and tools. More fundamentally, as stressed in Refs. [84] [73], neural
noise plays an important role by revealing the data and network complexity. In addition, we note that
standard regularization techniques in machine learning, such as the dropout one [I9], consist in adding
neural noise during learning.

Within this statistical framework, we introduce the mean Bayes risk (expressed in terms of a Kullback-
Leibler divergence) adapted to a categorization task. We show that the minimization of this cost amounts
to dealing with two issues: optimizing the decision stage in order to provide the best possible estimator
of the category given the neural activities; and optimizing the stimulus encoding (through the multilayer
processing) by maximizing the mutual information between categories and neural code. We discuss the
links and differences with the information bottleneck approach [84].

Next, in Sec. [3], we formalize the hypothesis that structured data lives in a manifold of small dimension
as compared with the data (network input) dimension. Through the feedforward processing, the network
transforms this underlying manifold into a new version which, through learning, will be adapted to the
task. We show how the mean Bayes cost can be re-written in terms of these underlying manifolds. We
also discuss a bias-variance type decomposition of the Bayes cost, of interest on its own. In addition, in
the appendix, we derive bounds on the cost based on this decomposition.

In Sec. [4 we characterize the mutual information between the discrete categories and the neural code
in a regime of high signal-to-noise ratio (focusing mainly on the limit of wide networks, that is for a large
number of neurons in the considered layer). The analysis is an extension of the main result in Ref. [I5].
This particular asymptotic limit allows us to reveal the neural metrics relevant for the categorization
task. It shows that maximizing the mutual information leads to finding the feature space most relevant
for the classification (and amenable to easy decoding), and to probe this space with a particular metric:
the space should be expanded near a class boundary, and contracted far from a boundary. This implies
a better ability to discriminate between nearby inputs in the vicinity of a class boundary, than far from
such boundary, that is, the categorical perception effect.

Formally, the maximization of the mutual information implies the matching of two Fisher information
matrices. One, that we refer to as the categorical Fisher information, characterizes the sensitivity of
the probability of the class (considered as “responsible” for the occurrence of the stimulus), to small
displacements in the feature space. Along a path in feature space which goes from an item of one
category to an item of another category, this categorical Fisher information will be the largest near
the class boundary. The other Fisher information, that we refer to as the neural Fisher information,
characterizes the sensitivity of the neural representation to small displacements in the underlying feature
space. This Fisher information is the one usually encountered in neuroscience, related to the behavioral
discriminability measured in experiments [31, [74]. Matching of the neural Fisher information with the
categorical Fisher information thus leads to the categorical perception effect mentioned above.

To better understand the consequences of the maximization of the mutual information, and of the
matching between the two Fisher information matrices, in Sec. [5| we then characterize the categorical
Fisher information — an analysis not done in our previous works, except for the scalar case, that is for
a one-dimensional (1D) feature space. We show that the eigenvectors of this matrix give, at each point
of the feature space, the most relevant discriminant directions, which we call the principal discriminant
directions. We provide numerical illustrations of our results for the simple case of Gaussian categories.
We also study the location of the maxima of the categorical Fisher information. One might expect that
the maximum is reached exactly when crossing the category boundary. This is the case for distributions
with the same (co)variance matrices. However, we show here that otherwise the location of the maxima
of the categorical Fisher information is actually displaced away from the class boundary. Characterizing



this displacement, we show that it is typically small, so that the qualitative conclusions concerning the
categorical perception effect remain valid.

In Sec. [6] we provide numerical illustrations with multilayer networks trained on either Gaussian
data or on the MNIST database of handwritten digits. We go beyond the numerical analysis we did
in the related work, Ref. [I7], making here precise links with the new analyses of the present paper.
In particular, in the simplest cases, we represent the categorical Fisher information, and the matching
between the categorical and neural Fisher information matrices. We also validate the use in Ref. [I7] of
a proxy for the Fisher information, which cannot be easily computed in deep networks.

Finally, Sec. [7] we discuss the significance of the results. We give details and supplementary informa-
tion in a set of appendixes.

2 Category learning: from Bayes to Infomax

This Sec. extends to multilayer networks the approach we introduced in Ref. [I6]. The formulation given
here, although very close to the one in this previous work, makes explicit the decoupling between coding
and decoding tasks that results from the analysis of the Bayes cost function. This leads to the infomax
criterion for the coding part, and the optimality of having the output estimating the probability of the
category given the neural activity for the decoding part.

This Sec. is quite general, there is no hypothesis on the data structure, apart from the fact that they
belong to a finite set of categories. In the following Sec. [3] we consider structured data. Given the dual
context of neuroscience and data science, in all this paper we interchangeably make use of the terms
“stimulus” and “input data” (or simply “data” when there is no ambiguity).

2.1 General framework
2.1.1 Sensory or data space

To model the input data, we assume given a discrete set of categories (classes), y = 1,..., M with
probabilities of occurrence P, > 0, so that ZyPy = 1. Each category is characterized by a density
distribution P(s|y) over the input (sensory or data) space.

We assume that every probability density function (pdf) is as regular as needed. If the support of the
pdf of the stimuli is not connected, the categorization task decomposes into independent categorization
tasks associated with each one of the connected components. Hence, without loss of generality, we can
assume that the support of the pdf of the stimuli is connected. Since the focus of the paper is on
the neural geometry induced by the categorization of possibly ambiguous stimuli, we assume that the
supports of the pdf of the stimuli given the categories are not disjoint.

2.1.2 Feedforward network

We consider a multilayer feedforward (shallow or deep) network. A sensory input s = {s1,..., sy, } elicits
a cascade of noisy neural responses, up to the last coding layer with neural activities r = {rq,...,rn}.
As concerns the read-out, there is M output cells. Each output activity is a deterministic function g, (r)
of the neural activity in the last coding layer. We consider these outputs as estimators of the posterior
probability P(y|s), where s is the (true) stimulus that elicited the neural activity r. Throughout this
paper we interchangeably note the output as either a function, g, (r), or as a probability, g(y|r). Finally,
the category corresponding to the largest output g, (r) provides the estimate of the true category.

We denote with capital letters the random variables, e.g., Y, S, R, and with small letters particular
realizations, such as y,s,r.

2.2 Bayesian approach
2.2.1 Mean Bayes cost

For a given stimulus s and a neural activity r in the last coding layer, the relevant Bayesian quality
criterion is given by the discrepancy C(s,r) between the true probabilities {P(y|s),y = 1, ..., M’} and the
estimator {g,(r),y = 1,..., M}, defined as a Kullback-Leibler divergence (or relative entropy) [27]:

C(s,r) = Dxr(P(Y]s)[lg(Y]r)), (1)



with
M

P(yls
Dk (P(Y]s)]lg(Y]r)) = ;P<y|s> n g<(yy||r>> ?

(in this paper we make use of this common notation for Kullback-Leibler divergences). Averaging over r
given s, and then over s, the mean cost induced by the estimation can be written:

CIY,S.R] = —H[YIS] + [] (= 5, P(yls) ng(ylr)) P(rls) P(s) s d™r, 3)

where

HIY[S] = [ (= )L P(yls) n Plyls) ) P(s)d™os ()

is the conditional entropy of the category membership given the stimulus.

2.2.2 Link with the cross-entropy loss function

As discussed in Refs. [I3] [16], the above cost function C is directly related to the cross-entropy loss
commonly used in supervised learning (see, e.g., Ref. [25]). For completeness, we restate this result in
the present context. For a given stimulus s, the target (teacher) output is t,(s) = 1 if s belongs to
category y, and t,(s) = 0 otherwise. The cross-entropy loss characterizing the discrepancy between the
target and the network output g,(r) is given by Ccg(s,r) = —Zy 1ty(s)In g, (r). Note that, since t,(s)

is 0 or 1, this is also the Kullback-Leibler (KL) divergence ZM ty(s )ln g Ei)) Its average Cog(s) over

all possible neural activities given the stimulus is Ccg(s) = — 3, [ P(r s)Ing,(r) d¥r. In the limit
of a very large training set, according to the law of large numbers the 5um of the costs Ccg(s) over the
examples s converges toward the statistical mean of the cross-entropy loss:

CeelY,S,R] = — X P, [[ P(r|s)P(sly) In g, (r) dVr d">s. (5)
Making use of the Bayes rule P(s|y)P, = P(y|s)P(s), one gets
CcelY.S,R] = — X, [[ P(yls)Ing,(r) P(r|s) P(s)d"*sd"r. (6)
This is the same expression as the one for C[Y, S, R], Eq. , except for the term H[Y'|S], that is
ConlY,S, R] =C[v,S,R] + H[VS]. (7)

Since H[Y'|S] is a constant — it only depends on the statistical links between categories and stimuli —,
the minimization of CcglY, S, R] is equivalent to the one of C[Y,S,R]. In other words, the use of the
cross-entropy loss in supervised learning is equivalent to a stochastic gradient descent for the mean cost

C.

2.3 Decoupling into coding and decoding tasks
In the eXpreSSion of Ccr (which is thus equal to C + H[Y|S]), we perform the integration over s,

[ P(x|s)P(s|ly)d™:s = P(r|y), and with P(r|y)P, = P(y|r)P(r), one has
ClY,S,R] = —H[Y|S] - 3, [ P(ylr) Ing, (r) P(r)d"r. (®)
We add and subtract H[Y|R] to the right hand side of this equation. We have H[Y|R] — H[Y|S] =
I[Y,S] — I[Y,R], where I[.,.] denotes the mutual information between two random variables, e.g.,
1Y, 8] = H[Y] - H[Y|S]. (9)

Hence one gets that one can rewrite the mean Bayes cost as

é[Y; Sa R} = 6coding [Y; Sa R] + Edecoding [K R]a (10)
with
6Coding[yvasal:{] = I[K S] _I[K R]7 (11)
and B
Caccoding[Y: R] = [ Dxv(P(Y[r)[lg(Y]r)) P(r)d"r. (12)



The latter is the average over the neural activity of the Kullback-Leibler divergence of P(Y'|r) from the
network output gy (r).

As a consequence of this decomposition, Eq. , one can study separately the decoding and coding
tasks, as discussed below, Secs. [2.4] and [2.5] respectively.

We also mention here that, in Sec. we discuss an alternative decomposition of the mean cost,
analogous to a bias-variance decomposition.

2.4 Optimal decoding

The decoding cost aiecoding, Eq. 7 is the average relative entropy between the true probability of
the category given the neural activity, and the output function g. It is the only term in the total cost C
depending on g, hence the function g minimizing C is the one minimizing édecodinga that is (if it can be
realized),

g,(r) = P(ylr). (13)
Given our choice of cost function, the goal of the categorization task is to approximate the probability of
the category given the input. However, in practice, one is interested in finding the most likely category
given the stimulus. Learning with the cross-entropy loss may provide good performance for this task
before the more demanding estimation task of the probabilities is fully achieved.

In Ref. [16], we considered the biologically motivated simplified case where the stimulus space is
identified with a feature space of small dimension. Then, in an asymptotic limit of a very large number of
coding cells, this estimator of P(y|s) is efficient: it is unbiased and saturates the associated Cramér-
Rao bound. In the present context of multilayer networks, we reconsider the efficiency of decoding below,
Sec. We do this by formalizing the hypothesis of structured data — making explicit the existence of
a feature (latent) space of small dimension, different from the stimulus space of large dimension — and a
similar hypothesis for the neural activity.

2.5 Optimal coding: Infomax

The coding cost is the difference between the information content of the signal, and the mutual
information between category membership and neural activity. Since processing cannot increase infor-
mation (“data processing inequality”, see, e.g., Ref. [12]), the information I[Y, R] conveyed by the neural
activity about the category is at most equal to the one conveyed by the sensory input. That is,

1lV.R] < I1Y.S]. (14)

Note that, if one considers the succession of layers [ = 1, ..., L, with neural activities r' = {r{,... ,7"]1\,1 1,
ol =1{rk ,rﬁ,L} (r =r%, N; = N), the data processing inequality implies

IY,RF] < . <I[Y, R < I[Y,R'] < .. <I[Y,R'] < I[Y,S]. (15)

The number of categories being finite, note also that I[Y,S] is itself at most equal to the entropy H[Y]
of the category distribution:
IlY,S] < H[Y] < InM. (16)

Since Ceoding = I[Y, S]—I[Y,R] > 0, its minimization is equivalent to the maximization of the mutual
information between neural activity and category membership:

min Ceoding[Y; S, R] = max I[Y, R]. (17)

Hence the infomax principle [58] is here an outcome of the global Bayesian optimization problem.

Note that, if it is possible to find parameters such that the optimal estimator is reached, that is
is realized, then the full average cost function , C = Ecodmg + Edecodmg, reduces to éwdmg =
IV, S] ~ I[Y, R).

The decomposition of the cost function in coding and decoding parts shows that each problem can be
dealt with separately. The coding part of the network has to maximize the mutual information between
neural activity and category, without taking into account what the decoding part is doing. The decoding
part of the network must built the best estimator given what is fed into it from the coding layers — even
if this coding part is not optimized: in Ref. [I6] we made use of this property for the interpretation of
experimental data from a psycholinguistic experiment.



2.6 Link with the Information Bottleneck approach

Tishby, Pereira and Bialek introduced the Information Bottleneck (IB) approach [84], which can be for-
mulated as a rate distortion problem. The considered learning cost is a distortion function that measures
how well the category ¥ is predicted from the compressed noisy neural representation r, compared with
its prediction from the stimulus s. Tishby and collaborators developed this framework, theoretically and
algorithmically, first in the computational neuroscience context, then in the deep learning context, see,
e.g., Refs. [85] and [73]. Authors have challenged the genericity of some of their numerical results, finding
in particular that they may actually depend on the choice of transfer function (sigmoidal vs. ReLU) [71].
For efficient implementation, Alemi et al [3] proposed the variational information bottleneck (VIB), an
approximation scheme to handle the IB cost function for learning in deep networks.

The qualitative idea of the IB approach is that the neural activity should convey as little information
as possible about the stimulus provided the information about the category is preserved. Thus, with our
notation, the goal is to minimize I[S,R] — BI[Y, R] where § is a Lagrange multiplier. Analysing this op-
timization principle, Tishby et al. [84] show that the Kullback-Leibler divergence Dkr1,(P(Y[s)||(P(Y|r))
“emerges” as the relevant effective distortion measure. This divergence corresponds to our cost func-
tion once the decoding stage is optimized, that is g,(r) = P(y|r). Then one sees that our approach is
somewhat dual to the IB one. We start from the Kullback-Leibler divergence, and the infomax criterion
emerges from the cost function. There are however two differences. First, the full cost function that we
consider includes the decoding part, and second, the correspondence is with the IB cost in the 5 — oo
limit (see below).

An alternative way to see this correspondence is to consider, from a distortion measure viewpoint, the
IB cost associated with the Bayes cost :

Cs(B) =1[S,R] + BC. (18)
Making use of the decomposition in coding and decoding parts for C, we can write
Ci(B) = CiB coding(B) + B Cdecoding, (19)
where aiccoding is given by , and
Cibcoding(8) = I[S,R] + B (I[Y,S] — I[Y,R]). (20)

Since I[Y, S] is a constant, (20) is the usual information bottleneck cost function, and the large § limit
means maximizing the mutual information I[Y, R].

