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PROPAGATION OF CHAOS IN FISHER INFORMATION

JULES GRASS, ARNAUD GUILLIN, AND CHRISTOPHE POQUET

Abstract. We present a new method for proving sharp local propagation of chaos in
Fisher Information for particles in R

d with smooth interaction and drift. We rely on a
new Lemma computing the Fisher Information of two diffusion processes with smooth
drifts and fine estimates on the hessian of the law of the solution of the McKean-Vlasov
equation. It allows us to obtain a new propagation of chaos in Fisher information, gen-
eralizing Lacker’s seminal work [18], by using the BBGKY hierarchy to obtain a system
of differential inequalities satisfied by both the relative entropy and the Fisher Informa-
tion of k particles. We also show with a simple Gaussian example that our decay rate is
optimal.

1. Introduction

Fisher information sits at the crossroads of inference, analysis, and kinetic theory: it
controls fluctuations of densities, underpins de Bruijn–type relations connecting entropy
production to information, and refines classical information-theoretic inequalities such as
Stam’s inequality, see for example the recent survey [30]. In diffusive mean-field (McK-
ean–Vlasov) models, the Fokker–Planck structure makes the entropy–information dissi-
pation explicit and places the dynamics within the Wasserstein gradient-flow framework,
where log-Sobolev and transport inequalities [24] turn information dissipation into quanti-
tative stability [3]. Superadditivity/tensorization of Fisher information properties [1] fur-
ther propagate regularity across coordinates, a feature that resonates with the chaoticity
of many-particle systems. This perspective dovetails with the propagation-of-chaos pro-
gram—from the foundational works and modern reviews to recent entropy-based, quanti-
tative approaches—and with singular kinetic examples (e.g. 2D vortices) where uniform
Fisher-information bounds yield entropic (and thus strong) chaos as in [9]. Very recently,
Fisher information has been central to prove new striking results for Landau [12] and Boltz-
mann [16] equations: monotonicity along the flow in the physical Coulombian case. In this
paper we develop this line and prove propagation of chaos in Fisher information for a
broad class of mean-field diffusions, leveraging entropy–information flows across levels of
the BBGKY hierarchy.

We consider here a system of N diffusion processes with mean-field interaction, evolving
in R

d (or the d-dimensional torus T
d) according to the system of stochastic differential
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2 JULES GRASS, ARNAUD GUILLIN, AND CHRISTOPHE POQUET

equations

dXi,N
t = F (Xi,N

t )dt+
1

N

N∑

j=1

Γ(Xi,N
t −Xj,N

t )dt+ dBi
t,

where (Bi)i=1...N is a family of independent standard Brownian motions, and Γ and F are
supposed smooth, with bounded derivatives, with Γ moreover supposed bounded. It is well

known that, for k fixed and N large, the distribution µk,N of (X1,N
t , . . . Xk,N

t ) is close to

the distribution µ̄⊗k
t of k independent processes (X̄1

t , . . . X̄
k
t ), with X̄i

t solutions to

dX̄i
t = F (X̄i

t)dt+ Γ ∗ µ̄t(X̄
i
t)dt+ dBt,

with B a standard Brownian motion. This convergence, known as propagation of chaos,
has been studied extensively since the second half of the 20th century due to its deep ties
with the kinetic theory of gases. Several methods have been devised to prove propagation of
chaos, starting with compactness arguments [25], [22] and coupling arguments [26], [21], [7].
Entropy related methods have garnered a lot of attraction over the last decade, notably due
to their ability to handle singular interactions, a notable case being the 2D Vortex model

studied in [17]. It usually consists of estimating HN
t := H

(

µN,N
t |µ⊗N

t

)

by a constant

uniform in N and then rely on the subadditivity of the relative entropy to obtain Hk
t :=

H
(

µk,Nt |µ⊗k
t

)

= O
(
k
N

)
. It turns out that the subadditivity fails to yield the optimal rates

of convergence. For a more detailed review, see [6], [5].
More recently, Lacker [18] was able to obtain optimal rates of convergence of order

Hk
t = O

(
k2

N2

)

for propagation of chaos under suitable assumptions on the interaction (that

are satisfied if Γ is bounded or Lipschitz for instance), by working directly with Hk
t instead

of HN
t . The novelty of this approach is the use of the BBGKY hierarchy to obtain a system

of differential inequalities of the form

d

dt
Hk

t ≤ C
k2

N2
+ Ck

(

Hk+1
t −Hk

t

)

.

This approach has seen several improvements since this seminal work. Uniform in time
propagation of chaos in entropy has been obtained in [19], by relying on log-Sobolev in-
equalities to gain an additional −cHk

t on the right hand side of the system, and thus needing
additional assumptions. The non exchangeable case has also been considered in [20] where
sharp convergence rates are obtained for systems of particles with weighted interaction (for
instance, when the particles that interact are given by a deterministic matrix) toward n
independent processes (the so-called independent projection). See also [14] for the χ2 di-
vergence instead of the relative entropy, where it is also obtained sharp convergence rates
results for higher order corrections of the mean-field limit.

A recent breakthrough for singular interactions has been made in [31], that was done by
obtaining a more general system of differential inequalities of the form

d

dt
Hk

t ≤ −c1I
k
t + c2I

k+1
t + C

k2

N2
+ C k

(

Hk+1
t −Hk

t

)

,
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where c1 > c2 and Ikt :=

k∑

i=1

∫

µk,Nt

∥
∥
∥
∥
∥
∇vi log

µk,Nt

µ⊗k
t

∥
∥
∥
∥
∥

2

. By using a change of variable, it is

then possible to obtain a system of the form

d

dt
zkt ≤ C

k2

N2
+ Ck

(

zk+1
t − zkt

)

.

This approach has been used to treat the case of non constant diffusion coefficient by
the authors in [11], by using a new (in the context of propagation of chaos) decomposition
of the Fisher Information, and it seems that a better understanding of Ikt could yield new
results. A striking point in the change of variable in [31] is that it does not rely on any
property of the Fisher information apart its positivity. In fact, little is known about Ikt
and propagation of chaos in Fisher Information is very difficult to prove. To the best of
our knowledge, very few papers consider propagation of chaos in Fisher information. In
[13], it is proved that Fisher Information propagation of chaos is stronger than its entropic
counterpart, but up to our reading no criterion to prove the Fisher propagation of chaos is
given. The present article fills that gap in the literature. It also opens further developments
that we will consider in the near future: singular interaction kernels, the uniform in time
case, non constant diffusion... We hope also that it can lead to an alternative approach to
the monotonicity of the Fisher information in the Landau or Boltzmann equation, using
this monotonicity for the particle system and then the propagation of chaos in Fisher
information.

One of our crucial tool is a new Lemma for estimating the Fisher Information between
two diffusion processes with smooth drifts and constant noise and adapting Lacker’s method
(in the case of smooth interaction) we obtain a system of differential inequalities of the form

d

dt
Ikt ≤ C

k2

N2
+Ck

(

Hk+1
t −Hk

t

)

+ Ck
(

Ik+1
t − Ikt

)

+ C Ikt ,

which allows us to obtain the bound Ikt = O
(

k2

N2

)

. We then prove from this inequality

and its counterpart in entropy that the optimal rate of convergence is of order k2

N2 , which
means that our decay in N is optimal. The proof also relies on fine estimates on µt and its
spacial derivatives by using Hamilton-Jacobi-Bellman equations.

The plan of the paper is the following. Section 2 presents our main results concerning
the propagation of chaos in Fisher information, as well as the crucial Lemma evaluating the
derivative of the Fisher information between two solutions of inhomogeneous in time Fokker
Planck equations with different drifts and constant diffusion, whose proof is given in Section
3. The proof of the main result using BBGKY hierarchy in Fisher information is done in
Section 4. We present in Section 5 an explicit example, i.e. mean field Ornstein-Uhlenbeck
process, where the Gaussian structure enables us to derive the exact rate of propagation
of chaos in Fisher information, confirming the sharpness of the rate obtained in our main
result. Finally Section 6 includes all the fine regularity estimates necessary to justify the
derivations of Section 3 and 4.
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2. Main results

Let us first recall the definition of the relative entropy and Fisher information : for any
probability measures µ and ν such that µ admits f as density with respect to ν, we define

H(µ|ν) =

∫

νf log f,

and

I(µ|ν) =

∫

νf‖∇ log f‖2 =

∫

ν
‖∇f‖2

f
.

We will make the following hypotheses for the initial conditions throughout the paper.

Hypothesis 2.1. • Torus Case. We suppose that µ̄0 is C2, bounded from below and
that ∇2 log µ̄0 is bounded.

• R
d Case. We suppose initial Gaussian bounds. More precisely that there exist

constants c, C, c′, C ′ such that

C−1e−c−1‖v‖2 ≤ µN,N
0 (v) ≤ Ce−c‖v‖2 , C ′−1e−c′−1‖v‖2 ≤ µ̄0(v) ≤ C ′e−c′‖v‖2 ,

and that, for j = 1, 2, 3,
∥
∥
∥∇j log µN,N

0

∥
∥
∥

2
≤ C

(

1 +
∣
∣
∣log µ

N,N
0

∣
∣
∣

j
)

,
∥
∥∇j log µ̄0

∥
∥
2
≤ C ′

(

1 + |log µ̄0|
j
)

.

Remark that in the R
d case, the assumption is indeed verified for µN,N

0 a Gaussian
measure.

We may now state the main result of our paper.

Theorem 2.2. Fix a T > 0 and suppose that there exists a constant C such that

H(µk,N0 |µ̄⊗k
0 ) ≤ C

k2

N2
and I(µk,N0 |µ̄⊗k

0 ) ≤ C
k2

N2
.

Let distinguish two set of assumptions:

• Torus Case. Suppose that F and Γ are smooth.
• R

d case. Suppose that Γ is smooth bounded, with bounded derivatives, that F is
smooth with bounded derivatives and assume moreover that

sup
t∈[0,T ]

‖∇2 log µ̄t‖ <∞.

We suppose here that Hypothesis 2.1 is effective. Then there exists a constant MT such that

H(µk,Nt |µ̄⊗k
t ) + I(µk,Nt |µ̄⊗k

t ) ≤MT
k2

N2
.

