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Abstract

For the first time, an approach coupling the variable charge model per bond based on a tight-binding
approach within the second moment approximation (SMTB-QB) and the Effective Site Energy (ESE) is
used to obtain the phase diagram of a mixed oxyde. SMTB-QB allows one to calculate the site energies
of all atoms in random solid solution-for the SnTiO, mixed oxide. These energies are analyzed within
the ESE model as a function both of the local environment (number of Sn nearest neighbors) and of
the nominal concentration. The almost symmetrical miscibility gap is well reproduced by rigid lattice
ESE Monte Carlo simulations. The ESE model shows that the apparent symmetry of the phase diagram
actually comes from-two highly. asymmetrical thermodynamic forces. The local effect that induces a
homoatomic short range order (SRO) dominates when Sn is the minority element, while the non-local
effect that does not induce SRO dominates when Sn is the majority element. This result demonstrates
that the ESE model's ability to analyze the driving forces that govern phase diagrams, which has been

widely demonstrated for bimetallic alloys, also extends to mixed oxides.
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I. INTRODUCTION

Mixed metal oxides have a wide range of applications in the fields of electronics, energy
storage, gas sensor, catalysts for pharmaceuticals or batteries. Their properties may be
significantly modified by combining two or more different types of metal cation. Studies show
that the structural and local environment of cations can also play a major role in disordered
mixed oxides [1-3], and that cationic disorder is not always detrimental to material
performance [1]. Understanding phase diagrams is therefore essential for precise control of
the structure and chemical composition of these materials. In addition, to control the
mechanical, chemical and functional properties of materials, it is essential to understand the
relative importance of the local order driven by local chemical interactions, generally known
as the chemical effect and hereafter referred to as the local effect, and the effect induced by
the nominal composition, referred to as the non-local effect. This effect could include elastic
effects due to the different atomic radii‘of the cations, electronic effects or other effects such
as magnetic effects. Controlling the local and non-local effects opens the way to the

generation of new materials with both high mechanical stability and high chemical reactivity.

Atomistic modelling can’be a powerful tool in order to compute thermodynamic properties of
mixed oxides and equilibrium phase diagrams. Different approaches are used such as
phenomenological models to describe the energetics of mixing and phase stability in solid
solutions [4-8], rigid-lattice Monte Carlo simulations using an energetic model based on
pairwise interactions [9-11] or more interactions (pairs, triplets...) issued from the cluster
expansion (CE) method [12,13], or Monte Carlo simulations based on semi-empirical
interatomic potentials [14-21]. The separation of non-local and local effects, and their
relative importance, remains tricky from both experimental [1,2] and theoretical [6,12,22]

points of view.

We consider in this work an alternative method to the CE [23-27], the effective site energy
(ESE) approach which was originally developed for A.B;_. bimetallic alloys [28-30]. While CE
is based on the energy calculation of a large number of ordered structures, the ESE method
involves determining the energies of atoms in random solid solutions (rss). These energies
take into account relaxation of local atomic position and the volume optimization. Local
relaxations of ordered phases are much weaker than in rss, which is why the ESE method is
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probably more effective than the CE method for taking local relaxations into account.

Furthermore, unlike the CE, the calculation of the ESE converges very quickly.

Site energies are calculated using atomistic simulations based on interatomic potentialsat T =
0 K. The site energies EIp (c¢) (I = A, B) are averaged as a function of the chemical composition
of their local surrounding p, and of the nominal concentration c. The local composition p was
defined as the number of A atoms in the nearest-neighboring shell. We have shown that this
limitation to nearest neighbors is sufficient in bimetallic alloys. For metals, site energies were
calculated using semi-empirical interatomic potentials derived from the second-moment
approximation of the tight-binding scheme (SMA-TB) [31]. The development of a mean-field
model from the ESEs leads to an analytical expression of the enthalpy of mixing and the local
and non-local contributions. The local contribution is‘related to the effective pairinteractions
(EPIs) that drive the short-range order (SRO). The non-local contribution does not lead to local
order. Asthe attractive energy derived from:SMA-TB, considers only the width of the d-band
density of states, and not all its details, it makes possible to exclude any energy dependence
on concentration other than the_elastic contribution. In absence of other effects, such as
magnetism or electronic effects, the dependency of the ESE with the nominal concentration
is mainly linked to the elastic effects due to the change in lattice parameter of the pure binary
metals. That’s why for metals, the local and non-local contributions are also named chemical
and elastic or size effects. This decomposition enables both effects to be quantified over the
entire concentration range. Hence; the ESE' model is a useful theoretical tool to separate the

effects of the local (chemical) environment from those of the global (elastic) composition.

In this article, we focus on a binary oxide, SnO,—TiO;, which has been the subject of numerous
experimental and theoretical studies for its gas detection and electrical properties [11,32-38].
The SnTiO; phase diagram exhibits a large miscibility gap [11,15,39-42]. Liu et al. calculated
a critical demixing/disordering temperature of around 2000 K [11]. Experimentally, the critical
temperature is slightly lower, close to 1800 K [41,42]. This value is consistent with other

experimental studies.

The aim of this article is therefore to extend the ESE method to mixed oxides by applying it to
the SnTiO2 system. For mixed oxides, the question arises as to whether the local environment
can be limited to the nearest neighboring cations in this iono-covalent system where long-

range interactions (coulombic) take place.



We consider here a new version of the so-called SMTB-Q model (Second-Moment Tight-
Binding QEq) [43,44], the SMTB-QB model (B for bond) based on a quantum description of
oxides proposed by Goniakowski and Noguera [45]. From these interatomic potentials we
perform Monte Carlo (MC) simulations with atomic position relaxations, at temperatures
close to 0 K, to determine the average site energies E¥ (¢) (I = Sn, Ti, 0) of rss as a function
of local chemical composition p (number of Sn atoms in the nearest neighboring of the

considering atom) and nominal concentration c.

We define a Hamiltonian from site energies that is introduced in amean-field formalism (ESE-
MFA) and in rigid lattice Monte Carlo simulations (ESE-MC) to get isotherms and the phase
diagram. The ESE-MFA provides an analytical expression for permutation and mixing
enthalpies, a decomposition into local and global contributions. The ESE-MC simulations also

provide local order.

The paper is organized as follows. In Section Il.A.we give a short presentation of the system
and we present the energetic models. We introduce the SMTB-QB interatomic potentials (sec.
[1.B) and the ESE model (sec. 1I.C). Then we check the validity of the ESE model (sec. Il.D). In
Section Il we detail the ESE mean field approximation (ESE-MFA), we define by matching with
the Ising model the local and the non-local contributions to the permutation and mixing
enthalpies (sec. 11l.B) and we present the results (sec. Ill.C). Thereafter, ESE-MFA isotherms
and phase diagram are described (sec. 111.D). Section IV is devoted to the results of ESE-MC
simulations compared with the ESE-MFA. Isotherms and SRO issued from MC simulations are

presented. Finally, in Section V. we conclude and discuss possible outlooks.
11. SYSTEM AND ENERGETIC MODELS

A. System

Sn0O; and TiO; crystallize in the rutile structure illustrated in FIG. 1(a). This structure belongs
to the P4;/mnm tetragonal space group. The unit cell contains two cations (located in the
corners and in the center of the cell) and four oxygen anions. Each cation is octahedrally
coordinated to six oxygen ions. The coordination number is therefore Z. = 6 for cations and

Z, = 3 for oxygen.
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FIG. 1. (a) Rutile structure: cations are in blue and oxygen in red. Bonds between cations are colored
as a function of their lengths. A cation (see the central atom) has two first neighbors at d (blue bonds)
and eight first neighbors at d; (green bonds). Red bonds are longer. (b) SnTiO, temperature-
composition phase diagram issued from [42] (references cited.on the figure are: Padurow [39], Garcia
and Speidel [40], Park et al. [41]).

The Sn(Ti)Oz octahedron is distorted andslightly elongated along the <110> direction. The unit
cell is defined with two lattice constants a and ¢ and an internal parameter u which fixes the
relative position between cations and oxygen. A cation has Z = 10 nearest neighbor cations
with two short distances (ds).and eight long distances (d)), see FIG. 1(a). The different data for
TiO2 and SnO; are resumed in TABLE 1.

