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Non-equilibrium coexistence between a fluid and a hotter or colder crystal of granular

hard disks

R. Maire,! A. Plati,' F. Smallenburg,! and G. Foffi!* *

! Université Paris-Saclay, CNRS, Laboratoire de Physique des Solides, 91405 Orsay, France
(Dated: November 24, 2025)

Non-equilibrium phase coexistence is commonly observed in both biological and artificial systems,
yet understanding it remains a significant challenge. Unlike equilibrium systems, where free energy
provides a unifying framework, the absence of such a quantity in non-equilibrium settings complicates
their theoretical understanding. Granular materials, driven out of equilibrium by energy dissipation
during collisions, serve as an ideal platform to investigate these systems, offering insights into the
parallels and distinctions between equilibrium and non-equilibrium phase behavior. For example,
the coexisting dense phase is typically colder than the dilute phase, a result usually attributed to
greater dissipation in denser regions. In this article, we demonstrate that this is not always the case.
Using a simple numerical granular model, we show that a hot solid and a cold liquid can coexist
in granular systems. This counterintuitive phenomenon arises because the collision frequency can
be lower in the solid phase than in the liquid phase, consistent with equilibrium results for hard-
disk systems. We further demonstrate that kinetic theory can be extended to accurately predict
phase temperatures even at very high packing fractions, including within the solid phase. Our
results highlight the importance of collisional dynamics and energy exchange in determining phase
behavior in granular materials, offering new insights into non-equilibrium phase coexistence and the

complex physics underlying granular systems.

I. INTRODUCTION

The theory of equilibrium phase coexistence as for-
malized by Gibbs establishes that mechanical, thermal,
and chemical equilibrium are necessary conditions for
the stability of a heterogeneous substance at equilibrium
[1]. With the recent advancements in non-equilibrium
statistical physics, it has become evident that phase
coexistence phenomena are equally ubiquitous in out-
of-equilibrium systems [2-4] and that Gibbs’ equilib-
rium conditions must be relaxed for example in ac-
tive matter systems or in driven chemical phase tran-
sitions [4, 5]. This realization has sparked significant
theoretical and experimental efforts to explore the dif-
ferences and similarities between these non-equilibrium
cases and their well-known equilibrium counterparts [6—
13]. Several peculiarities characterize phase coexistence
in non-equilibrium systems. For instance, in active sys-
tems, the common tangent construction fails and must
be replaced by alternative constructions based on an ef-
fective free energy [14]. Likewise, the bulk density of
the coexisting phases may depend on the effective sur-
face tension [15, 16], highlighting the system’s devia-
tion from a conventional underlying free energy. Out of
equilibrium, the coarsening dynamics are also unusual,
with phenomena such as non-standard roughness of in-
terfaces at coexistence [17, 18], peculiar growth of length
scales during coarsening [5, 19, 20] and reversed Ostwald
ripening leading to bubbly phases [21, 22] or microphase
separation [23]. While surface tension between phases
can still be defined following different equilibrium def-
initions, these approaches can yield different results in
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non-equilibrium systems [24-27]. Similarly, macroscopic
heat flux between phases and peculiar interfacial proper-
ties can be observed in boundary-driven systems [28-32].
Dynamic phenomena such as traveling [33, 34], pattern-
forming [35, 36], and even chasing coexisting phases [37]
have been observed as well.

Recently, inspired by biological active systems, a grow-
ing interest in underdamped self-propelled particles sur-
faced [38-41]. Among other things, it has been observed
that these particles can undergo a motility-induced phase
separation [42-44], with a dense phase colder [45] than
the dilute one due to reduced effective self-propulsion in
the dense phase [5]. This highly non-equilibrium effect
was recently observed in an experimental system [46]. In
contrast, Ref. 47 reported motility-induced phase sepa-
ration resulting in a hotter solid. Similar observations,
in stark contrast to Gibbs’ requirement of thermal equi-
librium, were previously made in the study of vibrated
granular media, where gas-liquid [48-59] and liquid-solid
phase coexistence [60-70] consistently revealed a colder
dense phase. These results have traditionally been ex-
plained by the assumption that the denser phase must
dissipate more energy, and therefore be colder, due to
a higher collision frequency compared to the coexisting
dilute phase.

Nonetheless, a hotter solid was recently observed in a
driven 2D granular system [71]. This phenomenon was
however attributed to boundary effects rather than in-
duced by the inter-particle interaction. In a recent re-
alistic numerical study of a vibrated quasi-2D granular
system, we also surprisingly observed that a crystal com-
posed of bidisperse beads can exhibit a hotter solid than
the coexisting liquid [72]. This temperature difference
partially arose from geometric effects that cannot occur
in a monodisperse system. In this paper, we simplify the
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previously used model by employing only monodisperse
beads and demonstrate that even for such simple sys-
tems, it is possible to find a solid phase hotter than the
coexisting liquid. Surprisingly, we find that dissipation
during collisions can be the key mechanism for a hotter
solid. By developing a kinetic theory to explain these
results, we show that, although the solid phase is always
denser, its particle collision frequency is typically lower
than in the coexisting liquid, reducing dissipation and
enabling the solid to be hotter.

