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ARTICLE INFO ABSTRACT

Keywords: The core is a well-known and fundamental notion of stability in games intended to model coalition
Coahtlfm formation formation such as hedonic games: an outcome is core stable if there exists no blocking coalition,
Hedonic games i.e., no set of agents that may profit by forming a coalition together. The fact that the cardinality
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. . of a blocking coalition, i.e., the number of deviating agents that have to coordinate themselves,
Efficiency of stable solutions

can be arbitrarily high, and the fact that agents may benefit only by a tiny amount from their
deviation, while they could incur in a higher cost for deviating, suggest that the core is not able
to suitably model practical scenarios in large and highly distributed multi-agent systems. For this
reason, we consider relaxed core stable outcomes where the notion of permissible deviations is
modified along two orthogonal directions: the former takes into account the size g of the deviating
coalition, and the latter the amount of utility gain, in terms of a multiplicative factor k, for each
member of the deviating coalition. These changes result in two different notions of stability,
namely, the g-size core and k-improvement core. We consider fractional hedonic games, that is
a well-known subclass of hedonic games for which core stable outcomes are not guaranteed to
exist and it is computationally hard to decide non-emptiness of the core; we investigate these
relaxed concepts of stability with respect to their existence, computability and performance in
terms of price of anarchy and price of stability, by providing in many cases tight or almost tight
bounds. Interestingly, the considered relaxed notions of core also possess the appealing property of
recovering, in some notable cases, the convergence, the existence and the possibility of computing
stable solutions in polynomial time.

1. Introduction

Group or coalition formation is an important and widely investigated issue in computer science research. In fact, in many eco-
nomic, social and political settings, individuals carry out activities in groups rather than by themselves. Hedonic games (also known
as a hedonic coalition formation games), introduced by Dréze and Greenber [23], are among the most important game-theoretic
approaches to the study of coalition formation problems. They represent a major research challenge in the Al field of multi-agent
systems. An outcome for these games is a coalition structure, which is a partition of the agents into coalitions, over which the agents
have valuations. The utility that an agent gets in a coalition structure only depends on the coalition she belongs to. Hedonic games
belong to the family of cooperative non-transferable utility games in which, in contrast to other transferable utility cooperative games
where agents are able to freely redistribute the value of a coalition among themselves, a coalition does not choose how to allocate
utilities among its members. Coalition formation was initially studied in the context of cooperative games with transferable utility,
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where each coalition has a value that has to be allocated among its members in some fair way.! In these settings, the main focus has
been on the question of how the values of smaller coalitions should determine the division of the value of the grand coalition (which
is the coalition composed by all the agents) among the agents. In hedonic games, each coalition structure specifies the utility of each
agent and the main focus is studying the existence and complexity of stable coalition structures (see the chapter by Aziz and Savani
[7] for a more detailed discussion).

In this paper we consider Symmetric Fractional Hedonic Games (S-FHGs), introduced by Aziz et al. [3,2], that embody a natural and
succinct graph representation subclass of hedonic games. In S-FHGs, each agent has a value for any other agent, and the utility that
an agent gets for a coalition is the sum of the values she assigns to the members of her coalition divided by the size of the coalition.
S-FHGs can model natural behavioral dynamics in social environments. Real-world examples include workers organizing themselves
in work-teams, social networks in which people organize themselves in groups with the aim of maximizing the fraction of people
of the same ethnic or with the same interests, politicians organizing themselves in parties with the goal of maximizing the fraction
of like-minded members, countries organizing themselves in international groups, employees forming unions, etc. Moreover, even
the specific setting of simple symmetric fractional hedonic games (SS-FHGs), where valuations are symmetric and can only take the
values 0 and 1, suitably models a basic economic scenario referred by Aziz et al. [2] as Bakers and Millers. In this latter scenario, it
is assumed that there are two types of agents, bakers and millers, where individuals of the same type are competitors, trading with
agents of the other type. The valuation between any baker and any miller is 1, while the valuation between any two bakers or any two
millers is 0. Both types of agents can freely choose the context in which to set up their enterprises, with this context corresponding to
a coalition. Millers want to be situated in a coalition in which the ratio between purchasing bakers and competing millers is as high
as possible, so as to achieve a high price for the wheat they produce. On the other hand, bakers aim at maximizing the ratio between
the number of millers and the number of bakers, so as to keep the price of wheat low and that of bread up.

Among other solution concepts, core stability plays a central rule in hedonic games. An outcome is core stable if there is no subset
of agents 7' whose members all prefer 7" with respect to the coalition they belong to in the outcome (the set of agents T is called a
blocking coalition for the outcome).

It is worth noticing that the members of a blocking coalition have to coordinate in order to perform a deviation; moreover, as
they may have to face some drawbacks due to the deviation, they could require a multiplicative improvement in order to accept
the agreement to build a new coalition. For these reasons, in large and highly distributed multi-agent systems (including the above
described real-world scenarios such as the one considering workers organizing in work-teams, the one of Backers and Millers, and so
on), the core, in which it is assumed that coalitions of any size can potentially be formed and that the members of such coalitions
agree to deviate even if they improve their utility by a very tiny amount, may be not able to suitably model many practical processes
of coalition structure generation. Furthermore, it is well known that there are games that do not always admit core stable outcomes:
even for SS-FHGs, the core may be empty. Finally, it is computationally hard in general to decide non-emptiness of the core [2] and,
even in games where the existence of core stable outcomes is guaranteed, these outcomes could be very inefficient or computationally
intractable.

1.1. Our contribution

Motivated by the downsides of core stability, in this work we propose a new natural direction of investigation, which consists
in relaxing the stability constraints along two orthogonal directions, with the effect of enriching the set of admissible solutions.
Specifically, our conceptual contributions are the notion of g-size core stability, in which the size of a blocking coalition is at most ¢,
and the one of k-improvement core stability, in which each member of a blocking coalition increases her utility by a factor strictly
greater than k.

The former is a notion of stability related to the one of g-strong Nash stability: an outcome is g-strong Nash stable if no subset of
at most g agents can simultaneously deviate, where the deviating agents are not forced to form a coalition together, so as to induce
a new outcome which all the g deviating agents prefer. We notice that an outcome which is g-strong Nash stable is also g-size core
stable. g-strong Nash stability was considered in the context of fractional hedonic games [10] where it is shown that, for any g > 2,
g-strong Nash stable outcomes are not guaranteed to exist even for SS-FHG.

To the best of our knowledge, the latter notion of k-improvement core stability has never been investigated in the context of
hedonic (non-transferable utility) games. However, it is worth discussing related notions of stability that have been considered in the
context of coalition formation games with transferable utility, in which the valuation of any coalition is not agent-specific and has
to be allocated among the agents belonging to the considered coalition in some fair way. Specifically, in coalition formation games
with transferable utility an imputation is a distribution of utilities among all the agents such that no agent receives less than what she
could get on her own, and the sum of the agents’ utilities is equal to the value of the grand coalition. The core is the set of imputations
such that no coalition of agents has a value greater than the sum of its members’ utilities. We notice that this definition of the core
differs from the one that we use in this paper that is informally described above, and here the fact that the considered games are
transferable utility games or non-transferable utility games is crucial. Indeed, besides the fact that the agents’ utilities are defined
differently in transferable utility games and non-transferable utility games, in the former for a blocking coalition it is just required
that it has a value greater than the sum of the utilities assigned by the imputation to the agents forming the blocking coalition, while

1 A common assumption in cooperative games with transferable utility is that the valuation function is super-additive, which means that the union of two disjoint
coalitions has a value greater than or equal to the sum of the values of the separate coalitions.
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in the latter in a blocking coalition it is required that each agent strictly improves her utility.> A generalization of the core adopted
in coalition formation games with transferable utility is the strong e-core [40] also called e-core [22], which is the set of imputations
such that no coalition of agents has a value greater than the sum of its members’ utilities minus e. Our notion of k-improvement core
stability differs from the one of strong e-core because (i) in the spirit of non-transferable utility games, in the former the requested
gain is for the utility of any agent, as opposed to the latter in which, in the spirit of transferable utility games, the gain is for the
valuation of the whole blocking coalition and (ii) in the former the gain is given by a multiplicative factor, while in the latter by an
additive one.

With respect to the last mentioned difference, we would like to spend some lines for better justifying the choice of considering a
multiplicative improving factor. As already mentioned, agents may have to face some drawbacks due to the deviation; this naturally
leads to the consideration that they need some incentive for accepting to deviate. In many scenarios, it could happen that it is not
possible to provide a direct valuation, in terms of utility, for these drawbacks: consider for instance an agent belonging to a work-team
and all the drawbacks that she has to face when changing the team (change of office, adaptation to the new job to be done, etc.).
An additive incentive would mean that, regardless of how high is the utility she is experiencing in the original work-team, a fixed
additive amount of utility gain would be enough for “convincing” her to deviate, while in a more realistic scenario an agent could
require to have a significant utility gain (for instance in terms of percentage improvement) for compensating the above mentioned
drawbacks. In other words, an additive fixed utility gain would be not able to compensate the above mentioned drawbacks, potentially
not being directly valuable in terms of utility, because it would be independent of the utility the considered agent is experiencing:
an improvement of one unit of utility is a big improvement (at least a 50% improvement) for agents whose utility is, say, at most 2,
while it would be almost neglegible for agents with much bigger utility.

We now present an example with the aim of making the introduced concept clearer.

Example 1. Consider the instance of Simple Symmetric Fractional Hedonic Game (SS-FHG) depicted in Fig. 1 by means of an
undirected unweighted graph, in which nodes represent agents and an edge connects two nodes if the agents corresponding to its
endpoints valuate 1 each other, while the symmetric valuation is 0 between agents not connected by an edge.

We can think of this instance as a model for work-teams: agents are workers and the fact that two agents i and j valuate 1 each
other (we say that i and j are compatible) means that they are “happy” to work together (e.g., they are friends, or they are able to
support each other in their work activities, etc). Every worker aims at maximizing the fraction of compatible workers belonging to
her coalition.

We therefore have six agents and a coalition structure S composed by three coalitions: the first coalition contains only agent 1,
the second one contains agents 2,3, 5, and the third one contains agents 4, 6. It can be easily checked that the agents’ utilities are as
follows: agent 1 (i.e., the worker corresponding to node 1) has utility 0, agents 2, 3 and 5 have utility %, agents 4 and 6 have utility
1

5

Notice that the coalition structure S is not core stable because, for instance, agents 1, 3,4, 6 can form a new coalition together and
strictly improve their utility. However, in this deviation the blocking coalition is composed by four agents and agent 3 improves her
utility from % to %, i.e., by a factor equal to %. This means that these deviations can only occur, in the context of g-size core stability,

when ¢ >4 and, in the context of k-improvement core stability, when k < %, i.e., when the agents do not require to improve their

utility by a multiplicative factor greater than %.

Moreover, on the one hand, it is easily verifiable that S is 2-size core stable: if we assume that at most two agents can coordinate
in order to constitute a blocking coalition, then S is stable. On the other hand, S is not 3-size core stable since agents 1,4,6 can form
a new coalition together and strictly improve their utility.

Finally, on the one hand, it can be verified that S is %—improvernent core stable: if we assume every agent of a blocking coalition

has to improve her utility by a multiplicative factor greater than % (i.e., by more than 33%), then S is stable. On the other hand, S
is not % — e-improvement core stable, for any (small) € > 0, since agents 1,4,6 can form a new coalition together and improve their

utility by a factor at least equal to %.

We investigate the considered relaxed concepts of core stability in fractional hedonic games; in this context, our results are as
follows. We first focus on existential and computational aspects (Section 3), with a special focus on the convergence of relaxed core
dynamics starting from any coalition structure. In fact, it is worth remarking that the convergence of such dynamics is a very appealing
property in practical scenarios.

