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PROPAGATION OF CHAOS IN FISHER INFORMATION

JULES GRASS, ARNAUD GUILLIN, AND CHRISTOPHE POQUET

ABSTRACT. We present a new method for proving sharp local propagation of chaos in
Fisher Information for particles in R? with smooth interaction and drift. We rely on a
new Lemma computing the Fisher Information of two diffusion processes with smooth
drifts and fine estimates on the hessian of the law of the solution of the McKean-Vlasov
equation. It allows us to obtain a new propagation of chaos in Fisher information, gen-
eralizing Lacker’s seminal work [I8], by using the BBGKY hierarchy to obtain a system
of differential inequalities satisfied by both the relative entropy and the Fisher Informa-
tion of k particles. We also show with a simple Gaussian example that our decay rate is
optimal.

1. INTRODUCTION

Fisher information sits at the crossroads of inference, analysis, and kinetic theory: it
controls fluctuations of densities, underpins de Bruijn—type relations connecting entropy
production to information, and refines classical information-theoretic inequalities such as
Stam’s inequality, see for example the recent survey [30]. In diffusive mean-field (McK-
ean—Vlasov) models, the Fokker—Planck structure makes the entropy—information dissi-
pation explicit and places the dynamics within the Wasserstein gradient-flow framework,
where log-Sobolev and transport inequalities [24] turn information dissipation into quanti-
tative stability [3]. Superadditivity /tensorization of Fisher information properties [I] fur-
ther propagate regularity across coordinates, a feature that resonates with the chaoticity
of many-particle systems. This perspective dovetails with the propagation-of-chaos pro-
gram—irom the foundational works and modern reviews to recent entropy-based, quanti-
tative approaches—and with singular kinetic examples (e.g. 2D vortices) where uniform
Fisher-information bounds yield entropic (and thus strong) chaos as in [9]. Very recently,
Fisher information has been central to prove new striking results for Landau [12] and Boltz-
mann [16] equations: monotonicity along the flow in the physical Coulombian case. In this
paper we develop this line and prove propagation of chaos in Fisher information for a
broad class of mean-field diffusions, leveraging entropy—information flows across levels of
the BBGKY hierarchy.

We consider here a system of NV diffusion processes with mean-field interaction, evolving
in R? (or the d-dimensional torus T%) according to the system of stochastic differential
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2 JULES GRASS, ARNAUD GUILLIN, AND CHRISTOPHE POQUET
equations

N
. . 1 . . ,
dxp™ = F(XPM)dt + 5 ) T - X3 Y)dt +dB,
j=1
where (B")Z-:L“ n is a family of independent standard Brownian motions, and I' and F' are
supposed smooth, with bounded derivatives, with I' moreover supposed bounded. It is well
known that, for k fixed and N large, the distribution p* of (th’N, . Xf’N) is close to
the distribution /Z?k of k independent processes (X}, ... XF), with X} solutions to

dX] = F(X])dt + T * i, (X])dt + dB,

with B a standard Brownian motion. This convergence, known as propagation of chaos,
has been studied extensively since the second half of the 20th century due to its deep ties
with the kinetic theory of gases. Several methods have been devised to prove propagation of
chaos, starting with compactness arguments [25], [22] and coupling arguments [26], [21], [7].
Entropy related methods have garnered a lot of attraction over the last decade, notably due
to their ability to handle singular interactions, a notable case being the 2D Vortex model

studied in [17]. It usually consists of estimating HY = H (uiv ’NIM§N ) by a constant
uniform in N and then rely on the subadditivity of the relative entropy to obtain Hf =
H (,uf ’N| ,u?k> =0 (%) It turns out that the subadditivity fails to yield the optimal rates

of convergence. For a more detailed review, see [6], [5].
More recently, Lacker [I8] was able to obtain optimal rates of convergence of order

Hf =0 (%25) for propagation of chaos under suitable assumptions on the interaction (that

are satisfied if I" is bounded or Lipschitz for instance), by working directly with HF instead
of HYN. The novelty of this approach is the use of the BBGKY hierarchy to obtain a system
of differential inequalities of the form

2
%Hf < C% +Ck (Hf“ - Hf) .
This approach has seen several improvements since this seminal work. Uniform in time
propagation of chaos in entropy has been obtained in [19], by relying on log-Sobolev in-
equalities to gain an additional —cH} on the right hand side of the system, and thus needing
additional assumptions. The non exchangeable case has also been considered in [20] where
sharp convergence rates are obtained for systems of particles with weighted interaction (for
instance, when the particles that interact are given by a deterministic matrix) toward n
independent processes (the so-called independent projection). See also [14] for the x? di-
vergence instead of the relative entropy, where it is also obtained sharp convergence rates
results for higher order corrections of the mean-field limit.

A recent breakthrough for singular interactions has been made in [31], that was done by
obtaining a more general system of differential inequalities of the form

d k2
EHf < —cIf + eIt Caz+Ck (Hf“ - Hf) ,
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k kN ||2
where ¢; > ¢o and If = Z /,uf’N Vo, log 'ut®k . By using a change of variable, it is
i=1 i

then possible to obtain a system of the form

izk < C’k—2 + Ck (zkH — zk>
dt t = N2 t t ]

This approach has been used to treat the case of non constant diffusion coefficient by
the authors in [I1], by using a new (in the context of propagation of chaos) decomposition
of the Fisher Information, and it seems that a better understanding of If could yield new
results. A striking point in the change of variable in [31] is that it does not rely on any
property of the Fisher information apart its positivity. In fact, little is known about Itk
and propagation of chaos in Fisher Information is very difficult to prove. To the best of
our knowledge, very few papers consider propagation of chaos in Fisher information. In
[13], it is proved that Fisher Information propagation of chaos is stronger than its entropic
counterpart, but up to our reading no criterion to prove the Fisher propagation of chaos is
given. The present article fills that gap in the literature. It also opens further developments
that we will consider in the near future: singular interaction kernels, the uniform in time
case, non constant diffusion... We hope also that it can lead to an alternative approach to
the monotonicity of the Fisher information in the Landau or Boltzmann equation, using
this monotonicity for the particle system and then the propagation of chaos in Fisher
information.

One of our crucial tool is a new Lemma for estimating the Fisher Information between
two diffusion processes with smooth drifts and constant noise and adapting Lacker’s method
(in the case of smooth interaction) we obtain a system of differential inequalities of the form

dk kz k+1 k k+1 k k
Eltgcher:(Ht —u) + ok (I - 1) + o 1f,

which allows us to obtain the bound If =0 (;@—22) We then prove from this inequality

and its counterpart in entropy that the optimal rate of convergence is of order ]6—22, which
means that our decay in N is optimal. The proof also relies on fine estimates on u; and its
spacial derivatives by using Hamilton-Jacobi-Bellman equations.