As concerns the analysis and results in the present paper, we found that working at finite § is not
relevant. In Appendix [E] however, we consider a finite § as a regularization parameter to find the
optimal relationship between the neural and the categorical Fisher information quantities resulting from
the minimization of the cost in the large signal-to-noise ratio regime. In this appendix, we also briefly
mention the possible link between large 8 and large signal-to-noise ratio limits (large number of cells
and/or large time limit in the context of neuroscience), with the occurrence of bifurcations at finite 8 or
non large times. From now on, in the main body of this paper, we stick to the Bayes cost function, Eq.

(3)-

3 Data and neural underlying feature spaces

In this section we formalize the notion of structured data and of underlying space for the neural pro-
cessing. We then derive results specific to data and neural activities characterized by underlying feature
spaces of small dimensions, making use of the general framework introduced in the previous section.

3.1 Manifold-structured data

It is generally believed that structured data, such as natural images, lie on an underlying manifold of
dimension typically small compared with the input dimension space. As nicely put forward in Ref. Goldt
et al. [40], “this manifold (...) constitutes the actual input space, or the “world,” of our problem. While
the manifold is not easily defined, it is tangible: for example, its dimension can be estimated”.

We assume the existence of such an underlying space for the input data, but we are mainly interested
in the part that is relevant for the category membership. We denote this underlying feature space X*,
of dimension K* much smaller than the dimension of the data. We assume a sufficiency property:

P(yls) = P(y|x"). (21)



An obvious but important consequence of this property is that the signal information content satisfies
I[Y,S] = I[Y,X*]. (22)

We note also that, given , one can write the mean cost function in term of X*:

ClY,X*R] = // P(r|x*)P(x*)ZP(y|x*)1nP£(|?dK*x*dNr. (23)

In the decomposition in the coding and decoding parts, C = aoding + Edecoding, the decoding part
is unchanged, that is it is the same as in Eq. , and for the coding part we have aoding[Y, S,R| =
1Y, 8] - IV, R] = 1Y, X*] — IV, R] = Ceoing[V. X", R].

In psychology and neuroscience, some protocols provide by design the control of the stimulus feature
space. Typical examples are those where, by controlling a relevant feature, the experimentalist builds a
series of morphs interpolating between stimuli (see, e.g., all the references mentioned in the first phrase
of the introduction). But in machine learning, the data scientist has only access to the data. In such
case, the underlying space X* cannot be uniquely identified. Any (smooth) reversible transformation
(change of representation) gives an equivalent space, for which the quantities of interest are invariant.

3.2 Feature space underlying neural activity
3.2.1 Low-dimensional manifold

Similarly to, and coherently with, the hypothesis of structured data, many recent works show how both
biological and artificial neural activities can be understood as acting on a manifold of lower dimension
than the one of the input space and the one of the neural layer or pool involved in the task. For works
in neuroscience, see, e.g., Refs. [80 [7, [70} [29] [36] 61}, 26} 48], and for the machine learning literature, see,
e.g., Refs. [59] 6], [69]. In machine learning, the hypothesis of structured data is explicitly used for the
design of neural architectures, as for autoencoders [46], the goal being to capture the data underlying
manifold of possibly small dimension.

The underlying manifold is not necessarily straightforwardly expressed in terms of the neural activi-
ties, exactly as the input data underlying space is not easily obtained from the data themselves. Here is
a simple example borrowed from neuroscience. A network projects onto a manifold X of small dimension
K in RV, such as, e.g., a two-dimensional manifold, and the neural activities give the coordinates in RY
of the stimulus location in this space. A particular case is the one of neural activities given by radial
basis functions covering this space — the analogous of a population code studied in neuroscience (see,
e.g., Ref. [31]), with feature specific cells such as place cells [65] or head direction cells [81]. In these
typical models of biological neural networks, the stochastic neural activity is parameterized by its mean
and variance, in which case one may write, for each given neuron i,

E[Rils] = [fi(X(s)), (24)
Var[R;ls] = wv;i(X(s)), (25)

with for instance f;(z) = R"™™ f(*7%) (f; is the tuning curve of neuron ), and for Poisson noise, v; = f;.
The function f decreases from 1 to 0 as its argument goes from 0 to +oo0, R*** is the maximum rate that
i can achieve, x; is the preferred stimulus for ¢ (the center of the radial function), and a; is the width
of the tuning curve (the radius of the radial function). As an artificial network example, in Ref. [I4]
the author generates artificial high-dimensional data from a two-dimensional (2D) space X*. A one
hidden layer network learns to identify ten categories. Then using an autoencoder allows to reveal the
low-dimensional space X underlying the high-dimensional neural activity in the hidden layer (see Fig. 2
in Ref.[14]). Furthermore, the analysis shows that through learning the network selects a space X with
the same dimension as the one of X*.

3.2.2 Markov chain

We formalize the hypothesis of the existence of an underlying projection space X associated with a
neural coding activity as follows. We assume that the network implicitly realizes a deterministic non-
linear transformation of the data underlying manifold through the transformation of the input. In
the following we refer to this manifold X as the underlying feature or projection space (or for short
projection space), associated with the neural activity of the coding layer. As discussed below, in the
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course of learning we expect X to become more and more category-specific, possibly becoming a non-
linear transformation of the data category-specific underlying manifold, X*.
Focusing on the coding layer with neural activity r, the network processing chain is

s—>r—g. (26)

The multilayer feedforward processing is here decomposed into the coding of the stimulus s by the neural
activity r, followed by the decoding of the category given by the output of the network g. Our hypotheses
on the data and neural underlying spaces can be summarized by the following Markov chain

y—-x"—=9s—ox—>r—g. (27)

In the following, some analysis are specific to the projection space, X, with no explicit dependency on
the data space X*. In such cases, the relevant Markov (sub)chain to consider is simply

Yy—>S—> XTI, (28)

We note that this formalization applies as well to any intermediate layer. For a given layer, in the above
chains 7 7 the neural activity r is then that of this layer, and X is the associated underlying
space. We also note that our formalization allows to coherently combine the generative and projection
viewpoints. The Markov chain corresponds to a generative viewpoint. For instance, the stimulus is
a (deterministic or stochastic) function of a point in the manifold X*. We can also adopt a projection
viewpoint, considering for instance x*, or x, as some deterministic function of the data, x* = X*(s),
x = X(s).

3.2.3 Information content of the projection space

The quality of the projection X is given by how much the probability of the category given the stimulus
is well approximated by the probability of the category given the projection X (s). This is measured by
the mean Bayes cost

Cx

JDxL(P(Y[s)||P(Y|X(s)) P(s)d"+s

— [ Pl P pa (20)
= 2 yls nP(y\X(s)) s S.

We can write the above cost as -
Cx = —H[Y]|S] + H[Y|X], (30)
that is, adding and subtracting the category entropy H[YT],

Cx =I[Y,S] — I[Y,X]. (31)

Hence minimizing the mean Bayes cost (29)) is equivalent to maximizing the mutual information between
the categories and the projection space. From the analysis in Sec. 2.1} we have

Ccoding = I[K S] - I[K R} (32)
Given the Markov chain , from the data processing theorem, we have
IY,R] < IfY, X] < I[Y, S], (33)

so that we can expect that maximizing I[Y, R] will tend to increase I[Y, X].

Under the hypothesis of an underlying manifold X*, if the network can find a projection space X
equivalent with respect to the categories to X*, that is such that P(y|X(s)) = P(y|X*(s)) = P(y|s),
then optimal coding is achieved with C'x = 0.

3.3 Efficient decoding in a large signal-to-noise limit

As we have seen Sec. r being the neural activity of the last coding layer, the optimal decoder is
obtained for having as output activities g, (r) = P(y|r), as best estimator of P(yls).
This estimator is unbiased if
JP(ylr)P(r|s)d™r = P(yls) (34)
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(see Ref. [16], Appendix A.1). Given the Markov chain (27)), at best decoding can extract P(y|z). From
Ref. [16], we have that, in a regime of high signal to noise ratio (large N limit, with x of small dimension)
gy(r) = P(y|r) is an unbiased, efficient, estimator of P(y|x). In particular we have, at leading order in
the number N of neurons,

JP(ylr)P(r|x) dVr = P(y|x). (35)

Note that implies
JP(ylr)Plrlx = X(s)) dr = P(ylx = X(s)). (36)

But this does not necessarily imply (34). It will be the case if the knowledge of X is sufficient for
estimating y, that is if for every y

P(y|X(s)) = P(y|X"(s)) = P(yls), (37)

in which case the network has found X for which the cost Cx, Eq. , is exactly zero. Otherwise, one
has a bias which corresponds to the nonzero value of the Kullback-Leibler divergence C x.

The fact that the estimator is efficient means that it saturates the associated Cramér-Rao bound.
This is the Cramér-Rao bound for the estimation of a function of the unknown parameter, which can
be understood as the bound for a biased estimator of the parameter — see, e.g., Ref. [27]. In the K =1
case, this bound reads:

2 v, _ (P(yl)”
| P 0,0) = P e = LT

where P’(y|x) denotes the derivative of P(y|x) with respect to x, and Fioqe(x) is the Fisher information
defined by

(38)

2
Froae(w) = = [ B2 pein) v, (39)
x
In Appendix[F] we briefly discuss what can be said for the Cramér-Rao bound in terms of the dependency
of the output with respect to the stimulus s instead of x.
As we will see, the above Fisher information plays an important role in the analysis of the coding
part, see Sec. [

3.4 Bias-variance decompositions of the mean Bayes cost

Initially introduced for quadratic error cost functions [37], the bias-variance decomposition has been
generalized to a variety of loss functions [32] 23] 68]. The loss function that we consider in the present
paper is based on a Kullback-Leibler divergence, which belongs to the family of Bregman divergences [20],
for which bias-variance decompositions have been studied [23] [68] 88| [2]. Bias-variance decompositions
are typically discussed in the context of learning from a finite number of examples, allowing to highlight
a learning dilemma [37]. In that context, the training set is considered as a random sampling of the
data distribution, so that the output of the network is a random variable. In the present paper we work
with the full distribution of the data. However, we consider processing noise, so that the network output
gy(r),y =1,..., M is as well a random variable. We can then consider bias-variance type decompositions
as shown in Ref. [68] for Bregman divergences within a general setting (see “Theorem 0.1” in this paper).

Here we make explicit the relevant bias-variance decompositions specific to our framework. The moti-
vation is to search for relations giving insights in the spirit of the Cramér-Rao bound. Given an estimator,
the bias corresponds to the discrepancy between the target and the mean of the estimator. Introducing
this mean into the expression of the total mean cost leads to a bias-variance type decomposition, as we
show now.

We first consider the processing y — s — r — g. We remind that the network outputs, g,(r),y =
1,..., M, are considered as estimators of the probabilities P(y|s). For a given set of normalized positive
functions g, (3_,9y(r) =1 for any r), the mean is

Jy(s) = Elgyls] = fgy(r)P(r|s)dNr. (40)

Note that the normalization is preserved: for any s, Zy@(s) = 1. In case the estimator would be
unbiased, one would have g,(s) = P(y|s).
The total mean cost C, Eq. 1D can be written as

C = [C(s) P(s) dVs, (41)
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with

= [ D (P(Y[s)]lg(Y 1) P(r]s) dr. (12)
One can write
M J—
Dice(P(Y]s)g(Y[r)) = Die(P(Y[s)[5(Y]s) + Y P(yls)In 58 (43)

and the mean cost for a given input can then be written

Cs) = DKL( (Yls)llg(Yls)) (44)
—+ ZP yls) {lngu s) — /lngy(r)P(rs)dNr}. (45)

The first term quantifies the cost for having a bias, it is positive or zero and goes to zero as the bias
cancels. The second term is also positive or zero. Indeed, for each s and each y, the term within
{...} is the log of an average minus the average of the log, which is a positive quantity by convexity
of the logarithm (Jensen’s inequality [49, [50]). This quantity is small if the variance of the estimator
is small (since in that case g, (r) is typically close to its mean g,(s)). Eq. is thus a bias-variance
decomposition of the mean cost.

We now write a similar decomposition taking into account the discrepancy between the underlying
manifolds X* and X. After some manipulations analogous to those above, we get for the global mean
cost a sum of three positive terms:

C = [Dxn(P(Y|x*)|P(Y]x)) P(x*,x)d* x*d¥x (46)

+ [ Dku(PY[x)[lg(Y %)) P(x) dx (47)

+ fzs/ilp(y\x) {111@(){) — [Ing,(r) P(r|x) dNr} P(x)d¥x. (48)

Here P(x x) is the joint distribution P(x*,x) f<5 (x* — X*(s)) 6(x — X(s)) P(s) d"+s, and gy(x) =
Jo(x — ) Gy (s) P(s)d™=s, P(ylx) = [d(x — P(y|s) P(s)d™ss. The first term measures

how much the manifold X differs from X* as dlscrlmlnant space, and the two other terms give the
bias-variance decomposition for g, as estimator of P(y|x). This decomposition highlights the dilemma
that learning is facing when trying to minimize the mean cost: finding the best network hidden feature
space, and the best bias-variance compromise for the decoding.

In Appendix [A] we show that, for an estimator close to efficiency, this bias-variance decomposition
reduces to a quadratic type trade-off. In addition, we make use of this analysis to derive a bound on the
cost. We also make use of known bounds for the Jensen gap to get bounds for the variance part, Eq.

(18).

4 Revealing the geometry of internal representations

4.1 The mutual information in the limit of wide networks

During the course of learning the network will adapt both the manifold X and its N-dimensional neural
representation r. Here we characterize the mutual information I[Y, R] for a given space X of dimension
K, when N is large (wide network). The projection space X is thus not necessarily (fully) optimized
with respect to the categorization task. However, we assume that (i) the dimension K of this space
is small compared with N, (ii) given r, the probability of what is the associated x is sharply peaked
around the most probable value, x,,(r). Qualitatively, K being fixed, the larger N, the more detailed
the sampling of the x distribution. As a particular example, one may consider the neural units in the
last coding layer as radial basis functions covering the X-space. Below we extend to the present setting
results obtained in Ref. [I5] for a model which corresponds here to the case Ny =1, X(s) =sand L =1
(a single hidden layer with a large number of coding cells). Under the above hypothesis, in the infinite
N limit the full information content of the signal as seen by the layer, that is the stimulus projected onto
X, is recovered:

lim I[Y,R] = 1I[Y,X]. (49)

N—o00
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Now we compute the first correction in 1/N. In the one-dimensional case (K = 1), we get:

IY,R] = I[Y, X] - /FC"‘t )P (z) da. (50)

codc ‘T

Here Fiat(z) and Frode(z) are two Fisher information quantities whose definitions and meaning are as
follows.

Feat(x), which we refer to as the categorical Fisher information, characterizes the sensitivity of the
category membership with respect to small variations of x:

M52 x
Fo(e) = =3 ZRPWD by (51)

which can also be written as

M
P'ylz)?
Feat(z) = 52
where P'(y|z) = OP(y|x)/0x. As discussed in Ref. [I5], Feat(x) is large at locations x near a boundary

between categories, and small if = is well within a category.