TiO; Sn0,

a(A) 4.594 4.74

c(A) 2.959 3.19
u 0.305 0.3069

di (A) 3.57 3.71

ds (A) 2.96 3.19

TABLE 1: Lattice constants, internal parameter and cation-cation distances in TiO; and SnO; structures.
Data are from [46] for TiO, and from [47,48] for SnO,.

FIG. 1(b) shows the temperature-composition phase diagram of the Sn0,-TiO, mixed-oxide
system. The phase diagram presents a large miscibility gap reflecting a phase separation under

a critical temperature of about 1400 °C at Xg,,o, = 0.5.



B. SMTB-QB interatomic potentials

We use here a new version of the so-called variable-charge SMTB-Q model [43,44,49], named
SMTB-QB model with B for bond. In the SMTB-Q model, the equilibrium charges in a given
configuration of the ions in the simulation box are computed using the QEq scheme by Rappé
and Goddard [50]. These charges are the ones which minimizes the energy of the box with the
constrain of the global electric neutrality. This approach, which works well for pure oxides,
cannot address rigorously multi-cation disordered solutions as studied here. To overcome the
problem, the SMTB-QB model consider the charge transfer between oxygen and cations
locally (by bond) instead of globally, as developed in the Bond Electron Transfer Model (BETM)
by Noguera et al. [51]. As a result, this model is more constrained than the previous one since
now it ensures local electrical neutrality. Moreover, this new version.of the model allows the
study of charged defects and the evaluation of the electronic gap in-an oxide [52].

In both the SMTB-Q and SMTB-QB models, the cohesive energy of a pure oxide (TiO; or Sn0>),

E.on, is the sum of 4 terms:

Econ = Eion + Ecour + Erep +Econ (1)
EionsEcout» Erep are exactly ‘the same in ‘the two models and are described

elsewhere [43,44,49]. Let’s just remember that:

1
Fin =, (B8 + 804 +5/3403) 2)
where Q is the charge of the atom A. x93, /94 and E are respectively the electronegativity,

the hardness and the energy of neutral atom A. EY is taken as zero for all species.

Ecou = ZA Z Q40QsJas (3)

B<A

where J,5 is the Coulomb integral between two ns-type Slater orbital which represents the

spherical charge distribution of atoms A and B respectively: ®3!%¢ = N, r" 1 exp [— (Z;efl}r].
A

N,, is the normalization constant, n is the quantum number for the outer valence orbital (n =

3 for Ti, 5 for Sn and 2 for O) and ijfis the effective radius of the atom A which is an

adjustable parameter. J 45 is equal to the classical 1/r Coulomb interaction whenr = 5A.

B =0)= > > ugexp|-p (L -1)] (aa)

i=M,0 j=0,M



Erep(0—0) = z Z Ao-o €Xp [—r%o (4b)
0

0]

These terms (Eqgs. 4(a,b)) reflect the short-range Pauli repulsion. Short-range repulsion
between two cations may be generally neglected because of their great first neighbor distance
(2 3. A) and the high electrostatic repulsion between them. For each pure oxide (TiO; or Sn0,),
Ay_o and p, are adjustable parameters and 1y is the distance between the first Ti(Sn)-O
neighbor at equilibrium (1, = 1.95 and 2.054 A in TiO2and Sn0O> respectively). The parameters
relative to oxygen (Ag_p,p) are the same for each oxide and have been determined in

previous studies [44].

The difference between SMTB-Q and SMTB-QB models lies in the covalent term E,,,. In both
cases, E.,,, derives from the tight-binding approach by Noguera and co-workers [45,53] which
accounts for the mixed iono-covalent character of the oxygen—cation bond in an insulating
oxide. E,,, is a cohesive band term which is a function of both electron hopping integrals, ¢;,
resulting from the hybridization between cations C; and oxygen ions O; orbitals, and the ionic
charges Q; and Q;: E¢p, = f(fij, Qj Qi). As Erop(M — 0), &jj is an exponentially decreasing

function of distance:

Tij
§ij = Soexp|—q|\——1 (5)
To
where &, and q are adjustable parameters.

We consider here only the hybridization between outer Ti 3d and 4s orbitals (with degeneracy
dr; = 6), Sn 5p and 5s orbitals (with degeneracy dg,, = 4) respectively and 2p orbitals of O
(with degeneracy d, = 3). From the work of Noguera and co-workers [51], the electron back-
transfer per bond between an oxygen anion and a cation (Ti or Sn), due to orbital hybridization

can be expressed in a simplified form as:

AOi,Cj: n?j X Tj, (6)
H 0 _ . Zc 512] _ X]
with n;; = min (_Zo do, dc) X S andTj = |1 — 5)

n?j represents the bond connectivity between O; and (; ions in the pure oxide. Z, = 3 and
Z¢ = 6in TiO2and SnO,. The sum };¢; fizj extends to the neighboring oxygen O; of cation (;

(symbol €) up to the second-moment cut off radius (~ 6 A). The term T; can be seen as the
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electron transfer itself. In this term x; = €c; — (€0,); is the difference between atomic

energies of outer Ti(Sn) orbitals and O 2p respectively (in fact (€,,) is the average value of all

€o, in the box (see [51] for details)).
A; = /sz + yj2 is the local HOMO-LUMO gap, which contains an ionic part sz and a covalent
part yjz =4Yicj Zoifizj. The total electron transfer from ions O; to a cation (j is:

. (Z . .
8Qc; = Liejho,c;= 1'Tj where: n) = ¥;c;nj; = min (ido'dc) (equals to 6 in a TiO;
crystal and 4 in a SnO; crystal). The total electron back-transfer from an oxygen O; is:
8Q4, = ZjeiAOi,Cj = Zjeingj X T; (now Tj cannot be removed from the sum).

Consequently, the charge of a cation an oxygen is respectively:
Qj = Q¢ —n'Tyand Q; = Q6 +Xjeiniy T (7)
where ng and QF are the formal charge of a cation and of oxygen ion respectively (+4 for Ti

and Sn and —2 for O).

The tight-binding approach leads to the expression of the total covalent energy

Ecop = 2 Ecjm,, where Ecjm, is the covalent energy related to a cation (;:

Eliminate x; between Ecjov and 6QC]. leads to: Ecjm, = —ij6QCj (Zn}’ - 6QC].).

Now, for a given configuration of the atoms in the simulation box, and whatever the
complexity of it, the charges (and therefore E.,,, and E.,,;) depend only on the independent
variables x; (whose number is equal to the number of cations). In order to reduce the number
of variables, we group cations (of the same nature and of the same formal charge) into families
with similar steric environments, measured by a small difference 6ij, as small as we want.
Lastly, the energy is minimized as function of the remaining variables x; using a Newton-

Raphson algorithm. This approach ensures extremely fast calculation of equilibrium charges.

For each pure oxide TiO; and SnO;, adjustable parameters are separated into two groups:
those relative to the intrinsic properties of the atoms (3, /94, ijf) and those relative to the

interactions between them (Ay_o, P, q, &,). The parameters are optimized in order to
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reproduce the lattice parameters, the cohesive energy and the bulk modulus of the perfect
pure oxide crystals. All the parameters are reported in TABLE 2. The calculated properties

obtained with these parameters compared to the experimental ones are reported in TABLE 3.

Intrinsec param x4 (ev) 75 (eV) R, (A)
Ti 0.0941 10.568 0.7286
Sn 0 10.74 0.71695
0] 6.57 10.22 0.543
Interaction param  Ay,_, (eV) p &o (eV) q Ap—o(eV) »p
Ti-O 0.1736 11.371 0.3598 2.291
Sn-0O 0.1645 10.705 0.2511 2.7086
00 580.44 . 0.354

TABLE 2: SMTB-QB model parameters for rutile TiO, and SnO..

TiO, SnO;
Parameter SMTB-QB Experimental SMTB-QB Experimental
Qo 1.224 1.516
a (A) 4.597 4.594° 4.7389 4.74¢
c(A) 2.9594 2.959° 3.191 3.19¢
u 0.3035 0.305° 0.307 0.307¢
B (GPa) 211 211°¢ 205 205, 208
E on(eV) -19.8978 -19.9° -15.5099 -15.5¢

TABLE 3: Comparison between experimental and calculated crystal properties for rutile TiO; and SnO..
Experimental values correspond to references : 2 [46], ® [54], € [55], ¢ [47,48], © value cited in [56].
|Qo | is a result of calculations.