Remark 2.3. • We suppose for simplicity that all derivatives are bounded, but as
can be seen in the proof, derivatives up to four may be sufficient, however leading
to refined regularity estimates.
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• The hypothesis supt∈[0,T ] ‖∇
2 log µ̄t‖ < ∞ is in fact trivially verified in the torus

setting, if assumed at time t = 0, for example via Feynman-Kac formula due to
the ellipticity assumption and regularity of our coefficients. In the R

d case, we will
rely on recent results on Hamilton-Jacobi-Bellman equation derived in [4]. It will
be the purpose of Proposition 2.6. We prefer to state this as an assumption in our
main Theorem as it will be a crucial step to extend our results on models with less
regularity (vortex 2D, ...) or uniformly in time that will be considered in future
works.

The proof of our main result relies on the well known BBGKY hierarchy (which was

already the crucial ingredient to obtain the optimal rates in [18, 19, 20, 31]) : µk,Nt is
solution to the PDE

∂tµ
k,N
t =

k∑

i=1

∆viµ
k,K
t −

k∑

i=1

∇vi ·
(

bi,k1,tµ
k,N
t

)

, (1)

with

bi,k1,t(v1, . . . , vk) = F (vi) +
1

N

k∑

j=1

Γ(vi − vj) +
N − k

N

∫

Γ(vi − vk+1)µ
k+1|k
t (vk+1|v1, . . . , vk),

(2)

where µ
k+1|k
t (vk+1|v1, . . . , vk) denotes the distribution of the (k + 1)-th particle Xk+1,N

t

conditioned to (X1,N
t = v1, . . . ,X

k,N
t = vk). To prove propagation of chaos, the idea is to

compare µk,Nt to µ̄⊗k
t , which is solution to the following PDE:

∂tµ̄
⊗k
t =

k∑

i=1

∆vi µ̄
⊗k
t −

k∑

i=1

∇vi ·
(

bi2,tµ̄
⊗k
t

)

, (3)

with

bi2,t(vi) = F (vi) + Γ ∗ µ̄t(vi). (4)

The main step of our proof is the following Lemma, that controls the evolution of the Fisher
information of two generic probability distributions m1 and m2 that are solutions to PDEs
similar respectively to (1) and (3).

Lemma 2.4. Suppose that m1,t and m2,t are respectively solution to, for u = 1, 2,

∂tmu,t =
k∑

i=1

∆vimu,t −
k∑

i=1

∇vi ·
(
biu,tmu,t

)
, (5)

and denote ft = m1,1/m2,t. Suppose that biu,t is smooth, with bounded derivatives for any

u = 1, 2 and i = 1 . . . k. Suppose moreover that bi1,t− b
i
2,t is bounded for i = 1 . . . k and that,

for all t > 0,

I(m1,t|m2,t) <∞,

∫

m2,t
‖∇2ft‖2

ft
<∞,

∫

m2,t
‖∇3ft‖2

ft
<∞,

∫

m2,t
‖∇ft‖4

f3t
<∞,
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∫

m1,t‖∇
2 logm2,t‖

2 <∞,

∫

m1,t‖∇ logm2,t‖
4 <∞,

∫

m1,t‖b2,t‖
4 <∞.

Then, for any ε > 0 and any T > 0 there exists a constant C, depending on ε, such that
for all t ∈ [0, T ],

d

dt
I(m1,t|m2,t) ≤ −(2− ε)

k∑

i,j=1

∫

m2,tft

∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2

+ 4
k∑

i,j=1

∫

m2,tft ∇vi log ft · ∇
2
vi,vj

logm2,t∇vj log ft

− 2

k∑

i,j=1

∫

m2,tft ∇vi log ft · ∇vib
j
2 ∇vj log ft

+ 2

k∑

i,j=1

∫

m2,t
∇vift
ft

· ∇2
vi,vj

logm2,t

(

bj2 − bj1

)

ft

+ C

k∑

i,j=1

∫

m1,t

∥
∥
∥∇vi

(

bj2 − bj1

)∥
∥
∥

2
.

Remark 2.5. • We have stated our result for two generic solutions of 5, but since
we will be using Lemma 2.4 with m2,t = µ⊗k

t , there will be additional cancellations.
The main bound we use in Section 2.2 is

d

dt
Ikt ≤ CIkt +

k∑

i=1

∫

µk,Nt

∥
∥
∥b

i,k
2 − bi,k1

∥
∥
∥

2
+

k∑

i,j=1

∫

µk,Nt

∥
∥
∥∇vi

(

bj,k2 − bj,k1

)∥
∥
∥

2

• For simplicity we have stated this result supposing that bi1 is smooth and bounded.

So, while m2 may be directly replaced by µ̄⊗k
t , it is not the case for m1 and µk,Nt in

the R
d setting: bi,k1 −bi,k2 is indeed bounded but in (2) bi,k1 does not have its derivatives

bounded since it involves the conditional distribution µk+1|k. In Section 6 we will
show that the computations made to prove this Lemma are still valid when bi1 is

replaced by bi,k1 and that the other hypotheses of Lemma 2.4 are satisfied in the case
we are interested in.

Let us conclude this Section by a Proposition stating that, in the gradient case, our
assumption on the Hessian of the logarithm of the nonlinear flow is satisfied under our
assumptions. This Proposition is obtained by an application of a result of [4]. The details
of the proof are given in Section 6

Proposition 2.6. Suppose that there exists two functions V,W such that F = ∇V and
Γ = ∇W and suppose moreover that the derivatives of F and Γ are bounded, and that Γ
is bounded. Suppose that ∇2 log µ̄0 is bounded. Then, for all T ≥ 0, ∇2 log µ̄t is uniformly
bounded on [0, T ].
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Note that here we do not have assumptions on the ergodicity of our processes as only
growth assumptions are made on the drift and interaction terms and therefore no uniform in
time bound can be obtained in Prop. 2.6. Note however that in Section 5, when a is positive
and a+2b, as densities are gaussian, it is easy to verify that ∇2 log µ̄t is uniformly bounded
in time and space. It will be a crucial result to prove for uniform in time propagation in
Fisher information.

3. Proof of Lemma 2.4

Recall that we have defined ft = m1,1/m2,t. We start by decomposing the terms involved
in the dynamics of ft. For simplicity of notations we drop the dependency in time, and
write f , m1, m2 instead of ft, m1,t, m2,t... Recalling (5) we obtain

∂tf =
∂tm1

m2
−
∂tm2

m2
2

m1

=
k∑

i=1

−
∇vi ·

(
bi1m1

)

m2
+∇vi ·

(
bi2m2

) m1

m2
2

︸ ︷︷ ︸

=:L1f

+
k∑

i=1

f

(
∆vim1

m2
−

∆vim2

m2
2

m1

)

︸ ︷︷ ︸

=:L2f

.

On one hand, focusing on the operator L1, we have

L1f =

k∑

i=1

−∇vi · b
i
1 f − bi1 ·

∇vim1

m2
+∇vi · b

i
2 f + bi2 · ∇vi logm2 f

=

k∑

i=1

∇vi ·
(
bi2 − bi1

)
f − bi1 ·

(
∇vim1

m2
−∇vim2

m1

m2
2

)

+
(
bi2 − bi1

)
· ∇vi logm2 f

=
k∑

i=1

∇vi ·
(
bi2 − bi1

)
f − bi1 · ∇vif +

(
bi2 − bi1

)
· ∇vi logm2 f,

and thus we obtain

L1 =

k∑

i=1

∇vi ·
((
bi2 − bi1

)
f
)
− bi2 · ∇vif +

(
bi2 − bi1

)
· ∇vi logm2 f. (6)

On the other hand, by standard computations,

∇vi

m1

m2
=

∇vim1

m2
−∇vim2

m1

m2
2

,
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and

∆vi

m1

m2
= ∇vi · ∇vi

m1

m2

= ∇vi ·

(
∇vim1

m2
−∇vim2

m1

m2
2

)

=
∆vim1

m2
−∇vim1 ·

∇vim2

m2
2

−∆vim2
m1

m2
2

−∇vim1 ·
∇vim2

m2
2

+ 2 ∇vim2 · ∇vim2
m1

m3
2

,

which leads to

k∑

i=1

∆vi f = L2f + 2

k∑

i=1

∇vim2 ·

(

∇vim2
m1

m3
2

−
∇vim1

m2
2

)

= L2f + 2
k∑

i=1

∇vi logm2 ·

(

∇vim2
m1

m2
2

−
k∑

i=1

∇vim1

m2

)

= L2f − 2

k∑

i=1

∇vi logm2 · ∇vif.

Therefore:

L2f =

k∑

i=1

∆vif + 2 ∇vi logm2 · ∇vif. (7)

We can now focus on the evolution of the Fisher Information:

d

dt
I(m1|m2)

=
k∑

i=1

∫

∂tm2
‖∇vif‖

2

f
+ 2

∫
m2

f
∇vi (∂tf) · ∇vif −

∫

m2 ‖∇vif‖
2 ∂tf

f2

= −
k∑

i=1

∫ k∑

j=1

∇vj ·
(

bj2m2

) ‖∇vif‖
2

f
+ 2

∫
m2

f
∇vi (L1f) · ∇vif −

∫

m2 ‖∇vif‖
2 L1f

f2

︸ ︷︷ ︸

=:I1

+

k∑

i=1

∫ k∑

j=1

∆vjm2
‖∇vif‖

2

f
+ 2

∫
m2

f
∇vi (L2f) · ∇vif −

∫

m2 ‖∇vif‖
2 L2f

f2

︸ ︷︷ ︸

=:I2

.

