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Abstract

We study the well-posedness of the complex-valued modified Korteweg-de Vries equation
(mKdV) on the circle at low regularity. In our previous work (2021), we introduced the second
renormalized mKdV equation, based on the conservation of momentum, which we proposed
as the correct model to study the complex-valued mKdV outside H 3 (T). Here, we employ the
method introduced by Deng et al. (Commun Math Phys 384(1):1061-1107, 2021) to prove
local well-posedness of the second renormalized mKdV equation in the Fourier—Lebesgue
spaces FL*P(T) for s > % and 1 < p < oo. As a byproduct of this well-posedness result,
we show ill-posedness of the complex-valued mKdV without the second renormalization for
initial data in these Fourier-Lebesgue spaces with infinite momentum.

Keywords Modified Korteweg-de Vries equation - Global well-posedness -
Fourier-Lebesgue spaces

Mathematics Subject Classification 35Q53

1 Introduction
1.1 Modified Korteweg-de Vries Equation

We consider the Cauchy problem for the complex-valued modified Korteweg-de Vries equa-
tion (mKdV) on the one-dimensional torus T = R/(27Z):

9 3u = +|u|*ou,
{’”eru T v (1.1)

uly—o = uo,

where u is a complex-valued function. This equation (1.1) appears as a model for the dynam-
ical evolution of nonlinear lattices, fluid dynamics, and plasma physics (see [8,17,34], for
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example). In the context of nonlinear fiber optics, (1.1) describes the transmission of elec-
tromagnetic waves in nematic liquid crystals, where the rescaled variables ¢ and x represent
distance and time, respectively. In the following, we choose the standard convention, refer-
ring to x € T as the spatial variable and to # € R as the temporal variable. Also, note that the
complex-valued mKdV equation (1.1), also known as the mKdV equation of Hirota [19], is
a completely integrable complex-valued generalization of the usual mKdV equation

du+ 33u = +udu. (1.2)

Indeed, real-valued solutions of (1.1) are also solutions of (1.2).

In this paper, we continue the study of the well-posedness of the periodic complex-valued
mKdV equation (1.1) initiated in [4], by adapting the method introduced by Deng et al. [9]
to the mKdV equation (1.1). Before stating our main results, we review the known well-
posedness theory for the mKdV equation (1.1). When posed on the real line, (1.1) satisfies
the following scaling symmetry: if u is a solution of (1.1) then ur(t, x) = hu (A31, Ax), A > 0,
is also a solution of (1.1). This symmetry induces the scaling critical regularity scit = —%

in the sense that the H -3 (R)-norm is left invariant under the scaling. Consequently, it is
commonly conjectured that the mKdV equation (1.1) is locally well-posed in the subcritical
regime, i.e., in H*(M) for s > —%, M = Ror T. On the real line, M = R, the complex-
valued mKdV equation (1.1) has been a long standing topic of interest [11,13,16,22]. In a
recent breakthrough, Harrop-Griffiths et al. [16] showed the optimal global well-posedness
of (1.1) in H*(R) for s > —% by exploiting the complete integrability of the equation.

In the periodic setting, M = T, the real-valued mKdV equation (1.2) has garnered more
attention than its complex-valued counterpart (1.1) [1,3,5,6,20,21,26-29,35,36]. Exploiting
the conservation of mass M(M (z)) = % fT lu(t) |2dx, Bourgain [1] introduced the first renor-
malized mKdV equation (mKdV1):

du + 3w = £ (|ul® — ww))deu, (1.3)

and established its local well-posedness in H*(T) for s > % Note that mKdV1 (1.3) is
equivalent to mKdV (1.1) in L*(T) in the following sense: u € C (R; Lz(’]I‘)) is a solution
of (1.1) if and only if Gy (u)(t, x) := u(t,x F p(u(t))t) is a solution of (1.3). The failure
of C3-continuity of the solution map [3,5] outside H 3 (T) requires more robust techniques
to improve Bourgain’s result. In particular, the best known result in the Sobolev scale is
due to Kappeler and Topalov [21] who exploited the completely integrable structure of (1.2).
They showed that the real-valued defocusing mKdV equation, (1.2) with ‘4, is globally well-
posedin H*(T) fors > 0. These solutions are almost periodic in time and the data-to-solution
map extends continuously from smooth solutions to solutions in H*(T) (see [21,25,32] for
more details on this notion of solution). In [26], Molinet showed that the solutions in [21]
are indeed distributional solutions and proved the ill-posedness of (1.2) below L2(T) in the
sense of failure of continuity of the solution map (see also [35]). This ill-posedness result
motivated the study of (1.2) in alternative function spaces, namely in the Fourier—Lebesgue
spaces FL*?(T) defined by the following norm

I fllFLsr = II(n)Sf(n)llgg, (14)

where (-) = (1+]- |2)%. In fact, Kappeler and Molnar [20] established local well-posedness
of the real-valued defocusing mKdV1 (1.3) in FL*?(T) fors > 0and 1 < p < oo (see
also [29]). These solutions are the unique limit of classical solutions, as those in [21], almost
periodic in time, and global-in-time for small initial data. Since FL"? (R) scales like H° R)
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foro =s+ L — %, this result is almost critical. Lastly, note that the results in [20,21] also

extend to the real-valued focusing equation (with ‘—’) for small initial data.
In our previous work [4], we established a sharp contrast between the real and the complex-

valued settings. In particular, we showed that H 2 (T) is the limit for the local well-posedness

of the complex-valued mKdV equation (1.1), as it is ill-posed outside H 3 (T) in the sense of
non-existence of solutions. This result is closely related to the momentum

P(u(t)) = ilm/ﬂ‘ﬁ(t)axu(t) dx, (1.5)

a formally conserved quantity of the equation. Note that the momentum is only well-defined

in the Fourier-Lebesgue spaces FL*-”(T) which embed continuously in H 2 (T), i.e., when

. 1
% <s<landl <p < ﬁ,ors > land 1 < p < oo. Outside H 2 (T), the momentum
may no longer be conserved or even finite. In our first main result, we extend the ill-posedness

of the complex-valued mKdV equation (1.1) to a larger class of spaces.

Theorem 1.1 Let % <s < 1land ﬁ < p < oo. Suppose that ug € FL*?(T) has infinite
momentum in the sense that

limsup |P(P<nup)| = oo, (1.6)
N—o0
where P<y denotes the projection onto the spatial frequencies {|n| < N} (see Definition2.1).
Then, for any T > O, there exists no distributional solution u € C([—T, T]; FL*P(T)) to
the complex-valued mKdV equation (1.1) satisfying the following conditions:

(1) uli=0 = uo,
(i1) The smooth global solutions {un}nen of mKdV (1.1), with un|;=0 = P<nyuo, satisfy
uy —> uin C([—7T,T]; FLP(T)).

Remark 1.2 (i) The momentum is identically zero for real-valued solutions, therefore it does
not play a role in the low regularity well-posedness of the real-valued mKdV equation
(1.2). Consequently, the ill-posedness result in Theorem 1.1 is a phenomenon specific to
the complex-valued mKdV equation (1.1).

In addition, note that for 2 < p < oo, H2(T) - FL2P(T) C L*(T), therefore
Theorem 1.1 applies to data outside H% (T).

(i1) In Remark 1.2 (iii) in [28], the authors claim that local well-posedness in H*(T) for
s > % extends to the complex-valued solutions of (1.1). In light of the ill-posedness
result in Theorem 1.1, this does not seem to be the case. In fact, it appears that the only
local well-posedness result for the real-valued mKdV equation (1.2) which extends to its
complex-valued counterpart (1.1), prior to the second renormalization in (1.8), is that of
Bourgain [1].

In view of the ill-posedness of (1.1), in [4], we proposed an alternative model for the
complex-valued mKdV equation (1.1) at low regularity. Similarly to the first gauge transform
G1 which exploited the conservation of mass, we introduced a second renormalization of the
equation through the following gauge transformation depending on the momentum

Go(u)(t, x) = ¥ P, x). (1.7)
Ifu € C(R; H %(’]1“)), the momentum is finite and conserved P(u(1)) = P(uo), thus the

gauge transformation G, is invertible and u solves (1.1) if and only if G, o G (u) solves the
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second renormalized mKdV equation (mKdV2):
o+ 9u = :I:(|u|28xu — u(u)dyu — iP(u)u). (1.8)

The effect of the gauge transformation G, is to remove certain resonant frequency interactions
in the nonlinearity which are responsible for the ill-posedness result in Theorem 1.1. We
proved that, unlike mKdV1 (1.3), mKdV2 (1.8) is locally well-posed in FL*?(T) for % <
s < % and1 < p < ﬁ, ors > % and 1 < p < oo. Our main result in this paper is the
improved global well-posedness of (1.8), shown without exploiting the complete integrability

of the equation.

Theorem 1.3 The mKdV2 equation (1.8) is locally well-posed in FL*P(T) for any s > %
and 1 < p < oco. Moreover, the data-to-solution map is locally Lipschitz continuous.

Remark 1.4 (i) The solutions constructed in Theorem 1.3 satisfy the Duhamel formulation:

t
u(t) = S(t)ug :I:/ St — N (u,u,u)t)dt’,
0

fort € [T, T] for some T = T(HMOHJ‘:L%"’) > 0, where S(¢) denotes the linear

propagator and N (u, u, u) corresponds to the right-hand side of (1.8). See Sect. 2 for
further details.

(i) Theorem 1.3 is sharp with respect to the method, since the data-to-solution map fails
to be locally uniformly continuous in FL* 7 (T) for any s < %, 1 < p < oo (see [4]).
Without imposing uniform continuous dependence on the initial data, we expect it to
be possible to lower s in Theorem 1.3. In a forthcoming work, we intend to pursue the
question of local well-posedness of mKdV2 (1.8) in FL*?(T) fors < % by combining
the method introduced by Deng et al. [9] and the energy method in [27,28,36].

(iii)) To show Theorem 1.3, we follow the method introduced by Deng et al. [9], which is
based on constructing solutions # with a particular structure. As a consequence, unique-

11
ness holds conditionally in a sub-manifold of Xg:zf_ (see Definition 2.2) determined
by the structure imposed on u. In Sobolev spaces, unconditional uniqueness holds in
H5(T) for s > % (see [24,27]). It would be of interest to consider the problem of
unconditional uniqueness of mKdV2 (1.8) in the Fourier—Lebesgue spaces.

(iv) For the range of (s, p) in Theorem 1.3, the mass (1) is conserved and therefore one
can still establish local well-posedness of (1.8) without removing the term p(u)d,u
from the nonlinearity at the cost of losing the local Lipschitz continuity of the solution
map. In contrast, this renormalization is essential in [20] when taking data in FL% 7 (T)
with 2 < p < oo, for example. Analogously, the second renormalization introduced
by G» is crucial in Theorem 1.3 when % <s < land ﬁ < p < oc. In the remaining

regimes for (s, p), since the initial data is in A2 (T) and the momentum is conserved,
the renormalization is only required to guarantee the local Lipschitz continuity in The-
orem 1.3.

Using the a priori bounds established by Oh and Wang [31], which generalize the result
by Killip et al. [23] to the Fourier—Lebesgue setting, we extend the solutions in Theorem 1.3
globally-in-time.

Theorem 1.5 The mKdV2 equation (1.8) is globally well-posed in FL*-P(T) for s > % and
1<p<oo
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For real-valued solutions u, the momentum P (1) = 0 which implies that G, (1) = u. Con-
sequently, the previous results on the complex-valued mKdV2 equation (1.3) in Theorems 1.3
and 1.5 also apply to the real-valued setting.

Corollary 1.6 The real-valued mKdV1 equation (1.3) is globally well-posed in FL5-P(T) for
sz%and1§p<oo.

Remark 1.7 In [20], Kappeler—-Molnar established the global well-posedness of the real-
valued mKdV1 equation (1.3) with small initial data. The Corollary 1.6 extends this result
(with limited range of s) to the large data setting. Furthermore, our solutions satisfy the
Duhamel formulation, establishing that the solutions in FL*:?(T) for s > % constructed in
[20] are distributional solutions. The remaining solutions in [20] are not yet known to be
distributional.

We conclude this section by stating some further remarks.

Remark 1.8 (i) The ill-posedness result in Theorem 1.1 follows an argument by Guo and
Oh [15]. The proof combines the local well-posedness of mKdV2 (1.8) in Theorem 1.3
and the rapid oscillation of the phase in the gauge transformation G, (1.7), due to the
assumption on the momentum (1.6). Thus, since Theorem 1.1 follows from [4,15], we
omit the details.

(ii) The scaling heuristics described above can be transported to the Fourier—Lebesgue setting.
The critical regularity is given by scrit(p) = — %. We can also compare the scaling of the

two families of spaces to conclude that FL" (R) scales like H° (R) foro = s — % +4
From these heuristics, we see that the results in Theorem 1.3 and Corollary 1.6 are at the
scale of L2(T). At this time, we do not know how to prove an almost critical result for
(1.1), but we hope to pursue this question in the future.