We show that, for S-FHGs, a 2-size core stable outcome always exists and can be obtained through a 2-size core dynamics
(Theorem 3). However, we also show that g-size core dynamics are not convergent for any g > 3 (Example 6). For SS-FHGs, we
strengthen the previous result by extending it to 3-size core stable outcomes, also showing that the 3-size core dynamics has polynomial
length (Theorem 4).

2 A further evidence of the difference between transferable utility games and non-transferable utility games has been discussed by Branzei and Larson [15].
Specifically, they show that the core in the non-transferable utility additive separable hedonic games (in their paper called affinity games) and the core of the related
transferable utility games considered by Deng and Papadimitriou [22] are different. It is worth noticing that for both games the value of a coalition is defined in a
very similar way.
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2 3 4
5 6

Fig. 1. An instance of SS-FHG with a possible coalition structure.

1
1
2 3 4
2 3 4
5 6
5 6 (c) The 2-size core stable
(b) The coalition structure coalition structure obtained
(a) The initial coalition struc- obtained after a deviation of after a deviation of the block-
ture. the blocking coalition {3, 5}. ing coalition {1, 6}.

Fig. 2. A 2-size core dynamics for the instance of Example 1.

On the side of k-improvement core stability, we show that, for S-FHGs, a k-improvement core stable outcome always exists for
k > 2 and can be obtained through a k-improvement core dynamics (Theorem 5). Moreover, although we are not able to show that
such dynamics has the desirable property of polynomial length, we show that a k-improvement core stable outcome can be still
computed in polynomial time, for any k >2(1 — 1/n), where n is the number of agents, through a simple algorithm (Theorem 6).

For SS-FHGs, we slightly strengthen the previous result by proving that a k-improvement core stable outcome can still be computed
in polynomial time, for any k > 3/2 (Corollary 7). This latter result has been proven by showing an intriguing relation between 3-size
core stable outcomes and %-improvement core stable outcomes; specifically, we show that every 3-size core stable coalition structure

is also 3—improvement core stable (Theorem 2). We remark that the reason for considering the settings of ¢ <3 and k > 3 is twofold.
On the one hand, they represent a necessary step for understanding the cases with higher coalition sizes or smaller improvement factor
(see Section 6 for a more detailed discussion); on the other hand, they are also practically significant in themselves because, when
considering small values of g, it is easy to obtain coordination within small-sized coalitions, while the value of k = % is reasonably
small.

Coming back to Example 1, in Fig. 2 a possible 2-size core dynamics, starting from the coalition structure in which all agents are alone in
singletons and ending in a 2-size core stable coalition structure, is depicted.

Moreover, in Fig. 3 a possible 3-size core dynamics, starting from the coalition structure of Fig. 1 and ending in a 3-size core stable coalition
structure, is depicted. It is worth noticing that this final state, being 3-size core stable, has to be also %—improvement core stable (by Theorem 2).

Finally, we focus on the efficiency of k-improvement core and g-size core stable outcomes (Section 4) with respect to the well
studied utilitarian social welfare given by the sum of the utilities of all agents, in terms of core price of anarchy and core price of
stability, that are the worst and the best case ratio between the social optimum and the social welfare of a core stable outcome,
respectively. On the side of k-improvement core stability we show that, for any k > 1, in every S-FHG the core price of anarchy is
at most 2k (Theorem 8) and that such bound is tight even for SS-FHGs (Theorem 9). Furthermore, on the side of the g-size core
stability, we are able to prove, in Corollary 10 and Example 7, the following bounds on the core price of anarchy: For any ¢ > 2, a
tight bound equal to 4 (with the upper bound holding for S-FHGs and the lower bound holding even for SS-FHGs); for any g > 3,
a tight bound equal to 3 holding for SS-FHGs. These bounds on the g-size core price of anarchy can be obtained as a consequence
of Theorem 8 combined with the relation between 3-size core stable outcomes and é—improvement core stable outcomes holding for
SS-FHGs (proved in Theorem 2) and a similar relation between 2-size core stable outcomes and 2-improvement core stable outcomes
holding for S-FHGs (proved in Theorem 1).

Coming back again to Example 1, it can be easily verified that there exist two coalition structures realizing the social optimum. They are
depicted in Fig. 4 and the value of the social optimum is 4. In fact, the sum of the agent utilities in the coalition structure of Fig. 4.a all agents
have utility %, while in the coalition structure of Fig. 4.b the utility of agents 1, 3, 4 and 6 is % and the one of agents 2 and 5 is % Moreover,
it is worth noticing that:
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1
2 3 4
5 6 (b) The 3-size core stable
coalition structure obtained
(a) The initial coalition struc- after a deviation of the block-
ture. ing coalition {1,4,6}.

Fig. 3. A 3-size core dynamics for the instance of Example 1.

(a) (b)

Fig. 4. Two coalition structures realizing the social optimum for the instance of Example 1.

« the social welfare of the coalition structure depicted in Fig. 1is 0 + % + % + % + % + % =3;
« the social welfare of the last coalition structure of the 2-core dynamics depicted in Fig. 2 is % + % +0+0+ % + % =2 (notice that by the

upper bound of 4 to the 2-size core price of anarchy it had to be at least d=1y;
« the social welfare of the last coalition structure of the 3-core dynamics depicted in Fig. 3 is 4, as this coalition structure is an optimal one
(notice that by the upper bound of 3 to the 3-size core price of anarchy it had to be at least g).

As to the core price of stability, we discuss at the beginning of Section 4.2 the implications of previous results (provided both in
this paper and in previous work) on the core price of stability, with a special focus on the determination of suitable upper bounds. For
the case of k-improvement core stability, it turns out that the core price of stability is 1 for any k > 2; we therefore focus on the case
of k € (1,2) and we provide in Theorems 11 and 12 non-trivial lower bounds to the k-improvement core price of stability, showing
that it is strictly greater than 1. Moreover, we show in Theorem 13 that this is the case also for g-size core price of stability, for any
q > 3. Concerning the 2-size core price of stability, even determining whether it is equal to 1 or greater than 1 is a challenging open
question.

Our results are summarized in Table 1. We remind that the convergence implies the existence. Moreover, on the one hand, if
the convergence and/or the existence is guaranteed for S-FHG then it is also guaranteed for SS-FHG, and, on the other hand, if the
convergence and/or the existence is not guaranteed for SS-FHG then it is also not guaranteed for S-FHG. Similarly, an upper bound
to the core price of anarchy or stability for S-FHG also holds for SS-FHG and a lower bound to the core price of anarchy or stability
for SS-FHG also holds for S-FHG.

Finally, in Section 5, we have performed an experimental evaluation on classical and relaxed core dynamics which is able to show
how the introduced notions of stability perform, in terms of the speed of convergence, on random generated instances.

1.2. Related work

Hedonic games, which are non-transferable utility games, have been introduced by Dréze and Greenber [23] and then further
developed [9,11,18]. Work on hedonic games mainly studies the existence, computation and performance of stable solutions, i.e.,
solutions where no agent or group of agents has interest in deviating from the outcome (see the book chapter by Aziz and Savani [7]
for a nice survey on the topic). In this paper we consider core stability in the setting of fractional hedonic games, i.e., a well studied
special class of hedonic games in which every agent valuates a coalition with the average utility she ascribes to its members. In the
following, we frame this specific class of games in the more general context of hedonic games, also comparing it with other related
classes.
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Table 1

Conv. stands for convergence, Exist. stands for existence, CPoA stands for Core Price of Anarchy
and CPoS stands for Core Price of Stability. g-size stands for g-size core stability and k-imp. stands
for k-improvement core stability. v (resp. X) indicates that the convergence or the existence is
guaranteed (resp. not guaranteed). (P) indicates that the number of steps, needed for convergence,
in the dynamics or the complexity of computing the corresponding relaxed core stable outcome is
polynomial. € > 0 is an infinitely small positive number.

S-FHG SS-FHG

Conv. v 2-size (Theorem 3) v (P) g-size, g <3 (Theorem 4)
X g-size, ¢ > 3 (Ex 6)
v k-imp., k >2 (Theorem 5)

Exist. v 2-size (Theorem 3) v (P) g-size, ¢ <3 (Theorem 4)
/ (P) k-imp., k> (2 - 2) (Theorem 6) v (P) k-imp., k > 3 (Corollary 7)

CPoA g-size <4, g > 2 (Corollary 10) g-size >4 —¢,q>2 (Ex7)
g-size < 3, g > 3 (Corollary 10)
g-size >3 —¢,q>3 (Ex7)

k-imp. <2k, k > 1 (Theorem 8) k-imp. > 2k — ¢, k > 1 (Theorem 9)
CPoS g-size > 1, g > 3 (Theorem 13)
k-imp. =1, k > 2 (Theorem 5) k-imp. = 1, k > 2 (Theorem 5)

k-imp. > 1, k € (1,2) (Theorem 11, 12)

Additively separable hedonic games (ASHGs) constitute a natural and succinctly representable class of hedonic games. They can
be represented by a weighted graph, where the set of agents coincides with the set of vertices and the utility that an agent gets in
a coalition is simply the sum of the weights of the edges adjacent to the agent in the subgraph induced by the coalition. Properties
guaranteeing the existence of stable allocations for ASHGs have been studied in several papers [9,11] as well as computational
complexity issues [4,8,31,35,37]. A very recent paper by Brandt, Bullinger and Tappe [13] performs a deep study on dynamical
aspects of single agent deviations leading to the formation of stable outcomes.

Fractional hedonic games (FHGs), i.e., the setting considered in this paper, are similar to ASHGs, with the difference that the
utility of an agent is divided by the number of agents of the coalition. FHGs have been introduced by Aziz et al. [3,2]. They show that
the core can be empty even for the special case of simple and symmetric valuations SS-FHG, but that it is not empty for very specific
sub-classes. The authors also show that it is computationally hard in general to decide the non-emptiness of the core. Subsequent work
[12] considers various computational results for core and individual stability as well as the convergence of simple dynamics based
on individual stability [14]. Local core stability [17] deals with structural constraint on the blocking coalition, that is, the subgraph
induced by the blocking coalition must be a clique. Studies on FHGs [10] also analyze the existence, efficiency and computational
complexity of Nash and strong Nash equilibria. It is worth mentioning that a g-strong Nash stable outcome is also g-size core stable.
However, it is known that [10] for any g > 2, g-strong Nash stable outcomes are not guaranteed to exist even for SS-FHG. Notice
that this result gives an additional motivation for studying the existence of 2-size core stable outcomes. Improved results about the
Nash price of stability have been performed by Kaklamanis et al. [32]: they consider S-FHGs and show a slightly higher lower bound
to the price of stability for general graph and that the price of stability is 1 for graphs of girth at least 5.

Aziz et al. [6] study the computational complexity of computing optimal coalition structures for FHGs. Specifically, they show
that maximizing utilitarian social welfare, egalitarian social welfare, or Nash social welfare is NP-hard, even for SS-FHG and provide
polynomial time approximation algorithms. Several papers [29,30,41] also deal with strategyproof mechanisms for proper subclass
of ASHGs, ASHGs and FHGs. A recent paper by Fioravanti et al. [28] considers a relaxed version (but different than the one we
consider in this paper) of the core in SS-FHG which is called e-fractional core stability where it is allowed that at most an e fraction
of coalitions may core-block it.

Modified fractional hedonic games (MFHGs), introduced by Olsen [36], are very similar to fractional ones. The only difference
is that the utility of an agent is averaged over all other members of that coalition, i.e., excluding herself. Despite this apparently
small difference, stable outcomes such as Nash, strong Nash, and core stable perform very differently in MFHGs with respect to FHGs
[34]. Algorithms for finding Pareto optimal solutions in ASHGs, FHGs and MFHGs are also studied [16] as well as the price of Pareto
optimal which is an analogue of the price of anarchy for Nash equilibria, with the worst Nash equilibrium replaced with the worst
Pareto optimal outcome [24].