(8)

In this decomposition I2 corresponds to the effect of the diffusion, while I1 corresponds to
the effects of the drift. We treat these to effects separately in the two following subsections,
the proof of Lemma 2.4 being a direct consequence of (9) and (12).
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3.1. Dissipation of Fisher information: the diffusion term. The aim of this subsec-
tion is to obtain an adequate expression of term I2. This calculation is inspired by [29, Part
2, Chap 4, p.280] or [28, Lem. 4.2], which focus on the flat Fisher information. Recalling
(8) and (7) we obtain

I2 =

k∑

i,j=1

∫

∆vim2

∥
∥∇vjf

∥
∥2

f
︸ ︷︷ ︸

=:Ai,j

+2

∫
m2

f
∇vi

(
∆vjf

)
· ∇vif

︸ ︷︷ ︸

=:Bi,j

+ 4

∫
m2

f
∇vj (∇vi logm2 · ∇vif) · ∇vjf

︸ ︷︷ ︸

=:Ci,j

−

∫

m2

∥
∥∇vjf

∥
∥2

∆vif

f2
︸ ︷︷ ︸

=:Di,j

−2

∫

m2f
∥
∥∇vj log f

∥
∥2 ∇vi logm2 · ∇vi log f

︸ ︷︷ ︸

=:Ei,j

.

Relying on integration by parts, we obtain

Bi,j = 2
d∑

α,β=1

∫
m2

f

∂3f

∂2vi,α∂vj,β

∂f

∂vj,β

= −2

d∑

α,β=1

∫
∂2f

∂vi,α∂vj,β

∂

∂vi,α

(
m2

f

∂f

∂vj,β

)

= −2

∫

m2∇vi logm2 · ∇
2
vi,vj

f ∇vj log f − 2

∫
m2

f

∥
∥
∥∇2

vi,vj
f
∥
∥
∥

2

+ 2

∫

m2∇vi log f · ∇2
vi,vj

f ∇vj log f,

where ∇2
vi,vj

f is the matrix

(
∂2f

∂vi,α∂vj,β

)

1≤α,β≤d

, and

Di,j = −
d∑

α,β=1

∫
m2

f2
∂2f

∂v2i,α

(
∂f

∂vj,β

)2

=

d∑

α,β=1

∫
∂f

∂vi,α

∂

∂vi,α

(

m2

f2

(
∂f

∂vj,α

)2
)

=

∫

m2f
∥
∥∇vj log f

∥
∥2∇vi logm2 · ∇vi log f + 2

∫

m2∇vi log f · ∇2
vi,vj

f ∇vj log f

− 2

∫

m2f ‖∇vi log f‖
2
∥
∥∇vj log f

∥
∥2 .
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These two computations lead to

Bi,j +Di,j = −2

∫
m2

f

∥
∥
∥∇2

vi,vj
f
∥
∥
∥

2
+ 4

∫

m2∇vi log f · ∇2
vi,vj

f ∇vj log f

− 2

∫

m2f ‖∇vi log f‖
2
∥
∥∇vj log f

∥
∥2

− 2

∫

m2∇vi logm2 · ∇
2
vi,vj

f ∇vj log f +

∫

m2f
∥
∥∇vj log f

∥
∥2 ∇vi logm2 · ∇vi log f

= −2

∫

m2f
∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2
−2

∫

m2∇vi logm2 · ∇
2
vi,vj

f ∇vj log f

︸ ︷︷ ︸

=:F i,j

−
Ei,j

2
,

and thus, remarking that

∥
∥
∥∇2

vi,vj
f
∥
∥
∥

2

f2
−2

∇vi log f · ∇2
vi,vj

f ∇vj log f

f
+ ‖∇vi log f‖

2
∥
∥∇vj log f

∥
∥2

=

d∑

α,β=1

(
1

f

∂2f

∂vi,α∂vj,β

)2

−
2

f

∂2f

∂vi,α∂vj,β

1

f2
∂f

∂vi,α

∂f

∂vj,β
+

(
1

f2
∂f

∂vi,α

∂f

∂vj,β

)2

=

d∑

α,β=1

(
1

f

∂2f

∂vi,α∂vj,β
−

1

f2
∂f

∂vi,α

∂f

∂vj,β

)2

=
∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2
,

we deduce

I2 =

k∑

i,j=1

−2

∫

m2f
∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2
+Ai,j + Ci,j +

Ei,j

2
+ F i,j.

Now, relying on an integral by part,

F i,j = −2
d∑

α,β=1

∫
∂m2

∂vi,α

∂2f

∂vi,α∂vj,β

∂ log f

∂vj,β

= 2

d∑

α,β=1

∫
∂f

∂vj,β

∂

∂vi,α

(
∂m2

∂vi,α

1

f

∂f

∂vj,β

)

= 2Ai,j + Ei,j − F i,j,

so that

F i,j = Ai,j +
Ei,j

2
,
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and, expanding,

Ci,j = 4

∫

m2f ∇vi log f · ∇2
vi,vj

logm2∇vj log f − 2F i,j.

So, gathering these two last identities,

Ai,j + Ci,j +
Ei,j

2
+ F i,j = 4

∫

m2f ∇vi log f · ∇2
vi,vj

logm2∇vj log f +Ai,j +
Ei,j

2
− F i,j

= 4

∫

m2f ∇vi log f · ∇2
vi,vj

logm2∇vj log f,

and finally

I2 =
k∑

i,j=1

−2

∫

m2f
∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2
+ 4

∫

m2f ∇vi log f · ∇2
vi,vj

logm2∇vj log f. (9)

3.2. Dissipation of Fisher information: the drift term. We focus in this subsection
on the term I1. Recalling (8), we get the decomposition

I1 =
k∑

i=1







k∑

j=1

−

∫

∇vj ·
(

bj,k2 m2

) ‖∇vif‖
2

f
︸ ︷︷ ︸

=:Gi,j

+2

∫
m2

f
∇vi (L1f) · ∇vif

︸ ︷︷ ︸

=:Hi

−

∫

m2 ‖∇vif‖
2 L1f

f2
︸ ︷︷ ︸

=:Ji






.

We will bound each term, making appear some crucial cancellations in the process. Let us
first focus on H i. Relying on (6),

H i =
k∑

j=1

2

∫
m2

f
∇vif · ∇vi

(

∇vj ·
((

bj2 − bj1

)

f
))

︸ ︷︷ ︸

=:Hi,j
1

−2

∫
m2

f
∇vif · ∇vi

(

bj2 · ∇vjf
)

︸ ︷︷ ︸

=:Hi,j
2

+ 2

∫

m2
∇vif

f
· ∇vi

((

bj2 − bj1

)

· ∇vj logm2f
)

︸ ︷︷ ︸

=:Hi,j
3

.
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We have, after an integration by parts:

H i,j
1 = 2

d∑

α,β=1

∫
m2

f

∂f

∂vi,α

∂

∂vi,α

(
∂

∂vj,β

((

bj,β2 − bj,β1

)

f
))

= −2

d∑

α,β=1

∫
∂

∂vj,β

(
m2

f

∂f

∂vi,α

)
∂

∂vi,α

((

bj,β2 − bj,β1

)

f
)

= −2

∫

m2f∇vi log f · ∇vi

(

bj2 − bj1

)

∇vj logm2

︸ ︷︷ ︸

=:Hi,j
4

−2

∫

m2f ‖∇vi log f‖
2
(

bj2 − bj1

)

∇vj logm2

︸ ︷︷ ︸

=:Hi,j
5

−2

∫

m2f∇
2
vi,vj

log f : ∇vi

(

bj2 − bj1

)

︸ ︷︷ ︸

=:Hi,j
6

−2

∫

m2f∇vi log f · ∇2
vi,vj

log f
(

bj2 − bj1

)

︸ ︷︷ ︸

=:Hi,j
7

,

where A : B denotes the Frobenius inner product between two square matrices A and B.
Relying on the inequality x · y ≤ ε ‖x‖2 + 1

4ε ‖y‖
2,

k∑

i,j=1

H i,j
6 ≤ C

k∑

i,j=1

∫

m1

∥
∥
∥∇vi

(

bj2 − bj1

)∥
∥
∥

2
+ ε

k∑

i,j=1

∫

m1

∥
∥
∥∇2

vi,vj
log f

∥
∥
∥

2
, (10)

The terms H i,j
7 ,H i,j

4 and H i,j
5 will be cancelled with terms appearing in the next computa-

tion, while a cancellation will also occur for H i,j
2 at the end of the proof. Let us now focus

on H i,j
3 . We have, by simple computations,

H i,j
3 = 2

∫

m2
∇vif

f
·
(

∇vi

(

bj2 − bj1

)

∇vj logm2

)

f

︸ ︷︷ ︸

=:Hi,j
8

+ 2

∫

m2
∇vif

f
· ∇2

vi,vj
logm2

(

bj2 − bj1

)

f

︸ ︷︷ ︸

=:Hi,j
9

+ 2

∫

m2
∇vif

f
· ∇vif

(

bj2 − bj1

)

· ∇vj logm2

︸ ︷︷ ︸

=:Hi,j
10

.

We remark immediately that

H i,j
4 +H i,j

8 = 0 and H i,j
5 +H i,j

10 = 0.
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H i,j
9 is a term that appears in our Lemma 2.4. We will now focus on the term J i. We have,

recalling the expression of L1f ,

J i =

k∑

j=1

−

∫

m2
‖∇vif‖

2

f2
∇vj ·

((

bj2 − bj1

)

f
)

︸ ︷︷ ︸

=:Ji,j
1

+

∫

m2
‖∇vif‖

2

f2
bj2 · ∇vjf

︸ ︷︷ ︸

=:Ji,j
2

−

∫

m2
‖∇vif‖

2

f2

(

bj2 − bj1

)

· ∇vj logm2 f

︸ ︷︷ ︸

=:Ji,j
3

.

Remark first that an integration by part leads to

J i,j
1 = −

∫

m2
‖∇vif‖

2

f2
∇vj ·

(

bj2 − bj1

)

f −

∫

m2
‖∇vif‖

2

f2

(

bj2 − bj1

)

· ∇vjf

=

∫

∇vj

(

m2
‖∇vif‖

2

f

)

·
(

bj2 − bj1

)

f −

∫

m2
‖∇vif‖

2

f2

(

bj2 − bj1

)

· ∇vjf

=

∫

m2f ‖∇vi log f‖
2 ∇vj logm2 ·

(

bj2 − bj1

)

︸ ︷︷ ︸

=:Ji,j
4

+ 2

∫

m2

∇2
vj ,vi

f∇vif

f
·
(

bj2 − bj1

)

− 2

∫

m2
‖∇vif‖

2

f2

(

bj2 − bj1

)

· ∇vjf

︸ ︷︷ ︸

=:Ji,j
5

,

and note that

J i,j
3 + J i,j

4 = 0.