Remark 1.9 In [18], Herr introduced a gauge transformation to study the low regularity
Cauchy problem for the derivative nonlinear Schrodinger equation (DNLS). This gauge trans-
formation removes singular contributions from the nonlinearity, as G, introduced in (1.7).
Unlike that of DNLS, the gauge transformation G, depends explicitly on the momentum,
which is ill-defined at low regularity, preventing us from freely recovering solutions of (1.1)
from those of (1.8). We overcame this difficulty, not present for DNLS, by introducing the
following notion of finite momentum at low regularity: we say that f has finite momentum
if

PP<n f) converges as N — oo,

and denote the limit by P(f).

By imposing this notion of finite momentum to initial data in FL*?(T) for s > % and
1 < p < 3, we showed that the corresponding solutions of mKdV2 (1.8) have finite and
conserved momentum. The restriction follows from an energy estimate, which we do not know
how to improve at the moment. As a consequence of conservation of momentum, we proved
existence of distributional solutions of mKdV (1.1) by using the gauge transformation G, and
a limiting argument. We expect a similar result to hold for the full range of well-posedness,
s > % and 1 < p < oo, if the momentum of the initial data is finite. Since the main focus of
this paper is on improving the previous well-posedness result of mKdV2 (1.8), we will not
discuss further how to recover solutions of the complex-valued mKdV equation (1.1) from
those of mKdV2 (1.8).
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1.2 Outline of the Strategy

In our previous work on the complex-valued mKdV equation [4], we proved local well-
posedness of mKdV2 (1.8) in FL*?(T) for s > % and 1 < p < 4 by using the Fourier
restriction norm method. The solutions are constructed through a contraction mapping argu-
ment on the Duhamel formulation

t
u(t) = S(t)up £ f St — ON @, u, u)(t)dt' =: S()ug = DN (u, u, u)(t), (1.9)
0
where S(¢) denotes the linear propagator, D the Duhamel operator, and

1 1
N(ui, uz, u3) = 0yu; <u2u3 - — f Uru3 dx) — i(— Im/ OxUl U dx)ug..
2 T 2 T
Note that the nonlinearity of mKdV2 (1.8) corresponds to N '(u, u, u). In particular, we
look for solutions in some X*?-spaces adapted to the Fourier—Lebesgue setting (see Defini-
tion 2.2). A key ingredient in proving the local well-posedness is a nonlinear estimate of the
form

| DN (1, uz, u3)|

3
o < Al
Xt S ]"[1 lujll s (1.10)
j:

forb = % and ¢ = 2. The main difficulty resides in controlling the derivative in the nonlin-
earity. Since the Duhamel operator has smoothing in time but not space, we want to exploit
the multilinear dispersion by using the modulations, i.e., the weights (t — n3) in the norm
(2.1). The need to use the time smoothing to help control the time derivative imposes the
restriction 1 < p < 4 and we do not know how to overcome it within this framework.

In this paper, we apply the method introduced by Deng et al. [9] to the mKdV2 equation
(1.8) extending our previous local well-posedness result to FL*? (T) for s > % and4 < p <
oo. This method was introduced to improve the local well-posedness results of Griinrock and
Herr [12] for DNLS. Motivated by the probabilistic setting, we construct solutions u centered
around a smoother-in-time function w. Instead of solving the Duhamel formulation, we will
solve a system of equations

(1.11)

u=w+ F(u,w),
w = S(H)ug £ DN (u) — F(u, w),

where F(u,w) is a nonlinear functional to be determined. Centering solutions around a
suitably chosen function was seen in the context of probabilistic PDEs (with random initial
data or stochastic forcing), for example, in the works of Bourgain [2], Da Prato and Debussche
[7] and Gubinelli et al. [14]. There, the center w is an explicitly known random object that
introduces smoothing in space in the remainder pieces. The lack of randomness in our setting
forces us to consider a moving center and solve the system (1.11). In particular, the first
equation in (1.11) imposes structure to u = u[w] parametrized by w, while the second finds
the correct w for which u solves the Duhamel formulation (1.9).

The main difficulty in this method is choosing the correct structure for u, or equivalently,
the correct nonlinear functional F (u, w). This choice, which is not prescribed by the method,
must allow us to solve the first equation for # while avoiding the bad frequency regions for the
nonlinear estimate (1.10). There are three main points in establishing and solving the system
(1.11): (i) choosing the frequency regions of the nonlinear terms in F(u, w); (ii) modifying
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the Duhamel operator to induce smoothing in space; (iii) using second iteration to solve the
equation for w.

We first consider (i). In certain regions of the frequency space, the nonlinear estimate
(1.10) holds for any fixed 2 < p < oo and some b = 1— and ¢ = oo— (see Remark 6.3 for
more details). These frequency regions will be included in the equation for w, which we hope

1 1
- X;’é_ and u € X;’é_ C C(R; ]:LS"’(T)). For the remaining

frequency regions, we cannot show the trilinear estimate (1.10) in X ;1[31 ccC (R; FLSP (T)),
regardless of the choice of b and g. These contributions should then appear in F(u, w),

s,1—
to solve forw € X )

1
in order to be estimated in the weaker X'’ p.2—-horm. In addition, we require the terms in
F(u, w) to have a smoother w term associated with the derivative and the largest frequency.
Consequently, F'(u, w) includes terms that essentially look like the following

> Pyocw - Penti-Payu, Y Pydow - (Pyw-Peyu+Pyw - Peyit), (1.12)
N N

where Py and Py denote the Dirichlet projections onto the spatial frequencies {|n| ~
N} and {|n| <« N}, respectively; see Definition 2.1. These terms can roughly be seen as
‘paracontrolled’ by w (see [14] for details on paracontrolled distributions).

Unfortunately, the assumptions imposed on F(u, w) and the terms in (1.12) are not yet
enough to show the estimate (1.10) for any p > 2. This leads us to (ii) and to the introduction
of a modified Duhamel operator which not only has smoothing in time but also in space. The
modification is introduced through a time convolution with a smooth function n parameterized
by the resonance relation ® (77123):

t
/0 St —t)n(P@)(t — 1)) F{')dr', (1.13)

where ®(7123) = n® — n? — n; — n; We then choose F(u, w) by applying the modi-

fied Duhamel operator in (1.13) to the terms in (1.12). Here, since the frequencies satisfy
|®(m123)| 2 max(|ny], |nal, |n3 |)2, the convolution with 7 in (1.13) introduces negative pow-
ers of |®(7123)| and consequently smoothing in space, at the cost of reduced smoothing in
time (see Sect. 3 for more details). This smoothing effect allows us to solve the equation
for u through a fixed point argument, for each fixed w € X?; p - Consequently, we obtain
a function # = u[w] parameterized by w that is not yet a solution to the mKdV?2 equation
(1.8). This will only follow after we have found the correct center w.

To solve the equation for w, we use a ‘partial’ 1terat10n of the Duhamel formulation.
For the terms that cannot be estimated directly in the X _-norm, we replace u = u[w]
by its equation w + F(u, w) first in the entries assoc1ated with the derivative and then
the largest frequencies. This strategy induces smoothing, by introducing terms that depend
on the modified Duhamel operator (1.13) and more w terms, at the cost of increasing the
multilinearity of the terms begin estimated. This strategy resembles the second iteration
method used by Bourgain [3], Oh [30] and Richards [33], for example. In particular, this
leads to new cubic, quintic and septic terms that we can estimate in the stronger norm (see
Sects. 4, 6).

In summary, the choice of F (1, w) requires a delicate balance between being able to solve
the first equation for u, but also inducing sufficient spatial smoothing when using second
iteration to solve the equation for w. This choice allows us to show the relevant estimates for
any 2 < p < 00, even when we must use the smoothing in time to gain smoothing in space.
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1.3 Outline of the Paper

In Sect. 2 we introduce the relevant function spaces and some auxiliary results. In Sect. 3
we introduce the modified Duhamel operator and show relevant kernel estimates. In Sect. 4
we establish the equation for u. In addition, we explain how to use second iteration to obtain
the equation for w, which is included in detail in “Appendix A”. The relevant estimates for
the nonlinear terms in the equation for # are shown in Sect. 5. Lastly, Sect. 6 is dedicated to
solving the equation for w.

2 Preliminaries
2.1 Notations and Function Spaces

We start by introducing some useful notations. We will use ¢ : R — R to denote a smooth
time cutoff function, equal to 1 on [—1, 1] and O outside [—2, 2] and ¢7 () := o(T~ '), for
0 < T < 1. Lastly, let A < B denote an estimate of the form A < CB for some constant
C > 0. Similarly, A ~ B willdenote A < B and B < A, while A <« B will denote A < ¢B,
for some small constant 0 < ¢ < 1. The notations a+ and a— represent a + ¢ and a — ¢ for
arbitrarily small ¢ > 0, respectively.

Our conventions for the Fourier transform are as follows. The Fourier transform of u :
R x T — C with respect to the space and time variable, respectively, are given by

1 —inx 1 —itt
Fru(t,n) = o u(t,x)e dx, Fru(t, x) = o u(t,x)e dt.
T R

The space-time Fourier transform is denoted by F = F;F,. We will also use u to denote
Fru, Fru and F; cu, but it will become clear which one it refers to from context, namely
from the use of the spatial and time Fourier variables n and t, respectively.

Definition 2.1 Let 0 < R < oo and denote by P<g the Dirichlet projection onto spatial
frequencies {|n| < R} defined as follows

PSRf(X) = Dgrx*x f(x) = Z f(n)einx’

In|<R

where Dg(x) = Z\n\sN ¢™* is the Dirichlet kernel. We also define P« = P_;, and
PR = PgR _PS%R'

8]

Now, we focus on the relevant spaces of functions. Let S(R x T) denote the space of
functions # : R x R — C, with u € C*°(R x T) which satisfy

u(t,x +27) =u(t,x), sup [t%0F9Yu(t, x)| < oo, B,y € Z=o.
(t,x)eERxT

Definition 2.2 (See[1,12]) Lets, b € R,1 < p, g < co. The space Xf;z (RxT), abbreviated

X ;,’,Z, is defined as the completion of S(R x T) with respect to the norm

lull s = [ () (x =)0z, )| @1

Ppd-

When p =g =2, the X ‘;,’,bq—spaces defined above reduce to the standard X**?-spaces.
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Before proceeding, we introduce the relevant spaces of functions and associated parame-
ters. Let 0 < § < 1 be a small parameter to be chosen later, depending on 2 < p < co. We
introduce the following parameters

bp=1-—28, by =1-56,
1 1
q0=%7 QI=m,
l=1+5, i=1-i-25, i=l+35.
ro 2 r 2 r 2

Note that by < b1, q1 < qo and r» < r; < ro. We will focus on showing the result for the
endpoint s = %, see Remark 4.4 for more details. Consequently, we will conduct our analysis

in the following X ;’,Z-spaces:

11 11
Yo =X 2R xT), Yi =X 2R xT),
1 1
Zo=XZ2@®R xT), Z)=XZD (R xT).

Note that Zo C Yo C C(R; FL>7(T)).

2.2 Nonlinearity and Notion of Solution

The nonlinearity of (1.8) has the following spatial Fourier transform

Y imEm)Em)E(n3) — inldn) P, 2.2)
n=nj+n+ns,
®(1123)#0
where 11123 = (n1, no, n3) and ® = ®(n123) denotes the resonance relation

D(123) = n’ — n? - n% - n% = 3(n1 +n2)(ny + n3)(n2 +n3),

where the factorization holds if n = n| 4+ ny + n3. Consider the following trilinear operators

FeNR=(uruz up)) ()= Y ingiy (1) (n2)its (n3),
n=n1+nay+n3,
@ (123)#0,
[n2|=[n3]
Fr(R(ur, uz, u3))(n) = —inity (02 (n)iaz (n), (2.3)

and N"R. where we impose |nz| > |n3| on the right-hand side of (2.3). Consequently, we
can decompose the nonlinearity (2.2) into non-resonant and resonant contributions

N, u,u) = NR>u,u,u) + NRx (u, u, u) + R(u, u, u).

Note that if n is the spatial frequency corresponding tou;, j = 1,2, 3,in V'R~ (2.3), then
[n2| > |n3| and the sums are taken over the following set

X(n) = {(n1,n2,n3) € Z* 1 n=ny +n2+n3, |na| > |n3l, ®@3) # 0},
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with the additional assumption |n3| > |n3| for N'R~ . Consequently, we want to consider the
following subregions of X(n):

Xa(n) = {(n1,n2,n3) € X(n) : |n2| < |n1l},

Xp(n) = {(n1,n2,n3) € X(n) : |n3| < min(|nl, [n1]) < max(|nl, [n1]) ~ |n2l},
Xe(m) = {(n1,n2,n3) € X(n) : |n| < |n3l < |nyl},
Xp(n) = {(n1.n2,n3) € X(n) : |n1| < In3l}.