The quantity Feode(x), which we refer to as the neural Fisher information, characterizes the sensitivity
of the neural activity r with respect to small variations of x. We have seen this Fisher information, Sec.
Eq. , as it also enters in the characterization of the decoding part. We recall its definition here:

9?1n P(r|x)

52 P(r|z)d"r. (53)

F code(x) - —
It corresponds to the “usual” Fisher information considered in neuroscience, and it is related to the
discriminability measured in psychophysics [60]. We remind that the inverse of the Fisher information

Frode() is an optimal lower bound on the variance o2 of any unbiased estimator Z(r) of z (Cramér-Rao
bound, see, e.g., Ref. [27]):

_
Fcode (.’13) .

Note that Fi,; is independent of the neural code of the considered layer, and that, for N coding cells,
Feode is of order N (except for some particular families of correlations), so that the right-hand side of
is of order 1/N (higher order terms are neglected).

\%

o2 = / (z(r) - x)2 P(r|z)dNr (54)

In the more general case of a K-dimensional space, we get for N > 1 and K < N (Appendix:
1 _
IV.R] = 11¥,X] - 5 [ (FL 6 FLh ) P dx (55)

where F.oq0(x) is the K x K Fisher information matrix of the neuronal population:

—/ " In P(rfx) P(r|x)d"r, (56)

[FCOde (X)} 8:13281:]

ij

Fat(x) is the K x K Fisher information matrix of the categories:
9% In P(y|x
Fo()],, = - Z TPUR) piyx), (57)

and tr, the superscripts T and —1, respectively denote the trace, and the matrix transpose and inverse.
Although the Fisher information matrices are symmetric, in Eq. we keep the transpose sign on F 4
to better see the structure of the formulas (making the Frobenius product more obvious).

The above asymptotic formulas assume that the probability density functions are smooth enough so
that the neural Fisher information exists (it is finite), and is invertible.
If the Fisher is not defined (infinite), the mutual information is still well defined, but there is no general
expression for the asymptotic regime — as in the case of the mutual information between the neural
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activity and a continuous parameter, for which there only exists scaling properties depending on the
type of non smoothness, see Ref. [45]. However, as discussed in Ref. [15], for boxcar activation functions
that are not differentiable everywhere, one can derive an analogous expression where, in place of the
neural Fisher information, appears a quantity which characterizes, for the considered model, the smallest
possible variance for an estimator of x.
The invertibility property assumes that we restrict the analysis to a space X on which the neural Fisher
information has no null eigenvalues.

An important remark is that, the mutual information being invariant under any reversible transfor-
mation on x, this has also to be the case for the right-hand side of (55). In Appendix we show
that is indeed invariant under such a transformation.

4.2 Discriminant spaces and geometry of internal representations
4.2.1 Summary of the main results so far

Let us first summarize where we stand. We have first shown, Sec. that the minimization of the
mean Bayes cost implies the minimization of the coding part, Ceoaing = I[Y,S] — I[Y,R], hence the
maximization of the mutual information I[Y,R] between the categories and the neural representation
provided by the network prior to decoding. Given the Markov chain , thatisy - x* s —+>x —r,
we have

IlY,R] < I[V.X] < 1Y, 8] = I[Y, X"]. (58)

Thus, for a given projection space X, at best I[Y,R] = I[Y, X], and optimization with respect to the
choice of the space X gives optimally I[Y, X] = I[Y, S] = I[Y, X*].

Then, Sec. considering wide (and possibly deep) networks, within a specific asymptotic regime
we have seen that the mutual information I[Y, R] takes the form

1 Fcat (.’E)
IY,R:IY,X—f/ipxdx. 59
YR = 1Y, X] — 5 [ G0 P (59)
We reproduce here Eq. , which is for the 1D case, but Eq. gives the general K dimensional
case.

The interpretation of these asymptotic expressions is remarkably simple and intuitive, as we discuss
now.

4.2.2 Finding a proper discriminant space

The first term, Y, X], characterizes the correlation between the categories and the underlying projection
space X . Maximizing this term means finding a discriminant space, an appropriate space from the point
of view of the categorization task. Efficient learning should lead to a space X which contains a (possibly
non-linear) transformation of the data category-specific underlying space, X*. More precisely, in that
case one has a sufficiency statistics property, P(y|x) = P(y|x*).

4.2.3 The geometry of internal representations

The second term tells us what should be the metrics of the neural representation, how this space X
should be probed: the Fisher information Fi,qe should be large where the categorical Fisher information
F.,4 is large in order to minimize the second term. Thus for a given space X, minimization of the second
term in the mutual information leads to a neural code such that Fioqe() is some increasing function
of Feat(x) — for, e.g., an information-theoretic constraint, in the vein of the Information Bottleneck ap-
proach [84], one gets Fiode(x) = Feat(x) as optimum (see Appendix, but other constraints may lead to
other relationships — see Refs. [15] [10]. Efficient coding in view of optimal classification is thus obtained
by essentially matching the two metrics. Since Fi, is larger near a class boundary, this should also be
the case for Feoge(z). A larger Fioqe(z) around a certain value of x means that the neural representa-
tion is stretched at that location (the neural representation tiles the space z more finely near than far
from the class boundaries). Thus, category learning implies better cross-category than within-category
discrimination, hence the so-called categorical perception.

Irrelevant dimensions will lead to Fisher information matrices with some null eigenvalues. The ana-
lytical results we give on the mutual information imply the inverse of the neural Fisher information Fioge-
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We can expect that, during learning, it will be the case that the Fisher information is invertible. As we
will see with numerical simulations, efficient learning will locally lead to zero or very small eigenvalues
through alignment with the categorical information.

To conclude this section, minimizing the mean Bayes cost thus implies maximizing the mutual infor-
mation I[Y,R], which leads to, on one hand, finding an appropriate projection space, and, on the other
hand, building a neural representation with the appropriate metrics on this space. Given the intuitive
character of the above conclusions, we expect their validity to be wider than for the cases for which the
asymptotic formulas and of the mutual information apply. Indeed, these formulas have been
obtained under specific hypothesis, in particular assuming that asymptotically the probability of what is
the associated x is sharply peaked around the most probable value x,,(r). This strong hypothesis might
not be valid for any x, however we expect these results to be valid under weaker hypotheses. Moreover,
in the considered asymptotic limit, the noise is vanishing and the distribution becomes Gaussian. In
Appendix [C] we discuss the simple case of a non-wide network, that of a single coding cell with small,
non Gaussian, multiplicative noise. The resulting formula for the mutual information is the same as ,
except for non Gaussian noise. In such case, the term depending on the Fisher information quantities is
multiplied by a global factor, and thus the main qualitative results are not affected.

We also compute, in Appendix the neural Fisher information for the multidimensional case with
additive noise of arbitrary distribution. The main conclusion is the same in the case of uncorrelated noise.
However, for correlated noise, one gets that the neural Fisher information mixes three components: the
noise amplitude, the shape of the noise distribution, and the local changes of metrics due to the transfer
functions. The adaptation of the local neural metrics can thus be obtained in different ways through
the combination of these components. We note this might have important consequences if one wants to
uncover the underlying feature space. If one were to reconstruct it from the activity of a population of
neurons in response to a set of stimuli, one would be faced with the potential issue that this space is
not unique, due to the invariance of the mutual information under any invertible transformation. For
instance, given a series of morphs that go from one category to another, equally spaced in stimulus space,
one could find an X-space where these stimuli are also equally spaced, but for which the neural activity
on top of it is more sensitive at the boundary between categories. One could instead find an X-space
that itself carries the deformation, 7e where these stimuli are further away near the boundary, but now
with the neurons responding more equally to the whole set. In the end, the geometry is of course the
same with respect to the stimulus space, that is with greater sensitivity between categories.

5 Categorical Fisher information: Discriminant directions and
location of the maxima

5.1 The categorical Fisher information

As just seen, learning should lead to the matching between the neural Fisher information and the cate-
gorical Fisher information. In particular the resulting neural geometry will show expansion of the space
where the categorical Fisher information is the highest. Before considering the neural geometry after
learning —which we do in the next section through numerical illustration— we thus need to characterize
the categorical Fisher information matrix, which is the goal of this section. Our previous work [I5]
only qualitatively discussed the properties of the categorical Fisher information in the simplest case of a
one-dimensional stimulus. Here we consider the multidimensional case, first for arbitrary distributions,
then with detailed illustrations for Gaussian distributions. In particular, we study the eigenvectors and
eigenvalues of the categorical Fisher information matrix, and the location of the maxima with respect to
the location of the class boundaries.

We study the properties of the categorical Fisher information matrix F,;(x) for x in a K-dimensional
space and M categories, assuming that the probabilities P(y|x) are everywhere differentiable with respect
to each one of the K components x;. In all this section, x is not specific. That is, it could be the location
in the underlying space to the stimulus (in which case x = x*), or associated with a given neural layer
(not necessarily optimized), or it could be the stimulus s itself (see however Appendix [F|for that case).
Depending on the context, the dimension K of this space might be small or large.
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We recall that, for i,j =1,..., K,

9?In P( 0°In P(y|x)
[Fcat (X)]ij - Z axlaxj P(ylx), (60)
or, equivalently,
M
B dln P(y|x) Oln P(y|x)
[Fcat(x)} ij Z axl axj P(y|X)

<
Il
-

9; P(ylx) 9; P(y[x)
P(y[x)

I
B

(61)

<
I
—

where 0; stands for %.

5.2 The case of two categories
5.2.1 Principal (local) discriminant directions

We consider here the case of two categories, M = 2, y = &, in K dimensions. Since »_, P(y|x) = 1, one
has 0; P(—|x) = —0; P(+|x). Hence we can write

OP(HR P(R) | P(—[x) 9Pl
e P(-x)

= 0;P(+|x) 0;P(+]x) (P(ix) i P<i|x)>

_ (Hmapwm) .
P(+[x) P(=|x)
In matrix form,
1
Feat(x) = 5———5—— VP(+x) VP(+[x)". 63
t(x) P(—|—|X) P(—|X) (+|X) (+|X) ( )
From this expression one sees that V P(+|x) is eigenvector of F,; for the eigenvalue
_ _ 1 . 2
fent00) = 11 [Feae()] = sy Salos PO (64

This is the unique nonzero eigenvalue, the null eigenspace being the space of dimension K — 1 orthogonal
to the eigenvector V P(+4|x). We call principal discriminant direction (PDD) at location x, the (local)
direction of the eigenvector V P(+|x).

If we denote by L(x) the log odds ratio,

P(+[x)

(x) = A TErE (65)
we can also write 1
P(+]x) = T+epFLx)’ (66)
and we have
Feat(x) = P(+|x) P(—|x) VL(x)VL(x)". (67)

The vector V L(x), parallel to the vector VP(+|x), is an eigenvector for the nonzero eigenvalue, and we
have

fear(x) = P(+[x) P(~[x) [ VL(x)]*. (68)
Note that the factor P(+|x) P(—|x) can be written as

P(+x) P(~[x) = 2(1 ~ m(x)?), (69)
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where m(x) is the local difference between the posterior probabilities,
m(x) = P(+|x) — P(—|x) = 2P(+|x) — 1. (70)

The class boundary is defined by the set of stimuli for which

or equivalently is given by the level set Ly of null log odds ratio:

Lo ={x:L(x)=0}. (72)
If we consider the level set Ly of a given log odds ratio value 6, that is

Ly ={x: L(x) =0}, (73)

we get the important, yet expected, result that the principal discriminant direction, being given by
V L(x), is at each point orthogonal to the level set going through that point. For each location x,
there is thus a one-dimensional discriminant space, a (curved) line going through x, with tangent vector
V L(x') at every point x’ along the line. We call Principal Discriminant Curve (PDC) the curve that at
each point is tangent to the local PDD. We give numerical examples below.

We note that any PDC crossing the boundary is a possible 1D curve sufficient for performing the
discrimination task. Along the curve, the information on the probability of belonging to a category is
given by the length of the eigenvector. Any point x can be projected onto the chosen PDC in a way
preserving the information on the membership probability, by following a curve remaining inside the
level set to which the point x belongs to.

5.2.2 Maxima of the categorical Fisher information

From the expression of the eigenvalue feat(x), one sees that the categorical information is maximum
on the boundary only if VL(x) does not depend on the location x. This is the case for two Gaussian
categories with same covariance matrices. Otherwise, that is for different covariant matrices, the max-
imum of sensitivity does not coincide with the class boundary. We discuss these different cases in this
section.

We consider two equiprobable categories in dimension K. We want to know where the maximum
of feat(x) is located along a PDC as compared with the class boundary. Given a location xg, we can
parametrize the PPD going through that point by

dx(t)
T = £VL(x), (74)

with initial condition x(t = 0) = x¢. In practice, the sign + (independent of x) is chosen so that the
curve so generated crosses the category boundary. The extrema of f..¢(x) along this curve satisfy

dfcas (x(t))

a0 (75)
that is
Vfcat(x) : VL(X) = 0 (76)
Now
0 1 1
ca - L —_— L 2
V feat (%) VL) 57 <1+expL 1+exp—L> |IVL(x) |
1 1 )
+ l+expL 1+exp—L V”VL(X)H , (77)
and
VIVLE)|? = 2H(x)VL(x), (78)
where H is the Hessian matrix of L. We have then
1 —exp L(x) 1 . -
Teoplig | VLI + 2VLETHE VLX) = 0. (79)
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Note that VL(x) = 0 gives a solution, but which corresponds to a minimum (f.,s = 0). Hence for the
maxima we search for solutions with V L(x) # 0.

The first term in the left-hand size of this equation is positive (negative) if L(x) is negative (positive),
that is if the category “—” (“+”) is the most probable at this location, and solutions can exist only if
the second term is negative (positive). It is not clear if one can establish general and useful statements
on the sign of this term. In the case of Gaussian categories, for which the Hessian is independent of the
location, we consider below simple cases for which all the eigenvalues of the Hessian matrix have a same
sign.

5.3 The case of two Gaussian categories
5.3.1 Two Gaussian categories with the same covariance matrix

We consider first the simple case of two Gaussian categories with the same covariance matrix, in a space
of arbitrary K dimensions:

P(x|y) = M} exp{—%(x — cy)TE_l(x — Cy)}, (80)

with y = 4+, without loss of generality one can assume c+ = +c. We also assume a same frequency of
occurrence, P, = 1/2.

Since the covariance matrices are identical, the quadratic terms in the probabilities of x given y are
identical, which leads to a simple equation for the boundary, Eq. . One gets:

c-x=0, (81)

where ¢C is the vector defined by
c=X""'c (82)

This is the equation of a hyperplane (a straight line in 2D) going through the origin, orthogonal to the
direction of ¢. Note that the probability of, say, the category +, for equiprobable categories, is given by

P(+[x) = 1/(1 + exp(-2¢-x)). (83)
The categorical Fisher information matrix takes the simple form
Feat(x) = (1 - m(x)?)€c’, (84)
that is [Feat(x)]s,; = (1 — m(x)?) €;¢;. The nonzero eigenvalue is here
fear(x) = (1 = m(x)?) [[e]*. (85)

One sees that the categorical Fisher information is equal to feat(x) along the direction parallel to the
eigenvector ¢, and null along any orthogonal direction to this vector. In agreement with the general result
shown above, the principal discriminant direction, €, is also the direction orthogonal to the boundary
hyperplane.

