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Optimal control of levitated nanoparticles subjected to thermal fluctuations is a challenging prob-
lem, both theoretically and experimentally. In this Letter, we compute the time-dependent harmonic
confining potential that steers, in a prescribed time and with the minimum energetic cost, a Brow-
nian particle between two assigned equilibrium states. We take full account of inertial effects, thus
addressing the general underdamped dynamics, and, to address actual experimental conditions, the
stiffness of the confining potential is required to be bounded. We carry out an experiment realizing
the described protocol for an optically confined nanoparticle, which is shown to reach the target
state within accuracy—while spending less energy than other protocols with the same duration, sig-
nificantly shorter than the characteristic relaxation time. The results presented here are expected
to have relevant applications in the design of optimal devices, such as engines at the nanoscale.

The field of optimal control aims at devising time-
dependent protocols for the parameters controlling the
dynamical evolution of a system, while minimizing a cer-
tain cost functional of its trajectory. This is relevant
in a wealth of physical situations; specifically, we focus
here on the control of nanodevices with stochastic dy-
namics. Therein, one is typically interested in minimiz-
ing the entropy production [1–7] or the connection time
[8–13] between given initial and target states. In the
lab, the controlled parameters are usually restricted to
a certain finite region. For example, the stiffness κ of a
harmonic trap is generally limited to a nonnegative range
κ− f κ f κ+ [14], depending on the specific technique
used to realize the harmonic potential. As a rule, these
inequalities make variational calculus unreliable for solv-
ing the optimization problem: More sophisticated tech-
niques from optimal control theory are necessary.

Despite recent advances in the control of colloidal par-
ticles [15, 16], important aspects remain challenging. No-
tably, most of the theoretical [1, 3, 4, 6, 10, 12, 13, 15, 17–
20] and experimental results [21, 22] pertain to the over-
damped regime, in which inertial effects are negligible.
Therein, accelerating the connection between equilibrium
states of a particle confined in an arbitrary potential has
been shown to be feasible, by using several inverse en-
gineering techniques [17, 18, 20] imported from the field
of shortcuts to adiabaticity [23]. Also, optimal protocols
that minimize certain figures of merit have been inves-
tigated, e.g., minimization of irreversible work (entropy
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production) for a given connection time tf , both for un-
bounded [1, 3, 4, 6] and bounded [19] stiffness.

Extending control of colloidal particles to the under-
damped regime is critical, since it is the most general
description. Experimentally, underdamped dynamics ac-
curately describes nanomechanical resonators [24, 25] or
levitated particles in moderate vacuum [26–28]. Theoret-
ically, the control problem is significantly more complex
and more poorly understood than its overdamped coun-
terpart. Inverse engineering techniques have been used
but limitations appear [29]—and optimal control brings
about new challenges. Optimal protocols, in general, in-
volve non-conservative, velocity-dependent driving forces
[5, 18, 30]. If the force is restricted to be conservative, as
done in this Letter, the optimal driving involves Dirac-
delta type discontinuities [2]—which are not realizable in
the lab, since they involve infinite values of the stiffness.

Our main goal is the optimal control of an under-
damped particle, bringing to bear the practical bounds
to achieve the optimal realizable protocol. In particular,
we aim at minimizing the irreversible contribution to the
work for a harmonically confined particle, with stiffness
κ that can be tuned at will in a certain finite interval
0 f κ− f κ f κ+. Both the initial and target states cor-
respond to equilibrium, for the initial and target values
of the stiffness. It is worth stressing that the stiffness is
the only parameter we control, i.e., the potential is har-
monic, conservative, and confining at all times. Our the-
oretical results are tested by performing an experiment
on a levitated nanoparticle trapped in an optical confin-
ing potential. The principle of the experiment, described
below, is illustrated in Fig. 1.

Model.- Consider a Brownian particle of mass m, po-
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FIG. 1. Principle of the experiment. (a) A nanoparticle is op-
tically levitated by a highly focused laser. The harmonic con-
finement of the particle, i.e., trap stiffness, is tuned through
the trapping laser power. (b) The trap stiffness κ is changed
in time according to a prescribed protocol (c), to bring the
particle probability density function from an initial equilib-
rium state at time t = 0 (d), to a final equilibrium state at
time t = tf (f), passing through a series of out-of-equilibrium
states (e). The green section cutting plot (b) at an arbitrary
x = x∗ provides a direct visualization of the time dependence
of κ(t). The connection can be achieved in a plethora of ways,
and we seek for optimal ones (timewise or energywise).

sition x and velocity v, immersed in a fluid at constant
temperature T . The collisions with the fluid molecules
result in a damping force −γv, where γ is a constant
friction coefficient, plus a fluctuating force ξ(t) such that
ïξ(t)ð = 0,

〈
ξ(t)ξT (t′)

〉
= 2γkBTIδ(t− t′), where I rep-

resents the identity matrix and kB is the Boltzmann con-
stant. If the particle is trapped along a certain direction
by the harmonic potential U(x, t) = κ(t)x2/2, the pro-
jected motion obeys ẋ = v, mv̇ = −κx− γv + ξ. Equiv-
alently, the probability density function p(x, v, t) evolves
through the Klein-Kramers equation [31]

∂tp = −∂x (vp) +
1

m
∂v

(

κxp+ γvp+
γkBT

m
∂vp

)

, (1)

which admits the equilibrium solution for constant κ

peq(x, v|κ) =
√
mκ

2πkBT
exp

(

−mv2 + κx2

2kBT

)

. (2)

The above notation emphasizes that, in typical experi-
mental setups, κ is a controllable parameter while T is
fixed. For an initial Gaussian centered at (x = 0, v =
0), as in equilibrium, Eq. (1) preserves this property
throughout the evolution of p(x, v, t). The system’s state

is then completely characterized by the vector u of its
second moments—see Sec. I of [32]. In terms of

u1 =
γ2
〈
x2
〉

kBTm
, u2 =

γ ïxvð
kBT

, u3 =
m
〈
v2
〉

kBT
, (3a)

s =γt/m, k =mκ/γ2, (3b)

the evolution of the system’s state reads

u̇ = f(u; k) ≡ Mku+ 2e3, (4)

in dimensionless variables, with u̇ ≡ du/ds, and

Mk =





0 2 0
−k −1 1
0 −2k −2



 , e3 =





0
0
1



 . (5)