For x € {A, B, C, D}, let NRy >, N'R. > denote the restriction of the operators to X (n).
We can write the non-resonant contributions of the nonlinearity as

NRE = NRA,Z +NRB,Z +/\/’RC72 +NRD,Z
and equivalently for N"R... We also introduce the following notation
Xi(n) == {123 € Xu(n) : ®(123) = . (2.4)

The following lemma clarifies the relation between the frequencies in the subregions
introduced.

Lemma 2.3 The sets Xy (n), where x € {A, B, C, D}, satisfy the following properties:

(i) (n1,n2,n3) € Xa(n) = |n3| < |n2| < |ny| ~ |nl;

(i) (11,n2,n3) € Xgn) = |n3| < In| S In1| ~ Inal or In3] < |ni| < |n| ~ Inal;
(i) (n1,n2,n3) € Xc(m) = In| S I3l K |n2| ~ |n1l;

@iv) (n1,n2,n3) € Xp(n) = In1| S In3| < |n2l;

V) (n1,n2,n3) € Xa(n) UXp(n) UXc(n) = [ @@123)] 2 max(ln, In2))

Vi) (n1,n2,n3) € Xp(n) = [®[@23)| 2 Inal and (n)? Iny| S ((n1) (n2) (n3))?.

Remark 2.4 Note that the nearly-resonant case when |nj| ~ |n2| ~ |n3| and |®(n123)| =
max(|ny], |n2], |n3]) is included in Xp(n). There are other frequency interactions allowed
in this region which are fully non-resonant, i.e., |®(77123)| = max(|n1], |n2], |n3])* holds.
However, due to the condition in (vi), the resonance relation will not play a crucial role when
estimating this contribution.

Lastly, we recall our notion of solution to (1.8). Let DF (¢, x) = fot St —tF({', x)dt
denote the Duhamel operator and its truncated version

t
DF(t,x) = ¢(1) - D(p(t") - F(t', x))(t) = w(z)/ St =t F(', x)dt'.
0
We say that u € C(R; FL2*P(T)) is a solution of (1.8) with initial data ug € FL2(T) if
it satisfies the following integral equation, the Duhamel formulation'
u(t) = S(t)up + DNR(u, u, u)(t) + DR(u, u, u)(z). 2.5

Since we are only concerned with local well-posedness, let 0 < 7 < 1 and consider the
truncated Duhamel formulation:

ut) =¢ - St)uo + ¢r - DNR(u,u, u)(t) + ¢ - DR(u, u, u)(t). (2.6)

! In the following, we choose to take the ‘4’ sign in front of the nonlinearity in (1.8) for simplicity, as the
sign will not play a role in the analysis.
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2.3 Auxiliary Results

The following proposition allows us to gain a small power of the time of existence T,
needed to close the contraction mapping argument.

Lemma 2.5 Suppose that F is a smooth function such that F(0) = 0. Then, we have the
following estimates
lor - Fllvy ST IFlv.  llor - Flizg S T IF N1z,

forany0<9§%and0<T§ 1.

Proof We want to estimate the following quantity

lor - Fllgp = | (0 @r 0 Fe+n.m)(0)

5
Both estimates follow once we show

1
(2o @r = f(D)ll g S T4

1
@’ @ @.7)
for f satisfying fR f(@)dt =0,1 <g<qg<oocandb <1 < b+ 51. To estimate the

left-hand of (2.7) restricted to {|t| > T !}, it suffices to show

(z)? _ 11
/ T lper1er (@ =M fdr| ST 9| flla- (2.8)
R T

(*)

Using Young’s inequality with 1 + % =

L1

1 [
+ - gives

Y

LHS of (2.8) < / (T(t — WP TY(T (x — 1) f (1) dA
R

, STIT ST )| (AR
L? i

1_1

The estimate follows from T||(T1')bg'5(Tr)||L; Se Tl_% =T4q 4.
To estimate the left-hand side of (2.7) restricted to {|t| < T~'}, using the fact that
Jg f(x)dt =0, we note that
or * (L) <7-1 f) (D) 7f FOIT[@(T (t — 1) — @(T1)] dr —/ FOITP(T)dx.
A <T—1 [A]=T—1
(2.9)

For the first contribution in (2.9), we distinguish between the regions {7 : |7| < T-1} and
{z : |t| > T}, and use mean value theorem to obtain

/ TIFOIPT(x = 1) — PV dA <, f TALLF )] dA,
|A<T—1 A <T—1

(T)*

for any o > 0. For the second contribution in (2.9), we have
/ | fIITI@(TT)ld) S ! / [f ()] dA
pUT ~ .
=T ATy | s

Combining the estimates for the two contributions in (2.9), we obtain

T ()’
‘ (TT)*

<

~

(T)baT * (]l|f|<T—1f)(T)

Imin(L, 1 TAD )Nz 162’ £ (@Il 4
L? L? ’
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by using Holder’s inequality for the last step with 1 = % + é The first and second factors

1
are controlled by 7'7°77 and Tb_%, respectively, given that b > 1 — % and b < 1. The

intended estimate follows.
O

Remark 2.6 Lemma 2.5 will only be applied to functions of the form F(¢) = f(; G{')drt
which satisfy the assumption F(0) = 0, namely the Duhamel operator D and the operators
G, B defined in Sect. 3.

The following lemma, adapted from [9], estimates the number of divisors of a given natural
number.

Lemma2.7 Fix0 < ¢ < 1, p > l and let k,q € Z such that |q| = |k|® > 0. Then, the
number of divisors r € Z of k that satisfy |r — q| < p is at most Og(p°).

Lastly, recall the following well-known tool (see [10, Lemma 4.2]).

Lemma28 Let0 <« < B suchthato + B > 1 and ¢ > 0. Then, we have

1 1
/ dx < ,
R (x —a)*(x —b)P (a —b)r
where

at+p—1, p<1,
y=qa—c¢, B=1,
o, p>1.

3 Splitting the Duhamel Operator
In this section, we explicitly establish the smoothing in time of the Duhamel operator by
estimating its kernel. Moreover, we introduce the modified version of the Duhamel operator

and the kernel estimate for the nonlinear contributions localized to X 4 (n), Xg(n).

Proposition 3.1 The truncated Duhamel operator D has the following space-time Fourier
transform

Fix(DF)(t,n) = / K(t —n* A —n®)F(x,n)dx
R

where the kernel K is given by the following expression

K(t,)) = —i /Ra(ﬂ_)\)wdﬂ 3.1
and satisfies the following estimates
1 1 1 1
K@< (——+ R . — 32
e )'N<<r—x>a <r>“><x> (o) (x — 1) G2

where o is a large enough positive number.
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Proof We start by calculating the space-time Fourier transform of DF,
t
Fix(DF)(z,n) = / Pt — WF ( / G E G ) dr/) (W) dpu.
R 0
Using the fact that fj f(t') dt’ = § [ f(t')(sgn(t — ') + sgn(t")) dt’, we have

4 . ’ _~ 1 sl o~
7—7( / ¢ o YVE (!, n) dr/)(m: — / e e YF(t' n)dt’ /
0 4 J r R

it (=) sgn(t)dt
1 y _ .

+— / eI o VF (', n) sgn(t) di’ / et gy
T J R R

Consequently, since F;(sgn)(t) = m% we have

t _. -~
ﬁ(/ = o YE W n) dz’)(;@: ! 3/ P — WF(h, n)dr
0 m—n R

1~
—i8(u—n3)/ / o —n— ) —=F O, n)dp di.
RJ R M

Calculating the convolution with @, we get the intended expression. It remains to show
the estimate on the kernel. In the region {|| > 1}, using Cauchy—Schwarz inequality and
Lemma 2.8, we have

P — WP(u — 1) du : du 5
du S 3 [ TN 02
i1 [l R (T —p)2¥ (p—a) i+ R () {p—=2)

PR S

o AT =)
/ Iso(r)w(/«t—k)ldu < 1 / 1 du < 1 ’
lul>1 [ (T)* J r (0 —2)%(u) (A){T)®

for any @ > 0. In the region {|u| < 1}, we consider two subregions: {|t| < 1} or {|t] > 1}.
In both cases, using mean value theorem for any « > 0, we obtain

~ Pt — ) — §(0)] 1
T O <y
/ it P =R m Ko ome

Combining the estimates, we get
1 1 1

K@ VIS | —5 + o

(=0 (1)) })

To show (3.2), note that (t) < (r — A)(A) and (r — A) < (r)(A). Thus, fora > 2,

<
1 1 1 1 1 1
_ < < )
(<r "oy <r>°’) I I B e e T R e ey
O

We want to split each of the non-resonant contributions DN R >, DN'R, - for x €
{A, B} into two components:

DNR*-,Z = G*,Z +B*,2, DNR*’> = G*,> +B*7>.
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The G contributions will depend on the modified Duhamel operator. By introducing a convo-
lution with a smooth function 1 parameterized by the resonance relation @ (77123), we induce
sufficient smoothing in space to control the derivative nonlinearity. Consider a Schwartz
function 7 satisfying

(=1 =0, Hp-1)=-1, (3.3)

where H denotes the Hilbert transform, i.e., principal value convolution with the function %
We define the operators G >, B, > through their spatial Fourier transform as follows

fx(G*,Z(uh us, u3))(t7 I’l)

3
t
. i(t—t"Hn3 — ~
=o() Y zm/ O (@) — ))e) [ [ npyar,
n=n+ny+n3, 0 j=1
n123€Xy(n),
[n2|=|n3|

]:x(B*,Z(ul» uz, M3))([, n)

3
t
=e@t) Y. im / O — (@) — 1)) o) [ [, nj)dr',
n=ni+na+ns, 0 j=1
n123€Xy(n),
[n2|=|n3|
with equivalent definitions for G, -, B, ~ imposing the condition |n2| > |n3| to the sum. In
the following, we estimate the kernels for the above operators when * € {A, B}.

Proposition 3.2 Let * € {A, B}. Then, the convolution operators G, >, Gy ~ have the fol-
lowing space-time Fourier transform

Frx(Gy, = (ur, uz, u3))(z, n)
)

= Z n1/ Kg(r—nS,k—nS,d)(ﬁln))/
R

n=ni+na+n3,
n123€Xx(n),
[n2| > |n3|
=)

A=114+12473

3
l_[it\j(‘[j,nj)dtld‘[zd)»,
j=1
where the kernel K is given by the following expression
Koz, 2, @) / oc — Wt —0 (L) 1o - wra - noa(L) ) a
)= - —N—Hi( ) +@(r - - :
G(T R‘PT LAV cI)r](I) ¢ ) e cpncb 128
34

and satisfies the following estimates
K(z, 3, )] S —— min (L i>+ ' in <L L)
Gt e T ey ) T e (o) ()

1 . 1 1
< min <— —) 3.5)
(t—2) (@) (%)

where o is a large enough positive number and |P| > 1.
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Proof Since the relation between |n>| and |n3| will not play an important role in the proof,
we will use G, to denote both G, >, G, ~. We want to calculate the following

Frx (G*(ul, uz, ”3))('5, n)
[ N3
YT / Ra(r—um( f it n(<1>(ﬁ123)(t—t’))F(t’)dt’>(M)du,

n=n|+nz+n3, 0
n123€Xy(n)

where F (1) = ¢(t) ]_[3-=l iij (t,n;). Note that |®(72123)| > 1 for 123 € X4 (n) and denote it
by @, for simplicity. Proceeding as in the proof of Proposition 3.1, we have

th,x (G*(ul7 uz, M3))(T, I’l)

— -~ 1 (im—n ~ 1 (mw—n
= ) m| @c—w|Fuw M +HE (W 71 dp
R (o} [} [} (0]
n=nj|+nz+n3s,
n123€Xy(n)

Substituting F (n) and HE (u), we obtain the intended expression. It remains to show the
kernel estimate. First, note that for a Schwartz function f, we have

GG 1im/ f@—w—f@)‘dﬂ
e20J e<jul<1 n

lim/ @du‘ —l—/
=0 cqui<1 M lul=1

Using mean value theorem and distinguishing the cases |£| < 1 and || > 1, we can estimate
the first term by (£) % for any a > 0. The second contribution is equal to zero. Lastly, using
Lemma 2.8, the third term is controlled by (£)~!. Consequently,

+

f& _“)‘du.
n

1
"HfE S @ (3.6)