Since 1 —m(x)? is between 0 and 1, fea¢ is maximum at the boundary. The norm of € is a measure of
how much the two Gaussian distributions are well separated. In one dimension, ¢ is a scalar, the distance
between the means divided by the common standard deviation: it measures a global discriminability
between the two categories. In psychophysics, the behavioral discriminability, d’, measures the ability to
discriminate between s and s+ ds where Js results from a small modification dz of a control parameter x
in the stimulus space. If this parameter corresponds to a relevant feature, efficient neural coding implies
d' = dx+/Feode(z) [74]. Within our framework, efficient coding implies the matching of Feoge and Feat,
hence d’ is some monotonic increasing function of the product (1 —m(x)?) ||€||?, which is the product of
a measure of how much one category is more probable than the other, by the global discriminability of
the two distributions.

For this particular case of two Gaussian categories with the same variance, the principal discriminant
direction is independent of the location, being everywhere given with the direction of the vector joining
the centers of the categories. The principal discriminant curves are straight lines. An efficient learning
could be obtained by a projection onto this direction.
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5.3.2 Two Gaussian categories with different covariance matrices

In the case of Gaussian categories with different covariance matrices, ¥, the distribution of x given the

category writes
1
Pxly) = ——-— exp{—i(x—¢c,) "= (x —¢c,)}, 86
(xl0) = ey Pl h - )8 k- ey) (56)

with ¥y = +, c+ = +c. In that case the log odds ratio is

1 _ _ _ _ 1 _ _ 1, detX_
L(x) = 5xT(z:_l -2 x4+ @I +E)x + 5cT(z_1 -2 e+ 5 e, (87)
and the class boundary is thus given by the quadratic manifold L(x) = 0.
The principal discriminant directions are obtained by taking the gradient of L(x), that is
VLx) = (' -2 ) x+ (22 + =Y e (88)

Below we give examples of the resulting Principal Discriminant Curves in the case of K = 2 dimensions.
The location of the maximum of f.,:(x) is different from that of the class boundary, since VL(x) is
not constant. The Hessian matrix is independent of the location,

H=x'-%" (89)

If ¥, is larger (smaller) than 3_, that is if all the eigenvalues of H are positive (negative), then
V L(x)"THV L(x) is positive (negative), so that the maximum of the categorical Fisher information lies
in the domain where the 4+ (—) category is the most probable. The simplest example is that of covariance
matrices that are diagonalizable in a same basis with, on each eigen axis, e.g., the variance of category
+ larger than the variance of category — (or vice versa). In the general case, a sufficient condition for
having either H = 0 or H =< 0 is that the smallest eigenvalue of one of the covariance matrix is larger than
the largest eigenvalue of the other covariance matrix (see Appendix |G| for details). If not all eigenvalues
of H have the same sign, it is not clear if a general statement can be given.

In the following subsection, we give numerical illustrations. In Appendix [G] we provide more details
for distributions with different covariance matrices, together with additional numerical illustrations for
the 1D (hence scalar) case and for the 2D case. The main qualitative results are that (i) the maximum
is displaced in direction of the category with the largest variance, and (ii) for reasonably concentrated
distributions, this location remains very close from the class boundary (see numerical illustrations and
Appendix [G.3). Otherwise, that is if, e.g., one of the distributions has a very large variance compared
with the other one, the maximum of f.,; can be far from the class boundary.

5.3.3 Numerical illustrations

In Figs. [I] and [2| we present results for 1D-Gaussian categories. The + and — Gaussian distributions
are centered at +¢, ¢ = 1, with standard deviations o = ¢, 04 = ao, a > 1. We present results for
different values of the parameters o, a. In Appendix [G] we derive the formulas giving the class boundary
xp and the location x.,; of the maximum of the categorical Fisher information. Figure |I| presents the
results for two particular parameter choices. Note that there are actually two class boundaries (and two
associated maxima of fecat), but only one matters, the other one being in a part of the space x where
there is essentially no data [the probability P(z) is extremely small]. In Fig. [2| we plot the locations of
Zeas and xp, for various choices of a and 0. When the two categories have the same variance (a = 1.0),
the boundary z;, and the location x.,; of the maximum of f.,; are both x = 0. But as a increases, that
is, as the relative width of the category on the right increases, these two quantities differ. Looking at the
position of the curves relative to the line x = 0, the behavior as a increases is not intuitive. Actually,
from the figure and from inspection of the formulas, one sees that: for large o values, both quantities
always lie on the right side of x = 0; for small ¢ values, from a = 1 the curves start on the left side, but
eventually cross the x = 0 line at a value of a which is greater the smaller the variance — for the smallest
o values, this occurs outside the range of a values shown in the figure. There is a range of intermediate
o values for which at small a, the curve x; starts on the left side at small a values whereas x¢,¢ still fully
lies on the right side. Finally, note that at a given value of a the difference between z;, and ., increases
with o.

In Fig. [3|we give for K = 2 an illustration of the case of Gaussian categories with diagonal covariance
matrices. See Appendix [G.]] for the mathematical details. The two concentric circles are the class

20



b
o o o =
I o © o
1 I 1

categorical prediction
or density distribution

o
)
1

o
o

0.8 4

0.6

P(x] =)
P(x|+)

- P(=1x)
© P(+[x)

Xp
Xeat

density distribution

o
©
1

o
o
1

o
>
1

o
[N}
I

T
W »
n o

T
w
o
formation

-2.5-

erin

2.0

sh

1.5

1.0

0.5

categorical F

o
=}

0.0

1.0

0.8

0.6

1.0
— P(x] =)
— P(x] +)

— ot

0.8

0.4

categorical prediction
or density distribution
density distribution

categorical Fisher information

Figure 1: One-dimensional examples with two Gaussian categories: category boundary and
categorical Fisher information. Top, (a) and (b): a = 1.5, 0 = 0.6. Bottom, (¢) and (d): a =2, 0 =
1. Left, (a) and (c): Density distribution of the two classes, their corresponding posterior probabilities,
along with the location of the boundary z;, and the location of the relevant maximum of the categorical
Fisher information Feat(z). Right, (b) and (d): Density distribution of the two classes and categorical
Fisher information Fi¢(x).
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Figure 2: One-dimensional example with two Gaussian categories: category boundary vs.
argmax of categorical Fisher information. Location z; of the boundary and location z, of the
relevant maximum of the categorical Fisher information for various values of a and o.
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boundary (continuous line) and the location of the maxima of the categorical information (dashed line).
We show a sample of Principal Discrimination Curves (which are here the rays of these circles). We also
represent the density distribution of x = (x1,x3), showing that actually only a small part of the plane
is relevant for the categorization task. In Appendix[G.I} we show in Fig. 0] other 2D-examples of PDCs,
for cases where these are not straight but curved lines.

Figure 3: Two-dimensional example with two Gaussian categories: category boundary, max-
ima of the categorical Fisher information, and Principal discriminant curves. For this simple
example, the covariance matrices are ¥_ = 0?[, ¥, = ¢?X_, with a = 1.2, 0 = 1.3. In the (z1,z2)
plane, the blue and red squares localize the centers of the two categories. The circle in continuous line
gives the category boundary. The — category is the most probable inside the red circle. The circle in
dashed line gives the location of the maxima of the categorical Fisher information. The dashed black
lines are principal discrimination curves. The color map gives the density distribution of x.

5.4 Multiclass (M > 2) case

5.4.1 Discriminant directions: nonzero eigenvalues

The result on the number of nonzero eigenvalues, seen above Sec. [5.2.1] generalizes to an arbitrary
number M of categories in dimension K in the following way. If K < M — 1, the categorical Fisher
information matrix has, obviously, at most K nonzero eigenvalue. If K > M — 1, the categorical Fisher
information matrix has (at most) M — 1 nonzero eigenvalues. The proof is as follows.

We look for the eigenvectors of Feut(x). Let u be an eigenvector for the eigenvalue f, that is

Fear(x)-u= fu (90)
One can write this equation as:
M
o; P
forany i € {1,...,K}, # VP(y|x)| -u= fu. (91)
2 Pyl

Since >, P(y|x) =1, Z£1VP(y|x) = 0, the M vectors V P(y|x) are not linearly independent, they span

a space of dimension at most M —1. The K linear combinations of these vectors, Zgil a;}z;gl;)\:)c) VP(ylx),i=
1,..., K, belong to this space. Hence any u orthogonal to this space gives a null value. We have thus (at
most) M — 1 nonzero eigenvalues, associated with eigenvectors which we called the principal discriminant

directions (PPD).

5.4.2 General expectations

From the above analytical and numerical results we get the following general picture: In K dimension
with M categories, the categorical Fisher information, at any location x, has at most a number of
min{M —1, K'} nonzero eigenvalues. On the boundary between two categories (far from other categories),
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the direction associated with the largest eigenvalue is orthogonal to the boundary, and points toward
this boundary for locations near the boundary. One can define a principal discriminant curve which, at
each location, is tangent to the principal eigenvector, and cross the boundary. The other eigenvectors
with nonzero eigenvalues define a hyperplane orthogonal to the principal direction, hence tangent to the
boundary for locations on the boundary. We provide a numerical illustration with three categories in
Sec. comparing the categorical Fisher information with the neural Fisher information after learning.

6 Neural geometry: Numerical illustrations

In this section, we study numerically the neural geometry underlying categorical perception induced by
learning in artificial feedforward networks. We go beyond the numerical analysis we did in the related
work Ref. [I7], making precise links with the analysis in the previous sections. In addition, in Ref. [I7]
we used a proxy for the Fisher information, since it is difficult to compute in deep networks. Here, in
one of the examples we discuss, we can numerically exactly compute the neural Fisher information. The
analysis actually validates a posteriori the use of the proxy considered in Ref. [17].

We consider both simple Gaussian categories in 2D, and numerical experiments on the MNIST
database with networks of various number of hidden layers. In all cases, in order to test the formal
analysis, we consider the neural geometry near the boundary between pairs of categories, or along a path
crossing the boundary between two categories, whatever the total number of categories learned by the
network (three in the case of the simple Gaussian example, ten in the case of the MNIST database).

6.1 Two-dimensional example with Gaussian categories

We consider the case of three Gaussian categories in 2D; see Figs. (a) and a). The neural network is
a multilayer perceptron with two hidden layers of 32 cells with sigmoidal activation. In the last hidden
layer, each cell ¢ has a noisy neural activity given by r;(x) = f;(x) + 01/9:(x)z;, where f; is a sigmoidal
activation function, z; is a normal unit random variable, and o = 0.3. Here we take g;(x) = f;(x). In the
context of machine learning, this neural noise may be correlated with the one injected during learning
under the name of dropout [76], a commonly used heuristic aimed at improving learning efficiency. In
the original work [76], dropout consists of multiplicative noise (in each layer) in the form of Bernoulli or
Gaussian noise, with g;(x) = f;(x)?. Other types of noise distribution can be considered. Our choice
here, g;(x) = fi(x), yields a Poisson-like noise, as commonly found in biological neural networks (see,
e.g., Refs. [86] and [75]). We assume that the noise is not correlated between neurons given a stimulus x,
which means that we can write P(r|x) = [[ P(r;|x), which in turn implies that the Fisher information
can be written as Feoqe(X) = Y, Feode,i(X), where Feoqe i(x) is the Fisher information of neuron .

Figure (b) proposes a representation of the 2 x 2 Fisher information matrix F . (x) at each point
on the x = (x1,x2) plane. As expected from our analysis, the largest associated eigenvalue is strongest
at the boundary between categories, with the associated eigenvector being orthogonal to the boundary.
Figure|10|in Appendix shows the same representation but for the second eigenvalue (the smallest one).
One can see that it is very small everywhere compared with the first eigenvalue, except at the location
where the three categories overlap a little bit more. In practice, however, the important part of the space
is where the quantity P(x) feat(X) is important, as can be seen from the asymptotic expressions, Egs.
and , which relates the mutual information to the Fisher information. This can be visualized in
Fig. (c): the salient regions are the boundaries between categories where something can happen (i.e., a
region with a nonzero probability).

After learning, as expected, the network has learned to estimate the posterior probabilities P(y|x),
correctly partitioning the three categories into their respective regions, see Fig. (a). Regarding the
matching between the categorical and neural Fisher information quantities, we can see in Fig. d)
that, after learning, the Fisher information matrix F.oqe(x) qualitatively follows F .t (x): the largest
eigenvalue is the greatest at the boundary between categories, illustrating the categorical perception
phenomenon. Furthermore, at each point on a boundary, the eigenvector associated with the largest
eigenvalue is orthogonal to the class boundary, and points toward the boundary at a location away from
it. Figure[I0]in Appendix [H] shows how, during the course of training, the second eigenvalue gets smaller
and smaller compared with the first eigenvalue, except again at the overlapping location of the three
categories, which aligns with the local dimensionality of the categorical Fisher information.

Finally, we consider a one-dimensional path in input space, for which the Fisher information quantities
are nonzero, depicted by the dark dots in Fig. (a)7 interpolating between two items drawn from two
different categories. In doing so, we mimic the use of morphed continua in psychophysics and cognitive
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Figure 4: Two-dimensional example with three Gaussian categories: Fisher information
quantities. (a) Probability P(x) (b) Visualization of the categorical Fisher information matrix F ¢ (x)
at each point on the x = (x1,x2) plane. The small line represents the direction at this point of the
eigenvector of the Fisher information matrix associated with the largest eigenvalue fcas(x). The mag-
nitude of this largest eigenvalue is represented by the color, the lighter the greater. (c) The quantity
P(x) feat(x), quantifying the source of the potential classification errors in the x-plane. (d) Visualization
of the neural Fisher information matrix F..q0(%), at each point on the (z1, 23) plane, after learning. The
graphic convention is the same as in (b).

neuroscience experiments. We compute the (scalar) Fisher information of the neural code along this line.
We show the results in Fig. (b) together with the categorical prediction output by the neural network.
As expected, the neural Fisher information is the greatest at the boundary between categories.

6.2 Images of handwritten digits

Here we consider the MNIST dataset [54], a dataset of 28 x 28 handwritten digits (hence, the stimulus s
lives in a 784 dimensional space). The neural network is a multilayer perceptron with two hidden layers,
each made of 256 cells with ReLLU activation. Poisson like neuronal noise affects the last hidden layer, just
as in the previous example, with ¢ = 0.1. The neural network is trained on the full MNIST training set.
A continuum between two images taken from the MNIST test set is created by interpolating between
them in a latent space discovered by training an autoencoder to reconstruct digits from the MNIST
training set, as done in Ref. [I7]. Here, we consider a continuum between an item from the 4 category
and an item from the 9 category (two categories that are among the most confusable ones). Each image
along the continuum lies in the relevant manifold of digits. The labels on the abscissa of Fig. @(a) pictures
a few samples from the continuum, which is made of 31 images.

