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Phonon scattering from spatial relaxation of one-dimensional Bose gases
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We theoretically investigate the nonequilibrium relaxation of a spatial density modulation in a
one-dimensional, weakly interacting Bose gas, and its connection to the equilibrium scattering rate
γk ∝ k3/2 of the system’s phononic excitations. We show that the relaxation is generally governed
by a nonequilibrium scattering rate γk,t coupled to quantum fluctuations, which approaches its
equilibrium value γk only at long times. Numerical simulations of quantum kinetic equations reveal
an algebraic convergence, γk,t − γk ∼ t−2/3, confirmed by analytical predictions. More broadly, our
results establish a theoretical framework for experimentally probing phonon dynamics through the
temporal evolution of local perturbations in quantum gases.

I. INTRODUCTION

As the fundamental collective excitations of quantum
gases, phonons play a key role in understanding the
low-energy behavior of Bose-Einstein condensates [1], or
quasi-condensates in low dimensions [2, 3]. Their lin-
ear sound-wave dispersion ϵk = c|k|, with c the speed of
sound, underlies not only the phenomenon of superfluid-
ity, but also more broadly the hydrodynamic properties
of ultracold Bose gases. Theoretically, phonons naturally
emerge in the Bogoliubov description of dilute gases [1],
as well as within the more general Luttinger liquid frame-
work [4–6]. In both formalisms, phonons are treated
as quasiparticles of infinite lifetime — an approximation
that breaks down once interactions between quasiparti-
cles are taken into account.

In Bose gases, phonons interact via the so-called Lan-
dau and Beliaev scattering processes [7–11], which endow
them with a finite lifetime given by an inverse phonon
scattering rate γk. In three-dimensional dilute gases at
finite temperature, the Fermi Golden rule predicts that
γk ∝ k [8, 12]. A similar result holds in two dimensions,
albeit with a prefactor renormalized by nonperturbative
corrections [13]. The behavior of phonon scattering is,
in contrast, markedly different in one-dimensional (1D)
Bose gases where γk ∝ k3/2 exhibits a nonanalytic in-
frared scaling. This characteristic 3/2 exponent, first de-
rived by Andreev [14], has attracted considerable atten-
tion as it is believed to be connected with the possible
existence of a Kardar–Parisi–Zhang (KPZ) dynamics of
density fluctuations in the low-energy regime [15–17].

Experimentally, direct measurements of phonon scat-
tering processes remain scarce. Their signatures
have nevertheless been observed through Bragg spec-
troscopy [18] or in out-of-equilibrium configurations in-
volving, for instance, the spatial propagation of sound

∗ bilal.alilou@lkb.upmc.fr
† clement.duval2@cea.fr
‡ frederick.delpozo@lkb.upmc.fr
§ nicolas.cherroret@lkb.upmc.fr

waves [19] or the evolution of structure factors after in-
teraction quenches in Bose gases [20]. As a matter of fact,
in quantum quench experiments, phonon scattering con-
stitutes the microscopic mechanism responsible for the
eventual re-thermalization of a Bose gas after the initial
perturbation [21–24]. In weakly interacting gases, this
relaxation proceeds slowly, giving rise to a “prethermal”
regime where quasiparticles hardly interact, before full
thermalization sets in [25–28].
To experimentally determine the phonon lifetime, a

natural strategy is to imprint a local perturbation to an
initially homogeneous Bose gas and monitor its subse-
quent relaxation, for instance through the time evolution
of the spatial density. At sufficiently late times, once the
gas has nearly returned to equilibrium, this relaxation
is expected to become purely exponential with a decay
rate set by γk. The key questions are then how long the
dynamics must be tracked for such a measurement to ac-
curately capture γk, and to what extent the relaxation
is genuinely exponential. These are the central issues we
address theoretically in this work, focusing on the case
of one-dimensional Bose gases.
In detail, we theoretically investigate how a weak and

periodic density modulation of wavelength 2π/k0, ini-
tially imprinted on a 1D Bose gas, relaxes until full ther-
malization is reached. This modulation is described in
terms of a nonzero quasiparticle mean field, which evolves
in time alongside the system’s quantum fluctuations en-
coded in the phonon momentum distribution. Within
this framework, we derive an explicit expression for the
spatial density at arbitrary times after the quench, and
show that its relaxation is controlled by a time-dependent
scattering rate γk0,t coupled to quantum fluctuations,
which only approaches its equilibrium value γk0

at late
times. Extensive numerical simulations of quantum ki-
netic equations reveal that this convergence is rather
slow, following an algebraic scaling γk0,t − γk0

∼ t−2/3,
which is supported by analytical arguments. Finally,
we demonstrate that the relaxation time associated with
γk0,t is itself of the order of the equilibrium phonon life-

time γ−1
k0

.
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The paper is organized as follows. In Sec. II, we in-
troduce the quantum hydrodynamic framework for Bose
gases, which forms the basis of our nonequilibrium de-
scription. In Sec. III, we describe a realistic nonequi-
librium protocol — a brief periodic-potential quench ap-
plied to a 1D Bose gas — and derive the resulting post-
quench state. This serves as the initial condition for the
subsequent density dynamics. The theoretical descrip-
tion of this dynamics is presented in Sec. IV, while the
underlying Keldysh field-theoretic derivation is deferred
to Sec. VI for clarity. Our main results, in particular the
time evolution of the phonon scattering rate, are pre-
sented in Sec. V. Finally, Sec. VII summarizes our find-
ings and outlines perspectives for future work.

II. HYDRODYNAMICS OF 1D BOSE GASES

Consider a homogeneous, 1D Bose gas of N identical
bosons of mass m. We denote by ρ0 = N/L its mean
density, where L is the system size. From now on, we fo-
cus on the thermodynamic limit N → ∞, L → ∞. The
bosons interact with each other through a two-body re-
pulsive contact potential of strength g > 0. The second-
quantized, many-body Hamiltonian reads

Ĥ =

∫
dx

(
− 1

2m
Ψ̂†∂2

xΨ̂ +
g

2
Ψ̂†Ψ̂†Ψ̂Ψ̂

)
, (1)

in units of ℏ = 1. We focus on the relaxation dynamics of
a weakly interacting Bose gas initially at equilibrium and
at very low temperature, within the “quasi-condensate”
regime [29]. To describe this system, we make use of a
hydrodynamic framework in which we express the field
operator Ψ̂ as

Ψ̂(x) = eiθ̂(x)
√
ρ̂(x), (2)

and write the density operator as ρ̂(x) = ρ0+δρ̂(x). The
density-fluctuation and phase operators satisfy the com-

mutation relation [δρ̂(x), θ̂(x′)] = iδ(x−x′). In what fol-

lows, δρ̂ and ∂xθ̂ will encompass both the intrinsic quan-
tum and thermal fluctuations of the Bose gas, as well as
the externally imposed modulation at initial time. All
these fluctuations are assumed small, which implies that

|δρ̂(x)|, |∂xθ̂| ≪ ρ0 and allows us to expand Eq. (1) per-
turbatively. To third order, we obtain the hydrodynamic
Hamiltonian

Ĥ ≃
∫

dx
[ ρ0
2m

(∂xθ̂)
2 +

g

2
(δρ̂)

2
+

1

8mρ0
(∂xδρ̂)

2

+
1

2m
(∂xθ̂)δρ̂(∂xθ̂)

]
.