Since ¢ is a Schwartz function, using (3.6),

1 AM)‘ 1( @)) '<1 1)
—|H < — (Lol + Luziopi— | S —, .
<<1>>‘ ”(d> ~ (o) T Ay )~ PR Gy T

Now, considering the kernel and the estimates for H7, H, we have the following

~ ~ 1
IKG(t, 4, ®)] < /le(f — W@(p — 1) min (@’ @)dﬂ

1 —~ ~ 1
_ — — Jldu=:1+1.
+/R <d>><u—x>“"(’ ‘””(@D)‘ p=

Applying Lemma 2.8 the I, we have

I</ ! min <L L)d <¥min (L 7)
~ ) R (T =)ot (= et (@) (u) MN(T—}»)“ (®)" (0]
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For the second contribution I, applying Lemma 2.8 or Cauchy—Schwarz inequality give the
following estimates

1 1
1< du <
N/R (@) (i~ mie — S @y — )

I<</ du )i(/ d )f< L
~ R (T — )% {(n)? R (T — )2 — A)2 ~ )t —A)

Consequently, I <
(A) z max((®),

~

max((®), (r)) = (r) a

’

M < , (ﬂ . For (3.5), we consider different cases max((®P),

)
)) or max((fb),( ) <« max((®), (r)). Note that for the latter,
d (r — 1) ~ (7). The estimate follows by choosing o > 2.

m}

Remark 3.3 For x € {A, B}, consider the operators DN'R > (uy, up, u3z) and Gy > (uj,
uz, u3), and the kernel estimates in Propositions 3.1 and 3.2. Then,

|n1|
|Fix(DNRy = (i, uz, uz))(m.m)| S Y / ————F(7123) d2,
n=ni+nay+ns, T_ - )
n123€Xs(n),
|n2|>In3|

|n1| . 1 1
o (G e, 12, w) (5] 5 Z / ((Cb(ﬁm))’ (t —n3)>

n=nj|+nz+n3s,
n123€Xy(n),
[n2|=[n3|

x F(1, i123) di,

where F (A, 71123) = (|ii1 G, n) [x[w2 (-, no)|*|u3 (-, n3) |) (1). Thus, for the modified Duhamel
operators G, > we can ‘exchange’ the smoothing in time through (r — n3) for smoothing in
space through (®(7123)), unlike the usual Duhamel operator.

Proposition 3.4 Let x € {A, B}. Then, the convolution operators By >, B, - have the fol-
lowing space-time Fourier transform

Fix (B, = (u1, uz, u3))(t, n)
(>

= Z n1/ Kp(x —n -0 q’(nm))/

n=ni+ny+n3, A=11+12+713
n123€Xu(n),
[n2| > |n3|
=)

(‘L'J,nj)d‘m drrd),

||:|w

where the kernel Kp is given by

Gt —10) -5 (1) R ~ '
ww(u =) du—/R pr—welpn — )»)67177<%>dﬂ

Kg(t, X, @):/
R

o I AW
+/R<P(T—M) o(u — )5"(5> W,
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and satisfies the following estimate

2
Kt @) S —o 4 o ) min(i L)+<’+d’> min( 1 ,L>,
R @) (@)

(T (T =1 (@) (1) (T —2)
forany o > 0 and |®| > 1.
Proof Let x € {A, B} and let B, denote both B, > and B, .. By definition, we have
that B, = DNR. — G,. From Propositions 3.1 and 3.2, the kernel Kp defined as

Kp(t, A, ®) = —iK(1, 1) — Kg(t, A, P) giving the intended formula for the kernel Kp.
Using the expressions (3.1) and (3.4) for the kernels, we can rewrite Kp (7, A, ®) as

— PUIRON 1 . N 1 (i
—w) - —N—du— - —N—H7( = )d
/lmsl(w(r 1) — @(0) 9 )u I /lmslw(r WP =1 g n((b) w
A e O]
+ - — == =Hp( =) td
/|M|>l¢(r Wi ){u o ”(cb i
T — MR — W) 7 “)d
+/R<ﬂ(f MWHe( )577(5 g
1
—/ PP — 1) —du
lul>1 M

=11+ I+ I3+ 14+ Is.

For 11, using mean value theorem gives, for any « > 0,

du
< f 1<
i<t RN @ e (e — a1+

du 1
1 < .
* / i<t PN @ e = )T () )

Using (3.6) and Cauchy—Schwarz inequality gives

1] < / it < ! .
S S e @) = 0% e = e e~ (@) (r = me (e

Before estimating I3, note that since H7(—1) = —1 and using mean value theorem, we get

1 1 " I, - W
’u - m(cp)! w\”’“‘” - qﬂ”(qa)\
1

"
<1 —1—-——=/+1
~ D) > () m) ‘ q;‘ (P) (1)

< nt o) ( 1 )
S———min|{ —, — ).
(u) (@) ()

Using the above estimate, it follows from previous arguments that, for any « > 0,

(n+ @)
(n)?

(h+ D) (h+ D) Gr®) (1 1
SIS Loz T ey THO<O T e ~ = agey (@’ W)

In order to estimate 14, we start by showing a bound for %ﬁ(%). If |®| 2 |u|, we use the

fact that 77(—1) = 0 and mean value theorem. Otherwise, |®| < |u| and (u — @) ~ (u). It
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follows that

1 |- 1
7)oy 1) 70 v ()

< (1 + @) mi ( Lol )2
<{u min| —,— | .
(@) (n)
Using the above estimate and the fact that |H@(u — A)| < (u — A)~!in (3.6), we have

(t+ ) f+d) o+ (L L 2
AT vy S v mm((@)’ (r)) '

For the last contribution, for any « > 0, we have

|15|§/ (D@@){n — 1)@ — 1| < 1
lul>1

T4l S H(d’)Z(T) (@)2(‘5 — )

d .
(1) (i — 2) () B~ e

O
We want to further split the operators B, >, B, ~, * € {A, B}, to obtain better kernel
estimates. We will split the kernel K in two pieces: when we can estimate the multiplier

directly, and when we also have to use omax = max ;=123 |t; — n3/ |.Let Kp = Ko + K+
where the kernels are defined below ‘

Ko(t, 2, ®)

o PR 1 PN 1
=14)> (o) (/ (@ —w) —2(®)e(n — 1) — dp — / PO —2A)— du)
~ lul<t iz lil>1 n

~ ~ 1 1 (1
1 - — M —— —Hp( =) td
+ <x+¢>5<1_x><flm>1¢(r we(p ){u @H"<¢>} M)
~ N 1 (1
+ L a)<(e—a) w(r — WHe(u — )»)677 o du

—/‘ ‘ 1<p(f—u)<p(u A)— Hn( )du,
/J,<
Ki(t, %, ®)

1 1
= 1)« (®) (@ —w) —2(D)P(n — 1) — du — PP — 1) —dp
lul<1 0 I

lul>1

~ ~ 1 1 n
+Lpso _A/ w(r—u)w(u—M{———%(—)}du
(A+P)>(T—2) e 1 ® @

~ N 1 [
+ 1(r+<l>)>>(r—)»)(/ ot — WHe(u — k)*ﬂ(*) du)-
R b\ D

Thus, we have the following estimates for the kernels, forany 0 <« <1,

|Ko(z, 2, )| < (3.7

(.L->1+oz<q>>1—oz’

Koen )< 1 1 kR O S U
Kr(m 2 DIS <@ T T e mm<<<1>>’<r>) ' '

In Sect. 6.1, we will see that the contribution corresponding to the kernel Ko in By >, B, ~
can be easily estimated, due to the explicit smoothing in space. However, in order to estimate

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:2537-2578 2555

the one corresponding to K, we will have to use the largest modulation. In particular, from
(3.8), we see that

(Omax)
(T = At = n3)(P(m123)) 17

|Ki(z—n? a—n?, ®@13))| S (3.9)

forany O <« < 1,since A = 71 + 72 + 73 and

3 _ 3 3 3 3
A —n +P@3)| =|t1 —nj +12—ny+ 13 —n3| S _rrlla%(3lfj — | = Omax.
J=1,z,

Thus, we can use o,y in order to estimate the numerator of the second contribution in (3.8),
which motivates splitting the operators depending on which modulation is the largest. In
particular, we have

B.-=B)_+Bl_ +B2_ +B_, (3.10)

where B?F, > has kernel K¢ and Bi,z has kernel K localized to the region where opmax = |07l,
Jj =1, 2, 3. An analogous decomposition holds for B, .

4 System of Equations

Instead of running a contraction mapping argument on the integral equation (2.6), we will
solve an ordered system of equations. In this section, we establish the relevant equations for
u and w and the main results needed to show Theorem 1.3. For afixed pin2 < p < oo, we

will only focus on showing local well-posedness in F. L2P (T). The result for s > % follows
from a persistence of regularity argument. See Remark 4.4 for more details.
For a fixed w € Zy, we consider the following equation for u
u=w+er[Gasw, i, u) + Ga>w,u, i)+ Gp>w, w,u) + Gp > (w, w,u).
4.1

We first solve the equation (4.1) obtaining u = u[w], i.e., u parameterized by w.

Proposition 4.1 For any w € Zy satisfying |wlz, < A», there exists a unique u € Yy with

lully, < Az satisfying (4.1), for some T =T (A2) >_0. The mapping w +— u[w] is Lipschitz
from the As-ball of Z to the Az-ball of Y.

To guarantee that u = u[w], the solution of (4.1), satisfies the Duhamel formulation (2.6),
then w must satisty the following equation
w=@)SOuo + @1 - ITR(u, u, u)

+ o1 - DNRc,>(u,u,u) + o7 - DN'Rc,» (u, u, u)

+@r - DNRp >, u,u) + ¢ - DN'Rp > (u, u, u)

+ o7 [Ba=w, u,u) +Ba s~ (w,u, 1) +Bp > (w, w,u) + Bp - (w, w, )]
_ _ 4.2)
+ goT[DNRA,Z(u, u,u) — DNRa >(w, u, u)]
+ @r[DNRA >, u, ) = DNRa ~ (w, u, )]
+ @or[DNRp,=(u,u, u) — DNRp = (w, w, u)]
+ @r[DNRp,>(u,u,u) — DNRp > (w, w,u)].
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In order to solve the above equation, we use a partial second iteration by replacing u =
u[w] by its equation (4.1). The decomposition on the operators DN'R and B, introduced in
Sects. 2 and 3, explicitly identifies which entries have the largest frequencies and the largest
modulations, respectively. This information will guide the second iteration process.
For the terms DN Ry >, DN'Ry ~, * € {A, B, C, D}, we replace the equation for u (4.1)
from left to right to obtain only cubic and quintic terms, as in the following example
DNRc,>,u,u) = DNR¢ > (w, u, u)
+DNRc.> ((pT Ga>[lw,u,ul u, ) + 'D./\/’RC’Z((/JT -Gas[w,u,ul,u, u)
+ DNRC z(wT GB > w w, u ) + ,DNRC,Z(QOT . GB,>[w7 w, ﬁ]a Ev u)a
DNRC>(U} ﬁ ) DNRC>(U) W )
+DNRe > (w, o1 - Gaz[w, &, ul,u) + DNRc > (w, o1 - Ga~[w, u, ul, u)
+DNRc,>(w, ¢r - GBZ[w, w,ul,u) + DNRc = (w, o7 - Gp ~[w, w, ul, u),
w

+DNRe,=(w, W, o7 - Ga = [w, u, ul) + DNRc = (w, W, ¢r - G, [w, u,u)
+DNRc=(w, w, o7 - Gp,>[w, W, u])—i—D/\/’Rcyz(w,E, or - Gp,»[w, w, u]).

This strategy prioritizes the entry with the derivative followed by the one with the largest
frequency between the remaining two factors. For DN'Ry >, DN'R, - with x € {A, B},
there will be no cubic terms after second iteration, due to the differences in (4.2).

For the terms B, >, B, -, with x € {A, B}, we split the operators into four pieces
Biy>, B{k?, j =0,1,2,3, as defined in (3.10). The contributions corresponding to j = 0
are easily estimated, but for j = 1,2, 3 the largest modulation plays an important role in
estimating the kernel. If the jth entry corresponds to a u or u term, we replace it with the
equation for u (4.1). For example, we have

B~ (w, w,u) =B} _(w, W, w)+ By _(w, W, u) + B _(w, w,u) + B} _(w, W, w)
+ By (w, W, ¢r - Ga=[w, 4, ul) + BY _ (w, W, g7 - Ga > [w, u, ])
+B . (w, i, o7 - Gp=[w, W, ul) + B} _ (w, #, o7 - Gp,~[w, w, ul).

Proceeding as detailed above, we obtain a new equation for w. Due to its length, we have
decided to only include it in “Appendix A”.

Proposition 4.2 For any ug € }'L%’p(T) satisfying ||u0||}_L%4p < A\, there exists a unique
w € Zo with |w| z, < Az satisfying (4.2), for some T = T (A1, Az, Az) > 0. The mapping
ug — w is Lipschitz from the A1-ball of}"L%’p(T) to the As-ball of Zy.