This continuum can be viewed as a 1D “z” in the previous discussions. One can then compute the
categorical predictions outputted by the neural network together with the scalar Fisher information of
the last hidden layer of neurons. Once again, Fig. @(a) shows that learning induces categorical perception,
with larger Fisher information at the boundary between the two categories. In our previous work [17],
the cosine distance between the neural activities r(z) and r(z 4 dx) was used as a proxy for Fisher
information Feog0(), because it is much easier to compute. Figure @(b) shows that these two quantities
indeed behave quite similarly — actually these two quantities appear to be quantitatively almost the

24



b- 1 0-
1400
s
5087 1200 55
¢~
5] €
L £
© 0.6 1000 5
o <
B F800 g
5 041 i
S F600
2 e
G 0.2 F400 3
c
200
0.0
0.0 0.2 0.4 0.6 0.8 1.0
continuum

Figure 5: Two-dimensional example with three Gaussian categories: Fisher information
along a one-diemnsional path. (a) Colored dots: training set, random samples from each of the
categories. Background color: mix between the colors that correspond to each of three categories,
proportionally to the posterior probabilities P(y|x) as estimated by the neural network. Dark dots: a
path interpolating between two samples from the blue and the red categories. (b) The dashed colored
lines indicate the posterior probabilities, as found by the network, each color representing its respective
category. The solid line is the scalar Fisher information along the one-dimensional path shown in (a).

a. b. 1e6
1.0 L 0.005
2.5 2.5
f
.2 0.8 c I-0.004
© -2.o-§ S 20 g
el © ® =
064 g £ -0.003 8
o L1565 S 1.5 5
© € £ w
S04 = c -0.002
S F1.0 2 £ 1.07 8
o @ i L 0.001
£ 0.2 i
o 0.5 051
L 0.000
0'0- —_—— Trrrrrrrrrrrrrrrrrrrrrrrrrrrrrr
H44449994999999999 1949949499999999999

4-9 continuum 4-9 continuum

Figure 6: Categorical perception along a 4 to 9 continuum. (a) Scalar neural Fisher information
Feode along the 4-9 continuum (average over 10 training runs of the model), before (light gray) and
after (dark gray) training. The dashed colored lines indicate the posterior probabilities, as found by
the network, blue corresponding to category 4 and red to category 9. (b) Comparison between Fisher
information (dark gray, left y axis) and cosine distance (orange, right y axis) between neural activities
evoked by contiguous items along the continuum.
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same up to a global scale factor (the alignment is here performed by minimizing the mean absolute error
between a linear transformation of the cosine distance and the neural Fisher information).

In Appendix [I] Fig. reproduces the results presented in Fig. [f] with the same neural network
probed on another continuum, going from category 1 to category 7. This supplementary figure also
plots the tuning curves of an arbitrarily chosen set of neurons in the last hidden layer. Following the
empirical approach of neuroscience, these tuning curves are defined as the mean response of the neurons
to the images along the continuum. First, we see that many neurons have a smooth tuning curve along
the continuum, despite having a ReLU activation function. Second, as expected from our analysis, the
steepest slopes of these tuning curves are roughly located in the transition region between categories.
This is what, collectively, results in a greater neural Fisher information at this location. We also note
that some neurons do not activate at all in this part of the input space. Finally, Fig. replicates all
these findings but considering a deeper multilayer perceptron with four hidden layers.

7 Discussion

In this paper, for the study of artificial neural networks performing a categorization task, we extend
and develop a Bayesian and information-theoretic approach we initially introduced in the context of
computational neuroscience. We are thus making use of methods and results obtained in neuroscience
to open artificial networks “black boxes”. The Bayes cost that we consider is the average, over the
data distribution, of the entropy loss commonly used in machine learning. A formal analysis gives two
interesting decompositions of this Bayes cost. One shows that one can separately deal with the neural
coding and decoding tasks. The other one is a bias-variance type decomposition — but not related to
the sources of errors that would result from the learning of a finite number of examples. We show
that minimizing the coding cost notably implies maximizing the mutual information between category
membership and neural activity.

Within this general setting, we consider structured data, characterized by an underlying feature space
of dimension much smaller that the one of the coding layer. We derive in that case an asymptotic for-
mulas for the mutual information between the neural activity and its underlying feature space. It allows
to make explicit the two tasks jointly solved through learning: (i) finding an appropriate projection
(feature) space, and, (ii) building a projection with the appropriate metrics on this space. This met-
rics is characterized by the matching of two Fisher information matrices. One, the categorical Fisher
information, characterizes the geometry of the categories in the feature space. The other one, the neural
Fisher information, characterizes the sensitivity of the neural activity to change in the feature space. The
matching of these two Fisher information matrices results in a magnification of the space near category
boundaries, characteristic of the categorical perception effect. We make more precise this statement,
thanks to a detailed analysis of the properties of the categorical Fisher information. We show the non
intuitive result that the largest expansion of the neural space is not necessarily exactly at, although
very near, the class boundaries. Our predictions about the categorical perception phenomenon are well
supported by the various numerical results presented in our related paper [I7], an empirical work that
present results based on a great diversity of architectures and datasets, including both multilayer per-
ceptrons and convolutional neural networks of various depths, many different continua tested in the case
of MNIST, and a different dataset with complex images involving a cat/dog classification. In the present
paper, working with both toy examples and the MNIST handwritten digits dataset, we present new
simulations that make precise links with the analytical results. In particular, we illustrate how, after
learning, the two Fisher information matrices essentially align with the boundaries between categories.

Future works should address several issues. On the theoretical side, our main analytical result for
the mutual information is based on restrictive hypotheses. However, the predictions that results from
its optimization, and the numerical simulations, strongly suggest a wider range of validity. It would be
interesting to further explore its domain of validity or at least to get exact bounds on the mean Bayes
cost — and in this paper we provide several analysis going in this direction, notably by considering bounds
on the Jensen gap appearing in the bias-variance decomposition of the cost. Another essential point is
that our results are based on the use of the exact probability density function of the data. Obviously,
they should be reconsidered in the context of learning with a finite set of examples. Note however that
the numerical illustrations clearly indicate that the main results hold in such a learning context.

In the neuroscience context —but also in the machine learning context— one should study the effect
of (possibly strong) noise at any stage of processing, also implying noise correlations in the subsequent
layers. For this, one issue is to numerically estimate the neural Fisher information quantity. Here, in our
numerical illustrations, for uncorrelated noise the cosine distance between neural activities appears to be a
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remarkably good proxy for the Fisher information. To see this, the latter is computed numerically exactly,
taking advantage of the decomposition of the Fisher information in a sum of separate contributions from
each neuron. But such decomposition does not exist in the case of correlations, making difficult the
computation of the Fisher information — hence also difficult to test the validity of any proxy easier to
compute. Another related issue is to understand the effect of noise correlations on the geometry of the
neural space —e.g., in the spirit of Ref. [33], but for the case of category learning.
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Appendices

A Bias-variance decomposition of the mean Bayes cost

In this appendix we extend the analysis based on the decomposition of the cost seen Sec. Eqgs. (46),

@), @), that is,

C = [Dkn(P(Y[x")|P(Y]x)) P(x*,x)d* x*d¥x (A1)
+ [ Dxu(P(Y[x)llg(Y %)) P(x) dx (A2)
+ IZS/;P(?J‘X) {hl@(x) — [Ing,(r) P(r|x) dNr} P(x)d"x. (A3)

First, Sec. [A1] we relate this decomposition to the classical bias-variance trade-off for quadratic error
loss functions by considering the vicinity of an efficient estimator. In addition, we use this analysis to
derive bounds on the mean Bayes cost, making a connection with the asymptotic formula we obtained
for the mutual information. Then, Sec. we derive bounds for the variance part , making use of
relationships between the Jensen gap and the variance.

A.1 Vicinity of an efficient estimator

An efficient estimator has no bias and a variance as small as possible (saturating the Cramér-Rao bound).
We consider the case where the estimator is close to be efficient: small bias and small variance, assuming
that the variance can be small.

A.1.1 If the bias is small
The bias b(y|x) is defined by

9y(x) = P(ylx) + b(y[x). (A4)
It satisfies }, b(y[x) = 0. If the bias is small, we expand the term (A2) in the mean cost:
blylx) | blylx)? >
P(ylx) | — +
3P0 (-5 + 2l

Y

Dxr(P(Y[x)[[g(Y]x))

S LU as)

that is

— 2
D (PG = 5 3 Pl (W)

(+ higher order terms), (A6)

which is thus a (normalized) standard quadratic bias term.
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A.1.2 If the variance is small

We expand the last term, (A3)), assuming that the variance is small. As was done in Ref. [16], for the
typical values of r given a stimulus x, we write that g, (r) is a good approximation of gy:

FEIRR G = &)

_ e -5 1) —g(x)?
- M (M)
(+ higher order terms). (A8)

Performing the integral over r, the first term in (A8]) gives zero (by definition of g;), and one gets

50 v 1 [ @O -B0P
In Plyin) P(r|x)d™r = 5 / T (%) P(r|x)d
(+ higher order terms). (A9)

Thus this variance part of the cost precisely reduces to the variance of the estimator, normalized by the
(square of the) mean.

A.1.3 Bounding the cost

From the above expansions it is tempting to try to get a bound on the cost. At the order of the expansion
(A9), making use of the Cramér-Rao bound, for the 1D case (K = 1), we have

/ In Z@;g)) P(r|z)dr > 29; )Qﬁe() ((ngy(x)>27 (A10)
and thus, at this order, -
Cla) > D PV 0) + 5 52 (A11)
with u ,
Faule) =2 POle) (G e ) (A12)
Hence J

> / Dy (P(Y[2)|[g(YV|2)) P(x)dz + » / Ff; (2) d. (A13)

In the limit of zero bias, the KL divergence goes to zero, Foat (z) = Feat(z), and thus

cat
. Al4
- 2 / Fcodc )dx ( )

In the multidimensional case (K > 1), the inequality (A10]) becomes

(%) (A IV ng
/ @ ) d"r > SV Ingy(x)] Feoae(x) ™'V Ingy(x), (A15)

with V the vector of components 9/0z;. Multiplying by P(y|x) and summing over y and x, one gets

C > [ Dre(PYVIX)[G(Y]%) PO d5x + & [ tr{Foas () T Feone ()] P)d¥x,  (A16)
with (‘31 51
Feat(x)]ij = ZP ng” ;;?” (A17)
J

The quantity E:;;t(x) is the analogous of the true Fe,;(x) but using the estimated posterior probabilities
as outputted by the network instead of the true posterior probabilities.
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If the bias vanishes, F/‘:;t becomes identical to F.,; and one gets

C > 1 [tr[Fl(x)Feoae(x) ™! P(x)d¥x. (A18)

cat

The vanishing bias limit corresponds to the asymptotic limit discussed Sec. [4] for which these inequalities

and actually become equalities (Eq. and (55)).

Can one show that and are strict inequalities for small but nonzero bias? For nonzero
bias the KL divergence is strictly positive, but it is not clear how the term in P/‘;; behaves.

In the case of a population code with a large number N of cells, 1/Foqe(x) and the bias b are of order
1/N (see Ref. [15] for the precise hypothesis). Similarly, for the single cell with small noise variance o>
(see Appendix , 1/Feoqc(z) and the bias b are of order o®. Then in that cases one can check that the
inequalities are strict at leading order in 1/N or o2.

Finally we note that the result Eq. (A16)), with the definition , gives a different interpretation
of the asymptotic formulas of the mutual information. The categorical information as defined by
characterizes the relationship between category membership and feature space as seen by the network,
that is from the output of the network, and not as given by the “true” data structure. It is only in the
asymptotic limit of efficient learning that the two coincide.

A.2 Bounds from relationships between the Jensen gap and the variance

As mentioned Sec. following Eq. , the term within {...} in the variance part of the decomposition,
Eq. — recalled in this appendix, Eq. above —, is a Jensen gap associated with the function
—1In(.). Here we derive bounds on this quantity, making use of known bounds on the Jensen gap for
convex functions, some of them obtained quite recently, see, e.g., Refs. [9, 56, 55l [62]. For a convex
function ¢ and a random variable Z of distribution P(Z), authors have obtained bounds on the Jensen
gap

J($:P) = [¢(2)P(2)dz — ¢([2P(2)dz) (A19)
of the form

Gmin VaT(Z) < j(¢a P) < Gmaz Var(Z), (AQO)

with Var(Z) = [(z — 2)? P(2)dz, and Gppn and G, are some quantities depending on the function
¢ and on the distribution P(.) of the random variable. If 0 < Gin and Goae < 00, these bounds
characterize how the Jensen gap is constrained by the variance. In the case 0 < G4, Within our
statistical inference context the lower bound will allow us to further make use of the Cramér-Rao bound as
in the previous Sec. In addition, it would be interesting to get tight bounds, that is Giin S Gmas-

Let us consider the term specific to a given category y and a given x, in the case K = 1. Here and
in the following, for ease of reading we omit to note the dependencies in y, x, r except when necessary.
Hence we simply denote by g the random variable g, (r) with distribution induced by P(r|z). We will
denote by a bar the average of any quantity of the considered random variable.

A.2.1 A useful remark

In the variance-type part of the decomposition, Eq. (A3]), the Jensen gap is the term within {...}. It is
positive or zero although In g, (r)/g,(x) has not a constant sign. Denoting

u(r) = (gy(r) —9,(x))/7y(x), (A21)
since [u(r) P(r|x) dVr = 0, we can add u(r) to the integrand, and write
{..} = [(u(r) = In(1 + u(r))) P(r|x) d"r. (A22)
One can check that the function
o(u) =u—In(1+ u), (A23)

is always positive or zero (zero at u = 0), convex, and the Jensen gap J for the convex function (—1In(.))
is equivalently the one for the function ¢:

J = Ing—Ing = ¢, (A24)
with 7
5= [o(u)P(u)du. (A25)
Here P(u) is the distribution induced by the one of g, given r, u being defined as in (A21])),
u=(9-9)/3 (A26)
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A.2.2 Bounds for the Jensen gap

We consider the bounds derived in Ref. [56] applied to the (—1In) function, but which we derive here in
a quite straightforward way. In the integrand in (A25)), we write ¢(u) = u? h(u), with

h(u) = ¢L(LZ), (A27)
and we bound h:
J > Var(U) inf{h(u)}, (A28)
J < Var(U) sup{h(u)}, (A29)
with
Var(U) = u2. (A30)

The interest of working with ¢ instead of (—In) should be clear: (1) ¢ is a non negative function, and
(2), since w =0, ¢(0) = 0 and ¢’(0) = 0, the Taylor expansion of ¢ near the mean w = 0 starts at second
order. In particular A(0) = 1/2. It remains to see if the lower and upper values that h can take are,
respectively, strictly positive and finite.

The minimum value for h is reached at the maximum value that the random variable U can take.
u takes values in the range [—1, l%g]. If all this range has to be considered, then inf h = h(umax) with

Umax = 1;;. We want to lower bound h(umax) uniformly over y and z. If g is close to 1, then h(umax)
is close to 1. If g is close to 0 (z values for which the considered category is very unlikely), h(umax) is
of order g, hence small. For the upper bound, the maximum of h is reached at u = upnin = —1, but
h(—1) = 4o00. At this point it is not clear how to get general bounds avoiding 0 as lower bound and +oo
as upper bound. We thus now consider more restrictive hypotheses.

A.2.3 Case of residual ambiguity

Let us assume that there is always some minimum ambiguity, that is, there is some small ¢ > 0, such
that for any category y and any x,
Jy(z) > € (A31)

(reintroducing the index y to specify that we consider one particular category). Then inf A(uy) > h(+=<),
and one gets
T(gy;z) > € Var(Uy)(z). (A32)

To get a finite upper bound, we need a stronger hypothesis. If we assume g > € for any r, then max h is
of order —Ine. One has thus the loose bounds,

eVar(Uy)(z) < J(gy;z) < (—1Ine) Var(Uy)(x). (A33)

We note that, if g, is close to zero, we expect g, to be close to zero as well, this for almost every r,
so that actually the typical u, value should be close to zero, and then h(u,) close to 1/2. The analysis
(likely the bound) should be reconsidered to take into account that, integrating over r and x, under
reasonable smoothness hypothesis rare events (such as g,(r) =1 when g, ~ 0) should not matter.