The paper is organized as follows: in Sec. II, we present
and simulate a simple 2D granular model in the liquid-
solid coexistence region, showing how a hotter solid can
emerge. In Sec. III, we explain this behavior using
an equilibrium-like argument based on the collision fre-
quency of hard-disk coexisting phases, and then extend
the discussion with a fully non-equilibrium theory. Fi-
nally, in Sec. IV, we discuss the relevance and broader
implications of our findings.

II. NUMERICAL INVESTIGATIONS

To explore the temperature differences between the co-
existing liquid and solid phases in a system of dissipative
hard disks, we consider a simple model system in two dis-
tinct limits. In this section, we describe both the model
and the simulation methods we use to study them.

A. The model

A quasi-2D vibrated box serves as a paradigmatic sys-
tem for investigating driven granular systems [67, 73-82].
In this setup, particles are confined within a quasi-2D
horizontal plane, bounded by parallel top and bottom
plates. The system is driven by vertical vibrations of the
container, which inject energy into the vertical degrees
of freedom of the particles. This energy is subsequently
dissipated and redistributed across the horizontal plane
through inter-particle collisions.

To capture the essential physics of the quasi-2D sys-
tem, we propose the following 2D coarse-grained model.
The system is made of 2D dissipative hard disks of mass
m and diameter . When two particles collide, they can
both dissipate energy and gain momentum, leading to
the following collision rule [73, 83]:

1
v, = v; — [J;a(vij $Gij) + A] Gij
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where v} is the post-collisional velocity of particle ¢, while
0;; and v;; are respectively the unit vector joining parti-
cles i and j and the relative velocity between them. The
coefficient of restitution 0 < a < 1 governs the dissipa-
tion during collisions, and A > 0 is responsible for veloc-
ity injection. This velocity injection mimics the energy

redistribution during grain-grain collisions in the quasi-
2D system described above. The energy change during
a collision can be either positive or negative, depending
on the relative velocity of the particles. For large rel-
ative velocities, |v;;| > A and sufficiently small «, the
term proportional to o dominates, leading to dissipative
collisions. Conversely, at low relative velocities, energy
dissipation through a is minimal, and instead, particles
gain an additional velocity A, effectively injecting energy
into the system.

Between collisions, the hard disks are also coupled to
an external bath at granular temperature 7}, with drag ~
via a Langevin equation:

d—v——v—i—
a - 7

29Ty /mm, (2)
where 7 is a random vectorial white Gaussian noise with
unit variance and zero mean. Comparing again to a
vibrated quasi-2D granular system, this effective noise
would represent the roughness of the top and bottom
plates confining the particles in the realistic quasi-2D
model. Collisions with these plates cause the hard disks
to behave as Brownian particles on the horizontal plane
for time scales larger than the one set by the frequency
of the shaking [84, 85].

We focus on two limiting cases of interest:

e The A + v model, where T, = 0 [73, 86]. Here, par-
ticles lose energy during their free flight according
to v(t) = voe " while collisions, on average, in-
crease the system’s energy—though in some cases,
they may also lead to energy loss. This 2D model is
representative of a quasi-2D system in a dynamical
regime where particles are shaken with sufficient
energy to undergo strong collisions with both the
lower and the upper plate. -y effectively accounts for
the horizontal energy loss due to tangential friction
with the smooth plates, while A reproduces the
energy transfer between the vertical and horizon-
tal degrees of freedom at collision. The equilibrium
limit corresponds to A — 0, a — 1 and v — 0.