Remark 4.3 In order to show Proposition 4.2, we will not run a contraction mapping argu-
ment for the map defined by the right-hand side of (4.2) nor the equation (A.1) included
in “Appendix A”. Some quintic terms in (A.1) require the use of the equation for u (4.1)
once again, introducing new quintic terms but also new septic terms. Given the considerable
number of new terms that this additional step introduces, we have decided to omit them when
presenting the equation for w. The strategy for obtaining the new contributions is described
in Sect. 6.2 along with the estimates needed for both the quintic and septic terms.

Remark 4.4 In Sects. 5 and 6, we will establish the estimates needed to show Propositions 4.1
1

and 4.2, from which Theorem 1.3 follows for s = 5-In order to extend this result to s > %,
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note that the required estimates in

2 s,bo
YO Xpro, Z quo’

follow easily from the estimates shown by associating the extra weight (n)“’% in the norm to
the function with the largest frequency. Consequently, by a persistence of regularity argument,
weobmhlaunMuesduﬁonu65C(L—T,T];FL*”GD)WhﬂEY’:ﬁTUhmeL%p)>(l

In the remaining of the paper, we will establish the nonlinear estimates needed to show
Propositions 4.1 and 4.2. The results follow from a contraction mapping argument in Yy and
Zo, respectively. From Lemma 2.5, it suffices to estimate the terms in Egs. (4.1) and (A.1) in
Y1 and Z, respectively, dropping the factors of ¢7. For simplicity, we will use the notation
DNR, to denote DN'R >, DN'R, -, for x € {A, B, C, D}, G, to denote G, >, G, - for
* € {A, B},and B’ forB,/ﬁy>, Bi,> forx € {A, B}and j = 0, 1, 2, 3. In the estimates, there is
no distinction between theifrequency regions where |na| > |n3| and |n2| > |n3|, motivating
this simplified notation.

5 Proof of Proposition 4.1

In this section, we establish the estimates needed to show Proposition 4.1.
Lemma5.1 Let x € {A, B}. Then, the following estimate holds
1Gu(ur, uz, uz)lly, S lutllzolluzlly, lluslly,-
Proof Using (3.5) and the change of variables 7; + nj =o0j, j = 1,2, 3, it follows that

1Gs(ur, uz, u3)lly,
3

1
n)zn .
s> / $/ [Ti@; . npda
n=ni+ny+ns, T_}‘) (I)(ﬁ123)>7 A= r1+r2+z3] 1 Z,fL:]
n123€X4(n)
(n)2 |, | 2
<X / 1 1 ]'[|uj(a,-+n§»,n,->|H (5.1
n=ny+ny+nz,” 91,902,093 T—’ﬂ_Od'i‘':I:'("ll%))(q)(”12’<1)>i j=I1 ey

n123€X(n)
where 6 = o1 + 03 + 03. Note that

mml 3]

(@(1p3))7 . Maxj=1.2.3(n)

Nl—

< (n)

Minkowski’s inequality gives

G (ury, uz, u3)lly,

< /
~
01,02,03

D=

Z (n1)
_n3_5 7
nen| Teins, (T =0+ @(123))

n123€Xy(n)

3

-~ 3
1"[|uj(oj+nj,nj>|“ )
=1 gLy
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Denoting the inner norm by I, we can rewrite the sum as follows

3
1 1 ~
IS”ZM_—H( > <"1>21_[|“f<"f+”3’"./)|>
I T n o H n=nj+ny+n3, j=1
m123€Xy (n)

’

Ly

for X¥(n) in (2.4). Since the following bounds hold uniformly in & and n, for any 7 > 1,

> et | L _ars,
T, ST

choosing 7 = ﬁ, we have % +1= % + % and we can apply Schur’s test> to obtain
' 3
15| Y ] he+ndn) (5.2)
e

n=n|+nz-+ns, j=1
mi23€Xy (n)

. 1IPN
Let PN]. denote the projection onto (n) ~ N; and let fi(o,n) = (n)2[uj(oc + n3,n)l,

filo,n) = |P/1\-/j\uj(a +n3, n)|, j = 2, 3. Then, using Minkowski and Holder’s inequalities,
we get

sy

N2, N3

1
o : D\ 7
kol >0 [ 1fitenpl?
n=nj+ny+n3, j=I1
ni3eXk (n)

P2
L eu

If x = A, we have |®(123)| < |ng I*> ~ |n]%, so we use Lemma 2.7 to count the divisors
dy =n —ny,d3 =n — n3 of u. Since

|dy —n| = |na] < Nz, |dz —n|=|n3] < N3

1
and 1 < |u|® < |u|3 < |n|,forany 0 < & < %, we conclude that there are at most
O(N f ) choices for d;, j = 2, 3. Since n is fixed, this determines the choices of n,, n3 and

consequently of ny. If x = B, then |®(n]23)| < |n2]3 and we can use the standard divisor
counting estimate to conclude that there are at most O(N5) choices for ns, n3. Consequently,
IXE )] < (N2N3)® and we have

3 1
<Z 3 1'[|fj(aj,n,-)|’2)2Hep

n "=”1+nzl+n3, j=1
m123€Xy (n)

3 1
( > <Z 1<1>(ﬁ123)=u> I1 |f.i(o_i»n/)|’2> ’ H ,
I j=1 n

1S ) (MaN3)f

Na,N3

S Y (NaN3)*

N>,N3 n=n1+ny+n3
S D NN fulle L fall 2 L 3l
N2, N3

2 Schur’s test: Let X , Y be measurable spaces, K : X x ¥ — R a non-negative Schwartz kernel and
1 < p,q,r <oosuchthat1+ % = % + %.IfforsomeC > 0 we have

SHP/ IK (x, )| dy + Sup/ |K(x, y)|"dx < C" then H/ K(x,y)f(y)dyH < ClfllLr(y)-
xexJ Y yeyJ X Y L4(X)
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where we apply Minkowski’s inequality and the fact that r» < 2 < p in the last inequality.
Choosing ¢ < §, we obtain

10 3 S~ 3 S~ 3
LS n)2ui(or 4+ n7, )l p [ (n) iz (o2 + 17, )l 2 () Uz (o3 4+ 17, n) |l 2.

Applying this estimate to (5.2) gives
1 3
1ttt w2, un)llyy S 1m) 281 + 1, )l gy [1100)°8 @ + 13, m) 1
j=2

The estimate follows from Holder and Minkowski’s inequalities.

Remark 5.2 The change of variables from 7; to the modulation o; = 7; — n;, j=1,2,3,
in (5.1) is needed to guarantee that the quantity

1 1

(t =M1 (r—nd —0) —0p — 03 + P(123)) 0

has an explicit dependence on the resonance relation ®(7123) and that when fixing its value,
®(m123) = w, there is no longer dependence on the variables ny, ny, n3. Thus, one can
consider the quantity inside the norm as a convolution operator in i, depending on 7:

1

5 F(u,ny, na, n3).

This trick allows us to estimate the norm in 7 and introduce a restriction on the value of the
resonance relation. This strategy will be used throughout the paper.

6 Proof of Proposition 4.2

In this section, we show the multilinear estimates needed to prove Proposition 4.2 by
a contraction mapping argument. In particular, we estimate the trilinear and quintilinear
operators on the right-hand side of (A.1). In Sect. 6.1, we focus on the cubic terms in (A.1),
namely

IR(uy,u2,u3), DNRc(wy, w2, ws), DNRp(wi, wz, ws),

0 1 2 3
B, (wy, uz, u3), B, (wy, uz, u3), By (wy, wp, u3), Bj(wy,uz, ws),
0 1 2 3
By (wi, wa, u3), By (wi, wa, u3), By (wi, wa, u3), Bp(wi, wa, w3),
6.1)

where u; € {u,u}, w; € {w,w}, j =1,2,3.
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The quintic terms in (A.1) arise from substituting a u entry by an Gg-operator, for # €
{A, B}. First, note that

|Fix (o1 - Gaur, uz, uz))(z, n)|

|n1| /
< liwj(rj.njp)|du,
Z / (t = u)1=6(@(m123)) L_TI+T2+T31_[ Y

n123€Xy(n) Jj=1

|Fix (o1 - Ga(ur, uz, uz))(z, n)|
3

n1] / - /
< (tj,njp)ldu,
T Z /R (t — w)=0(D(m123)) W=t1+102+13 1_[ (T njl dp

n123€Xy(n) j=1

forany 0 < 6 < 1. Since ||u]| ys.» = |lullys.» for any choice of s, b, p, g, we will omit the
P9 p.q

contributions that depend on G4, as they can be estimated analogously. We start by calculating
the space-time Fourier transform of the quintic contributions arising from DA terms. For
example, for x € {A, B, C, D} and # € {A, B}, we have the following estimate

|75 (DN (o1 - Galur, uz, usl, us, us)(z, n)|
5

lnoni1|
< i(tj,nj)|dx,
~ Z / /)L S (T _)L)l—(?(f — 13 )(¢(”123)) 1_[ |MJ(T] nj)|

7045 €Xs (1),
n123€Xy(no)

for some 0 < 6 < 1. Similar estimates can be obtained for the contributions DN, (ul, oT -
Gyluz, us, usl, us) and DN (uy, uz, ¢r - Gylus, us, usl), * € {B, C, D}, # € {A, B}. The
main difficulty is controlling the spatial multiplier defined as follows

[noni| e _
————, ifnpss € Xy (n), ni23 € Xy(no),
| P (1123)]
_ [nins| e _
a(n,ng.s5) =3 ———, ifnips € Xu(n), n23s € Xg(no),
| P (1234)]
[nins| o _
—————, ifnp € Xy(n), nass € Xu(no).
| P (1345)]

We will refer to the frequencies in X, (n) as the first generation of frequencies and those in
X4 (nop) as the second when referring to the quintic terms.

In Sect. 6.2, we will estimate the contributions for which «(n, ng_5) < 1, namely
DNR.(or - Galwy, uz, u3l, us, us),  DNRu(¢r - Gplwi, wa, u3l, ug, us),
DNRy(wi, ¢r - Galwa, uz, usl, us),  DNRyg(wi, o1 - Gplwa, w3, usl, us), (6.2)

DNRp(wi, wa, ¢r - Galws, ug, usl), DNRp(wi, w2, o1 - Gplws, wy, usl),
where * € {A,B,C,D}, # € {B,C,D}and u; € {u,u}, w; € {w,w}, j = 1,...,5.

The estimate for these contributions follows once we control Q(uy, ..., us) defined by its
space-time Fourier transform as follows

f[,x(Q(uh s us))(tﬂ I’l)
5

1
= 2 // = T_n3>1_[|i‘\j(fjv”j)|d)»- (6.3)

_\1-6
n=ni+...+ns r=titts (T = AT j=1
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In Sect. 6.2, we establish an estimate for (6.3) under particular assumptions on the frequencies.
Not all the contributions in (6.2) will satisfy these additional assumptions, which forces us
to use the equation for u once again, introducing new septic terms. It remains to consider the
following quintic contributions

DNRc(wi, w2, o7 - Galws, us, usl), DNRc(wi, wa, o1 - Gplws, wa, usl),
B (w1, o1 - Galwa, u3, us), us), B (w1, o1 - Gglwa, w3, usl, us),
B3 (w1, u2, o7 - Galws, us. us)), B (w1, u2, o7 - Gplws, wy, us)), 4
B3 (w1, w2, o1 - Galws, ug, usl), B} (w1, w2, o1 - Gplws, w4, us),

where u; € {u,u},w; € {w,w},j=1,...,5. The DNR ¢ contributions are not controlled

by (6.3) and thus need a more refined approach. For the Bi contributions, not only does the
Jjth modulation play an important role, but also the largest modulation of the new functions
in Gg. This is detailed in Sect. 6.3.

6.1 Cubic Terms

We start by estimating the cubic terms in (6.1).