First, we calculate AH™*9(¢), defined as the difference between the cohesive energy of a

random solid solution (rss), E™%(c), and the Vegard law (c Ecsghoz +(1- C)ECT;ZZ), as a
function of ¢ in the mixed oxide Sn.Ti;_.0, with the parameters of TABLE 2. The calculations
are performed with a relaxed Monte Carlo method at 2K (this allows to equate E™SS and H"S%).
For each composition c, ten rss were built to ensure accurate results. Details of the Monte
Carlo simulations are reported in the APPENDIX A. Calculated AH™*9(c) curve is shown in

FIG. 2(a) and compared with the DFT data from Liu et al, which leads to a critical temperature
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value consistent with the literature [11]. The experimental values obtained by Ma and
Navrotsky [42] are highly dispersed and correspond to a fairly low critical temperature.
Physical characteristics, as the parabolic shape of the curve and the positive values over the
whole concentration range showing the tendency of the system towards phase separation in
accordance with the experimental phase diagram (FIG. 1(b)), are well reproduced.
Nevertheless, the maximum value AH™*"9 (¢ = 0.5) ~ 170 meV/mol is much greater than
the DFT value (= 90 meV/mol) which means that the critical temperature (T,) itself is greatly
overestimated (of about a factor 2 as estimated with a simple Ising'model) [57]. In order to
reduce T,, we must make E"* more cohesive. We find that the best way is to act on the
covalent part of the energy, E,,. In fact, it seems likely that the mixture Ti/Sn on the cationic
sublattice must modify the covalence with oxygen of each of the cations. Thus, we opted for
the use of a unique averaged electron hopping integral (ECO)O. The procedure to obtain this

parameter is detailed in the APPENDIX A.

= 0000, 0.38F
< 150+ o A
£ v %o
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o o Fooo Se5, * S 0.3
£ 5ol 0,0 %6;.° <
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O*Gg) O
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Gsn

a

FIG. 2. (a)Mixing enthalpy AH™*"9 (¢) = E™5(¢) — (c E

Csn
b
CS:hOZ +(1- C)ECT;,?Z) as a function of the

nominal concentration for Sn.Ti;_.0, issued from MC simulations at T = 2 K with parameters of
TABLE 2 (red diamond), unique hopping integral (§ ) (blue disk) and DFT data (black cross) [11].

(b) Evolution of the unique hopping integral (ECO)O, as a function of the nominal concentration.
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C. Effective Site Energy model

1. Hamiltonian

We consider the Sn.Ti; _.0, mixed oxide composed of Ng,, atoms Sn and N; atoms Ti (N, =
Ng, + Nr; and ¢ = Ng, /N¢). The total energy of a system of concentration c¢ (rss, ordered

structures) with periodic boundary is given by the following Hamiltonian:

Ny )
H= E E E'(c) (9)
I=5n,Ti,0 ~=i=1

where Efi(c) is the energy of the i-th atom I (= Sn, Ti, 0) and p; is the number of Sn atoms

in the nearest neighboring shell of this atom.

In a mean-field approximation (MFA), the Hamiltonian of a rss can be written as a function of
the site energies using a combinatorial description [28]
Z
H=Ne Y cher(1 =@ (c B, + (1 20BR)
p=0
Zo
+2NCZ CY eP(1 —¢)?o PED
p=0 ¢
where Z and Z, are respectively the number of first neighbor cations for a cation and for an
oxygen atom (Z = 10.and Z, = 3). Cg (respectively C;O) are the binomial coefficients, i.e. the

number of ways that p Sn-neighbors canbe chosen among Z (resp. Z,) neighbors disregarding

their order.

2. Computational determination of ESE

We use the SMTB-QB interatomic potentials described in section II.B to compute the site
energies Elp(c). SMTB-QB Monte Carlo calculations are performed at low temperature (T =
2 K) to minimize the energy of the rss. The volume of the simulation cell and the positions of

atoms are optimized (details of Monte Carlo are reported in APPENDIX A).

For a given nominal concentration, Sn atoms are randomly located on the cationic sublattice.
To obtain site energy values for all possible p values (between 0 and Z for cations and between

0 and Z, for oxygen atoms), we adopt the following procedure:

e asiteiis selected and its chemical nature is fixed (I = Sn,Ti, 0);
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e the local environment of the site i is constructed randomly with p nearest Sn
neighbors, the remaining nearest neighbors sites are filled with Ti atoms;
e the remaining Sn atoms are randomly distributed on the cationic sublattice to attain

the nominal concentration.

For cations, we consider the ten 1st neighbors with and without distinguishing by distance.

Once the configuration has been relaxed, the energy of each atom is ranked according to p,
the number of Sn atoms in its nearest neighbor shell, and recorded: The total energy of the
box is also recorded. The procedure is repeated for each p valueand for each chemical nature
I (located on site i) 10 times to reach a good statistic. The ‘effective site energies Elp(c) are
the average values of all the energies obtained for the same local chemical environment p, at

a given concentration. Total cell energy is also averaged over all.configurations.
Note that the charge of each atom in(c) is-also recorded and averaged according p and c.

Hereinafter, we will refer to a quantity as direct when that quantity is obtained by SMTB-QB

MC simulations.
3. ESE database

ESE for Sn.Ti;_.0, are shown in FIG. 3 for different values of nominal rss concentration. For
a given concentration, EL (see FIG. 3(a)), ET. (FIG. 3(b)) and EJ, (FIG. 3(c)) are almost affine.

In each case there is a very slight curvature that is not well visible at this scale.

gTi02 _

The cohesive energy of TiO,, E,,,> = —19.9 eV/mole corresponds to E%- + 2E8 whenc - 0,

with E2;(0) ==2.3 eV and E(0) = —8.8 eV. For Sn0,, the cohesive energy E> 2 = —15.5

eV/mole is recovered from EZ, + 2E2° when ¢ — 1, with EZ,(1) = 3.5 eV and E.°(1) =

—9.5eV.

As expected, E%-(c) is minimum for ¢ = 0 and this rule can be extended to the other values
of p: EF.(¢c) > EF.(0). Sn’s behavior is more surprising, EZ,(¢) is maximum for ¢ = 1. This is
also the case for any value of p : E¥, (¢) < E%, (1). This means that a Sn atom is more cohesive

in a rss than in pure oxide. For oxygen, ES(c) is maximum for ¢ = 0 and Ego (c¢) is minimum

12



for c = 1. The amplitude of variation is more than 2 times greater for cations than for oxygen,

coh coh

leading to (E%-(c) + ZEOO(C)) > ET'%2 3ng (ESZn(c) + 2E§°(c)) < E3M02,

Let us recall that for a bimetallic alloy A.B;_., both elements lose energy when the
concentration differs from ¢ = 0 for Band ¢ = 1 for A: EZ(c) > EZ,, and Eg(c) > EZ . This
difference in behavior for the mixed oxides is important, and we'll see later the consequence
on the analysis of the non-local driving force. However, even though the Sn atom is more
cohesive, both Sn0; and TiO, molecules in a rss are less cohesive than their respective pure

oxides (see APPENDIX B).

For each concentration, the site energies shown in FIG. 3 can therefore be written, in a similar

way to bimetallic alloys, as a polynomial of order 2 in'p :
p 0 p Zr 0
EP () = EP(e) + - (E/'(©) — EP ()t x,()p(Z; — P) (11)
I

with Z; = Z for I =5n,Ti and Z; = Z, for I = 0. x; stands for the curvature of E,p. A
matching with an Ising model with constant nearest-neighbor pair interactions (see APPENDIX
C) shows that the linear term corresponds to pair interactions, whereas the quadratic term is
an additional energy to'the pairwise interactions that can be seen as a contribution from the

triplets [29].