We search for swift state-to-state transformations
(SSTs) [15] between an initial state peq(x, v|κi) and a
target equilibrium distribution peq(x, v|κf ) correspond-
ing to different confinements, or, equivalently, between

ui =





1/ki
0
1



 and uf =





1/kf
0
1



 . (6)

To do so, we allow k(s) to vary with arbitrary speed,
and even to make discontinuous jumps, but require it to
remain within prescribed bounds:

0 f k− f k f k+ , (7)

with k− < ki,f < k+. We ask (i) whether the connection
can be completed in a given finite time sf by suitably
steering k within the prescribed range (7), without wait-
ing for the system’s spontaneous relaxation; (ii) what the
SST protocol, from the plethora of them making the con-
nection, minimizes the associated average external work.
Since the cumulative average work at time s is

W (s) = kBT

∫ s

0

ds′
k̇(s′)

2
u1(s

′) , (8)

we then look for the protocol k(s) that minimizes W (sf ).
The main tool for deriving our analytical results is

Pontryagin’s maximum principle (PMP) for minimiz-
ing a prescribed cost C =

∫ sf

0
dsL(u; k), functional

of the whole trajectory [33, 34]. In a nutshell, PMP
states that the time-dependent protocol k(s) that mini-
mizes C in turn maximizes the Hamiltonian H(u,ϕ; k) =
ϕ0L(u; k) + ϕ · f , where ϕ0 f 0 is a constant and ϕ is
a vector of conjugated momenta, with u and ϕ obeying
the canonical equations u̇ = ∇ϕH = f and ϕ̇ = −∇uH,
with (ϕ0,ϕ

T ) ̸= (0, 0, 0, 0). Note that PMP provides a
necessary, but in general not sufficient, condition for op-
timality. See Sec. II of [32] for more details.
Minimal time.- To address our first question, we search

for the minimum connection time sth between ui and
uf . Here, L = 1 and Pontryagin’s Hamiltonian thus
reads H = ϕ0 +ϕ · f(u; k), whose maximum can only be
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FIG. 2. Minimal work protocols. Panel (a) shows the optimal
protocols for different values of the rescaled connection time
sf . The dash-dotted black curve corresponds to the quasi-
static limit, sf k sth, while the solid red curve corresponds
to the minimal-time protocol, sf = sth. Shaded areas denote
forbidden values of the stiffness. In panels (b) and (c), the
corresponding evolution of the rescaled moments u1, u2 and
u3 is shown. Finally, panel (d) exhibits the time dependence
of the irreversible part of the average power (the integrand
of Eq. (9)). Plot axes are rescaled in such a way that the
total area below each curve is proportional to the irreversible
work done during each process, which decreases with tf as
expected, Here, ki = 1, kf = 1.4, k− = 0, k+ = 2.

located at the extreme values k = k± [35]. Therefore,
the minimum time is provided by a protocol alternating
at least three branches with constant k = k±, known as
“bang-bang” in control theory [8, 9, 11, 12, 36–39]. The
switching times and the total time sth are numerically
computed in Sec. III of [32]. If a protocol k⋆(s) evolves
ui into uf in a time sth, the same connection can be
made in any time sf > sth [40]. Therefore, our first
result is that sf g sth is a sufficient condition to realize
the desired connection.
Minimal work.- Our next step is to search for the pro-

tocol that minimizes the total work, among those achiev-
ing the connection in a time sf g sth. The total average
work (8) splits into two contributions: (i) a reversible
one, which is physically related to the free energy varia-
tion; and (ii) an irreversible one, which is a functional of
u and k, vanishing in the quasistatic limit (see Sec. IV
of [32]):

Wirr = kBT

∫ sf

0

ds

(
u1

u1u3 − u2
2

+ u3 − 2

)

︸ ︷︷ ︸

Pirr

. (9)

The optimal solution is found by minimizing either Wirr

directly or the excess work with respect to the energy

variation C =
∫ sf

0
ds (u3 − 1) [41]. Now L = u3 − 1 and,

choosing ϕ0 = −1, H = −u3 + 1 + ϕ · f(u; k). The
maximum of H as a function of k can be at either a
value k0 such that ∂H/∂k|k=k0

= 0 or the bounds k±.
The first option yields, as shown in Sec. IV of [32],

k̇0 = 3k0+
6

u1

+3
u2

u1

−9
u3

u1

+10
u2
2

u2
1

−8
u2u3

u2
1

+8
u3
2

u3
1

, (10)

which, if assumed to be valid ∀s ∈ (0, sf ), leads to a pro-
tocol k0(s) that violates the bounds. In fact, this k0(s)
coincides with the variational solution, which has Dirac-
delta discontinuities at the initial and final times [42],
and thus can only be valid for unbounded stiffness. In-
spired by the structure of the unbounded solution, we
look for a three-stage protocol in the bounded case:

k(s) =







k±, s ∈ [0, s1], (bang),

k0(s), s ∈ [s1, s2], (Euler-Lagrange),

k±, s ∈ [s2, sf ], (bang).

