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Quasicrystals are materials that exhibit long-range order without translational periodicity. In soft
matter, the most commonly observed quasicrystal has 12-fold symmetry and consists of tilings made
out of squares and triangles. Intriguingly, both in experiments and simulations, these tilings nearly
always appear with many point defects. These defects can be decomposed into squares, triangles
and an additional tile: a rhombus. In this letter, we explore how rhombus tiles change the entropy
of square-triangle 12-fold quasicrystals. We introduce a novel lattice-based Monte Carlo simulation
method that uses open boundaries to allow the concentration of different tile types to fluctuate.
Our simulations show that rhombus tiles significantly increase the configurational entropy of the
quasicrystal phase, enhancing its stability. These findings highlight the critical role of defects in

stabilizing soft-matter quasicrystals.

Quasicrystals are exotic materials that possess long-
range order despite lacking translational periodicity. Al-
though originally discovered in metallic alloys [I], re-
cent years have also seen the discovery of quasicrystals
in a variety of soft-matter systems, from nanoparticles
to granular matter [2HI2]. Arguably the most common
quasicrystal observed in soft matter is a two-dimensional
quasicrystal with a 12-fold symmetry, which can be de-
composed into a tiling consisting of squares and trian-
gles [2, M3HI5). Intriguingly, in both experiments and
simulations where these phases form spontaneously, the
resulting tilings always contain a high concentration of
point defects [7, @, [IT), 1T6H28]. Unlike point defects in
regular crystals, which typically take the form of vacan-
cies, interstitials, or antisite defects, these quasicrystal
defects appear as the introduction of new tile shapes
into the tiling. In the case of square-triangle tilings,
these defect tiles manifest as shield-like or egg-like de-
fects [, 19, 20} 22| 26H28], each of which can be decom-
posed into squares, triangles, and an additional rhombus-
shaped tile, as illustrated in Figure[I[a). The high preva-
lence of these defects suggests that they play an im-
portant role in the stability of soft-matter quasicrystals.
Moreover, the diffusion of defect tiles through a square-
triangle tiling has the side-effect of rearranging the un-
derlying tiling pattern, hence providing a mechanism for
the quasicrystal to sample the myriad of possible ran-
dom tiling realizations [I3]. Therefore, to understand the
thermodynamic stability of soft-matter quasicrystals, we
require an understanding of how these rhombus-shaped
defects affect the entropy of square-triangle tilings.

In this Letter, we use a novel tile-based simulation ap-
proach combined with free-energy calculations to explore
the effect of rhombus-shaped defects on the configura-
tional entropy of the dodecagonal square-triangle tiling.
In particular, we simulate systems with open boundary
conditions. In contrast to periodic boundaries, open
boundaries allow for fluctuations in the number, type
and orientation of all tile types, as well as fluctuations

in the global phason strain. This allows our simulations
to sample the equilibrium tiling structure independent of
the phase of the initial configuration. Using thermody-
namic integration, we map out the free-energy landscape
as a function of this biasing potential, and use the results
to extract the entropy as a function of defect tile concen-
tration. We show that in comparison to point defects in
traditional crystals, defects in quasicrystal tilings provide
a larger entropy gain, explaining the high concentration
of defects observed in a variety of soft-matter quasicrys-
tals.

Simulation methods have been developed to investigate
quasicrystals on a lattice, but they present two major
limitations for our purposes. First, they employ peri-
odic boundary conditions and rely on periodic approxi-
mants of the quasicrystal. This approach inherently dis-
rupts the aperiodicity of quasicrystals, which can alter
the defect concentration, making it difficult to infer the
true equilibrium defect concentration in the thermody-
namic limit. Second, existing methods are based on intri-
cate Monte Carlo (MC) moves, such as zipper moves[I3],
which maintain the number of different tiles. However,
proving their detailed balance is typically done on a case-
by-case basis. Extending these moves to include new tile
types and allowing for type fluctuations without violat-
ing detailed balance is complex and often impractical.
Therefore, these methods are not ideal for our study,
which focuses on the equilibrium concentrations of dif-
ferent tiles (or defects).

To address these issues, we introduce a novel simula-
tion method to explore lattice models under open bound-
ary conditions (OBCs) with a new set of Monte Carlo
(MC) moves, detailed in the Supplemental Material [29].
Our MC moves come in two types and can be adapted
to any tiling. The first is a local vertex move, where a
vertex rotates around a neighbor by 7/6, corresponding
to 12-fold symmetry. The second is a swap move, where
pentagonal patches—tiled either with a square and a tri-
angle or two rhombi and a triangle—are swapped. To



adapt these moves to other tilings, one simply adjusts
the rotation angle to match the tiling’s symmetry and
identifies a patch with multiple tiling configurations for
the swap move.

We implement OBCs in our model by incorporating a
confining line tension, denoted by -y, which contributes
to the potential energy as:

Us =L, (1)

where L is the perimeter of the tiling. This energy con-
tribution biases the system towards a simply-connected
configuration, meaning the tilings consist of a single is-
land without holes, while allowing the boundary shape
to evolve to the most favorable configuration. By us-
ing OBCs, we simultaneously: (i) allow the quasicrystal’s
shape to fully relax and (ii) enable boundary fluctuations
that facilitate the creation and annihilation of tiles. This
allows the number of tiles of each type and orientation to
fluctuate with a suitable set of MC moves, thereby over-
coming the limitations of periodic boundary conditions.