Moreover,

J i,j
5 = 2

∫

m2

(

bj2 − bj1

)

·

(

∇2
vj ,vi

f ∇vif

f
−

‖∇vif‖
2

f2
∇vjf

)

.

However, by standard computation we know that

∇2
vj ,vi

log f =
∇2

vj ,vi
f

f
−

∇vjf ⊗∇vif

f2
,

so that

∇2
vj ,vi

log f ∇vif =
∇2

vi,vj
f ∇vif

f
−

‖∇vif‖
2

f2
∇vjf.

Therefore:

J i,j
5 = 2

∫

m2

(

(bj2 − bj1

)

· ∇2
vj ,vi

log f ∇vif,
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which implies J i,j
5 +H i,j

7 = 0.
At last, it remains to remark that an integration by parts leads to

Gi,j = 2

∫
m2

f
bj2 · ∇

2
vj ,vi

f∇vif − J i,j
2 ,

while a straightforward computation gives

H i,j
2 = −2

∫
m2

f
bj2 · ∇

2
vj ,vi

f∇vif − 2

∫

m2f∇vi log f · ∇vib
j
2∇vj log f,

and

k∑

i,j=1

Gi,j +H i,j
2 + J i,j

2 = −2
k∑

i,j=1

∫

m2f ∇vi log f · ∇vib
j
2 ∇vj log f. (11)

Finally, gathering the estimates (10), and (11) we obtain, for all ε > 0,

I1 ≤ 2
k∑

i,j=1

∫

m2
∇vif

f
· ∇2

vi,vj
logm2

(

bj2 − bj1

)

f + C
k∑

i,j=1

∫

m1

∥
∥
∥∇vi

(

bj2 − bj1

)∥
∥
∥

2

− 2

k∑

i,j=1

∫

m2f ∇vi log f · ∇vib
j
2 ∇vj log f + ε

k∑

i,j=1

∫

m1

∥
∥
∥∇2

vi,vj
log f

∥
∥
∥ . (12)

Remark that with our hypotheses all the terms appearing in this proof are well defined.
For example,

∣
∣Ai,j

∣
∣ ≤ C

(∫

m1‖∆ logm2‖
2 +

∫

m1‖∇ logm2‖
4

) 1

2

(
∫

m2
‖∇f‖4

f3

) 1

2

,

|Gi,j | ≤
∥
∥
∥∇vj · b

j
2

∥
∥
∥
∞
I(m1|m2) +

∫

m1 ‖b2‖
4 +

∫

m1 ‖∇ logm2‖
4 +

∫

m2
‖∇f‖4

f3
,

or
∣
∣
∣H

i,j
1

∣
∣
∣ ≤ 2

∥
∥
∥∇2

(

bj1 − bj2

)∥
∥
∥
∞
I(m1|m2)

1

2 + 4
∥
∥
∥∇
(

bj1 − bj2

)∥
∥
∥
∞
I(m1|m2)

+ 2
∥
∥
∥b

j
1 − bj2

∥
∥
∥
∞
I(m1|m2)

1

2

(
∫

m2

∥
∥∇2f

∥
∥2

f

)1

2

.

However, in order to prove Theorem 2.2, we will consider terms b1 and b2 such that, while
b1 − b2 and the derivatives of b2 will still be bounded, the derivatives of b1 will not be

bounded (recall (1) and (2)). We will prove in Proposition 6.3 that, when replacing bj1
by bj,k1 , the term appearing in the proof above involving the derivatives of bj,k1 are still
well-defined.
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4. Proof of Theorem 2.2

We first start by choosing µ0 and µk,N0 such that µ⊗N
0 and µN,N

0 satisfy the assumption
of Theorem 2.2 so that, in virtue of Proposition 6.3, we can follow the proof of Lemma 2.4,
all the integration by parts we need being justified. By using Lemma 2.4, we have

d

dt
Ikt ≤ CIkt − (2− ε)

k∑

i,j=1

∫

µk,Nt

∥
∥
∥
∥
∥
∇2

vi,vj
log

µk,Nt

µ̄⊗k
t

∥
∥
∥
∥
∥

2

+ 4
k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇2
vi,vj

log µ̄⊗k
t ∇vj log

µk,Nt

µ̄⊗k
t

+ 2
k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇2
vi,vj

log µ̄⊗k
t

(

bj,k2 − bj,k1

)

+ C

k∑

i,j=1

∫

µk,Nt

∥
∥
∥∇vi

(

bj,k2 − bj,k1

)∥
∥
∥

2

− 2

k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇vib
j,k
2 ∇vj log

µk,Nt

µ̄⊗k
t

.

Note that, because we used Lemma 2.4 with m2 = µ̄⊗k
t , there are additional cancellation.

Indeed, because the particles are independent, we have, if i 6= j, ∇2
vi,vj

log µ̄⊗k
t = 0 and

∇vib
j,k
2 = 0. Therefore, we have, because ∇2

vi,vi
log µ̄⊗k

t is bounded by a constant (see
Proposition 2.6),

k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇2
vi,vj

log µ̄⊗k
t ∇vj log

µk,Nt

µ̄⊗k
t

=

k∑

i=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇2
vi,vi

log µ̄⊗k
t ∇vj log

µk,Nt

µ̄⊗k
t

≤ CIkt ,

and

k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇2
vi,vj

log µ̄⊗k
t

(

bj,k2 − bj,k1

)

≤ CIkt + C
k∑

i=1

∫

µk,Nt

∥
∥
∥b

i,k
2 − bi,k1

∥
∥
∥

2
.

Because ∇Γ and ∇F are bounded, we also have
∣
∣
∣
∣
∣
∣

k∑

i,j=1

∫

µk,Nt ∇vi log
µk,Nt

µ̄⊗k
t

· ∇vib
j,k
2 ∇vj log

µk,Nt

µ̄⊗k
t

∣
∣
∣
∣
∣
∣

≤ CIkt .
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Therefore, for ε small enough, we have

d

dt
Ikt ≤ CIkt + C

k∑

i=1

∫

µk,Nt

∥
∥
∥b

i,k
2 − bi,k1

∥
∥
∥

2

︸ ︷︷ ︸

:=K

+C

k∑

i,j=1

∫

µk,Nt

∥
∥
∥∇vi

(

bj,k2 − bj,k1

)∥
∥
∥

2

︸ ︷︷ ︸

:=L

.

By using the expressions of bi,k1 and bi,k2 , the terms involving F cancel out and we have:

K =

k∑

i=1

∫

µk,Nt

∥
∥
∥
∥
∥
∥

1

N

k∑

j=1

(Γ(vi − vj)− Γ ∗ µ̄t(vi)) +
N − k

N
〈Γ(vi − ·), µ

k+1|k
t − µ̄t〉

∥
∥
∥
∥
∥
∥

2

.

To bound the terms K we follow here similar arguments as in [18]: we get the decomposition

K ≤
2

N2

k∑

i=1

∫

µk,Nt

∥
∥
∥
∥
∥
∥

k∑

j=1

(Γ(vi − vj)− Γ ∗ µ̄t(vi))

∥
∥
∥
∥
∥
∥

2

︸ ︷︷ ︸

:=K1

+2

k∑

i=1

∫

µk,Nt

∥
∥
∥〈Γ(vi − ·), µ

k+1|k
t − µ̄t〉

∥
∥
∥

2

︸ ︷︷ ︸

:=K2

,

and Pinsker inequality leads to

∥
∥
∥〈Γ(vi − ·), µ

k+1|k
t (·|v1, . . . vk)− µ̄t(·)〉

∥
∥
∥ ≤ ‖Γ‖∞

√

H
(

µ
k+1|k
t (·|v1, . . . vk)|µ̄t(·)

)

,

so, relying on the towering property of the relative entropy, we obtain the bound

K2 ≤ Ck
(

Hk+1
t −Hk

t

)

.

Concerning K1, we have, relying on the exchangeability of the particles,

K1 ≤ 4
k2

N2
‖Γ‖∞ + 4

k3

N2

∫

µ3,Nt (Γ(v1 − v2)− Γ ∗ µ̄t(v1)) (Γ(v1 − v3)− Γ ∗ µ̄t(v1)) ,

so that, remarking that
∫

µ̄⊗3
t (Γ(v1 − v2)− Γ ∗ µ̄t(v1)) (Γ(v1 − v3)− Γ ∗ µ̄t(v1)) = 0,

relying again on Pinsker inequality and the fact that Γ is bounded we get

K1 ≤ C
k2

N2
+C

k3

N2

√

H
(

µ3,Nt |µ̄⊗3
t

)

.

Applying the relative entropy bound given by [18] we get H
(

µ3,Nt |µ̄⊗3
t

)

≤ C
N2 , so that,

gathering the previous estimates,

K ≤ C
k2

N2
+ Ck(Hk+1

t −Hk
t ).
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We focus now on the term L. Notice that, because bj,k2 (v1, ..., vk) = Γ ∗ µt(vj) + F (vj), we

have, if i 6= j, ∇vib
j,k
2 = 0. Therefore, we have:

L =
k∑

j=1

∫

µk,Nt

∥
∥
∥∇vj

(

bj,k2 − bj,k1

)∥
∥
∥

2

︸ ︷︷ ︸

=L1

+
∑

i 6=j

∫

µk,Nt

∥
∥
∥∇vi

(

bj,k2 − bj,k1

)∥
∥
∥

2

︸ ︷︷ ︸

=L2

.

Notice moreover that, if i 6= j, we have

∇vi

(

bj,k2 − bj,k1

)

= −
1

N
∇Γ(vj − vi)−

N − k

N
〈Γ(vj − ·),∇viµ

k+1|k
t 〉.