(3)

The next step is to move to the quasiparticle basis by
diagonalizing the quadratic part of Ĥ. This is achieved
through the Bogoliubov transformation:

δρ̂k = −
√
sk(â

†
k + â−k) , θ̂k =

i

2
√
sk

(â†k − â−k), (4)

where we introduced the Fourier transforms

θ̂k ≡ ρ0

∫
dx θ̂(x)e−ikx , δρ̂k ≡

∫
dx δρ̂(x)e−ikx, (5)

and where we defined sk ≡ Ek/ϵk, with Ek ≡ k2/(2m)

and ϵk ≡
√

Ek(Ek + 2gρ0) the free-particle and Bogoli-
ubov dispersion relations, respectively. The annihilation
operators âk obey the usual canonical commutation re-
lations of bosons, and define the quasiparticles of the
weakly interacting Bose gas. In the following, it will be
sufficient to focus on their low-energy behavior, where
ϵk ≃ c|k| takes the form of a phononic dispersion with
speed of sound c ≡

√
gρ0/m. In this limit, the Hamilto-

nian (3) becomes

Ĥ=

∫
k

ϵk

(
â†kâk+

1

2

)
+

∫
k,p

Λk,p

(
âpâkâ

†
p+k+h.c.

)
, (6)

where
∫
k
≡

∫∞
−∞ dk/(2πρ0) and the coefficient of the cu-

bic terms is Λp,k ≡ 3/(4m)
√

gρ0|p||k||p+ k|/(2c). In the
following, we investigate the nonequilibrium dynamics of
the 1D Bose gas on the basis of the effective, low-energy
model defined by Eq. (6).

III. QUENCH PROTOCOL

In this work, we aim to characterize the relaxation dy-
namics of a small perturbation initially imprinted on the
spatial density profile of a 1D Bose gas, and to deter-
mine to what extent this relaxation provides access to
the (equilibrium) phonon scattering rate. To this end,
we consider the non-equilibrium protocol illustrated in
Fig. 1. Initially (at time t = 0−), the Bose gas is homo-
geneous and in thermal equilibrium at temperature T0

[Fig. 1(a)]. Its mean density is

ρ(x, t = 0−) ≡ ⟨Ψ̂†(x, 0−)Ψ̂(x, 0−)⟩ = ρ0, (7)

and its quasiparticle momentum distribution is given by

nk,t=0− ≡ ⟨â†k,0− âk,0−⟩ =
1

exp(ϵk/T0)− 1
, (8)

where we employ the Heisenberg representation for time-
dependent operators. As a realistic model for the spatial
perturbation, we assume that a brief periodic potential
V (x) = V0 cos(k0x), of wavelength 2π/k0, is suddenly
switched on and off at t = 0 and t = δt, respectively. This
quench imprints a corresponding density modulation on
the gas [Fig. 1(b)], which then relaxes once the potential
is removed, for times t > δt [Fig. 1(c)].
Anticipating the next section, we note that for a weakly

interacting gas, the dynamics of the spatial density is
fully determined by the coupled evolutions of the first
two cumulants of the phonon operator, i.e., by ⟨âk,t⟩
and nk,t ≡ ⟨â†k,tâk,t⟩c ≡ ⟨â†k,tâk,t⟩ − ⟨â†k,t⟩⟨âk,t⟩ (the con-
nected correlator). To describe the post-quench dynam-
ics, it is therefore sufficient to determine the value of
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FIG. 1. Quench protocol and post-quench evolution of the
spatial density. (a) Before the quench, the gas is homogene-
neous, with a phonon distribution given by Eq. (8). At
t = 0, a periodic potential is switched on, and switched off
shortly after, at t = δt. (b) Right after the potential quench
(t = δt), the density profile has acquired a periodic mod-
ulation, Eq. (14), and the phonon distribution is given by
Eq. (13). (c) At later time, the density modulation exhibits
both coherent oscillations and damping, cf. Eq. (29). The
figure illustrates the effect of damping at times integer multi-
ples of 2π/ϵk0 .

these quantities at t = δt. The post-quench quasiparticle
operator can be computed using the Heisenberg equation
of motion

∂tâk,t = i[Ĥ, âk,t], (9)

where the full quench Hamiltonian is now given by the
sum Ĥ = Ĥ0 + Ĥint + Ĥpot. Here, Ĥ0 and Ĥint respec-
tively denote the quadratic and cubic parts in the right-
hand side of Eq. (6), while Ĥpot represents the additional
periodic potential in the quasiparticle basis:

Ĥpot ≡
∫

dxV (x)δρ̂(x)

= −V0

2

√
sk0

(â†k0
+ âk0

+ â†−k0
+ â−k0

). (10)

Suppose that, as a first approximation, we neglect the
cubic part Hint of the Hamiltonian during the quench.

Then Eq. (9) can be solved exactly, yielding

âk,δt = ⟨âk,δt⟩+ âk,0e
−iϵk0

δt, (11)

where

⟨âk,δt⟩ =
πV0

2g
√
sk0

[δ(k−k0)+δ(k+k0)](1−e−iϵk0
δt). (12)

The first term on the right-hand side of Eq. (11) is a fi-
nite number, showing that, following the application of
the periodic potential, the Bogoliubov operator acquires
a non-zero expectation value. This unusual feature arises
from our treatment of the spatial modulations, which are
encoded in density and phase fluctuations rather than in
an inhomogeneous background. Consequently, the mean
density fluctuations ⟨δρ̂⟩ of the gas, related to ⟨âk⟩ via
Eq. (4), are also finite. The expression (12) for the quasi-
particle mean field is valid as long as the quench is weak,
i.e., V0 ≪ gρ0. On the other hand, the second term on
the right-hand side of Eq. (11) describes the evolution of
quasiparticle fluctuations during the quench. From Eq.

(11), it follows that nk,δt ≡ ⟨â†k,δtâk,δt⟩c = nk,0− at this
level of approximation. In other words, neglecting Ĥint

during the quench leads to no change in the quasiparti-
cle momentum distribution: at quadratic order, there is
no coupling between the quasiparticle mean field and the
quasiparticle fluctuations.
Since our goal is to describe a more generic situation

in which the quench affects both the mean field and its
fluctuations, we now consider the effect of Ĥint during the
quench. At leading order in V0/gρ0 ≪ 1 and for a short
quench ϵk0

δt ≪ 1, Eq. (12) for the mean field remains
valid but the post-quench quasiparticle distribution be-
comes (see Appendix A for details)

nk,δt = nk,0−+
ε2|k|
k20

[
|k − k0|nk−k0,0−+|k + k0|nk+k0,0−

]
(13)

where ε ≡ 3V0(ϵk0δt)
2/(16gρ0). Thus, after the quench,

the phonon distribution (13) develops a double-peak
structure at k = ±k0, superimposed on the pre-quench
thermal background nk,0− . These peaks are not sharply
localized at k = ±k0, but are instead broadened due to
phonon interactions.
Together, Eqs. (12) and (13) characterize a nonequilib-

rium post-quench state, which subsequently evolves for
times t > δt. The next section is devoted to the theoret-
ical modeling of this evolution.

IV. POST-QUENCH EVOLUTION OF DENSITY

A. Bogoliubov approximation

From now on we redefine for clarity the origin of time
as the post-quench time: t = δt → t = 0. To describe
the post-quench evolution of the density, the simplest ap-
proach is to completely neglect phonon–phonon interac-
tions [i.e., omit the second term on the right-hand side of
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Eq. (6)]. Within this “Bogoliubov approximation”, the
Hamiltonian is purely quadratic and the phonons consti-
tute the exact eigenmodes of the system. Consequently,
the quasiparticle operator evolves purely harmonically,
âk,t = âk,0 exp(−iϵkt). This implies that the out-of-
equilibrium momentum distribution (13) induced by the
quench does not evolve in time, and that the mean den-
sity is given by:

ρ(x, t)≡ρ0

[
1−

∫
k

√
sk(⟨â†k,t⟩+ ⟨â−k,t⟩)e

ikx

]
(14)

= ρ0

[
1− V0ϵk0δt

gρ0
cos(k0x) sin[ϵk0

(t+ δt/2)]

]
where we used Eq. (4) in the first equality, and Eq. (12)
in the second, assuming ϵk0

δt ≪ 1. The spatial modu-
lation imprinted by the external potential at t = 0 thus
causes the density to evolve as a standing wave at later
times. This oscillation can be viewed as the superposition
of two counter-propagating sound waves with momenta
±k0 generated by the quench. Within the Bogoliubov ap-
proximation, phonons have an infinite lifetime, and the
propagating sound waves remain undamped.