FIG. 3(d-e) shows that the charge of a cation does not depend on the local environment, only
on global concentration, whereas the charge of an O atom depends on both p and ¢ (FIG. 3(f)).
We show in APPENDIX B that the charge of the system is indeed zero across the entire
concentrationrange. However, since charges are included in the calculation of energies (Egs.
(2, 3 and 7)), we may wonder whether their variations will affect the driving forces for the

phase diagram.
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FIG. 3. Site energy (left column) and charge (right column) of an atom I as a function of the number p
of Sn neighbors, for different values of the concentration in Sn.Ti; _.0, oxide: I = Sn (aand d), Ti (b
and e) and O (c and f). The color scales between red (c = 0, TiO,-pure system) and purple (c = 1,
Sn0,-pure system). Site energies and charge values of pure oxides are indicated with triangles, red up
triangle for TiO, and purple down triangle for Sn0O,.
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D. Validation of the ESE model

To validate the ESE model, we compare the mixing enthalpy with direct calculation. The mixing
enthalpy, AH™*™"9  corresponds to the formation energy of a rss and its sign gives the
tendency to demix (AH™*™9 > () or to order (AH™*™9 < (). In the ESE model, AH™*" js
given by:

AH™X9 (¢) = H(c) /N, — (¢ ExnO2 + (1 — ¢)EF0?). (12)

coh

Direct values are calcutated from the average internal energy of rss using SMTB-QB MC
simulations. There is perfect agreement between the direct calculations and the ESE model
(FIG. 4). The Hamiltonian written as a function of site energies describes accurately the system.
This validates the use of the site energies E,p(c) and the restriction to the nearest-neighbor
shell for their dependency on the local environment. The perfect agreement between the
direct calculation and the ESE model (difference less than 10™* eV/mol) justifies not
considering the two types of cation-cation first neighbors (with short or long distances). In the
case of an ordering system, it may be necessary to consider the different types of first
neighbors in order to account for anisotropic ordering effects. Systems with a tendency to

phase separation are much.less complex and do not require such refinement.
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FIG. 4. Comparison of the mixing enthalpy AH™*"9(¢) issued from SMTB-QB MC simulations (blue

disks) and ESE model (Egs. 12) (black squares).

The mixing enthalpy curve has a parabolic shape and the maximum value is AH™*"9 (¢ =

0.5) = 86 meV/mol, in agreement with DFT curve (see FIG. 2(a)).

FIG. 4 shows the evolution of the mixing enthalpy as a function of the concentration. The

enthalpy of mixing is positive over the whole concentration range which means that it is more
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favourable to form two pure oxide phases than a rss. The system therefore tends towards

phase separation in accordance with the experimental phase diagram.

Although there may have been doubts about the applicability of a model describing local
interactions to long-range interaction systems, the agreement between the direct calculation

and the model justifies the use of the latter. This highlights the force of this model.

lll. ESE mean-field approximation
A. Formalism

In the pseudo-grand canonical ensemble free energy Fof rssis F=H — TS — ¢ N.Au, with T
the temperature, Au the chemical potential difference between Sn and Ti and S the
configurational entropy which is written in the mean-field approximation [58]:

S = —kBNC(c Inc+(1=¢)In(1— c)) (13)

where kj is the Boltzmann constant.

Minimization of the free energy dF /dc = 0 leads to the isotherm equation:

AHperm_Au)

P (14)

i = exp (—

perm

The permutation enthalpy. AH is thus the quantity that governs the chemical
equilibrium [57]. This is the enthalpy variation of the system linked to the permutation of a Ti
atom into.an Sn atom.t is-.given by the derivation of the Hamiltonian (Eq. (10)) with respect
to c as follows:

1 0H(c)

perm —
AH (c) N ac "

(15)

The isotherms of an Ising model are presented in APPENDIX D. Below, we develop the
formalism of the ESE model without considering triplet interactions (the curvature terms of
the site energies). The complete formalism is presented in APPENDIX E.

The Hamiltonian can be expressed by combining Egs. (10) and (11) as following:

% = ET%2(¢) + ¢ Z#(c) — c(1 — ¢) X ZrVr(c) (16)

where

Z%(c) = ESn92(¢) — ETi02(¢), (17)
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ESt02(c) = EZ,(c) + 2E.°(c) and ET%2(c) = E2;(c) + 2E3(c) ;
and

D Za7(©) = ((E&(0) ~ E.()) = (EA(©) ~ ER(©))) (18)

Note the similarities between Eq. (16) and the expression of an Ising Hamiltonian (H)/N, =
ZV;;B +cZt—c(1—c)ZV for a system A.B;_. (see APPENDIX D). In the Ising model, 7 is
proportional to the difference in the cohesive energies between the two cations, A and B, and
V represents the effective alloy pair interactions (EPIs). When the Ising model is restricted to
nearest interactions, 7= (Vyu —Vgg)/2, and V =V, = Vs + Vg =2V45)/2 (see
APPENDIX C). When the curvatures are neglected, the Ising model is recovered when site
energies do not depend on the concentration. Futhermore, matching with the Ising model,

shows that Y.z ZrVz(c) corresponds to pairwise interactions.

In the ESE model, Z%(c) can be understood as the energy difference between one mole of
Sn0, with the Sn atom surrounded by Z atoms of Sn, ES™9%2(¢), and one mole of TiO, with the
Ti atom surrounded by Z atems of Ti, ET:%2(¢), each embedded in a relaxed rss of composition

C.

In Eq. (16), Xr ZRVR(C) is the term which characterizes the chemical interactions between
cations in the system in a rss. Eq. (18) is'obtained globally without detailing the individual V.
In the complete formalism (see APPENDIX E), 3. Zr V() contains an additional term, which
dependson the curvatures of the site energies, and which is specific to the site energy model.
The question arises to whether Y ZzVz(c) corresponds to EPIs. This is the subject of

APPENDIX F.

B. Decomposition of driving forces
1. Permutation enthalpy

The permutation enthalpy which is the central quantity of the isotherm (Eq. (14)), is deduced
from Egs. (15) and (16). The derivation of Y.z ZzVz(c) in Eq. (16) is detailed in APPENDIX E.

The permutation enthalpy can be written as the sum of two contributions:
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AHPE™ = AHPETT L ApgPeT™ (19)

local non-local’
with
AHETR(E) = ~(1=26) ) Za¥a(c) (20)
and
AHps;_mloca[(c) = Hg)oe]‘:m( ) + AEAC(C)I (21)
where
Hf:,fm(c) = 77(c), (22a)
and
07 dET02(c X Zr Vy(c
AE,.(c) =Z T(C)C + ( ) c(1— )M (22b)
dc dc dc
where azL’ZV"(C) designs the derivate of the site energiesin Y.z ZxVx (¢):
0¥rZrVy(c) 0 7 0 7 0
_&aRrR7mR bV — - () = EC. 22
ac aC ((ESn(C) ESn(C)) (ETI.(C) ETL(C)))- ( C)

For a classical Ising model (see Eq. (D3)), the permutation enthalpy contains only two
contributions, the cohesive and the chemical contributions. The chemical contribution
depends on the EPIs which.do not vary with the concentration. Remember that EPIs govern

local order, which is why this is a local contribution. When the site energies do not depend on

perm
local

perm .

chem n

¢ (and the curvatures are zero), we find that AH has the same expression as AH

Hperm

the Ising model and that AH, .=, .. cancels out.

The non-local contribution is related to the variation in energies with nominal concentration;
unlike the local contribution, it does not lead to a local order. For bimetallic alloys, the
dependence on nominal concentration can be explained by elastic effects. In the present case,
it could be more complex. The charge of the atoms is involved in Egs. (3) and (7-8), so the
concentration dependence could also contain electronic effects and not be due solely to

elastic effect.
2. Mixing enthalpy

In the same way, it is possible to write the enthalpy of mixing from Eqgs. (12) and (16) as the

sum of two terms:

AHmixing (C) — AHmlxlng + AHmlxmg (23)

local non-local’
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with

MH = —c(1=0) ) ZaTe(©) 29
R
and
BHIES. = (B0 (0) = ESA) + (1= (BT (©) — ELLg?). (25

The local contribution has a similar expression in the ESE and the Ising models, but in the Ising
model, AH™*"9 js |inked to the EPIs that characterize the homoatomic or heteroatomic

tendency. What's more, EPIs are not concentration-dependent.