Lemma 6.1 The following estimate holds
IZR(u1, uz, us)llz, < llurllvy luzllvylluslly,-

Proof Using the kernel estimate for D in (3.2) and Young’s inequality, we have

3
H )2 () (rj. m)| di

1
IZRGu1, uz, u3)llz, S H/
R (T —

A=T|—T2+T13 L

’

gL

3
1 o
S H/ [ 21y ml
T=7—T12+73 j=1

for§ < %. Applying Holder’s inequality gives

3

I/\
| | ‘c—n)Zuj(t n)IILro
ZP

IZR @y, uz, u3)llz, < sup J(r,n)
T,n

where
/ drid
J (T, n)" =/ 7 ks - S
2 r lr
o) o - e —nn -
from Lemma 2.8. The result follows from Holder’s inequality. O

Lemma 6.2 Let x € {C, D}. Then, the following estimate holds

IDN Ry (ur, uz, us)lizy < lutllzglluzllzolluslizy-
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Proof Let x € {C, D}, then 123 € X, (n) implies that (n)Z |n1| < (n1)2 (n2)2 (n3) 2. Using
(3.2), we have

IDN R (i, uz, u3)llz,

3
1
H/ e o Mot nplas

n= n1+n2+nz j=1
n123€X4(n)

et

Let fj(o,n) = (n>%(0>5|ﬁj(0 +n3. n)|,j=1,2,3,6 = o1 + 02 + 03 and proceed as in
(5.1). Using Minkowski’s and Holder’s inequalities gives

IDN R (uy, uz, u3)llz,

3
1
</ _ fi(oj.n))
01,02,03 n=n1+an+n3. (®(123))%(r — 3 — & + P(123))!° I—[l SR Lo
n123€Xx(n)
el d ’

S - |f‘(0‘,n')|p> ;
/01,02,03 (M)‘S(T - n3 —0 + M)l_a < Z 1_[ I ! ZZ:L?O

® ni23eXy (n) =1

since from the standard divisor counting estimate, we have that |X4 (n)] <¢ ¢, for any
& > 0. Choosing ¢ < § and applying Schur’s test with 1 + q]T) = % + %, we obtain

3 1
( > H|f,-<o,-,n,.)w)’

A13eXk (n) J=1

IDN R« (1, uz, u3)llz, 5/
01,02,03

eel
3

STTnse i e
Jj=1

for§ < % Consequently, using Holder’s and Minkowski’s inequalities, it follows that

3 3
1 36+~
IDN Ry, w2, u3)llz, < [ llin Taio +nd o ST ujllz,-
Jj=1 Jj=1

m}

Remark 6.3 (i) The terms DN'R 4, DN'R g cannot be estimated in a similar manner because
(n)% |n1] is not controlled by ((n 1)(n2)(n3))%. This motivated the application of the
modified Duhamel operator to introduce smoothing in space needed to control the loss
of derivative from the nonlinearity, without using the largest modulation.

(ii) Consider the estimate

3
IDNRpuy, uz, u3)| H |uj||

2
Xpq

for some b > 0,2 < g < oo. The region Xp(n) includes the case when |ny| ~ |n2| ~
|nsl, mlax njl S 1@m3)| <K 'mla§;3 |nj|2. When attempting to show the above
j=12,
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estimate under the nearly-resonant assumption, we must impose the conditions

1 1 1
max |1 — —,1+—-——— ) <b<l,
2q g P

which motivate our choice of b = 1— and ¢ = co— for the definition of the Zj space.
Lemma 6.4 Let x € {A, B}. The following estimate holds
By, uz, un)llzy < Nurllvg luzlly, usll vy
Proof Choosing o = 4§ in the kernel estimate (3.7), gives

< )2 {my
Z f (T = n3)8 (D (iy03)) % Hlu,(r,,

n=n1+ny+nz, v THT2:T3
n123€Xy(n)

1]
Z (q)(l’l123;111 468 l_[lluj(n])”Ll

n=n|+nz+ns,
n123€Xy (n)

0
B (u1, uz, u3)liz, S

L‘[O

)
o

oA

by applying Minkowski’s inequality in the last step and integrating in 7. For 123 € X, (n),
we have |® (123)] ~ ‘rnla%(3 |nj|2 min |n — ny|, which implies
j=12,

=1,2,3
1 1
m2lmil (n1)?2
d(n 1=45 ~ max (n;)1-8% min (n — n;)1=43"
(®(n123)) j=1,2,3< j) 121’2’3( 1

Applying Holder and Minkowski’s inequalities, it follows that

hE 1
0 Lo ~
B3 (1, w2, uz)lizy < (sup J ()" ) {m) 2@l gp 1 [ lljllgpps
n .
j=2

where J (n) is defined as follows

1
Jmy:= > .
ANA=88)p" mi 0\ (1—48)p’
n=nj|+nz+nj3 Jnlla%%( ]> Igluggm nl)
Let j, [ € {1, 2, 3} denote the indices at which the maximum and minimum in the definition
of J(n) are attained, respectively. If j = I, we can use the fact that (n;) 2 (n;) fori e

{1,2,31\{j} and sumin n;, n;. If j # I, we sum in n, n;. Thus, J(n) < 1 uniformly in n
foré < ﬁ. The intended estimate, follows from Holder’s inequality.

O
Lemma 6.5 Letx € {A, B}. Then, the following estimates hold for j = 1,2,3
. 3
B Gurs g, us)llzy < ujllzy [ luxllye.
k=1
k]
Proof We will only show the estimate for j = 1, as the remaining estimates follow an

analogous proof. Let % € {A, B}. From (3.9) with | — o = bg — § and for n1123 € X (n) we
have

(n1)? (1) _n1>1 -3

(i l(x =) Ky (v = 0= 0, @Gs)| < -
— NPT (0 — )2
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. 1 s~
where |n — n;| = minj—1 23 In — n;|. Let f(r,n) = (n)2 (7] — n?)b" 8|71 (1, n)|. Then,
using Minkowski’s and Young’s inequalities, we have

[ . )],

1 1 "
S — : (— % f(on1) %23 |uj<~,nj>|>(r> (
nen s, (@(1123))2 7 (n = )2 \ () gL
n123€Xy(n)
3
S — @0l [Tl
n=ny+ny+ns, (®(n123))2 (n—np)2 j=2 o
n123€Xy(n)
Using Holder’s inequality, we obtain
1 3
p/
||B}K(Ml,bt2,ua)}|z1 S (SI}:P J(")) 1 llgp g l_[ ljllgprrs
j=2
where
1 1
J(n) = ; ; S ; ; S
( ) Z <nmax)p (1-66) (n _ ”l)p (1-38) ~~ Z (ni)p (1-66) (n _ nl)p (1-38) ~

n=nj+ny+n3 ni,nj

for some distinct n;,n; € {n;,n2,n3} and § < é. The intended estimate follows from

applying Holder’s inequality.
O

6.2 Standard Quintic Terms

In this section, we focus on estimating the quintic terms in (6.2). Before doing so, we must
take into account the new ‘resonances’ introduced by using the second iteration. For the
estimates to hold, we need the largest frequency to correspond to a w term and not be in a
pairing, as defined below. Otherwise, we will use the equation for u (4.1), which introduces
new septic terms.

Looking at Q in (6.3) in more detail, note that the sum in (6.3) over n = nj + --- + ns
does not exclude all resonances, i.e., we can have n; +n; = 0 for distinct i, j € {1, ..., 5}.
If this holds, we say that (i, j) is a pairing.

We will show a general estimate for Q in (6.3), given that one of the following holds:

(i) There are no pairingsin (n1, ..., ns5) and the largest frequency corresponds to a function
in Zy;
(ii) There is one pairing (i, j) and the largest frequency in {|ni| : 1 <k <5, k # i, j}
corresponds to a function in Zo;
(iii) There are two pairings and the remaining frequency corresponds to a function in Z.

Note that if (i), (ii) or (iii) hold, we can always use the largest frequency which is not in a
pairing to control the spatial weight from the norm (r) 2. If the contributions do not satisfy
any of the above conditions, then the largest frequency that is not in a pairing corresponds to
a function u and we want to use the equation for # again. This leads to one quintic term that
satisfies the assumptions above and two septic terms, which are easily estimated.

To further clarify, let Q'(u1, ..., us) denote a contribution in (6.2), u; € {u,u, w, w}.
Let n; correspond to the spatial Fourier variable of %;, j = 1,...,5. If nj is the largest
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frequency that is not in a pairing and u; € {w, w}, then we keep the contribution as is.
Otherwise, u; € {u, u} and we will use the equation (4.1) to replace the first entry in Q’. For
simplicity, assume that #; = u, then we have

Q/(ul7 AR us)
=Q'(w,u, ..., us)
+ Q(¢r - Gazlw, W, ul,uz, ... us) + Q (¢r - Ga>[w, u,ul, uz ..., us)
+ Q/(QOT : GB,Z[w, wv M], Uz, ..., MS) + Ql((/)T N GB,>[w7 w, ﬁ]v Uz, ..., MS)'
By carefully examining the frequencies and pairings of the terms in (6.2) and applying the
above modification, we obtain the final equation for w. Due to its length, we have decided
to not include the full equation.

All the resulting quintic and septic terms arising from (6.2), can be estimated by the two
following propositions.

Proposition 6.6 Let Q as defined in (6.3) where the first factor has the largest spatial Fourier
[frequency which is not in a pairing. Then, the following estimate holds

5
| Qur, ... us)|, S llullzy [ Iujlv-

j=2

Proof Case 1: no pairing
Let Py i denote the Dirichlet projection onto (n;) ~ N;, j = 1,...,5. Since there is no
pairing we have |n| < |n1], therefore using Minkowski’s inequality gives

Q. ....us)lz, S Y f > 1 =

n=n|+...+ns <T 2 B ‘L'5)

1

= ]~ 5 —
x ()2 [z, )| | | 1Pau(ey, )l :
295

j=2
Using the change of variables 0; = 7; — n;, j=1,...,5, and Schur’s test, we get
1
19wl £ Y [ 3 ! _
Noons d otnos |y (T =7 o1 — o —os + W, 1Ls))

5
1 —~ —
x (n1)2 (@1 (o1 +ni, n)| [ | IPnuloj +n3,n )l doy ---dos
j=2 eﬁLZO
5
S ) / > 1 #enn o
Np,...N5s ¥ Olw05 Wp=n 4. +4ns, j=1 Cnly
W(n,m 5)=p
1 o~
where W(n,71.5) =n’ —ni — ... —nd, fi(o,n) = (n)2[it; (0 + n> n)| and fj(o,n) =
|Pnuj(o +n3,n)|,j =2,...,5. Note that we can trivially restrict x to the following region
A(n, N, ..., Ns) = {MGZ: ,u:n—(n—nz—...—n5)3—n%—...—ng,

Injl ~Nj, j=2,...,5}
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which satisfies |A(n, N2, ..., N5)| < Né for fixed n. Thus, it follows from Holder’s inequal-
ity in u that

190G uslizy ~ Y [

LucA(m,Ns,...,N5) Z l_[ filoj,nj)

P q1
Na,...,N5 ¥ Ol:=05 n=ni+...+ns, j=I bty
V(n,ny. s5)=p
4
q1
S YN / > nf](a],nj) (6.5)
Na,...,Ns 01205 W p=n4..+ns, j=1 0
V(n,ny. 5)=p

Subcase 1.1: N3 > N4‘[
Using Cauchy’s 1nequahty with & > 0, omitting the time dependence, we have

5
oo Tlrmns DY AeD(elht) 503 + o fans) f5(ns5)]%)

n=ni+...+ns, j=1 n=nj+...+ns,

V(n,ny. 5)=pn V(n,ny 5)=p
Sy > o fi(n1)] f2(n2) f3(n3)
n2,n3 (ny,n4,ns)€B(n,ny,n3, 1)
+ ) > o™ fi(mn)| fa(na) f5(ns) 2,

n4,ns (ny,na,n3)€B(n,ng,ns, /1)
where
Bk, ki ko, p) i={(n1.n2.n3) € 2> : my +ma+n3 =k —kj —kp =: 1,
3(ny +n3)(I —n2)( —n3) = — k> + ki + k3 + 13},

Taking a supremum in 7], we obtain

5
Yo J]fHepSe sup fitn) Y B(nng na, w)l - | fa(na) f3(n3)
n=nj+..+ns, j=1 ln—n1| SN2 nan3
W (n,n 5)=p

+otsup fi(n) Y IB(n, ng, ns, )| - | fa(na) f5(ns)

[n—n1|<N2 ng,ns

In order to estimate | B(n, na, n3, )|, |B(n, nq4, ns, )|, we use Lemma 2.7. For the first one,
to count the choices of (n1, n4, ns) it suffices to count the number of divisors [ — ny4, [ — ns,
where [ :n—ng—n3,0flil =3ng+n+5m—ny—n3 —ng)(n —ny —n3 —ns) =
3(ng + ns)(l —ng)(l — ns). If |n] > |n3|, then

(D] ~ (14 + n5)(n = g = n3 = n)(n =y = n3 = n3)| S |nf* = 19° < [B)5 < nl,
for any & > 0. Otherwise, |n| < |n2| and we have
|B| ~ |(n4 +ns)(n —ny —n3 — na)(n — ny —n3 —ns)| < no> = W[
<19} < Inal,

for any ¢ > 0. Applying the lemma, the number of divisors ds = n — ny — n3 — ny,
ds = n — np — n3 — ns satisfying

ldj —n| = |ny +n3 +n;| SNy, if |n| > |no,
|dj —nal =|n—n3—nj| SNy, if |n| < |nal,
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is bounded by N7, for j = 4, 5. Thus, |B(n, nz, n3, p)| S N3, for any ¢ > 0. An analogous
approach gives |B(n, n4, ns, )| S N5. Consequently, we have