B. Density relaxation

We now turn to the full scenario where phonon–phonon
interactions are accounted for after the quench. These
interactions cause the phonons to acquire a complex en-
ergy shift, represented by a (retarded) self-energy ΣR

x,k,t.
Since after the quench the gas is both out of equilib-
rium and spatially inhomogeneous, the self-energy here
depends on position x, momentum k and time t. Using
a Keldysh field theory— presented separately in Sec. VI
for clarity— we find that the expectation value of the
Bogoliubov operator now takes the form

⟨âk,t⟩ = ⟨âk,0⟩ exp
[
−iϵkt− i

∫
x

∫ t

0

dt′ΣR
x,k,t′

]
(15)

with
∫
x
≡

∫
dx/L. Because the self-energy has a finite

imaginary part, this relation ultimately leads to the re-
laxation of the density, ρ(x, t → ∞) = ρ0, which is re-
lated to ⟨âk,t⟩ through the first line of Eq. (14). The
description of this relaxation thus boils down to the

knowledge of ΣR
x,k,t. For weakly interacting gases at

equilibrium, the self-energy was investigated in previous
works. In three-dimensional Bose gases, it can be com-
puted within the Born approximation, or equivalently via
the Fermi golden rule [8]. In two dimensions, the Born
approximation still provides qualitatively correct results
[12, 23, 24], although a quantitative description requires
the inclusion of higher-order corrections [13]. In contrast,
for 1D Bose gases at equilibrium, the Born approxima-
tion predicts an exact vanishing of the self-energy and is
therefore insufficient [30]. This failure of leading-order
perturbation theory originates from the non-analytic in-
frared behavior of the self-energy at low momenta in one
dimension, and can be remedied by employing a self-
consistent calculation [14].

In the present scenario, where the 1D Bose gas is both
out of equilibrium and inhomogeneous, a time-dependent
and local self-consistent treatment must be employed.
This methodology, which was previously used in the con-
text of homogeneous Luttiger liquids [31, 32], is detailed
in Sec. VI for clarity. The resulting expression for ΣR

x,k,t
satisfies the following self-consistent relation

ΣR
x,k,t =− 2

∫ ∞

0

dp

πρ0

Λ2
k,p(nx,p,t − nx,k+p,t)

ΣR
x,k+p,t − ΣR∗

x,p,t − ΣR∗
x,k,t

−
∫ k

0

dp

πρ0

Λ2
p,k−p(nx,k−p,t + nx,p,t + 1)

ΣR
x,p,t +ΣR

x,k−p,t − ΣR∗
x,k,t

,

(16)

for k > 0, with the property ΣR
x,−k,t = ΣR

x,k,t. In this
relation, nx,k,t is the phononWigner distribution, defined
from the quasiparticle correlator as:

nx,k,t ≡ N

∫
k′
eik

′x⟨â†
k+ k′

2 ,t
â
k− k′

2 ,t
⟩c. (17)

As the Wigner distribution is a real quantity, Eq. (16)
implies that ΣR

x,k,t is purely imaginary : ΣR∗
x,k,t = −ΣR

x,k,t

[31, 32]. Evaluating the self-energy at a given time thus
requires the knowledge of the Wigner distribution nx,k,t

at the same time. This information is provided by a
quantum kinetic equation describing phonon-phonon col-
lisions. This equation was previously derived in 1D ho-
mogeneous gases [31, 32]. In this case, nx,k,t becomes
independent of x and essentially reduces to the phonon
momentum distribution. For an inhomogeneous gas, in
contrast, the kinetic equation depends explicitly on x and
reads (see Sec. VI for details):

(∂t + c ∂x)nx,k,t =− i

∫ ∞

0

dp

πρ0

4Λ2
k,p

ΣR
x,k+p,t − ΣR∗

x,p,t − ΣR∗
x,k,t

[nx,p+k,t(nx,p,t + nx,k,t + 1)− nx,p,tnx,k,t]

− i

∫ k

0

dp

πρ0

2Λ2
p,k−p

ΣR
x,p,t +ΣR

x,k−p,t − ΣR∗
x,k,t

[nx,p,tnx,k−p,t − nx,k,t(nx,p,t + nx,k−p,t + 1)],

(18)

where Λk,p has been defined below Eq. (6). The left- hand side of Eq. (18) describes the propagation of sound-
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wave excitations in the superfluid, while the right-hand
side accounts for their damping due to phonon-phonon
interactions. The two collision integrals represent dis-
tinct types of scattering processes: Landau processes
(first line), corresponding to the recombination of two
phonons, (p, k) → p + k, and Beliaev processes (second
line), corresponding to the decay of a phonon into two
others, k → (p, k − p).

C. Long-time equilibrium

Before looking at the relaxation dynamics, let us first
examine the long-time solution of the problem, when the
system has rethermalized. When t → ∞, the initial spa-
tial modulation is completely damped so all observables
become independent of x. In particular, the Wigner dis-
tribution converges to the stationary and homogeneous
solution of Eq. (18) that simultaneously nullifies both
collision integrals. This solution is the Bose-Einstein dis-
tribution

nx,k,∞ ≡ nk =
1

exp(ϵk/Tf )− 1
, (19)

where Tf is the final temperature reached by the system
long after the quench. The value of Tf is fixed by the
condition of energy conservation,

∫
k
c|k|nk,0 =

∫
k
c|k|nk,

where nk,0 is given by Eq. (13) [33]. This leads to

Tf = T0

√√√√1 + 2ε2

[
1 +

2π2

3

(
T0

k0c

)2
]

(20)

which is, as expected, above T0 since the initial periodic
modulation injects energy into the system.

The phonon scattering rate in this final equilibrium
state, γk ≡ iΣR

x,k,∞ > 0 (recall that ΣR
x,k,t is purely imag-

inary), is then obtained from Eq. (16) by substituting
nx,k,t → nk and iΣR

x,k,t → γk. This yields

γk = 2

∫ ∞

0

dp

πρ0

Λ2
k,p(np − nk+p)

γk+p + γp + γk

+

∫ k

0

dp

πρ0

Λ2
p,k−p(nk−p + np + 1)

γk−p + γp + γk
.

(21)

This expression encapsulates two different regimes for
phonon scattering. The first one, the Beliaev regime,
corresponds to momenta k ≫ Tf/c, such that nk ≪ 1.

Equation (21) then simplifies to

γB
k ≃

∫ k

0

dp

πρ0

Λ2
p,k−p

γk−p + γp + γk
, (22)

which leads to the 1D Beliaev scattering rate [34]

γB
k =

3(ck)2

8gρ0

√
2π/(3

√
3)− 1

2πρ0ξ
. (23)

In the opposite Landau regime where we have k ≪ Tf/c,

nk ≃ Tf/(c|k|) ≫ 1, and defining gL =
(

3k
4mc

)2 gTf

2π we
find that Eq. (21) can be approximated by

γL
k ≃ gL

[∫ ∞

0

dp

γk+p+γp+γk
+

∫ k

0

dp/2

γk−p+γp+γk

]
. (24)

This leads to the 1D Landau scattering rate:

γL
k =

3T 2
f

8gρ0

√
2.74

πρ0ξ

(
ck

Tf

)3/2

, (25)

which displays a characteristic nonanalytic scaling in k3/2

at low momenta. This scaling was previously confirmed
in truncated-Wigner numerical simulations [16].