The site energy model predicts a non-local effect (Eqg. (25)) that is not contained in the Ising

model. The differences (ES"%2(c) — Ef;lhoz) and (ET02(c) — ECTOigZ) quantify energy variation
of a Sn0; and TiO; molecule for a nominal concentration change, which is why the second

contribution is considered as non-local.
C. Driving forces

As shown in FIG. 4, the enthalpy of mixing is positive over the entire concentration range. So,
the system has a tendency towards phase separation. The local and non-local effects are
strongly asymmetrical (see FIG. 5). The local contribution is greatest at low concentrations,
peaking at ¢ ~ 0.29 (AH™*™9 ~ 57 meV/mol) and almost nil above ¢ = 0.65. The non-local
contribution is preponderant at-high concentrations, with a maximum equal to 81 meV/mol
for ¢ = 0.65. Between 0 and 0.2 the non-local contribution is very small but not zero. For
concentrations below 0.45, the local contribution dominates, while for ¢ > 0.45 it is the non-
local effect (see FIG. 5). The local contribution is mainly due to the Ising contribution, i.e. the
term given by Eqg. (18). The contribution of triplets (the second term (see Eq. (E3)) which
depends of the curvatures of ESE) is less important (this contribution is not displayed on the

figure).
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FIG. 5. (a) Evolution as a function of ¢ of the mixing enthalpy AH™*™9(¢) and of its two contributions

mixing . mixing
AH,, " 0cq (redline) and AH, ) -

enthalpy AHP®"™(c) and of its two contributions AHfl’Oe:lr_rllocal(c) (red line) and AHﬁfg{l(c) (green

line). In (b), AE.op = Ecsglhoz — ECT;,OLZ has been added to AH{;‘ZZ{L(C) for better visualization. The

chemical contribution of the pairs is plotted on a dashed green line ((a) and (b)). Direct SMTB-QB MC
calculations are recalled with blue disks and ESE-model (Egs.(12) and (15)) (black line).

(green line). (b) Evolution as afunction of ¢ of the permutation

The permutation enthalpy, shown in FiG. 5(b), is almost a monotonous function as for an Ising

Hamiltonian (see APPENDIX C). Remember that AHP$™™ and AH™*"™9 are linked by the

. dAH™IXIng Y sno Tio
erm __ - 2 2
relation AH? = + AE.,p with AE ,p = E,, E.on

Py . The negative slope of

AHP®™™ and the positive value of AH™#*9 gre consistent. For low concentrations, the slope

of AH},Z " is almost the same as that of AHP®"™, the slope of AHYS ™, ' being almost zero

(see FIG. 5(b)). For high concentrations it.is the slope of AHPS'™  that is almost equal to

non-local

the slope of AHP€™™ (see FIG. 5(b)).
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mixing
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FIG. 6. Evolution of AH™X"9 (red line) (a) and pair contribution of AH

non-local
(b) as a function of the nominal concentration. Contributions of TiO, and of SnO; (in a) and of Ti and

Sn (in b) are visualized with black and gray lines respectively.
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The non-local contribution to the mixing enthalpy (Eq. (25)) is the sum of two terms, one

relating to SnO,, AH,Z’Z,fi’};‘,’cal,Snoz = ¢(ES"%2(c) — Ecs:}?Z , and the other to TiOy,
AHﬂiffi’iﬁcal,mz =(1-c¢) (ET"O2 (c) — ECTOiZZ). The non-local TiO, and SnO; contributions are

opposite over the whole concentration range (FiG. 6(a)), with TiO2's contribution being

positive and Sn0O;'s negative. The TiO2 contribution prevails at higher concentrations.

The sign of SnO,'s contribution is astonishing compared with bimetallic alloys. Indeed, for
metals, both terms are positive, as expected for an elastic effect: in-a rss of concentration ¢
one atom surrounded by Z atoms of the same chemical nature loses energy compared to this
same atom on the bulk. The negative sign of Sn0;'s non-local'contribution shows that the non-
local effect is not only elastic, but must also contain an electronic component..In Appendix G,
we present another description of the mixing enthalpy (electrostatic, repulsive and covalent).
This description does not allow the electronic effects to be separated from the elastic effects.
An elasticity calculation would allow this separation, but such calculations in a rss are complex

and beyond the scope of this study.

For the local effect (FIG. 6(b)), as the curvatures are very small, we analyze only the

. . L . 5 mixing . . mixing  __ mixing _
contribution of pairwise interactions AHj, o, .q;, Which is AH, 000 = AH) 01 air—sn

mixing

mixing _
AH local,pair—I —

local.pair—Ti" From Egs.(12) and (18) each contribution can be written as AH
—c(1- c)(E,Z(c) — EIO(C)). The sign of the contribution is the opposite of the sign of the
slope of the site energies (see APPENDIX C). The contributions of Sn and Ti are positive
whatever the value of c. As the contribution of Sn is greater than that of Ti, it drives the local

effect.

To sum up, the ESE-MFA is used to extract local and non-local effects. We show that local
effect predominates at low concentrations, while the non-local effect prevails at high
concentrations. The phase diagram being driven by the slope of AHP?"™, the decomposition

of the driving forces allows one to predict that for low (respectively high) concentrations the

perm

perm
local H

non-local

slope of AHP®™™ is dominated by the slope of AH (resp. A ). Since the short-

range order (SRO) is driven by the EPIs and thus by AHP""™, we can expect the SRO parameter

local

to be successively strong and then weak as the concentration increases.
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D. Isotherms and phase diagram

At high temperatures, isotherms are monotonous (see FIG. 7(a)). As temperature decreases,
the slope at ¢ = 0.5 of the isotherm increases, until an infinite slope is reached at the critical
temperature T, = 2200 K. At lower temperatures, isotherms are non-monotonic with a van-

der-Waals loop (see FIG. 7(a)). The S-shape of the isotherms is the signature of phase

separation.
1 1
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FIG. 7. ESE-MFA isotherms (a) and local contribution of ESE-MFA isotherms (b) at T = 1200 K (blue
line), T = 2200 K (green long dashed line), T = 3000 K (gray medium dashed line).

Since AHP¢™™ is the key quantity. governing isotherms (via Eqg. (14)) and is the sum of two
terms (Eq. (19)), it is possible to consider only the local contribution AHL. " to obtain the
chemical contribution of ESE-MFA isotherms (see FIG. 7(b)). The local-isotherms at T = 1200
K and.at T'= 2200 K have an asymmetrical S-shape at low concentrations (FIG. 7(b)), when
the local contribution is greatest (see FIG. 5). At high concentrations, the local-isotherm looks

like a high-temperature isotherm. The critical temperature of the local contribution is

therefore higher than the critical temperature of the complete system.

The phase diagram is obtained from isotherms. At each temperature, below the critical
temperature T, in the S-shape domain, the system presents three compositions for a given
chemical potential difference value. The rule of equal area is used to obtain the critical
chemical potential difference Ay, and the solubility limits ¢, and cg, leading to the
determination of the bulk phase diagram (see FIG. 8). The ESE-MFA phase diagram is almost
identical to the equivalent Ising-MFA phase diagram (see APPENDIX D). The ESE-MFA phase
diagram is symmetrical as those of the literature (see FIG. 1(b)).
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FIG. 8. Comparison of the phase diagrams issued from ESE-MFA (blue line), Ising-MFA (black dashed
line), local ESE-MFA (green) and ESE-MC (blue disks).

The local phase diagram shows a miscibility gap inside the complete phase diagram. It is
slightly asymmetrical and has a critical temperature value around 2360 K for c = 0.3. A careful
examination of Figure 5(b) shows that for concentrations close to 0.3, the slope of the local
contribution of the enthalpy of permutation is. more negative than that of the enthalpy of
permutation. This explains why the critical temperature of the local contribution is higher
than that of the complete system. The non-local contribution is responsible for the difference
observed between the complete phase diagram and the local phase diagram, meaning that in
the region bounded by the two-phase diagram, the transition is governed by the non-local

effect.

IV. ESE Monte Carlo simulations
To go beyond the MFA approximation, we also perform rigid lattice MC simulations in the
canonical ensemble using the site energies. ESE-MC simulations has the advantage of being
faster than off-lattice SMTB-QB MC simulations, while taking into account the effects of atomic

relaxations and the influence of local composition and nominal concentration.

In the canonical ensemble, the nominal concentration ¢ and the temperature T are fixed. A
series of atomic configurations are generated by exchanging the positions of two randomly
chosen atoms Sn and Ti according to a Metropolis algorithm [59]. The swap between the two
atoms is accepted with probability P = min[1, exp(—AE /kg T)], where AE is the internal

energy change between the initial and final states. One MC macrostep is to propose an
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exchange to each of the minority atoms. To obtain the isotherm, the chemical potential

difference Au is determined via Widom's method [60].

In the following we present the results obtained with a simulation box containing N. = 648
cations (a total of 1944 atoms). Convergence of ESE-MC simulations is very fast. The

thermodynamic quantities are averaged over 5 103 MC macrosteps.

