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ABSTRACT

Simulating Thermo-Hydro-Mechanical (THM) problems in unsaturated porous media presents
significant challenges due to the high nonlinearities of the coupled processes, and the potential
for numerical instabilities that may lead to unphysical oscillations in pressure, stress, and
temperature solutions. The Mixed Finite Element (MFE) method, known for its accurate local
mass conservation even in heterogeneous domains and on unstructured meshes, is widely used
to discretize fluid flow in both saturated and unsaturated porous media. However, its application
in coupled THM processes under variably saturated conditions has not been thoroughly
explored. In this work, a robust MFE scheme based on the lowest order Raviart-Thomas space
is developed for the fluid flow and heat transport in deformable unsaturated porous media. This
method is integrated with the Crouzeix-Raviart finite element method for the displacement
field. To prevent unphysical oscillations induced by the hyperbolic convection term in the heat
transport equation, the MFE method is combined with an upwind edge/face centered finite
volume scheme. The degrees of freedom of the developed formulation are the hydraulic head,
the temperature, and the displacement vectors assigned at the mesh edges. To avoid splitting
errors, the coupled THM equations are solved simultaneously using a monolithic scheme. The
Method of Lines is employed to transform the partial differential equations into a system of
nonlinear ordinary differential equations integrated in time with high-order methods using the
DASPK time solver. The developed model is validated by comparisons against analytical and
finite element solutions for the one-dimensional thermal consolidation problem. Numerical
experiments are performed under saturated and unsaturated conditions to show the robustness
of the developed model for the simulation of THM problems in variably saturated porous media.
Keywords:

Poroelasticity, THM, Unsaturated porous media, Richard’s equation, Mixed Finite Element

method, Crouzeix-Raviart Element.
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1. INTRODUCTION

In this work, we consider the thermo-hydro-mechanical (THM) problem in porous media with
the elastic constitutive assumption, also called the thermo-poroelasticity problem, described by
the strongly coupled process of fluid flow, heat transport, and mechanical deformation. The
THM problem has numerous applications in geotechnical engineering, including the disposal
of underground radioactive nuclear waste (Dupray et al., 2013), exploitation of natural gas and
oil (Rutqvist et al., 2009), geothermal systems (Gao et al., 2022), and CO> sequestration (Taron
et al., 2009). The mathematical model of the THM problem is based on Biot’s theory for
poroelasticity (Biot, 1941), the mass conservation of fluid, and the energy conservation of heat.
In this work, THM is investigated for the variably saturated porous media where the fluid flow
is highly nonlinear and ruled by the Richards equation (Richards, 1931). The obtained system
of coupled partial differential equations (PDE) is challenging to solve mainly because of its
high nonlinearity and numerical instabilities, which can lead to unphysical spurious oscillations
in pressure, stress, and temperature solutions. Therefore, the main objective of this work is to
develop a robust numerical model based on advanced numerical schemes for the solution of the
obtained highly nonlinear, fully coupled, and potentially degenerated PDE:s.

Different numerical schemes for the THM model have been introduced in the literature
(Antonietti et al., 2023; Boal et al., 2012; Chen and Ge, 2022; Gawin et al., 1996; Khoei et al.,
2012; Kim, 2018; Kolesov et al., 2014; Liu et al., 2009, 2024; Zareidarmiyan et al., 2020; Zhang
and Rui, 2024). However, developing robust numerical solutions of the highly coupled THM
problem is still a challenging task, especially in unsaturated conditions, due to the numerical
instabilities (Both et al., 2021; Lee and Yi, 2022; Liu et al., 2009; Murad and Loula, 1994;
Phillips and Wheeler, 2008, 2009; Y1, 2017; Younes et al., 2010, 2022a; Zhang et al., 2020).
The oscillations in the pressure or stress field, also recognized as locking in poroelasticity and

elasticity simulations, mainly occur when small time steps are employed (Murad and Loula,
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1994; Phillips and Wheeler, 2009; Vermeer and Verruijt, 1981). For flow in unsaturated porous
media, unphysical oscillations generally appear in the presence of sharp wetting fronts (Zha et
al., 2017). For heat transport, nonphysical temperature oscillations are extensively observed in
the case of advection-dominated transport due to the hyperbolic nature of the advection operator
(Brooks and Hughes, 1982; Younes et al., 2022a). As a result, several factors contribute to
nonphysical oscillations in THM numerical solutions, which can hinder the convergence of the
highly nonlinear equation system and produce inaccurate outcomes.

Several numerical methods can be used for the discretization of the fluid flow or heat transport
equations, among them the Mixed Finite Element (MFE) method is locally mass conservative
and can easily handle heterogeneous domains and unstructured meshes (Younes et al., 2010).
MFE has been extensively employed for flow simulation in saturated (Younes and Fontaine,
2008) and unsaturated porous media (Belfort et al., 2010, 2009; Song et al., 2018; Wang and
Song, 2020; Younes et al., 2022b). The hybrid technique was proposed to decrease the number
of unknowns of the MFE method by eliminating the unknown edge fluxes from the final system
(Brezzi and Fortin, 1991; Chavent and Roberts, 1991). Furthermore, a lumped formulation has
been developed (Younes et al., 2006; 2010) to improve the monotonicity of the MFE method
and reduce the nonphysical pressure oscillations in the case of transient simulations with small
time steps (Younes et al., 2010, 2006). The lumped formulation has been applied to variably
saturated flow simulations and showed noticeable robustness and efficiency (Belfort et al.,
2010, 2009; Younes et al., 2022b). Recently, the lumped hybrid MFE method has been
combined with a novel upwind edge/face centered finite volume (FV) scheme to avoid
unphysical oscillations in the case of advection-dominated transport problems (Younes et al.,
2022a). The new upwind lumped hybrid MFE method guarantees the continuity of both the

advective and diffusive fluxes across the element edges and maintains the time derivative
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continuity, which allows using high-order methods for the time integration, via the method of
lines (MOL).