The plan of the paper is the following. Section Rl presents our main results concerning
the propagation of chaos in Fisher information, as well as the crucial Lemma evaluating the
derivative of the Fisher information between two solutions of inhomogeneous in time Fokker
Planck equations with different drifts and constant diffusion, whose proof is given in Section
Bl The proof of the main result using BBGKY hierarchy in Fisher information is done in
Section [l We present in Section [l an explicit example, i.e. mean field Ornstein-Uhlenbeck
process, where the Gaussian structure enables us to derive the exact rate of propagation
of chaos in Fisher information, confirming the sharpness of the rate obtained in our main
result. Finally Section [0l includes all the fine regularity estimates necessary to justify the
derivations of Section [3] and 4l
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2. MAIN RESULTS

Let us first recall the definition of the relative entropy and Fisher information : for any
probability measures 4 and v such that p admits f as density with respect to v, we define

Hply) = / vflog f.

and

2
Hl) = [vsivios s = | u”vf |

We will make the following hypotheses for the initial conditions throughout the paper.

Hypothesis 2.1. o Torus Case. We suppose that fig is C?, bounded from below and
that V?log fig is bounded.
e R Case. We suppose initial Gaussian bounds. More precisely that there exist
constants ¢, C, ', C' such that

_ _ -1 2 _ 2 _ -1 2 _ _ 2
Cte= P < y NN () < CeellP | or=1e=¢ TP < g (v) < eI,

and that, for j =1,2,3,
: 2 ' _ .
HVJ loguéV’NH <C <1+ ‘log,uéV’N‘]> A logﬂoH2 < (l—i-\logﬂo\]) .

Remark that in the R? case, the assumption is indeed verified for ,uév N a Gaussian
measure.
We may now state the main result of our paper.

Theorem 2.2. Fiz a T > 0 and suppose that there exists a constant C such that
k| ok k? kN |k k?
H(py ™ |ig") < Capz and Ip™ 1ig") < Oz

Let distinguish two set of assumptions:

e Torus Case. Suppose that F and I" are smooth.
e R? case. Suppose that T' is smooth bounded, with bounded derivatives, that F is
smooth with bounded derivatives and assume moreover that

sup || V2log fis|| < oo.
te[0,T

We suppose here that Hypothesis[21l is effective. Then there exists a constant My such that

2
kN | @k kN |- @k k
H (" 1) + 1 ) < Moo
Remark 2.3. o We suppose for simplicity that all derivatives are bounded, but as
can be seen in the proof, derivatives up to four may be sufficient, however leading
to refined reqularity estimates.
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o The hypothesis sup,¢o 1) V2 1og jig]| < oo is in fact trivially verified in the torus
setting, if assumed at time t = 0, for example via Feynman-Kac formula due to
the ellipticity assumption and reqularity of our coefficients. In the R? case, we will
rely on recent results on Hamilton-Jacobi-Bellman equation derived in [4]. It will
be the purpose of Proposition [2.0. We prefer to state this as an assumption in our
main Theorem as it will be a crucial step to extend our results on models with less
reqularity (vortex 2D, ...) or uniformly in time that will be considered in future
works.

The proof of our main result relies on the well known BBGKY hierarchy (which was

already the crucial ingredient to obtain the optimal rates in [I8 [19, 20l B1]) : ,uf s
solution to the PDE
k k
k,N kK ik kN
Oy = ZAviﬂt - Zvvi : (bZLt:“t ) J (1)
i=1 i=1
with
k
. 1 N —k k+1|k
byi(vn, . uk) = F(vi) + N ZP(UZ' —vj) + N D (v — Vg1 )ty | (Vpr1|v1, -, Vk),
j=1
(2)
where uf+1‘k(vk+1|v1, ...,vi) denotes the distribution of the (k + 1)-th particle thH’N
conditioned to (th’N =v,... ,Xf’N = vg). To prove propagation of chaos, the idea is to

compare uf N to ﬂ?k , which is solution to the following PDE:

k k
i =Y At =Y Vo (V") 3)
=1 i=1
with
9.4(Vi) = F'(vi) + ' x fig (v7). (4)

The main step of our proof is the following Lemma, that controls the evolution of the Fisher
information of two generic probability distributions m; and ms that are solutions to PDEs
similar respectively to (d) and (3.

Lemma 2.4. Suppose that my; and ma, are respectively solution to, for u =1,2,

k k
8t7nu,t = Z A1)2-7nu,t - Z vvi ’ (bi7tmu,t) ) (5)
i=1 i=1

and denote f; = my1/may. Suppose that bz,t is smooth, with bounded derivatives for any

u=1,2andi=1...k. Suppose moreover that bli,t — b’é’t s bounded fori=1...k and that,

forallt >0,
V2 2 V3£, |2 V4
I(ml,t’mzt) < 00, /mgﬂgM < 00, /mltM < 00, /m2,t” f];f” < o0,
t

fi Ji
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/ [V log ma|® < oo, / |V log ma||* < o, / s [ba]| ! < oo.

Then, for any € > 0 and any T > 0 there exists a constant C, depending on €, such that
for all t € [0,T],

I(myglmays) < —(2 —¢) Z /m2tftvaz vi ngH

dt
7]_
+4 Z /m2tft Vo, log fi - V v 0, 108 M2V, log fy
i,j=1
-2 Z /m2tft sz log f; - szbj v log f;
i,j=1
vlft j j
—I-ZZ v“v 10gm2t<b%_b]1> ft
i,j=1
. . 2
+C Z /mlvt vai (v - b{)” .
ij=1
Remark 2.5. e We have stated our result for two generic solutions of [3, but since

we will be using Lemma [2.4] with mo; = ,u?k, there will be additional cancellations.
The main bound we use in Section [2.2 is

%Iﬁ§015+zk:/u’ffv bk — b”“ Z/ Hm b]k b““)H
i=1

e For simplicity we have stated this result supposing that b is smooth and bounded.

So, while ma may be directly replaced by ﬂ,‘?k, it is not the case for my and uf’N in
the R? setting: bil’k—b;’k is indeed bounded but in (2]) bil’k does not have its derivatives
bounded since it involves the conditional distribution p*+t1%. In Section [@ we will
show that the computations made to prove this Lemma are still valid when bil 18
replaced by bil’k and that the other hypotheses of Lemma[2.4) are satisfied in the case
we are interested in.