Coalition formation games with transferable utility are also well-studied in the literature [5,19,21,25,38,39]. The following setting
of coalition formation games with transferable utility has been introduced by Deng and Papadimitriou [22] and it is the most related
one to our setting: they consider a weighted undirected graph where each node is an agent and the value of a coalition is defined as
the sum of the weights of edges belonging to the subgraph induced by the members of the coalition. In this setting, an imputation is a
distribution or an assignment of utilities among all the agents of the value of the grand coalition (which is the coalition composed by
all the agents) and the core is the set of imputations such that no coalition of agents has a value greater than the sum of its members’
utilities. Deng and Papadimitriou [22] characterize the core, the e-core and also other solution concepts from the point of view of
computational complexity. We notice that, while in this setting one of the main problems is to decide how to distribute the value of
the grand coalition among all the agents in order to get some reasonable fair property (e.g., the non-emptiness of the core), in our
setting the utility that an agent gets in a coalition structure only depends on the coalition she belongs to and, in general, for different
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coalition structures an agent gets different utilities. The main focus in our setting is studying the existence and complexity of stable
coalition structures (e.g. the core).

2. Model and preliminaries

For any n € N, we denote by [n] the set {1,2,...,n}.

A Symmetric Fractional Hedonic Game (S-FHG) G = (N, (v;);c ) is a game in which each agent i € N, where N = [n], has a valuation
v; : N - R20, mapping every agent to a real non-negative value. We assume that the number of agents is n > 2. We denote with
v9%(G) = max ey v;(j) the maximum valuation of agent i for any other agent j € N in the game §. We assume that v;(i) = 0 for
every i € N and that the valuations are symmetric, i.e., v;(j) =v () for every i,j € N.

If it holds that v;(j) € {0, 1} for every i, j € N, we say that the game is a Simple Symmetric Fractional Hedonic Game (SS-FHG).

Graph representation An S-FHG has a very intuitive graph representation. In fact, it can be expressed by a weighted graph G =
(N, E,w), where nodes in N represent the agents, and undirected edges are associated to non-null valuations. Namely, for any
i,j €N, if v;(j)>0, an edge {i,j} of weight w({i, j}) = v;(j) = v;(i) belongs to E. Analogously, an SS-FHG can be expressed by an
unweighted graph G = (N, E) in which, for any i, j € N, edge {i,j} belongs to E if and only if v;(j) = 1. Given a subset of agents
C C N, we denote with G(C) the subgraph of G induced by agents in C.

Coalitions and utilities A coalition is a non-empty subset of N. The set of all agents N is also called the grand coalition, and a coalition
of size 1 is called a singleton codlition. Given a coalition C and any agent i € C, let §o(i)) = ). jec v;(j) be the sum of valuations of agent
i for every agent belonging to coalition C. In graph-theoretic terms, 6 (i) corresponds to the (weighted) degree of node i in graph
G(C). The utility or payoff u;(C) of agent i in coalition C such that i € C is equal to 6-(i) divided by the total number of agents in

the coalition, that is y;(C) = bICT(ll) Notice that y,(C) < IS ymax(g) < %u;"”(g) for any agent i € N and coalition C of a game G.

lcr i
An outcome of the game is a codlition structure S = {Cy, ..., C,}. S is a partition of the agents into 4 coalitions, that is, | ¢, C; = N
and C,nC p = @ Vt, p € [h], with 1 # p. We denote by S(i) the coalition agent i belongs to in coalition structure S. The utility u;(S(i))

of an agent i in coalition structure S is also denoted by ;(S).

Core stability Given a coalition structure S, a blocking coalition for S is a set of agents C C N such that, for every agent i € C, it
holds that y;(C) > u;(S). Since v;(j) > 0 and v;(i) = 0 for every i, j € N, we have that |C| > 2. A coalition structure S is core stable
if it does not admit a blocking coalition. We relax the definition of core stability along two directions: (i) given an integer ¢ > 2, a
g-size blocking coalition for S is a blocking coalition in which |C| < ¢ and (ii) given a real number k > 1, a k-improvement blocking
coalition for S is a set of agents C C N such that, for every agent i € C, it holds that y,;(C) > ku;(S). Notice that a blocking coalition
is also a 1-improvement blocking coalition and an n-size blocking coalition. A coalition structure S is g-size core stable (respectively
k-improvement core stable) if it does not admit a g-size blocking coalition (respectively a k-improvement blocking coalition). We
notice that if a coalition structure is g-size core stable then it is ¢’-size core stable for any ¢’ < q. Moreover, if a coalition structure is
k-improvement core stable then it is k’-improvement core stable for any k' > k.

Dynamics and convergence The core (respectively g-size core and k-improvement core) dynamics D of a S-FHG is a sequence (possibly
infinite) of coalition structures (S°, S, ...) such that for every consecutive pair (S'~!, S"), with ¢ > 1, there exists a blocking coalition
(respectively g-size blocking coalition and k-improvement blocking coalition) C! for s ={cC 1,Cy,...,Cp} and S" = {C',C; \
C',...,C, \ C'} \ {#}. Roughly speaking, the coalition structure S’ is obtained by letting all agents in C’ form a new coalition
together, thus leaving the coalitions they belonged to in S?~!. We say that agents in the blocking coalition C’ perform a deviation and
that a finite dynamics D = (S°, S!,...,S8%) of length # > 1, leads to coalition structure S’ starting from the initial coalition structure
S0, A game is core (respectively, g-size core and k-improvement core) convergent if, for any coalition structure S, every dynamics
starting from S is finite.

Social welfare The social welfare of a coalition structure S = {C|,...,C,} is given by the sum of the agent utilities, i.e., SW(S) =
Yien Hi(S). By extending the previous definition, given a coalition C, we denote by SW(C) the sum of utilities of the agents
belonging to C. Notice that SW(S) =Y cs SW(C) =Y ces Xicc Hi(O).

Efficiency Given a game G, the optimal outcome S*(G) is the one maximizing the social welfare; let g-S1zE CORE(G) and k-IMPR CORE(G)
be the set of coalition structures that are g-size core stable and k-improvement core stable, respectively. We use the widely adopted
concepts of price of anarchy [33] and price of stability [1] to measure the efficiency of stable outcomes. The g-size core price of anar-
chy (respectively k-improvement core price of anarchy) of a symmetric fractional hedonic game G is defined as the ratio between the

social welfare of the optimal outcome C*(G) and the one of the worst g-size core stable (respectively k-improvement core stable)
SW(S*(©)) SW(S8*(©))
SW(C) SW(C) )-
Analogously, the g-size core price of stability (respectively k-improvement core price of stability) of a symmetric fractional hedo-
nic game @ is defined as the ratio between the social welfare of the optimal outcome C*(G) and the one of the best g-size
SW(s*(G))
SW(C)

outcome. Formally, ¢-SIZECPOA(G) = MaX¢ey.s75 Core(G) (respectively k-IMPRCPOA(G) = maX¢ek.ipr Core(G)

core stable (respectively k-improvement core stable) outcome. Formally, g-SIZE CPOS(G) = min¢ey size corr(c)

SW(S*©) )
SW(C) :

(respectively

k-IMPR CPOS(G) = miN gy vpr CORE(G)
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(a) A possible coalition struc- (b) The optimal coalition

ture S for G. structure S* for G.

Fig. 5. The instance G of S-FHG used in Example 2.

Example 2. While in Example 1 we have presented a Simple Symmetric Fractional Hedonic Game (SS-FHQG), in this example, with
the additional aim of making the reader familiar with the notation, we deal with the more general setting of Symmetric Fractional
Hedonic Games (S-FHGs), i.e., we present an hedonic game having as graph representation a weighted symmetric graph.

Consider the instance of S-FHG depicted in Fig. 5.a, in which there are six agents and a coalition structure S composed by two
coalitions: the first coalition contains agents 1, 4 and 5, while the second one contains agents 2, 3 and 6. It can be easily checked
that the agents’ utilities are as follows: for the first coalition we have y,(S) = %, Hy(S) =1, us(S) = % and, for the other coalition,

13(S) = § and 1, (S) = pe(S) = % It follows that SW(S) = X0, u,(S) = ?

It is worth noticing that S is 2-size core stable, i.e., no couple {i, j} of nodes (with i, j € [6] and i # j) can form a blocking coalition
for S:in fact, if {i,j} & E, then, trivially, i and j cannot have an incentive to form a new coalition together, while otherwise it can
be verified that, for every edge {i,j} € E it holds that u;(S) > w and/or pu (S) > w Moreover, notice that the coalition
structure S is not 3-size core stable because, agents 1, 2 and 5 can form a new coalition together and strictly improve their utility.
By considering the same deviation, S is not g — e-improvement core stable for any (small) € > 0, given that agents 1, 2, and 5 would

improve her utility from % to g, from % to %, and from % to 2, respectively (notice that % = g.

3
Finally, it can be verified that the only optimal coalition structure S* is the one depicted in Fig. 5.b: $* = {{1,2,4,5},{3,6}} and
5

SW(S*)=1, because it holds that ;(S*) =2, iy (S*) = 2, uy(S*) = 2, us(S*) =2 and p5(S*) = (S*) =

1
4 1 2

2.1. Preliminary results

In this section we present some preliminary results about the relation between g-size core stable and k-improvement core stable
coalition structures. The first result highlights an interesting relation between 2-size core stable and 2-improvement core stable
coalition structures. Specifically, we show that, for every S-FHG, any 2-size core stable coalition structure is 2-improvement core
stable.

Theorem 1. For every S-FHG, any 2-size core stable coalition structure is 2-improvement core stable.

Proof. Given an S-FHG G, let us assume that S is a 2-size core stable coalition structure of G. Let us suppose, by contradiction, that

S admits a 2-improvement blocking coalition C. Let Uﬁax = v;(j), for some i, j € C, be the maximum valuation of two agents in C,

that is, vﬁax = max;ec U/ (G(C)) where G(C) = (C, (v;);c) is the game ¢ restricted to agents in C. We notice that y,;(C) < |C||C_|] Uﬁax
and that p;(C) < %vﬁu. This implies that the utility of agents i and j in S is at most %% U(r;:ax (because agents i and j belong

to the 2-improvement blocking coalition C). However, in this case agents i and j represent a 2-size blocking coalition for S. In fact,

by forming a coalition together, each of them gets utility of %vc > 1I€121,C This is a contradiction to the fact that S is a 2-size

max 2 |C| “max®
core stable coalition structure of §. [

We now show that the analysis of Theorem 1 is tight even for SS-FHG. To this aim, given any ¢ > 0, in the following example we
show an instance of SS-FHG where a 2-size core stable coalition structure is not k-improvement core stable for any k <2 —e.

Example 3. Consider the instance of SS-FHG given by an unweighted clique with an even number of nodes n. It is easy to see that
the coalition structure S induced by a perfect matching (where, for each edge {i,j} of the perfect matching, we have a coalition
C = {i,j}), where each agent gets utility of %, is 2-size core stable. Moreover, in the grand coalition each agent gets utility of %

Thus, for any n > %, it holds that k <2 — ¢ < 2(1 — 1/n), thus implying that the grand coalition is a k-improvement blocking coalition
for S.

We also show that, for every SS-FHG, any 3-size core stable coalition structure is %-improvement core stable.
Theorem 2. For every SS-FHG, any 3-size core stable coalition structure is %-improvement core stable.