e The granular Langevin model (GLM), where A =0
[72, 84]. In this case, all the energy is supplied
by the bath, and collisions only dissipate energy.
In the quasi-2D system, this corresponds to grains
confined between rough plate that are not strongly
shaken, which limits their vertical motion and in-
teraction with the upper plate. In this regime, sur-
face asperities transfers energy primarily into the
horizontal plane during grain-plate collisions, while
grain-grain collisions contribute minimally to the
energy change in the horizontal plane. In the limit
a — 1 we recover an equilibrium system.
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FIG. 1. Top: A+ model (A/oy = 1.1 and a = 0.95), bottom: GLM (T, /m(oy)? = 0.125 and o = 0.99). a) and d): Pressure
as a function of the density. b) and e): Energy as a function of the density. First two panels of ¢) and f): Granular temperature
and density averaged over a y slab in [z,z + 100]. Last panel of ¢) and f): Snapshot of a liquid-solid coexistence, particles
are colored by the angle of hexatic local order parameter Arg(y?) with ¢ = Z;V:ll %% /N;, with N; the number of neighbors
to particle ¢ and 6;; the angle in real space between ¢ and j. The density and temperature profiles in c) represent time-
averaged values over 2 x 10* measurements of the properties obtained from the time evolution of the displayed snapshot. The
measurement window is sufficiently small to ensure that large variations in the density field remain negligible. The coexistence
behavior of the GLM is more challenging to visualize compared to that of the A + v model. This difficulty arises because
its behavior closely mirrors the equilibrium liquid-hexatic phase coexistence, where the transition between the two phases is
extremely weak, resulting in strongly fluctuating interfaces [87]. For this system, the profiles are obtained by averaging 10°
snapshots over 60 independent realizations. Before performing the averaging, all particles are shifted such that the center of
mass [88] is positioned at x/L, = 0.75 ensuring that the solid phase consistently resides in the region 0.5 < z/L, < 1 [89, 90].
Therefore, unlike in the A+~ model, the snapshot of the GLM in f) does not correspond to the ones used to extract the profiles.
Note finally that for the A 4 v model, the lack of a thermal bath means there is no obvious external reference temperature to
compare the measured T to. Hence, for this system, we plot the temperature in terms of T, which we define as the theoretical
temperature of the Delta model assuming velocity distributed as a Gaussian and in the absence of drag (v = 0). It is given by

2
[83] T, = imA? (aﬁ/2 +a2r /44 (1— a)z) /(1 — o*)? and is independent on the density.

B. Numerical simulations where (...) represents a time average. When explicitly
stated, it also includes an average over different initial
conditions. Additionally, we define the pressure p as the

Using event-driven molecular dynamics [91] we simu- - X
virial pressure (see Appendix. A):

late both models described above using up to N ~ 10°
particles in boxes of size L, x L, with periodic boundary

.conditior}s. We define ¢ = Nn(0/2)?/L,L, as the pack- NT mo 1+a

ing fraction of the system and focus on the region near P=171- + CYR, Z — (vij-6i5)+A ). (4)

the equilibrium liquid-hexatic transition. For simplicity, =y TEYT coll-ij

we will refer to the crystalline or hexatic phase in coex- ] ] ) )

istence with the liquid as the “solid phase” of the system We present the results of our simulations in the coexis-

without making a distinction between the two. tence region of the liquid-solid phase transition in Fig. 1.
The granular temperature T of the system is defined Th? top panels show the.results for the A + v model,

as [92, 93): while the bottom panels display the results for the GLM.

For the A + + model, we observe a Mayer-Wood loop

N [87, 94, 95] in the pressure (Panel a), indicating a first-

T — 1m2<v22>7 (3) order phase transition. More intriguingly, in the coex-
2 istence region, the granular temperature also exhibits a



non-monotonic trend (Panel b). Unlike the loop in pres-
sure, this phenomenon is not related to interfacial effects,
as it does not disappear with increasing N. Instead, it is
most likely associated with the coexistence of two phases
at different temperatures. Indeed, if the existence of a
lever-rule for the density field is assumed [72], the tem-
perature field which is slaved to the density and crystal-
lization field should also follow a lever-rule. As the den-
sity increases, a larger fraction of the system transitions
to the solid phase, following the conventional lever-rule
for the density field. Consequently, a greater portion of
the system attains the temperature of the solid. Since
in Panel b the global temperature decreases, we hypoth-
esize that the coexisting solid phase is colder than the
coexisting liquid phase. This is confirmed by direct com-
putations of the temperature T'(z) and density ¢(x) pro-
files, corresponding to a given phase separation, averaged
over multiple realizations and snapshots (Panels ¢). For
the GLM, the pressure loop is still evident (Panel d), in-
dicating a first-order phase transition. The temperature
also presents the expected non-monotonic trend (Panel
e), but in this case, the solid is hotter than the liquid,
as the global temperature increases. This observation is
corroborated by direct computations of the local temper-
ature and densities (Panels f).

Therefore, we find a solid that is hotter than the liquid
in the GLM, even though the collisions are purely dissi-
pative. Surprisingly, in the A 4+ v model, where energy
is injected during collisions, the solid is colder.

Before delving into the theory explaining these in-
triguing results, we note that, both for the GLM and
the A + ~ model, the energy difference between the two
phases is rather low (i.e. between 0.1 and 0.3 %). This
rather small temperature difference ultimately stems
from the small density difference between the liquid and
the solid, as well as our choice of parameters, which keeps
the system relatively close to equilibrium. Maintaining
this proximity to equilibrium is essential for the validity
of the theoretical framework we will develop. Addition-
ally, we point out that in the GLM, further increasing
dissipation readily leads to a continuous phase transition
and the disappearance of the phase coexistence. This
phenomenon is discussed in greater detail in Appendix B.

III. THEORY

A. Equilibrium argument for the temperature
difference

In order to gain intuition about the surprising results
concerning the temperature of both phases, we provide
an intuitive argument grounded on an equilibrium de-
scription. Assuming the system remains close to equilib-
rium, we will for now utilize equilibrium results for the
pressure to infer the possible temperature difference be-
tween the two phases that are slightly out of equilibrium.