To understand the defect statistics of square-triangle
tilings using rhombus tiles as a proxy, we focus on the
effect of rhombus tiles on the entropy of the tiling. To
control the number of rhombi in our system, we introduce
a chemical potential-like energy contribution:

UR — €ERNR, (2)

where €p is the energy cost of adding a rhombus and ng
is the number of rhombi. This biasing potential allows
us to explore different tile compositions by varying eg.
The total energy U is then simply the sum of Egs. [I]
and |2} Using this potential, we simulate square-triangle-
rhombus tilings with biasing potentials fegr € [—1,7],
line tensions fvya € {3,4,5,6}, and the number of ver-
tices N € {996,2121,4123,8004}. Here, 8 = 1/kgT
with kp Boltzmann’s constant and T the temperature,
and a is the length of an edge. We initialize the simula-
tions with random inflationary Stampfli square-triangle
tilings of type [D, I] where D represents the size of the
initial square lattice and I is the number of inflations
performed on that square lattice [I3]. We measure the
boundary length, the number of different tiles, and the
edge and tile orientations of various realizations of the
square-triangle-rhombus tiling. A typical realization is
depicted in Figure [I[b).

As a first step, we explore the orientational ordering of
tiles and edges in our simulations. To achieve this, we cal-
culate the Fourier transform (2D structure factor) of the
vertices in our equilibrated patterns. As shown in Fig.
a—d)7 we observe clear 12-fold symmetry across a range
of biasing parameters eg. This suggests that the tilings
in our simulations remain in the quasicrystal phase. As
a second check of our simulations, we confirmed that our
patches of tiling remain compact (non-fractal) for the
range of line tensions explored. As shown in the SM [29],

FIG. 1. (a) The tiles and point defects in 12-fold symmetric
soft-matter quasicrystals. On the left-hand side, we depict
the square, triangle, shield, and egg tiles, in order, with the
latter two being the point defects. The dashed lines within
the point defects show their decomposition into a square, two
triangles, and an additional rhombus-shaped tile. On the
right-hand side, we depict our simplified model tiles using
the rhombus-shaped tile as the point defect representative.
(b) A sample snapshot from the open boundary simulation of
a square-triangle-rhombus tiling consisting of 256 vertices.

the average length of the perimeter scales with the square
root of the number of particles, confirming that in the
thermodynamic limit, the boundary becomes negligible.

We now explore the behavior of the concentration of
different tile types as a function of the biasing strength
er which tunes the propensity of the system to include
rhombi. Specifically, in Fig. [| (e), we plot the frac-
tion of the total area covered by squares, triangles, and
rhombi as a function of eg. We find that for the values of
Ber > —0.7, the area fraction of triangles remains fixed
at 1/2 within our error bars. This is consistent with what
we would theoretically expect for a globally uniform 12-
fold symmetric tiling[I3HI5], as also derived in the SM
[29]. This result is essentially independent of the biasing
potential and system size, and provides clear evidence
that our simulations are correctly sampling the space of
square-triangle-rhombus tilings.

In contrast, for the values of fegr < —0.7, we observe
that the area fraction of triangles starts deviating from
1/2. This suggests that either the global uniformity of
the system or its 12-fold symmetry is disrupted, both
of which may be attributable to a phase transition to
a more rhombus-heavy phase. As this Letter is focused
on the 12-fold symmetric phase, we do not explore this
transition in more detail.

In the 12-fold symmetric regime, the concentration of
rhombi goes down continuously as €r increases, with the
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FIG. 2. Ensemble averaged 2D structure factors of the tilings
at N = 8004, Bvya = 4, fer = (a) 0, (b) 2, (c) 4, and (d)
6. structure factors of single snapshots can be found in SM
[29]. (e) The area fractions of the tiles as a function of the
rhombus biasing potential. The number of vertices and the
line tension is color-coded as shown in the panel.

concentration of squares trivially increasing correspond-
ingly (as the three area fractions must necessarily add
up to 1). For sufficiently large eg = 6, the number
of rhombi becomes vanishingly small in comparison to
the total system size, bringing us essentially to the pure
square-triangle limit.

The key question that we would like to answer next
is how much the rhombi add to the total entropy of the
system. In other words, we are interested in the entropy

difference
AS(N,v,T,eg) = S(N,v,T,er) — Ssq—tx(N, 7, T), (3)

where S is the entropy of a tiling containing a finite con-
centration of rhombi (controlled by €r), and Sgq_¢y is the
entropy of a square triangle tiling without rhombi (which
occurs when e — 00). Note that in the thermodynamic
limit (N — 00), we expect the effects of the boundary to

become negligible, and hence
AS = NAs(Ber), (4)

with As the entropy difference per particle between
a pure square-triangle tiling and our square-triangle-
rhombus tiling. To calculate AS, it is convenient to first
calculate the Helmholtz free-energy difference AF', which
is related to the entropy difference via AF = AU —TAS.
Here, AU is the potential energy difference between a sys-
tem at finite e and a square-triangle tiling at eg — o0,
which is given by:

AU(Na e Ta eR) = €R <nR>N7fy7T7eR +
Y (Enmtn = Enairioe ) - (5)

Using thermodynamic integration, AF' can be calculated
from the data in Fig. 2fe) via

i ou
AF(N7’Y7T76R):/ d€IR<a> 5
€R N,v,T,ey

€R

oo
= / delR <nR>N,’y,T,e’R 9

€R

(6)

where (...) represents an ensemble average.