Let us conclude this Section by a Proposition stating that, in the gradient case, our
assumption on the Hessian of the logarithm of the nonlinear flow is satisfied under our
assumptions. This Proposition is obtained by an application of a result of [4]. The details
of the proof are given in Section

Proposition 2.6. Suppose that there exists two functions V,W such that F = VV and
I' = VW and suppose moreover that the derivatives of F' and I' are bounded, and that T’
is bounded. Suppose that V?log fig is bounded. Then, for all T >0, V?log iy is uniformly
bounded on [0,T].
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Note that here we do not have assumptions on the ergodicity of our processes as only
growth assumptions are made on the drift and interaction terms and therefore no uniform in
time bound can be obtained in Prop. Note however that in Section B, when a is positive
and a -+ 2b, as densities are gaussian, it is easy to verify that V2 log ji; is uniformly bounded
in time and space. It will be a crucial result to prove for uniform in time propagation in
Fisher information.

3. PrRoOF oF LEMMA [2.4]

Recall that we have defined f; = my,1/mg;. We start by decomposing the terms involved
in the dynamics of f;. For simplicity of notations we drop the dependency in time, and
write f, mi, mg instead of fi, my, moy... Recalling (B) we obtain

Ormy Ormo

8tf: Mo - m2 mi
2
k k
Vo - b mi - m A,.m A, m
—Z : )+Vvi-(b§m2)m—§+2f< ;’7’121— U122m1>.
2 i=1 2
=L1f =:Lof

On one hand, focusing on the operator £1, we have

Vu

k
Lif =3~V b f b 2, by f by -V, logmy f
=1

k
_ (b pi) F i [ Yuma m i iy
_ZV% (b2 bl) =0 < o szm2m2> (b b) Vo, logma f

k
=Y Vi - (b5 —bY) bV f + (b5 = b)) - Vo, logms f,
and thus we obtain
»Cl = Zvvz : ((bz2 - bzl) f) - bl2 : Vvif+ (bl2 - bll) ' Vvi logm2 f (6)
i=1

On the other hand, by standard computations,

mq Vo, mi mq
Vo— = ~4 L Y, my—s
i 27

mo meo ms
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and
mi my
Ao, =V, - Vi, —
2 ma
Vv.ml mq
= VUL < : — va 2—5
mo 2
Av,ml VU,.mg mi V mi
= — - vviml : L2 - Avim2 —5 = Vviml : 2 + 2 Vvlm2 vaWLQ 3)
ma2 ma ma ma my

which leads to

Vo,

i—1 my my

1=1

k
Vo,
e ZV”" e (”Z— Sy )
2 =1

k
=Lof =2 ) Vylogmy -V, f.

i=1

Therefore:
k

Lof = ZA’Uz‘f +2 Vy, logmy - Vy, f. @
i=1

We can now focus on the evolution of the Fisher Information:

I(m1|ma)

—Z/é‘m el 5 [, @) 9t~ [ 190117 %

_ i\ IV fll my Elf
_—;/;V%.(bémg)#—i—2 "2V, (Lf) Vi - /m2 10 £

=:1

+Z/2Aw ”Zf” w2 [TV ) Tt~ [ (91 2

=:1s

dt

(8)

In this decomposition I5 corresponds to the effect of the diffusion, while I corresponds to
the effects of the drift. We treat these to effects separately in the two following subsections,
the proof of Lemma 2.4 being a direct consequence of (@) and (I2).
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3.1. Dissipation of Fisher information: the diffusion term. The aim of this subsec-
tion is to obtain an adequate expression of term I5. This calculation is inspired by [29 Part
2, Chap 4, p.280| or [28, Lem. 4.2], which focus on the flat Fisher information. Recalling

[®) and (@) we obtain

UJfH @ .
S [ Aum 2 [ T2V (A1) Vaf

1,7=1

—:AhJ —:Bt:J
+4/m2 v; (vvz 10gm2 Vvlf) ijf /m2 va]fH2 A;Zf

=:C%J —=:DJ

=2 [maf (9,105 7| ¥y logma - ¥, log .

=:FtJ

Relying on integration by parts, we obtain

of
-2y [
%:1 f 0%y, a@vj 3 0vj 3

_ my Of
2 Z /&umavﬂgavm < f 82;]-75)

= —2/m2vw logmeg - V%Z,,Ujf Vo, log f — 2/ 2 H U“v]fH

—I—2/m2V log f - VU U]f Vo, log f,

% f >
_9J , and
93,0058 ) 1 <4 p<d

2
i mo O%f af
p Z /f2 81) <8vj,5

a,B8=1
of 0 (ma [ 8f \?
Z /81)@&821“1 < <8vj,a> )

= /mgf HVUJ' long Vo, logmg -V, log f + 2/m2vvi log f - V?,Mjf Vo, log f

where V%wj f is the matrix <

—2/m2f||vui log f|12 ||V, log || -
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These two computations lead to
B 1 pii — _2/ vauvij +4/m2vvl log f - V2, f Vo, log f
—2/m2f||Vm log £ ||V, Log £

— 2/m2vvi log mo - Vghvjf Vo, log f + /mgf vaj log f”2 Vy, logmg - V,, log f

=2 [maf V2, tog 7| 2 [ ma¥,logma - 02, 9, lop -2
—:F%J
and thus, remarking that
9 2
vasz V., log f - Vv}vjf ijlogf+HleOgﬂFHleongQ

& ey N\ 2 & 1 af of 1 of of \?
a%; (? 8vi7aﬁvj7g> a ?avi,aavmﬁawﬂ 0vj 3 * <F 0v; o avjﬁ)

R . ]
et fOvia0vjz  f20viq0v;p

= |71

we deduce

t,J

k 2 - . E -
I = Z —2/m2f vai,vj log fH AN 4 O 4 2y P

Z7-7

Now, relying on an integral by part,

omy  O0*f Olog f
Fi = 9 /
;1 81)1 a (%Z aa?}] B a?}] B

of 0 [(Omao 1l Of
=2 Z /8’0%5 8'Ui,a <6Ui,afavjﬁ>

a,B=1
— 2AZ7.7 + EZJ — Fihj’

so that
EbI

+ 5
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and, expanding,
C = 4/m2f Vo, log f - V%MJ_ logmaV,, log f — 2L,

So, gathering these two last identities,

Z‘?j

. .. E - - V]
AW 4+ CY + 5 4+ FHI = 4/m2f V., log f - sz)ivvj logmaV,, log f + A" +

_ I

=4 / maf V., log f - v%,mj log maV,, log f,

and finally

k 2
I, = Z —2/m2f HV%MW log f” + 4/m2f Vo, log f - sz)i,vj logmaV,, log f. 9)
ij=1

3.2. Dissipation of Fisher information: the drift term. We focus in this subsection
on the term I;. Recalling (&), we get the decomposition

k k
s Z—/ij.(bg’kmg )] ”zf” +2/m2 w (LLf)- Vo f — /mz 1V, £11 Elf
i=1 | j=1

=G =:Hi =:Ji

We will bound each term, making appear some crucial cancellations in the process. Let us
first focus on H*. Relying on ([l),