8
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Proof. In this proof we exploit the graph representation of simple symmetric fractional hedonic games introduced in Section 2;
since we are considering SS-FHG, the related graph G is unweighted. Given an SS-FHG G, let us assume that S is a 3-size core
stable coalition structure of G. Let us suppose, by contradiction, that S admits a é—irnprovernent blocking coalition C. Remind that

1, (C) < = ! for any i € C. First notice that, for any i € C, it holds that 4,(S) < £ (because they belong to the —-1mprovement blocking
coalition C and in any coalition structure each agent gets utility of at most ~ ) It implies that the subgraph G(C) induced by agents

in C does not contain a triangle. In fact, if three agents of a triangle form a new coalition together, each of them gets utility of 2 5 and
this is a contradiction to the fact that S is a 3-size core stable coalition structure of G.

Consider any edge {i,j} in G(C). It holds that either u;(S) > % or 4;(S) 2 % because otherwise i and j together form a 2-size
blocking coalition for S, and this is a contradiction to the fact that S is a 3-size core stable coalition structure of G. Without loss of
generality, let us assume that y,(S) > % Then, since i belongs to C, we have that y;(C) > %% = %. It implies that agent i has more
than three adjacents in G(C). We now show an upper bound to the utility of each agent j adjacent to i in G(C). Given that G(C) does
not contain triangles, any pair of adjacents of i is not connected by an edge. Let x be the number of agents connected to i in G(C).

We have that y;(C) = ﬁ > =. Thus, any agent j connected to i in G(C) gets utility of at most | IlCI < %. Since j is a member of the

%-improvement blocking coahtlon C, we get that y ;(S) < g.

By summarizing, there must exist two agents j and z that together with i form in G a star of three nodes centered in i such that
ui(S)< é, u.(S)< é and 4;(S) < % Therefore, agents i, j and z together form a 3-size blocking coalition for S. This is a contradiction
to the fact that S is a 3-size core stable coalition structure of §. [

We show that the analysis of Theorem 2 is tight, that is, in the following example, given any ¢ > 0, we show an instance of SS-FHG
where a 3-size core stable coalition structure is not k-improvement core stable for any k <3/2 —e.

Example 4. Consider the instance of SS-FHG given by an unweighted clique of » nodes such that » mod 3 = 0. It is easy to see
that the coalition structure S induced by a partition of the graph into triangles (for each triangle {i, j,z} of the partition, we have
a coalition C ={i,j,z}), where each agent gets utility of g is 3-size core stable. Moreover, in the grand coalition each agent gets

utility of “=L. Thus, for any n Z 5., itholds that k <3/2—e < 3/2(1 - 1/n), thus implying that the grand coalition is a k-improvement
blocking coalition for S.

We conclude this section by showing that the converses of Theorem 1 and Theorem 2 do not hold. Specifically, in the following
example we show a simple instance of SS-FHG admitting a coalition structure S which is %-improvement core stable but not 2-size

core stable. Since it holds that (i) if S is i—improvement core stable then it is k-improvement core stable for any k > X and (ii) if
S is not 2-size core stable then it is not g-size core stable for any ¢ > 2, this example implies that the converses of Theorem 1 and

Theorem 2 do not hold.

Example 5. Consider the instance of SS-FHG given by an unweighted path (i, i,,i3,i4,i5) of 5 agents. We claim that the grand
coalition S is 5/4-improvement core stable. Indeed, in S, each of the two “external” agents i; and i5 gets utility of 1/5, while the
other “internal” ones i,, i; and i, get utility of 2/5 each. If there exists a k-improvement (for some k > 1) blocking coalition C for
S, it must contain an internal agent who gets utility of at most 1/2 in C. This implies that S is k-improvement core stable for any
k >5/4. However, any two agents connected by an edge of the path form a g-size blocking coalition for S for any ¢g > 2.

3. Existence and computation

In this section, we focus on existence and convergence issues of relaxed core solutions. We start by showing that any 2-size
dynamics of every S-FHG converges to a stable solution.

Theorem 3. Every S-FHG is 2-size core convergent.

Proof. Consider any 2-size core dynamics D starting from any coalition structure S°. We show that D = (S%,S! ...) has finite length,
i.e., that a 2-size core stable coalition structure is eventually reached. For any ¢ > 1, let C’ be the blocking coalition (i.e., the set of two
agents) performing the ¢-th 2-size core deviation of the dynamics D, leading from coalition structure S'~! to S’, and let N = U L CP
be the set of all agents involved in some of the first t improvement deviations of D. Notice that, for any 7 > 1, all agents in Ct w111
belong to a coalition of cardinality at most 2 in any coalition structure S? with p > . For any ¢ > 0 and any agent i € N, let

. fo if i ¢ N'
= u;(S")  otherwise.

Moreover, for any ¢ > 0, let X’ be the vector obtained by listing r]f (for all i € N) in non-increasing order. As usual, given two n-
dimensional vectors y and ', we say that the first one is smaller than the second one for the lexicographical order (and we write
y <) if either y, is a prefix of y;) or y, < y; for the first component p such that y, # y;).

9
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(a) Outcome S°. (b) Outcome S*. (c) Outcome S2.

Fig. 7. The cycle in the 3-size core dynamics.

It holds, for any ¢ > 1, that ¥'~! < X', i.e., the considered vector always lexicographically increases after each deviation. In order
to prove this property, we have to consider all agents i € N such that 7] # 11;_1. In fact, consider for any ¢ > 1 any agent i € C":
clearly, n! > ;1!?‘1 because either i ¢ N'~!, and in this case it trivially holds that 0 =u(SH)>0= ;11?‘1, or i € N1 and also in this
case it holds 7} = 41;,(S") > u;(S =1y = nf‘l given that every agent in C' improves her utility. It remains to deal with any i € N \ C’
such that 7] # ;11?‘1: first of all, notice that i € N'~!, because otherwise n= r/;‘l
canceling her utility out, i.e., y;(S)=0< yi(S"l), because i has to belong, in S'~!, to a coalition of 2 agents in which with the other
node, say j, belongs to C’. Even if ! = y;(S") =0 < u(S™H= nf‘l, it still holds that X'~! < X' because there exists node j such that
t —1 _ 1—1
my>n =
We have proven that vectors X', for ¢ > 1, lexicographically increase after each deviation; since the set of possible vectors is finite,
the claim directly follows. []

= 0; furthermore, it is easy to see that agent i is

As shown by the following example, the situation is different for g-size core dynamics with ¢ > 3 in S-FHGs, for which the
convergence cannot be guaranteed.

Example 6. Consider the instance of S-FHG depicted in Fig. 6, given by a weighted graph with 4 nodes and 4 edges. We claim that
there exists a 3-size core dynamics admitting a cycle. The cycle is presented in Fig. 7. The first outcome S° of the dynamics is the
one depicted in Fig. 7a. The second outcome S! of the dynamics is depicted in Fig. 7b and is obtained from S° by a deviation of
the blocking coalition {2,4}: in fact, y,(S)=6>5= ,uz(SO) and j,(SH=6>4= ,u4(50). The third outcome S? of the dynamics
is depicted in Fig. 7c and is obtained from S! by considering the blocking coalition {1,2,3}: in fact, y;(S?) =3 > 0= u;(S"),
/42(5'2) = 13—9 >6=u(S 1) and y3(52) = % >0=pu3(S b, Finally, S9 can be obtained from S2 by considering the blocking coalition
{1,4}: in fact, 4 (S%) =4 >3 = 4;(S?) and p,(S°) =4 > 0= p,(S?).

We are also able to provide a similar result holding for 3-size dynamics in the context of simple games (i.e., games with valuations
in {0,1}).

Theorem 4. Every SS-FHG is 3-size core convergent within a polynomial number of deviations.

Proof. In this proof, it is convenient to exploit the graph representation of simple symmetric fractional hedonic games introduced
in Section 2; since we are considering SS-FHGs, the related graphs are unweighted. Consider any 3-size core dynamics D starting
from any coalition structure S°. We show that D = (S, S! ...) has finite length, i.e., that a 3-size core stable coalition structure is
eventually reached. For any ¢ > 1, let C’ be the 3-size blocking coalition for S’~! whose deviation leads to S'. It is worth noticing
that, for any ¢ > 1, G(C") is (i) either to a triangle (i.e., a clique of 3 nodes), (ii) a path of 3 nodes, or (iii) a clique of 2 nodes.

Given any coalition structure S, let a(S) (respectively f(S) and y(S)) be the number of coalitions in S being triangles (respectively
path of 3 nodes and cliques of 2 nodes).

For any 7 >0, let N' C N be the set of all agents not belonging, in coalition structure S’, to coalitions being either a triangle, a
path of 3 nodes, or a clique of 2 nodes. Moreover, for any ¢ > 0, let X" be the triple defined as (a(S?), B(S") + y(S"), f(S")). As usual,
given two 3-dimensional vectors y and ', we say that the first one is smaller than the second one for the lexicographical order (and
we write y < y) if y, < y’p for the first component p such that y, # y’p .

10
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Fig. 8. Deviation in which G(C") is a path of 3 nodes with i being the node of degree 2, and G(S'~'(i)) is a clique of 2 nodes.

2 J i J
o—o0—o0 o—o0—o0
> o—-o
Ntfl Nf,

Fig. 9. Deviation in which G(C") is a path of 3 nodes with i being the node of degree 2, and also G(S'~'(i)) is a path of 3 nodes.

Fig. 10. Deviation in which G(C") is a clique of 2 nodes i and j, i € N'~! and G(S'~'(j)) is a path of 3 nodes.

It holds, for any ¢ > 0, that X¥~! < ¥/, i.e., the considered triple always lexicographically increases after each deviation. In order
to prove this property, we consider, for any 7 > 1, the following disjoint cases:

+ G(C") is a triangle, with all nodes corresponding to agents having utility % in coalition C'.

In this case, a(S’) = a(S'~!) + 1 and therefore the first component of triple X' is greater than the one of triple ¥'~!, thus implying
that X~1 < ¥'.

G(C") is a path of 3 nodes, with agent i being the one connected to both the other agents j and j’. It holds that u;(C") = % and
i (CH = pp(Ch = 3.

Notice that the utility 4#;(S'~!) of agent i in coalition structure S'~! has to be less than % and that y j(S"l) and p; (S =1y have

to be less than % Therefore, it holds that j, j// € N'~! and we have to consider the following disjoint subcases depending on the

coalition agent i belongs to in S~

— i€ N1, In this case, a(S") = a(S™™"), f(S) = f(S™™") + 1 and y(S") = y(S'~!); therefore, the second component of triple ¥’
is greater than the one of triple X'~! while the other components are equal, thus implying that ¥'~! < %'.

- G(S'™ (i) is a clique of 2 nodes (see Fig. 8). In this case, a(S’) = a(S'"1), #(S") = p(S™~1)+1 and y(S’) = y(S'~!) — 1; therefore,
the third component of triple X' is greater than the one of triple ¥'~! while the other components are equal, thus implying that
1<%

- G(S'1(i)) is a path of 3 nodes, with 4;(S"!) = % (see Fig. 9). In this case, since G(S'~1(i) \ {i}) is a clique of 2 nodes, we
obtain that a(S") = a(S™"1), (S?) = A(S™) and y(S") = y(S'1) + 1; therefore, the second component of triple X' is greater
than the one of triple X’~! while the other components are equal, thus implying that ¥~ < X,

G(C") is a clique of 2 nodes i and j, with 4;(C") = u;(C") = % Notice that the utilities y;(S'~!) and ﬂj(SH) of agents i and j in

coalition structure S?~! have to be less than % We have to consider the following disjoint subcases.

- i,j € N'"!'. In this case, a(S") = a(S'™1), f(S") = (S~ and y(S?) = y(S'~!) + 1; therefore, the second component of triple X'
is greater than the one of triple X'~! while the other components are equal, thus implying that ¥'~! < ¥'.