The local chemical order is characterized by the determination of the Warren-Cowley SRO
parameter in the first neighboring shell:

a=1—-"P;(cT)/Zc (26)
where Pr;(c,T) is the probability to have heteroatomic. bonds in the first shell of a Ti

atom [61].
A. Isotherms

We perform rigid lattice ESE-MC simulations-in the canonical ensemble. FIG. 9 depicts the
evolution of isotherms. The ESE-MC isotherms are in perfect agreement with the ESE-MFA
ones (Eq. (14)) for the highest temperatures at 7= 3000 Kandat T = 2200 K, i.e. above and
at the ESE-MFA critical temperature. One would expect a MC critical temperature lower than

that predicted by the mean field [62]. This perfect agreement is linked to the non-local effect.

Csn

® & & ©

Ap(eV)

FIG. 9. Isotherms obtained from MC at T = 1200 K (blue square disk), T = 2200 K (green disk) and
T = 3000 K (gray diamond). Isotherms are compared with ESE-MF (line).

At T = 1200 K, a temperature below the chemical critical temperature, a deviation is
observed only at low concentrations when the local contribution is much greater than the
non-local contribution (see FIG. 5). Around the equiatomic solution, the two contributions are

of the same order of magnitude, then at higher concentrations the phase separation is driven
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by the non-local effect and not by local interactions, which explains why the isotherms are

identical.

Although the ESE-MC and ESE-MF isotherms differ at low temperatures for low
concentrations, they are very close overall and the rule of equal areas leads to the same

solubility limits and therefore to the same phase diagram (see FIG. 8).

One note that the ESE phase diagram is the incoherent phase diagram as for a real system. At
a given temperature, the two coexisting phases, determined by the rule of equal areas, are at
their own equilibrium parameter since the ESEs depend on the lattice parameter via the
nominal concentration. The calculated phase diagram is' the incoherent one while only

coherent configurations are sampled.

The critical temperature is overestimated than in the literature (see FIG. 1(b)) but theoretical
and experimental studies have established that the contribution of the permutation
vibrational entropy can be significant¢ [61,63,64]. Liu et al. have shown that taking the
vibration entropy into account reduces the critical temperature by around 250 K [11], which

leads to a critical temperature in good agreement with the experimental one.

B. SRO and EPIs

Even if the structures are disordered, there is a local order that can be determined using the
Warren-Cowley SRO parameter a (see Eq. (26)). FIG. 10(a) shows that « is positive, the system
tends to form homoatomic bonds. a is more positive the lower the temperature. SRO peaks
at around ¢ = 0.3 (FIG. 10(a)) and is very small for high concentrations. In the concentration
range of the a peak, phase separation occurs. The very small value of a at high concentrations
indicates that no phase separation occurs and ESE-MC isotherms are identical to ESE-MFA

isotherms (FIG. 9).

The SRO parameter is linked to the first EPI (V;) which is most often preponderant. So, we

calculate the EPIs. Detailed calculations are presented in APPENDIX F.
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FIG. 10. (a) Evolution of the SRO parameter a as a function of the concentration obtained from ESE-
MC at T = 2200 K (green disk), T = 3000 K (gray diamond). (b) Evolution of V.= (X r=17Zz Vz)/Z
(black diamonds) and of V; (blue disks) as a function of the-nominal concentration. Comparison of the
direct calculation (symbols) and ESE formalism (Egs. (F7) and (F8)) (line).V = (Xg=172r Vr)/Z is
drawn in gray.

The sign of the nearest neighbor alloy pairinteraction, V3, reflects the alloy's tendency to form
homoatomic (V; < 0) or heteroatomic pairs (I/; > 0). A perfect agreement is observed (see
FIG. 10(b)) between the direct calculation (see APPENDIX F) and the analytical formula (Eq.
(F7)). V; is negative over the entire concentration range (see FIG. 10(b)). The system tends to

form homoatomic bonds, which is consistent with the local order parameter the SRO

parameter a (see FIG. 10(a)).

FIG. 10(b) displays the evolutionof Vy, of Vo= Y r ZzVr /Z and of V = Y.r ZrVx /Z as a function

mixing

of the concentration. The negative sign of I/ is consistent with the positive sign of AH,

(see Eq.(24)). Vand of V are close. The complementary term proportional to the difference in
cation curvature that appearsin the expression of V (Eq. (E8)) is almost negligible. This is why

the local contributions of the ESE and Ising models are very similar.

V. Conclusion

In this work, we have shown that the effective site energy model, initially developed for
bimetallic alloys, can be extended to mixed oxides. The ESEs are calculated by optimization of
atomic position of random solid solutions using SMTB-QB interatomic potentials. These

potentials, which optimize the charges on the atoms, are used for the first time to study a
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mixed oxide. The enthalpy of mixing of the system is successfully reproduced by fitting a
unique electron hopping integral for both cations so as to modify the covalence with the

oxygen of each of the cations.

The ESE model shows that the energies of all atoms (cations and oxygen) can be analyzed as
a function both of the local environment (number of Sn nearest neighbors) and of the nominal

concentration.

The perfect agreement between the direct calculation of the mixing energy via the SMTB-QB
and the calculation with the ESE model demonstrates the validity of an energy model based
on short-range interactions but dependent on nominal concentration. This success in long-
range interaction systems such as mixed oxides is quite remarkable and allows one for its

generalization beyond the SnTiO; system studied here.

Monte Carlo simulations using the ESEs reproduce quantitatively the experimental phase

diagram, which shows a large and almost symmetrical miscibility gap.

Analysis of the driving forces governing the phase diagram, which is made possible by the ESE
approach, reveals that the apparent symmetry of the phase diagram is in fact the result of two
highly asymmetrical driving forces. The local effect that induces a homoatomic short range
order dominates when Sn.is the minority element, while the non-local effect that does not

induce SRO dominates when Sn is the majority element.

We hope that this work will give rise to further experimental studies devoted to the
determination of SRO on the whole concentration range in mixed oxides to highlight any

asymmetries even if the phase diagram is symmetrical.
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APPENDIX A: ADJUSTMENT OF ()0

In order to decrease the transition temperature T, we opted for a unique averaged value of
hopping integral ({.,)o to determine the covalent energy of the mixed oxide. (¢ ,) has to
be viewed as the average of the hopping integral &, of the pure binary oxides TiO, and SnO;
weighted by the number of hybridized orbitals nj‘-) (= 6 for Ti and = 4 for Sn). Thus, for the
composition ¢ = 0.5, (§,,)o(c = 0.5) ~ (6 X &' + 4 x £,')/10 = 0.3163.

Avalue (¢ .,)o = 0.3147 has been a little bit adjusted to obtain the DFT value of AH™XING ~
90 meV/mol (FIG. 2(a)). (¢, )o is obviously a function of the composition ¢ and for ¢ = 0 and
¢ = 1, the respective values of (¢ .}, are equal to the valueof njo X &, forpure TiO; and pure

Sn0O,, as it should be. Thus, (§,)o(c) may be estimated by the relation:

(oodo(©) ~ ((1 — )X 6XEN 4+ C X 4% fgi) /(A=) X6+ cx 4). (A1)
In order to obtain a parabolic curve for AH™¥19 (¢) we then adjusted two additional values
of (§.p)o at ¢ = 0.25 and ¢ = 0.75. To be able to make calculations at any composition we

fitted the five values of (§ ), to.a fourth-degree polynomial:

(§cpro(c) = 0.3598 — 0.078 ¢ — 0.01455 c?—0.0229 3 + 0.0075 c* (A2)

The total curve AH™*(¢) calculated with this relation is represented FIG. 2(a) as blue disks.

In all this study.the Monte Carlo simulation details are as follows. Every parameter has been
optimized to ensure good statistics.and small errors in energy, lattice parameters and charges
values. The simulation box contains 1944 atoms (648 cations and 1296 oxygens). Each run
counts 1000 Monte Carlo steps by atom, 600 being retain for statistic. Both lattice parameters
and atom relaxations are performed at each step, the acceptance ratio being very close to
50%. Error on cohesive energy is less than 1073 eV (on about 20 eV), error on lattice

parameters is less than 3 1073 A and error on charges is negligible.

28



APPENDIX B: ENERGY AND CHARGE

In this APPENDIX we present the evolution of the energy and of the charge as a function of

concentration.