A.2.4 Case of small fluctuations

In the spirit of the previous Sec. we consider the hypothesis of small fluctuations around the mean.
More precisely, we assume here that for any category y, for (almost all) r and =z,

luy| < e. (A34)
Then we have h(u,) > h(e) > % — %, leading to
T(gysz) = 5(1= %) Var(Uy)(z). (A35)
This bound gives the 1/2 factor as e goes to zero, in agreement with Sec.
For the upper bound, we have h(u,) < h(—¢) = %2(175)’ leading to
Toyiz) < (3+5+5+.) Var(U,)(@) (A36)

30



which, with the lower bound, proves that, for any y, J(gy;z) — 1 Var(U,)(z) when e — 0.

Obtaining a more general tight bound would be of interest in statistical inference, since it would give
a bound for the Bayes cost of the same nature as the Cramér-Rao bound for the quadratic cost.

B Asymptotic expression of the mutual information

In this Appendix we assume the neural Fisher information matrix to be well defined (finite everywhere
except possibly on a set of locations x of zero measure), and invertible.

B.1 Derivation of the formula
B.1.1 Main steps
We give here the main steps leading to Eq. , Sec. [4] that is,

IY,R] = I[Y,X] — % [ tr (FL,(x) Fo b (x)) P(x)d¥x. (B1)
When N goes to 0o, we expect the mutual information 1Y, R] to converge toward I[Y, X], and we are
interested in the first non trivial correction to this asymptotic limit. The main hypotheses are that, for
N large, the probability of x given r is sharply picked at its most probable value, the neural Fisher infor-
mation matrix is invertible, and scales with the size of the neural layer. This last hypothesis corresponds
to typical cases of neural noise correlations, but excludes particular types of noise correlations, see, e.g.,
Refs. [89, 1], B3].
We thus compute for large N the difference

A=I[Y,R] — I[Y,X] <0. (B2)

First, as we show below, subSec. one can write

A = [[P(r]x) ¢(x) dr d¥x, (B3)
where "
6(x) = 3 PRP1) 1 e (B1)

Then the computation is identical to the one in Ref. [I5]. We do not reproduce here this computation,
but mention the main steps. The first step consists in integrating over x. Taking the large N limit, we
show that the leading order is zero. We then seek for the first correction of order 1/N, using Laplace, or
steepest descent, method. The last step eventually consists in integrating over r.

B.1.2 Derivation of Equation (B3]
The difference A, defined above, Eq. (B2)), can be written as

A =—H[Y|R] + H[Y|X], (B5)

that is

A = [ (2P PyR)) PE)d™r - [ (5,Pyx)n Plyx)) Plx) dx. (B6)

In the second term we can introduce JP(r|x)dNr (which is identically equal to 1). For the first term,
since we have the Markov chain , that is y — s — x — r, we can write P(r|y) = [P(r|x) P(x|y) d¥x.
Note that, x being a deterministlc functlon of s, P(x) and P(r|x) are the distribution induced on x by
the one of s. Hence,

P(r)P(ylr) = P(rly) By
= [P(r]x) P(x|y) P, d¥x
= JP(rx) (I) P(x) d¥x. (B7)

Gathering all the terms we get Eq.(B3).
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B.2 Invariance by change of representation

The mutual information 7[Y, X] is invariant under any reversible transformation on x. Thus, the asymp-
totic expression (55 should also be invariant under such a transformation. Let us check that this is the
case. To see this, first consider the expression of the Fisher information matrix in terms of first order

partial derivatives:
Oln P(r|x) Jln P(r|x) N
Feode s P . B
[ d (X)LJ / o2, oz, (r|x)d™r (B8)

Consider an arbitrary reversible function Z from R¥ to R and the change of variable x — z = Z(x)
in . The probability density function for x induces a density P, for z. Obviously I[Y, X] = I[Y, Z].
Denoting by J the Jacobian matrix of this transformation,

_07,(x)

3,60 = 2%, (59
from we have
Feode(X) =J7 Feoae(2) J, (B10)
and thus
Fooae®) = I Fepgo(2) 371 (B11)
Similarly Feat(x) = JT Feat(z) J, hence
tr(Fla()F ogo(x)) = tr(J7 Floy(2)J IF g, (2) 371 T)
t1(F o (2)F e (2). (B12)
As a result, can also be written
I[Y,R] = I[Y,Z] - % / tr (Floy (2)F oq.(2)) P,(2)d"z, (B13)

which is the same expression in terms of z instead of x.

C Single coding cell in the low noise limit with non Gaussian
distribution

The main analysis of the mutual information, Sec. [4] is based on a large size limit, corresponding to a
large signal-to-noise limit in which one has both the noise strength going to zero (large number of cells),
and the noise distribution becoming Gaussian. Considering the case of the coding of a 1D stimulus
(which would correspond here to the neural coding of x or s instead of the category), Wei and Stocker
[87] have shown that, with additive noise of arbitrary shape, additional terms appear as compared with
the Gaussian case. To see the role of the shape of the noise distribution in the present context, we discuss
here the case of a single coding cell with multiplicative noise of small amplitude.

C.1 Single cell model

We assume given a discrete set of categories, y = 1,..., M with probabilities of occurrence P, > 0, so
that >° P, = 1. Each category is characterized by a density distribution P(s[y) over the input (sensory)

space. A sensory input s € RY elicits a response r € R defined as a noisy function of a scalar feature
x = X(s). Given a category y, the neural activity distribution is thus given by

P(rly) = [ P(rlx) P(z|y) dx, (C1)

with
P(aly) = [ d(z — X(s)) P(sly) d"s. (C2)
The activity r might be continuous or discrete. We consider two particular cases:

(i) a Poisson neuron: r is the number of spikes that the cell generates during a certain time interval ¢,
with a Poisson statistics with mean rate f(x):

P(r|z) = M exp (—tf(z)). (C3)

r!
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(ii) a continuous case,
r=fz) +ovy(z) z, (C4)

where f is a smooth invertible transfer function (e.g., f increases smoothly from 0 to 1 as x goes from
—00 to +00), g(z) > 0, and z a random noise of pdf Q(z) having zero mean and unit variance (with @
sufficiently regular and decreasing smoothly toward zero at +00). o gives the noise scale. We thus can

write
1 r— f(z)
P = . C5
(rle) = - g(I)Q<J WQ (C5)
A particular case is the one of Gaussian noise:
_ 1 (r— f(@))?
Plriz) = NN <_2029(w)> ' (o)

For large times, the Poisson neuron gives such a Gaussian statistics for r/t with g = f and o = 1/t.

C.2 The neural Fisher information for the single cell model

The Fisher information Fiog0(x) associated with the above model (C4) is

Foode(z) = —[0%[InP(r|z)] P(r|z)dr
1 dr
= - [ ot [maztnm) - gmow| Qze) (1)
with
Z(r )= =L@ (C8)
o\/g(z)
Now 9 5 d
5o QZ(a) = 5 (Ztro)] QG| (9)
with
0 (S, g
> 12(r,) (U s 20 >2g(x)>. (c10)
Then
o’ 9 f(=) AR
p) 2an(Z(’I“,$)) - (ax (0_ g(a;) +2Z( )29( ))) d ( )z Z(r,x)
f'(x) g'(z)| &
I g(z)+Z(’ )29(37)] 12" ()
Then we can compute Fodqo(2) making the change of variable r — z = ;\_/JZ%, and making use of
[Q)LEImQ(z) dz =0, [2Q(2) L InQ(z) dz = —1,
Fcode(m) = ZQ ((9;)) Q
_ f(=) @) ) de
o/g(z) 9() /Q Qz) d
, 2
() /@ s o
where
=~ [aw) & Q) a: (C13)

If the noise distribution is symmetric, Q(—z) = Q(z ) then the second term (of order 1/0) is zero. In
the limit of small noise, the Fisher information is given by the first term, of order 1/02 . Fg is the Fisher
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information for the model “output = x + 2” (Fisher information which is in fact independent of z).
Notice that Fy is independent of the noise strength . The quantity Fg/o? is the same as the quantity
noted J[d] in Ref. [87]. For the Gaussian case, Fg = 1. Since the Gaussian distribution minimizes the
Fisher information (see, e.g., Refs. [79, [67]), for an arbitrary distribution @ of unit variance one has

Fg > 1. (C14)

As a side remark, we note that from Stam inequality [77] (which is central in the derivation of the results
in Ref. [87] mentioned above), one can also deduce that Fy is always greater than or equal to 1. In our
notation, this inequality can be written as

1 1
ilnFQ > 51n27re — Ho, (C15)

where Hg is the entropy of the noise distribution,

Ho =—[ InQ(2) Q(z)d=. (C16)
The right-hand side in is the difference between the entropy of the Gaussian of unit variance and
that of the @) distribution, also with unit variance. Since the Gaussian distribution maximizes the entropy
among the distributions of identical variance, this difference is positive or zero. Hence In Fi; > 0, which
implies Fp > 1.
In the case of small noise limit, one can write

FCOde(x) = FQ Fcode( ) (017)
where 2(2)
Fcode( ) = 0'29(17) (018)

is the neural Fisher information in the Gaussian case.

C.3 Mutual Information for the single coding cell: Asymptotic expression
C.3.1 Main result

In the limit of small noise, for the mutual information we obtain

I[Y,R) = IY, X] — / Fea (@ (z) d, (C19)

code

with FS . (z) given by (C18). We detail the proof in the next section,

In the case of a large number of coding cells discussed in the main text, the asymptotic noise distri-
bution is Gaussian. Here, for a small noise but a non Gaussian distribution @), we see that the factor Fg,
given by Eq. , appears in the neural Fisher information (as shown above), but not in the mutual
information, as if the noise had a Gaussian distribution. Since Fioqe(z) = FQF (x), we can write

code

FQ Fcat (:TJ)
YR =1IY,X]-— | ——= P(x)dx. 2
1V.R = 1y, X] = =2 [ £ P ds (C20)
Since Fg > 1, we can write that, in the limit of vanishing noise, whatever the noise distribution,
I[Y,R] < I[Y,X] — 7/Lp(x) dz. (C21)
Fcode )

with strict inequality if the noise distribution is not Gaussian, and equality for the Gaussian case. Note
that, however, the presence or absence of the factor Fy in the asymptotic formula is of little importance
for the optimization problem, both quantitatively and qualitatively. It would be interesting to get the
next order term in the small noise expansion (or a more general result), to see if/when the asymptotic
formula is approached from above or from below.

In this high-efficiency regime, the bias-variance decomposition introduced Sec. [3:4] allows to get a
lower bound for the mean cost,

cat )
P 22
- 2 / Fcodc CL’ )dx7 (C )

in agreement with the above inequality -
Qualitatively, one can conclude here that maximizing the mutual information implies finding the
transformation s — x = X (s) which maximizes the mutual information I[Y, X] and to fix the geometry

in the = space so that F Code follows Fat.
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C.3.2 Proof of the asymptotic formula

Here we derive the expression of the mutual information for the single cell model. We recall the
hypotheses. All functions and pdf are as regular as needed. The transfer function f is strictly monotonic
(f'(x) > 0), hence invertible. The pdf @ has zero mean and unit variance, and is monotonically decreasing
to zero as its argument goes to +oo. For simplicity we further assume Q( ) = Q(—2).

Leading term.

By definition the mutual information between the category membership and the neural activity is given

by
R =Y P, / P(rly)In P;(“ff dr. (C23)

In the limit of vanishing noise, r = f(z), with f invertible. The mutual information being invariant
under any invertible change of variable,

lim I(Y, R) = I(Y, X). (C24)

First non trivial order in the noise amplitude.
We now consider the first non trivial order in ¢ in the expansion of the mutual information. Thus we
consider the expansion at small o of the difference

A=I(Y,R)—I(Y,X) <0. (C25)

We can write A as:

A= Zpy// P(r|z)P(z|y) <1n igrly) ~In jjg;;) dr dz. (C26)

zly)
From this expression and the structure of the model, one can anticipate which terms in the small noise
expansion may contribute to the final result. In the following, we will denote by {...} any term that we

will not have to compute explicitly, as shown later.
Given the model (C5)), the difference A can be written as

_ L (1@ s (PO PO
A‘?ﬁ/@@%ﬁ@)” W (I By~ ) e (©20)

Making the change of variable r — z = (r — f(x))/o+/g(x),

A= ZnyfQ P(z|y) (In A(x, z|y) — In B(x, 2)) dz dz, (C28)

with

_[o(f@=tt) , [s0) Pl _ar
A(x,zy)—/Q< o o) + ) Paly) ov/s() (C29)

and similarly for B(z, z), with P(x) instead of P(z|y):

_ / Pz /
B(:c,z):/Q flz) — f(z') + g(x/)z (@) dx . (C30)
o/ g(@’) 9(@')" ) P(x) ov/g(x)
For ¢ small, the integration over z’ is dominated by the vicinity of 2’ = z. From the Cramér-Rao

inequality, one would expect the relevant domain of (z' — x)? to scale with the (inverse of the) neural
Fisher information, F.oq¢(), but actually it is only the Gaussian part, FC, (x), which appears. We

code

have %\/% =—(z' — x)% + ..., and we recognize that |/ F%, (z) = U\/% In both A and B,

we thus make the change of variable 2’ — u with

U= — ————u. (C31)
codc(m)
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We expand to second order in o:

P(a'ly) u  Plzly) u?  P"(zly)
=1- , C32
P(rly) 16 ) PUly) T 3FG @) Plaly ()
and similarly for P(x), and the argument of the pdf @ is
G el G Y G R S SR Y (C33)

ov/g(z) : g(')

We expand A and B to second order in o, and we perform the integration over w, giving terms that
may depend on the variable z. The integration over the variable w is easily performed. In particular,
for the terms which may contribute, one make use of [Q(u + 2z)du = 1, [Q(u+ z)udu = —z, and
JQu+ 2)u*du =1+ 22, leading to

X,z = o P/(l'|y) .
A(z, zly) 1+ FcGode( S Flaly) +of...}
" FcGode( ) P(1‘|y) - Fg)de(x) P(x\y) T {} (034)

In the above expression, the terms {...} do not depend on y. Note that, from the expansion of Q(...),
terms in Q'(u + z) contribute to the terms of order at least o which do not depend on y, and to the one
of order o2 proportional to P’'(z|y)/P(x|y), second line of the above equation — and as we will see this
term in P’(z|y)/P(z|y) eventually do not contribute. The terms in Q”(u + z) contribute to the very
last term of order o2 in this equation. For the quantity B(z, z), again we have exactly the same terms
replacing P(z|y) by P(z).

We can now expand the logarithms in to second order in o — making use of In(1+{...}) =
{...} = 3({...})? + higher-order terms. The terms which, in the part coming from A(z, z|y), do not
depend on y, cancel with the corresponding terms in the part coming from B(z, z). Hence in the difference
A, the only remaining terms are

(of.. }+0%(..]) (P'@”'y) - ];((f))) (C35)

Plely)
2 (Pl P'()
oot <P<x|y> P(a:)) (C36)

22 1 Pl2(l‘|y) B PIQ(;[;)
2 FGy. (@) (PZ(xly) P?(:::))’ (C37)

code

in which the last one, Eq. , comes from the square of the first order of the argument of the
logarithms.