D. Near-equilibrium relaxation

We now return to the quench dynamics. From Sec.
IVB, it follows that a full determination of the den-
sity ρ(x, t) in principle requires simultaneously solving
the local coupled equations (16) and (18) for ΣR

x,k,t and
nx,k,t. This procedure is numerically demanding; how-
ever, it can be significantly simplified in the case of a
weak quench considered here. Indeed, since ϵ ≪ 1, the
gas remains at any time close to its long-time equilibrium
state described by the thermal distribution (19) and by
the phonon scattering rate (21). This invites us to write
[35]

nx,k,t ≃ nk + δnx,k,t, iΣR
x,k,t ≃ γk + iδΣR

x,k,t, (26)

where δnx,k,t ≪ nk and |δΣR
x,k,t| ≪ γk. Inserting these

expansions into Eqs. (16) and (18), linearizing and inte-
grating over the position x, we obtain the following set
of global coupled equations:

δγk,t = 2

∫ ∞

0

dp

πρ0

Λ2
k,p

γk+p + γp + γk
[(δnp,t − δnk+p,t)−

np − nk+p

γk+p + γp + γk
(δγk+p,t + δγp,t + δγk,t)]

+

∫ k

0

dp

πρ0

Λ2
p,k−p

γp + γk−p + γk
[(δnk−p,t + δnp,t)−

nk−p + np + 1

γp + γk−p + γk
(δγp,t + δγk−p,t + δγk,t)]

(27)
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and

∂tδnk,t =

∫ ∞

0

dp

πρ0

4Λ2
k,p

γk+p + γp + γk
[δnk,t(np+k − np) + δnp,t(np+k − nk) + δnp+k,t(np + nk + 1)]

+

∫ k

0

dp

πρ0

2Λ2
p,k−p

γp + γk−p + γk
[δnp,t(nk−p − nk) + δnk−p,t(np − nk)− δnk,t(np + nk−p + 1)] ,

(28)

where we defined δγk,t ≡ i
∫
x
δΣR

x,k,t, the nonequilibrium

deviation to γk, and δnk,t ≡
∫
x
δnx,k,t, the nonequilib-

rium deviation to nk. Compared to a direct computation
of Eqs. (16) and (18), the task is now considerably sim-
plified since the x dependence has been integrated out.
Resolution of Eqs. (27) and (28) is done iteratively, using
a single initial condition, δnk,0, given by the second term
on the right-hand side of Eq. (13).

Once δγk,t is determined, the density of the Bose gas
follows from Eqs. (14) and (15):

ρ(x, t) = ρ0

[
1−V0ϵk0

δt

gρ0
cos(k0x) sin[ϵk0

(t+ δt/2)]

× exp
(
− γk0

t−
∫ t

0

dt′ δγk0,t′
)]
. (29)

At sufficiently long time, the density relaxation exhibits
the expected exponential behavior, governed by the equi-
librium phonon scattering rate γk0 . However, at earlier
times deviations from this exponential form arise through
the factor

∫ t

0
dt′ δγk0,t′ . These non-exponential correc-

tions are the focus of the next section.

V. RESULTS

A. Phonon distribution

We first show in Fig. 2 the phonon momentum dis-
tribution nk,t at different times, obtained by numeri-
cally solving Eqs. (27) and (28) starting from the post-
quench initial condition (13). At t = 0, the distribu-
tion exhibits a pronounced peak around k = k0, origi-
nating from the periodic-potential quench. As the sys-
tem evolves, this peak gradually smoothens and eventu-
ally disappears, while nk,t slowly converges to the ther-
mal distribution (19). To examine more closely the ap-
proach to equilibrium, we show in Fig. 3 the deviation
of the phonon distribution from its equilibrium profile
δnk,t = nk,t − nk. Figure 3(a) displays this deviation in
log scale, and Fig. 3(b) in log-log scale. These representa-
tions show that the decay of δnk is initially exponential,
and becomes algebraic at late times. This cross-over from
exponential to algebraic relaxation was identified in pre-
vious works in 1D [31, 36, 37] and 2D [24] Bose gases.
Within the linearized kinetic equation (28), the expo-
nential decay originates from the diagonal terms (propor-
tional to δnk,t) on the right-hand side. Indeed, neglecting

FIG. 2. Phonon distribution nk,t at successive times fol-
lowing the periodic-potential quench, computed numerically
from Eq. (28). Time is expressed in units of τ ≡ 1/(2gρ0).
At t = 0, the distribution features a triangular peak cen-
tered at k = k0, superimposed on a smooth thermal back-
ground at temperature T0, Eq. (13). In the long-time limit
t = ∞, relaxation is complete and nk,∞ coincides with the
thermal distribution (19) at Tf > T0. Parameters are cho-
sen as T0/(2gρ0) = 2.10−3, ρ0ξ = 5 (weakly interacting gas),
k0ξ = 3.10−2 and Tf = T0

√
1 + 0.5. ε is determined by in-

verting Eq. (20), yielding ε2 = 0.24.

the off-diagonal contributions in (28) and comparing with
the general expression (21) for the equilibrium scattering
rate γk, we readily obtain ∂tδnk,t = −2γkδnk,t, which
leads to the exponential law δnk,t ∝ exp(−2γkt). Ex-
ponential fits to the numerical data shown in Fig. 3(a)
are in close agreement with this prediction. At longer
times, however, the relaxation becomes algebraic. This
regime originates from the off-diagonal terms in Eq. (28),
which dominate at late times. These contributions are
supported by slow modes constrained by energy conser-
vation [24, 31]. They lead to δnk,t ∝ t−α, with α ≃ 2/3.
The physical origin of this exponent can be qualitatively
understood from the following argument, first introduced
in [24] for 2D Bose gases. The condition of energy con-
servation is ∫

k

c k δnk(t) = 0, (30)

and holds at all times. To analyze its implications,
we divide the momentum integral into three regions:
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(a)

(b)

FIG. 3. Deviation |δnk,t| ≡ |nk,t−nk| of the phonon distribu-
tion from its equilibrium value as a function of time, shown in
(a) logarithmic and (b) log-log scales, for several momentum
values (dips in the curves correspond to a change of sign of
δnk,t). The deviation decays exponentially at short times and
algebraically at long times. Solid curves correspond to numer-
ical solutions of Eq. (28). In (a), dotted lines are exponential
fits of the form exp(−1.5γkt), exp(−1.7γkt), exp(−1.9γkt)
and exp(−2.1γkt) from top to bottom. In (b), dotted lines
are algebraic fits of the form t−α, with α = 0.593, 0.651 and
0.666 from smallest to highest kξ values. Parameters used in
the numerics are the same as in Fig. 2.

0 < k < ke(t), ke(t) < k < ka(t) and ka(t) < k, cor-
responding, respectively, to (i) the “prethermal” regime
where phonon scattering is negligible, i.e., δnk,t ≃ δnk,0;
(ii) an intermediate regime where relaxation is exponen-
tial, δnk,t ≃ δnk,0e

−2γkt, and (iii) a high-momentum
regime characterized by algebraic decay, δnk,t ≃ f(k)/tα.
With this simple model, Eq. (30) can be rewritten as

−
∫ ∞

ka

dkkf(k)

tα
≃
∫ ke

0

dkkδnk,0+

∫ ka

ke

dkkδnk,0e
−2γkt.

(31)
The crossover scale ke(t) is defined by the condition
e−2γke t ∼ 1. In the Landau regime where γk is given
by Eq. (25), this leads to ke(t) ∼ 1/t2/3. The second
crossover scale, ka(t), is defined by e−2γka t ∼ f(ka)/t

α.
Assuming that the function f is smooth at low momenta,

one finds ka(t) ∼ (ln t/t)2/3. The post-quench distribu-
tion, on the other hand, scales as δnk,0 ∼ 1/k at low
momenta [see Eq. (13)]. Inserting these results in the
right-hand side of Eq. (31), we finally obtain

−
∫ ∞

ka

dkkf(k)

tα
−→
t→∞

∫ ∞

0

dkkf(k)

tα
∼ 1

t2/3
, (32)

which demonstrates that α = 2/3. Algebraic fits to the
numerical results shown in Fig. 3(b) are consistent with
this prediction. The agreement is better at larger kξ val-
ues, where the algebraic regime sets in earlier, providing
a longer time window for the fit.