- only an agent, say agent i, belongs to N'=1 while G(S™"1(j)) is a path of 3 nodes, with ,uj(S’_l) = % (see Fig. 10).
In this case, since G(S~'(j) \ {j}) is a clique of 2 nodes, we obtain that a(S?) = a(S'™1), f(S") = (S"1) = 1 and y(S") =
y(8™1) + 2; therefore, the second component of triple X is greater than the one of triple ¥*~! while the first components are
equal, thus implying that ¥~ < ¥’

11
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Fig. 11. Deviation in which G(C") is a clique of 2 nodes i and j, while G(S"~'(i)) and G(S'~!(j)) are paths of 3 nodes.

- G(S'1(i)) is a path of 3 nodes, with y;(S!) = % and also G(S'~!(j)) is a path of 3 nodes (see Fig. 11), with 4;(S"™") = % and
S0y # ST,
In this case, since G(S'~(i)\ {i}) and G(S'1(j)\ {j}) are cliques of 2 nodes, we obtain that a(S) = a(S'"1), (S = f(S"~1)-2
and y(S") = y(S'~!) + 3; therefore, the second component of triple X' is greater than the one of triple X'~! while the first
components are equal, thus implying that X~! < ¥'.

We have proven that vectors X', for 7 > 1, lexicographically increase after each deviation; since the cardinality of the set of possible
triples polynomial in the number of agents, the claim directly follows. []

Our last result concerns the convergence of k-improvement dynamics, for any k > 2. It is obtained by proving that, in this case,
the social welfare is indeed a potential function for the game, i.e., every deviation of a blocking coalition implies an increase of the
social welfare.

Theorem 5. Every S-FHG is k-improvement core convergent, for every k > 2.

Proof. Given any k > 2, consider any k-improvement core dynamics D starting from any coalition structure S°. We show that
D= (S0 .S! ..) has finite length, i.e., that a k-improvement core stable coalition structure is eventually reached. For any ¢ > 1, let
C' be the blocking coalition performing the ¢-th k-improvement core deviation of the dynamics D, leading from coalition structure
S™1 to S'. Moreover, let X' = {S'~1(i)|i € C'} be the collection of coalitions belonging to S'~! being affected by the t-th deviation
of the considered dynamics D.

In the following we show that, for any ¢ > 1, SW (S'~!) < SW(S'), i.e., the social welfare always increases after each deviation.
Since the set of possible coalition structures is finite (as well as the one of possible social welfare values), the claim directly follows.

For any ¢ > 1, by the definition of X7, it holds that

SW(S")=Sw (s +sw(C") +

+ ) (Sw(Cc\C')-sw(C)).
Cex!

In order to show that SW (S'~1) < SW (S'), it is therefore sufficient to verify that

Sw(C)> Y (SW(©)-SW(C\C')). (€))
Cex!

Let us first focus on the right hand side of inequality (1).

sw(c\C)= Y wm(EC\C
ieC\C!

1 Z .
=— Sener ()
IC \ Ctl ieC\C!

() (2

i,jeEC\C',i<j

> % Z v; (),

i,jEC\C',i<j

Ic\C|

where equality (2) holds because the valuations are symmetric. Analogously, it is possible to derive the following chain of equalities,
starting from SW(C):

swe) =Y u(© =Y 5e)

i< ICl &
2 . . .
=l X wo+ Xowo+ X ). ®)
i,jeCnCli<j i,jeC\C,i<j ieCnC!,jeC\C!

12
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where equality (3) holds because the valuations are symmetric and we are counting in three separate summations the contributions
t0 Y;ec 6¢ (i) due to the pair of agents both belonging to C n C', the pair of agents both belonging to C \ C and the pair of agents

with an agent belonging to C N C’ and the other one to C \ C'. By combining SW (C \ C') > % Zi’jec\c,’iq v;(j) with equality (3),
we obtain

SW(C)-SW(C\C")

s% DY) FD Y

i,jeCnCli<j ieCnC!,jeC\C!
2 . .
< DI R Y0
i,jeCnC! ieCnC!,jeC\C!
2 iy —
=ig 2 fe=2 ¥ w(©).
iecncC? iecncC?

By summing over all coalitions in X7, we obtain

Y (Sw(©)-sw(c\C'))

Cex!

<23 3 w©
CeX!ieCnC?

=23 D ws™h @
CeXtieCnC!

=2 ) w(s'h, ®)
ieCt

where equality (4) holds by the definition of X’. Thus, the right hand side of inequality (1) can be bounded from above by
2% et Hi(ST.

We now focus on the left hand side of inequality (1). Since C’ is a k-improvement blocking coalition, it follows that, for every
agent i € C', p;(C") > kp;(S™™1) > 244,(S'~1). It follows that

SW(C)>2 Y u(s,

ieC!

thus proving inequality (1) and the whole theorem. []

Notice that, by Theorem 5, we directly get that every S-FHG admits a k-improvement core stable coalition structure, for every k >
2, that can be obtained by running a k-improvement core dynamics starting from any coalition structure. Analogously, by combining
Theorem 1 and Theorem 3, we can obtain, for any given S-FHG, a k-improvement core stable coalition structure, for every k > 2,
by running a 2-size core dynamics starting from any coalition structure. However, in both cases, we are not guaranteed that the
dynamics is convergent within a polynomial number of deviations. Moreover, by Theorem 5, we have that the social welfare is a
potential function which implies that the optimal solution is k-improvement core stable for any k& > 2. However, computing the
optimal solution is an NP-Hard problem even for SS-FHG [6]. In the following, we show a polynomial time algorithm that, given
any instance of S-FHG, computes a coalition structure which is k-improvement core stable, for every k > 2(1 — 1/n).

Theorem 6. Every S-FHG admits a k-improvement core stable coalition structure that can be computed in polynomial time, for every
k>2(1—-1/n).

Proof. We show a simple algorithm that computes in polynomial time a 2(1 — 1/n)-improvement core stable coalition structure. We
notice that the same algorithm has been used to show the existence of core stable outcomes in modified fractional hedonic games

[34].° The algorithm works in phases 7 = 1,2, .... Let ¢% =¢. For any 1> 1,let G’ = (N, (v,-);E N') be the resulting sub-game obtained

after phase . In any phase 7 > 1, a new coalition isomorphic to a clique of size 2 is added to S as follows: Let U;n_alx =0;(j)=v;(), for

some i, j € N'~!, be the maximum valuation of two agents in G'~!, that is, v'>! = max;cy:1 vf”""(g"l). We add to S the coalition
formed by agents i and j, i.e., S =S U {i,j}. Moreover, let G’ such that N = N'~! \ {i, j}. The algorithm stops when |N’| < 1. In
particular, if [N| mod 2 =0 (resp. |[N| mod 2 = 1), the algorithm ends by returning S (resp. S U {i} where N’ = {i}). Since at each

3 Modified fractional hedonic games differ from fractional hedonic games (that are considered in this paper) in the definition of the utility of an agent: while in
fractional hedonic games the utility of an agent is given by the sum of her valuations for all other agents in the same coalition divided by the cardinality of the
coalition, in modified fractional hedonic games the utility of an agent is given by the same quantity divided by the cardinality of the coalition minus one, i.e., the
utility is given by the average valuation for all other agents in the coalition.

13
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phase (excluding the last) two agents are removed from the sub-game, the algorithm terminates in at most [|N|/2] phases returning
a coalition structure with all coalitions of cardinality at most 2.
We now show that the returned outcome S is a 2(1 — 1/n)-improvement core stable coalition structure of . In S, agents i and j

selected at phase 7 = 1 get each utility of U%z‘” . Remind that y,;(S) < % U(r:mx and p;(S) < %1 vzax, for any possible coalition structure
S. Itimplies that agents i and j cannot belong to a k-improvement blocking coalition for S, for any k > 2(1 —1/n). The proof continues
by induction as follows. Suppose that all the agents selected until phase z, i.e., agents belonging to N \ NZ, cannot belong to any
k-improvement blocking coalition for S, for any k > 2(1 — 1/n), then agents i, | and j,, selected in the phase z + 1 of the algorithm
cannot belong to any k-improvement blocking coalition for S, for any k > 2(1 — 1/n), as well. In fact, suppose that such agents have
a certain utility in the coalition S. For the inductive hypothesis we have that they can create a k-improvement blocking coalition for
m

N and cannot get utility higher than

S, for any k > 2(1 — 1/n), only with agents belonging to N*. However, since they have utility
2=1 2 this is not possible. Finally, it is easy to see that, if there is an agent selected as the last one by the algorithm that is alone
n max

in her coalition, she cannot form a blocking coalition, and this finishes the proof. []

Finally, we provide the following theorem holding for the special case of simple games: by combining Theorem 2 with Theorem 4,
it directly follows that a k-improvement core stable outcome can be computed in polynomial time for every k >3/2.

Corollary 7. Every SS-FHG admits a k-improvement core stable coalition structure that can be computed in polynomial time, for every
k>3/2.

4. Efficiency
4.1. Price of anarchy

In this section we study the price of anarchy for the considered relaxed core stable outcomes. We start by showing that, for every
S-FHG and k > 1, the social welfare of an optimal outcome can be at most 2k times the social welfare of any k-improvement core
stable outcome.

Theorem 8. For every S-FHG G and k > 1, k-IMPR CPOA(G) < 2k.

Proof. First of all, we need some additional notation and definitions. Let 52 H=) v;(j) be the sum of valuations of agent i

52(1')

. PR} . . . |C‘ . PRy .
for every agent j > i belonging to coalition C. It is worth noticing that, given the symmetry of the valuations, for any coalition C, it
holds that

jEC.j>i

for every agent j > i belonging to coalition C. Analogously, let u7 (C) = be the part of utility of agent i due to her valuations

SW(C)=2) i (C). (6)
ieC
Let S*(G) be an optimal coalition structure and S be any k-improvement core stable coalition structure of game G. We aim at

. SW(S*(©0))
showing that —SWE <2k.

For any C* € $*(G), consider the following process composed by |C*| phases:

* Phase 1. Let C* = C*. Since S is k-improvement core stable, coalition C} cannot be a k-improvement blocking coalition for S,
thus implying that there exists an agent, say agent i, such that y; (C}) < ku; (S).

e Phaset (t=2,...,|C*|). Let Ct* = Cr*_1 \ {i,_;}. Since S is k-improvement core stable, coalition Ct* cannot be a k-improvement
blocking coalition for S, thus implying that there exists an agent, say agent i,, such that ,u,-t(Ct*) < kM[,(S).

Assume, without loss of generality, that the agents are numbered such that i} <i, <... <i|c«|. Notice that the property of this
assumption can be simultaneously obtained for all coalitions of S*, for instance assigning to all agents in a same coalition consecutive

numbers that respect the desired ordering. By this assumption, for any r = 1,...,|C*|, it holds that
60 () 62,3y
(CH = > - = (). 7
w; (C)) T = e H; (C7) @
By summing over all agents in coalition C*, we obtain
IC¥|
SW(C*)=2 ) w(CH<2 Y 1 (C)
ieC* =1
<2% ) p(S),
ieC*

14
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Fig. 12. The unweighted graph G, , , of a balanced game G, , ;.

where the first equality holds by (6), the first inequality holds by (7) and the last inequality holds because, for every t =1,...,|C*|,
i; is selected at phase 7 of the above described process as an agent in C;" such that y; (C}') < ku; (S). By applying the last inequality
to every coalition in $*(G), we finally obtain

SW(S*(©)) = Z SW(C*) <2k Z Zyi(S)

C*eS*(Q) C*eS*(Q)ieC*
=2k ) u(S)=2k-SW(S). O
iEN

We now introduce a parametric class of games, called balanced games, that will be useful for proving several results in the remainder
of this section: For every triple of positive integers (m,,d) such that < m— 1 and mt is even, we construct an unweighted graph G,, , 4
representing a balanced game G, , ; as follows (see Fig. 12). The set of nodes of G,, , ; is partitioned into subset M = {1,2,...,m} of
size m>2, and m subsets L, L,, ..., L, each of size d. We assume that U'."=l L; is an independent set in G,,,, 4, while the subgraph
induced by M is a t-regular graph; notice that, by definition of ¢t and m, this subgraph is well defined (in fact, as it is well known
[26], there always exists a ¢-regular graph on m nodes when t < m — 1 and mt is even). Finally, each i € M is connected to every node
in L;.