=32 [ 5Vt S (o (1) 1)) = [ s (5 -9)

R e
I Vau, ((b% - bjl) -V, logm2f> .

i
—:H}

+2
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We have, after an integration by parts:

d
Hy? =2 3 /%aii; aia <avam (G f>>

a,B=1

d B) ) ) P
- _2%;1/ 05 (% avf) s (87 -117) 1)

- —2/m2fVUi log f - Vo, (bg - b{) V., log my

—.pgind
=:H

_2/m2f 94,10z I (0~ 8]) V., logms

::Hé’j
—2/m2fvgi,w log f : Vs, (b; —b{) —Q/meVUi log f - V2, log f (bg —b{),

2 — gL
=:Hg =:Hy

where A : B denotes the Frobenius inner product between two square matrices A and B.
Relying on the inequality z -y < ¢ ||z]|* + + |,

koo k 2 k 2
S HF<cY /mluvw (-v)| + > /mluvi,vj log /||, (10)
=1 i,j=1 i,j=1

Z?]:

The terms H;’j ,HZ’j and H é’j will be cancelled with terms appearing in the next computa-
tion, while a cancellation will also occur for Hy” at the end of the proof. Let us now focus
on H;’] . We have, by simple computations,

Hi — 9 / mf%‘f (Vo (4= 4) V., logmy ) £

—. g7
=:H},

Vo, f
ma

+2 5 Vi, logm (vh-4]) r

—. g
__I—[9

/
+ 2/mzvvif

; 'Vvif(bg—bD-ijlogmg.

—.ghd
=:H}y

We remark immediately that

Hy + HY =0 and HY? + Hyj = 0.
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Hé’j is a term that appears in our Lemma 2.4l We will now focus on the term J*. We have,
recalling the expression of L1 f,

Z / vafH v, ,((b%-_b{) f>+/m2|! ;szH bV, f

_Ji] ::J;’j
\v 2 . .
el () s
::Jé’j

Remark first that an integration by part leads to

5= [m HV;LQfH ij_(bg_b{) i /mQHVTfHZ (bg_bg) V!

/VUJ ( Hmell ) /m 191 - 1]) Vs

=/mﬂwm%m%mmmm(@—@

. i
= J

o2 [l () -2 [l () s

=g
and note that
i T = 0.

iy o VZ Vel IV, fII?
Jgﬂzz/m (b%_bjl)( VP g

Moreover,

f f?
However, by standard computation we know that

V’lz)j;l)if o vvjf® vvzf

2 _
VU] v; log f - f f2
so that
Vi Vol [V fIP
2 _ V3,0 3 Vg
Viwilog f Vo, f = ]f - Vo, f.
Therefore:

5 =2 [y (04 1) 92, lom S Vs,
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which implies Jé’j + H;’j = 0.
At last, it remains to remark that an integration by parts leads to

Gid =2 / %b% : vij,vifvvif - Jé’j7

while a straightforward computation gives

H;j =—2 %bé ’ v12)j7vifvvif o 2/m2fvvi log f - v”@'bgvvj log f,
and
Y G+ HY Iy =2 /m2f Vo log f - Vo by Vo, log f. (11)
i,j=1 hj=1

Finally, gathering the estimates (I0), and (II)) we obtain, for all € > 0,

k v o k N2
n<2y /mg%f-vﬁwj logms (1~ b]) f+C > /ml vai (v —b{)”

i,j=1 B,j=1
k ' k
2} /mgf Vo log f- Vb Vo log f+e > /m1 vaivvj log fH (12)
i,j=1 B,j=1

Remark that with our hypotheses all the terms appearing in this proof are well defined.
For example,

1 1
404 < 0 ([l atogmal+ [ togmalt </m2” }i”) ,

il
£

Gy < [V, 8[| Tomabm) + [ma o+ [ s |9 0gmal + [
or

i
i

<2 Hv2 (v] - v4) HOO I(my|mg)? +4 Hv (v] - v4) HOO I(ma|mo)

ol omomat ([l Z)

However, in order to prove Theorem 2.2, we will consider terms by and by such that, while
b1 — by and the derivatives of by will still be bounded, the derivatives of b; will not be
bounded (recall ([Il) and (2])). We will prove in Proposition that, when replacing b}

by b{’k, the term appearing in the proof above involving the derivatives of b{’k are still
well-defined.



PROPAGATION OF CHAOS IN FISHER INFORMATION 15

4. PROOF OF THEOREM

We first start by choosing ug and ,ulg’N such that %@N and ,uév N satisfy the assumption
of Theorem so that, in virtue of Proposition [6.3] we can follow the proof of Lemma 2.4]
all the integration by parts we need being justified. By using Lemma 2.4] we have

d /,[,k7N
d—It <CIF—(2-¢) Z / v“v] log t
i,j=1 Nt
uk N o
+4 Z / Vo, log V?)Z v; log jif’ VUJ log t
) iy T
+2 Z / Ny, log v,%l , log i <b§’k - t}")
i,j=1
+CZ/ HW (4 )
,j=1
k N
—9 Z / V., log 2. v, 05" v, log “t
i,j=1 /L :ut

Note that, because we used Lemma 2.4l with mo = ﬁ?’“ , there are additional cancellation.
Indeed, because the particles are independent, we have, if i # j, V v“v logu = 0 and

Vvib%’k = 0. Therefore, we have, because V%wi log ﬁ?k is bounded by a constant (see
Proposition [2.0]),

k N ,U
E / v V2 0 log,u VUJ log t
N Nt

1,j=1

k kN
kN 1% ,u
=) / " Vo, log ﬂt®k - V2, 4, log iV, log J
— i

<cCIf,

. . 2
i,k i,k

N k
Z / Ny, log - V2, log i <b] % b{’k) <crf+cy. / N ‘
=1

1,j=1

Because VI' and VF are bounded, we also have

Mk’N . Mk,N
t i + &
Hy Iy

1,j=1
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Therefore, for € small enough, we have

k

d

I gczf+cZ/MfN
=1

blk) blk)

!+CZ/ A

=K =L

By using the expressions of bil’k and b;’k, the terms involving F' cancel out and we have:

2

k k

_ N —k k+1k -

K:Z//‘f’]v Z vi — ;) F*Nt(vi))"i'T(F(vi_')nut—i— | — fit)
i=1 j=1

To bound the terms K we follow here similar arguments as in [I8]: we get the decomposition

k
< N2 Z/ o Z _UJ — I * iy (v4)) ‘1'22/ ‘),Nf+1‘k_ﬂt>‘

=K =K2

2

9

and Pinsker inequality leads to

k+1|k k+1|k _
[0 =, e, o) = )| < PN ¢H o, v (),
so, relying on the towering property of the relative entropy, we obtain the bound
Ky < Ck (Hf“ - Hf) .