Note that if we want to calculate the total entropy of
our system, we have to combine AS with the configura-
tional entropy of the pure square-triangle tiling. For an
infinitely large system this has been calculated exactly
using the Bethe ansatz [30, [31], and is given by

Ssqftr
Nkp

= log(108) — 2v3log (2 + v/3) = 0.12005524. ..
(7)

From AU and AF, we calculate the configurational
entropy of our tilings as a function of e€g, and plot the
results in Figure [3[a). Note that we have included here
the base entropy of the square triangle tiling (dashed
line), using the infinite-system value. First of all, we
indeed find that for large systems, our results obtained
at different vy converge. Additionally, we observe a sub-
stantial increase in the configurational entropy per vertex
as the rhombus cost fer decreases. Specifically, at the
point where there is no rhombus cost (Seg = 0), the
rhombus area fraction approaches 0.306 + 0.001 and the
configurational entropy reaches a maximum. To inves-
tigate this point, we plot the finite-size scaling of the
entropy of the square-triangle-rhombus tiling at eg = 0
for different line tensions in Fig. [(b). When we fit a
line through the larger system sizes (indicated by filled
markers) for line tensions Sya = 4,5, 6, we observe that
all systems converge well at the infinite system size limit
(1/N = 0). Comparing the different line tensions, we
observe that the Sva = 3 case produces the largest devi-
ation, likely because the boundary fluctuations are more
prominent for low . Hence, it is excluded from the in-
finite system extrapolation to get an unbiased estimate.
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FIG. 3. Configurational entropy per vertex with respect to varying (a) rhombus biasing potential, (b) system sizes (at Ser = 0)
and (c) thombus area fraction. In panels (a) and (c), black dashed lines indicate the configurational entropy of square-triangle
tiling and the markers indicate the maximally random square-triangle-rhombus tiling, and the insets zoom in to the entropy
peak of the largest system size (8ya = 6 is drawn using dashed lines to increase visibility) . In panel (b), lines indicate linear
fits to the data where the smallest system size (N = 996) is excluded. The x marker at 1/N = 0 shows the entropy at infinite
system extrapolation obtained from the solid lines (8ya = 4, 5,6), which is given by S/kpN = 0.780+0.001. All error bars are
set to three times the standard error. The number of vertices and the line tensions are color-coded as shown in the figure. The
plots of individual curves in panels (a) and (b) can be found in the SM [29].

We find the configurational entropy of the infinite system
as 0.780 £ 0.001 kp per particle, which is approximately
6.5 times the configurational entropy of the pure square-
triangle tiling.

While €g is a useful control parameter in our simu-
lation model, in the context of comparing to observed
quasicrystals in literature it is more intuitive to exam-
ine how the entropy increase due to rhombi is related to
their concentration. To this end, we plot in Fig. c)
the same entropy data as in Fig. a), but as a function
of the rhombus area fraction p. We observe a sharp in-
crease in entropy as soon as even a small concentration of
rhombi is added to the tiling, with the entropy reaching
a maximum (as expected) for the rhombus concentration
corresponding to ez = 0.

The sharp increase at the start of the plot in Fig. c)
is interesting in the context of rhombic defects in oth-
erwise pure square-triangle tilings. In particular, it is
interesting to determine the amount of entropy added by
a single rhombus defect to the tiling. To put this in con-
text, adding a single point defect (vacancy or interstitial)
to a normal crystal would, in the thermodynamic limit,
add a total entropy of S; = log M to the system, where
M is the number of available lattice sites for the defect
(for a vacancy, M is generally just the number of parti-
cles). We can calculate the entropy gain of adding a single
rhombus tile to an otherwise pure square-triangle tiling,
by looking at the behavior of the number of rhombi as a
function of e€g in the limit of nearly pure square-triangle
tilings. When the concentration of rhombi is sufficiently
low, such that they do not interact, the number of rhombi

will scale as

ng = e—ﬁ(-:R—Q—ASl/kB7 (8)
where AS; is now the configurational entropy added by
creating a single rhombus. Note that extensivity of the
number of rhombi implies that AS; must of the form
AS1/kg = ¢+ log N, with ¢ a constant. In Fig.
we plot the defect concentration ng/N as a function of
€r on a logarithmic scale, and fit the high-er regime to
obtain the constant c. Extrapolating to infinite system
sizes, we obtain AS;/kp = 0.056(4) + log N, which is
considerably higher than the log N we would expect for
a simple vacancy in a crystal. Recall that the entropy
gain of adding an extra vertex to the tiling is approxi-
mately 0.12kp [30, BI]. Hence, in comparison to adding
a vacancy, including a rhombus defect adds nearly half
as much configurational entropy as one would gain when
adding an extra particle to the system. Moreover, by
considering that any configuration containing a rhombus
tile can be mapped to a configuration containing either
a shield or an egg tile, it is possible to predict that for
shield and egg defects, the combined entropy for includ-
ing a single defect is of the same order of magnitude,
corresponding to AST/kp ~ 0.022 +log N (see SM [29]).
This significant boost in entropy even for a single de-
fect provides an explanation for the prevalence of defects
in virtually all square-triangle tilings observed in soft-
matter systems [7, [9] [TT], 20H28].