(11)

This three-stage optimal protocol, together with the cor-
responding time evolution of the correlations and the ir-
reversible output power, is illustrated in Fig. 2.
Note that we expect a time-scale separation between

the (slow) control dynamics and the (fast) system ther-
malization for sf → ∞. Then, the optimal solution tends
to the overdamped limit one [5, 43, 44], namely

k(s) =

(

sf − s√
kisf

+
s

√
kfsf

)−2

, (12)

which can be realized without exceeding the range k ∈
[ki, kf ] ¢ [k−, k+]. We thus expect the optimal solu-
tion in the time interval [s1, s2], determined by k0(s), to
verify k− f k0(s) f k+ if sf k sth. A three-stage op-
timal solution of the “bang–Euler-Lagrange–bang” type,
as proposed above, should thus always be possible under
these conditions. If sf ≳ sth, a more complex shape may
be required: see Sec. V of [32] for an explicit example.
Experimental results.- To experimentally test the de-

rived optimal protocol, we use an optically levitated
particle in moderate vacuum and at room temperature
(T0 = 290 K) [28]. An infrared laser is strongly focused
by an objective to generate an optical tweezer trapping
a 68 nm-radius spherical silica particle in a harmonic po-
tential of natural frequency Ω ≈ 2π× 100 kHz. The trap
stiffness κ = mΩ2, with m ≈ 2.4 × 10−18 kg the par-
ticle mass, is directly proportional to the trapping laser
power Plas. The system damping is enforced via the gas
pressure pgas in the experiment chamber. Specifically,
we use pgas ≈ 5 hPa, corresponding to τ−1 = γ/m =
2π × 4.4 kHz j Ω, which belongs in the underdamped
regime—note that τ is the natural relaxation time. Using
an ancillary laser, we record the particle dynamics x(t).
As discussed earlier, a critical limitation of experimen-

tal realizations of thermodynamic protocols is that the
control parameters are limited to a finite range. We con-
trol the trap stiffness through the trapping laser power
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FIG. 3. Position variance for the experimental realiza-
tion of optimal protocols. The plotted data correspond to
30 000 realizations of the minimal time (violet, tf = tth =
7 µs), bounded optimal in the intermediate time regime
(red, tf = 1.8 tth = 12.6 µs), and long-time limit (orange,
tf = 480 µsk tth) protocols. All experiments correspond to
the same bounds and compression factor of χ = 0.5. The
experimental variance evolutions fairly agree with analytical
expectations (dashed lines). Vertical black dashed lines mark
the initial and final times of the protocols, which are shown
in the inset.

using an acousto-optic modulator, which technically lim-
its the ratio of available stiffnesses κ+/κ− to a factor of
typically ten. Specifically, we have κ− = 0.29 pN/µm
(Ω− = 2π × 55 kHz) and κ+ ≈ 2.77 pN/µm (Ω+ =
2π×170 kHz). We address decompression protocols with
compression factor χ = κf/κi = 0.5, choosing κi = κ+.

Under these conditions, the minimal threshold time
for a protocol is tth ≈ 7 µs. We experimentally realize
the derived SST optimal protocols for the minimization
of the irreversible work [45]. They are shown in the in-
set of Fig. 3: the minimal time protocol (violet) with a
final time tf = tth; an intermediate time optimal pro-
tocol (red, tf = 1.8 tth); and a long-time-limit proto-
col following Eq. (12) (orange, tf = 480 µs k tth). As
shown in Fig. 3, the resulting position variance ïx2(t)ð
reaches its final equilibrium value close to tf , matching
the theoretical expectation. Thus, the bounded optimal
protocols successfully drive the system to equilibrium at
the targeted final time. For the minimum time proto-
col, a small discrepancy between the experimental and
theoretical processes is observed, which we attribute to
the challenge of precisely matching experimental param-
eters: for tf = tth, the duration of the bangs is close to
the typical response time of the experimental setup.

For tf = tth, there is only one protocol, the brachis-
tochrone, that makes the connection, at an expensive
work cost; for tf k tth, any regular protocol would be
quasistatic and give a very small irreversible work, vir-
tually indistinguishable from that for the optimal one—
given by Eq. (12). From the experimental point of view,
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FIG. 4. (a) Position variance of the particles. The plotted
data correspond to 30 000 realizations of STEP (green), non-
optimal SST (blue), and bounded optimal SST (red) proto-
cols, whose associated stiffnesses are shown in the inset. The
final time of both the non-optimal SST and the bounded opti-
mal SST is tf ≈ 12.6 µs. A fit of the STEP relaxation provides
access to experimental parameters (red dashed line). The ex-
perimental data agree with analytical expectations (dashed
lines). Vertical black dashed lines mark the starting and final
times of the SST protocols. The optimal protocol is identi-
cal to the intermediate time regime protocol in Fig. 3, and
is reproduced for clarity. (b) Experimental cumulative work
performed for the STEP (green), non-optimal SST (blue), and
bounded optimal SST (red) protocols.

intermediate times, tf > tth with tf/tth = O(1), is thus
the most interesting regime for our protocols with mini-
mal work because it offers an advantageous trade-off be-
tween energetic cost and protocol duration. Therefore,
we have considered two SST protocols with the same fi-
nite connection time tf = 1.8 tth, shown in the inset of
Fig. 4: the optimal one, given by Eq. (11), and a non-
optimal one. The latter relies on choosing the lowest-
order polynomial that makes the connection [28, 29]. For
reference, we also consider a STEP protocol, correspond-
ing to a sudden change of stiffness from κi to κf .

As previously, we looked into the time evolution of
the particle position variance driven by these protocols,
bounded optimal, non-optimal SST, and STEP, which
is shown in Fig. 4-(a). As expected, in the case of the
STEP protocol, the variance presents oscillations with
an exponential decay of characteristic time τ = m/γ ≈

3.8 × 10−5 s, and it takes infinite time to exactly reach
the target equilibrium state. In contrast, both the SST
and the optimal protocol allow one to reach the target
state at the desired final time tf = τ/3 = 1.8 tth.

We then compute the average experimental work re-
quired to drive the particle according to the three pro-
tocols, using the definition (8)—as detailed in Secs. VI
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and VII of [32]. The cumulative work resulting from
the experimental measurements is shown in Fig. 4-(b).
At the final time tf , we confirm that the bounded opti-
mal protocol allows us to reach equilibrium with average
work Woptimal = −0.19 kBT , lower than for the non-
optimal SST protocol under similar conditions, WSST =
−0.07 kBT . The STEP protocol provides an even lower
work up to tf , WSTEP = −kBT/4, but the system has
not reached the target state.
Conclusions.- The results shown in Figs. 4 account for

a laboratory realization of the minimal-work transition
between two equilibrium states of a levitated particle
subject to thermal noise and viscous friction, in a regime
where inertial effects are relevant. The control protocol
for the confining potential is applied within an actual ex-
perimental setup, showing that it can be implemented
up to a very good degree of approximation. The tar-
get state is reached with the same accuracy as with the
non-optimized SST protocol studied in [28], but with a
significantly lower energetic cost. The naive STEP proto-
col obtained by abruptly changing the confining stiffness
and waiting for relaxation leads instead to a state which
is far from being thermalized at the prescribed final time.