Concerning K71, we have, relying on the exchangeability of the particles,
k? k? 3N _ _
K1 S dm Wl + 45 [ 8 (D(or —v2) = Tx (1)) (w1 — v3) = T e (w1))

so that, remarking that

/ AES (T(v1 — 03) — T % fin(1)) (D(v1 — v3) — T % ig(n)) = 0,

relying again on Pinsker inequality and the fact that I' is bounded we get

K’ K 3N -

Applying the relative entropy bound given by [I8] we get H <M?’N|ﬁ§3) < %, so that,
gathering the previous estimates,

2
K < C >+ Ck(H{ ' — Hf).
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We focus now on the term L. Notice that, because bé’k(vl, V) = Tk g (vy) + F(vy), we

have, if i # j, Vvib%"k = 0. Therefore, we have:

b3 ot (8t -3 [ [ (-

=L =Lo

Notice moreover that, if i # j, we have

) ) 1 N -k k+1|k
Vo (b%’k - bik) =~y VI —vi) = ——(T(v; =), Vot ).

Therefore, relying on the fact that I' is bounded,

1 N —k 2
Ly < 22/“57]\[ HNVF(UJ - Ui + 2 Z/ o HT<P(UJ - ')7vvi:uf+l‘k>

i#j i#j
k? e k,N ol
<Orz+ O [ ), Te
ij=1
k2 k+1\k o) k+1|k
SCW_FCZ/ / D(v; —v*) - Vy, log
1,j=1
k? k+1lk g k+1]k
gchrCZ/ / HF i — ") - Vy, log 11 H
1,j=1

k> i 1,N k+1|k
<O+ 3 [l [vutont
ig=1

Notice moreover that, by exchangeability, we have

k+1

I+ = Z/ k+1,N
L / k+1,N
k it Z

k+1 N

Vi log tlopr ®k+1

kN k+1\k 2

\% log =+ Vy, log ———
iy ,Ut(UkJrl)
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and thus, since V,, (log pu(vk+1)) =0,

2

k
1
k+1 k+1 k+1,N M k+1lk
I Zk—ﬂfﬁ + E_ /Nt szlog/j + V., log i !

_k;—+1[k+1+2/ BN g log

+2 Z/ PN, log vmlg“t
,Ut

T ki1, & k+1N k+1|k
k; 1[ + I +Z vallog,u H

k k k k
+2 Z/uk’N (/ut“ Vi log iy ! > szlog/z;
i=1

+ Z/ k+1,N val 10gﬂk+1|k”

Noticing that

we deduce

2
[ >Z/ k)-i-lNvall gﬂk+1|kH .

Using this estimate yields the bound

k‘2
Ly < O +Ck (15“ ~1f).



PROPAGATION OF CHAOS IN FISHER INFORMATION 19

It remains to bound L:

- 1 g N —k k41
L1:CZ/uf’ VT * py(vj) _Nz Tvvj<l“(vj—'),ut+| )
_c : kN & N —Fk k+1]k
= Z Hy Z i — Vi) vr*l‘t(vj)+T<VF(Uj — )y bt — Hy )
=1 i=1
N -k e
5 00 =+ Vo)
k Nk 2
k-+1]k
SC’Z/M? ZVF VF*Mt(Uy)+T<VF( — Yy — Ty
j=1

O3 [ s 9 ot
j=1

By similar arguments as before, we get the bound

Ly < 0]@—22 +Ck (Hf“ - Hf) +C (If“ - ff) .

Finally, gathering the previous estimates, we obtain

c(l:ltlt _C]Iim + Ck (H’“rl Hf) L Ck (Ifﬂ_[f) —l—CIf.

To obtain a bound on I} we also consider the hierarchy provided by the relative entropy,
as was done in [I8] [19]: standard computations (see for example [19, Lemma 3.1.]) give

d & k k k|2
7N -7 '7
P t_ If‘FE /,Ut Hb% — b} ‘
i=1
bo* —b]

so, with similar estimates as before (remark in particular that with our hypotheses b
is bounded) we obtain

)

d k2
ZH < —IF +C 55 + Ck (Hf“ - Hf) .

Let a > 0 and 2§ = I} + aHf. We obtain, for « large enough:

d k kz k k+1 k k+1 k
EztSCm—k(C—a)It—ka(Ht —Ht>+C'k:<It —It>.
k‘2
< Cﬁ +Ck <zf+l - zf) .
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These are exactly the same equations as obtained [18], in the context of the relative entropy.
Relying on the estimates obtained in this paper, we deduce that

k72
k C

YVt € R+, Zt S CC tm.
This means in particular that

k‘2
Itk S OECt m .

5. A GAUSSIAN EXAMPLE: OPTIMALITY OF OUR RATES

The main goal of this Section is to write down an explicit example where the rate we
obtained previously in our main Theorem is shown to be sharp. It will be a Gaussian
case, i.e. linear confinement and interaction potential. Note that this case lies beyond our
general setting, i.e. I' bounded. Consider constants a and b and the system of n interacting
particles in R of the form

) ) b j i
dXi = _anerZXt dt + dwy.
J#i
We define
bn
. 1 o 1 a 1 e—2t(a+m)
'U(t):%(l—e a)a Cn(t):E<1_a+% 1_6—2at '

The k particles marginal uf " is a centered gaussian with covariance matrix E?’k satisfying
E?’k = v(t) (I — cn(t)Jy), where Iy is the identity matrix and J* is the matrix of all ones.

py™ converges to u?k, where p; is a centered gaussian with variance v(t). Recall that
the Fisher information between two gaussian random variables (whose covariance matrices
commute) is given by:

TN (i1, Z0) IV (12, 82)) = [|B5 (i1 — p)||* + T (22_2 (T2 — 51)° 21_1) :

Relying on this formula, we obtain

1 _ 1 -
If = o (02en(®)2I7 (0(8) (I = ea()) ) ") = ST (I (T = ca®)) ")

Note moreover that, since J,? = kJj, Ji is similar to the matrix
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and thus we have
B cn(t)?K?
v(t)(1 = cu(t)k)

_ a 1-— e—2(a+2b)t
Of(t) -+ o ’ and B(t) =1- a -+ 2b 1— e_2at ’

we deduce the bound

UL O

o(t) n? =T T w(t)(1 - B(t) n?
Remark that in this estimate, a and b can be positive or negative in order to get a non
uniform in time estimate. However if @ > 0 and a + b > 0 then the propagation of chaos
with sharp rate is uniform in time. We will consider the uniform in time case in a future
work.