In practice, the entropy gain of creating a defect in
a square-triangle must be compared to the free-energy
cost associated with creating such a defect at a specific
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FIG. 4. The ensemble average of the number of rhombus with
respect to varying rhombi biasing potential. The solid curves
indicate exponentially decaying fits to the tails of the data.
Error bars show three times the standard errors.

location. In our lattice model, this cost is zero, but for
a system of interacting particles at finite pressure, there
will always be a positive free-energy cost to creating a de-
fect. We note, however, that in the case of the shield and
egg defects typically found in square-triangle tilings, the
shield and egg defects (which each incorporate one rhom-
bus tile) are often the result of breaking up a vacancy into
two separate defects. This implies that the volume cost
— typically a key part of the cost of creating a defect — of
creating shield and egg tiles, is only half of that of a full
vacancy. Hence, the total free-energy cost of creating
rhombus-containing defects in square-triangle tilings is
low, which combined with the high entropy gain implies
that high defect concentrations should be expected.

We note that in order to quantitatively predict equi-
librium defect concentrations in an off-lattice model that
forms square-triangle tilings, our predictions of the con-
figurational entropy of defect formation need to be com-
bined with a determination of the associated cost or gain
in wvibrational free energy, corresponding to e€r in our
model. Existing theoretical and simulation-based meth-
ods can be used to explore the vibrational free energy
of quasicrystals, including density functional theory [32-
35], phase field crystal theory [36], B7], Lifshitz-Petrich
theory [38] [B9], and the Frenkel-Ladd method [19] [40-
13).

In conclusion, we introduce a novel simulation method
designed to explore square-triangle-rhombus tilings un-
der open boundary conditions by incorporating a confin-
ing line tension, and use it to analyze the configurational
entropy gain associated with adding rhombi to a square-
triangle quasicrystal. Our results show that rhombus de-
fects are significantly more entropically favorable than
conventional point defects in periodic crystals, explain-
ing the observed prevalence of these defects in soft-matter
quasicrystals. While we have focused here on the 12-fold

square-triangle quasicrystal, we strongly expect that this
result is general to the much broader set of thermody-
namically stable random-tiling quasicrystals, due to the
additional flexibility in tiling configurations offered by
the introduction of an additional tile shape.
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I. CONSTRAINTS ON THE DISTRIBUTION OF
TILES

Here, we investigate the theoretical constraints on the
tile compositions of 12-fold symmetric square-triangle-
rhombus tilings in the thermodynamic limit. To this end,
we follow the approach of Refs. [1-3]. We consider a large
patch of tiling, consisting entirely of squares, equilateral
triangles, and rhombi, all with identical edge lengths.
Such a tiling can be described by its area fractions of
squares, triangles, and rhombi of different orientations.
In particular, we denote the total area fractions of each
type of tile as

3 4 6
J:Zm, T=Z7’i, pzzpm (Sl)
i=1 i=1 i=1

with the subscripted area fractions o;, 7;, and p; denoting
the fraction of patch area covered by squares, triangles,
and rhombi of orientation ¢, respectively. We denote a
square of orientation i as an S; square, and similarly 7T;

* a.ulugol@uu.nl

and R; for triangles, and rhombi. Illustrations of each of
the tile orientations can be seen in Table S1. In total, this
corresponds to 13 degrees of freedom. In the following,
we derive constraints on this set of parameters in order to
make predictions about the tile concentrations for general
random square-triangle-rhombus tilings.

A. Constraint 1: Simply-connected tiling

The first assumption we make about our tiling that it
is free of holes and overlaps. In other words, there are
no tile shapes other than squares, triangles, or rhombi,
and that all space enclosed by the perimeter of the tiling
is covered by exactly one tile. This leads to our first
constraint on the tile concentration:

c+T+p=1, (S2)

which simply states that all of space must be covered by
tiles.

B. Constraint 2: Global uniformity

The second assumption we make about our patch of
tiling is that it is globally uniform: if we take a large
enough sub-patch of the tiling, it should have approxi-
mately the same tile concentrations as the overall patch,
regardless of the location of the sub-patch.

As shown in Ref. [1], the global uniformity condition
gives rise to the following constraint:

det (B) = (det B), (S3)

where B is the hyperslope of the mapping from the
parallel-space to the perpendicular-space representation
of the tiling. The hyperslopes of the individual tiles are
given in Table S1 (see also Ref. [3]).

For the square-triangle-rhombus tilings, the average
hyperslope-determinant is given by

3 4 6
(det B) =Y o;det Bs, + Y _idet By, + »  p;det Bp,
z:l3 ., =1 ] =1
= —ZUH-ZH‘—ZM
=1 =1 =1
=7—(0+p).