B. Nonequilibrium scattering rate

We now turn to the numerical analysis of the density
relaxation, Eq. (29), which constitutes the main objective
of this work. This relaxation is governed by the nonequi-
librium deviation δγk0,t from the equilibrium scattering
rate γk0

, which is shown in Fig. 4(a) for several values
of the probe momentum k0. The numerical procedure to
obtain these curves is as follows. We first fix a value of
k0, which determines the initial condition (13). We then
compute the phonon distribution nk,t using Eq. (28). Fi-
nally, the resulting distribution is inserted into Eq. (27)
to evaluate δγk0,t, which is then plotted as a function of
time for k = k0. The entire procedure is repeated for
different k0 values.
The plot in Fig. 4(a) shows that, after a relatively

short transient, δγk,t decays almost purely algebraically
with no visible trace of exponential relaxation. This be-
havior can be understood by a simple inspection of (27):
the time evolution of δγk,t is governed solely by the off-
diagonal contributions δnp ̸=k,t in the phonon distribu-
tion. Any exponential relaxation present in δnp ̸=k,t is
smoothed out by the integration over p, leaving only the
long-time algebraic decay of the phonon distribution to
govern δγk. Since δnk,t ∼ t−2/3, we immediately deduce

δγk0,t ∼ t−2/3 (33)

This behavior is confirmed by algebraic fits to numerical
data shown in Fig. 4(a).
Complementary to the instantaneous scattering rate

γk,t, it is also useful to define an effective, time-dependent
phonon scattering rate as

γeff
k0,t ≡

1

t

∫ t

0

dt′γk0,t′ = γk +
1

t

∫ t

0

dt′δγk0,t′ , (34)

such that the density relaxes according to ρ(x, t) −
ρ0 ∝ exp(−γeff

k0,t
t). This quantity is shown in Fig. 4(b)

as a function of time. Starting from its initial post-
quench value — which depends on the initial condi-
tion — we find that γeff

k0,t
slowly decays toward its long-

time equilibrium value γk0
following the scaling law

γeff
k0,t

≃ γk0
− const× t−2/3. Long-time fits to this law,

shown in 4(b), provide an excellent description of the
numerical results.
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(a)

(b)

FIG. 4. (a) Nonequilibrium deviation δγk0,t of the scattering
rate from its thermal value γk0 as a function of time, shown
for several probe momenta k0. Solid lines correspond to nu-
merical results from Eq. (27), and dotted lines are power-law
fits ∝ t−α, with α = 0.646, 0.662, 0.669 and 0.671 from top to
bottom. (b) Effective scattering rate, Eq. (34), as a function
of time, for various k0. At long time, γeff

k0,t
→ γk0 . Dotted

curves are fits to a function of the form 1−const/tα, using the
same α values as in (a). The black dot marks the inflection
point defining the relaxation time tΣ. The final temperature
is set to Tf = T0

√
1 + 0.5 for all curves, which corresponds to

ε2 = 9.10−5, 9.10−4, 9.10−3, 6.10−2 and 2.10−1 from smallest
to highest k0ξ values. Parameters used in the numerics are
the same as in Fig. 2.

C. Scattering rate relaxation time

We finally examine the characteristic time tΣ required
for the time-dependent scattering rate γk0,t to reach its
equilibrium value γk0

. This timescale is identified from
the inflection point of the γeff

k0,t
curves in Fig. 4(b). The

resulting values of tΣ are plotted in Fig. 5 as a function
of the probe momentum k0 (blue dots). For compari-
son, we also display on the same graph the inverse of the
equilibrium scattering rate γ−1

k , obtained by numerically
solving Eq. (21), together with its asymptotic limits γL

k0

and γB
k0
, Eqs. (25) and (22). This shows that the relax-

ation time associated with γk0,t is itself of the order of
the equilibrium phonon lifetime.

FIG. 5. Relaxation time tΣ of the scattering rate γk0,t (blue
dots), defined from the inflection point of the γeff

k0,t
curves in

Fig. 4(b). The black solid curve shows, for comparison, the
inverse of the equilibrium scattering rate, γ−1

k , while the red
(green) dashed line indicates its Landau (Beliaev) limit, given
by Eq. (25) [Eq.(22)]. Parameters used in the numerics are
the same as in Fig. 2.

VI. KELDYSH THEORY OF THE
INHOMOGENEOUS BOSE GAS

In this section, we derive the dynamical equations
(15), (16), and (18). This amounts to obtaining a
closed set of equations of motion for the coupled dy-
namics of ⟨âk,t⟩ and nk,t, in the spirit of the traditional
treatment of three-dimensional Bose–Einstein conden-
sates [38, 41], where fluctuations evolve on top of a finite
mean field—except that here the evolution takes place in
the quasiparticle basis. To this end, we employ the pow-
erful framework of closed-time contours, which forms the
cornerstone of nonequilibrium quantum field theory [39–
42].
We begin by defining the Keldysh generating func-

tional, from which the one-particle-irreducible (1PI) ef-
fective action and the corresponding self-energies can be
consistently obtained. The kinetic equations then follow
perturbatively from this effective action.

A. Generating functionals

In the Keldysh field formalism, quantum mechanical
averages are computed by a path-integral over a closed
time contour [39–42]. This contour is made of two
branches, running from t = 0 to t = ∞ and back, re-
spectively, which results in a doubling of the degrees of
freedom in the corresponding field theory. The Keldysh
partition function is then defined as

Z =

∫
D[a+, a

∗
+, a−, a

∗
−]e

iS[a+,a∗
+]−iS[a−,a∗

−] (35)
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where S = S0 + Sint denotes the nonequilibrium hydro-
dynamic action in the coherent state representation [ob-
tained from the Hamiltonian (6)], and a± are the scalar
phononic fields defined on each branch [23, 31]. The first
step is to perform a Keldysh rotation by introducing the
“classical” and “quantum” fields α = (a+ + a−)/

√
2 and

α̃ = (a+ − a−)/
√
2, which allows us to rewrite the con-

tour integral in the action as a single integral over positive
times. The quadratic part of the action then becomes

S0 =

∫
k,t>0

(
α∗
k,t α̃∗

k,t

)
[G0]−1

k,t

(
αk,t

α̃k,t

)
, (36)

with
∫
t>0

≡
∫∞
0

dt and

[G0]−1
k,t =

(
0 i∂t − ϵk − i0+

i∂t − ϵk + i0+ 2i0+(2nk,t + 1)

)
(37)

where we introduced the 0+ as regularizations of the
poles. The interaction part of the action reads

Sint =
1√
2

∫
k,p,t>0

Λk,p(2α
∗
k+p,tα̃p,tαk,t

+ α̃∗
k+p,tαp,tαk,t + α̃∗

k+p,tα̃p,tα̃k,t + c.c.).

(38)

By introducing classical sources to the resulting partition
function, one obtains the generating functional [42–45]

Z[{J}] =
∫

D[{α}]eiS[{α}]+i
∫
k,t>0

∑
i α

i
k,tJ

i
k,t (39)

where αi ≡ {α, α∗, α̃, α̃∗} and J i ≡ {J̃∗, J̃ , J∗, J}. From
the latter, one can generate n-point correlators by per-
forming n functional derivatives with respect to the clas-
sical sources J i.

The partition function Z generates all correlation func-
tions, including both connected and disconnected contri-
butions. To isolate the connected parts, we introduce
the Schwinger functional W [{J}] ≡ −i lnZ[{J}] [42–
44, 46, 47], from which the one- and two-point connected
correlators follow as

Ai
k,t ≡ ⟨αi

k,t⟩ =
δW [{J}]
δJ i

k,t

=
−i

Z[{J}]
δZ[{J}]
δJ i

k,t

Gij
k,k′,t,t′ ≡− i⟨αi

k,tα
j
k′,t′⟩c = − δ2W [{J}]

δJ i
k,tδJ

j
k′,t′

.