Consider a coexistence between a liquid and a solid of

hard disks at equilibrium. For hard disks, the pressure
can be directly related to the contact value g+ of the
pair correlation function [96]:

4¢

s

p (0. T, ¢9") = ——T(1+2¢g"). (5)
Note that even in equilibrium, we still define T as the
average kinetic energy of a particle (see Eq. (3)). The
constraint of mechanical equilibrium between the solid
and the liquid phase can therefore be written as:

¢ST(1 + 2¢sg;r) = ¢ZT(1 + 2¢lgl+)a (6)

where g and gl+ are the equilibrium pair correlation
function at contact in the solid and in the liquid respec-
tively. Note that the temperature 7' is the same for
both phases, as we are considering an equilibrium sys-
tem. Since ¢ > ¢y, it follows from Egs. (6) that:

b9 < dug; (7)

Moreover, the pressure of a hard-disk system is directly
connected to the rate of collisions [96], leading to the
Enskog expression for the collision frequency w [97]:

w(T,g™) =8pg™+/T/o?Tm, (8)

which holds exactly in equilibrium. We will later check
the validity of this assumption, especially in the solid.
This implies from Eq. (7) and (8) that the collision fre-
quency in the solid is lower than in the liquid at coexis-
tence:

w(T, $sgt) < w(T, drg;"). (9)

In other words, the increase in density in the solid is
compensated by a decrease in the collision frequency,
such that the momentum exchange rate—or equivalently,
the pressure—remains the same in both the liquid and
the solid phases. We now assume that, close to equi-
librium, the collision frequency in the coexisting liquid
is still higher than in the solid. Under this approxima-
tion, in systems where energy is dissipated during col-
lisions, the liquid phase is expected to be colder than
in the coexisting solid. The same argument suggests a
higher temperature in the coexisting liquid than in the
solid when energy is injected during collisions. However,
outside the coexistence region, the collision rate increases
monotonically with density, causing temperature to de-
crease with density for dissipative collisions and increase
when energy is injected at collision. This contrast be-
tween inside and outside the coexistence region explains
the non-monotonic trend of the energy in both models
shown in Fig. 1.

In this argument, we assumed that the non-equilibrium
systems we consider here can be regarded as small per-
turbations to an equilibrium system, such that g* and
the temperature of the system are only weakly affected
by the introduction of non-equilibrium effects. Although



this equilibrium picture provides an intuitive argument
for the expected behavior of the temperature difference,
it leads to an internal inconsistency, where we use the as-
sumption of thermal equilibrium to show the emergence
of a temperature difference. In the next section, we ex-
plicitly take the temperature difference between the two
phases into account in our analysis to derive it in a con-
sistent way.

B. Non-equilibrium derivation of the temperature
difference

We now take into account the non-equilibrium nature
of our system. Assuming that velocities follow a Gaus-
sian distribution and are uncorrelated before collisions,
we find that the pressure p in either phase can be writ-
ten as (see Appendix A):

p(6, T, ¢g™) = % 7+ 69" (1 + )T +28V7mT )],
(10)
where we still find the ideal contribution and the virial
contribution proportional to (1 4+ )7 which represents
momentum redistribution due to particle interactions.
A new term proportional to A emerges from non-
equilibrium velocity injection during collisions [98].
The steady state temperature arises from a balance
between dissipation and energy injection [83]. Under the
same assumptions as for the pressure, it can be shown

that (see Appendix C):

w +
% (mA2 +aAVTmT — (1 - O‘Q)T) (11)

—29(T = Tp)) = 0.

The first term of Eq. (11) represents the rate of energy
change due to collisions, with the expression in paren-
theses describing the average energy change per collision.
The second term accounts for energy exchange with the
thermal bath. A crucial consequence of Eq. (11) is that
the temperature depends on the density only through the
frequency of collision. Therefore (far from the solid-liquid
interface and when v # 0) the temperatures of the coex-
isting phases can be assumed to depend solely on their
respective values of ¢gt.

This approach assumes that the velocity distribution
remains approximately Gaussian and that velocities are
uncorrelated during collisions. Together, these assump-
tions lead directly to Enskog’s formula for the collision
frequency (Eq. (8)), which we apply here. However, since
we are interested in dense fluids and solids that, in princi-
ple, lie beyond the domain where Enskog theory applies,
it is essential to test these assumptions. To this end,
in Fig. 2a) and c), we compare measured temperatures
to theoretical predictions for both the A + v model and
the GLM, respectively. These predictions were obtained
using direct measurements of g* and the numerically
calculated root of Eq. (11). Overall, the theory agrees
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FIG. 2. Comparison between kinetic theory predictions and
measured values of temperature. Panels a) and b) show
the temperature predicted by kinetic theory (using measured
values of g*) compared to the directly measured temper-
ature for the A 4+ v model. The Error is calculated as
(Tmeasured — Ttheory)/Ttheory. Panels ¢) and d) present the
same comparison for the GLM. Both models are simulated
utilizing the same parameters as in Fig.1.