The present experiment puts forward a proof of prin-
ciple for optimal control protocols at the nanoscale, by
showing that fast optimized transitions are realizable in
the lab with levitated particles. Moreover, the results re-
ported here are expected to be relevant, for instance, for
the realization of thermal engines at scales where thermal
effects are not negligible and stochastic thermodynamics
must be taken into account [46–49]. Minimizing work
done on the system—i.e., maximizing work extracted
from it—at constant bath temperature is a typical build-
ing block in the design of efficient thermodynamic cycles:
e.g. this corresponds to the optimal isothermal branches
of maximum-power irreversible heat engines [50, 51].

From the theoretical perspective, a challenging point
to be further explored is the case of connection times
close to the minimum time sth. Therein, minimal work

is usually not given by the three-stage process considered
here (bang–Euler-Lagrange–bang) and more complex be-
haviors need to be taken into account. Also, we recall
that PMP provides a necessary condition for optimality.
Rigorously proving there is not any bounded SST proto-
col providing an even lower value for the considered cost
functions, either connection time or irreversible work, is
an open mathematical problem—worth of being inves-
tigated but beyond the scope of this Letter. Another
research line concerns the more general case of nonhar-
monic confinements, which has recently been theoreti-
cally discussed [44, 52]—but in the limit of small inertial
effects with unbounded stiffness. Finally, an interest-
ing field of investigation involves the extension of control
techniques to active-matter systems [53, 54], for which
some theoretical results are already available [55, 56].
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2LPTMS, CNRS, Université Paris-Saclay, F-91405, Orsay, France
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We provide here supplementary material to support our findings. In Section I, we present a brief derivation of
the evolution equations for the relevant moments from the Fokker-Planck equation. In Section II we recall the basic
concepts of Pontryagin’s theory, and we apply it in Section III to compute the minimal time protocols for the dynamics
studied in the main text. In Section IV we provide explicit derivations for (i) the form of the cost function to minimize
irreversible work and (ii) the structure of the solution for the optimal protocol. An example for a connection time
close to the minimal time, where the three-stage solution in the main text (bang–Euler-Lagrange piece–bang) is thus
not valid, is explicitly discussed in Section V. Sections VI and VII are devoted to the discussion of experimental
aspects: in the former, we provide details on the calibration procedure; in the latter, we explain the procedure we use
to compute the work form experimental data.

I. DERIVATION OF THE DYNAMICAL EQUATIONS FOR THE MOMENTS

In this Section we provide a synthetic derivation of Eqs. (4)-(5) of the main text, describing the dynamics of the
moments. Our starting point is the Klein-Kramers equation

∂tp = −∂x (vp) +
1

m
∂v

(

κxp+ γvp+
γkBT

m
∂vp

)

, (S.1)

which is an equivalent description for the Langevin evolution of a Browninan particle of mass m, subject to an external
potential U(x) = κx2/2, with damping coefficient γ and temperature T . Here p ≡ p(x, v, t) represents the probability
that, at time t, the Brownian particle is found at position x with velocity v. We notice that dividing both members
by p, we can rewrite Eq. (S.1) in the form

∂t ln p = −v∂x ln p+
κ

m
x∂v ln p+

γ

m
+

γ

m
v ln p+

γkBT

m2
∂2
v ln p+

γkBT

m2
(∂v ln p)

2 , (S.2)

which will reveal quite convenient in a moment.
Since in this work we limit ourselves to cases in which the boundary conditions at t = 0 and t = tf are equilibrium

distributions, and the dynamics is linear, the form of the solution must be Gaussian at all times. From Eq. (S.1) one
finds that d ïxð /dt = ïvð and d ïvð /dt = − »

m
ïxð− µ

m
ïvð. As a consequence of our choice of the potential (centered at

zero), we have therefore that the equilibrium distribution must be centered at zero for all times, meaning that ïxð and
ïvð vanish. These considerations allow us to write the solution in terms of the covariances only: in its most general
form, it reads

p(x, v, t) =
1

2π(ïx2ð ïv2ð − ïxvð
2
)
exp

(

−
1

2

〈
v2
〉
x2 − 2 ïxvðxv +

〈
x2
〉
v2

ïx2ð ïv2ð − ïxvð
2

)

. (S.3)
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By plugging the above Gaussian solution into Eq. (S.2), and isolating terms proportional to x2, xv and v2, we obtain
a system of ordinary differential equations for the moments, namely

u̇1 = 2u2 (S.4a)

u̇3 = −2ku2 − 2u3 + 2 (S.4b)

u̇2 = u3 − ku1 − u2 , (S.4c)

where we have introduced the dimensionless variables

u1 =
γ2
〈
x2
〉

kBTm
, u2 =

γ ïxvð

kBT
, u3 =

m
〈
v2
〉

kBT
, s = γt/m, k = mκ/γ2. (S.5)

It is immediate to verify that Eq. (S.4) coincides with Eqs. (4) and (5) of the main text.

II. PONTRYAGIN’S PRINCIPLE

The aim of Pontryagin’s theory is to provide necessary conditions for the protocol minimizing a cost functional of
the form

C[u; k] =

∫ tf

0

dtL(u(t); k(t)), (S.6)

where L is a “Lagrangian”, along the evolution of a generic dynamical system

u̇(t) = f [u(t); k(t)] (S.7)

in the time interval 0 f t f tf .
The first step is to define the Hamiltonian

H(u,ϕ; k) = ϕ0 L(u; k) +ϕ · f(u; k) , (S.8)

where ϕ is the vector of the conjugated momenta of u, while ϕ0 f 0 is a constant. The evolution of the system in
this enlarged symplectic space is given by the canonical equations

u̇ = ∇ϕH , ϕ̇ = −∇uH . (S.9)

The minimization is then obtained by searching, at each time, for the value of k that maximizes H:

k(t) = arg sup
k

H(u,ϕ; k) . (S.10)