All these terms have to be integrated over the variable z with pdf Q, multiplied by P,P(z|y), summed
over y and integrated over the variable x. Let us first show that the terms (| and give zero.

Multiplying by P(z|y), one gets >, Py P'(zly) — >, P, P(x\y)P (;) = P'(x ) P'(z) = 0. Similarly,
2oy PP (2ly) =32, P P(xly ) s = (@) — P () = 0.
Now consider the last term, . The integration over the variable z gives [ Q(z)z*dz = 1. We have

then
1 (PRl PR
8= 2/ . 2D 'y< P2aly) P2<x>>d' (C38)

’ ’ 2
From Bayes, P, P(z|y) = P(y|z)P(z), and 1;;((5”5)) - 1;22((5)) = (dln Zgy‘x)) , so that the correction to the

U Rl
A= /Fféde(  Pla) (C39)

leading term is

which is the announced result.
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D Neural Fisher information: multidimensional case with non-
Gaussian additive noise

To supplement the discussion on the role of the noise, end of Sec. fland Appendix[C] we derive here the
expression of the Fisher information matrix Fcoqe(x), for x € RX and r € RY | in the case of an arbitrary
noise distribution (but see also Ref. [13] for the Gaussian case). For simplicity we only consider additive
noise. More precisely, we consider the model

s—>x=X(s)eRF 5 reRY r={r; = fi(x) + oz}, (D1)

where the f; are arbitrary transfer functions (or “tuning curves”) — assumed smooth and differentiable,
but not necessarily invertible —, and with the noise z = {2;}V, of arbitrary distribution @ with zero
mean, [zQ(z)d"z =0, and covariance matrix C,

We assume [C] ;; = 1 so that o is the noise strength (not necessarily small) common to all coding cells.
The K x K Fisher information matrix components are then
0o 0 N
a0l = = [ Pb) 550w Plefo ¥, (D3)

with

Plrb) = ¢ Q ({TUf(X)}N_l) ' .
With z; = (r — fi(x)) /0,

10fi(x) 0
— . D
8:1:] Z o axj 07 (D5)
Then 1 ofi & Ofy 0
_ 1 i 0 Jdjw N
[Feode(x)];,5 = o2 /Q(Z); Oxj 0z Oxjr Ozy I Q(z)d"z. (D6)
Introducing the Fisher information matrix associated with the distribution @,
In D
—- [ Q@) 55— mQ() @ (D7)
one finally gets
afi afi
Fooae®), 0 = 5 > i, 09 el g 00 (Ds)
or equivalently,
1
Fooae(x) = 5V fT(x)Fo Vf(x). (D9)
Note that for the Gaussian case,
Fo=C' (D10)

From , one sees that the neural Fisher information combines three components: the noise am-
plitude, o, the shape of the noise distribution through Fq, and the local changes of metric due to the
transfer functions (or tuning curves) f;.

For uncorrelated noise, that is Q(z) = Hi]\ilQi(zi), [Fql; i = dii Fg,, and

afi Of;
Feode(X)] = —. D11
[ d 253 O’2 Z 8xj axj/ ( )
If in addition all the noise distributions are identical, @Q; = @, Fg, = Fg, then
ofi 0fi
[Feod = ; (D12)
€0 e Z al'j 8(Ej/

so that, as in the 1D case (see above, Sec. |C] 7 the contribution of the noise distribution reduces to a
global multiplicative factor, with thus little impact on the optimization issues. Actually, can be
interpreted by saying that the Fisher information is the one of the model with re-scaled transfer functions
fi(x) = \/Fg fi(x), and independent normal noises. It is only in the case of correlated noise that the
structure of the noise distribution plays a role in the optimization of the neural code.
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E Optimization of the neural Fisher Information

We comment here on the optimization of the neural Fisher information for a given projection space
X, hence a given categorical Fisher information. As explained in the main text, Sec. [4 the general
result is that minimization of the coding cost requires that F.,q. essentially follows the categorical
Fisher information F.,;. The precise result will depend on the constraints on the neural system. The
constraints may be on the parameters of the neurons, as in Ref. [I0], or directly on the Fisher information
considered as a function, as in Ref. [I5], which is what we consider here.

In Sec. below we first consider the minimization under a general constraint, making explicit the
solution in a simple case. Then, in Sec. [E.2] we consider the information-theoretic constraint adopting
an information bottleneck view point. This allows us to further discuss, Secs. [E.2] and [E-3] the links
between our approach and the IB one (see Sec. . Finally, in Sec. we provide additional details
on the optimization under a general constraint.

E.1 Minimization of the coding cost under constraints

For simplicity we only consider here the 1D case. We want to minimize the right-hand side of equation
(50) over the choice of the function Fioqe, under a chosen constraint ¥, an increasing function of its
argument. Introducing a Lagrange multiplier A for the constraint, the quantity to minimize becomes

=1 [ Leld) z)ax x x)dxr — ¢
e =y [ 2T Pla)d 4 A(J¥(Fonsele) Pla)do = c). (E1)

leading to Fiode(z) solution of

1

F’code(l')2 \Ij/(Fcode(x)) == ﬁ Fcat (:17) (E2)

For instance, if ¥(F) = F*, one gets

1
Feat (.ﬁ) o
Fco e il ’ E3
o) = (754 (E3)
which is meaningful for a > 0. The second derivative at this solution is
0?E
8Fcode(x)2

a—2

= P(z) % (a4 1)(20\) & Fopy(z) 571 | (E4)

which is strictly positive wherever P(z) > 0 and Feat(2) > 0. The limit o — 0, with 8 = 1/(2a\) fixed
as a — 0, corresponds to the IB-type information-theoretic constraint discussed below.

If one wants to preserve the invariance by change of coordinates satisfied by the coding cost (see
Appendix [B.2), then one may consider a constraint on ¥ (Feoqe(z)/G(z)) for some well behaved strictly
positive function G that one may want to choose as a reference:

1 Fcat (:C) F, (x)
527/7dem+)\ W(=e2de ) P(r)de — ¢ . E5
A natural choice for this function is here to take G(x) = Feat(x). In that case, in the cost, Fiode

only appears in the ratio Feoge/Feat. As a result, the optimum is always Fiodqe(z) < Frat(x) (only the
proportionality constant depends on the function ¥). In Sec. below, we give more details on the
optimization for an arbitrary constraint.

E.2 Adopting the Information Bottleneck viewpoint

As presented Sec. adopting the viewpoint of the Information Bottleneck approach [84], we may
minimize the mutual information I[X,R] under the constraint that the information conveyed by the
neural code about the categories is large enough:

& = I[X,R]-BI[Y,R]. (E6)
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In the same asymptotic limit as the one considered here, Brunel and Nadal [22] have shown that I[X, R]
behaves as 1 [ In Fode(z) P(z) dz (again here for K = 1). Combining the results from Refs. [22] and
[15] we can thus write

& = 3 [InFeae(z) P(z)de

- 5( YX—f/Fj:ex)P )dm). (E7)

Up to the (here constant) term I[Y, X], this is equivalent to the cost (EI), in the case ¥(.) = In(.),
taking the dual approach — that is exchanging the roles of the cost and the constraint, 5 = 1/\. The
optimal function is here Fioge(x) o< Fear(2). Note that this entropic or IB case is a particular example
with a constraint which preserves the invariance by change of coordinate. Indeed, under a change of
coordinates, the cost term give an additional constant term, hence not affecting the optimization.

The generalization of to the multidimensional case is

& = 3[IndetFeoqe(x) P(x)d®x
- (- g [ o (FLeo R e) P dx ). (85)

for which the optimum is again Feoge(x) o< Fear(x). To see this, one can expand &(Fcoqc + 0F) for a
small perturbation JF such that F.,qe + 0F remains a symmetric positive-definite matrix. Making use
of Indet = trln, and of the cyclic property of the trace, one gets

= %Itr [(_ code( )Fl—dt( )Fct)(lie( ) + Fcode( )) 6F] P(X) dKX' (EQ)

This perturbation is null for any ¢F if
Feode = 6Fcat- (ElO)

This solution does corresponds to a minimum of the cost: one finds that the next order in the expansion,
taken at this solution (that is considering Feoge = 3 Fcat+0F), is ﬁ [ tr[(Fear (x)"10F)?] P(x) d¥x > 0.

E.3 A note on scaling and bifurcations

An important remark about scaling is in order. In the large signal-to-noise ratio limit considered here,
Fi.ode() scales as the inverse of the variance o2 of the noise — 02 ~ 1/t if we consider a Poisson process
for the neuron activity, ¢ being the observation time. Writing Feode(7) = FO 4.(7) /02, the relevant
terms for the optimization in are

;/mFmde( ) P(z)da + 8% /th P(z)da. (E11)

One sees that, if § is of order 1, the second term is negligible compared with the first one. A consistent
solution requires that 3 scales as 3 = y/0?. In such case, the derivative with respect to Fcode( x) gives
(whenever P(z) # 0)

Fcode( ) = BOFcat<x)~ (E12>

One can check that this is a minimum of the cost, its second derivative being P(z)/(282F2,) > 0 (wher-
ever P(z) is not null). Thus the relevant IB regime here is the one of large S.

If one insists on working with a finite 8, that is fixing a finite value as ¢ — 0, the optimization
of has no solution. This suggests that a finite 5 value would correspond to a regime where the
asymptotic limit is not reached (hence in this case the asymptotic expression of the mutual information
can no longer be used). Taking the example of a Poisson process, the correspondence is 8 small ~ short
time limit, § large = large time limit. From the results obtained on the information conveyed by a
Poisson neuron about a stimulus [78] 21} [I1], and on the coding of categories at short times [13], we
expect to observe bifurcations in the optimal solution as one increases (3, in line with the known IB
bifurcations [85].
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Figure 7: One-dimensional example illustrating the possibility of a discontinuity in Feoqe(2). (a). Sketch
of a curve 2\u?¥’(u) exhibiting a range with multiple solutions. The continuous parts of the curve
are the ones leading to minima of the cost. The v = F,; values lie between zeros and its maximum
value indicated by the dashed purple line. (b). The corresponding function ¥, obtained by numerical
integration of ¥/ (u). Note the change of curvature in ¥ which leads to the decreasing part of the function
in panel (a). (c). A simple example for which one can compute the value at which the solution jumps
(dot-dashed line) from one branch (left) to the other (right) as v = F,t increases.

E.4 Optimization for an arbitrary constraint

We give here more details on the optimization for a general constraint. We consider the case of a general
function ¥ and an arbitrary function G in the cost . We assume that the function ¥ is positive,
piecewise twice differentiable, and with a strictly positive derivative at any point « for which P(z) > 0.
We denote by €2 this part of the space, and assume G > 0 in 2. We rewrite the cost in terms of

Fcodc(x) _ Fcat (CL’)

u(:c)zw, v(z) = C@) (E13)
—1 ’U(Z‘) xT)axr u\x r)ar — C
S—Q/U(x)P()d + A([¥(u(z)) P(x)d ). (E14)

The first order equation gives, for each z in Q, u(x)? ¥'(u(z)) = v(x)/(2)). Since the locations in  are
only coupled through the global constraint, we can parametrize the solutions by the values of v:

u? ' (u) = v/(2)). (E15)

There is a unique solution u[v] if the function u — u? ¥’(u) is strictly monotonic (this is the case for the
example of the power-law function given above, Sec. . Otherwise, there will be ranges of v values
for which there are multiple solutions. The one giving the smallest contribution to the cost should be
selected.
Solutions u[v] of this equation contribute to the minimum of the cost if the second derivative is
positive, that is if
LAV (W) >0 (E16)

at u = ufv).
Let us consider a range of values of v for which the solution u[v] is continuously differentiable function
of v. Taking the derivative of (E15|) with respect to v, we have

d
(20 (u) + u> V" (u)) di; = 1/(2\). (E17)
Making use of (E15)), this gives
v 0
(u3 + A () =5 >0, (E18)

Thus the second derivative is positive provided u[v] is an increasing function of v.

We have thus the following picture. If the function u? W’(u) is a strictly increasing function of w,
then for any z there is a unique solution Fioge(z) = G(z)ufv] for v = Fear(x)/G(z). For G(z) =1
for all z, one has then that F.oqc(x) increases continuously with Fi,¢(z). Note that, if G is taken as
G(z) = Feas(z), v =1 for any z, so that Feoqe(z) = u[l] Feat(z).

If the function u? ¥'(u) is not monotonic, but is such that, for any x, there is at least one solution
in a range where u? W'(u) is increasing, then there might be locations x for which several solutions
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exist. In such a case the one giving the smallest contribution to the cost has to be chosen. This opens
the possibility to have constraints for which discontinuities in Fioq0(2) appear. Such a case is unlikely
to occur with typical constraints. However, constraints at the micro level (e.g., on weights) might be
equivalent to a more or less complex constraint at the macro level (on the function Fioge). In any
case, it is worth considering the consequences of having a constraint leading to a nonmonotonic function
u? W' (u).

Suppose for instance a behavior as sketched in Fig. a). The x axis gives the possible values u of
Feode, and the y axis the values v of Fi,t, which lie between zero and the maximum vmax = Feat(Tcat)-
The location z..; is that of the maximum of Fi.i(z), typically identical or very close to the category
boundary, see Sec. The function u? ¥’(u) is plotted in continuous lines for the parts where it is an
increasing function of w, and with a dashed line for the decreasing part, which do not correspond to a
minimum of the cost. As x gets closer to T¢at, the value of Fous(z) increases, going through the range for
which there is two solutions. At some location, there must be a jump from the left to the right branch.
Hence, there will be an x value at which F,,4e jumps to a higher value — from which the variation of
Fode 18 again continuous. In Fig. El(c), we show a simple example where each branch is a linear segment.
In that case, one can find parameters values so that the jump occurs in the middle of the range with
multiple solutions (in that example, the data probability distribution is taken uniform on some interval,
and the categorical Fisher information is assumed to grow linearly up to its maximum).

We have not explored the possibility of jumps back and forth between the two branches. The quali-
tative result that F.,qe follows Fg,; is maintained, except possibly at backward jumps.

F Fisher information matrices: From stimulus to feature space

We have assumed in Sec. [3| that the stimuli/data are associated with an underlying feature space x*,
specific to the categories, that is P(y|s) = P(y|x*), with typically K* = dim(x*) < N = dim(s).
As discussed Sec. 3.1} in machine learning, the data scientist has only access to the data, not to the
underlying feature space. It is thus of interest to consider the links between Fisher information matrices
in stimulus/data space, F,:(s) and in feature space, F .t (x*). Furthermore, we have also assumed that
through learning a feature space x € R¥ is found by the network, for which, in case of efficient learning,

P(yls) = Pylx") = P(y[x). (F1)

In that case, for a neural layer under consideration, one is also interested in the links between Feoge(s)
and Feodqe(x*) or Feode(x). The analysis below thus corresponds to either x*, or to x in case of efficient
learning. For simplicity, in the following we omit the * in order to lighten the notation.