Similarly, the determinant of the average hyperslope is
given by
det (B) = 12(p1p3s — p1pa + p1ps + p2pa

— paps + paps + paps + P3ps — pP3ps)

+ 6(p103 + p201 + p302 + pacs + ps01 + peo2)

— 4(T1 7o + ToT3 + T3T4 + TaT1)

+ 3(0109 + 0203 + 03071)

+7%— (0 +p)>

(S5)

C. Constraint 3: Rotational symmetry

Finally, in order to restrict ourselves to quasicrystalline
tilings with 12-fold symmetry, we impose that for each
tile, all orientations occur equally frequently:

o T p

Z, T — g, pz:é (SG)
As aresult of this, the right-hand side of Eq. S5 vanishes,
and hence Eq. S3 reduces to:

T—(0c+p)=0. (S7)

g; =

Finally, combining equations (52) and (S7) yields the the-
oretical constraints on the area fractions [3]:

T =

oct+p=_. (S8)
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TABLE S1: The properties of the different tile orientations
encountered in a square-triangle-rhombus tiling. The areas
are given for edges of length a. The hyperslopes are the Ja-
cobian matrices of the mapping of vertices between parallel
and perpendicular space.

II. METHODOLOGICAL DETAILS

In this section we introduce the details of the open
boundary simulations and describe the analysis methods
for the square-triangle-rhombus tilings. We start by de-
scribing our model, in particular, how the open bound-
aries and tile biasing are introduced. Then, we describe
how the initial square-triangle tiling is generated. Next,
we introduce the vertex and swap moves for the Monte
Carlo simulation. Finally, we explain how the simulation
data is analysed, i.e., how the unbiasing and thermody-
namic integration is performed to obtain the configura-
tional entropy of square-triangle-rhombus tiling.

A. Open Boundaries and Tile Biasing

Putting quasicrystals into a periodic simulation box
necessarily breaks the inherent aperiodicity of the qua-
sicrystal, making it difficult to unravel in simulations
whether defects appear due to kinetic trapping or their
influence on the free energy of the system. In an effort
to address this, we introduce a new simulation method
designed to explore square-triangle-rhombus tilings un-
der open boundary conditions by incorporating a con-
fining line tension, denoted by . Specifically, in our
simulations we consider a single patch of square-triangle-
rhombus tiling on a quascrystalline lattice, and include a
boundary contribution to the potential energy, given by

Up =L, (89)

where L denotes the circumference of the tiling. This
contribution biases the system towards compact config-
urations while letting the tiling evolve to most favorable
boundary shape for a given value of v. Note that in
the thermodynamic limit (N — o0), the effects of the
boundary are expected to vanish and hence in this limit
our results should become independent of our choice of
.
To control the tile composition of the system, we in-
troduce a chemical potential-like energy contribution for
every tile type,

Ur = Z €T,

teT

(S10)

where €;, n; are the energy contribution and the num-
ber of tile type t. The set of tile types is defined as
T ={S, T, R} representing squares, triangles and rhombi

€2

FIG. S1. Possible connected neighbor positions of a vertex.

respectively. Using this biasing potential, we can explore
the free energies of different tile compositions by changing
the energy contribution of each tile type. For the purpose
of this paper we focus on systems where eg = ep = 0,
and hence only vary eg.

With both energy contributions, Eqs.(S9,510), com-
bined, we arrive at the total energy that we use to simu-
late the system,

U=Ug+Ur =~L+ erng. (Sll)
Having established the model, we proceed with the in-
troduction of the simulation details.

B. Markov-Chain Monte Carlo Simulation

Here we consider Markov Chain Monte Carlo (MCMC)
simulations of tilings with a fixed number of vertices and
let the number of squares, triangles, and rhombi fluctu-
ate. We use two types of MC moves: (i) vertex moves
and (ii) swap moves. The vertex moves enable local re-
arrangements of the tiling and the swap moves enable
non-local transport of vertices. We provide the details of
these moves in the following.

1. Vertex Moves

To construct a vertex move, first, we need to identify
every possible position a vertex can have with respect to
its neighbours. When we consider every orientation of
the allowed tiles, we find that the relative position of two
connected vertices can assume twelve possible vectors as
shown in Figure (S1) where every subsequent vector is
a m/6 rotation of the previous. Therefore we perform
our simulation on a quasicrystalline lattice where each
potential vertex location is connected to 12 others. One
way to construct a vertex move is to choose a pair of
existing connected vertices and rotate one of the vertices



around the other by an angle of 7/6 clockwise or counter-
clockwise. This type of vertex move enables tile propa-
gation in the bulk and tile creation/annihilation at the
boundary. However, this move should be implemented
with care to allow only square, triangle, and rhombus
tiles to exist and obey detailed balance. Our implemen-
tation of the vertex move consists of eight steps:

1. Choose a random vertex, 4, in the tiling to displace.

2. Choose a random direction out of the 12 possible di-
rections that a connected neighbor of vertex i could
occupy.

3. If there is a vertex in the randomly chosen direc-
tion, identify it as the vertex j. Otherwise reject
the move. Vertex j is the pivot of vertex i’s rota-
tion.

4. Choose a random rotation direction, i.e., clockwise
or counter-clockwise. Rotate vertex ¢ around vertex
j by /6 in the chosen direction.