well with numerical data, as demonstrated by the errors,
see Fig. 2b) and d). Notably, for the A + v model, the
theory underperforms in the dilute limit due to an ab-
sorbing phase transition near ¢ ~ 0.25, where molecular
chaos significantly breaks down [73, 99]. In contrast, the
GLM behaves as expected: the theory is accurate at low
densities but becomes less reliable as the packing frac-
tion is increased. It may seem surprising that Enskog’s
theory, often considered valid only in the dilute limit,
performs well here, even under non-equilibrium steady
states. For instance, the theory is known to inaccurately
predict transport coefficients, such as viscosity, in dense
fluids [100] as these predictions are highly sensitive to
collective effects and long-time tails [100] that Enskog’s
framework cannot capture. However, quantities such as
the collision frequency that depend solely on the local
environment are less affected by these non-local features.
Based on these results, we conclude that the kinetic the-
ory can be trusted to accurately predict temperatures
within the parameter region studied (a > 0.95).

The results presented in Fig. 2, show that the theory
predicts well the non-monotonicity of the temperature.
However, it requires measuring the values of g*. While
equilibrium predictions [100] proved to be good approxi-
mations for driven dissipative systems [73, 101-103], we
will demonstrate that we can make useful predictions
about the temperatures of both phases in the coexistence
region of non-equilibrium hard disk systems without re-
sorting to this approximation or relying on any equation
of state.

Having tested the validity of our approximations as a first
step, we note that mechanical stability still requires the



equality of pressure of both phases:

p(bs, Ts, 0s98) = p(d1. Ty, pug)"). (12)

For simplicity, we assumed flat interfaces between the
phases, avoiding the need to account for Laplace pressure
and other interfacial stresses [104], which could influence
the temperatures of each phase. The key insight is that
energy change at collision implies that the density depen-
dence of energy arises solely from the collision frequency,
which in the Enskog approximation depends on density
only through ¢g* (Eq. (8)). This means that ¢g* can
be found if the temperature is known. Indeed, we can
isolate ¢g™ in the equation for the temperature Eq. (11)
by inserting w defined in Eq. (8) into it:

_ oy/mm(T — Ty)
T (mA? + aAVTmT — (1 — a2)T)’
(13)
This allows us to eliminate the dependence on ¢g* in the
pressure Eq. (12):

p(9s,Ts,G(T5)) = p(en, T, G(T)). (14)

By eliminating ¢gT, the pressure now explicitly depends
only linearly on the density:

p(¢, T,6(T)) = ¢p(T,G(T)) (15)

where p is defined as:

olnp
p(T,G(T)) = —= 16
Bro(m) = L, (16)
which does not depend on ¢. Finally, using mechanical
equilibrium (see Eq. (14)) between phases and ¢ > ¢,
we find a non-equilibrium criterion:

p(Ts, G6(Ty)) < p(Ty, 9(T0))- (17)

Eq. (17) allows us to determine which phase is hotter
based on G, without needing to know an equation of state
or gT. For instance, if p(T') is a continuous and increasing
function of T, then Eq. (17) implies Ts < T;. However,
if p is non-monotonic, the temperature comparison be-
comes more complex.

C. Hotter or Colder solid?

We first focus on the A + v model (T, = 0). In this
model, p is a continuous and monotonically increasing
function of the physically accessible granular tempera-
tures (see Appendix D). Consequently, from Eq. (17), we
find that:

TAYY < TR, (18)

As confirmed by our simulations, the temperature of the
solid is predicted to be lower than that of the liquid,

regardless of the parameters A > 0 and v > 0. Note that
this theory still assumes molecular chaos and a Gaussian
velocity distribution, therefore it should only be trusted
near equilibrium conditions.

The theory for the GLM (A = 0) is more intricate than
that of the A 4+« model. For this model, we obtain (see
Appendix E):

FEM(TY = T, T (1 FA(L - T)T*/?) . (19)

with:

Tor/m, and A=Y o o)
2(1 — )

A is a dimensionless parameter such that, at the Gaussian

level, A — oo corresponds to the equilibrium limit. Since

the thermal bath is the only source of energy injection,

the physical temperatures are constrained by 7' < 1.
For A > 1, p is continuous and decreasing for T' < 1,

leading to the result:

TFM < TSIM when A > 1. (21)

This explains the outcome observed in Fig. 1, where the
solid was found to be hotter than the liquid in the GLM
(with A ~ 10?).

However, in the strongly non-equilibrium case where
A < 1, unlike the A + v model, p is not monotonically
increasing, complicating the analysis. Nevertheless, we
saw in Appendix B that for these small A the liquid-
solid transition was most likely always continuous (i.e.
without phase coexistence).