We first consider the categorical Fisher information. Given that P(y|s) = P(y|x), we have for any
component j of the input,

8lnP y\ Ox; alnP O0In P(y|x)
F2
Z 0s; x; (F2)
and 821 P( dz; Oxy 0%In P( 02 Oln P
n y| Z T & n le Z T n (le) (FS)
0s;0s; 0sj Osjr Ox;0xy 05055 ox;
Multiplying by P(y|s) = P(y|x), and summing over y, the second term gives zero, and one gets
89@- axl—/
Fca N a. Fca i 5 F4
Foollr = 32 gt Pen Gl (1)
that is .
Fear(s) = [J(s)]" Feat(x) I(s), (¥5)
where J(s) is the K x N Jacobian matrix:
8177'
L= — F
el = 5o (F6)
Similarly, one has
Feode(s) = [J(S)]T Feode(x) J(s). (F7)
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Here the Jacobian matrix is not invertible (in contrast with the case of a change of variable, Appendix
. The rank of Feat(s) and Feode(s) are equal to, respectively, those of Feat(x) and Feoqe(x), which
are both at most equal to K, the dimension of x (see Sec. [5| for the rank of Fat).

What happens to the Cramér-Rao bound? The Fisher information matrix, being a real symmetric
matrix, can be diagonalized in an orthogonal basis. If we call K.oge(s) the rank of F.oqe(s), there is
no Cramér-Rao bound for the projection of s onto the null space of dimension N — K ode(s). For the
projection of s onto the subspace of nonzero eigenvalues, the Cramér-Rao bound applies with the Fisher
information matrix restricted to this space of dimension K.oqe(s). Given the neural activity, only these
Keode(s) components of the data can be reconstructed with some quadratic quality measured by the
Cramér-Rao bound. Conversely, in an adversarial attack, a perturbation of the data may affect the
network output only through its impact onto these components.

Case K =1 with a single coding cell. We illustrate the above relations on the simple model of a
single cell discussed in Appendix [C}

y—seRY s2=X(s)eR—reR. (F8)

The Fisher information matrix associated with the neural activity r with respect to the input s is here:

ox ox

[Feoae(s)lyg0 = 5 Feotelw) 5,

s, (F9)

where Fioqe(2) is a scalar. Denoting Va the N-dimensional vector of the derivatives %, one sees that, (i)
J

Vz is eigenvector of Feoqe(s) associated with the unique nonzero eigenvalue, Acodo(s) = (V)2 Froqo(T),
and (ii), there are N — 1 zero eigenvalues, with eigenspace the space orthogonal to Vz.

Similarly we have
oz Ox

Fean(s))sr = 55 Feule) 5

and the unique nonzero eigenvalue of F,4(s), associated with the eigenvector Vi, is Acat(s) = (V2)? Fear(z).

(F10)

G Categorical Fisher information: Location of the maxima and
Principal Discriminant Curves

To supplement Sec. [5.2.2] the goal of this appendix is to get some insight on how the location of the
maximum of fe,¢(x) is displaced with respect to the class boundary depending on the differences between
the category distributions, and to provide more examples of PDCs.

G.1 Gaussian distributions with diagonal covariance matrices

We here consider the simplest example with diagonal covariance matrices. We consider equiprobable
categories with Gaussian distributions, centered at c+ = +c, with covariance matrices proportional to
the identity matrices:

S =0l ¥, =d**L (G1)

Without loss of generality we assume a larger variance for the 4 category, that is a > 1. Hence, the
maxima of the categorical information are located in the domains where the + category, the one with
the largest variance, is the most probable.

We have

L) = 3 (Ix]? + 2pex + el = K7) (G2)
and
VL(x) = n (x + pc), (G3)
H =nl, (G4)
where 21
=gz >0, (G5)
_ ;1 p>1, (G6)

42



and 5
'y:E Ina, ~>0. (GT)

Note that, as a — 1, p — 00,7 — 0 and v — 02,7 p — 2/02. On each axis we take |c|| as unit, that is
we can set ||c|| = 1, and we have two parameters, o and a.
The category boundaries are given by L(x) = 0, that is

Ix+pel* = p* =1+ K. (G8)

The boundary is a (K — 1)-sphere (a circle in 2 dimension) centered at —p ¢ and of radius zp,

zp=+vVp* -1+ K~. (G9)

For a — 1, the sphere center goes to infinity, the radius diverges, the boundary becomes a hyperplane
orthogonal to the line joining the two category centers, crossing at the origin.

The level sets are as well spheres centered at —pc, and the PDCs are the rays originating from this
center.

Equation for the location of the extrema of the categorical Fisher information can be written

2 el 41
2 _ —
It pel = = S (G10)
Writing
x+pc=zu, (G11)
where u is an arbitrary unit vector of R, and z > 0, we have
2 el +1
2 —_— e —
z¢ = e (G12)
with
I(z) = g(zzfp2+1fK'y) = 727(2272%). (G13)

Thus the location of the maxima of the categorical Fisher information is a (K — 1)-sphere centered at the
same location as the one of the category boundary, with radius z > zp given by the (unique) solution of
the above equation (G12)). For a — 1, the two spheres become identical, with z — zp ~ (a — 1) o*.

G.2 GGaussian distributions with non diagonal covariance matrices

For covariance matrices which do not commute, one can at least state the intuitive result that, if the
smallest eigenvalue of, say, the covariance matrix 3, is greater than the largest eigenvalue of the other
covariance matrix, ¥_, then H = 0. Then the maxima of the categorical Fisher information are located
in the domain where the + category, the one with the largest variances, is the most probable.

Let us give some details. Let A and B be two real symmetric matrices in K dimension with eigenvalues
{a;,i=1,.., K} and {b;,i = 1,.., K} respectively, listed in decreasing order (a; > as... and by > bs...).
The sum C = A+ B is as well a real symmetric matrix, and we denote by {¢;,7i = 1, .., K} its eigenvalues
(also listed in decreasing order).

Let u be eigenvector of C with unit norm (u? = 1) for eigenvalue ¢, that is C.u = cu. There exists
orthogonal transformations P and Q which diagonalize A and B, respectively, so that A = PT(diag a) P
and B = Q' (diag b) Q. Then u'Cu = c and u'Cu = Y, ax[(Pu);)*> + 3,.bx[(Qu)]?. Since for any k,
ar > ax and by > by, we have ¢ > ax[Pu]? + bx[Qu]? = ax + br. Hence cx = ming ¢, > ax + bx.

This inequality can also easily be derived from known inequalities for the eigenvalues of the sum (here
difference) of real symmetric matrices (see, e.g., Ref. [35]). The inequality of interest here is:

SE e <+ o e (G14)

Taking the trace of the sum C we have Zfilq = Zfilai + Zfilbi, and making use of the above

inequality (G14]) we get
cK > ag + bg. (G15)

We apply this inequality lb toA=X"1B= —E;l (so that C is the Hessian H), given the
eigenvalues of £_, {(0;)%,i = 1,.,K}, and of ¥, {(0;)%,i = 1,.., K}, again listed in decreasing

3
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order. These eigenvalues are the variance along the principal axis of the category distributions. We have
ax = (1)o7 )% bi = (1/(7;2)2, and thus

1 1
CK Z — - ) (G16)
(0r)?  (0k)?
which is positive if
ok >or. (G17)

This is a sufficient (but not necessary) condition for having H > 0.

G.3 Location of the maxima for similar data distributions

One can see that the location of the maxima of f.,; is close to the class boundary for covariance matrices
not too different. Indeed, in such case the Hessian is small. We can expand Eq. for x at the vicinity
of the class boundary x; on a PDC. Since L(xp) = 0, at first order the distance along the PDC from the
class boundary of the maximum of the categorical Fisher information is given by

v(xy) T Hv(xp)

Vi) (x = x0) =4 =g S

(G18)

where v(xp,) = VL(x,)/||VL(xp)|| is the unit vector orthogonal to the class boundary (tangent to the
PDC) at xp. In addition, for sharply peaked distributions, we expect |VL| to be large at the class
boundary, so that the distance from the class boundary of the maximum of the categorical Fisher infor-
mation is also of order 1/||V L(xy)||>. More generally, that is for non Gaussian cases but for distributions
sufficiently smooth with similar shapes, and essentially differing by their centers, the Hessian will be
small and we expect qualitatively similar results.

G.4 Numerical illustrations: 1D case

We illustrate the above results, Sec. in the 1D (hence scalar) case. The Gaussian distributions are
centered at cx = £c¢, and ¢ = 1, with standard deviations o = 0,04 = ao. This is essentially equivalent
to considering, in K dimensions, properties along the axis joining the two centers, except for the factor
K which is here equal to 1. The zero-sphere consists in two points on this axis, located at xf,

ar=—p £/p2—1+7. (G19)

There are indeed two boundaries. One, x;, is in between the two centers for a not too large. The other
one is at a value x, more negative than the center of the — category: at large negative values of x,
the + category becomes the most probable. This boundary is in general not relevant, concerning very
rare events. However, if a is large and o small enough, the — category appears as lying within the +
category, and both boundaries are relevant. In any case, we essentially focus on the boundary x[f which
corresponds to the meaningful boundary in real applications.

The categorical Fisher information,

! 1 dL(z)\”
Jeadl®) = I T o) ( dz ) ’ (G20)

+

cat —

where dL/dx = n(z + p), has two maxima, located at x —p =+ 2z, z > 0, with z being a solution of

[C12), (CT3) (with K = 1).
In Fig. [§f we illustrate the numerical solution of Eq. (G12)) for the parameter values corresponding to
the results we present in the main text, Fig.

G.5 Numerical illustrations: Principal discrimination curves in 2D

Here we focus on the principal discriminant curves (PDC), considering in Fig. |§| different 2-dimensional
cases. We show two Gaussian cases with different covariance matrices for the two categories, and also
one example with non-Gaussian categories. In the case of Fig. @(a), we also show the location of the
maxima of the categorical Fisher information, as we did for the case presented in the main text, Fig. 3]
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Figure 8: One-dimensional example with two Gaussian categories: Visualization of Eq. (G12]
giving the location of the maxima of fcat. (a). a = 1.5, 0 = 0.6, corresponding to the case shown
in Fig. [1] (top panels). (b). a = 2.0, o = 1.0, corresponding to the case shown in Fig. [1| (bottom panels).

Fig. @(a): 2D Gaussian categories with covariance matrices that can be diagonalized in a same basis:

2 .05
»_ = (05 1 > 3, =103_. (G21)

This case is analogous to the circular one shown in Fig. [3] but with an elliptic boundary. The category
with smallest variances is an island within the sea of the other category. All PDCs end at a same point
within the ellipse. The maxima of the categorical information lies on an ellipse slightly larger than the
one of the boundary. The difference between the two covariance matrices is chosen large enough so that
one can distinguish the two ellipses.

Figure EKC): 2D Gaussian categories with covariance matrices which do not commute:

= =(13)==(1 1) (622

This parameter choice leads to hyperbolic boundaries.

With Fig. |§|(d) we extend the numerical illustration to non Gaussian categories. In this example, the
domain is bounded along the x; axis. For each category, the distributions of 1 and x5 are independent.
For x1, we consider an exponential decrease from the domain boundary toward the inside of the domain:
for z; € [-1,1],

P(xq1|£) = Zii exp{—|z1 — cx|/7+}, (G23)

where Z4 is the normalization constant, Z1 = 1 —exp{—2¢/74+}, with ¢y = +¢, c=1,7_ = 2,7 = .5.
For x5, we consider Gaussian distributions with different variances:

T

22 } (G24)

1 2

2
_— exp{—2 5
1/27‘(0':2‘: 0%

Plas|4) =

with 02 = .1,03_ = 4.
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Figure 9: Two-dimensional examples with two categories: Category boundary and Principal
discriminant curves. For each one of the panels (a), (c), (d), the abscissa is chosen as the line going
through the category centers. The center of the — category is on the left (blue square), the one of the +
category on the right (red square). The category boundary is the continuous purple thick line. A sample
of PDCs is plotted with thin dashed lines. (a), (c). 2D Gaussian categories with different covariance
matrices. (a). Elliptic boundary. The location of the maxima of the categorical information, in dashed
purple thick line, is very close to the boundary. Along the segment of PDC in thick magenta, we plot in
panel (b) the categorical Fisher information eigenvalue (divided by its maximum value), together with
the posterior probabilities of each category, in blue and red. The purple dashed vertical line gives the
location of the maximum of the categorical information. The abscissa for this panel is the curvilinear
abscissa along the segment, with origin taken at the beginning of the segment inside the ellipse. (c).
Hyperbolic boundary. The right branch of the class boundary is in fact not relevant (the density of data,
not shown, is extremely small in this part of the plane). (d). An example with non Gaussian categories.
The domain is bounded on the z; axis. For each category, independent z; and zo distributions, with
for £1 an exponential decrease from the domain boundary toward the inside of the domain, and for zo
Gaussian distributions.
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lustration
For the numerical example with three categories in two dimensions discussed Sec. [6.1] as a supplement

to Fig. [ we compare here the categorical and neural Fisher information matrices during learning. To do
eigenvectors. Note that the top- and bottom-left panels, corresponding to the largest eigenvalues, are

each point in the plane, we look at both the largest and the smallest eigenvalues, and at the associated
the same as, respectively, Figs. 4|b) and El(d)

S0, we provide in Figa full visualization of these Fisher information matrices in the (x1,z2) plane. At

H Categorical and neural Fisher information matrices: 2D il-
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i

imensional example w

are normalized for each row, so as to compare the respective magnitudes of the largest and smallest

The three following rows represent the neural Fisher information matrix Fcog0(X) at various stages of
eigenvalues at each point.

plane of the eigenvector of the Fisher information matrices associated with: (left) the largest eigenvalue,
(right) the smallest eigenvalue. The top row represents the categorical Fisher information matrix F ., (x).

training, namely before training, after 10 epochs, and after 100 epochs.

Figure 10: Two-d



I Additional numerical experiments with MINIST

In this appendix, we provide additional results with the MNIST database. In Fig. [6] we considered a 4
to 9 continuum. Here we also present the results for a 1 to 7 continuum, in Fig. [11] for the very same
neural network as in Fig. [6] (averaging over of the same 10 training runs on the full MNIST database),
and in Fig. [I2 for a deeper network.

In addition we plot the tuning curves of a set of neurons in the last hidden layer of one of the model
trained, as observed in response to contiguous items along each continuum. See the discussion in the
main text, end of Sec.
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Figure 11: Categorical perception along a 4-9 continuum (left) and a 1-7 continuum (right).
The neural network is the exact same network as in Fig. @ (top) Scalar neural Fisher information
Feode along the continua (averaged over the same 10 training runs as in Fig. @7 before (light gray)
and after (dark gray) learning. The dashed colored lines indicate the posterior probabilities, as found
by the network, blue corresponding to category on the left and red to category on the right. (middle)
Comparison between Fisher information (dark gray, left y axis) and cosine distance (orange, right y axis)
between neural activities evoked by contiguous items along each continuum. (bottom) Tuning curves of
the 20 first neurons of the last hidden layer of one of the model trained. The vertical dotted lines locate
the corresponding maximum of the neural Fisher information. The top and middle sub-panels of panel
(a) are identical to panels (a) and (b) of Fig. 6]
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Figure 12: Additional experiments with MNIST: Deeper network. Same as in Fig. but
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