By exploiting balanced games, we are now ready to show that the analysis of Theorem 8 is essentially tight even for SS-FHGs.

Theorem 9. There exists an infinite collection of SS-FHGs such that, for every game G belonging to it, it holds that 1-IMPR CPOA(G) > 2.
Moreover, for every k> 1 and € € (0, 1/2], there exists an infinite collection of SS-FHGs such that, for every game G belonging to it, it holds
that k-IMPR CPOA(G) > 2k(1 —¢).

Proof. We first focus on the case k = 1. Consider the graph G,,; , and the corresponding balanced game G, , ,, as defined earlier,
with m=d + 1 and t = d. Notice that the subgraph induced by M is a regular graph, in fact it is a complete graph with d + 1 nodes.

We claim that S (the coalition structure made of coalition M and md singleton coalitions) is core stable. In fact, in order for
any agent i € M to gain a utility strictly greater than u;(S) =d/(d + 1), i must join a blocking coalition with at least d + 1 agents,
involving both agents in M \ {i} and L;. But such coalition would be vetoed by the agents in M \ {i} which are not connected to
agents in L;. On the other hand, a blocking coalition could never be a subset of U;."=1 L;, since this set is independent. This implies
that S is core stable.

Therefore, since the social welfare of S is Y,,,, #;(S) =1 =d and the social welfare of S (the coalition structure made of
m coalitions, in which each agent i € M makes a coalition with the corresponding set L;) is (d + l)dz—fl = 2d, we have that
SW(S8)/SW(S)=2.

Let us now consider the case k > 1. We can prove the claim by exploiting a slightly more complicated construction than the one
presented for the case k = 1. For every triple (p, q,d) of positive integers, such that p > g and pq is even, we consider the graph G,,,, ;4
and the corresponding balanced game G, , ;, with m = p(d + 1) and t = q(d + 1) (notice that, by the definition of p and g, we have
that t <m — 1 and mt is even).
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Let us consider the coalition structure S made of coalition M and md singleton coalitions, one for each node in U;.":l L;. We first
show that S is p/g-improvement core stable. For the sake of contradiction, let us assume that there is a p/g-improvement blocking
coalition C. Notice that an agent i € M cannot belong to C. In fact, the utility of i is y,(S) = j = % = % and a p/g-improvement
deviation would raise the utility to 1, that is above the maximum achievable. On the other hand, since U;."=] L; is an independent
set, C cannot be a subset of U;":l L;. Hence, a contradiction.

In order to evaluate the efficiency of S, we compare its social welfare with the social welfare of the coalition structure S, made
of m coalitions, in which each agent i € M makes a coalition with the corresponding set L;. The social welfare of S is m% =2pd.

On the other hand, the social welfare of S is Y., #:(S) =1 =q(d + 1). It follows that the s-improvement price of anarchy of G is

at least S W(§ ) /SW(S)= 7 (de-:—il) = 25 (1 - d%l ) The claim follows by observing that for every pair of rational numbers k > 1 and
1

e €(0,1/2], there are infinite ways of choosing the triple (p,q,d) such that k = p/q and € = ot O

We now focus on the g-size core price of anarchy, for ¢ € {2,3}. For S-FHGs, by Theorem 1 we get that the social welfare of
the worst 2-size core stable outcome is at least the social welfare of the worst 2-improvement core stable outcome. Analogously, for
SS-FHGs, by Theorem 2 we get that the social welfare of the worst 3-size core stable outcome is at least the social welfare of the
worst %—improvement core stable outcome. Therefore, the following theorem is an immediate consequence of Theorem 8 and the fact
that, for any game G, the ¢-SIZE CPOA(G) is monotonically decreasing with respect to q.

Corollary 10. For any S-FHG G it holds that gq-SIZECPOA(G) < 4, for any q > 2; moreover, for any SS-FHG G, it holds that
q-SIZECPOA(G) <3, for any q > 3.

By exploiting the same ideas of the construction of Theorem 9, it is possible to show that, for any ¢ > 0 and any integer g > 2,
there exists a game G such that g-SIZE CPOA(Q) > 2# — ¢, thus proving the tightness of the bounds provided by Corollary 10.

Example 7. Consider the balanced game G, ,_, ,, being an instance of SS-FHG. It is easy to see that the coalition structure S made of
coalition M and qd singleton coalitions is g-size core stable. Notice that the social welfare of S is ¢ — 1. Let us consider the coalition
structure S made of ¢ coalitions where each agent i € M makes a coalition with the corresponding set of agents L;. Notice that the
social welfare of S is 2qdi+1. Thus, we have that SW(S*)/SW(S) > SW (S5)/SW(S) =2-1 ¢_ By setting d large enough, we

g-1d+1°
obtain that G, is such that ¢-s1zE CPOA(G,) > 2# —¢, for any € > 0.

4.2. Price of stability

In this subsection, we would like to focus on the g-size and k-improvement core price of stability. Roughly speaking, a low core
price of stability means that there exists a core stable solution that is close, in terms of efficiency, to the social optimum. Interestingly,
to this respect, some preliminary results arise as a direct consequence of other theorems provided in this paper.

In particular, for S-FHGs, the k-improvement core price of stability is 1 for k > 2, because, by the proof of Theorem 5, the
social welfare is in this case a potential function for the game, thus implying that the optimal solution is k-improvement core stable.
Moreover, always for S-FHGs, if k <2 we know, by Theorem 8, that the core price of stability is at most 2k, because the core price
of stability of a game is always less than its core price of anarchy. For SS-FHGs, by exploiting the fact that, by Corollary 7, a %
improvement core stable solution (approximating, by Theorem 8, the optimal solution by a factor of 3) is guaranteed to exist and
by observing that a g-improvement core stable solution is also k-improvement core stable for any k > 3/2, we obtain an improved
upper bound equal to 3 for the k-improvement core price of stability, with k € [3/2,2).

A lower bound of 2 to the core price of stability is known [17, Theorem 5.1] for core stability in which the blocking coalition has
to satisfy the additional structural property of inducing a complete subgraph, thus implying that the (1-improvement) core price of
stability is at least 2: a matching lower bound for the case k = 1.

We now provide some results concerning the determination of non-trivial lower bounds to the k-improvement core price of stability
for k € (1,2), and to the g-size core price of stability. The following technical lemma will be exploited in the proof of Theorem 11.

Lemma 1. Consider any balanced game. Given any M C M with |M| >3 and any L C N \ M, it holds that SW (M) > SW (M UL).

_ Uit _

~ M| - o

for every node of L we are adding one node and at most one edge to coalition M. Therefore, we obtain that .§ W(M U L) <
IMI(M|-D+2|L| _ |MI(M|-1) _ Y 21| _ IM|(M|-1)

L < ] —SW(M) because 2< . g

Proof. Since nodes in M form a clique, we have that SW (M) |[M| —1>2. When considering coalition M U L

7 M|

Theorem 11. Given any small € > 0, any small 6 > 0 and any integer d > 2, there exists a SS-FHG game G such that (% - e)—IMPR CPOS(G) >
2d
d+1 :
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Fig. 13. The coalition structure S* of the balanced game G,

mm—1.d*

Proof. Consider the balanced game G, where m is a parameter that will be defined later. Let S* = {{ie M}U L;|i=1,...,m}

be the coalition structure in which there are m coalitions of size d + 1; notice that SW (S*) = mdz—ﬂ

Let S*={{x+1,....m}CM}ju{{ieM}uL;i=1,....,x}U{{j€L;}|li=x+1,...,m} be the coalition structure in which there
is a coalition given by a clique of size m — x, x coalitions of size d + 1 (given by stars with d leaves, each formed by a node in i € M
together with the corresponding nodes in L;), and d(m — x) singleton coalitions (see Fig. 13); it holds that SW(S*) =m—-x—1+ x2L

d+1°
Let 7 be the smallest integer such that — dil o 4+l _ ¢ In the following, we aim at showing that there exists no stable coalition

T
structure having social welfare better than the social welfare of S”, thus implying that

mm—1,d>

2d
m=<
(E — €>-IMPRCPOS(Q) > d—+12d’
d m—1—1+7-—~

d+1
that for a sufficiently big value of m (depending on &) proves the theorem.

Consider any coalition structure S = {C,,...,C,}. We want to prove that either SW(S) < SW(S7), or S is not stable. For any
j=1,...,a,let C]’. =C;NnM and n;. = |C]’. |. By the arbitrariness of the coalition order in a coalition structure, without loss of generality
we assume that the coalitions are sorted in non-decreasing order with respect to n;.

We divide the proof in the following cases:

« If there exist 7 + 1 coalitions Cy,...,C,,; € S such that, forall j=1,...,7+1, n;. =1, then S is not stable because B = U;’=1 CJ’.
is a blocking coalition. In fact, for any node in i € B, it holds that y;(S)

least — > (ﬂ —e) 4
7+1

< ddT’ while the utility of i in coalition B would be at

d d+1°
+ Otherwise, there are exactly x < 7 coalitions C|,...,C, € S such that, forall j=1,...,x, n;. = 1. Without loss of generality, given
the symmetry of the considered instance, we assume that C}’. ={je M} for all j =1,...,x. Moreover, for every node i € N,

let us define the special utility of i in S as j3;(S) = g(ll/;i](;? By this definition, it holds that .S W(Cj) = Z,Ecj{ A;(S) and that
SW(S) = Yien Hi(S).

We now show that SW(S) < SW(S*), which implies that SW(S) < SW(S7), given that SW (S*) < SW(S7). In order to prove
that SW(S) < SW(S¥), we show that, for every node i in M, /i;(S) < 1;(S%):

- Ifie{l,...,x}, it holds that /,(S) < dz—ﬂ (with the equality obtained when |S(i)| = d + 1) and ,(S*) = j—jl
- Ifie{x+1,...,m}, let h> x be such that i € C,,. First of all, notice that 4;(S¥) = "'m_—fx_l
' 1
If n}, >3, by Lemma 1, it holds that SW(Cy) < SW(C}’I) =n}, — 1 and therefore f3,(S) < "’y’l, < m;f;l, where the last

h
inequality holds because n;l <m-x-1.
Otherwise, i.e., if ";. =2, let 6 =|C},| — 2 be the nodes connected to a node in C;l. We obtain that .S W(Ch) = % < %

S < % 2(22:: 2') = % < '"’;f ;1 , where the last inequality holds by choosing m > 2d +x+2. []

because 6 < 2d. It follows that /i,
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M

o

(@) |C;] = |Cy| = 3. ) |Cj| =|Cj| = 4. (©|Cj| =3 and |Cy| = 4.

Fig. 14. The case in which there exist two coalitions C; and C;, such that |C;| € {3,4}, |ij| =2,|C;| €(3,4} and |ij, |=2.

(@) |C;| = 4. () |C;] = 3.

Fig. 15. The case in which there exists only a coalition C; such that |C;| € {3,4} and |Cj’| =2.

Both Theorems 11 and 12 provide lower bounds to the k-improvement core price of stability. While Theorem 11 deals with values
of k between 1 and 3/2, the following theorem deals with values of k between 8/5 and 2.