IV. DISCUSSION

Our investigations have shown that, in a granular sys-
tem, the solid phase in a solid-liquid coexistence can in-
deed be hotter than the liquid. A heuristic, equilibrium-
based argument for this counterintuitive result is that,
at coexistence, the collision frequency in the solid phase
is lower than in the liquid phase. Therefore, in systems
where energy is dissipated through collisions, it is natural
to expect the solid to be hotter than the liquid, even if
the former is denser than the latter.

Although these heuristic arguments provide an intu-
itive explanation for our findings, they start from an equi-
librium assumption, with constant temperature through-
out the system, rendering them inconsistent when used
to predict temperature differences. The more rigorous
analysis in Sec. III overcomes this limitation by explic-
itly incorporating the temperature difference between the
two phases.

In developing the theory, we made certain assumptions
that may not strictly hold out of equilibrium. Specifi-
cally, we assumed molecular chaos and a Gaussian veloc-
ity distribution, which can easily break down [98, 105—
108], particularly in the solid phase. However, we show



that close to equilibrium, the predictions from kinetic
theory works exceptionally well even in the solid. We
also showed in Ref. 72 that the theory still works even
in a binary mixture where energy equipartition between
small and large disks does not hold. Extensions beyond
the Gaussian assumption are possible [98, 105, 109, 110]
but fall outside the scope of this article.

The models we introduced are simplified compared to re-
alistic granular experiments, such as quasi-2D vibrated
granular matter. As a first step, the analysis performed
on the two limiting models can be extended to the full
system with A # 0 and T # 0. However, nothing
too surprising emerges from this extension: either the
bath or A dominates the energy injection, and the tem-
perature difference follows. In more realistic systems
of quasi-2D vibrated monodisperse granular beads, the
dense phase was always found to be colder than the dilute
one due to effects not accounted for in our simplified 2D
model: bistability of the grain-plate dynamics [67, 111],
strong vertical confinement [63], dynamical instabilities
[48, 50], non-homogeneous energy injection [58] among
others. While our study has the merit of showing that
the temperature difference commonly observed in granu-
lar system cannot be solely explained by dissipative col-
lision, a crucial next step would be to incorporate these
factors into our model to gain a better understanding of
what governs the temperature difference between the two
phases. Conversely, from an experimental standpoint, it
would be interesting to optimize the realistic parameters
of the quasi-2D system to get as close as possible to the
effective GLM, and to investigate whether it is feasible
to obtain a monodisperse granular solid that is hotter
than its coexisting liquid. We also note that in multi-
component hard disk mixtures, where a variety of crys-
tal and quasi-crystal structures can form [74, 112-114], a
granular solid was observed to be hotter than the liquid
in a realistic quasi-2D vibrated system. This is because
collisions between some species are geometrically impos-
sible in a perfect crystal but not in the liquid, reducing
a source of dissipation only in the dense phase [72].

In active matter, motility-induced phase separation can
be realized by self-propelled macroscopic agents under-
going dissipative collisions [6, 46]. Since the phase
separation in these systems arises from a dynami-
cal instability associated with a reduction in effective
self-propulsion—and consequently in effective tempera-
ture—as the system’s density increases, it is unlikely that
the effect we have identified plays a significant role in
these cases.

Additionally, our theory assumes the solid-liquid tran-
sition is discontinuous. However, for the GLM, we
found that this is not always the case (see Appendix B).
This could be attributed to the softening of the ef-
fective interaction due to dissipative collisions [115—
117]. Indeed, particles with potentials softer than hard-
core repulsion are known to undergo the standard two
steps Kosterlitz-Thouless-Halperin-Nelson-Young melt-
ing transition [118-122] from a solid to a hexatic and

then from a hexatic to a liquid phase, which both occur
continuously [123, 124]. Lastly, the question of hexatic
order in these systems is of significant interest and was
not addressed in this study. Recent work has shown that
crystals formed in the A + v model exhibit translational
long-range order due to hyperuniformity [86, 125-127],
in striking violation of the Mermin-Wagner theorem. It
would be interesting to explore the impact of tempera-
ture difference and translational long-range order on the
nature of the melting of granular crystals.
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Appendix A: Determination of the pressure

The typical method for obtaining the pressure at equi-
librium is through the virial pressure formula. Out of
equilibrium, pressure can either be derived from the
Boltzmann equation or through a method analogous to
that used in equilibrium. In this work, we follow the lat-
ter approach. The pressure p in 2D systems interacting
through 2-body forces can be written as [128]:

N

4¢ 1
S N I A B L F

p o’ 2N (rij - Fij) |

i<j

(A1)

where Fj; is the force between particles ¢ and j. Simi-
lar to equilibrium systems, the Langevin thermostat only
contributes to the ideal part of the pressure and does not
affect the virial term, which arises from momentum ex-
changes between particles. Notably, Eq. (A1) can also
be derived from a direct evaluation of the momentum
exchange at a boundary.