This optimal k(u,ϕ), when inserted into the canonical equations, leads to an optimal trajectory (u(t),ϕ(t)) in phase
space. The candidate thus obtained, {k(t),u(t),ϕ(t)}, must verify (ϕ0,ϕ) ̸= (0,0) for all t ∈ [0, tf ] to provide a
solution for the minimization problem. Over the solution {k(t),u(t),ϕ(t)} found in this way, the Hamiltonian is
constant, independent of time.
We note that, when no bounds are present on k, the above strategy provides the maximum of H from the condition

∂H/∂k = 0, which leads to the usual Euler-Lagrange equations of variational calculus. In the variational calculus
framework, ϕ plays the role of the Lagrange multipliers ensuring that the dynamical system defined by (S.7) holds.
Some comments on Pontryagin’s approach are in order:

1. In some mathematical textbooks [1], ϕ0 is termed the “abnormal” multiplier. If ϕ0 ̸= 0, it can be normalized
to ϕ0 = −1 without loss of generality, within the framework of Pontryagin’s maximum principle. Here, we
emphasize the word maximum because one may alternatively employ an equivalent Pontryagin’s minimum

principle, in which the Hamiltonian is minimized and the sign of ϕ0 is reversed, normalized to ϕ0 = +1 when
different from zero. We prefer to employ the maximum version of the principle because it better fits our physical
intuition: with ϕ0 = −1, Pontryagin’s Hamiltonian coincides with the usual Hamiltonian in classical mechanics
problems. In some “degenerate” case, ϕ0 = 0: this is the reason why we have kept it in our presentation—
although in our problem we have found that ϕ0 ̸= 0. For a geometrical intuition of the degenerate case, see e.g.
the discussion on the maximum principle in Section 4.3 of Liberzon’s book [1].



3

 0

 1

 2

 3

 4

 5

 0  0.5  1  1.5  2  2.5  3

(a)

s
th

kf

ki = 0.4
ki = 1

ki = 2.5

 0
 1
 2
 3
 4

 0  1

(b)

1/u1

k

s

 0
 1
 2
 3
 4

 0  1  2  3  4

(c)
1/u1

k

s

FIG. S.1. Minimal time protocols. In the main panel (a), the dependence of the minimal connection time for a three-step
protocol (S.19) is shown as a function of the final (rescaled) stiffness kf , for different values of ki. Insets (b) and (c) show the
explicit protocol k (red, solid) and the inverse of the rescaled position variance, 1/u1 (blue, dashed), for the two cases (ki = 0.4,
kf = 1) and (ki = 0.4, kf = 3.18). Shaded areas correspond to forbidden values of the stiffness. Here, k− = 0 and k+ = 4.

2. Pontryagin’s maximum principle provides a necessary condition for optimality, which in general is not sufficient.
Therefore, in a general optimal control problem, one may be able to find different “candidate” solutions that
fulfill Pontryagin’s principle. In that case—which we have not found in our problem either, the candidate
solution that gives the minimum cost is the only actual candidate, the others can be disregarded.

3. For some linear problems, which are both linear in the dynamic variables and the controls, there are mathematical
theorems that assure sufficiency for Pontryagin’s approach. Nevertheless, they are not applicable to our case,
since our system belongs to the class of bilinear problems—due to the terms proportional to kui in the evolution
equations. Therefore, proving that our controls actually give the minimum cost—either connection time or
irreversible work—is a tough mathematical problem, beyond our goals.

4. Finally, we would like to stress that, as presented here, Pontryagin’s approach is able to deal with bounds in the
control function k but not in the state variables u. If the latter are present, there are extensions of Pontryagin’s
principle to deal with this situation, by including a new Lagrange multiplier in the mathematical description—
for example, see chapter VI of Pontryagin’s book [2]. In principle, one could think that this is the case we have
in our physical problem, since both u1 and u3 verify the inequalities u1 g 0 and u3 g 0. Yet, it must be noted
that one cannot reach a state with negative values of either u1 or u3 starting from a initial state in which they
are not: the dynamics of the system prevent the variances from taking “unphysical” values. This is the reason
why we have been able to use the version of Pontryagin’s principle in which only the bounds in the control are
considered.

III. MINIMAL TIME

In terms of Pontryagin’s principle, we need to minimize the cost

C ≡ sf =

∫ sf

0

ds , (S.11)

leading to the Hamiltonian

H(u,ϕ; k) = ϕ0 +ϕ · (Mku+ 2e3) . (S.12)
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We need to find, at each time, the value of k that maximizes H. There are two possibilities: either k is a solution of

∂H

∂k
= 0 , (S.13)

or it coincides with one of the boundary values k±. In the former case, condition (S.13) leads to the identity

u1ϕ2 + 2u2ϕ3 = 0 . (S.14)

Time-derivative yields, bearing in mind (S.9),

ϕ2
∂H

∂u1
− u1

∂H

∂ϕ2
+ 2ϕ3

∂H

∂u2
− 2u2

∂H

∂ϕ3
= 0. (S.15)

Hence, making use of (S.13),

u1ϕ1 − u3ϕ3 = 0 . (S.16)

Taking again time derivative, one obtains

2u2ϕ1 + u3ϕ2 − 2ϕ3 = 0. (S.17)

Equations (S.14)–(S.17) form a linear algebraic system for ϕ, with determinant 2u2
1 ̸= 0, which thus only admits the

trivial solution

ϕ1 = ϕ2 = ϕ3 = 0 , (S.18)