6. REGULARITY ESTIMATES

The aim of this Section is to justify that all the computations made in the proof of
Lemma [2.4] are valid when replacing m; ; with

E . kN
My = Hy
and mg; with
k . ~-®k
Moy -= My -

On one hand, we will prove that, under suitable assumptions on the initial conditions, the
hypotheses of Lemma [2.4], at the exceptions of the regularity hypothesis on the derivatives
of by, are satisfied. More precisely, denoting f;; = m'j’t / mlit and

O P T P e U e Y T

e S St
Y e o fee o fer

Vel ? )
e R SV Y SN R R A

£
w:/ww%w

We will prove the following Proposition.

Proposition 6.1. Suppose that there exist positive constants k;o and Hé’o such that, for
i=1,2,
-1 -1 2 N 2
Ko — (Ki0) " lloll® <logmyg(v) < ki — kig [l0]I7, (13)

and that there ewist positive constants k; ; such that, for i =1,2 and j = 1,2, 3,

IV9 108 mP%||* < ris (1 + Pogmil’) (14)
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Then

max  sup (If+Jf+Kf+Lf+Mf+Ntk+Of) -
k=1,...N te[0,T)

Remark 6.2. The hypotheses of Proposition [61] imply in particular that there exist con-
stants ¢; j and cg’j such that, fori=1,2, 7 =1,2,3 and all v € R,

[Wm < iy (1+ ogm’) (i (19
and

ijm%H (v) < ¢ (1 + ”U”]) mp (v). (16)

On the other hand we will prove that the terms involving the derivatives of by in the proof
of Lemma 2.4 (this concerns the terms H{] , Hy?, Hi’j , Hé’j , Hg? and J{"j ) are still well
defined when b, is replaced by bil’k (recall (2])). More precisely we will prove the following
Proposition.

Proposition 6.3. We have

[t (9 ()] 20 (1 4 20 ),

Vo, fr ik
‘/mQT'Vwb{ Vo, fx

<C (Ik—l—l Lk JrN/c+1> 7

' / MV, fi - VbV, logmb| < C (1’““ + LFFL 4 MR 4 N’f+1) ,

‘ / mb V2, . 1og fir : Vi, bp"

2 .

6.1. Proof of Proposition We begin with two Lemma showing hierarchies between
the terms appearing in Proposition The proof of Lemma [6.5] relies on similar arguments
as in |27, Proposition B.1.].

Lemma 6.4. We have, for allk=1,2,...,N — 1,
Ik < Ik-l—l Jk < Jk-l-l Kk < Kk-l—l‘

S C (Ik+1 + Jk+1 +Lk+1 —|—Nk+l) ’

< C (Ik+1 + Lk‘-i—l + Nk?-i-l) )

Proof. Let us prove it for J*. We denote by V}, and V% the restriction of the operators V

and V? to the variables vy,...,v,. Remark first that
JhH > /mk+1”vz(fkfk+l|k)”2.
B ? fet1

Moreover, with the identity
Vilfeferir) = FosrptVafe + Vife © Vi fiorip + Vife © Vi fiorip + oV ferj
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we obtain
/ jit IV (e Frorge) 1P
Mg
Jra1
Vi fill? Jes 1k VafeVife - Vifriik
o [kt g2 Vi +2/ k+1 k
_/ 2 leIk Jrs1 Jrs1
+2/ jit i1t VeSe Ve - Vifosi
Jr+1
\Y \Y%
+2/ joit T Fr11e Vi - kfk+1|k (17)
Jr+1

Remark now that

\% 2 Vi 2
/m§+1f13+1|k|’ fksz / s ff:kH /m§+1|k(vk+l)fk+1k(vk+1|vl---avk)

V 2
_/ il kaH /m§+1lk<vk+l|m...,vk)
= Jk,

while

/ jit o1 VeSe Ve - Vifos
Jr+1

V2 .V
Z/mg%'/Vk(mgﬂkfk+1k)(vk+1lvl,---,Uk)

V2.V
— [T G o)

=0.

With similar computations one shows that the last two terms of the right-hand side of (I7)
also disappear. This proves that J* < J¥*1. The proofs for I* and K* are similar. O

Lemma 6.5. There exists a positive constant C' such that
Lk§O<Jk+Nk>‘

Proof. Define, for 8 € (0,1),
e [T

Since

V2 = I Ay (y = DTV © Vi,

2 .
k

we obtain
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An integration by parts leads to

/kl f  Ofw Ofw
fk avmangc‘)vm(‘)vjﬁ

_ / , 1 dlogmb <8fk>2+2/ Pl <8fk>2<8fk>2
fk Oiq OViq \OV;p fk Ov; o Ovj 5
_/ L 102y, <8fk )2—/mki Ffu  Ofu Ofx
fl? ov2, \dv;g 2 f2 9v; 0 0vj 5 Qo OVj g
so that
/ §V2fkvfk V fi :Lk_z/ K IVIRIPV logmf - V i }/ k”vkazTr(szk)'

fE fE 2 fE
We deduce that

(20 =7~ (1= 9P)LF =T = Tt (1= ) [

+(1-a) [ k”kaIPZr(szk)

K IV fil?Viogm} - V
1

Relying moreover on the bounds

/ R IVIRlPV logm} - V| _

L1 /mk||v1ogm’5u2||m||2

12 —2 T2/ 77 fr
st N
<7 1
and
/ kHka||2TT(V2fk) Lk k242 gk
<= 4
- 2 2
we obtain

<¥ —(1- 7)2> L* < <1 L A=kd ;)k2d2> JE+ 17T7N’“,

which concludes the proof since the constant in front of L* is positive when ~ is sufficiently
close to 1. g

The following Lemma, based on the parabolic maximum principle, show that the regu-
larity hypotheses made on the initial condition can be propagated for ¢ € [0,T]. The proof
of this result is similar to the one given in [8] in the context of the 2d viscous vortex model,
and to the one given in [2] for the Landau equation for Maxwellian molecules.