Theorem 12. For every integer t > 5, there exists a SS-FHG game G, such that k-1MPR CPOS(G,) > ;—_’2 forany k<2 — %

Proof. We first provide the description of game G,: For any ¢ > 5, consider the balanced game G, ,_, ;. Notice that sets |L;| =1 for
every j=1,...,1. We denote by /; the unique node of L;.

Let S* ={{ie€ M,/;}|i=1,...,t} be the coalition structure in which there are ¢ coalitions of size 2; notice that SW (5*) =t. For
any i =1,...,¢ and any coalition structure S, we also define the special utility (1,(S) = u;(S) + Hy, S).

In the following, we exploit a useful property.

Property 1. Given any coalition structure S, for every i =1, ...,¢, it holds that /;(S) <1.

This property holds because y;(S) < % and Hy, S < ISIW It follows that 2,(S) = u;(S) + /4,,,(3) <lI.

Let Sstable — (¢ 1,24, {0}y u{{i,1;}]i =3,...,1} be the coalition structure being very similar to S*, with the difference that node
2 is in the same coalition of nodes 1 and /,; it holds that SW (5 S‘able) =t-2+ ;i =t- % In the following, we aim at showing that there
exists no stable coalition structure having social welfare better than the social welfare of S, thus implying that k-IMPR CPOS(G,) >
% forany k<2 — %

Consider any coalition structure S = {C|,...,C,}. We want to prove that either SW(S) < SW (5%®!¢), or S is not stable. For
any j=1,...,a, let Cj’. =C;,nM.If |C/’.| > 3, by Lemma 1, it holds that SW(CJ-) < SW(CJ’.) = |CJ’.| — 1. Therefore, given that (i) by
Property 1 the special utility of all agents belonging to M \ C; is at most 1 and that (i) SW(S) = 22:1 i;(S), the following holds: if
there exists j such that |C]| > 3, then SW(S) <1 —1 < SW (S*®l¢) We can therefore assume that, for every j=1,...,a, |C/’.| <2.

We now divide the proof in the following cases:

+ If there exist two coalitions C; and Cjs such that |C;| € {3,4}, |le-| =2, |Cy|€{3,4} and |CJ’,,| =2 (see Fig. 14), given that (i)
by Property 1 the special utility of all agents belonging to M \ C; is at most 1 and that (i) SW(S) = Zf: 1 4;(S), we obtain that
SW(S)<t—4+2-2=1-1<SW(Sbe),

« If there exists only a coalition C; such that |C;| € {3,4} and |Cj’.| =2 (see Fig. 15), it holds that, for all nodes i € M \ C},
Hi(S) < % We consider two subcases:

If |C;| =4, also the two nodes in M N C; have utility % in S and S is not stable because M is a blocking coalition.
Otherwise, i.e., |C;| =3, given that (i) by Property 1 the special utility of all agents belonging to M \ C; is at most 1 and that

(i) SW(S)=X!_, f1;(S), we obtain that SW(S) <1 -2+ g = SW (Sstable),
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M
O

(a) There exists u € M such that a,, = 2. (b) oy, =3 forallu € M.

Fig. 16. The case in which ¢ = 3, there exists u € M such that a, >2 and, for allie Sw)n M, p; > 1.

u =

Therefore, for t > 5, there exists no stable coalition structure having social welfare better than the social welfare of Sstable and the
k-IMPRCPOS(G,) > 72 forany k<2 - 2. []

Finally, we provide a lower bound to the g-size core price of stability. Before proving Theorem 13, we need a technical lemma.

Lemma 2. Consider the balanced game G
q=2
T

7.q—1,q—2- In @iy g-size core stable coalition structure S, for any node i € M it holds that y;(S) >

Proof. Consider any node i € M and let B; C L; be the set containing all and only the nodes j € L; such that S(j) = S(i); similarly,
let B; C L; be the set containing all and only the nodes j € L; such that C(j) # C(i); moreover, let §; = |B;| and ¢ —2 — §; = | B;|. If
1i(S) > %, the property holds and we are done. Otherwise, by way of contradiction, assume that 4,(S) < %.

If g, > %, notice first of all that, since y;(S) < "%2, other agents (not connected to i) have to belong to coalition S(i), i.e.,

. a2
|S(@@)| > p;+1. Allnodes in T = {i} U B; strictly prefer coalition T to their current one: a contradiction. In fact, % = % > = ;=
i =t
22 5 ,1(S) and, for any j € B, ) - Ly L8
q ! ’ T B+l SO e
. 92
If g, < %, all nodes in T = {i} U B; strictly prefer coalition T to their current one: a contradiction. In fact, 5|TT(;) = Z:?:? >-1 =
i 2

) c—p or() _ 1 _
> > u;(S) and, for any j € B;, = >0=p;(S). O

q-2
(g-1)?%"

Theorem 13. For every integer q > 3, there exists a SS-FHG game G, such that g-SIZE CPOS(G,) > 2q

Proof. Consider the balanced game G
qg—1.

Let us assume, by way of contradiction, that there exists a g-size core stable coalition structure S such that SW(S) > g — 1. For
any i € M, let A; =S(i)n M and o; = |A;|. Moreover, for any i € M, let B; C L; be the set containing all and only the nodes j € L;
such that S(j) = S(i), and let §; = | B;|. The proof is now divided into three disjoint cases:

0.q—1,g—2- We first show that any g-size core stable coalition structure S is such that SW(S) <

« If, for all ie M, a; =1, then, for all i e M, u;(S)= N/ Z%, because f; < g — 2. Therefore, all nodes in M strictly prefer

pi+l —
coalition M to their current one: a contradiction to the stability of S. In fact, for any i € M, y;(S) < ;’:—? < % = %.

If there exists u € M such thata, > 2 and, foralli € Sw)N M, §; > 1, thenlet j € S(u)n M be an agent for which f; = min;ec, 5;-
Notice that a=a,22 because S(j) = S(u).

In the case of g =3, if there exists u € M such that a, =2, then M is a blocking coalition (see Fig. 16a): a contradiction to the
stability of S. Otherwise, i.e. if @, =3 for all u € M (see Fig. 16b), then SW(S) =2 =q — 1: a contradiction to the fact that
SW(S)>q-1.

In the case of ¢ = 4, if there exists u € M such thata, =2,then T ={j}UL jisa blocking coalition (see Fig. 17a): a contradiction
ﬁ,?;irz < 212:2 = %, while % = % and it can be easily verified that the utility also improves
(from being at most 1/4 to the new value of 1/3) for all nodes in L;. Moreover, if there exists u € M such that @, = 3, then M
is a blocking coalition, given that the utility of any agent in M can be at most 4/7, while in coalition M her utility would be
2/3 (see Fig. 17b): a contradiction to the stability of S. Finally, if a, =4 for all u € M (see Fig. 17¢), then, by Lemma 1, it holds
that SW(S) =3 =g — 1: a contradiction to the fact that SW(S)>q— 1.

to the stability of S. In fact, u (S) =
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(a) There exists u € M such  (b) There exists v € M such (©)ay =4forallu € M.
that o, = 2. that o, = 3.

Fig. 17. The case in which g =4, there exists u € M such that @, >2 and, forall ie Sw)n M, f, > 1.

(a) There exists u € M such that o, = 2. (b) a,, =3 forallu € M.

Fig. 18. The case in which ¢ =3, there exists i € M with a; > 2 such that (i) there exists j € S(i)n M with f; =0 and (ii) there exists v € S()n M with f, > 1.

a;—1+p; a;—1+p; 1 . . A
ST S wras, <3 where the last inequality holds because a; >2 and f; > 1: a

contradiction to the fact that, by Lemma 2, it holds that u ;(S) > ‘1;—2 > %

* Otherwise, there must exist i € M such that «; > 2 and j € S(i) N M such that f; =0 (notice that L; = B ; and that a; = a; > 2).
We have to distinguish among two disjoint subcases:
— If there exists i € M with «; > 2 such that (i) there exists j € S(i)) N M with §; =0 and (ii) there exists v € S(i) N M with

In the case of ¢ > 5, it holds that u ;(S) =

p, > 1, then:

When ¢ >4, all nodes in T' = {j} U L; strictly prefer coalition T to their current one: a contradiction to the stability of S.
_ aj—l aj—l -2 _ 51(j) . . _

In fact, u;(S) = S0 < o S = (the last inequality holds because «; < q <2q —3 for ¢ > 4) and, for any u € L,

H(S)=0< - = ‘3|TT(‘|‘).
When g =3, if there exists i € M with ; =2, then T = {,j} U L; is a blocking coalition (see Fig. 18a). Moreover, if a, =3 for
all u e M (see Fig. 18b), then, by Lemma 1, it holds that SW(S) =2 = ¢ — 1: a contradiction to the fact that SW(S)>gq— 1.
- If, for all i € M with a; > 2, all j € S({)) " M are such that B = 0, then, when «; = g, we obtain that SW(S)=¢q¢—-1: a
contradiction to the fact that SW(S) > g — 1. Otherwise, i.e., when @; < g — 1 for every i € M, we obtain that all nodes in

M strictly prefer coalition M to their current one: a contradiction to the stability of S. In fact, for all i € M with o; > 2, it

holds that p,(S) = a;—_l < Z:—f < q%l = %. Finally, for all i € M with «; = 1, it holds that y,(S) < Z%T, because agent i can
be connected in S only to nodes in L;. Thus, y;(S) < Z%f < % = %

Consider now coalition structure C in which each agent i € M is grouped together with the ¢ — 2 agents in L;, that is C =
{{iYUL;]i=1,...,q}. Hence, the social welfare of an optimal coalition structure is SW (C*) > SW(C) = q%.

Therefore, since for any g-size core stable coalition structure S it holds that SW(S) < g — 1, we obtain that the g-size core price
of stability is at least %. [
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5. Experimental evaluation

The experiment process is designed to explore the dynamics of coalitions formation in fractional hedonic games.* By systematically
varying parameters and tracking outcomes, the experimental study aims to understand under which conditions stable outcomes
emerge, how frequently they emerge and which is the number of deviations needed to reach these stable outcomes. The insights
gained from these experiments help in understanding strategic behavior in the considered hedonic games.

The experiment process starts by randomly generating a weighted (or unweighted) graph with n nodes and whose edges are
established based on a given probability p (an edge between any pair of nodes is created with probability p). This setup allows for the
creation of graphs with different values of edge density, depending on the value of p. Then an initial partition of agents into coalitions
(groups) is defined. The experiment proceeds with a random sequence of profitable deviations starting from the initial partition. The
algorithm iteratively checks if there exists a group of agents that can perform a profitable deviation by going through a uniformly
sampled sequence of subsets of agents. This random sampling ensures a thorough exploration of possible coalition formations when
executing multiple dynamics over the same instance. During the dynamics, the algorithm checks for cycles by keeping track of
previously encountered outcomes. The process continues until no further improvements can be made (in this case, the total number
of deviations performed is reported) or a cycle is detected.

Parameters. The experimental work explores a variety of parameters. The key parameters considered are: n (number of agents),
p (edge probability), unweighted (for SS-FHGs) or weighted (for S-FHGs) graph, the initial coalition structure and the type of
deviations.