In addition, for the time minimization problem, the Hamiltonian identically vanishes over the optimal trajectory [1, 2].
This entails that ϕ0 = 0, and therefore this candidate cannot be a solution of the minimization problem. The above
discussion implies that ∂H/∂k cannot vanish over a finite time interval of the solution of the minimization problem.
Therefore, depending on the sign of ∂H/∂k, the optimal value of k would be either k+ or k−. The optimal protocol
is therefore composed of intervals where k = k+ and intervals where k = k− (“bang-bang” protocol [3–10]), with the
“switchings” between these values taking place at the times for which ∂H/∂k = 0. This kind of protocols often appear
as solution candidates for minimal-time problems [4, 5, 8–10], although a rigorous proof that it is the solution of the
minimum time problem is only available when the Hamiltonian is linear in both u and the control—which is not the
present case, since Mk depends on k.
In what follows, consistently with the notation introduced in the main text, the solution for the minimal time

is denoted by sth. The minimum number of switchings between k+ and k− that we need, in order to match the
boundary conditions, can be computed in this way: of the 6 conditions provided by the boundary conditions on u, 3
can be matched by the additive constants of the ordinary differential equations (S.7), while the remaining 3 need the
introduction of an equal number of additional degrees of freedom (two switching times, s′ and s′′, and the final time
sth). In other words, the simplest protocol fulfilling the requirements has the form

k(t) =







k+ 0 f s < s′,

k−, s′ f s < s′′,

k+ s′′,f s < sth,

if kf > ki . (S.19)

If kf < ki we need to switch k+ and k−. The switching times can be found by noticing that, for fixed values of
k = k±, the dynamics is linear in the translated variables

u± = u− r± with r± =





1/k±
0
1



 . (S.20)

The final state corresponding to the protocol (S.19) for sgn(kf − ki) = ±1 can be then explicitly computed as a
function of s′, s′′ and sth:

u(s′) = r± + exp
[
s′Mk±

]
(ui − r±) , (S.21a)

u(s′′) = r∓ + exp
[
(s′′ − s′)Mk∓

]
(u(s′)− r∓) , (S.21b)

u(sth) = r± + exp
[
(sth − s′′)Mk±

]
(u(s′′)− r±) . (S.21c)
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By imposing u(sth) = uf , one has 3 equations to be solved for s′, s′′ and sth: the solution can be obtained numerically.
The value of sth found in this way is the threshold for the protocol to exist. Its dependence on the boundary conditions
is explored numerically, for fixed k− and k+, in Fig. S.1.

Here, we have only considered three-step protocols of the form (S.19), but solutions with a larger number of
switchings are in principle possible. From a physical point of view, one expects the solution with the minimum
number of switchings to provide the minimum connection time. In fact, this has been proved in other non-linear
control problems [8, 9], although we do not have a rigorous proof for our case.

IV. MINIMAL WORK

A. Derivation of the cost function for work minimization

We want to compute an explicit expression for

W (tf ) =

∫ tf

0

dt P (t) =

∫ tf

0

dt

∫ ∞

−∞

dx

∫ ∞

−∞

dv p(x, v, t) ∂tU(x, t), (S.22)

where U(x, t) is the time-dependent external potential, and we denote by P (t) the (average) instantaneous power.
Even if we are only interested in the particular case

U(x, t) =
κ(t)

2
x2, (S.23)

it is useful to consider the problem in its full generality. See also [11] for an alternative derivation.
An integration by parts leads to

P (t) = ∂t ïUð −

∫ ∞

−∞

dx

∫ ∞

−∞

dv U(x, t) ∂tp(x, v, t) , (S.24)

hence by recalling the Klein-Kramers equation

∂tp(x, v, t) = −∂x [vp(x, v, t)] +
1

m
∂v

(

∂xU(x, t)p(x, v, t) + γvp(x, v, t) +
γkBT

m
∂vp(x, v, t)

)

, (S.25)

we get

P (t) = ∂t ïUð − ïv ∂xU(x, t)ð . (S.26)

We now multiply both sides of (S.25) by mv2/2 and integrate in x and v, obtaining

∂t

〈
mv2

2

〉

= −ïv ∂xU(x, t)ð − γ
〈
v2
〉
+

γ

m
kBT . (S.27)

Once inserted into (S.26) the above relation yields

P (t) = ∂t ïUð+ ∂t

〈
mv2

2

〉

+ γ
〈
v2
〉
−

γ

m
kBT = ∂t ïEð+ γ

〈
v2
〉
−

γ

m
kBT , (S.28)

where ïEð is the average mechanical energy of the particle. From (S.22), one thus gets

W (tf ) = ïE(tf )ð − ïE(0)ð+ γ

∫ tf

0

dt
〈
v2
〉
−

γ

m
kBTtf

︸ ︷︷ ︸

−Q(tf )

, (S.29)

where we have identified the exchanged heat Q(tf ). The minimization of the work, once the boundary conditions are
fixed, is therefore equivalent to the minimization of the cost function

C ≡ −
Q(tf )

kBT
= γ

∫ tf

0

dt

〈
v2
〉

kBT
−

γ

m
tf . (S.30)
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Reasoning in the same way, we can as well relate the average instantaneous power to the average free energy

ïF ð = ïEð − TS (S.31)

where the entropy S is defined as

S = −kB

∫ ∞

−∞

dx

∫ ∞

−∞

dv p(x, v, t) ln p(x, v, t) . (S.32)

By repeated use of (S.25) and integration by parts, one finds

∂tS =
k2BγT

m2

∫ ∞

−∞

dx

∫ ∞

−∞

dv p(x, v, t) (∂v ln p(x, v, t))
2
−

kBγ

m
. (S.33)

Equation (S.29) can thus be recast as

W (tf ) = ïF (tf )ð − ïF (0)ð+ γ

∫ tf

0

dt

∫ ∞

−∞

dx

∫ ∞

−∞

dv

(

v +
kBT

m
∂v ln p(x, v, t)

)2

p(x, v, t)

= ïF (tf )ð − ïF (0)ð+Wirr(tf ) .

(S.34)

Consistently with the second principle, the irreversible part Wirr of the average work is always non-negative, and
vanishes only at equilibrium. The minimal work is therefore attained along a quasistatic processes, where the instan-
taneous distribution is always of the Maxwell-Boltzmann type.