Lemma 6.6. Under the hypotheses of Proposition [61l, for any T >, there exists positive
constants p; j such that fori=1,2, j=1,2,3, v € R? and t € [0, T,

VI < pog (1+ 1ol ) miy (o).
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Proof. Notice that, taking k = N, the coefficients bil’JtV and bét involved in the dynamics of
my, = ,uiv N and my, = ﬂ?N are smooth with bounded derivatives (it is not the case for

bil’l: for k < N). For simplicity, since the proof is similar for mivt and mévt, we will drop in
our notations the dependency in ¢ and N and consider a solution m = my to

atmt = Amt + V- (btmt) = ﬁmt,

with b; smooth with bounded derivatives and mg satisfying the hypotheses of Proposi-
tion [6.11

First step: bound on ||Vmy||. A straightforward computation leads to

2 2 2 2
(0 — oy IVmIE _yYm Vom Il <\|Vm\| ) v (btnwn )
m m m m m

2 2
ooy, VIAM] <||Vm|| ) _ anl¥m
m m m
=A
o I Gm) o 19 ( HVmH>
m m m
=B
Notice that
ama ;m
A2y 2w Z < ) Z
%)

so that, since

(&;m)? om (9;m)?
a%( —— =9 2a§jmm — dym=——3

2
2
oim (aijf> oymo;m (8;m)? 0ymo;m
3 2 ? 2 % 2 (]
= 282]‘7 m + 2 m — 282] 7’[’)’1/2‘] ajjm m2 — 282] 77’)’1/2]

0" 0m)’

Y

we simply have

A= Z( 2 (0%m +4a§jmam;gﬂm o ) (Oim) )

m3

= —2m HV2 logmH .
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Concerning B, noticing that

552 205 ) o, o) 2 o (27,
,J

the identities

(9m)? (@im)® om ;. (0if)
0, <bg( ))zajbg ( m) +2b] Om - —b] ajm(fQ),

and
o (bgm> = b] 9Zm +m OLb] + O;b] dym + 9;b] dym,

lead to the following upper bound:

aim@-m _ ajbi (82m)2
m

m m

B=Y" 28ima§jb{ + 20;b]
'7j

9im)? ; N2 (9;m)? d;m)? (0;m)*
<y (O m) +m (936]) + (0] ( m) 44 Jm) ~ a1 m)
i.j

[Vm|?
—

§C‘ Cm

m

Moreover, note that

(0y — L)Ymlogm = dym logm + dym — V - (by mlogm) — A (mlogm)
= Amlogm +V - (by m)logm + Am +V - (by m) — V - by mlogm
— by -V (mlogm) — A (mlogm)

2
:Am—mAlogm—2W+mv-b

2
R

2
_Vml|
m

IN

+ Cm,
and that
O —L)(t+1)m)=(t+1) (0, — L)ym+m =m.

Therefore, for a positive constant Cy large enough and a positive constant C large enough
(depending on Cp), we have

2
(0 — L) % + Comlogm — Ci(t + 1)m| <0.
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Taking the values of Cy and C] large enough, we also have

IVmol|*

o + Complogmg — C1(t + 1)mg < 0.
0

Indeed, log mg(v) is supposed to have negative values for v large enough, and the constant
¢;,1 may be enlarged in (IT). Note moreover that the Gaussian tail hypothesis for the initial
condition (I3]) ensure (see [10, Chapter 9]) that for t € [0,T7,

e < myv) < Ce I, and [ Vmy(v)]| < CemeI, 18)

for some constants ¢ and C depending on T'. We can then rely on a parabolic maximum
principle on unbounded domain (see [23] Theorem 3.4]) to deduce that, for all ¢ > 0,

2
@ + Comlogm < Ci(t+ 1)m

Dividing by m and recalling (I8]), we deduce

2
[Vim||
m2

(v) <C (1+ ||v\|2).

Second step: bound on HV2th. The proof is similar to the first step. Regrouping the
terms involving only the Laplacian and the interaction terms we get after straightforward
computations:

2 8 0,
@ — L) HV mH Zm< k™ Om km) Zajkbk

1,7,k ijk

0Zm
+2) ( b O + 02, bf@m—k(‘)kbt(‘?m—i—(‘)btazkm—i—ﬁbtakm).
ijk

[vml” _ ||V2m||2 L olvml?

(0r— L) +Cm

Recall now that we obtained in the previous step the bounds

2 2 g\ 2 2
(9 — L) ”Vg” §—2mz< Zlm—alm%m> vl e

- m m
27]

2,12 4 2
P\ e e il ey
m m m

and

2
HV:;” < Ci(t+1) — Cylogm,
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so that in particular

[Vl _ IVl [19mllogm

(5t—£)T§—2

2
1vml? o,
m

+C(t+1)
m m
Therefore, for a constant ¢ large enough, we obtain
2 2
[l | |9l
m m

IVm|?

2
< Cy |Vm|~ logm
m

Notice now that, for any positive constant c,

IVm|?

2
(0 — L) <—m (logm)* + ¢(1 +t) mlogm) = 2@ logm+ (2 —c(1+1t))
+(V-b+c)mlogm+c(1+1t)V-bm,

and that, since V - b is bounded, for ¢ large enough V - b+ ¢ > 0. Using moreover the fact
that logm is upper bounded by a constant, we get, for ¢ large enough,

2 2
(0r— L) [—m (logm)? + ¢(1 + t)mlog m] < 210gm@+(2 —c(1+41)) %—F(H—l)@wm.

Lastly, notice that
(0 — £) (L +£)m) = 21 + t)m

so that there exists Cs, Cy, C5,Cs (where Cq may be enlarged, enlarging also C5 and Cg),
such that

2.2 2
[
m m

(0 — L) Cym (logm)? + Cs(t + 1)mlogm — Cs(t + 1)°m| < 0.

As in the first step, ¢; 2 may be enlarged if needed in (%)), so the constants Cs, Cy, Cs, Cp
may be chosen so that

A

— Cymy (log m)2 + C5(t 4 1)mg logmg — Cg(t + 1)%mg < 0.
mo mo
Relying again on a maximum principle we deduce that for ¢ € [0, 77,
[ : :
— < Cs(t +1)*m — C5(1 4+ t)ymlog m + Cym(logm)*, (19)

and, recalling (I8,

[v>m]®
m2

(v) <C (1 + HUH4) .
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Third step: bound on Hv2mH With a very similar approach to the previous cases (by
separating the terms involving the laplacian and the interaction), we obtain

2

f 1,9,k,l m m2
3,112 2. 1|2 2
w(uv ml? |l jvm +m)
m m m
3,112 2. 12 2
SC(HV ml? |l v +m>. o0
m m m

. . o V2m)|?
Similarly to the previous case, we rely on the dissipation term produced by %:

m m m?2 m m

2|2 . R2morm\ > 2,2 2
(at_ﬁ)M§_22m< fm._ O5m w) Y .

2
3.m 2. 1|2 2 2, 112 2
(%em) 19 i O i i e

A
!
]

3

2. 112 (923 m 2
0 — oy Il §—22< ) ‘05(15*1)%10%
1,5,k
9 112 2 2
+CM+c(t+1)2M+Cm+C4%(10gm)2-

Notice now that for positive constants ¢ and ¢/, with ¢’ taken large enough,

(E+1)

(8, — L) |—c(t + 1)m (logm)?* + ¢ mlogm

[9ml® (412 [9m)?