In poroelasticity problems, the MFE method has been used for the fluid flow and combined
with several methods for elasticity, such as the continuous Galerkin method (Phillips and
Wheeler, 2007a, 2007b), the least-squares approach (Korsawe and Starke, 2005; Tchonkova et
al., 2008), the discontinuous Galerkin (DG) finite elements (Kraus et al., 2024; Phillips and
Wheeler 2008, 2009), the Hellinger—Reissner mixed formulation (Y1, 2014), the Bernardi and
Raugel element (Y1, 2017), the discontinuous finite volume method (Ruiz-Baier and Lunati,
2016; Kumar et al., 2020) and the weak Galerkin method (Sun and Rui, 2017). The combination
of the MFE with the nonconforming Crouzeix-Raviart (CR) finite element method for
poroelasticity problems was investigated in Yi (2013) and Hu et al. (2017) for saturated
conditions and in Guo et al. (2024) for unsaturated situations. This combination was shown to
be efficient since it uses fewer unknowns than the mixed-mixed four-field formulations
(Korsawe and Starke, 2005; Tchonkova et al., 2008; Yi, 2014) and the discontinuous Galerkin-
mixed schemes (Kraus et al., 2024; Phillips and Wheeler, 2009). Notice that the CR finite
element method is locally conservative and was shown to be algebraically equivalent to the
lowest-order MFE method for elliptic diffusion equations (Younes et al., 2010).

In THM problems, the MFE method has been used for both poroelasticity (Brun et al., 2020,
2019; Zhang and Rui, 2024) and poroplasticity (Song et al., 2018; Wang and Song, 2020). In
thermo-poroelasticity problems with small strain, the MFE method has been employed for the
discretization of the fluid flow and heat transport equations and combined with the standard
Galerkin finite element method for the mechanical equation (Brun et al., 2020, 2019). Zhang
and Rui (2024) used the MFE method for the fluid equation and the continuous Galerkin finite
element method for both the displacement and temperature fields. Solving the coupled

nonlinear PDEs can bring a heavy computational burden because of the high coupling between
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the flow, mechanics, and heat in thermo-poroelasticity problems. To reduce the computational
cost, Zhang and Rui (2024) linearized the nonlinear convective transport term in the energy
conservative equation by using the fluid flux at the previous time level. Recently, meshless
methods have been implemented to study the THM behavior of large deformations in
unsaturated porous media (Menon and Song, 2023).

In this work, a robust unsaturated thermo-poroelasticity model is developed using advanced
spatial and temporal discretization methods. The lumped hybrid MFE method is used for the
spatial discretization of the fluid flow and heat transport equations under unsaturated
conditions. The nonconforming CR finite element method is employed for the discretization of
the displacement field. The upwind edge/face centered FV scheme (Younes et al., 2022a) is
integrated with the MFE method for the discretization of the convective term in the heat
transport equation to prevent unphysical temperature oscillations appearing in advection-
dominated transport. The monolithic coupling algorithm, where all the equations are solved
simultaneously, is adopted to prevent splitting errors. Time discretization is performed using
high-order time integration methods via the MOL which was shown to be efficient for
poroelasticity problems (Guo et al., 2024).

The article is structured as follows. In section 2, we recall the mathematical model governing
the coupled fluid flow, heat transport, and mechanical response in the case of variably saturated
porous media. In section 3, we develop the spatial discretization of the equations based on the
MFE method for the Richards equation, the upwind MFE method for the heat transport
equation, and the CR method for elasticity. The coupled equations are solved in time with high-
order methods using the MOL. In section 4, numerical experiments are performed to validate
the developed model and investigate its robustness by comparisons against classical finite

element results. Section 5 concludes the study and reviews the main findings.
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2. MATHEMATICAL MODEL

The governing equations for the THM problem in variably saturated media consist of the
hydraulic, heat transport, and mechanical models, outlined as follows. The mathematical model
is formulated on the basis of small deformations theory and infinite mobility of the air phase,
which implies that air pressure distribution is quasi-static and therefore the air pressure can be

considered constant.

2.1 The hydraulic model

Taking into consideration the thermal expansion as well as the solid deformation, the mass
conservation equation of the non-isothermal fluid in variably saturated media is given by

(Antonietti et al., 2023; Kafle et al., 2022):

OH oT oe :
I e C v + v = 7 , 1
oo Mot ot 1=4, ()

where H =h+ y is the hydraulic head [L], % -2 is the pressure head [L] related to the

w

pressure p [Pa], p, is the water density [ML?], g is the gravity acceleration [LT2], y is the
upward vertical coordinate [L]. C,, =(S,S,+c(h)) [L™'], with S, =6/6, is the water
saturation [-], @ is the current water content [L*L ], 6, is the saturated water content [L’L ],
c(h)=06/0h is the specific moisture capacity [L7'], S :pwg((a—n)CsSw+nCw) is the
specific mass storativity related to the saturation change [L!], « is the Biot coefficient [-], n
is the porosity [-], C,, is the compressibility of water [M'L!T?], C, is that of the solid grains
[MIL!T?], C o =a, =(1-n)a] +nS,a, is the equivalent volumetric thermal expansion

woTwW

coefficient [®'], &/ is the volumetric thermal expansion coefficient of the solid grain [®™'],
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a! is that of the water phase [©™'], C,, =as, [-]is the volumetric expansion coefficient due
to the mechanical deformation of the solid skeleton, &, =V -u is the volumetric strain, u [L]

is the displacement vector, ¢/ is the source term [T].

The primary variables in Eq. (1) are the hydraulic head of the water phase H [L], the
temperature 7' [ ® ], and the displacement vector u [L].

The Darcy fluid velocity g [LT™'] is given by the Darcy’s law:

q=-KVH, )

P8
H,

where K = k k is the effective hydraulic conductivity tensor [LT™], &, is the relative

permeability [-], 4, is the dynamic viscosity [ML!T™!], and k is the absolute permeability
tensor dependent only on the porous medium [L?].
In this work, the water density p, and the water viscosity x, are considered constant, as their

variation with temperature can be neglected within a limited temperature range.

In unsaturated media, different constitutive models can be used for the relationships between
the saturation, the relative permeability, and the pressure head (Brooks and Corey, 1966;
Mualem, 1976; Van Genuchten, 1980). In relatively low-temperature conditions considered in
this study, the thermal effect on the water retention curve can be neglected (Lu and McCartney,
2024). In this work, the classical van Genuchten (1980) model is adopted to approximate the

saturation-pressure head relation:

") : 3)
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where @, [L'!'] and n, [-] are the van Genuchten parameters dependent on the porous media

properties, m, =1—1/n,, S, [-] is the effective saturation and 6, is the residual water content
[L3L73].

The permeability-saturation relationship is derived from the Mualem (1976) model as follows:
m, 2

k =S\ [1 —(1-8,")" } . (4)

The hydraulic model, given by Egs. (1)-(4), has to be solved on the computational domain €2

of boundary 0Q formed by 0Q and 0Q  representing, respectively, the boundary with a

prescribed hydraulic head and that with a prescribed normal flux.