Therefore, relying on the fact that Γ is bounded,

L2 ≤ 2
∑

i 6=j

∫

µk,Nt

∥
∥
∥
∥

1

N
∇Γ(vj − vi)

∥
∥
∥
∥

2

+ 2
∑

i 6=j

∫

µk,Nt

∥
∥
∥
∥

N − k

N
〈Γ(vj − ·),∇viµ

k+1|k
t 〉

∥
∥
∥
∥

2

≤ C
k2

N2
+ C

k∑

i,j=1

∫

µk,Nt

∥
∥
∥〈Γ(vj − ·),∇viµ

k+1|k
t

∥
∥
∥

2

≤ C
k2

N2
+ C

k∑

i,j=1

∫

µk,Nt

∥
∥
∥
∥

∫

µ
k+1|k
t (dv∗) Γ(vi − v∗) · ∇vi log µ

k+1|k
t

∥
∥
∥
∥

2

≤ C
k2

N2
+ C

k∑

i,j=1

∫

µk,Nt

∫

µ
k+1|k
t (dv∗)

∥
∥
∥Γ(vi − v∗) · ∇vi log µ

k+1|k
t

∥
∥
∥

2

≤ C
k2

N2
+ C

k∑

i,j=1

∫

µk+1,N
t

∥
∥
∥∇vi log µ

k+1|k
t

∥
∥
∥

2
.

Notice moreover that, by exchangeability, we have

Ik+1
t =

k+1∑

i=1

∫

µk+1,N
t

∥
∥
∥
∥
∥
∇vi log

µk+1,N
t

µ⊗k+1

∥
∥
∥
∥
∥

2

=
1

k + 1
Ik+1
t +

k∑

i=1

∫

µk+1,N
t

∥
∥
∥
∥
∥
∇vi log

µk,Nt

µ̄⊗k
t

+∇vi log
µ
k+1|k
t

µ̄t(vk+1)

∥
∥
∥
∥
∥

2

,
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and thus, since ∇vi (log µ(vk+1)) = 0,

Ik+1
t =

1

k + 1
Ik+1
t +

k∑

i=1

∫

µk+1,N
t

∥
∥
∥
∥
∥
∇vi log

µk,Nt

µ̄⊗k
t

+∇vi log µ
k+1|k
t

∥
∥
∥
∥
∥

2

=
1

k + 1
Ik+1
t +

k∑

i=1

∫

µk+1,N
t

∥
∥
∥
∥
∥
∇vi log

µk,Nt

µ̄⊗k
t

∥
∥
∥
∥
∥

2

+

k∑

i=1

∫

µk+1,N
t

∥
∥
∥∇vi log µ

k+1|k
t

∥
∥
∥

2

+ 2

k∑

i=1

∫

µk+1,N
t ∇vi log µ

k+1|k
t · ∇vi log

µk,Nt

µ̄⊗k
t

=
1

k + 1
Ik+1
t + Ikt +

k∑

i=1

∫

µk+1,N
t

∥
∥
∥∇vi log µ

k+1|k
t

∥
∥
∥

2

+ 2
k∑

i=1

∫

µk,N
(∫

µ
k+1|k
t ∇vi log µ

k+1|k
t

)

· ∇vi log
µk,Nt

µ̄⊗k
t

.

Noticing that

∫

µ
k+1|k
t ∇vi log µ

k+1|k
t =

∫

∇viµ
k+1|k
t

= ∇vi

∫

µ
k+1|k
t

= 0,

we deduce

Ik+1
t − Ikt ≥

k∑

i=1

∫

µk+1,N
t

∥
∥
∥∇vi log µ

k+1|k
t

∥
∥
∥

2
.

Using this estimate yields the bound

L2 ≤ C
k2

N2
+ Ck

(

Ik+1
t − Ikt

)

.
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It remains to bound L1:

L1 = C

k∑

j=1

∫

µk,Nt

∥
∥
∥
∥
∥
∇Γ ∗ µt(vj)−

1

N

k∑

i=1

∇Γ(vj − vi)−
N − k

N
∇vj〈Γ(vj − ·), µ

k+1|k
t 〉

∥
∥
∥
∥
∥

2

= C

k∑

j=1

∫

µk,Nt

∥
∥
∥
∥
∥

1

N

k∑

i=1

∇Γ(vj − vi)−∇Γ ∗ µt(vj) +
N − k

N
〈∇Γ(vj − ·), µt − µ

k+1|k
t 〉

−
N − k

N
〈Γ(vj − ·,∇vjµ

k+1|k
t 〉

∥
∥
∥
∥

2

≤ C

k∑

j=1

∫

µk,Nt

∥
∥
∥
∥
∥

1

N

k∑

i=1

∇Γ(vj − vi)−∇Γ ∗ µt(vj) +
N − k

N
〈∇Γ(vj − ·), µt − µ

k+1|k
t 〉

∥
∥
∥
∥
∥

2

+ C

k∑

j=1

∫

µk,Nt

∥
∥
∥〈Γ(vj − ·),∇vj log µ

k+1|k
t 〉

∥
∥
∥

2
.

By similar arguments as before, we get the bound

L2 ≤ C
k2

N2
+ Ck

(

Hk+1
t −Hk

t

)

+ C
(

Ik+1
t − Ikt

)

.

Finally, gathering the previous estimates, we obtain

d

dt
Ikt ≤ C

k2

N2
+Ck

(

Hk+1
t −Hk

t

)

+ Ck
(

Ik+1
t − Ikt

)

+ C Ikt .

To obtain a bound on Ikt we also consider the hierarchy provided by the relative entropy,
as was done in [18, 19]: standard computations (see for example [19, Lemma 3.1.]) give

d

dt
Hk

t = −Ikt +

k∑

j=1

∫

µk,Nt

∥
∥
∥b

j,k
2 − bj,k1

∥
∥
∥

2
,

so, with similar estimates as before (remark in particular that with our hypotheses bj,k2 −bj,k1
is bounded) we obtain

d

dt
Hk

t ≤ −Ikt + C
k2

N2
+ Ck

(

Hk+1
t −Hk

t

)

.

Let α > 0 and zkt := Ikt + αHk
t . We obtain, for α large enough:

d

dt
zkt ≤ C

k2

N2
+ (C − α) Ikt + Ck

(

Hk+1
t −Hk

t

)

+ Ck
(

Ik+1
t − Ikt

)

.

≤ C
k2

N2
+ Ck

(

zk+1
t − zkt

)

.



20 JULES GRASS, ARNAUD GUILLIN, AND CHRISTOPHE POQUET

These are exactly the same equations as obtained [18], in the context of the relative entropy.
Relying on the estimates obtained in this paper, we deduce that

∀t ∈ R+, z
k
t ≤ CeCt k

2

N2
.

This means in particular that

Ikt ≤ CeCt k
2

N2
.

5. A Gaussian example: optimality of our rates

The main goal of this Section is to write down an explicit example where the rate we
obtained previously in our main Theorem is shown to be sharp. It will be a Gaussian
case, i.e. linear confinement and interaction potential. Note that this case lies beyond our
general setting, i.e. Γ bounded. Consider constants a and b and the system of n interacting
particles in R of the form

dXi
t =



−aXi
t +

b

n− 1

∑

j 6=i

Xj
t



 dt+ dW i
t .

We define

v(t) :=
1

2a

(
1− e−2at

)
, cn(t) =

1

n

(

1−
a

a+ bn
n−1

1− e−2t(a+ bn
n−1

)

1− e−2at

)

.

The k particles marginal µk,nt is a centered gaussian with covariance matrix Σn,k
t satisfying

Σn,k
t = v(t) (Ik − cn(t)Jk), where Ik is the identity matrix and Jk is the matrix of all ones.

µk,nt converges to µ⊗k
t , where µt is a centered gaussian with variance v(t). Recall that

the Fisher information between two gaussian random variables (whose covariance matrices
commute) is given by:

I (N (µ1,Σ1) |N (µ2,Σ2)) =
∥
∥Σ−1

2 (µ1 − µ2)
∥
∥
2
+ Tr

(

Σ−2
2 (Σ2 − Σ1)

2 Σ−1
1

)

.

Relying on this formula, we obtain

Ikt =
1

v(t)2
Tr
(

v(t)2cn(t)
2J2

k (v(t) (Ik − cn(t)Jk))
−1
)

=
1

v(t)
cn(t)

2k Tr
(

Jk (Ik − cn(t)Jk)
−1
)

.

Note moreover that, since J2
k = kJk, Jk is similar to the matrix








k 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0







,
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and thus we have

Ikt =
cn(t)

2k2

v(t)(1 − cn(t)k)
.

Noticing that α(t)
n

≤ cn(t) ≤
β(t)
n

, with

α(t) = 1−
a

a+ b

1− e−2(a+b)t

1− e−2at
, and β(t) = 1−

a

a+ 2b

1− e−2(a+2b)t

1− e−2at
,

we deduce the bound
α2(t)

v(t)

k2

n2
≤ Ikt ≤

β2(t)

v(t)(1 − β(t))

k2

n2
.

Remark that in this estimate, a and b can be positive or negative in order to get a non
uniform in time estimate. However if a > 0 and a + b > 0 then the propagation of chaos
with sharp rate is uniform in time. We will consider the uniform in time case in a future
work.

6. Regularity estimates

The aim of this Section is to justify that all the computations made in the proof of
Lemma 2.4 are valid when replacing m1,t with

mk
1,t := µk,Nt

and m2,t with

mk
2,t := µ̄⊗k

t .

On one hand, we will prove that, under suitable assumptions on the initial conditions, the
hypotheses of Lemma 2.4, at the exceptions of the regularity hypothesis on the derivatives
of b1, are satisfied. More precisely, denoting fk,t = mk

2,t/m
k
1,t and

Ikt =

∫

mk
2,t

‖∇fk,t‖
2

fk,t
, Jk

t =

∫

mk
2,t

‖∇2fk,t‖
2

fk,t
, Kk

t =

∫

mk
2,t

‖∇3fk,t‖
2

fk,t
,

Lk
t =

∫

mk
2,t

‖∇fk,t‖
4

f3k,t
, Mk

t =

∫

mk
1,t

∥
∥
∥∇2 logmk

2,t

∥
∥
∥

2
, Nk

t =

∫

mk
1,t

∥
∥
∥∇ logmk

2,t

∥
∥
∥

4
,

Ok
t =

∫

mk
1,t ‖b2,t‖

4 .