The number of agents n takes values in the set {5, 10, 15,20, 30,40, 50,60, 70, 80,90, 100} (for in k-improvement core dynamics,
in which the cardinality of the set of possible blocking coalition is exponential in n, we limit the number of agents at 20). The
probability p that an edge exists between any two agents is considered in the set {0.05,0.1,0.2,0.3,0.5}. This parameter determines the
density of the graph, influencing the likelihood and number of connections between agents. The experimental evaluation distinguishes
between weighted and unweighted graphs. In weighted graphs, edges have random weights selected from the range [1, 100], while
in unweighted graphs, all edges are treated equally without specific weights. Two types of initial coalition structures are considered:
singleton coalitions and maximal connected components. In the first case, each agent starts in their own coalition, i.e., every agent is
a singleton coalition. This setup simulates a scenario where agents do not have any predefined group affiliations. In the second case,
agents are grouped into coalitions based on the maximal connected components of the underlying graph. In this case, each coalition
consists of all agents who are directly or indirectly connected by a path of edges in the graph; notice that, when the graph is connected,
the initial coalition structure contains only the grand coalition (and for this reason this case is referred to as grand coalition in the
figures). The choice between these two initial states provides insights into how starting conditions affect the evolution of the dynamics.
The experiment examines two types of deviations: g-size core deviations, for ¢ in {2,3} and k-improvement core deviations for k in
{1,3/2,2} (notice that 1-improvement core deviations correspond to classical core deviations). For every possible combination of the
parameters we sample 50 instances and run 50 dynamics for each of them.

Results. The obtained results are reported in the graphs and tables below. In every graph there is a plot for every considered value

of probability p, showing for every considered value of n the average number of deviations before the dynamics reaches a stable

outcome, and its standard deviation (denoted by the transparent region around the plot). We say that a cycle is detected in the

dynamics when the same coalition structure appears twice during the simulation. When there are instances for which at least a cycle

in the dynamics is detected, we also provide a table showing the percentage of these instances, for every considered value of n and p.
For 2-size core dynamics, results are depicted in Fig. 19 and it is worth noticing the following facts:

As known by the theoretical results (Theorem 3), all dynamics converge to stable outcomes.

When starting from singleton coalitions, a stable outcome is reached in about g deviations; in fact, agents organize themselves
in pairs and, once in a pair, an agent will not perform another deviation.

When starting from maximal connected components (corresponding to the grand coalition when the graph is connected) and
with p = 0.5 and simple games, very few deviations are needed before reaching a stable outcome, because it is expected that a
lot of agents are already experiencing a utility of about 1 and therefore cannot belong to a blocking coalition of size 2.

For S-FHGs, the initial state only affects the number of deviations before the dynamics reaches a stable outcome, given that the
graphs show similar behaviors for the two considered typologies of initial states.

Even if for S-FHGs the number of deviations before the dynamics reaches a stable outcome is significantly higher with respect
to the one for SS-FHGs, the obtained graphs suggest that the growth in the number of deviations is polynomial in the number
of agents.

For 3-size core dynamics, results on the number of deviations needed for convergence are depicted in Fig. 20, while in Table 2
the percentage of instances with (at least) a discovered cyclic dynamics is reported. It is worth remarking that:

4 Find the Julia code at https://github.com/angelofanelli/RelaxedCore.
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Fig. 19. Convergence of 2-size core dynamics.
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Fig. 20. Convergence of 3-size core dynamics.

« While, as known by the theoretical results (Theorem 4), all dynamics converge to stable outcomes for SS-FHGs, in the case of
S-FHGs there are instances with cyclic dynamics. To this respect, notice that, when for all considered instances a cycle is detected
in the dynamics, i.e., when the entry of Table 2 is 100, no value is depicted in the corresponding graph plot of Fig. 20.

« The percentage of instances with (at least) a discovered cyclic dynamics (shown in Table 2) increases as n and p increase.
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Table 2
Percentage of instances for which at least a cycle has been detected in 3-size core dynamics.
S-FHGs from singletons S-FHGs from grand coalition
n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5 n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5
10 0 2 2 12 30 10 0 0 10 8 24
20 2 6 20 62 94 20 0 4 26 60 96
30 0 12 74 90 100 30 0 10 68 92 100
40 2 24 96 100 100 40 4 32 96 100 100
50 16 62 100 100 100 50 10 56 100 100 100
60 20 82 100 100 100 60 32 78 100 100 100
70 36 80 100 100 100 70 36 94 100 100 100
80 54 100 100 100 100 80 34 92 100 100 100
90 56 98 100 100 100 90 54 100 100 100 100
100 62 100 100 100 100 100 70 100 100 100 100
(1-improvement) core dynamics (1-improvement) core dynamics
in SS-FHGs from singletons in SS-FHGs from grand coalition
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Fig. 21. Convergence of 1-improvement core dynamics.

+ As in the 2-size core dynamics, even if for S-FHGs the number of deviations before the dynamics reaches a stable outcome (for
the instances in which no cycle is detected) is significantly higher with respect to the one for SS-FHGs, the obtained graphs
suggest that the growth of the number of deviations is polynomial in the number of agents (for SS-FHGs the dependence seems
to be even linear, while for S-FHGs the plot is compatible with a quadratic growth).

For 1-improvement core dynamics, results on the number of deviations needed for convergence are depicted in Fig. 21, while in
Table 3 the percentage of instances with (at least) a discovered cyclic dynamics is reported. It is worth remarking that the experiments
have been able to detect cyclic dynamics even in the simple setting of SS-FHGs with a small number of agents (n = 20). Finally, the
odd shape of the plot for S-FHGs from grand coalition with p = 0.5 is due to the fact that, as it can be seen from Table 3, in this case
and for n > 10, for a lot of instances a cyclic dynamics is detected (for n = 20 even the 95% of the considered instances) and therefore
the plotted values refer to a very small set of instances.

For %—improvement core dynamics, results on the number of deviations needed for convergence are depicted in Fig. 22. Although

Corollary 7 guarantees the existence of %-improvement core stable dynamics in SS-FHGs, nothing is known about the convergence of
these dynamics. For the more general case of S-FHGs, even the existence of %-improvement core stable dynamics is not guaranteed

by our theoretical results. It is worth remarking that the experimental evaluation has never detected a cycle in the %-improvement
core dynamics, neither on SS-FHGs nor on S-FHGs, leaving open the possibility of a convergence result in this settings. Moreover, we
can notice how the number of deviations before the dynamics reaches a stable outcome decreases in %-improvement core dynamics
with respect to (classical) 1-improvement core dynamics.
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Table 3
Percentage of instances for which at least a cycle has been detected in 1-improvement core dynamics.

SS-FHGs from singletons SS-FHGs from grand coalition

n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5 n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5
5 0 0 0 0 5 0 0 0 0 0

10 0 0 0 0 0 10 0 0 0 0 0

15 0 0 0 0 0 15 0 0 0 0 0

20 0 0 0 0 10 20 0 0 5 0 0
S-FHGs from singletons S-FHGs from grand coalition

n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5 n p=0.05 p=0.1 p=0.2 p=0.3 p=0.5
5 0 0 0 0 5 5 0 0 0 0 0

10 0 0 10 25 20 100 O 0 0 5 30

15 0 0 5 35 55 15 0 0 5 30 45

20 0 0 20 45 95 20 0 5 20 60 95
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Fig. 22. Convergence of %-improvement core dynamics.

For 2-improvement core dynamics, results on the number of deviations needed for convergence are depicted in Fig. 23. As known
by Theorem 5, k-improvement core dynamics always converges for k > 2 and in fact no cycle is detected by our experiments. Finally,
the number of deviations before the dynamics reaches a stable outcome further decreases in 2-improvement core dynamics with
respect to (classical) %-improvement core dynamics.

6. Concluding remarks and open problems

In this paper we have investigated some relaxed variations of core stability in the context of fractional hedonic games. See
Section 1.1 for a full description of our results.

It is important to say that a paper by Demeulemeester and Peters [20] that has been published after the preliminary version of
this paper [27] confirms two our conjectures: (i) every g-size core stable outcome in an S-FHG is also (Fil-improvement core stable
and (ii) the price of anarchy of ¢-size stability in S-FHG is precisely ;qu.

Several worthwhile research directions arise from this work.

24



A. Fanelli, G. Monaco and L. Moscardelli

2-improvement core dynamics
in SS-FHGs from singletons

Artificial Intelligence 348 (2025) 104394

2-improvement core dynamics
in SS-FHGs from grand coalition

10.0
—p=0.05 z [ |—p=0.05

2 —p=0.10 > z STl p=0.10

L [—p=0.20 s —p=0.20
g 75 p=030 - 24| p=030
£ —p=0.50 £ ——p=0.50
Qo Q 3 b
< !
5 _— =
bt ///// St 2 I
o _— o
=} g o
E g1t
E} ES
= E _

ol =
0.0t I ; I ‘ ‘ ‘ ‘
10 15 20 5 10 15 20
number of agents number of agents
2-improvement core dynamics 2-improvement core dynamics
in S-FHGs from singletons in S-FHGs from grand coalition
151 |— p=0.05
” —p=0.10 w6l
£ | |—p020 g6
g p=0.30 2
£ 10 |—p=050 2
Q 0 4+
] !
Ly Sy
1 S
o} o} 2
£ S 2f
E 5
= =
= E
ot ‘ ‘ ‘ o ‘ ‘ .
5 10 15 20 5 10 15 20

number of agents number of agents

Fig. 23. Convergence of 2-improvement core dynamics.

First of all, in a general context, we believe that the investigated relaxed notions of core stability can be of interest for other class
of games. For instance, the study of other classes of hedonic games would be a natural extension of our work: On the one hand, for
the notion g-size core stability, also the most general model of hedonic games, in which every agent has a preference order over all
possible coalitions she can belong to, could be studied, at least with respect to the existence and computability of stable solutions.
On the other hand, when considering hedonic games in which every agent has a cardinal utility for any possible coalition she can
belong to, it makes sense to study also the efficiency of stable solutions (besides their existence and computability) in terms of price
of anarchy and price of stability, both for the notion of g-size core stability and for the notion of k-improvement core stability; to
this respect, other notable classes of succinctly representable hedonic games, in which the utility are defined in terms of valuations
between couples of agents, are the class of additively separable hedonic games (in which the utility of an agent for a coalition is
simply given by the sum of all her valuations towards all other agents in the coalition) and the class of modified fractional hedonic
games (in which the utility of an agent for a coalition is given by the sum of all her valuations towards all other agents in the coalition
divided by its size minus one, i.e., the utility is the average valuation towards all other agents in the coalition). Some results on this
direction have been recently proposed by Demeulemeester and Peters [20].

Furthermore, it is also worth investigating the considered relaxed notions of core stability in combination, i.e., by considering
blocking coalitions of bounded cardinality in which every agent has to increase her utility by a given factor, as well as other possible
relaxations of stability notions, also with respect to classical notions other than the core stability, with the aim of modeling practical
scenarios of multi-agent systems in a more accurate way.

There are also open problems concerning the class of fractional hedonic games that we have considered in this paper. It is worth

noticing that Aziz et al. [2] show an instance admitting no core stable outcome is provided. As a direct consequence, it follows that
there must exist § and k such that no g-size core stable outcome exists for any ¢ > ¢ and no k-improvement core stable outcome
exists for any k < k (in particular, it holds that §= 11 and k = 100/99). To this respect, an open problem raised by our work is that
of determining the maximum values of ¢ and the minimum value of k for which g-size and k-improvement core stable outcomes,
respectively, (i) are guaranteed to exist, (ii) can be efficiently computed and (iii) are guaranteed to be reached by any dynamics of
the agents.
It would also be interesting to understand if, for k < 2, k-improvement core dynamics are guaranteed to converge, at least in SS-FHGs,
and to study whether 2-size core dynamics (see Theorem 3) and k-improvement core dynamics (see Theorem 5) converge after a
polynomial number of deviations. Moreover, it would be interesting to derive tight bounds to the k-improvement core price of stability
for k € (1,2), and to the g-size core price of stability. In particular, for the 2-size core price of stability, even determining whether it
is equal to 1 or greater than 1 is a challenging open question.

Finally, in our experiments we have considered only basic synthetic data (i.e., we have generated the instances uniformly at
random). We leave as future work the opportunity to perform experiments under alternative settings (e.g., generating instances
using other meaningful probability distributions), as well as to identify a sufficiently large, meaningful, and recent real-world dataset
suitable for experimentation.
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