2.2 The heat transport model

Assuming thermal equilibrium (the same local temperature for the solid and fluid phases), the
energy conservation equation in unsaturated porous media can be written as follows (Li et al.,

1999; Wang and Papamichos, 1994):

CTT%HIVT +Vq,=4;, (%)
(PCr),, . .
where Cpp =—— [-], with (pC;)  =nS, (p,Cp,)+(1-n)(p,Cy) the effective heat
wTw )

capacity for an elementary volume of the mixture of solid and fluid phases and p,Cj, , the heat
capacity of the sole water phase, C,, and C,, are the specific heat capacity of the water phase
and that of the solid phase [ L’'T?®"], p, is the density of the solid phase [ML?], and ¢ is the

heat source term [T'© ].
The primary variables for the heat transport Eq. (5) are the temperature 7', and the hydraulic

head H since Eq. (5) involves the Darcy velocity ¢, which is dependent on H (Eq. (2)).

The diffusive heat flux ¢, in Eq. (5) is derived from the Fourrier’s law (Joseph Fourier, 1878):
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4,=-DVT, ©)

T
where D =

c is the diffusion coefficient [L*T™'], k" =nS k, +(1—n)k! is the effective
pw Tw

thermal conductivity, k. and k. are the thermal conductivity of the water phase and that of

the solid phase, respectively [ MLT @™ ].
The heat transport model, formed by Eq. (5) and Eq. (6), is solved on the computational domain

Q of boundaries 0Q, and 0C, corresponding, respectively, to the boundaries with fixed

temperature and fixed heat flux.

2.3 The mechanical model
Under quasi-static conditions, the linear momentum balance equation is expressed as,
Vie+p,g=0, (7)

where p, = p, (1-n)+nS, p, is the bulk density [ML>], & is the total stress tensor [ML'T"?]
which is related to the effective stress &, [ML'T2], the fluid pressure p , and the temperature
T by:

azae—aSW(p—pmf)I—a,:Kd(T—Tref)l , (8)
where 1 is the identity matrix, p = p, gh is the water pressure [ML'T?], K, = (3A+2u)/3 is

vE d u= E
(L) (—2v) 72 (1)

the bulk modulus of the porous medium [ML'T2], A= are

the Lamé coefficients [ML'T-2], E is the Young’s modulus [ML'T-2], v is the Poisson’s ratio

[-]9 pref and 7]

s are, respectively, the pressure and the temperature reference values.

Assuming small deformations, isotropic materials, and linear stress-strain relationship, the
constitutive relation between the effective stress and the displacement can be expressed using

the generalized Hooke’s law:

10
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o, = p(Vu+(Vu) )+ A(V-u)L. )

Thus, the mechanical model requires the solution of the Egs. (7-9) on the domain €2 of
boundary 6Q which is formed by 0Q  and 0Q, corresponding, respectively, to the boundary

with a prescribed displacement and prescribed traction. The primary variables of the mechanical
model are the hydraulic head H, the temperature 7', and the displacement vector u.

In summary, the unsaturated thermo-poroelasticity problem requires the solution of the coupled
equations of the fluid flow (Eqgs. (1-4)), of the heat transport (Egs. (5-6)), and of the
poroelasticity (Eqs (7-9)) with the boundary conditions specified for each physics. It is
noticeable that the Dirichlet and Neumann boundaries are specified for each physics sufficiently
and uniquely for all the boundary edges of the investigated domain so that the following

criterions always hold: 0Q LdoQ =0Q and 0Q,NoQ, =0 for the hydraulic model,
0Q, UoQ, =0Q and 0Q, N0Q, =0 for the heat transport model, 0Q, U0Q, =0Q and

0Q, N0Q, =0 at each dimension for the mechanical model.

3. DISCRETIZATION

In the following, the MOL is used for the discretization of the coupled thermo-hydro-
mechanical equations with the corresponding initial and boundary conditions. To this aim, the
coupled equations are discretized in space on general triangular meshes with the lumped hybrid
MFE and the CR finite element methods. Then, the obtained nonlinear system of ODEs is
discretized in time with high-order time integration methods. The main stages for the

discretization of the governing equations are summarized in the next subsections.

11
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3.1 Discretization of the fluid flow equations

Using the lowest-order MFE method, the Darcy velocity inside a triangular element E is
approximated with the lowest-order Raviart-Thomas (RT) vectorial basis functions (Raviart

and Thomas, 1977):

q" = OFw’, (10)

E
X—X

1 i . .
where w' = —( EJ is the RT basis function,
2[E\\y -,

E| is the area of the element E, (x,.E , y,.E)

is the vertex coordinate opposite to the edge i (see Fig. 1), Q" = J.qE n” is the water flux across

the edge i of E, i is the outward unit normal vector to the edge i.
The lumped formulation of the MFE method (Younes et al., 2006) is elaborated in two steps.
In the first step, the stationary flux QF at the edge i of the element E is obtained from the

variational formulation of Eq. (10) on £ for the steady-state mass conservation Eq. (1), leading

to (see Younes et al., 2006):
_ ap .o
OF = Z L—K’ LBl |HE, (11)

where QE is the flux across the edge i in the case of a stationary problem without sink/source
terms, HjE is the hydraulic head at the edge j, B, is the elemental matrix of terms

By, = jK w? wf , K is the effective hydraulic conductivity tensor associated to the element
E

E _ -1 E _ E
E, o = ZBKJ]. and a; = ZaKJ. .

j=13 i=1,3

12
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[HT TT JPrimary unknowns for the edge i of £
Lumping zone R; associated to the edge i
Direction convention of flux for £ and R,

Figure 1: The denotations of lumped hybrid MFE method for fluid and heat flux
discretization.
In the second step, a lumping region R, (grey region in Fig.1) is assigned to each edge i, by

joining the centers of the two sharing elements £ and E’ with the two nodes j and & of the

[£], £

edge i. The area of the lumping region R, is therefore 3 + ES The integration of the mass

conservation Eq. (1) over R; gives (see Fig.1 for notations):

E E _ _ S E
{CE @aHi —_CE @%.FCE@&Q : £_Q } {}=O, (12)

"3 o 3o 3o +Oy + 0

where &” is the volumetric strain at the element E, Q7 = is the total amount of

pumped/injected water in E, H' and T," are respectively the hydraulic head and temperature
—E
of the edge i which are associated with the lumping region R;, O, is the steady state water

flux at the interior interface (ij )E between the edges i and j, calculated by integration

Qg Iq Q -0F ) The shortcut { }' designates the same contribution as { } , but of

13
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the adjacent element E' . Using the steady-state mass balance at the element FE

(Qf +§_21Ek +§_2f = 0) and Eq. (11), the mass conservation in the lumping region R, yields:

s |E|OHF E|E|8TE E|E|65 06 0! : OF P
{%7 T S A NP D L el A A R
J K

The final hydraulic system is obtained by writing Eq. (13) for all mesh edges, except for those

of the boundary 0€2, with a prescribed head. Notice that the lumped formulation Eq. (13) has

an improved monotonicity compared to the standard MFE method (Younes et al., 2006).
Furthermore, the time derivative in Eq. (13) remains in its continuous form (contrarily to the

standard MFE formulation) which allows the use of the MOL (Younes et al., 2006).