The system energy, E = H/N, with H given by Eq. (10), is the sum of two terms, E' = Eg,o, +

Erio,, which are written as:

z Zo
Esno,(c) = ¢ <Z CycP(1—c)?7PEL +2 Z €y cP(1— c)Zo—pEg> (B1)
p=0 p=0

and

Erio,(c) = (1= ¢) (T5-0 CHcP(1— ©)FPER, + 25,2, Ch cP (1 — c)%07PED).  (B2)

Figure B1(a) shows that energy varies between the cohesive energy of TiO; (for ¢ = 0) and
that of SnO; (for ¢ = 1) and that SnO; and TiO; molecules are less cohesive in a rss than in the

respective pure oxides.
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FIG. B1. Evolution of the energy (a) and of the charge (b) as a function of the concentration. In (a) the

energy of the Sn0O; and the TiO> molecules are plotted respectively in red triangles and in green square.

The system charge.is derived from the same combinatorial description as for energy as a

function of site charges:

— Z —
tor = YheoCheP(1— )7 (c Qb + (1= 0)QR) + 2X22,CL cP(1 — c)%07PQh. (B3
As expected, the charge of the system is zero across the entire concentration range (FIG.

B1(b)).

29



APPENDIX C: ISING MODEL

In this APPENDIX we detail the site energies for a system A.B;_.in the case of an Ising model
with constant first neighbor bond energies V;; (I,] =A, B). The energy of an atom varies
linearly with the number p of its nearest A neighbors, as (pVy4 + (Z — p) V45)/2 for an atom
A and as (pVgy + (Z — p) Vgg )/2 for an atom B, with V45 = V4. The energy of an atom A
(respectively a B atom) varies from Ef = ZV,5/2 to EZ = ZV,,/2 (resp. from Ep = ZVgp/2
to EZ = ZVg,/2) and the slope is equal to s, = (Vus — Vup)/2 (resp. sg = (Vga — Vgp)/2).

The evolution of site energies A and B is schematically displayed on FIG. C1.

The Ising parameter T = (V44 — Vgp)/2 is given by T =«(E? — E2)/Z, and the effective

nearest pair interaction V. = (V4 + Vgg — 2V,5)/2 is equal to the difference. in slopes V =

(sa — sB).

7 Vpgl2 Z Vgp/2

@ (Vaa=Vag)/2 @ (Vea—Veg)/2
@ B
Z Via/2

FIG. C1. Schematic evolution of site energies A (a) and B (b) of an A.B;_. alloy for an Ising model with
constant nearest-neighbor bond energies. A and B atoms are shown in blue and yellow respectively.
The atomin question (A or B) is represented schematically by the inner disc, and its nearest neighbors
by the outer shell.
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APPENDIX D: ISING ISOTHERMS

The Ising Hamiltonian is written as:

1
H=> E E APV (D1)
L] nm#£n

with pl the occupation number that equals 1 if the site n is occupied by an atom I and 0
otherwise. Vn’,]n is the pair interaction energies between an atom [ at site n and an atom J at

site m.

The energy of the system can be expressed according to the Bragg Williams approximation as

follows:

(H)/Not = ) Zntnc—c(1=0) ) Zilak ). ZaVf? /2 02)

where R denotes the range of interactions, Z the coordination number, T.and V are defined

in APPENDIX C.
The permutation enthalpy is deduced from Eg. (15) and Eq. (D2):

AHP'™ = ¥ p Zptp — (1 = 2¢) Xr ZgVk- (D3)
Thus, for an Ising model with constant parameters, i.e. which do not depend on the nominal
concentration, the enthalpy of permutation is an affine function which varies between
YrZr(tp — Vi) forc = 0and Y r Zg(tg + Vi) for c = 1 with aslope equalto 2z ZxVk (see
FIG. D1(a)). Thesign of ). ZxV determines that of the slope. For a system that tends to form

homoatomic bonds the slope is negative (see FIG. D1(a)). Below a critical temperature T, =

__ XRZRVR
B

, the Ising isotherm defined by Eq. (14) exhibits a van der Waals loop (see FIG. D1(b)).

By increasing the chemical potential difference, the system is successively stable (before point
A), metastable (between points A and B), unstable (between points B and C), metastable
(between points C and D) and stable (after point D). The rule of equal areas is used to obtain
the solubility limits ¢, (at point A) and cg (at point D), leading to the determination of the bulk

phase diagram.
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FIG. D1. Evolution of the permutation enthalpy AHP¢"™(¢) (a) and isotherm at T = 1500 K (b) issued
from the ESE-MFA model (Eq. (15)) (blue) and of the Ising-MFA model (black). Solubility limits are
indicated with red disks (Ising-MFA). The dotted dashed vertical black line gives the Ising-MFA critical
chemical potential. Points A, B, Cand D indicate limits of the Ising-MFA stable, metastable and unstable
states.

The evolution of the enthalpy of permutation with concentration for the ESE-MFA model is
very close to that for the Ising model. Although the site energies depend on c, the curve is
almost a straight line with a negative slope over the whole concentration range (see FIG.
D1(a)). Consequently, the isotherms are very similar, as shown in FIG. D1(b). The solubility

limits of B-rich (resp. A-rich) are very close for both-models.
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APPENDIX E: ESE FORMALISM

We develop in this APPENDIX the complete ESE formalism without neglecting terms that
contain the curvatures. In the following, we reproduce all equations from the main text in the
same order, whether modified or not, and add some calculation details.

The Hamiltonian is:

% = ET02(¢) + ¢ Z#(c) — c(1 — ¢) YrZzVr(c) (E1)
with
Z'f(C) = ESnO; (C) _ ETL'OZ (C), ( )
E2
ES™02(c) = EZ,(c) + 2E2°(c) and ET102(¢) = EQi(c) + 2E5(e) ;
and
ZRZRVR ()= <(ESZn(C) ~ B (0) = (Efi ()= E%(C))) (E3)

~Z(Z = 1) (cnsn(c) + (1 =€) #7:(c)) = 2 Zo(Zo — Vo ().

As we have already mentioned in'the main text, the first term corresponds to pair interactions.
The correspondence with an Ising Hamiltonian has allowed us to show that the second term,

which contains curvatures, is related to triplet interactions [29].

We then detail'the permutation enthalpy which is obtained from the derivation of the
Hamiltonian. AHP¢"™ is obtained from Egs. (15) and (E1). The tricky point is the derivation of

Y= ZzVz which is split into two terms:

OYRZRVR(c) _ YR ZRV,(c) n dYRZRVp(c) (E4)
ac dc dc ’

YR ZRV, ; ; i i
92rZrValc) a}z a(9) denotes that only the combinatorial sums are differentiated:

0XRrZR Va(C)

9c =—Z(Z-1) (%Sn(c) - %Ti(c))

YR ZRVp(c)

whereas for , only the site energies are differentiated:
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IXrZrVy(©) _ 0 ((Eén(c) — E3.(0) — (Ef(0) - E‘%;-(c)))

dc dc
— Z(Z — 1) <C a%S_r;(C) + (1 . C) a%TiC(C)> > Zo(Zo _ 1) a%aofc) (E6)

9]

We group together all terms relating to local interactions and those relating to energy

variations with the nominal composition :

AHPET™ = AHECH + AHyon o car (E7)

with
AHEE(c) = —(1 = 2¢) Sp ZpVa(c) — c(1 — ¢) PERET, (£8)

and
Ao o (€©) = AHE™ () + AEy(e); (E9)

with
AHPZ () = ZE(c), (E10)

and
AE, (O =Za%(c)c+agnoz(c)_c(1_C)aZLRVb(c)_ (E11)

dc dc dc
We detail now the decomposition of the mixing enthalpy. Combining Egs. (12) and (E1), we

get:
AHmixing(C) — ETiOZ (C) +c Zf(C) _ C(l _ C) ZR ZRVR(C) _ (C ESnOZ + (1 _ C)ETiOZ) (E12)

coh coh

That can be written as:
H™Xi8(c) = ~¢(1 — €) Tr Za V(@) + c( E"%2(c) — Eg?) — (1 = ) (E"2(c) — Efay?)  (E13)

This allows us to write the enthalpy of mixing as the sum of two terms:

AHMNO (c) = A + AHIEIE o, (E14)

with
MHZ = =e(1=0) ) Zal(©) (€15)

and
AHTMS = c(ES™02(c) — ESMO2) + (1 — ¢)(ET102(c) — ENL%2). (E16)

Eq. (E15) considers curvatures, which was not the case in the main text in Eq. (24). The local
contribution is the equivalent for an Ising model to —Z ¢(1 — ¢)V which quantifies local
interactions.
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The differences (ESnOZ (c) — ECSOnhOZ and (ETiOZ (c) — EZ;,?Z) quantify energy variation

of a SnO2 and TiO, molecule for a nominal concentration change, which is why the second
contribution is considered as non-local.