5 5
o T1Hen SN sup AT Iflle.

n=n\+..4ns, j=1 [n—n1|<N2 j=2
W(n,ny. 5)=p

by choosing & = (Il f2llz 1 f3ll2) ™" I fall 2 | 1l 2 - Looking at (6.5), since |n — n1| < Na,
taking a supremum in n gives

QG ... .us)lz,
4 3
sy o sip it nn| [LI@nle
No. N5 O1,ees05 L n—n1| <N, =
1
< %—0—5 » P
>N Yia@anr Y 1) [Ifienle
Na,...,Ns TLe05 X In—n1| <N, j=2

_ Llie >

S YN LAl er [T
j=2

Using Holder’s and Minkowski’s inequalities, we have

4 1

5
—+--+e 8_l+
1Qy.....us)lzy S Y. N' 7 (NaNsNaNs)' "7 Fllurlizg [ | llujlvo.-
j=2

Na,...,Ns
It only remains to sum in the dyadic numbers N;. Using the fact that N3 > N;‘/g, we have
s+ s_1 s 2545614 25— 1
Y NS (NsNaNs) TP S Y (NaN3NaNs) N 7T (NaN5)* 7 <1
No,..., Ns Na,..., Ns
for § < ﬁand28+5\/§—%<0 - 0<\/§<—%—|— (%)Z—I—ﬁ.
Subcase 1.2: N3 < N;*/g
Using Cauchy—Schwarz inequality, we have
5
> [T
n=ni+...+ns, j=1
Y(n.n.5)=m
= ). > fi(ny) f2(n — n1 — n3 — na — ns) f3(n3) fa(na) fs(ns)

n3,n4,ns n1eC(n,n3,n4,ns, /L)

SN5 D f3n3) fa(na) f5ns) (sup f1(n1) fo(n —ny —n3 — ng — ns))
ni

n3,n4,ns

where
C(n,nz,ng,ns, pw) =={ny € Z:1:=n3+ns+ns, [l Sln—ny =1 <nl,
In—ny—1] S Ny, 3= Dy +D(n—ny) = p— 1 +n3 +nj +nd),
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for which |C(n, n3, ng, ns, w)| < Nj for any & > 0 from Lemma 2.7. Note that if |n| >
In—ny —1|, then W := 3(n — ) (n1 +1)(n — ny) satisfies | < |n]? and [$)° < 19|53 < |n]
for any 0 < ¢ < z. Counting the number of n; is equivalent to counting the number of
divisors d = ny + 1. Since |d — n| = |n — n; — | < Nj, from Lemma 2.7, there exist
at most N3 values for n1. If [n| < |n — ny — ], then (W] < |n—ny —1° < N3, soby
the standard divisor counting lemma, there are at most N divisors n; 4 /. Consequently,

L] —

|C(n, n3, ng, ns, w)| < Nz,for any 0 < ¢ < %
Minkowski’s inequality gives the following

Z l_lfj(n_])

n=ni+...+ns, j=1 n‘e;L
V(n,ny. s5)=p

5
SNsUAlel f2llgr | L 1 Silen -
n n n

3

Applying the previous estimate to (6.5) and Holder’s inequality give

5
1QG1, ... us)liz, < Z N;‘ WAl el olpyer [0 1

,,,,, j=3

4 1 11

+ + 1_1
qr 'ro p 2 5—5+
S YN (N3NaN)2 "7l zg [ ] il

It only remains to sum in the dyadics N;:

4451y 4 451 +12f( —14305)
> N T NN PTTE SY (s NaNs) N TS

Case 2: one pairing (4, 5)

In this case, we have n = ny + ny + n3, nqa + ns = 0. Let fi(o,n) = (n)%|ﬁ1(o +n3, n)|
and fj(o,n) = |P/N_,.u\j(a +n3,n)|, j =2, 3. Using Cauchy—Schwarz inequality in 14 and
proceeding as in Case 1 gives the following

1Qur1, ..., us)llz
sy f > o] Tl
Np,N3 ¥ C1:92:93 Il n=py+4ny+n3 j=1 174 u k=4
D(n123)=p
3 5
<y / Lueammony . | [ fi.n) )H”i‘\k”LlZ%
Np,N3 Y ©1:02:03 n=ni+ny+n3, j=I o k=4
D(n123)=p
2 3 5
q -~
<)) N21/ oo T sienp|  Jllalne. 66
Na.N3 01,092,053 | y—p |y tn3, j=1 e k=4

D(m123)=p

where A(n, N, N3) :={n € Z: p=n3—(n—ny—n3)*—n3—n3, In;| ~ N;, j =2,3},
which satisfies |A(n, N2, N3)| < N22 uniformly in n.
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Subcase 2.1: N;*/g < Nj
Focusing on the inner sum, we apply Cauchy’s inequality, with o« > 0, to obtain the following

> AG)fA0) f3(n3)

n=n|+nz+n3s,

P (n123)=p
<Y afitlhmP+Y. Y o AGI @)
n3 nieBn,n3,un)

n2 nieB(n,na,p1)
where B(n,nj, u) = {n1 €Z: 3n—n))n—nj)n +nj) = /,l,}, Jj = 2, 3. Note that
|B(n,nj, u)| < 2 because the given equation is quadratic in n;. Thus, taking a supremum

in n7 and using the fact that |n — ny| < N, we get

3
Yo Tlswnps sup_fior.m) (@l 202l + o f3(03)1)
[n—ni| SN2 ! !

n=nj+ny+n3, j=1
D (m123)=p

3
S oswp filon,n) [T,

[n—n1| SN2 j=2

by choosing & = || f2(02) ||;2l Il f3 (03)||£%. Using this estimate on Q gives
5

2 1 3

7+7

a1 " p ~
QM. ... us)lz, S S NS ||f1||wg(| | ||f,-||L;@5><| |||uk||%>
N2,N3 j=2 k=4

Tty 111y >
S YN TN TP iz [ ] Ml
N2, N3 j=2

The estimate follows from summing in the dyadics.

Subcase 2.2: N;Wg > N3
Focusing on the spatial norm on (6.6), we have

3
> T fitenp

n=ni+na+n3, j=1
D (123)=p

Z( > f1(01,n1)f2(02,n—n1—n3))f3(03,n3)

ey

<
e

~

n3 n1eC(n,n3, )
S Z f3(03,n3) | sup fi(o1, n1) faloa,n —ny — n3)||135,
ny

n3

where C(n, n3, n) = {m €eZ:3(n—ny)(n—n3)(ni1+n3) = u} satisfies |C (n, n3, w)| < 2.
Substituting this estimate in (6.6) and using Holder’s inequality gives

2 1 1 1 1 1 5

R R I T

1QGu, ... us)llzy S D N© 0 " TN T iz [ ] il
N2,N3 j=2

The estimate follows from summing in the dyadics.
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Case 3: two pairings (2, 3), (4, 5)
Using Minkowski’s and Cauchy—Schwarz inequalities, we get the following

1Qu1, ..., us)llz,
1 ~ ~ ~ ~
Hm) 2@ ()l Y @)l 1@ (—n2) N1 Y s a) | g @5 (—na)ll p
na na

5
10 ~
Szl [T s

j=2

The result follows from Holder’s inequality.
O

Remark 6.7 Note that the above estimate still holds if we include a factor of (n;)® in the
multiplier, for some j € {2,...,5}andasmall0 < ¢ < 1.

Proposition 6.8 Let the first entry in Q have the highest frequency which is not associated
to a pairing and # € {A, B}. Then, the following estimates hold

|Q(er - Gelur, ua, usl, ua, ..., ”7)”Z|’ |Q(or - Gylur, uz, usl, ua, ..., ”7)”Z|
7
S lutlize | uslive- 6.7)
j=2

Proof Note that the left-hand side of (6.7) is controlled by the following quantity

) .
, dr , (6.8
Z / <I>(n123) MW= ) s +r7l_[|uj(tj )| p 90 ©8

n=ni+...+ny

with @ substituted by /ﬁ\j, j = 1,2, 3 for the second term. It suffices to estimate (6.8).
Since (n1, n2, n3) € Xy (ng) and |ng| = max(|ng|, |n4l, ..., |n7|), we have

m2lm| _ 1
(Cb(ﬁ123)> ~ max <n]>7 '
j 7

.....

Consider the change of variables o; = 7; —n;,j =1,...,7andlet fj(o,n) = |P/1-v_,~\uj (o +
o)), j=1,...,17
Case 1: no pairings

Assume that * = A. Then, |n;| > |nj|, j = 2,...,7. Using Minkowski’s inequality and
Schur’s test, we have

L4

;
1 )
Z (t — A AU R L jljlf](gj’nj) e

p[‘{l

1
< E LT e
N7

n=n|+..+n7, j=1
V(n,ny 7)=pn
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where W(n, 7 7) =n’ — n? - = n% Using Holder’s inequality, it follows that
68 < / V| TP S o P
Ni,..., n=nj+..+ny, j=1 ,,EZI
V(n,ny. 7)=p
< N, 2(N- N-)a o, n s
NZ/R71<2 ) > ]_[f](]])w
Ny,..., N7 n=nj+...+n7y, j—l neﬂ
V(n,ny.7)=pn
where
A(n,Nl,...,N7)={/L€Z: ;L=n3—(n—nz—...—n7)3—n%—...—n%,

Injl~Nj,j=2,...,7}

which satisfies |A(n, N2, ..., N7)| < Na - - - N7, uniformly in n. Focusing on the inner sum
and omitting the time dependence, we have for > 0

7
oo Tlsens > Y Am > ol f2(n2) f3(n3) fa(na)

n=ni+...+n7, j=1 (np,n3,ng) N1 (ns,n6,n7)
V(n,ny. 7)=p eB(n,ny,n2,n3,n4,1)
—1 2
+ > > A > o | f5(ns) fe(ne) f1(n7)|”,
(ns,n6,n7) N1 (n2,n3,n4)

€B(n,ny,ns,n6,n7,L)

where

B(n,ny,ny, n3, na, p) = {(ns,ne,n7) € Z° : ns+ng+ny =n—ny —ny —n3 —na,
ng—i-ng—l—n% =n3—n§—n§—ng—ni—u}.
Using Lemma 2.7, we have that |B(n, ny, ..., na, n)|, |B(n, ny, ns, ng, n7, u)| < N§+, for
any ¢ > 0 and No4 = max(Na, ..., Ny). In addition, we know that |[n — nj| < Nay, giving

7
> ]"[f,-(n,»szva( > fl(n1)>1_[||f]||52,

n=nj+...+n7, j=1 In—ni| SN2+
V(n,n1.7)=p1

by choosing & = (I fallzll /3l falle2) ™ I fslez 1 folle2 1 f7ll 2. Consequently, using
Holder’s and Minkowski’s inequality gives the following

1+ Lie L !
6Hs Y N1 N (N2 N fill gy [Tz e2
Ni,...,N7 j=1

1

-1y L1y IS I N W !
Do N TN (N N iz [T il
The estimate follows from summing in the dyadics. If x = B, then |n| is the largest frequency
and we can proceed as for x = A by swapping the roles of u; and u5.

Case 2: at least one pairing
If there is at least one pairing, we can show a stronger estimate, where every function
belongs in Y, due to the negative power of the largest frequency which is not in a pairing.
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This case will follow a similar strategy to the proof of Proposition 6.6, thus we will omit the
details.
O

6.3 Remaining Quintic Terms

It remains to estimate the terms in (6.4). These terms cannot be written as (6.3) and thus
require a finer analysis. For the B/ terms, we need to use the modulations. For example,
calculating the space-time Fourier transform of the Bz terms in (6.4), x € {A, B}, we have

| F B3 (11, ua, o1 - Gyluz, us, us))(z, n)|

S Ko(r—n’ a—nd, @
~ Z /R3 /A =114+ 12+70, |n1n3|| +(z n n’ (”120))‘

n120€X4(n), o=13+T14+15
n345€Xy(no)
1 _ 31> A—n3+d7 1 l
% [to—n{| ZIA—n3+® (120)]| min( — , ) 1_[ [wj(tj,nj)l do dpdx,
{to —p){n — o) (®(m345)) " (0 — ng)

using (3.5). In order to control the multiplier, we must consider two cases depending on the
modulations of the second generation:

lto — ng| > lo —njl, (6.9)
It — n3| < lo —nd). (6.10)
If (6.9) holds, then |tg — o | ~ |19 — ngl = A= n3 + ®(n105)| and we can obtain powers of
the resonance relation of the first and the second generations:
Ly —ndis>lo—n} |’}—r B2 (ur, w2, o1 - Gyluz, us, usl)(z, n)|

max 5<nj) |n1n3|

P T Y e
~ Z / <I>(n120) NP (11345)) (T — n3)1+4 /a =14 4T5

n120€X4(n),
n1345€Xy(no)

i

~ ’
[uj(zj,nj)ldo’.
j=1

If (6.10) holds, we can only gain a power of the resonance relation of the first generation

L r—nd|<lo—nd “]:Ix 3(ur, uz, o1 - Galus, us, us)(z, n)|

w

rnax 5<nj) |n1n3|

< Z / """ H|ﬁ~(t~ ni)ldo’.
~ (d(n r—n31+0r—a/1—0/ B ASTARY)
20X (), ( 120) ) T ) o=t ATs
n345€ Xy (no)

Analogous estimates hold for the Bi contributions in (6.4), where the sums are over njos €

Xa(n) andninzg € Xg(ng),# € {A, BY}. For the B contributions restricted to the region where
(6.10) holds and the DN"R¢ terms in (6.4), we start by looking at the spatial frequencies
in more detail. In the frequency regions where the spatial multipliers can be bounded, the
contributions are controlled by (6.3) and we can use Proposition 6.6. Otherwise, we can apply
the following result.
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Proposition 6.9 Assume that the frequencies are ordered as follows |ni| > --- > |ns|. If
|ni| ~ |n2| > |n3| 2 |nl, (1, 2) not a pairing and
36
ni| max |n;
ml max |n|

am,ny,...,ns5) S

’

then the following estimate holds

1 ey
mic-min [ [T yccjonp o’

n s R (T —n3) o=ty tts 90
3

pS (1‘[ lu j ||zo>llu4||y0||u5||y0- 6.11)
Jj=1

The Bi terms in (6.4) localized to (6.9) can be estimated by the following proposition.