3.2 Discretization of the heat transport equation

The new upwind lumped hybrid MFE scheme proposed in Younes et al., (2022a) ensures
oscillation-free solutions by combining the lumped formulation of the hybrid MFE
discretization with the upwind edge-centered FV method, without any approximation for the
upwind variables. Thus, for a given lumping region, the advection flux at one of its interfaces
is evaluated using the variables from that lumping region (in the case of outflow) or from its
adjacent lumping region (in the case of inflow). The scheme of Younes et al., (2022a) is
extended in this study for the discretization of the energy conservation equation.

Like the Darcy flux, the diffusive flux, given by Eq. (6), is approximated with the lowest-order

RT elements as:

N (14)

i=1,3
As previously, the first step of the lumped MFE formulation gives the steady-state dispersive

flux (similarly to the Darcy flux in Eq. (11)) as follows:

_ af af
Qf,i = Z( = EDJ _B;ij TjE , (15)
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where D, is the diffusion coefficient in the element E, B, = I Dy'wiw? , ap. =Y B,
j=13

and ap =Y ap,.

i=13
In the second step, the integration of the heat transport Eq. (5) over the lumping region R,

writes (see Younes et al., 2022a):

%

ETE QLT ~TF (O +0F )+ 05, + 0ny — 2 }+{ V=0, (16

3
hi"CfT ¥ —Q/) is the water flux at the int terf: Fig. 1
where A, QIJ ——(Qj -0 ) is the water flux a emerlormerace( ) (Fig. 1),
—F —E
O =q; |E| is the total heat source over the element £, O, and Q,, are the steady-state

—E —E —E
dispersive fluxes at the interior interfaces (i/)" and (ik)" which verify O 05 T Ouu+0,,=0

The temperature Tf (see Fig. 1) at the interface (ij )E is the upstream temperature, defined by
(Younes et al., 2022a):

TF (17)
with 7, =1 if Q7 >0 ,elsez; =0.

Substituting Eq. (17) and Eq. (15) into Eq. (16), yields:

{/1 aaTtE +0f (1=, )77 =17 )+ 05 (1-2 ) (T =T )+ (B;,f,-,- - ag’ioég’j }7',5 - Q‘gf }Jr{ V=0
j=13

(18)

The final heat transport system to solve is therefore given by writing Eq. (18) for all mesh edges

except those at the boundary 0€, with a prescribed temperature.
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3.3 Discretization of the mechanical model

The CR method is used hereafter for the discretization of the mechanical model. The

displacement vector u” over the element E is approximated by (Fig. 2):

uE:ZMf(piE (19)

i=13
where ¢ is the interpolation function related to the edge i, varying linearly from 1 at the edge
i to -1 at the opposite node i and intersecting the two edges j and & at their centers (Fig.2).
For an interior edge i sharing two adjacent elements £ and £’, the interpolation function ¢, ,
associated to the edge i, is the union ¢, =@" U@ . The interpolation function degenerates to
@, =@’ for a boundary edge.

Using Eq. (19), the volumetric strain at the element £ becomes:

i=13

AyF E
gf:V-uE:Z(ufx—;] eyt A J , (20)

T

where Ax/ =x] —x; and Ay =y ;.

Figure 2: The interpolation function ¢, of the nonconforming CR finite element.
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The weak formulation of the equilibrium Eq. (7) over the domain ), using the test function

@; and Green’s formula writes:
[o-Vo—[ponqa=[pge, 1)
Q o Q

where 7, is the outward normal unit vector to the boundary 0Q . For an edge i of the boundary

0Q),, the second term of Eq. (21) corresponds to the prescribed traction ¢, for the edge i. For

an interior edge i, the second term vanishes, and Eq. (21) contains the contribution of the two

adjacent elements £ and E':

IO‘E Vol = J.pfg(pf + Itf for edges in o€,
E E , ,i ' , (22)
JO‘E Vo' + IO’E Vol = Ip,fggof +Ipf gp” for interior edges
E E' E E'
Substituting Egs. (8-9) and (19) into Eq. (22) yields the two equations to solve (for the

displacement in the horizontal and vertical directions) for an arbitrary edge i:

{ZN‘L—U /X+ZN1§U Jy+SpTAyl} { },=Litix

j=13 Jj=13

(23)
' E |E
{ZuN;U fx+Zl3N;;y st AxE} {} :[pfg—kpf %Jgnizg’
J J
_ B sy B .
where s, = e (Hj -V, —Href) EY (T Tref) is related to the pore pressure and
Jj=13 j=13

the temperature with y, denoting the elevation of the edge ;j in the element E ,

B, =a"S,p,g and B =a, Ky . (t t’ ) is the prescribed traction at the boundary edge

i of length L, and { }' denotes the same term as in the first curly bracket but for the neighbor

element £'. The four local matrices in Eq. (23) are defined as follows:
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240, +
1 “Hp T A A Ay ij +/JE AxiEAxf

] ||
2 _He AVEALE /I—EA EpLE
Ng; = |E|Ax Y +|E| ;A 5y
3 N Ae ok ()
NEU | |Ay Ax | |Ax Ay}
4 2#5"'/15 AXEAXE Ay,EAy,

Y lE 2]

The final system is obtained by writing Eq. (23) for all mesh edges (except for those with a

prescribed displacement) by implicitly imposing the continuity of the displacement vectors at
the interface between the two adjacent elements £ and E’ (ui =u’ = ulE) .
To stabilize the CR discretization, a penalty term is added to the variational formulation. The

penalty term, developed by Hansbo and Larson (2003) using the connection between CR and

DG methods, is implemented in this work (see Guo et al., 2024):

Jump = ZnyZL;II u

ecA e

o (25)

e

where 7, is the penalty parameter that can be fixed to 0.5 (Hu et al., 2017). All the edges e in
the investigated domain € constitute the set A. L, is the length of the edge e. The jump of a
function w (x) (vector or scalar-valued) across the edge e shared by the two adjacent elements

E and E' is defined as w e(x)sz(x)—wE,(x), xee .