= —cem (logm)? + 2¢(t 4+ 1) 5 -

t41)2
+c/%m+t(v-b+c’)mlogm

2
V]|
m

2
@ logm + 2¢(t + 1)

2 2
[Vl | (t+1)

— 1 2
- 5 m em (logm)®,

<2c(t+1) logm + 2¢(t + 1)
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so that, choosing ¢ = C5/2, there exists a constant C7 such that

V2ml? 2
(0 — L) M - %(t + 1m (logm)* + C’7(t+ D mlogm
m 2 2
v3 2 2 2
< —ZM +C(t+ 1)2M + Ot +1)%m — %m(logmf + C’M (logm)? .
m m 2 m

The only term that poses a difficulty here is the last one. We can take care of it by evaluating

|Vm|?

2
(0, — L) [m (log m)3] =3V -bm (logm)? — 3 (logm)* — 6% logm

There exists Cg such that

V2ml? 2
(0, — L) % — %(t +1)m (logm)?* + Cr (t+1) mlogm 4+ Csm (logm)3]
V3ml? 2
§—2M+C(t+1)2%+C(t+l)2m+<3V-b—%>m(logm)2
2
o1 i .

Note moreover that the value of the constant Cs defined before may be enlarged such that

Vim||? . . :
3V-b— % < 0. The term w in (20) can then be dealt with, and proceeding as before
we can find positive constants Cy, C1g, C11, C12, C13, C14 such that

[Voml® | o IVl
+ +

2
0, — L) Co C ”
m m

\Y
10” = + C11(t +1)*mlogm

— Cia(t + 1)m (log m)? + Cizm (logm)?® — Cra(t +1)>m| < 0.

We can then conclude the proof of Lemma by a maximum principle as in the previous
steps.
O

Proof of Proposition [6.1. The Gaussian tail hypothesis for the initial condition (I3]) ensures
(see |10, Chapter 9|) that for t € [0,T],i=1,2 and k =1,..., N,

mﬁt(v) < Ceell’, (21)
Together with Lemma this implies directly that

max_ sup (MF + NF 4+ 0F) < 0.
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Due to Lemma and Lemma it remains to prove that IV, J~ and K}V are finite.
Since the proofs are very similar, let us focus on JY and K only. We have

V2 fn
LW:/mﬁL%ML§C/m%N%%MW+C/m%NbNMW
N
Using the decomposition log fy = logm{ —logmd’ and lemma 6.6} we get:
JN§0+o/m&mmmﬁga

The proof for K is similar, relying on the decomposition

3
9 kIN

= 02 xlog fn + Oilog fn 03 log fn + 9;log fnO7y log i + Ok log fn 0} log

+ 0;log fn0Ojlog fnOg log fi.

0

6.2. Proof of Proposition Let us focus on the first bound of Proposition The
other bounds can be obtained in a similar way. We have

k
; 1
k kY k
/n@vmﬁ.vw(vw.ﬁ )_jvgg/thmh.vw(quﬁog—vg
N -k k+1[k

+ T /mgvvlfk . Vvi <ij . (P('Uj — 'U]H_l)ml | >> .

+ [ WSV fi V09 Floy).
Since the derivatives of I'" are bounded we directly have

‘/mgvvifk - Vo, (ij -F) (vj —v)| < cr*.

The third term is only non zero if ¢ = j, and we have, in that case, because the derivatives
of F are bounded:

V%mmwvmm)

gc/mﬂvmm
<CIF+C
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For the second term, we rely on the following decomposition:
/m’ngfk -V, <ij . (F(vj — Vpa1 )m]fH'k = /mgvvifk Vo, (Vo, - T) (v — vp41 )mlfH'k
+ /m'jvvifk Vo mh T (Vo - T) (vj — vpt1)
+ / M5V, fio - VoI (v) — vp1)Voymy
/mzvvsz o v lf+1|kr(vj — Vkt1)-
We treat each of the terms of the right-hand side separately. For the first one, we have

1 / M5V fi - Vo, (Vo - T) (v —vpe)my T < © / mb ||V, il / my T < or”,

For the second one, we get

' / M5V, fi - Vo T (W, T) (v — o)

= ‘ / mi 1V, log fi - Vo, logmy 1 (V) T) (v — vgsr)

< ka—l—C/karl ‘V logmkH'kH
< Cr1f + okt

The third term can be treated in the same way, and for the last one we have

k+1 k
‘/m2vv1f/€ V3,05 my | F(Uj _Uk-i-l)

= ‘/mlfﬂvvi log f - < i, log mkHlk + V,, log mkH‘k ® Vy, log mkH‘k) I'(vj — vg41)

)

2 4
< C’Ik—l—C’/kar1 HV2logmlf+l‘kH —i—C’/mlfJrl HVIogmllek‘

+1lk 1

— logmk we get

and relying on the fact that log mlf = log fr+1 — log fr + log mk+

/karl ‘Vlogmkﬂ‘kH <(C (Lk + LA MR Mkﬂ) ,

and
2
/mkﬂ ‘V2log mIfHIkH <C (J’“ AR LAR IR AN AR N’““) .

This concludes the proof for the first bound of Proposition [6.3], recalling Lemma
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6.3. Proof of Proposition Under our assumptions, we know that by (recall ()
satisfies by = I' * jiy + F = VU, with all derivatives of VU; bounded. Therefore, fi;
satisfies the equation

Ofir = Tr (V2i) — V- (boyfiy)
=Tr (VQﬂ ) (Vboy) fig — VU - Vi
=Tr (V i) — Vi — VU - Vg,

where VU, = T'sjiu+ F and V = V- ([ % iy + F') This means that i, satisfies the same equa-
tion as ¢ in section 2 of [4], so — log fip—; satisfies the same equation as ¢;. Using the same
notations as [4], we have h = — log fig, so that V2h is bounded (and thus VA is uniformly
lipschitz). We also know that VU = I' iy + F' is uniformly lipschitz. Notice moreover that,
because our coefficients may depend on time, we have to consider a generalized version of
the operator Ay, so we need to check that V [Ay + V] = V [3|VU > = JAU + V] -V (8,U)
is uniformly lipschitz. Because I' and all the derivatives of I' and F' are uniformly bounded,
V [3|VU|? — AU + V] is uniformly lipschitz. Moreover, we have

Y (8,U) = 8,VU
=T * Oyjiy + O F
=T« Afiy = Tx (V- [Ix iy fig])
= AT x iy — V- T * (T * iy fig)

Because I' and its derivatives are bounded, this identity entails that VO,U is uniformly
lipschitz. We also have, because A + V is bounded, that

1 C
fave = 5 sup (VA(z) + Vilz) = Aly) = Vily).o —y) 2 ——

lz—y|=r "

According to the first point of Section 2.2, we can take fi(r) = —g5 + B 5 (t+a) — t+a for
a suitable choice of B, f2 and a with which we can apply Corollay 2.5 of [4] with o = Id.
This entails that V2 log jur_; is bounded for all ¢,7. This concludes the proof of Lemma,

2.5.
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