5. If vertex i overlaps with another vertex, reject the
move.

6. Check the tiles which are altered by vertex i’s move-
ment. If there is an invalid tile, i.e., a tile which
is not a square, a triangle or a rhombus, reject the
move. An example is depicted in Figure (S2)

7. Check if the tiling remains connected. If the tiling
separated into multiple disconnected pieces, reject
the move.

8. Accept the move with probability,

Pace(i — f) = min (1,e*ﬂ<Uf*Ui>) , (S12)
where U, s are the potential energies of the initial
and final state given by Eq. (S11). Note that 5 =
1/kpT is the inverse thermal energy.

Since this implementation of the vertex moves propagates
the tiles in the bulk without changing the tile counts or
the boundary length, valid bulk moves are always ac-
cepted. A sample vertex move in bulk is depicted in Fig-
ure S3(a). Moreover, the fluctuations on the boundary
facilitate the creation and the annihilation of different
tiles. Therefore, the dynamics of the MCMC algorithm
can be summarized by (i) tile creation/annihilation at
the boundary and (ii) propagation of tiles in the bulk.
However, due to many validation steps in the algorithm,
the majority of the proposed moves end up being invalid,
resulting in relatively low acceptance rates.

2. Swap Mowves

To improve the equilibration times we propose another
type of move which we call a swap move. To construct

FIG. S2. The red vertex attempts to rotate clockwise around
the blue vertex by an angle of 7/6. (a) The move results in a
valid tiling and may be accepted. (b) The move results in an
invalid tiling and is rejected.

(a)

FIG. S3. Sample vertex moves in (a) bulk and at (b) the
boundary.

this move, we focus on the pentagonal patches in the
square-triangle-rhombus tiling. In our system there is
only one allowed pentagonal patch, whose internal angles
are (/3,57 /6,7/2,7/2,57/6). As shown in Figure (S4),
this pentagonal region has two different decompositions:
(i) it can be decomposed into a square and a triangle,
which we call the “house” configuration or (ii) it can be
decomposed into two rhombi and a triangle, which we
refer as the “R2T” configuration.

After we identify these patches in the tiling, we per-
form the move by swapping a random pair of disjoint
house and R?T patches as seen in Fig(S5). Therefore,
we implement the swap moves in three steps as:

1. Identify all house configurations in the tiling and
randomly choose one.



(a) (b)

FIG. S4. The decompositions of the pentagonal patch: (a)
the house configuration and (b) the R*T configuration.

FIG. S5. An example of the swap move.

2. Identify all R?>T configurations in the tiling and
randomly choose one.

3. If the chosen house and R2T configurations are not
disjoint, reject the move. Otherwise, accept the
move and swap the configurations.

As the number of house and R2T configurations do
not change with swap moves, detailed balance is trivially
satisfied. Moreover, since the swap moves do not change
either the tile counts or the boundary length, they do not
cause a potential energy change and are always accepted
if they are valid. This results in a high acceptance rate.
The non-local nature of the swap moves enables rapid
rhombi propagation from boundary to bulk. This pro-
motes local bulk rearrangements via vertex moves and
speeds up the equilibriation process.

In the following subsection, we explain how we use
the simulation results to calculate the configurational en-
tropy of the square-triangle-rhombus tiling.

C. Configurational Entropy Calculation

To calculate the configurational entropy of the square-
triangle-rhombus tiling, we first calculate the free energy
of the tiling using thermodynamic integration with the
pure square-triangle tiling as the reference state. Thus,
the free energy of the square-triangle-rhombus tiling is
given by

F(Na v T7 6R) = qu—tr(Na e T) - AF(Na v Ta 6R)
(S13)
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FIG. S6. The ensemble average of the number of rhombi with
respect to varying rhombi biasing potential.

where the free energy difference AF(N,~,T;eg) is

< dF(N,7,T;
AF(N,%T;eR):/ ae, 1 Tier)
€R dER

:/Ood€,1%<dU> , (S14)
€R dER N,v,T,ey

= k'BT/ dE/R <nR>N,’Y,T,6/R7

€R

where (...) represents an ensemble average. The free
energy difference depends on the ensemble average of the
number of rhombi, <nR>N,'y,T,EZR’ in the tiling. Therefore,

we need the functional form of this quantity to perform
the thermodynamic integration.

The family of the functions that can describe the num-
ber of rhombi has three physical constraints that we
need to impose: number of rhombi has to (i) decrease
monotonically with increasing eg, (ii) approach N when
er — —oo, and (iii) decay to 0 exponentially when as
er — c0. When we impose these constraints and inspect
our simulation results shown in Figure (S6), we see that
the number of rhombi is well fitted by the function given
by

(MR) N~ Ten _ 1+ ppe—Blen—nr)/2 .

N eBler—1Rr) 4 ppe—B(er—pr)/2 4 2

where pp is the offset energy, and vg > 0 is the shape
parameter. Here, we observe the offset energy, and the
shape parameter are parameters that depend on the sys-
tem size and line tension listed in Table S2.