3.4 Coupling Scheme

The final spatially discretized equations of the three-field problem are given by the coupled
Egs. (13), (18), and (23). The obtained system of nonlinear equations is solved using a

monolithic scheme, written as:
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oH

C]I:IH C;H C]A:IH at CHH 0 0 H Qf

0 C. 0 Z—T+CHT C, 0 [{T}!+]Q,}!=0, (26)
t

0 0 C;IM a_u CHM CTM CMM " Qm
ot

where {H T u} is the primary unknowns vector formed by the hydraulic head, the
temperature, and the displacement components at each direction for all the edges (except for

T
Dirichlet boundary edges) and {8_H ar a_u} is the corresponding time derivatives.

o ot ot
Therefore, there are four degrees of freedom in total at each edge center. {Qf Q, Q. }T are

the other constant terms in the discretization equations. The matrices C},,, Cl,,, C},,, Crr,

T
CMM >

C..-C,C,,»Cp ., C,, are the stiffness matrices. Notice that C},, is a fictitious

HH > 1T > HM > ™ >

diagonal matrix, added to enhance the convergence of the ODE solver. In this work, the

diagonal terms of C},, are fixed to a small value (10’7 ) . The calculation details of the matrices

in Eq. (26) are listed in the appendix.

The equations in the system (26) are nonlinear since the stiffness matrices are dependent on the
solution{H T u}T . The final nonlinear system Eq. (26) is solved in time with the DASPK

solver. This solver uses high-order time integration methods which are more efficient than low-
order methods for solving challenging unsaturated flow problems (Tocci et al., 1997). The
Fixed Leading Coefficient Backward Difference Formula (FLCBDF) is employed in DASPK
with variable order (up to the Sth). The Newton-Raphson method is used for the linearization
of the obtained system with a Jacobian matrix J approximated by the finite difference method.
Three techniques are used to improve the efficiency of the solution:

(i) Thesame J isreused for many time steps and is updated only when the time solver fails.

Indeed, when solving the nonlinear problem, the evaluation of the Jacobian matrix at each
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(i)

(iii)

iteration can be expensive. Reusing the Jacobian matrix can result in significant
computational savings but reduces the convergence rate of the nonlinear solver from
quadratic to superlinear.

The Jacobian matrix is approximated numerically with simple finite differences which requires
the perturbation of the residual. To reduce the computational cost of the Jacobian evaluation, we
take advantages of the sparsity of the Jacobian (from the system (26)). The columns of J are
divided into independent groups and the perturbation is applied for each group separately. With
this procedure, J is evaluated using a few number of residual evaluations which often
corresponds to the largest number of non-zeros elements in a row of J (Hindmarsh, 1982).
Efficient order and time-step size selection schemes are used. During simulation, the local
truncation error is estimated by comparing the result of a predictor polynomial to the
result of a corrector solution, for a range of orders. The selected order of integration
(between 1 and 5) is the one that requires the smallest computational effort to advance
the approximate solution in time for a given allowable error. Once the order is selected,
the time step size is computed based upon an efficient automatic time-stepping scheme
which ensures that the local truncation error criterion is met by decreasing or increasing
the time step size (Brenan et al., 1996). The error criterion is met if the truncation error is

under a fixed value, which is function of a user-defined relative and absolute tolerances.

4. NUMERICAL EXPERIMENTS

In this section, the validation of the new numerical model (called MFE-THM) is investigated

by comparison against the analytical solution for a thermal consolidation problem in saturated

condition. Then, numerical experiments are performed to show the robustness of the new model

for the simulation of THM problems under saturated and unsaturated conditions.

20



410

411

412

413

414

415

416

417

418
419

420

421

422

423

424

425

426

4.1 The one-dimensional thermal consolidation problem

The one-dimensional thermal consolidation problem is a classical thermo-poroelasticity
problem widely used for the validation of THM numerical models. The coupled equations in
this problem are solved analytically for saturated conditions using the Fourier transformation
(Bai, 2005). The problem is solved hereafter numerically with our new MFE-THM model as
well as with the COMSOL Multiphysics model, which is based on the Galerkin finite element
method with linear elements for heat transport and Taylor-Hood P2-P1 elements for
poroelasticity.
t=[0 F]

RERERERE!

T =333.15K
pl'up = Upa

081

s u, =0m
08F  p,=1x10°Pa
T, =283.15K

041

0.2mx1m

1 No Flow, Thermal Insulation

=

o o
w

o O

| No Flow, Thermal Insulation

=
=

=~ .
Il

K_L
Il
=

No Flow

a1 L
0 0.1 0.2
Thermal Insulation
u, = 0,6, =0

Figure 3: The configuration of the 1D thermal consolidation problem.
The configuration of the thermal consolidation problem is depicted in Fig. 3. A rectangular
domain of 0.2mx1m is constrained in the normal direction on the two vertical sides and the

bottom. The origin of the Cartesian coordinate system is located at the bottom left corner of the
domain. A uniformly distributed downward load F =—-1x10’Pa is applied at the top surface of

the domain, where the temperature is fixed to 7, =333.15K and the water pressure is fixed to
P., =0Pa. All the other boundaries are impermeable and thermally insulating. Initially, the
domain has a uniform water pressure p, = 0 Pa, a uniform temperature 7, =283.15K and no
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deformations. Thus, the temperature interval for this test case is [283.15 333.15]K. Three
observation points are chosen inside the domain with locations at (0.1, 0.1), (0.1, 0.5) and (0.1,
0.8). The computational domain is discretized into 1322 triangular elements in COMSOL with
the automatic mesh generator. The same mesh is exported and used for the MFE-THM model.

The iterative solver is used for both the MFE-THM and COMSOL models. A duration of

4x10 s is simulated. During this period, the pressure and temperature inside the domain evolve
gradually from the initial state until reaching the upper boundary values at the steady state
regime. The settlement increases continuously from the initial state due to the applied surface
load and is affected by both pressure and temperature changes. It reaches the maximum when

the steady-state regime is attained. The material parameters are listed in Table 1.

Table 1: The material properties of the one-dimensional thermal consolidation problem

Parameter

Value

Water density p,,
Solid density o,

Porosity n

Permeability &

Water compressibility C,,

Solid grain compressibility C,

Water heat conductivity &,

Solid heat conductivity k!