(40)

The one-point functions correspond to macroscopic fields
that can be related to the expectation values of the
phonon operators. Owing to the definition of the Keldysh
rotation, one finds Ak =

√
2⟨âk⟩ and Ãk = 0 in

the absence of external sources. The two-point con-
nected correlators, also referred to as propagators, can
be collected into a 4 × 4 matrix defined in the so-called
Keldysh–Nambu space [31, 32, 44]. However, because
of fundamental relations among its entries, only four of
them are independent, one of which corresponds to an
anomalous propagator that is irrelevant for the present

discussion. For this reason, we restrict the full matrix to
its Keldysh subspace, defined by

Gk,k′,t,t′ ≡
(

GK
k,k′,t,t′ GR

k,k′,t,t′

GA
k,k′,t,t′ 0

)
, (41)

where iGR
k,k′,t,t′ = ⟨αk,tα̃

∗
k′,t′⟩, iGA

k,k′,t,t′ = ⟨α̃k,tα
∗
k′,t′⟩

and iGK
k,k′,t,t′ = ⟨αk,tα

∗
k′,t′⟩ denote the retarded, ad-

vanced and Keldysh Green’s functions, respectively [23,
31, 44]. The retarded and advanced components describe
the system’s linear response to external perturbations,
while the equal-time Keldysh Green’s function encodes
information about its correlations, as [41, 42]:

i

∫
k′
GK

k+k′/2,k−k′/2,t,t e
ik′x = 2nx,k,t + 1, (42)

where nx,k,t is the phonon Wigner distribution (17).

B. 1PI effective action

The 1PI effective action is formally defined as the Leg-
endre transform of W :

Γ[{A}] ≡ W [{J}]−
∫
k,t>0

∑
i

Ai
k,tJ

i
k,t, (43)

where the fields Ai are understood to depend implicitly
on the sources J i [42–44, 47]. The 1PI effective action
serves two main purposes: it provides the equations of
motion for the macroscopic fields and allows one to com-
pute the two-point correlator. The equation of motion
for Ai

k follows directly from the first line in Eq. (40),
together with Eq. (43):

δΓ[{A}]
δAi

k,t

= −J i
k,t. (44)

The two-point correlator, on the other hand, is obtained
from the second functional derivatives of Γ [42–44, 47]:

δ2Γ[{A}]
δAi

k,tδA
j
k′,t′

= [G−1]ijk,k′,t,t′ . (45)

To determine the effective action Γ, we note that, us-
ing Eq. (43) together with the definition of W , the Z
generating functional can be rewritten as

Z[{J}] = eiΓ[{A}]+i
∫
k,t>0

∑
i A

i
k,tJ

i
k,t . (46)

To evaluate Γ, we shift the integration variables in Eq.
(39) as αi → Ai + αi, so that αi now represent fluc-
tuations around the macroscopic fields and vanish upon
averaging [42, 46] (“background field method”). Com-
paring Eqs. (39) and (46) then yields the effective action
in terms of an integral over the fluctuating fields:

eiΓ[{A}] =

∫
D[{α}]eiS[{A},{α}]+i

∫
k,t>0

∑
i α

i
k,tJ

i
k,t . (47)
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Expressed in terms of fluctuations around the macro-
scopic field, the microscopic action takes the form

S[{A}, {α}] = SA
0 [{A}] + SA

int[{A}] + Sα
0 [{α}]

+ Sα
int[{α}] + S2[{A}, {α}],

(48)

where we discarded linear terms in the fluctuating fields,
which do not contribute to the 1PI effective action. In
Eq. (48), SA

0 +SA
int and Sα

0 +Sα
int have the same structure

as the original action given in (36) and (38), but with
Ai or αi as their respective field variables. The term
coupling macroscopic and fluctuating components reads

S2 =
1√
2

∫
k,p,t>0

Λk,p

[
Ã∗

k+p,t(αp,tαk,t + α̃p,tα̃k,t)

+ 2Ã∗
k,t(α

∗
p,tαk+p,t + α̃∗

p,tα̃k+p,t) + 2α̃∗
p,tα

∗
k,tAk+p,t

+ 2(α∗
k+p,tα̃p,t + α̃∗

k+p,tαp,t)Ak,t + c.c.
]
. (49)

Inserting Eq. (48) into Eq. (47) and setting the sources
to zero, we infer:

eiΓ[{A}] = eiS
A
0 +iSA

int+i∆Γ, (50)

where

ei∆Γ = ⟨eiS2+iSα
int⟩0 (51)

and the angular brackets ⟨...⟩0 ≡
∫
D[{α}]... exp(iSα

0 )
denote averaging over the free action of the fluctuating
fields, Sα

0 . Expressing the effective action Γ = SA
0 + Γint

as a sum of a free, SA
0 , and an interacting component,

Γint ≡ SA
int +∆Γ, one recovers from Eq. (45) the Dyson

equation:

G−1 = G−1
0 − Σ, (52)

with

Σij
k,k′,t,t′ ≡ − δ2Γint[{A}]

δAi
k,tδA

j
k′,t′

(53)

defining the self-energy.

C. Equation of motion for the macroscopic field

We now derive the equation of motion (15) for the
macroscopic field Ak,t using a truncation scheme for the
1PI effective action. To this end, we exploit the fact that
Ai

k is small for a weak potential quench, typically of first
order in V0/(gρ0) ≪ 1 [see Eq. (11)]. This allows us to
expand Eq. (51) in powers of S2, which is linear in the
macroscopic field:

ei∆Γ ≃ ⟨eiS
α
int⟩0 + i⟨S2e

iSα
int⟩0 −

1

2
⟨S2

2e
iSα

int⟩0. (54)

The first term on the right-hand side, ⟨eiSα
int⟩0, van-

ishes identically, as it corresponds to the sum of source-
independent vacuum bubble diagrams. These cancel due

to the closed-time contour [41, 42]. The second term,
⟨S2e

iSα
int⟩0, also vanishes as a consequence of momentum

conservation. To leading order, ∆Γ is therefore deter-
mined by the last term, which is quadratic in the macro-
scopic field. In particular, ∆Γ dominates over SA

int, which
is cubic, so that Γint ≡ SA

int+∆Γ ≃ ∆Γ. From the defini-
tion (53) of the self-energy, we infer that at leading order
∆Γ takes the form

∆Γ = −
∫
k,k′,t,t′

[ΣR
k,k′,t,t′Ak,tÃ∗

k′,t′ +ΣA
k,k′,t,t′Ãk,tA∗

k′,t′

+ΣK
k,k′,t,t′Ãk,tÃ∗

k′,t′ + anom.] + o(A3
i ), (55)

where the self-energies are evaluated at A = 0. The
“anom.” terms denote contributions proportional to
Ãk,tÃk′,t′ and Ã∗

k,tÃ∗
k′,t′ . They are irrelevant here, since

they vanish upon taking Ãk,t = 0 at the end.
It is convenient to rewrite Eq. (55) using Wigner co-

ordinates [41, 42]. To do so, we redefine (k + k′)/2 → k
and (t + t′)/2 → t, and Fourier transform with respect
to k − k′ and t − t′. Assuming further that the macro-
scopic fields vary slowly in space and time, ∆Γ becomes,
in Wigner space,

∆Γ = −
∫
x,k,t,ω

[ΣR
x,k,t,ωAk,tÃ∗

k,t +ΣA
x,k,t,ωÃk,tA∗

k,t

+ΣK
x,k,t,ωÃk,tÃ∗

k,t + anom.]Bx,k,t,ω + o(A3
i ), (56)

where Bx,k,t,ω ≡ i
(
GR

x,k,t,ω−GA
x,k,t,ω

)
is the spectral func-

tion, and we used the notation
∫
ω
≡

∫∞
−∞ dω/(2π). In the

(ω, k) subspace, the spectral function is typically sharply
peaked around the dispersion relation [41–43, 46, 48].