&
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APPENDIX F : EFFECTIVE PAIR INTERACTION ENERGIES

We calculate in this APPENDIX the EPIs with the ESE model. EPIs are obtained from an energy
balance between two configurations. The initial configuration is a rss of composition ¢ in which
two Sn atoms are located far apart. These two atoms are then repositioned on two

neighboring Rth sites in the final configuration.

First, we consider the energy balance restricted to the first neighboring shell. The alloy pair

interaction V] is the sum of three terms:

Vl (C) = Vpair(c) + ngn Vcn(c) + nén,Ox Vc(r)zx(c) (F1)
with Vyqir-(c) the energy difference related to the two atoms of the pair itself, V., (c)
(respectively V.9%(c)) the energy difference related tothe n’, (resp. ngn'Ox) atoms, which are

cationic (resp. anionic) common neighbors of the pair in the final state.

Vypair(€) is given by:

Z-1
Vpair(c) = Z 065—1 cP(1— C)Z_l_p ((Esz')rjl ~ Esz‘jn) \ (E7231+1 - ETQL)) (F2)
p:

The energy difference of cationic common neighbors is:

Z-2
Vn () = ). P, (1= (e B 4 (- OB, (F3)
p=

and that of anionic common neighbors is
V(=372 5C8 _, cP(1— )0 2 PEDYY, (F4)
with BP.= (EP* + EPTY— 2EP) /2 =, (I = Sn,Ti, 0)

SD. 1,SD LD 1,LD
2 ey +Z1 ney

zgP+zLP

The number of cationic (resp. anionic) common nearest neighbors is nl, =

1,SD

SD, ,1LD LD
Cn‘Ole +n Z1

cn,0x
SD, LD
VAR Ay

n

1,X —
(resp. Népox = ) where Z{ and n_; denote coordination number and

number of common neighbors at short-distance SD or long-distance LD positions. Note that

Z=7y=27;" +Z{".

In the ESE formalism, the interactions of pairs in the Rth shell of neighbors depend only on the

nR, cationic common neighbors of the pair:
Vrs1(€) = néy Ven (). (F5)
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Finally,

YrZrVR (c)=2Z Vpair(c) +Z(Z - 1)Vpu(c) +Z ncl‘n,Ox Vc?Lx(C) (F6)
Values of nf, and Zg are given in TABLE F1. Note that nfy7 =0, n575, =0 and

ZR=1,7 n?nZR =Z(Z - 1).

R n?n ZR dR n?nZR
1 nl =4 Z5P =2 2.96 8
notP =2 7 =38 3.58 16
2 4 4 4.6 16
3 2 8 5.49 16
4 2 8 5.53 16
5 1 2 5.96 2
6 2 4 6.51 8
7 1 8 7.16 8
R n?n,Ox ZR dR n?n,OxZR
1 ntb =2 Z;P =2 2.96 4
1,LD __ LD __
nob. =1 Zb =8 3.58 8

TABLE F1: Number of common neighbors nR,, coordinence Z, and distance dy in the Rth shell of
neighbors.

Given the expression of site energies as a function of p (Eqg. (11)), the alloy pair interactions V;

and ) g ZgVy are written:

2Vy(©) = (B, (0) — E3,(0)) — (Ef:(0) — E%.(0))

+ 2(Z = 1) — 26)( #5n(c) =274(C)) — n1Z (¢ #52(€) + (1 — ) 27(C)) (F7)
=2 Zy(Zo — Dxg(c),

ZRZRVR (€)= (E5.(0) = ES,(0)) = (Efi(0) = E2(0)) + Z2(Z = D(1 — 20) (5, () = 77,(©))

2@ —1) (¢ #5n(@) + (1 = ©) 5ri(©)) = 2 Zo(Zo — it ). (F8)

Recall that EPIs give the tendency to form homoatomic or heteroatomic bonds. Eq. (F8) differs
from Eq. (E3) by one additional term. This term is proportional to the difference in curvature

of Sn and Ti. In fact, ZV(c) = ZV(c) when the curvatures of Sn and Ti are zero or when they

are equal (%Sn(c) = %Ti(c)).
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APPENDIX G: DECOMPOSITION OF THE MIXING ENTHALPY

The energy of the system can be expressed as the sum of four components: ionic, coulombic,
repulsive and covalent, according to Eq. (1). Hereafter, we consider the electrostatic energy
(the sum of the ionic and electrostatic components Eg;gc = Eion + Ecout), the repulsive
energy (Epgp = Erep(M — 0) + Er,(0 — 0)) and the covalent energy to separate their

contribution in the mixing enthalpy.

The figure G1 shows the evolution of these contributions to the mixing enthalpy (FIG. G1(a))
and to its SnO; (FIG. G1(b)) and TiO; (FIG. G1(c)) components.

:8_ 199) o ESE
= ELEC
§ 0 <~ REP
Zg 100l < COV
5 >

0 0.20.490.60.8 1

Csn
d
=) = 1500
o L O
E 500 g
3 3
E £ I
>  -500; . 500
[=iie 8’
22 1o}
Ew Er
% *15@0" L "’. L L g 7586-| L \ |.7 1 1
0 ©.20.40.60.8 1 © 0.20.42.60.8 1
CSn CSn
b C

FIG. G1. Evolution of the mixing enthalpy AH™¥9 (¢) (a) and contributions from SnO; (b) and TiO; (c)
as a function of concentration issued from the ESE formalism (red disks). The relative electrostatic
(‘ELEC’), repulsive (‘REP’) and covalent ('COV’) contributions are respectively in green disks, pink
diamonds and gray diamonds as indicated in (a). Small cyan diamonds correspond to the sum of these
three contributions (‘2’) in order to verify consistency with ESE calculation.

The covalent part has always the same sign as the enthalpy of mixing considered (total (FIG.

G1(a)) or of its SnO, and TiO; contributions (FIG. G1(b) and (c))). Without mentioning
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local/non-local or elasticity, we can already note that the contributions of SnO; and TiO; are
opposite, with that of TiO, outweighing that of SnO,.

The decomposition of the local contribution is shown in FIG. G2(a). The repulsive and covalent
terms, which are opposite, roughly cancel each other out. The electrostatic term constitutes
approximately the local contribution. The local contributions of SnO, and TiO, are again
opposite (FIG. G2(b) and (c)), but this time the contribution of SnO, prevails. The electrostatic

component has the same sign as the local mixing enthalpy considered (for SnO, and TiO>

components).
S
£ 5o o ESE
2 . ELEC
£ + REP
2_
=8 < COV
Eo
T
5 -seb. . 2
© 0.206.40.60.8 1
Csn
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S 500 S 500]
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Z o 0000000 %
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FIG. G2. Evolution of the local mixing enthalpy AH{Zéﬁn‘g
TiO; (c) as a function of concentration issued from the ESE formalism (red disks). The relative
electrostatic (‘ELEC’), repulsive (‘REP’) and covalent ('COV’) contributions are respectively in green
disks, pink diamonds and gray diamonds as indicated in (a). Small cyan diamonds correspond to the

sum of these three contributions (‘X’) in order to verify consistency with ESE calculation.

(¢) (a) and contributions from SnO, (b) and

The decomposition of the non-local contribution does not show any predominant term (FIG.
G3(a)). The covalent component has the same sign as the non-local mixing enthalpy
considered (total (FIG. G3(a)) or of its SnO, and TiO2 components (FIG. G3(b) and (c))) over the
entire concentration range. As we have already seen (FIG. 5(a)), the non-local contributions of
Sn0O, and TiO, are opposite: the contribution of TiO,, which is positive, has the same sign as
the non-local contribution, while that of SnO, is negative.
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FIG. G3. Evolution of the non-local mixing enthalpy AH,'::,%iT;‘gcal(c) (a)and contributions from SnO; (b)

and TiOz (c) as a function of concentration issued from the ESE formalism (red disks). The relative
electrostatic (‘ELEC’), repulsive (‘REP’) and covalent (‘COV’) contributions are respectively in green
disks, pink diamonds and gray diamonds as indicated in (a). Small cyan diamonds correspond to the
sum of these three contributions (‘Z’) in order to verify consistency with ESE calculation.

c

It can be seen thatall the curves for the SnO; and TiO, contributions (local, non-local) are very

regular, but that their sums result.in irregular curves.
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