Water heat capacity C,,

Solid heat capacity C,,

Water volumetric thermal expansion coefficient

Solid volumetric thermal expansion coefficient a

Young’s modulus £
Poisson ratio v

Biot’s coefficient o

1000 [kg/m?]
2600 [kg/m?]
0.4

2.1x107"% [m?]
2.0x107" [Pa’']
5.0x107" [Pa]
0.5 [w/m/K]

0.5 [w/m/K]
4200 [J/kg/K]
800 [J/kg/K]
2.0x107* [1/K]
1.5x107° [1/K]

6.0x10° [Pa]
0.3

1.0
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To check the correctness of the developed MFE-THM model, simulation results are compared

to the analytical solution and to COMSOL Multiphysics results. The pressure, temperature, and
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settlement at the three observation points are extracted and plotted in Fig. 4. The analytical
solution of Bai (2005) is calculated and used as the reference. The comparisons in Fig. 4 show
that both MFE-THM and COMSOL models yield similar results for the pressure, temperature,
and settlement at the three observation points during the consolidation process. Furthermore,
the pressure, temperature and settlement obtained numerically are in very good agreement with
the analytical solution. This validates the MFE-THM model for the solution of thermo-

poroelasticity problems.

12 " 340 0.02
— Analy y=0.1
10 3301 — Analy y=0.5 0.00
o — Analy y=0.8 —
‘o - Analy y=01 E _ — Ana|y y:()‘]
o + C ly=0.1 E
@ 8] Analyy=0.5 2 3201 | ol );:05 =002 Analy y=05
o — Analy y=0.8 % + Comsol y:0:8 3 — Analy y=0.8
a 6F + Comsol y:0_1 a_) 310 & MFE-THM y:(] 1 = -0.04} 4 Comsol y=0_1
@ + Comsol y=0.5 =% & MFE-THM v=0.5 2 + Comsol y=0.5
g 4|+ comsoly=0.8 %300 & MFE-THM ;=0.8 B -0.06] + Comsol y=0.8
o MFE-THM y=0.1 [t : 0 o MFE-THM y=0.1
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10° 10° 10° 10° 10° 108 10° 10° 108
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Figure 4: Results of MFE-THM and COMSOL versus the analytical solution for the thermal

consolidation problem.
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Figure 5: Errors on the mean solutions of pressure, temperature, and settlement with the MFE-

THM model (a) and COMSOL (b) for different mesh sizes.
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A mesh convergence analysis is then performed with the MFE-THM and COMSOL models for
the 1D thermal consolidation problem. To this aim, several simulations are performed with the
MFE-THM model using different uniform meshes obtained by subdivision of squares into four
triangles. The errors on the mean values for pressure, temperature, and settlement solutions over
the domain at t = 4x10°s are calculated by comparison against a reference solution obtained
using a very fine mesh. The results of mesh convergence analysis are given in Fig. 5a for the
MFE-THM model and in Fig. 5b for the COMSOL model. Results of Fig. 5 show that the
solution errors depict similar convergence rates with a slope around 2.0 for both MFE-THM
and COMSOL models.

Effect of the surface pressure and temperature on the settlement

To investigate the effect of the surface pressure and surface temperature on the settlement inside
the column, the consolidation problem is simulated using three different top pressure values

and three different surface temperatures.

0.00 0.00
E -0.03 E -0.03
= I = g
g -0.06 1 g-0o06f N
@ - MFE-THM OPa @ - MFE-THM 283K
% - MFE-THM 1e4Pa % - MFE-THM 333K
N - MFE-THM 5e4Pa o L |- MFE-THM 383K
03 a Comsol OPa 0:85 @ Comsol 283K
a Comsol 1e4Pa g a Comsol 333K h
012 L® Comsol Se4Pa 4 o012 L° Comsol 383K :
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
y (m) y (m)
(a) (b)

Figure 6: Settlement inside the column: effect of the surface pressure (a) and surface

temperature (b).
The settlement distribution inside the column at t=4x10" s is calculated using the same

parameters and boundary conditions as previously, but for pressure values p,,, corresponding
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to 0 Pa, 1x10*Pa and5x10*Pa. Results in Fig. 6a show that, for the three surface pressure
values, the settlement varies linearly from zero (at the bottom) to its maximum value (at the top
surface). The slope of the settlement curve (and therefore, the maximum settlement reached at
the surface) reduces as the surface pressure increases. Good agreement is observed for the
results of MFE-THM and COMSOL models in all situations. Similar behavior is observed in
Fig. 6b, which shows that the settlement varies linearly for the three surface temperatures. The
slope of the curve, as well as the maximum surface settlement reduce as the surface temperature
increases. These results agree with the physics since the deformation due to the surface load
reduces when high pressure occurs in the domain and when the temperature of the porous
medium increases. The results of MFE-THM model are identical to those of the COMSOL

model.

4.2 Cold water well injection problem

This problem has been suggested by Liu et al. (2009) to analyze nonphysical temperature
oscillations for the saturated thermo-poroelasticity problem. In this problem, cold water is
injected at a well of radius 7 =0.1m , located at the center of an infinity reservoir. The evolution
of the temperature along the radial direction is investigated at different time steps. Due to the
radial symmetry of the geometry and boundary conditions, only a quarter of the domain of
radius Im is simulated (instead of the whole reservoir). The configuration of the problem is

illustrated in Fig. 7.
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Figure 7: The configuration of the cold water well injection problem.

The horizontal and vertical boundaries are constrained in the normal direction and assumed to

be impermeable and thermally insulated. Cold water of temperature 7, =173.15K is injected

from the wellbore with a prescribed flow rate ¢, =10*m/s. Free traction boundaries are

applied at the wellbore and the exterior curvilinear boundary. The latter has a prescribed zero
pressure and a thermal insulation boundary condition. At the initial state, the reservoir is

undeformed with a uniform zero pressure distribution and a uniform temperature distribution
of T, =273.15K . Thus, the temperature interval for this problem is [173.15 273.15]K. The

domain is discretized with 1634 triangular elements using a local refinement around the
wellbore in COMSOL with the automatic mesh generator. The same mesh is exported and used
for the MFE-THM model. The iterative solver is used for both the MFE-THM and COMSOL
models. The cold water is injected during a period of 5x10*s . During the injection, the pressure
inside the domain increases gradually until reaching a steady-state radial distribution, whereas
the temperature progressively decreases inside the domain due to the transport of the cold water

inside the domain by convection and conduction. The material properties for this problem are

listed in Table 2.
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Table 2: The material properties of the heat injection problem