Applying Eq. (44) to the resulting 1PI action yields
the equation of motion for Ak,t:

(i∂t − ϵk)Ak,t =

∫
x

[ΣR
x,k,tAk,t +ΣK

x,k,tÃk,t]− Jk,t, (57)

where Σ
R/K
x,k,t ≡

∫
ω
Σ

R/K
x,k,t,ωBx,k,t,ω. Setting the sources

and Ãk to zero, and further using that Ak =
√
2⟨âk⟩,

we finally recover Eq. (15).

D. Self-energy and kinetic equation

The time evolution of ⟨âk,t⟩, Eq. (15), is governed by
the retarded self-energy ΣR

x,k,t. By virtue of Eq. (53),
the latter is solely determined by ⟨S2

2e
iSα

int⟩0, which is
quadratic in the fields Ai

k. This expectation value corre-
sponds to an infinite sum of diagrams that can, in prin-
ciple, be evaluated perturbatively for a weakly interact-
ing gas. The lowest-order term—known as the Born ap-
proximation—is obtained by expanding the exponential
eiS

α
int to zeroth order. However, for a gas at equilibrium,

this approximation yields a vanishing self-energy [30]. A
nonzero result therefore requires a self-consistent resum-
mation of the one-loop diagrams [14]. This resummation
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can be carried out either directly [23, 31, 39] or via the
Langreth rules [49–51], leading to

ΣR
x,k,t= 2i

∫
p,ν,ω

Bx,k,t,ω

[
Λ2
p,k−pG

K
x,k−p,t,ω−νG

R
x,p,t,ν (58)

+ Λ2
k,p(G

K
x,k+p,t,ω+νG

A
x,p,t,ν +GK

x,p,t,νG
R
x,k+p,t,ω+ν)

]
.

This expression has the same structure as the Born-
approximation expression [23], except that the Green’s
functions entering it are the fully dressed ones rather
than the free-space propagators. In the Wigner represen-

tation, they are given by G
R/A
x,k,t,ω = (ω − ϵk − Σ

R/A
x,k,t)

−1,

where the self-energies are taken on-shell (i.e. at ω =
c|k|), and GK

x,k,t,ω ≃ −iBx,k,t,ω(2nx,k,t + 1). Performing
the integrals over ν and ω, one finds:

ΣR
x,k,t=

∫
p

[ −4Λ2
k,p(nx,p,t − nx,k+p,t)

ϵk+p − ϵp − ϵk +ΣR
x,k+p,t − ΣA

x,p,t − ΣA
x,k,t

−
2Λ2

p,k−p(nx,k−p,t + nx,p,t + 1)

ϵp + ϵk−p − ϵk +ΣR
x,p,t +ΣR

x,k−p,t − ΣA
x,k,t

]
. (59)

In this relation, the remaining integrals over p are dom-
inated by momentum regions corresponding to resonant
scattering processes, i.e., those that preserve both mo-
mentum and energy: c|k| + c|p| = c|k + p| [14, 31].
Under this condition, the self-energy becomes purely
imaginary, and one recovers Eq. (16), if we use that
ΣA

x,k,t = ΣR∗
x,k,t = −ΣR

x,k,t.

We finally come to the kinetic equation (18) for
the Wigner distribution nx,k,t. This equation is ob-
tained by combining the three Dyson equations for GR,
GA and GK encapsulated in the matrix relation (52),
with matrix elements expressed in Keldysh space as in
Eq. (41). By further using the anti-hermiticity of the
Keldysh Green’s function, one obtains a nonequilibrium
fluctuation-dissipation relation for the Wigner distribu-
tion, see [23, 31, 41, 42] for details:

(∂t + c∂x)nx,k,t =
i

2
ΣK

x,k,t − i(2nx,k,t + 1)ΣR
x,k,t. (60)

This equation involves the Keldysh self-energy ΣK , which
is computed from the self-consistent Born approximation,
as for the retarded self-energy. The result is:

ΣK
x,k,t=−4

∫ ∞

0

dp

πρ0

Λ2
k,p(2nx,k+p,tnx,p,t+nx,k+p,t+nx,p,t)

ΣR
x,k+p,t − ΣA

x,p,t − ΣA
x,k,t

− 2

∫ k

0

dp

πρ0

Λ2
p,k−p(2nx,k−p,tnx,p,t+nx,k−p,t+nx,p,t+1)

ΣR
x,p,t +ΣR

x,k−p,t − ΣA
x,k,t

.

Inserting this relation and the corresponding retarded
version (16) into Eq. (60), we finally obtain Eq. (18).

VII. SUMMARY AND CONCLUSIONS

In this work, we have provided a complete descrip-
tion of the relaxation dynamics of a weak periodic spatial

modulation in a 1D Bose gas, from the quench protocol
to the thermalization process. We showed that this relax-
ation is generally governed by a time-dependent phonon
scattering rate γk,t, whose evolution is indirectly con-
trolled by the dynamics of the phonon-mode populations
generated by the quench. Only at long times, when these
populations approach a thermal distribution, does γk,t
converge to its equilibrium value γk. We also found that
this convergence is slow: the deviation γk,t−γk decays al-
gebraically in time, reflecting the algebraic slowing down
of the phonon-distribution dynamics at long times due to
energy conservation.

The periodic-potential quench considered here corre-
sponds to a typical “spectroscopic” protocol in experi-
ments, where the spatial period 2π/k0 of the imposed
modulation allows direct access to the phonon relaxation
rate at momentum k0. Similar spectroscopic strategies
have been implemented in various platforms, such as cold
atoms [52, 53] or paraxial fluids of light [54, 55] to probe,
for example, the Bogoliubov dispersion or the structure
factor in single- and two-component Bose fluids. Our
work offers a theoretical guide for extracting the phonon
scattering rate following a similar idea.

From a theoretical standpoint, the quantum hydrody-
namics framework used in this work is rather general, as
it can be extended to any (weak) initial spatial perturba-
tion beyond the particular case of a periodic modulation
considered here. The approach also extends straightfor-
wardly to two-dimensional Bose gases, where the main
modification is that a Born approximation is typically
sufficient to compute the retarded self-energy, as long as
interactions are weak. Importantly, the integrability of
the microscopic Lieb–Liniger Hamiltonian [56–60] is ef-
fectively lost in our approach, as it is based on the effec-
tive coarsed-grained hydrodynamic Hamiltonian of Bose
gases. This implies that our description, a priori, applies
to situations where integrability is weakly broken at long
times. This can happen for example in the presence of a
shallow lattice (with lattice spacing well below the heal-
ing length) or by weak coupling to transverse degrees of
freedom — an effect inevitably present in 1D quantum-
gas experiments [61–64]. Exploring the crossover from
weak non-integrability to integrability in this setting is
an interesting direction for future work.