The force between particles 7 and 7 can be derived from
the collision rule Eq. (1) using mdv;/dt = F;;:

1
Fj;=-m (;O‘vij G| + A) 6i;6(t —t59"), (A2)

with tgj‘?“ the time of collision between particle ¢ and j.
Eq. (Al) can be simplified using Enskog’s collision fre-
quency (C6), the expression of the instantaneous force
(A2) and the collisional average defined in Eq. (C5):

4 T, pg™ 1
p=2 rq mowdiogn) [t A
T 4 2 coll

= % {T+¢>g+x/f<(1 +04)\/T+2\/%A)} ,
o’m (A3)



which coincides with Eq. (10) in the main text.

Note that from the average we can also obtain an ex-
pression for the microscopic running pressure used in the
Event-Driven simulations to measure the pressure:

NT mo 1+« .
Pmicro = LmLy + QLILyt Z ( 2 (UU 0-1.7) + A) ’
coll-ij
(A4)
where t is the time simulation window and the sum is
over all collisions.

Appendix B: From discontinuous to continuous
liquid-solid phase transition

The liquid-solid phase transition in the GLM can be-
come continuous under certain conditions. In the equi-
librium limit A — oo, the model appears to transi-
tion from the liquid to the solid phase (most likely an
hexatic phase) in a discontinuous manner, as shown in
Fig. 3a). This is consistent with the known behav-
ior of equilibrium hard-disks [87]. However, as A de-
creases and dissipation becomes more significant, the
transition appears to become continuous, with no Mayer-
Wood loop [94]—indicative of strong, finite-sized interfa-
cial effects—observed in the pressure. This behavior is
reminiscent of the classical two-step Kosterlitz-Thouless-
Halperin-Nelson-Young (KTHNY) transition, where the
liquid-to-hexatic transition is continuous. It has been
shown that systems interacting with soft potentials —for
example, V(r) o r" with n < 6 — can follow the
KTHNY scenario in transitioning from the solid to the
liquid phase [123, 124].

In our system, the observed change in behavior as dis-
sipation increases may be explained by an effective soft-

J

ening of the hard-disk potential [115-117]. However, fur-
ther studies are necessary to fully understand the mech-
anisms underlying this change in the nature of the tran-
sition.

Interestingly, a loop in the energy is consistently ob-
served in Fig. 3b), regardless of whether the transition is
continuous or discontinuous. This suggests that even in
the absence of a first-order phase transition, the struc-
tural changes associated with the transition to the solid
phase lead to an increase in temperature around the tran-
sition point.

We finally note that a change from continuous to dis-
continuous in the liquid-solid transition was also observed
in an experimental vibrated granular gas in Ref. [75, 76]
upon changing driving parameters and in Ref. [60] while
changing the properties of the grains.

Appendix C: Determination of the temperature

We define the instantaneous energy of the system as
E =m/2 Ziil v?. From the collision rule, the energy
change during a collision is given by:

1—a?

AFE = mAQ—Fam(vij-&ij)A—m ('Uij'&ij)2~ (Cl)

The evolution of the temperature in the system is then
given by:

dT_g

E =3 <AE>c011 - 27(T - Tb)? (02)

where w is the collision frequency and (... )con is an aver-
age over collisions defined from the Boltzmann equation
as:

(A(vij,65))conl =

O is the Heaviside function that ensures only particles ap-
proaching each other are considered, |v;; - 65| can be in-
terpreted as a flux times a cross-section for the hard-disks
interaction, and ) (vy, vy, oi;) is the pair distribution
function of the velocities. Assuming molecular chaos with
Enskog’s extension, we simplify the two points velocity
distribution:

FO (vi,v5,645) ~ g* f(vi) f(v;), (C4)
where g is the pair correlation function at contact and
f(v) the distribution of velocity assumed to be a gaus-
sian. These assumptions of molecular chaos and gaus-

/dvi/dvy’/d&iﬁ(—vij - 6ij)|vij - 6| Avig, 645) fP) (vi, 05, 645)

/dvi/dvj/df’ij@(—% -63j)|vij - 6351 P (vi, 05, 645)

(

sianity of the velocity distribution let us approximate Eq.
C3 to the following form in 2D:

o /2 ) 1 mv?

mv? -5 5

/ dv/ dfcos(0)A(v,0)——=e 2 2T
0 —m/2 2T

(C5)

These assumptions also lead to the Enskog expression for
the collision frequency that we used in the main text:

w(T,pg") = (|v])/U(¢) = 869" \/T/(7m)/c.

<A>c011 =

(C6)
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FIG. 3. a) Evolution of pressure (in arbitrary units) as a function of density for the GLM, for various v and a (T = \/ma2/T).
b) Same as in a), but for the energy instead of the pressure (in arbitrary units). N = 10%.