Parameter Value

Water density p, 1000 [kg/m®]
Solid density p, 2600 [kg/m’]
Porosity n 0.4
Permeability £ 1.0x107"% [m?]
Water compressibility C, 2.0x107" [Pa’']
Solid grain compressibility C, 5.0x107" [Pa]
Effective heat conductivity k" 0.2/0.5/2.0 [w/m/K]
Water heat capacity C,, 4200 [J/kg/K]
Solid heat capacity Cj, 800 [J/kg/K]
Water volumetric thermal expansion coefficient 3.0x107° [1/K]
Solid volumetric thermal expansion coefficient ¢ 3.0x107° [1/K]
Young’s modulus £ 3.0x10° [Pa]
Poisson ratio v 0.2

Biot’s coefficient o 1.0

Due to the coupling, the three fields (thermal, hydraulic, and mechanics) vary in time and space.
The deformation of the porous medium is only induced by the flow and heat processes since no

load is prescribed on the boundaries of the domain. To show the contribution of each field to

the induced displacement, we simulate three scenarios for a duration, ¢ =2x10*s. In the first

scenario, the temperature of the injected water is the same as that initially occurring in the

porous material, 7

" =1y, =273.15K . Thus, there is no thermal effect in this case, and the
deformation of the porous material is only induced by the hydraulic process. Fig. 8a shows the
final temperature distribution and the displacement field. Due to the water injection in the well,
the final pressure distribution (Fig. 8b) shows a high pressure at the well boundary, which

decreases progressively when moving away from the well until reaching the exterior curvilinear

boundary where the pressure is fixed to zero. The pressure gradient induces radial outward
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Darcy velocity (Fig.8b). Besides, the increase of the pressure inside the domain induces a

deformation in the radial outward direction, as shown in Fig.8a.

In the second scenario, there is no water injection in the well (g,,, =0) and heat transport only
occurs by conduction due to the lower temperature of the wellbore boundary 7, =173.15K

compared to that initially occurring in the domain 7j =273.15K . Consequently, a small

deformation occurs due to the cooling of the porous material, and a weak displacement takes
place in the radial direction toward the well, reflecting the contract of the porous medium due
to the cooling (Fig. 8c). The deformation itself creates an increase in pressure as we get closer
to the well (Fig. 8d), thus very weak induced Darcy velocity is observed in the outward radial
direction (Fig. 8d) due to the pressure gradient. The displacement and velocity magnitude are
too small compared to the first scenario to show in the same scale, so a larger scale for the
vector magnitude is applied in Figs. 8c-d.

The last scenario is the combination of the first and second scenarios, where the deformation is
induced by both the fluid and the heat processes. Because the effect of the fluid process is much
more influential than that of the heat process, the obtained deformation is very close to that of
the first scenario showing a radial outward displacement field (Fig. 8e). The pressure
distribution and the Darcy velocity field for the scenario 3 (Fig. 8¢) are weakly affected by the
heat process as the results are very close to that of scenario 1 (Fig. 8b). The temperature
distribution for the last scenario (Fig. 8¢) shows the propagation of the radial cooling front from

the well to the further end, due to heat transport by advection and conduction.

28



Temperature [N Pressure head [N I

(K)

173 206 240 273 (ITI) 0.0E+00 6.7E+03 1.3E+04 2.0E+04

(b)

Temperature I Pressure head EEEEINININY N

(m)

(K) 173 206 240 273 0.0E+00 2.0E-01 4.0E-01 6.0E-01

(d)

(c)

N

Temperatu re Pressure head _ -

0.0E+00 6.7E+03 1.3E+04 2.0E+04

273
n 1 .

545
546 Figure 8: Results for the cold-water injection well problem at ¢ =2x10*s. Temperature
547 distribution and displacement field for scenario 1 (a), scenario 2 (c), and scenario 3 (e).

548  Pressure distribution and Darcy velocity field for scenario 1 (b), scenario 2 (d), and scenario 3
549 ().

550

29



551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

280 -
= MFE-THM 1E3s | 1y

* MFE-THM 4E3s | ¢

N
~
o

- COMSOL

Temperature (K)
~
o

—_
=~
()]

T T=73.45K

140 : :
0.1 0.5 1
X (m)

Figure 9: Temperature profiles at y = Om at different times for the cold-water injection

problem.

Simulations for the scenario 3 are performed with the developed MFE-THM model as well as
with COMSOL using the same mesh and iterative solver. Fig. 9 depicts the temperature profiles

at y=0 m for different steps in the case of a small effective thermal conductivity value

k" =0.2 w/m/K to show the advance of the cold/hot temperature front during time. The results
of COMSOL (based on the standard finite element method) show strong unphysical temperature
oscillations (Fig. 9). The MFE-THM model avoids such instabilities and yields a monotonous
temperature solution free of unphysical oscillations thanks to its advanced numerical scheme.

To highlight the effect of the upwind technique used with the MFE method, two variants of the
MFE-THM model (with and without upwind) are employed for the simulation of the current
problem using different thermal conductivities k" = 2.0/0.5/0.2 w/m/K. The obtained

temperature distributions at ¢ =4x10’s are depicted in Fig. 10 for the different thermal

conductivity values. In the case of large conduction heat transport with &” = 2.0 w/m/K, both

upwind and standard MFE schemes yield stable temperature distributions (Fig. 10a&d).
However, in the case of moderate convection (k' = 0.5 w/m/K) and in the case of convection-

dominated heat transport (k" = 0.2 w/m/K), the standard MFE method yields temperature
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distributions with strong unphysical oscillations, manifesting as extrema bands (Fig. 10b) and
random spots (Fig. 10c) next to the cold temperature front. These oscillations are effectively
removed when the upwind scheme is adopted (Fig. 10e&f). These results highlight the necessity
of combining the MFE method with the upwind edge/face centered FV scheme technique for

the solution of the convection-dominated heat transport problem.

Temperature (K)

(a) kK’=2.0 Standard (b) kK'=0.5 Standard (c) k'=0.2 Standard

(d) k"=2.0 Upwind (e) k’=0.5 Upwind (f) k"=0.2 Upwind

Figure 10: Temperature distribution at # = 4x10’s using the MFE-THM model without

(a,b,c) and with (d,e,f) the upwind technique using different thermal conductivity

k" =2.0/0.5/0.2 for the cold-water injection problem.
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4.3 Deformation of an unsaturated porous medium under partial surface load and hot water
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Figure 11: The configuration of an unsaturated porous medium under partial surface load and

Table 3: The material properties of the partially heat flux injection problem.

Parameter

Value

Water density p,,

Solid density o,

Porosity n

Permeability &

Water compressibility C,,

Solid grain compressibility C,

Water heat conductivity &,

Solid heat conductivity k!