Then, we can obtain the closed form expression for the
free energy difference by plugging Eq.(S15) into Eq.(S14)



N _|Bya||Bur| v | Bre | vo |Bpr| vi |Leo/Na| w

996 | 3 (/0.06]/0.42(-0.46(0.23|1.80(0.18| 0.13 [1.39
996 | 4 ||0.08{0.42(-0.44]0.23|1.68|0.20| 0.12 |1.39
996 | 5 |/0.11]0.42]-0.42|0.22|1.49|0.25| 0.12 |1.27
996 | 6 |/0.16]0.40(-0.36]/0.20|1.32|0.31| 0.12 |1.17
2121 3 1(/0.06]0.44|-0.48|0.23(1.96|0.13| 0.09 |1.72
2121 4 1(/0.08]0.43]-0.47|0.22(1.70|0.19] 0.08 |[1.41
2121 5 ({0.09]0.43]-0.45(0.21{1.47|0.23| 0.08 |1.33
2121| 6 |/0.11]0.44(-0.44|0.22]0.86(0.42| 0.08 [0.97
4123 3 |/0.06]0.45(-0.49|0.21|1.67]|0.20f 0.07 |1.26
4123 4 1{/0.07]0.44]-0.49]0.21|1.63|0.19| 0.06 |1.34
4123 5 {/0.08{0.44|-0.47]0.20|1.33|0.26| 0.06 |1.17
4123 6 {{0.11{0.43|-0.45/0.19|0.69|0.43| 0.06 |0.97
8004| 3 [/0.05{0.46(-0.52/0.26|1.74(0.18| 0.05 [1.29
8004| 4 |/0.07|0.43|-0.51]0.23|1.17|0.28| 0.04 |1.13
8004| 5 |/0.07]0.43|-0.50{0.22|1.10|0.32| 0.04 |1.12
8004| 6 |/0.08(0.42(-0.49]0.22|1.69/0.18| 0.04 |1.46

TABLE S2. Fit parameters of Eqgs.(S15, S19, S20) for the
simulation data at different system sizes and line tensions.

and performing the integral. This yields,

(1 + vgzk) log(—2k)
4 4 3vRz

3
AF(N,v,T;er) = —2NkpT|
k=1

3 14+ VRZk log( —B(er—pr)/2 _ Zk)
Z 4+ 31/Rzk

k=1

(S16)

where z; are the three solutions of the following cubic
equation,

vRZp +222 +1=0.

To calculate the entropy, we recall the fundamental
identity, FF = U—TS, relating the energy and the entropy
to the free energy. Then, we can rewrite the free energy
difference AF(N,v,T;eR) as

AF(N’ v T7 GR) = AU(Na s T7 ER) - TAS(N7 GR)v
= epnp(N,v,T;€er)
0 [L(vaa T; OO) - L(Nv’YvT; 6R)}
= T'[Ssq—tr = S(Ns€r)]
(S17)
where in the first line of the second step, we used egng —
0 as eg — 0o. Furthermore, the configurational entropy

of the square-triangle tiling per vertex is exactly calcu-
lated in the literature [4, 5] using Bethe ansatz to be

Ssq—tr

= log(108) — 2v3log (2 +v/3) = 0.12005524. ..
Nkg

Then, we can rearrange Eq.(S17) to obtain the configu-
rational entropy of the square-triangle-rhombus tiling as

!
i
i
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FIG. S7. The ensemble average of the boundary length with
respect to varying rhombi biasing potential.

a function of the measurable quantities as
S(N;GR) _ sq tr BeR <’I’L >
Nkp Nkp N EINaTen
By
+ W |:<L>N,’Y,T,ER - <L>N,'y,T,ooi| (818)

1
- NBAF(Na’YvTv 6R)7

where (nR)N777T7ER and AF(N,~,T;eg) are given by Eq.
(S15) and Eq. (S16) respectively. To calculate the con-
figurational entropy from our simulations, we still need a
function describing the behavior of the boundary length,
(L) N7 pp- Similar to the number of rhombi, the bound-
ary length is also bounded from above and below. In
particular, the bounds are given by

V27N < Lja < 2N —2,

where a is the tile edge length, the lower and the upper
bounds are the circular rhombus tiling and linear chain
limits, respectively. Upon inspection of our simulation
data as seen in Figure S7, we observe that the boundary
length follows a generalized logistic function given by

Lo — V21N

27TN + (1 + e—wﬁ(ER—HL))VL ’

<L>N,’Y,T,6R = (819)

where L., is the boundary length at the square-triangle
tiling limit, py, is the offset energy, vy, > 0 is the shape
parameter, and w > 0 is the tail parameter. Similar to
the number of rhombi, we observe that the fit parame-
ters depend on the system size and line tension as listed
in Table S2. Then, when we plug Egs.(S15, S16, S19)
into Eq.(S18), we get the configurational entropy per ver-
tex parameterized by the rhombus biasing potential eg.
Moreover, the size dependence, N, drops out in the infi-
nite system limit since entropy per vertex is an intensive
variable. Thus, we define the configurational entropy per
vertex as

S(N;ER)'

s(er) = ——
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FIG. S8. 2D structure factors of single snapshots of the tilings
at N = 8004, Sya = 4, Ber = (a) 0, (b) 2, (c) 4, and (d)
6. The structure factors are Gaussian blurred with standard
deviation 0.07/a to increase visibility.

Finally, we parameterize the area fraction of rhombi
similar to ng as

1+ Vpe—ﬂ(ER—up)/Q

= 520
<p>N,'y,T,eR eﬂ(ﬁRfﬂﬁ)+Vp€7'8(6R7“p)/2—|—2’ ( )

where the fit parameters are listed in Table S2. Then the

configurational entropy per vertex, s(p), is fully charac-
terized by Eq.(S18) and Eq.(S20).