Proposition 6.10 Let Q'(u1, ..., us) be such that

|FixQ (w1, ... us)(t, n)|
5

maxj( ,)99

n=n1+ny+ng no=n3+ns+ns max

where nmax = max(|ni|, |n2]) > |no| and nj,,, = max;=345 |n;l. Then, the following
estimate holds

5
|Q@r.....u)lz S [T lujlv-

Proof of Proposition 6.9 Due to the 0 loss in the largest frequency when estimating o, we will
.. . 1 1
distinguish two cases: when |n1|2 < |n3| and when |n(|2 > |n3].
1
Case 1: |n1]2 < |n3|

Using the notation W (n, 111 5) = n3 —n? —... —ng and the change of variables o; = t; —n;,
Jj=1,...,5, we start by applying Minkowski’s inequality and Schur’s test to obtain

LHS of (6.11)

5
1 m1l(n1)*
< z—( » [T 5o + %m0
~ _3_5 1-60 T A Jr
O 4eens05 n (t—n o+ ) n=n\+...+ns, max((n3), (n))? j=1 o
V(nm. s5)=p
I l(n1)?
< MU, ST
1505 Wl p=py 4. 4ns, max((n3> (n>) j=1 lul

W(nm..5)=p

where & = oy +...+osand @ < 3. Let fj(o,n) = <n>%|P/Nj\uj(a +n3 ), j =12,
and fi(o,n) = [Py (o +n®, n)], k = 3,4,5, with Ny ~ N2 3> N3 > Ny > Ns dyadic

numbers with Ny < N32. Omitting the time dependence, using Holder’s inequality and the

~
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standard divisor counting estimate, we have

5
|
30 A7 2
NENSEL 3 [T e
_ ! 2P
n_nlj..,+n5,]:1 ntu
V(n,n_s5)=p
1 3 1
304¢ ny "2 ’
S NN Zf4<n4>f5(ns>< > ]"[|f,»<nj>|")
(n4,ns) ni+ny+n3=n—ns4—ns, j=I bl

n?+n%+n§=n3—ni—ng—,u
< N39+€N7%
SN 3 Ll L 2gp LS5l Wl fallep 1L fs et -

Applying the previous estimate, we obtain

_1 3 >
LHSof (6.1) S ) N{"*N, 2(]‘[ Il fi ||W,z;)(]_[ ||fk||Lg,4)
j=1 k=4

Ny,...,Ns

3 5
_1_1
< > NTEENT (NaNs)' T 2+<1"[||u,-||zo)(]"[||uk||yo).
j=1 k=4
(6.12)

Using the fact that Ny ~ Ny < N32, fore, 0 < % and § small enough, the estimate follows
from summing in the dyadic numbers.

Case 2: |n1|% > |n3|
In this case, we need a different approach to control the small power of N; in the multiplier
as well as the e-loss from using the divisor counting estimate. Note that W (n,n1_5) =
3(ny +n2)(ny +n3 +ng4 +ns)(n2 +n3 + ng +ns) + 3(n3 + ng)(n3 + ns) (ng4 + ns). Since
3
|(n3 + n4)(n3 + n5)(ng +n3)| < Insl® < |n 12,
(1 + n2)(n1 +n3 + ng + ns)(na + n3 + ng +ns)| 2 n1|%,

then |W(n, ny..5)| = |ny |2. Following the previous strategy, we have

1| (n1)>

n=ni+...+ns Max((n), (n3))2

5
1 ~ 3
> _ ||u‘0‘+n‘,n'
(t—n3 =6 +V¥n,n. s5) 0 —n3)-? j_ll (@5 '/)|H55LZ"

LHS of (6.9) < /

01,...,05

Thus, in order to control the small powers of (), we use the following fact
> S (W, 71,.5) S (T —n’ =6+ Wn,m.5)(t —n) (o) (03).

To gain a power of (t — n3), we impose 6 < % For (t — n—&+ V(n,n.5)), when
applying Schur’s estimate, we want to keep § of this quantity. Thus, with 1 + qio = qil +1
we need
1-6 5 ! 1 5 == 0 5
——=->-=1-= < -.
P 2 4
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We can obtain a power of (o} )* for k = 4, 5, given that
1 s 1
o) filler 1 < (o) *2 +fk”é},L;0 S o2 fell g1 10

given that o + % -8 < % = « < §, thus we can choose @ = %. Similarly, for (oj)ﬁ,
j=1,2,3, we have

1-45 1-25
(@ Fillyer S WP fill o S 140 ™ il oo

for g = %. Combining all of these powers, we get (W (n, ﬁ]ms))’% SN,
(6.12) instead of the condition N < N32.

s
2 which we use in

]
Proof of Proposition 6.10 We have the following estimate
1Q (ur. ... us)llz,
96 1\ 5
max;; (n )% (n) 2 R
< > > / Lt 55 ]_[ @j(cj nj)lde - -drs
(nmax) (Max) (T — n3)> < b9
n=ni-+ny—+ng no=n3+n4-+ns j=1 nktt
max  (n;)
J
S > e H ||u,<n,)||L1

n=n|-+ny+ng no=n3+ns+ns {rmax) nmax>
L= . .

Let fj(z,n) = (n)2|Py;u(z, n)|, for dyadic numbers N;, j = 1,...,5. By symmetry, we

can assume without loss of generality that N; > N», N3 > N4 > N5. We will consider two

cases: [n1| > |n3| or [n1| < |n3]. Since the strategies follow a similar approach, we will only

focus on the former.

Assume that |n1| > |n3|. Using Young’s and Holder’s inequality, we get

> eI

n=ni+...+ns

_ R
1Q @1, .. us)lzy S Y NYTH(N2NaNs)“ 2Ny
Ni,...,Ns

n

5
_ 11y i1y
Z NPT (NaNgNs) 2T NG 2T T il

It only remains to sum in the dyadics

S Z (N1 N2)79(N3N4N5)%_%(_%_%’Hw)/ﬂ
Nip,...,Ns

and the estimate follows if 36 < 6 < %.
[m}

Acknowledgements The author would like to thank her advisor, Tadahiro Oh, for suggesting the problem
and for his continuous support throughout the work. A.C. acknowledges support from Tadahiro Oh’s ERC
Starting Grant (No. 637995 ProbDynDispEq) and the Maxwell Institute Graduate School in Analysis and its
Applications, a Centre for Doctoral Training funded by the UK Engineering and Physical Sciences Research
Council (Grant EP/L016508/01), the Scottish Funding Council, Heriot-Watt University and the University
of Edinburgh. The author would like to thank Kihoon Seong and Younes Zine for careful proofreading, and
Yuzhao Wang and Justin Forlano for helpful and interesting discussions. The author is also grateful to the
anonymous referee for the helpful comments.

@ Springer



2576 Journal of Dynamics and Differential Equations (2023) 35:2537-2578

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Equation for w

Here we present the equation for w after using second iteration once, following the strategy
described in Sect. 4.
=@)S(uo + ¢r - IR(u, u, u)
+¢r - (DNRc> + DNRp>)(w, w, w) + ¢r - (DNRc > + DNRp ) (w, w, w)
+<pT(BA>(w i, u) + By (w1, u)+BA>(w w, u) + B, - (w, 7, w))
+¢T( (wuu)+BA>(wuu)+BA>(wwu)+B‘A>(qu))
—|—<pT(BB>(w w, u)+BB>(w u)+BB>(w u)+BB>(w w, w))
+ goT(BB?(w, w,u) + BB’>(w, w, u) + BB’>(w, w, u) —|—BB,>(w, w, w))
+ @7 (DNRa= + DNRp > + DNRc,> + DNRp =) (¢r - Ga,=[w, U, ul, i, u)
+ @r(DNRy > + DNRp > + DNRc.> + DNRp =) (o1 - Ga > [w, u, ul, i, u)
+¢r(DNR4 = + DNRp > + DNRc,= + DNRp =) (¢r - Gp,=[w, W, ul, i, u)
+¢r(DNRa= + DNRp > + DNRc > + DNRp =) (¢r - Gp,»[w, w, ul, i, u)
+¢r(DNRa,> + DNRp > + DNRc > + DNRp,-)(¢r - Ga=[w, i, ul, u, i)
+ ¢r(DNRa,~ + DNRp,~ + DNRc > + DNRp =) (o1 - Ga = [w, u, i), u, @
+¢r(DNRa,> + DNRp > + DNRc > + DNRp.-)(¢r
+¢r(DNRa,~ + DNRp > + DNRc > + DNRp.-)(¢r
+ 97 (DNRp > + DNRc > + DNRp »)(w, 91 - Ga=[w, i, ul, u)

Gp=[w, W, ul, u, )

Gp=w, w, 1), u, )

+ (pT(DNRB,z + DNRC,z + DNRD,E) w, or

-Gas[w, u, ul, u)

+ ¢r (DNRp,> + DNRc,> + DNRp>)(w, or

-Gp >[w,w, ul,

(

(

+ ¢7(DNRp,= + DNRc,= + DNRp.>)(w, ¢r
+¢r(DNRp~ +DNRc> + D./\/'RD,>)(w, or
+ ¢7(DNRp,> + DNRc,> + DNRp-)(w, o1
+ ¢7(DNRp,~ + DNRc > + DNRp-)(w, or
+ ¢r(DNRp > + DNRc,> + DNRp,-)(w, or
+ ¢7(DNRc,= + DNRp,>)(w
+ o7 (DNRc = + DNRp>)(w,
+¢r(DNRc,> + DNRp >)(w, w
+ 97 (DNRc = + DNRp >)(w,
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+ @7 (DNRc,> + DNRp-)(w, w, 97 - Ga=[w, @, u])
+@r(DNRc > + DNRp »)(w, w, o1 - Ga > [w, u, u])
+ ¢r(DNRc,> + DNRp.»)(w, w, o7 - Gp,=[w, W, u)
+ ¢r(DNRc > + DNRp ) (w, w, o7 - Gp ~[w, w, u])

+¢T(BA>(w or - Gaxlw, u, ul, u)+BA>(w or - Ga>[w, u, ul, u)

w,wT'GB,Z[W,W,M],M)+BA>(w or - Gp ~[w, w, u], ))
w,u, o1 - Ga>[w, u, u])+B (w u,or - Ga>[w,u,u )

w, @, o7 - Gp=[w, w,ul) + B - (w,u, ¢r - Gp-[w, w, 7 )

)
)
)

+ or Bf_\>w,u,<pr-GB,Z[w,E,u])+B (wugoT Gp > [w, w, )

w, W, o7 - Ga=[w, @, u]) + B} - (w, W, o7 - G4 = [w, u, u]

13337Z w, W, o7 - Gp > [w, W, ul) + B%,Z(w,W, or - Gp > [w, w,u]

)

+or(By - (w.w,or -Gax[w.u,ul) + By _ (w, w, o7 - Ga~[w, u, ul)

(B3 (w,
(82— (
(82— (
(B3 i
(B (
+¢T(Bi,>(w,u,¢r-GA>[w u,ul) + B _(w,u, o7 - Ga~[w, u, ul
(B @
(B3~ (
(B3~ (
(B3~ (
(B3 (

\_/\_/\—/\_/\_/

+or (By - (w, w, o7 - G =lw, 0, u]) + By _ (w, w, g7 - Gp ~[w, w,]) ). (A1)
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