B. Structure of the minimal work solution

Our starting point is the cost function in Eq. (S.30), which in dimensionless variables reads

C =

∫ sf

0

ds (u3 − 1) . (S.35)

The “Lagrangian” for this problem is L = u3 − 1 and Pontryagin’s Hamiltonian results

H = −u3 + 1 +ϕ · (Mku+ 2e3) , (S.36)

where ϕ is the vector of the moments conjugated to u, normalized in such a way that ϕ0 = −1.
We start searching for the maximum of the Hamiltonian as a function of k, imposing ∂H/∂k = 0, which gives

u1ϕ2 + 2u2ϕ3 = 0 . (S.37)

As we did before for the minimal time case, we consider the time derivative of the above identity, leading to

u1ϕ1 − u3ϕ3 = u2 , (S.38)

once the conditions (S.9) are taken into account. In turn, the time derivative of (S.38) implies

2u2ϕ1 + u3ϕ2 − 2ϕ3 = −k u1 − u2 + 2u3 . (S.39)

At variance with the case considered before, now the algebraic linear system (S.37)–(S.39) for ϕ is inhomogeneous,
and therefore ϕ

T ̸= (0, 0, 0). By taking the derivative with respect to s once again, making repeated use of (S.9) and
bringing to bear Eqs. (S.37)–(S.38), one finally concludes that

dk

ds
= 3k +

6

u1
+ 3

u2

u1
− 9

u3

u1
+ 10

u2
2

u2
1

− 8
u2u3

u2
1

+ 8
u3
2

u3
1

. (S.40)

Equation (S.40), coupled with the dynamics of u, provides a fourth-order differential system. Let us call k0(s) its
solution, specified up to four arbitrary constants (degrees of freedom). This function k0(s) alone, with our boundary
conditions, cannot be the solution of our problem—it does not have enough degrees of freedom to match the six
boundary conditions: the initial and final values of the three second moments. Note that this difficulty cannot be
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solved by introducing Dirac-delta jumps in the stiffness at the initial and final times, because of the stiffness being
bounded in the interval 0 f k− f k f k+.

Reasoning as we did for the minimal-time case, and taking into account the fact that now the final time sf is fixed,
we realize that the simplest possible solution satisfying all the boundary conditions is obtained by alternating two
intervals with fixed k = k± (from s = 0 to s = s1 and from s = s2 to s = sf ) with an interval (from s1 to s2) with
k = k0(s). This three-stage solution, which has been analyzed in the main text, has six degrees of freedom: the four
arbitrary constants in k0(s) plus the two switching times s1 and s2.

The mentioned solution (including the values of s1 and s2) can be found numerically. We first notice that the
values of u1, u2 and u3 at s1 and s2 are completely determined, once s1 and s2 are known: one just needs to evolve
the boundary conditions at s = 0 (s = sf ) forward (backward) for a time s1 (sf − s2), with the fixed stiffness k±,
depending on the compression/decompression nature of the problem. We are thus left with a 4-th order ordinary
differential system in the [s1, s2] interval, whose boundary conditions and integration time depend on the unknown
parameters s1 and s2. The idea is to map this problem into a 6-th order differential system, where s1 and s2 are
variables, and solve it numerically with a standard shooting method.
To this aim, the first step is to rewrite the equations for the dynamics and Eq. (S.40) in terms of a rescaled time

coordinate

z =
s− s1
s2 − s1

. (S.41)

We get:

du1

dz
= (s2 − s1) (2u2) (S.42a)

du2

dz
= (s2 − s1) (−ku1 − u2 + u3) (S.42b)

du3

dz
= (s2 − s1) (−2ku2 − 2u3 + 2) (S.42c)

dk

dz
= (s2 − s1)

(

3k +
6

u1
+ 3

u2

u1
− 9

u3

u1
+ 10

u2
2

u2
1

− 8
u2u3

u2
1

+ 8
u3
2

u3
1

)

. (S.42d)

In this way the boundary conditions at z = 0 and z = 1 (i.e., s = s1 and s = s2) still depend upon s1 and s2, but
the integration time does not. Now we change the parameters s1 and s2 into variables of the system, by introducing
two additional equations, namely

ds1
ds

= 0 (S.43a)

ds2
ds

= 0 . (S.43b)

These, once coupled with (S.42), form a 6-th order differential system, which can be solved numerically by standard
“shooting” methods. It is interesting to notice that even if the boundary conditions on u1, u2 and u3 depend on s1
and s2, a shooting strategy is still able to find a solution: the method involves indeed a guessing of the initial values
for the unknown variables k, s1 and s2 at z = 0, which also fixes the boundary conditions for u.
It is important to stress the differences of both our approach and our results with those in Ref. [12]. Therein,

the minimization of the work for a harmonically confined underdamped particle was also considered, but there
are two key differences. First, the stiffness had no bounds, i.e., it was admissible to have any real value for k,
−∞ < k < +∞. Second, the boundary conditions were different, the target state was not enforced to be the
equilibrium state corresponding to the target value of the stiffness.

Due to the absence of bounds in the stiffness, the work minimization in Ref. [12] was carried out by a variational
calculus approach. As stated in Sec. II, the variational approach is equivalent to Pontryagin’s when the maximum
of the Hamiltonian stems from the condition ∂H/∂k = 0. Therefore, the variational calculus framework led to a
fourth-order differential system, equivalent to Eq. (S.40) plus the evolution equations for u, i.e., to the solution k0.
The mismatch between the number of degrees of freedom in k0 (four) and the number of boundary conditions (also
six, while different from ours) was solved by introducing Dirac-delta peaks at the initial and final times—due to the
unbounded stiffness.
In the limit {k− → −∞, k+ → +∞}, our three-stage solution for bounded stiffness tends to a solution with Dirac-

delta peaks at the initial and final times, and k0(s) for 0 < s < sf—because s1 → 0+ and s2 → s−f . Yet, it is worth
stressing that, due to the different boundary conditions, this limit of our three-stage solution is not the protocol found
in Ref. [12]: the final state in the swift state-to-state transformation (SST) developed in Ref. [12] would evolve in
time for times longer than sf , whereas our system remains stationary for s > sf .
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V. OPTIMAL WORK FOR sf CLOSE TO sth