We will prove the following Proposition.

Proposition 6.1. Suppose that there exist positive constants κi,0 and κ′i,0 such that, for
i = 1, 2,

κ−1
i,0 − (κ′i,0)

−1 ‖v‖2 ≤ logmN
i,0(v) ≤ κi,0 − κ′i,0 ‖v‖

2 , (13)

and that there exist positive constants κi,j such that, for i = 1, 2 and j = 1, 2, 3,
∥
∥∇j logmN

i,0

∥
∥
2
≤ κi,j

(

1 +
∣
∣logmN

i,0

∣
∣
j
)

. (14)
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Then

max
k=1,...,N

sup
t∈[0,T ]

(Ikt + Jk
t +Kk

t + Lk
t +Mk

t +Nk
t +Ok

t ) <∞.

Remark 6.2. The hypotheses of Proposition 6.1 imply in particular that there exist con-
stants ci,j and c′i,j such that, for i = 1, 2, j = 1, 2, 3 and all v ∈ R

d,

∥
∥∇jmN

i,0

∥
∥
2
≤ ci,j

(

1 +
∣
∣logmN

i,0

∣
∣
j
)

(mN
i,0)

2, (15)

and
∥
∥∇jmN

i,0

∥
∥ (v) ≤ c′i,j

(

1 + ‖v‖j
)

mN
i0
(v). (16)

On the other hand we will prove that the terms involving the derivatives of b1 in the proof

of Lemma 2.4 (this concerns the terms H i,j
1 , H i,j

3 , H i,j
4 , H i,j

6 , H i,j
8 and J i,j

1 ) are still well

defined when b1 is replaced by bi,k1 (recall (2)). More precisely we will prove the following
Proposition.

Proposition 6.3. We have
∣
∣
∣
∣

∫

mk
2∇vifk · ∇vi

(

∇vj ·
(

bj,k1

))
∣
∣
∣
∣
≤ C

(

Ik+1 + Jk+1 + Lk+1 +Mk+1 +Nk+1
)

,

∣
∣
∣
∣

∫

mk
2

∇vifk
fk

· ∇vib
j,k
1 ∇vjfk

∣
∣
∣
∣
≤ C

(

Ik+1 + Lk+1 +Nk+1
)

,

∣
∣
∣
∣

∫

mk
2∇vifk · ∇vib

j,k
1 ∇vj logm

k
2

∣
∣
∣
∣
≤ C

(

Ik+1 + Lk+1 +Mk+1 +Nk+1
)

,

∣
∣
∣
∣

∫

mk
2fk∇

2
vi,vj

log fk : ∇vib
j,k
1

∣
∣
∣
∣
≤ C

(

Ik+1 + Jk+1 + Lk+1 +Nk+1
)

,

∣
∣
∣
∣
∣

∫

mk
2

‖∇vifk‖
2

fk
∇vj · b

j,k
1

∣
∣
∣
∣
∣
≤ C

(

Ik+1 + Lk+1 +Nk+1
)

.

6.1. Proof of Proposition 6.1. We begin with two Lemma showing hierarchies between
the terms appearing in Proposition 6.1. The proof of Lemma 6.5 relies on similar arguments
as in [27, Proposition B.1.].

Lemma 6.4. We have, for all k = 1, 2, . . . , N − 1,

Ik ≤ Ik+1, Jk ≤ Jk+1, Kk ≤ Kk+1.

Proof. Let us prove it for Jk. We denote by ∇k and ∇2
k the restriction of the operators ∇

and ∇2 to the variables v1, . . . , vk. Remark first that

Jk+1 ≥

∫

mk+1
2

‖∇2
k(fkfk+1|k)‖

2

fk+1
.

Moreover, with the identity

∇2
k(fkfk+1|k) = fk+1|k∇

2
kfk +∇kfk ⊗∇kfk+1|k +∇kfk ⊗∇kfk+1|k + fk∇

2
kfk+1|k,
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we obtain
∫

mk+1
2

‖∇2
k(fkfk+1|k)‖

2

fk+1

≥

∫

mk+1
2 f2k+1|k

‖∇2
kfk‖

2

fk+1
+ 2

∫

mk+1
2

fk+1|k∇
2
kfk∇kfk · ∇kfk+1|k

fk+1

+ 2

∫

mk+1
2

fk+1|k∇
2
kfk∇kfk · ∇kfk+1|k

fk+1

+ 2

∫

mk+1
2

fkfk+1|k∇
2
kfk : ∇2

kfk+1|k

fk+1
. (17)

Remark now that
∫

mk+1
2 f2k+1|k

‖∇2
kfk‖

2

fk+1
=

∫

mk
2

‖∇2
kfk‖

2

fk

∫

m
k+1|k
2 (vk+1)fk+1|k(vk+1|v1 . . . , vk)

=

∫

mk
2

‖∇2
kfk‖

2

fk

∫

m
k+1|k
1 (vk+1|v1 . . . , vk)

= Jk,

while
∫

mk+1
2

fk+1|k∇
2
kfk∇kfk · ∇kfk+1|k

fk+1

=

∫

mk
2

∇2
kfk∇kfk
fk

·

∫

∇k

(
m

k+1|k
2 fk+1|k

)
(vk+1|v1, . . . , vk)

=

∫

mk
2

∇2
kfk∇kfk
fk

·

∫

∇km
k+1|k
1 (vk+1|v1, . . . , vk)

= 0.

With similar computations one shows that the last two terms of the right-hand side of (17)
also disappear. This proves that Jk ≤ Jk+1. The proofs for Ik and Kk are similar. �

Lemma 6.5. There exists a positive constant C such that

Lk ≤ C
(

Jk +Nk
)

.

Proof. Define, for β ∈ (0, 1),

Jk
γ =

∫

mk
2

‖∇2fγk ‖
2

γ2f2γ−1
k

.

Since

∇2fγk = γfγ−1∇2fk + γ(γ − 1)fγ−2
k ∇fk ⊗∇fk,

we obtain

Jk
γ = Jk + (γ − 1)2Lk + 2(γ − 1)

∫

mk
2

∇2fk∇fk · ∇fk
f2k

.
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An integration by parts leads to
∫

mk
2

1

f2k

∂2fk
∂vi,α∂vj,β

∂fk
∂vi,α

∂fk
∂vj,β

= −

∫

m2
k

1

f2k

∂ logmk
2

∂vi,α

∂fk
∂vi,α

(
∂fk
∂vj,β

)2

+ 2

∫

mk
2

1

f3k

(
∂fk
∂vi,α

)2( ∂fk
∂vj,β

)2

−

∫

mk
2

1

f2k

∂2fk
∂v2i,α

(
∂fk
∂vj,β

)2

−

∫

mk
2

1

f2k

∂2fk
∂vi,α∂vj,β

∂fk
∂vi,α

∂fk
∂vj,β

so that
∫

mk
2

∇2fk∇fk · ∇fk
f2k

= Lk −
1

2

∫

mk
2

‖∇fk‖
2∇ logmk

2 · ∇fk
f2k

−
1

2

∫

mk
2

‖∇fk‖
2Tr(∇2fk)

f2k
.

We deduce that

(
2(1 − γ)− (1− γ)2

)
Lk = Jk − Jk

γ + (1− γ)

∫

mk
2

‖∇fk‖
2∇ logmk

2 · ∇fk
f2k

+ (1− γ)

∫

mk
2

‖∇fk‖
2Tr(∇2fk)

f2k
.

Relying moreover on the bounds
∣
∣
∣
∣

∫

mk
2

‖∇fk‖
2∇ logmk

2 · ∇fk
f2k

∣
∣
∣
∣
≤
Lk

2
+

1

2

∫

mk
2

‖∇ logmk
2‖

2‖∇fk‖
2

fk

≤
3Lk

4
+
Nk

4
,

and
∣
∣
∣
∣

∫

mk
2
‖∇fk‖

2Tr(∇2fk)

f2k

∣
∣
∣
∣
≤
Lk

2
+
k2d2Jk

2
,

we obtain
(
3(1 − γ)

4
− (1− γ)2

)

Lk ≤

(

1 +
(1− γ)k2d2

2

)

Jk +
1− γ

4
Nk,

which concludes the proof since the constant in front of Lk is positive when γ is sufficiently
close to 1. �

The following Lemma, based on the parabolic maximum principle, show that the regu-
larity hypotheses made on the initial condition can be propagated for t ∈ [0, T ]. The proof
of this result is similar to the one given in [8] in the context of the 2d viscous vortex model,
and to the one given in [2] for the Landau equation for Maxwellian molecules.

Lemma 6.6. Under the hypotheses of Proposition 6.1, for any T >, there exists positive
constants ρi,j such that for i = 1, 2, j = 1, 2, 3, v ∈ R

d and t ∈ [0, T ],
∥
∥∇jmN

i,t

∥
∥ ≤ ρi,j

(

1 + ‖v‖j
)

mN
i,t(v).
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Proof. Notice that, taking k = N , the coefficients bi,N1,t and bi2,t involved in the dynamics of

mN
1,t = µN,N

t and mN
2,t = µ̄⊗N

t are smooth with bounded derivatives (it is not the case for

bi,k1,t for k < N). For simplicity, since the proof is similar for mN
1,t and mN

2,t, we will drop in
our notations the dependency in i and N and consider a solution m = mt to

∂tmt = ∆mt +∇ · (btmt) = Lmt,

with bt smooth with bounded derivatives and m0 satisfying the hypotheses of Proposi-
tion 6.1.

First step: bound on ‖∇mt‖. A straightforward computation leads to

(∂t − L)
‖∇m‖2

m
= 2

∇m · ∇∂tm

m
− ∂tm

‖∇m‖2

m2
−∆

(

‖∇m‖2

m

)

−∇ ·

(

bt
‖∇m‖2

m

)

= 2∇m ·
∇ [∆m]

m
−∆

(

‖∇m‖2

m

)

−∆m
‖∇m‖2

m2

︸ ︷︷ ︸

=A

+ 2∇m ·
∇ [∇ · (btm)]

m
−∇ · (btm)

‖∇m‖2

m2
−∇ ·

(

bt
‖∇m‖2

m

)

︸ ︷︷ ︸

=B

.