III. 2D STRUCTURE FACTORS OF SINGLE
SNAPSHOTS

Here we show that the 2D structure factors of single
snapshots of the tiling remains consistent with 12-fold
symmetry as seen in Fig S8.

IV. ALTERNATIVE REPRESENTATION OF
THE PLOTS FROM FIGURE 2 A & C FROM
THE MAIN TEXT

Due to the overlap of the curves in Fig. 2(a,c),
we present them in an alternative way in Fig. S9
and Fig. S10 to improve clarity. Specifically, using
Niet = 4123, Byera = 4 as a reference point, we define
the relative configurational entropy as §S(N,v,er) =
S(N,v,€r) — S(Nret, Yret, €r). The corresponding rela-
tive configurational entropies are then plotted against
the rhombus biasing potential (ez) and the rhombus area
fraction (p).
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FIG. S9. Relative configurational entropy per vertex as a
function of the rhombus biasing potential. Shown is the
difference with respect to a reference system with Nyer =
4123, Byreta = 4.
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FIG. S10. Relative configurational entropy per vertex as a
function of the rhombus area fraction. Shown is the difference
with respect to a reference system with Nyer = 4123, Byrera =
4.

V. MAPPING RHOMBI INTO SHIELDS AND
EGGS

Since shield and egg tiles can each be decomposed into
a square, two triangles, and a rhombus, as shown in Fig.
S11, we can construct a map between square-triangle-
rhombus tilings and square-triangle-shield-egg tilings in
the limit where rhombi are sufficiently far away from each
other.

To understand the mapping, we analyze the entropy
contributions of configurations with a single rhombus tile
and their corresponding shield-egg tilings. This mapping
provides insights into the relationship between the en-
tropy of rhombus defects and that of shield/egg defects.

When we start with a configuration containing exactly
one rhombus, it can be mapped into a square-triangle-
shield-egg tiling in two distinct ways by choosing which
obtuse-angled vertex to take out. From local neighbor-
hood mapping results shown in Fig. S12, we observe that,



FIG. S11.

Square-triangle-rhombus decorations of (a) the
shield and (b) the egg tiles. In panel (b), the first row shows
the decorations of left-handed egg and the second rows shows
the right-handed egg.

0.6

___________________________ -
DOOO..0.0..OO..0.0...O....“

¢  Shield
® Egg

Defect Fraction
(en)
Ut

<ndefect > / <nR>

0.2 .

0 2 4 6
Ber

FIG. S12. Defect fraction and number of defects as a function
of Ber for shields, eggs defects mapped from rhombi. In the
upper panel, dashed and dotted lines correspond to the values
4/7 and 3/7, respectively. In the lower panel, dashed and dot-
ted lines correspond to the values 4/7 and 2/7, respectively.
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FIG. S13. Finite-size scaling of the configurational entropy
difference, AS:1/kp — log(N), as a function of the inverse
square root of number of vertices, for various line tensions
Bva. Linear fits demonstrate that the entropy converges
to 0.056(4) (the x marker) in the thermodynamic limit

(1/v/N = 0).

in the limit of low rhombus concentrations, we can map
the rhombi to shields and eggs with the probabilities 3/7
and 4/7, respectively. However, due to the different deco-
rations of the shield and egg tiles (i.e. the single-rhombus
decorations shown in Fig. S11), shields are overcounted
by a factor of 3, and eggs are overcounted by a factor of
2 in this mapping. To correct for this overcounting, we
compute the number of distinct valid tilings that emerge
from a single rhombus configuration.

For each rhombus, the average number of shield tiles
generated is:

(nsn) L. 3_2

—9xix2_*%
gy - 3%777

where the factors represent the choice of obtuse-angled
vertex to take out, the overcounting-correction due to
decorations and the mapping probability to a shield, re-
spectively.
Similarly, the average number egg tiles is:
(nEgg) :2><1><é:é
(ng) 2 7 7

Thus, each tiling with a single rhombus generates an av-
erage of 6/7 tilings with either a shield or an egg, with
eggs occurring twice as often as shields. This latter ratio
can likely be attributed to the fact that egg tiles are chi-
ral, and hence can occur in a left-handed or right-handed
conformation, which cannot be mapped onto each other
via rotation, as shown in Fig. S14(b). Hence, based on
our measurements in Fig. S12, we predict that in the set
of configurations with a single shield/egg defect, shields,
left-handed eggs, and right-handed eggs all occur at the
same frequency, and hence that these defect types have
identical effects on the entropy of the tiling as long as
they do not interact.



(a) (b)

FIG. S14. Two chiralities of the egg tile: (a) left-handed egg,
(b) right-handed egg.

As the transition from a rhombus to a shield or egg
defect involved deleting a vertix, we finally have to re-
place the missing vertex. This placement contributes an

additional entropy of sgq—mr = 0.12kp

Combining these factors, the entropy of a single
shield/egg defect is related to the entropy of a single
rhombus defect as follows:

ASl,Sh/Egg _ ASLR +10g § + 5Sq—Tr
kg kg 7 kg
~ 0.022 + log N.

(S21)

This is noticeably lower than the AS; r/kp ~ 0.056 +
log N we found for a rhombus defect.
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