ACKNOWLEDGEMENTS

The authors are grateful to Adam Rançon, Gabriel
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Appendix A: Post-quench phonon distribution

In this appendix, we derive the post-quench momen-
tum distribution, Eq. (13) of the main text. To this
aim, we compute the post-quench operator âk,δt from the
Heisenberg equation of motion ∂tâk,t = i[Ĥ, âk,t] with
Ĥ = Ĥ0+ Ĥint+ Ĥpot, using a simple truncation scheme
valid for a brief quench. As explained in the main text, if
one drops the cubic part Ĥint, the equation can exactly
be solved, yielding Eq. (11) as a solution for âk,δt. Now
considering the cubic interactions, one has to compute
the additional commutator:

[Ĥint, âk] = 2

∫
p

Λk,pâ
†
pâp+k +

∫
p

Λp,k−pâpâk−p. (A1)

At short time, this commutator can be approximated by
writing âk = ⟨âk⟩ + δâk and linearizing with respect to
δâk. This leads to

[Ĥint, âk] ≃ 2

∫
p

Λk,p⟨â†p⟩⟨âp+k⟩+
∫
p

Λp,k−p⟨âp⟩⟨âk−p⟩

+ 2

∫
p

Λk,p

(
⟨â†p⟩δâp+k + ⟨âp+k⟩δâ†p

)
+

∫
p

Λp,k−p (⟨âp⟩δâk−p + ⟨âk−p⟩δâp) . (A2)

The zeroth order terms in the first line give rise to sub-
leading corrections to the field expectation value (11),
without any impact on the connected correlator nk. We
thus drop them in the following. To evaluate the mo-
mentum integrals in Eq. (A2), we substitute each field
expectation value by their lowest order expression (12),
and assume a coherent evolution of the same form as Eq.
(11) for the time dependence of the off-diagonal operators
δâp,t and δâk±p,t. This leads to

[Ĥint, âk] ≃
V0

ϵk0

√
sk0

[
(1− e−iϵk0

t)(â†− + â†+)

+ 2(1− cos (ϵk0
t))(â− + â+)

]
,

(A3)

where we introduced â± ≡ Λk,±k0δâk±k0,0e
−iϵk±k0

t and
â†± ≡ Λk,±k0

δâ†−k∓k0,0
eiϵk±k0

t. Inserting this in the
Heisenberg equation of motion and expanding the inter-
acting correction for short quench durations, ϵkδt ≪ 1,
we obtain

âk,δt = ⟨âk,δt⟩+ âk,0e
−iϵkδt (A4)

+
ε
√

|k|
|k0|

[√
|k − k0|â†k0−k,0 +

√
|k + k0|â†−k0−k,0

]
with ε ≡ 3V0(ϵk0

δt)2/(16gρ0). From this result, the com-

putation of nk,δt ≡ ⟨â†k,δtâk,δt⟩c is straightforward and
yields, up to an irrelevant divergent contribution corre-
sponding to a zero-point energy shift, Eq. (13) of the
main text.
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k⟩⟨âk⟩. However, for a weakly interacting
Bose gas, this contribution is subleading—typically of
order ∼ 1 compared to the fluctuation term,

∫
k
c|k|nk ∼

1/
√
g.

[34] M. Punk and W. Zwerger, Collective mode damping and
viscosity in a 1D unitary fermi gas, New Journal of Phys.
8, 168 (2006).

[35] Strictly speaking, at short times the expansions (26) are
not valid at large momentum. Nevertheless, the thermal-
ization process governed by equations (27) and (28) pri-
marily involves redistribution at low momenta, so that
this inaccurate description has no significant impact.

[36] J. Lux, J. Müller, A. Mitra, and A. Rosch, Hydrodynamic
long-time tails after a quantum quench, Phys. Rev. B 89,
053608 (2014).

[37] J. Lin, K. A. Matveev, and M. Pustilnik, Thermal-
ization of acoustic excitations in a strongly interacting
one-dimensional quantum liquid, Phys. Rev. Lett. 110,

016401 (2013).
[38] A. Griffin, T. Nikuni, and E. Zaremba, Bose-Condensed

Gases at Finite Temperatures, (Cambridge University
Press, New York, 2009).

[39] L. V. Keldysh, Diagram technique for nonequilibrium
processes, Sov. Phys. JETP 20, 1018 (1965).

[40] A. Altland and B.D. Simons, Condensed Matter Field
Theory, Cambridge University Press, Cambridge (2010).

[41] A. Kamenev, Field Theory of Non-Equilibrium Systems,
Cambridge University Press, Cambridge (2011).

[42] J. Rammer, Quantum Field Theory of Non-Equilibrium
States, Cambridge University Press, Cambridge (2007).

[43] T. Gasenzer, Ultracold gases far from equilibrium, Eur.
Phys. J. Spec. Top. 168, 89–148 (2009).

[44] L. M. Sieberer, M. Buchhold and S. Diehl, Keldysh field
theory for driven open quantum systems, Rep. Prog. Phys
79, 096001 (2016).

[45] H. T. C. Stoof, Coherent Versus Incoherent Dynamics
During Bose-Einstein Condensation in Atomic Gases, J.
Low Temp. Phys. 114, 11–108 (1999).

[46] J. Berges and T. Gasenzer, Quantum versus classical sta-
tistical dynamics of an ultracold Bose gas, Phys. Rev. A
76, 033604 (2007).

[47] K. Chou, Z. Su, B. Hao and L. Yu, Equilibrium and
nonequilibrium formalisms made unified, Phys. Rep. 118,
1-131 (1984).

[48] G. Aarts and J. Berges, Nonequilibrium time evolution of
the spectral function in quantum field theory, Phys. Rev.
D 64, 105010 (2001).

[49] G. Stefanucci G and R. van Leeuwen, Nonequilibrium
Many-Body Theory of Quantum Systems: A Modern
Introduction, Cambridge University Press, Cambridge
(2013).

[50] L. Kantorovich, Generalized Langreth rules, Phys. Rev.
B 101, 165408 (2020).

[51] M. J. Hyrkäs, D. Karlsson and R. van Leeuwen, Contour
calculus for many-particle functions, J. Phys. A: Math.
Theor. 52, 215303 (2019).

[52] D. M. Stamper-Kurn, A. P. Chikkatur, A. Goörlitz, S. In-
ouye, S. Gupta, D. E. Pritchard, and W. Ketterle, Exci-
tation of phonons in a Bose-Einstein condensate by light
scattering, Phys. Rev. Lett. 83, 2876 (1999).

[53] P. T. Ernst, S. Götze, J. S. Krauser, K. Pyka, D.-S.
Lühmann, D. Pfannkuche, and K. Sengstock, Probing su-
perfluids in optical lattices by momentum-resolved bragg
spectroscopy, Nature Physics 6, 56 (2010).

[54] C. Piekarski, W. Liu, J. Steinhauer, E. Giacobino, A.
Bramati, and Q. Glorieux, Short Bragg pulse spectroscopy
for a paraxial fluids of light, Phys. Rev. Lett. 127, 023401
(2021).

[55] C. Piekarski, N. Cherroret, T. Aladjidi, and Q. Glorieux,
Spin and Density Modes in a Binary Fluid of Light, Phys.
Rev. Lett. 134, 223403 (2025).

[56] E. H. Lieb and W. Liniger, Exact Analysis of an Interact-
ing Bose Gas. I. The General Solution and the Ground
State, Phys. Rev. 130, 1605 (1963).

[57] E. H. Lieb, Exact Analysis of an Interacting Bose Gas. II.
The Excitation Spectrum, Phys. Rev. 130, 1616 (1963).

[58] V. B. Bulchandani, R. Vasseur, C. Karrasch, and J. E.
Moore, Bethe-Boltzmann hydrodynamics and spin trans-
port in the XXZ chain, Phys. Rev. B 97, 045407 (2018).

[59] B. Bertini, M. Collura, J. De Nardis, and M. Fagotti,
Transport in Out-of-Equilibrium Chains: Exact Profiles
of Charges and Currents, Phys. Rev. Lett. 117, 207201



14

(2016).
[60] I. Bouchoule, J. Dubail, L. Dubois, and S. M. Gangardt,

Relaxation of phonons in the Lieb-Liniger gas by dy-
namical refermionization, Phys. Rev. Lett. 130, 140401
(2023).

[61] T. Kinoshita, T. Wenger, and D. S. Weiss, Local Pair
Correlations in One-Dimensional Bose Gases, Phys.
Rev. Lett. 95, 190406 (2005).

[62] T. Langen, S. Erne, R. Geiger, B. Rauer, T. Schweigler,
M. Kuhnert, W. Rohringer, I. E. Mazets, T. Gasenzer,

and J. Schmiedmayer, Experimental observation of a gen-
eralized Gibbs ensemble, Science 348, 207 (2015).
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