Notice that

A = 2
∑

i,j

∂im∂
3
ijjm

m
−
∑

i,j

∂2jj

(

(∂im)2

m

)

−
∑

i,j

∂2jjm
(∂im)2

m2
,

so that, since

∂2jj

(

(∂im)2

m

)

= ∂j

(

2∂2ijm
∂im

m
− ∂jm

(∂im)2

m2

)

= 2∂3ijj
∂im

m
+ 2

(

∂2ijf
)2

m
− 2∂2ijm

∂im∂jm

m2
− ∂2jjm

(∂im)2

m2
− 2∂2ijm

∂im∂jm

m2

+ 2
(∂jm)2 (∂im)2

m3
,

we simply have

A =
∑

i,j

(

−2
(
∂2ijm

)2
+ 4 ∂2ijm

∂im∂jm

m2
− 2

(∂jm)2 (∂im)2

m3

)

= −2m
∥
∥∇2 logm

∥
∥
2
.
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Concerning B, noticing that

B =
∑

i,j

2
∂im

m
∂2ij

(

bjtm
)

− ∂j

(

bjtm
) (∂im)2

m2
− ∂j

(

bjt
(∂im)2

m

)

,

the identities

∂j

(

bjt
(∂im)2

m

)

= ∂jb
j
t

(∂im)2

m
+ 2bjt ∂

2
ijm

∂im

m
− bjt ∂jm

(∂if)
2

f2
,

and

∂2ij

(

bjtm
)

= bjt ∂
2
ijm+m ∂2ijb

j
t + ∂ib

j
t ∂jm+ ∂jb

j
t ∂im,

lead to the following upper bound:

B =
∑

i,j

2
∂im

m
∂2ijb

j
t + 2∂ib

j
t

∂im∂jm

m
−
∂jb

j
t (∂im)2

m

≤
∑

i,j

(∂im)2

m
+m

(

∂2ijb
j
t

)

+
(

∂ib
j
t

)2 (∂im)2

m
+

(∂jm)2

m
− ∂jb

j
t

(∂im)2

m

≤ C
‖∇m‖2

m
+ Cm.

Moreover, note that

(∂t −L)m logm = ∂tm logm+ ∂tm−∇ · (bt m logm)−∆(m logm)

= ∆m logm+∇ · (bt m) logm+∆m+∇ · (bt m)−∇ · bt m logm

− bt · ∇ (m logm)−∆(m logm)

= ∆m−m ∆ logm− 2
‖∇m‖2

m
+m ∇ · b

= −
‖∇m‖2

m
+m∇ · b

≤ −
‖∇m‖2

m
+ Cm,

and that

(∂t − L) ((t+ 1)m) = (t+ 1) (∂t − L)m+m = m.

Therefore, for a positive constant C0 large enough and a positive constant C1 large enough
(depending on C0), we have

(∂t − L)

[

‖∇m‖2

m
+ C0m logm− C1(t+ 1)m

]

≤ 0.



PROPAGATION OF CHAOS IN FISHER INFORMATION 27

Taking the values of C0 and C1 large enough, we also have

‖∇m0‖
2

m0
+C0m0 logm0 − C1(t+ 1)m0 ≤ 0.

Indeed, logm0(v) is supposed to have negative values for v large enough, and the constant
ci,1 may be enlarged in (15). Note moreover that the Gaussian tail hypothesis for the initial
condition (13) ensure (see [10, Chapter 9]) that for t ∈ [0, T ],

C−1e−c−1‖v‖2 ≤ mt(v) ≤ Ce−c‖v‖2 , and ‖∇mt(v)‖ ≤ Ce−c‖v‖2 , (18)

for some constants c and C depending on T . We can then rely on a parabolic maximum
principle on unbounded domain (see [23, Theorem 3.4]) to deduce that, for all t > 0,

‖∇m‖2

m
+ C0m logm ≤ C1(t+ 1)m.

Dividing by m and recalling (18), we deduce

‖∇m‖2

m2
(v) ≤ C

(

1 + ‖v‖2
)

.

Second step: bound on
∥
∥∇2mt

∥
∥. The proof is similar to the first step. Regrouping the

terms involving only the Laplacian and the interaction terms we get after straightforward
computations:

(∂t − L)

∥
∥∇2m

∥
∥2

m
= −

∑

i,j,k

m

(

∂3ijkm

m
−
∂2ijm∂km

m2

)2

+
∑

ijk

∂3ijkb
k
t ∂

2
ijm

+ 2
∑

ijk

∂2ijm

m

(

∂2ijb
k
t ∂km+ ∂2ikb

k
t ∂jm+ ∂jkb

k
t ∂im+ ∂ib

k
t ∂

2
jkm+ ∂jb

k
t ∂

2
ikm

)

.

Relying then on the inequality xy ≤ x2+y2

2 , we deduce

(∂t − L)

∥
∥∇2m

∥
∥2

m
≤ C

∥
∥∇2m

∥
∥2

m
+ C

‖∇m‖2

m
+ Cm.

Recall now that we obtained in the previous step the bounds

(∂t − L)
‖∇m‖2

m
≤ −2m

∑

i,j

(

∂2ijm

m
−
∂im∂jm

m2

)2

+ C
‖∇m‖2

m
+ Cm

≤ −2

∥
∥∇2m

∥
∥2

m
+ C

‖∇m‖4

m3
+ C

‖∇m‖2

m
+ Cm,

and
‖∇m‖2

m
≤ C1(t+ 1)− C0 logm,
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so that in particular

(∂t − L)
‖∇m‖2

m
≤ −2

∥
∥∇2m

∥
∥2

m
− C0

‖∇m‖2 logm

m
+ C(t+ 1)

‖∇m‖2

m
+ Cm.

Therefore, for a constant c large enough, we obtain

(∂t − L)

[∥
∥∇2m

∥
∥2

m
+ c

‖∇m‖2

m

]

≤ −cC0
‖∇m‖2 logm

m
+ C(t+ 1)

‖∇m‖2

m
+ Cm.

Notice now that, for any positive constant c,

(∂t − L)
(

−m (logm)2 + c(1 + t) m logm
)

= 2
‖∇m‖2

m
logm+ (2− c(1 + t))

‖∇m‖2

m
+ (∇ · b+ c)m logm+ c(1 + t)∇ · bm,

and that, since ∇ · b is bounded, for c large enough ∇ · b+ c ≥ 0. Using moreover the fact
that logm is upper bounded by a constant, we get, for c large enough,

(∂t − L)
[

−m (logm)2 + c(1 + t)m logm
]

≤ 2 logm
‖∇m‖2

m
+(2− c(1 + t))

‖∇m‖2

m
+(t+1)Cm.

Lastly, notice that

(∂t − L)
(
(1 + t)2m

)
= 2(1 + t)m,

so that there exists C3, C4, C5, C6 (where C4 may be enlarged, enlarging also C5 and C6),
such that

(∂t − L)

[∥
∥∇2m

∥
∥2

m
+C3

‖∇m‖2

m
− C4m (logm)2 + C5(t+ 1)m logm− C6(t+ 1)2m

]

≤ 0.

As in the first step, ci,2 may be enlarged if needed in (15), so the constants C3, C4, C5, C6

may be chosen so that

∥
∥∇2m0

∥
∥2

m0
+ C3

‖∇m0‖
2

m0
− C4m0 (logm)2 + C5(t+ 1)m0 logm0 − C6(t+ 1)2m0 ≤ 0.

Relying again on a maximum principle we deduce that for t ∈ [0, T ],

∥
∥∇2m

∥
∥2

m
≤ C6(t+ 1)2m− C5(1 + t)m logm+ C4m(logm)2, (19)

and, recalling (18),
∥
∥∇2m

∥
∥2

m2
(v) ≤ C

(

1 + ‖v‖4
)

.
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Third step: bound on
∥
∥∇2m

∥
∥. With a very similar approach to the previous cases (by

separating the terms involving the laplacian and the interaction), we obtain

(∂t − L)

∥
∥∇3m

∥
∥2

f
≤ −2

∑

i,j,k,l

m

(

∂4ijklm

m
−
∂3ijkm∂lm

m2

)2

+ C

(∥
∥∇3m

∥
∥2

m
+

∥
∥∇2m

∥
∥2

m
+

‖∇m‖2

m
+m

)

≤ C

(∥
∥∇3m

∥
∥2

m
+

∥
∥∇2m

∥
∥2

m
+

‖∇m‖2

m
+m

)

. (20)

Similarly to the previous case, we rely on the dissipation term produced by
‖∇2m‖

2

m
:

(∂t − L)

∥
∥∇2m

∥
∥2

m
≤ −2

∑

i,j,k

m

(

∂3ijkm

m
−
∂2ijm∂km

m2

)2

+ C

∥
∥∇2m

∥
∥2

m
+ C

‖∇m‖2

m
+ Cm

≤ −2
∑

i,j,k

(

∂3ijkm
)2

m
+ C

∥
∥∇2m

∥
∥2 ‖∇m‖2

m3
+ C

∥
∥∇2m

∥
∥2

m
+ C

‖∇m‖2

m
+ Cm.

Relying on (19) we then deduce

(∂t − L)

∥
∥∇2m

∥
∥2

m
≤ −2

∑

i,j,k

(

∂3ijkm
)2

m
− C5(t+ 1)

‖∇m‖2

m
logm

+ C

∥
∥∇2m

∥
∥2

m
+ C(t+ 1)2

‖∇m‖2

m
+ Cm+C4

‖∇m‖2

m
(logm)2 .