In the main text, we argue that, if the total time sf is fairly larger than the threshold sth, a minimal-work solution
can be found in the form of a three-stage protocol. The first and the last steps are performed at constant k = k± (the
sign depends on the case), while the intermediate stage is given by the solution k0(s) of the Euler-Lagrange equations.
In this section, we show some explicit numerical examples to gain insight into the case of sf close to sth.
In Fig. S.2 we show the explicit three-stage solution for different values of the total time sf and of the upper bound

s+, with k− = 0. As expected, when sf is long enough, the solution built in this way is admissible, meaning that
k0(s) never exceeds the interval [k−, k+]. However, as sf approaches sth, the optimal solution tends to span a wider
range of values for the stiffness, eventually exceeding the bounds on k—see panels (g), (l) and (m) of Fig. S.2.
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FIG. S.2. Minimal work protocols. In each panel the optimal protocol k (blue) and the inverse of the position variance
1/u1 (red) are shown. The leftmost column [panels (a), (f) and (k)] shows the three-step minimal time protocol, which takes
place by definition in a rescaled time sth. We expect this process to be the only possible one for sf = sth, given the bounds
k− f k f k+, and therefore to be also the minimal-work process for that time horizon. The second, third and fourth column
show the (tentative) minimal-work three-stage protocols for sf = 1.2sth, sf = 1.5sth and sf = 2sth. Different rows correspond
to different values of k+, for fixed k− = 0. We notice that the prescribed recipe to build the minimal work protocol fails in the
cases of panels (g), (l) and (m), as the protocol found by solving the differential system for s1 < s < s2 exceeds the bounds.
The rightmost column [panels (e), (j) and (o)] shows the limit of quasi-static protocol, in which k and 1/u1 coincide. Here
ki = 1, kf = 1.4.

Since sf > sth, we know that completing a transition between the prescribed initial and final states must be
possible. We also know that, among the many possible solutions, the one requiring minimal average work must satisfy
Pontryagin’s maximum principle. We may therefore search for four-stage protocols of the form

k(s) =







k±, 0 f s < s1,

k0(s), s1 f s < s⋆,

k∓, s⋆ f s < s2,

k±, s2 f s < sf ,

or k(s) =







k±, 0 f s < s1,

k∓, s1 f s < s⋆,

k0(s), s⋆ f s < t2,

k±, s2 f s < tf ,

(S.44)
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with the initial sign depending on the boundary conditions. Both forms are in principle allowed by Pontryagin’s
condition: one can discriminate between the two on the basis of a visual inspection of the unbounded solution, and
invoking a continuity argument. The time s⋆ needs to be found by numerically minimizing the cost function.
Here we consider the explicit example of panel (l) of Fig. S.2. Since k0, in the three-stage solution, gets lower than

k− just before the switching time s2, we expect the first of the protocols (S.44) to be the correct one, by continuity.
We thus compute the work obtained by such protocols for different values of t⋆: the results of this analysis are shown
in Fig. S.3(a). We observe that the irreversible work attains a minimum, which corresponds therefore to the optimal
protocol (at least, among the four-stage protocols that we are considering). Its explicit form is shown in Fig. S.3(b).
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FIG. S.3. Selection of the optimal four-stage protocol. Panel (a) shows the value of the average irreversible work, in dimen-
sionless units, as a function of the switching time s⋆ appearing in (S.44). By inspection of this curve, one can select empirically
the value corresponding to the minimal work (here s⋆ ≃ 0.71sf ). In panel (b), the corresponding protocol is shown, with the
same color code as in Fig. S.2. The parameters are the same of panel (l) of Fig. S.2.

A similar reasoning can be applied to every non-admissible plot in Fig S.2. We obtain in this way the “amended”
Fig S.4. For values of sf even closer to sth, more complex protocols may arise. The study of these quite specific
situations is out of the scope of the present paper.

VI. CALIBRATION OF EXPERIMENTAL TRAJECTORIES TIME TRACES

The particle position x(t) is experimentally measured using a photodetector. The recorded voltage writes

Vx(t) = cxx(t) +N(t) , (S.45)

where cx is the position calibration factor, and N is the experimental noise assumed to be uncorrelated with the
particle displacement. Consequently, the variance of the measured signal writes

σ2
V = c2xσ

2
x(t) + σ2

N . (S.46)

One can show that in the case of the STEP protocol, the particle position variance is given by [13]

σ2
x(t) = σ2

i

χ− 1

2χ
[1 + cos(2Ωf t)]e

−µt +
σ2
i

χ
. (S.47)

Experimentally, we enforce the compression factor χ = 0.5, the trap frequency Ωf , i.e., κf , and the initial and final
position variances through the equipartition theorem

σ2
i =

kBT

κi

, σ2
f =

kBT

κf

. (S.48)

Thus, from a fit of the experimental STEP protocols, we can retrieve the values of cx and σN to determine the actual
particle position variance.
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FIG. S.4. Same as in Fig. S.2, where panels (g), (l) and (m) have been replaced by four-stage protocols obtained as shown in
Fig. S.3.

VII. COMPUTATION OF THE MEAN EXPERIMENTAL WORK

The cumulative work up to time t is given by

W (t) =

∫ t

0

dt′
κ̇(t′)

2

〈
x2(t′)

〉
. (S.49)

For protocols without stiffness discontinuity (SST, or Euler-Lagrange part of the bounded optimal protocols), we can
compute numerically the integral (S.49), where we use the theoretical value of κ and the experimentally measured
value of σx. For protocols with stiffness discontinuity at time td, the associated instantaneous work is

Wd(td) =
1

2

[
κ(t+d )− κ(t−d )

]
ïx2(t−d )ð . (S.50)

To minimize the impact of the exact choice of t−d on the computation, we oversample the experimental data to
get a smaller time step (δtW, oversampled = 1.6 ns, and δtacquisition = 200 ns). We note that this oversampling neither
affects, beyond measurement uncertainties, the computation of the work on the Euler-Lagrange segment of the optimal
protocols nor on the SST protocol.

In the case of the STEP protocols, since they have been used to calibrate our measurement scheme by construction,
the associated work is given by

WSTEP =
1

2
(κf − κi)σ

2
i =

kBT

2
(χ− 1) = −

kBT

4
, (S.51)

for our choice χ = 0.5.
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Note that we assumed that the discontinuities are perfectly stiff, since the typical time required to change the
stiffness is τraise ≈ 200 ns, much shorter than all other timescales of the problem.
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