Eq. (C6) can be equivalently obtained from the integra-
tion of the loss term in the Boltzmann equation. Indeed,
this integral computes the rate at which a particle of any
velocity changes velocity due to collision, which is by def-
inition the collision frequency [129].

Egs. (C5) and (C1) lead to the following equation for
the steady state temperature used in the main text:

0= %(mAQ—&—aA\/ﬂmT—T(l—oF))—27(T—Tb). (C7)

Appendix D: Details concerning the A +~ model

In the A + ~ model, T}, = 0, therefore G reduces to:

oy/mmT
T (mA2 + aAVTmT — (1 — a?)T)’
(D1)

¢g+ = gA-‘r’Y —

and pA17 reads:
PR =T+ g5(T) (1 +a)T +2AVamT) . (D2)

In order to know whether T is larger or smaller than T;
using the inequality p2 77 (Ts) < p2T7(1;), we must know
the variations of p. Direct computation of the derivative
of pA17 with respect to T leads to:

A+
dpdT =1+ (1 +a+ A\/Wm/T) gAY
dgA+'y

ar -’

+ (14 Q)T +22v/7mT)

using mA? + aAVrImT — (1 — o®)T = 44T/w > 0
(Eq. (CT)), we can show that dgdATH >0 and GATY >0
from which we obtain that dp®*7/dT > 0. This proves
that 217 is a continuous and increasing function of the
relevant temperatures.

Using the monotonous increase of 5217, we finally ar-
rive to our result:

ﬁA-i-v(TsAﬂ-v) < ﬁA+~/(TlA+7) = TSA-H < TlA+77 (D4)

which shows that the solid is colder than the liquid at
coexistence in the A + v model.

Appendix E: Details concerning the GLM

In the GLM, A = 0, therefore G simplifies to:

bgt = O™ — oymm(T, —T)

2(1— a2)T3/2 (EL

GLM 1eads:

p~GLM =T (1 4 QGLM(T)(l + a))
=TT (1 +A(L— T)T—3/2) :

and p
(E2)

with T = T/T, and A = 7027 V(ITZST" > 0 a dimensionless

parameter such that, when molecular chaos holds and
velocities follow a gaussian distribution, A — oo corre-
sponds to an equilibrium limit.
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FIG. 4. Typical behavior of 5™ and p*M(Ty) < p9™M(T})
for A >1and A < 1. a) and c) Evolution of 5% as a func-
tion of T. For A > 1, § is purely decreasing while for A > 1,
M has a change of variation at T*. b) and d) The cor-
responding regions which verify pS*™(Ty) < pS*™(T}). The
shaded regions are the region in which the inequality holds.
For A > 1, we obtain Ts > T;. However, for A < 1, bOtll
scenario are possible. Hence, determining whether T > T;
requires estimates for ¢g™.

Since the bath is the only source of energy injection in
the system, physical temperatures must respect T' < Tj,
and hence T < 1. We can therefore restrict our atten-
tion to the behavior of p¢*™ at T < 1. In order to
know whether Ty is larger or smaller than 7; using the
inequality pOMM(TEIM) < GGIM(TGLM) "o must know

the variations of pS“M . Direct computation of the deriva-

tive of "M with respect to T leads to:
d~GLM A o
pdT =T, (1 - 5(1 + T)T‘3/2> . (E3)

Eq. (E3) implies that M is decreasing from 0 to T*
and then increasing from 7™ to oo, where T™* is the unique
real root of Eq. (E3) given by a third order polynomial

10
in T1/2:

2T*)3/2 —A(14T*) = 0. (E4)

We now perform an asymptotic expansion around A = 1
where the solution 7* = 1 of the polynomial Eq. (E4) is
known:

A=1+¢

N ° ) E5
T =1+ Z a;e’. (E3)
i=1

Inserting Eq. (E5) in Eq. (E4) and solving order by or-
der leads the following approximation for the root of
Eq. (E3):

~ 1
T :1+(A—1)+§(A—1)2+0((A—2)3). (E6)
For A > 1, as it is clear that the exact root T*(A) is

monotonically increasing, it must satisfies T > 1, there-

fore, for the physically accessible temperatures (T < 1),

pCIM is decreasing which implies:

~GLM (TSGLM) < Z~)GLM (leGLM)

p
I A>1
G G
TEIM - GLM,

(E7)

This behavior of pSM is exemplified in Fig. 4a) and
the corresponding constraints on T and 7} are given by
Fig. 4b) where the shaded area are the region in which
the inequality Eq. (17) is verified.

In contrast, when A < 1, pGIM changes from being
decreasing to increasing at a value of T* between 0 and
1. Hence, the constraint on the pressure alone does not
determine which phase is hotter. This is exemplified in
Fig. 4c) and d). However in this limit, the system was
typically always observed to crystallize via a continuous
transition, rather than through a phase coexistence, in
numerical simulations (see Appendix. B).
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