Notice now that for positive constants c and c′, with c′ taken large enough,

(∂t − L)

[

−c(t+ 1)m (logm)2 + c′
(t+ 1)2

2
m logm

]

= −cm (logm)2 + 2c(t+ 1)
‖∇m‖2

m
logm+ 2c(t+ 1)

‖∇m‖2

m
− c′

(t+ 1)2

2

‖∇m‖2

m

+ c′
(t+ 1)2

2
m+ t

(
∇ · b+ c′

)
m logm

≤ 2c(t+ 1)
‖∇m‖2

m
logm+ 2c(t+ 1)

‖∇m‖2

m
+ c′

(t+ 1)2

2
m− cm (logm)2 ,
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so that, choosing c = C5/2, there exists a constant C7 such that

(∂t − L)

[∥
∥∇2m

∥
∥2

m
−
C5

2
(t+ 1)m (logm)2 + C7

(t+ 1)2

2
m logm

]

≤ −2

∥
∥∇3m

∥
∥2

m
+ C(t+ 1)2

‖∇m‖2

m
+ C(t+ 1)2m−

C5

2
m (logm)2 + C

‖∇m‖2

m
(logm)2 .

The only term that poses a difficulty here is the last one. We can take care of it by evaluating

(∂t − L)
[

m (logm)3
]

= 3∇ · bm (logm)2 − 3
‖∇m‖2

m
(logm)2 − 6

‖∇m‖2

m
logm.

There exists C8 such that

(∂t − L)

[∥
∥∇2m

∥
∥2

m
−
C5

2
(t+ 1)m (logm)2 + C7

(t+ 1)2

2
m logm+ C8m (logm)3

]

≤ −2

∥
∥∇3m

∥
∥2

m
+ C(t+ 1)2

‖∇m‖2

m
+ C(t+ 1)2m+

(

3∇ · b−
C5

2

)

m (logm)2

− C
‖∇m‖2

m
logm.

Note moreover that the value of the constant C5 defined before may be enlarged such that

3∇· b− C5

2 ≤ 0. The term
‖∇3m‖

2

m
in (20) can then be dealt with, and proceeding as before

we can find positive constants C9, C10, C11, C12, C13, C14 such that

(∂t − L)

[∥
∥∇3m

∥
∥2

m
+ C9

∥
∥∇2m

∥
∥2

m
+ C10

‖∇m‖2

m
+ C11(t+ 1)2m logm

− C12(t+ 1)m (logm)2 + C13m (logm)3 − C14(t+ 1)3m

]

≤ 0.

We can then conclude the proof of Lemma 6.6 by a maximum principle as in the previous
steps.

�

Proof of Proposition 6.1. The Gaussian tail hypothesis for the initial condition (13) ensures
(see [10, Chapter 9]) that for t ∈ [0, T ], i = 1, 2 and k = 1, . . . , N ,

mk
i,t(v) ≤ Ce−c‖v‖2 . (21)

Together with Lemma 6.6 this implies directly that

max
k=1,...,N

sup
t∈[0,T ]

(Mk
t +Nk

t +Ok
t ) <∞.
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Due to Lemma 6.4 and Lemma 6.5 it remains to prove that INt , JN
t and KN

t are finite.
Since the proofs are very similar, let us focus on JN and KN only. We have

JN =

∫

mN
2

∥
∥∇2fN

∥
∥2

fN
≤ C

∫

mN
2

∥
∥∇2 log fN

∥
∥
2
+ C

∫

mN
2 ‖∇ log fN‖4 .

Using the decomposition log fN = logmN
1 − logmN

2 and lemma 6.6, we get:

JN ≤ C + C

∫

mN
2 (dv) ‖v‖4 ≤ C.

The proof for KN is similar, relying on the decomposition

∂3i,j,kfN

fN
= ∂3i,j,k log fN + ∂i log fN∂

2
j,k log fN + ∂j log fN∂

2
i,k log fN + ∂k log fN∂

2
i,j log fN

+ ∂i log fN∂j log fN∂k log fN .

�

6.2. Proof of Proposition 6.3. Let us focus on the first bound of Proposition 6.3. The
other bounds can be obtained in a similar way. We have

∫

mk
2∇vifk · ∇vi

(

∇vj · b
j,k
1

)

=
1

N

k∑

l=1

∫

mk
2∇vifk · ∇vi

(
∇vj · Γ

)
(vj − vl)

+
N − k

N

∫

mk
2∇vifk · ∇vi

(

∇vj ·
(

Γ(vj − vk+1)m
k+1|k
1

))

.

+

∫

mk
2∇vifk · ∇vi (∇ · F (vj)) .

Since the derivatives of Γ are bounded we directly have

∣
∣
∣
∣

∫

mk
2∇vifk · ∇vi

(
∇vj · Γ

)
(vj − vl)

∣
∣
∣
∣
≤ CIk.

The third term is only non zero if i = j, and we have, in that case, because the derivatives
of F are bounded:

∣
∣
∣
∣

∫

mk
2∇vifk∇ (∇ · F ) (vi)

∣
∣
∣
∣
≤ C

∫

mk
2 ‖∇vifk‖

≤ CIkt + C
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For the second term, we rely on the following decomposition:
∫

mk
2∇vifk · ∇vi

(

∇vj ·
(

Γ(vj − vk+1)m
k+1|k
1

))

=

∫

mk
2∇vifk · ∇vi

(
∇vj · Γ

)
(vj − vk+1)m

k+1|k
1

+

∫

mk
2∇vifk · ∇vim

k+1|k
1

(
∇vj · Γ

)
(vj − vk+1)

+

∫

mk
2∇vifk · ∇viΓ(vj − vk+1)∇vjm

k+1|k
1

+

∫

mk
2∇vifk · ∇

2
vi,vj

m
k+1|k
1 Γ(vj − vk+1).

We treat each of the terms of the right-hand side separately. For the first one, we have
∣
∣
∣
∣

∫

mk
2∇vifk · ∇vi

(
∇vj · Γ

)
(vj − vk+1)m

k+1|k
1

∣
∣
∣
∣
≤ C

∫

mk
2‖∇vifk‖

∫

m
k+1|k
1 ≤ CIk.

For the second one, we get
∣
∣
∣
∣

∫

mk
2∇vifk · ∇vim

k+1|k
1

(
∇vj · Γ

)
(vj − vk+1)

∣
∣
∣
∣

=

∣
∣
∣
∣

∫

mk+1
1 ∇vi log fk · ∇vi logm

k+1|k
1

(
∇vj · Γ

)
(vj − vk+1)

∣
∣
∣
∣

≤ CIk +C

∫

mk+1
1

∥
∥
∥∇vi logm

k+1|k
1

∥
∥
∥

2

≤ CIk +CIk+1.

The third term can be treated in the same way, and for the last one we have
∣
∣
∣
∣

∫

mk
2∇vifk · ∇

2
vi,vj

m
k+1|k
1 Γ(vj − vk+1)

∣
∣
∣
∣

=

∣
∣
∣
∣

∫

mk+1
1 ∇vi log fk ·

(

∇2
vi,vj

logm
k+1|k
1 +∇vi logm

k+1|k
1 ⊗∇vj logm

k+1|k
1

)

Γ(vj − vk+1)

∣
∣
∣
∣

≤ CIk + C

∫

mk+1
1

∥
∥
∥∇2 logm

k+1|k
1

∥
∥
∥

2
+ C

∫

mk+1
1

∥
∥
∥∇ logm

k+1|k
1

∥
∥
∥

4
,

and relying on the fact that logm
k+1|k
1 = log fk+1 − log fk + logmk+1

2 − logmk
2 we get

∫

mk+1
1

∥
∥
∥∇ logm

k+1|k
1

∥
∥
∥

4
≤ C

(

Lk + Lk+1 +Mk +Mk+1
)

,

and
∫

mk+1
1

∥
∥
∥∇2 logm

k+1|k
1

∥
∥
∥

2
≤ C

(

Jk + Jk+1 + Lk + Lk+1 +Nk +Nk+1
)

.

This concludes the proof for the first bound of Proposition 6.3, recalling Lemma 6.4.
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6.3. Proof of Proposition 2.6. Under our assumptions, we know that b2,t (recall (4))
satisfies b2,t = Γ ∗ µ̄t + F = ∇Ut, with all derivatives of ∇Ut bounded. Therefore, µ̄t
satisfies the equation

∂tµ̄t = Tr
(
∇2µ̄t

)
−∇ · (b2,tµ̄t)

= Tr
(
∇2µ̄t

)
− (∇ · b2,t) µ̄t −∇Ut · ∇µ̄t

= Tr
(
∇2µ̄t

)
− V µ̄t −∇Ut · ∇µ̄t,

where ∇Ut = Γ∗µ̄t+F and V = ∇·(Γ ∗ µ̄t + F ) This means that µ̄t satisfies the same equa-
tion as ψt in section 2 of [4], so − log µ̄T−t satisfies the same equation as φt. Using the same
notations as [4], we have h = − log µ̄0, so that ∇2h is bounded (and thus ∇h is uniformly
lipschitz). We also know that ∇U = Γ∗ µ̄t+F is uniformly lipschitz. Notice moreover that,
because our coefficients may depend on time, we have to consider a generalized version of
the operator AU , so we need to check that ∇ [AU + V ] = ∇

[
1
2 |∇U |2 − 1

2∆U + V
]
−∇ (∂tU)

is uniformly lipschitz. Because Γ and all the derivatives of Γ and F are uniformly bounded,
∇
[
1
2 |∇U |2 − 1

2∆U + V
]

is uniformly lipschitz. Moreover, we have

∇ (∂tU) = ∂t∇U

= Γ ∗ ∂tµ̄t + ∂tF

= Γ ∗∆µ̄t − Γ ∗ (∇ · [Γ ∗ µ̄t µ̄t])

= ∆Γ ∗ µ̄t −∇ · Γ ∗ (Γ ∗ µ̄t µ̄t)

Because Γ and its derivatives are bounded, this identity entails that ∇∂tU is uniformly
lipschitz. We also have, because A+ V is bounded, that

κAt+Vt =
1

r2
sup

|x−y|=r

〈∇At(x) + Vt(x)−At(y)− Vt(y), x− y〉 ≥ −
C

r

According to the first point of Section 2.2, we can take ft(r) = − r
t+α

+ β1

2 (t+α)− β2

t+α
for

a suitable choice of β1, β2 and α with which we can apply Corollay 2.5 of [4] with σ = Id.
This entails that ∇2 log µT−t is bounded for all t, T . This concludes the proof of Lemma
2.5.
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