Water heat capacity C,,

Solid heat capacity C;,

Water volumetric thermal expansion coefficient o,
Solid volumetric thermal expansion coefficient o,
Young’s modulus £

Poisson ratio v

Biot’s coefficient «

32

1000 [kg/m*]
2500 [kg/m’]
0.3

1.0x10™" [m?]
2.0x107" [Pa’']
1.1x1077 [Pa™']
0.6 [w/m/K]
0.9 [w/m/K]
4200 [J/kg/K]
800 [J/kg/K]
6.0x107* [1/K]
4.5x107 [1/K]
1.0x107 [Pa]
0.3

1.0
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Saturated water content &, 0.3

Residual water content 0, 0.01
Van Genuchten parameter «, 2 [1/m]
Van Genuchten parameter 7, 2.05

This last test case deals with the THM problem under unsaturated conditions. The domain is a

square porous medium of 10mx10m fixed in the bottom and normally constrained (u" = O) in

both left and right vertical sides (Fig. 11). A downward load F =—10° Pa is uniformly applied

on the left half of the surface boundary. At the right-half surface boundary, water is injected
with a constant flux g, =—8x10°m/s, and the temperature is fixed to 7,, =338.15K . The
right half of the surface boundary is traction-free. All the other boundaries are thermally
insulated and impermeable. The gravity is considered as a body force, f = p,g appliedat =0
. Initially, the porous material is assumed to be undeformed, with a uniformly distributed

temperature of 7, = 288.15K and a hydrostatic pressure distribution corresponding to an initial

hydraulic head H,=3m . Thus, initially, the domain is saturated in its lower part and
unsaturated in the upper part with a water table located at y =3m . The temperature interval for

this problem is [288.15 338.15]K. The simulation of this problem is a challenging task because
infiltration problems in initially dry soils often generate large head gradients at wetting fronts,

which can cause unphysical oscillations and convergence issues (Zha et al., 2017). The problem

is simulated for a duration of 3x10°s using the MFE-THM model on a triangular mesh of
around 700 elements. At the end of the simulation, the domain is not fully saturated, and the
upper left part of the domain remains unsaturated. The material properties for this problem are
listed in Table 3.

In this problem, the surface boundary conditions for mechanics (prescribed load on the left half

part), for hydraulic (fixed infiltration water flux on the right half part), and for heat (fixed
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temperature on the right half part), as well as the gravity body force impact the coupled THM
process. Four different scenarios are simulated to show the impact of each single condition on
the solution. In the first scenario, there is no load and no water infiltration at the surface. Further,

the boundary temperature is chosen to be the same as that initially occurring in the domain

1,, =T, =288.15K . Hence, the porous medium is only subject to the gravity force f=p,g,

which is applied from #=0. Fig.12a shows the obtained displacement field as well as the
saturation distribution in the domain at # =3x10’s . At a given elevation, the same displacement
is observed from the left to the right since the problem is mono-dimensional. The Fig.12b shows
the initial vertical settlement profile at x = 7m (without gravity force) in blue, which is zero in
the entire column, and the final vertical settlement profile at # =3x10’s (caused by gravity) in
red, which varies from zero at the fixed bottom, to its maximum value (around 6.4cm) near the
surface. The Fig.12¢ shows the impact of the mechanics on the fluid flow. Indeed, the settlement

caused by gravity, induces the water table level rise by approximately 19cm.
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Figure 12: Results for scenario 1. Saturation distribution and displacement field (a),
settlement profile at x =7m (b) and saturation profile at x =7m (c).

In the second scenario, the load is added to the left half part of the surface. As a consequence,
the problem is no longer mono-dimensional and at a given elevation, the displacement increases
from the right to the left (Fig.13a). The obtained displacement field is greater than that for the
first scenario (Fig.13a). The settlement profile at x = 7m plotted in Fig.13b shows that the

surface load increases the maximum settlement from 6.4cm to 7.9cm. Consequently, the
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saturation profile in Fig.13c shows that the water table level increases by approximately 28cm,

which is 9cm more than previously.
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Figure 13: Results for scenario 2. Saturation distribution and displacement field (a),
settlement profile at x = 7m (b) and saturation profile at x =7m (c).

In the third scenario, in addition to the previous conditions, water is injected with a constant
flux g, =—8x10°m/s at the right-half part of the surface. Because of the water injection, the
water table level rises until reaching approximately 7.6m at ¢=3x10’s (Fig.14a). The
settlement profile at x =7m is plotted in Fig.14b for different time steps. The settlement varies
with time due to the variable body force f = p,g in addition to the pore pressure change.
Indeed, the bulk density p, = p, (1 - n) +nS, p, depends on the saturation, which varies with
the water infiltration. Fig.14b shows that the settlement reduces as the porous medium becomes
more saturated. Furthermore, the decrease of the settlement is not linear with time and is more
pronounced as the domain becomes more saturated. For instance, between 7 =10’s and
t=2x10’s, the maximum settlement reduces by 0.5cm (from 8.2cm to 7.7cm), whereas, it
reduces by 1.1 cm (from 7.7cm to 6.6cm) between 2x10°s and ¢ =3x10’s. The saturation

profile at x=7m is shown atz=0s, t=1.5x10’s and #=3x10"s in Fig. 14c. Due to the

continuous water injection, the water table level increases from its initial position (3m) to

approximately 4m at £ =1.5x10’s and to 7.6m at t =3x10’s .
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Figure 14: Results at # =3x10’s for scenario 3. Saturation distribution and displacement field

(a), settlement profile at x = 7m (b) and saturation profile at x =7m (c)

In the last scenario, we add heat transport from the surface by injecting hot water of

T, =338.15K with g, =—8x10"m/s from the right half surface. The temperature distribution

at t =3x10’s in the domain as well as the displacement field are plotted in Fig.15a. The right
upper corner is heated while the rest of the domain is still at the temperature 7, =288.15K .
The temperature increase induces the dilation of the upper right region of the domain and, as a
consequence, a reduction of the downward displacement in this region. Fig.15b shows the
settlement profile at x =7m for t=1x10’s, t =2x10’s and ¢ =3x10s. In this figure, the red
curve, corresponding to ¢t =3x10’s, is on the top, while the black one, corresponding to
t =1x10’s, is on the bottom. As shown in scenario 3, the settlement decreases with time since
the domain becomes more saturated. Compared to scenario 3, the curves in Fig.15b have
inflection points. The settlement increases from the bottom of the domain until reaching the
heat front, then it starts to decrease because of the thermal dilation. The inflection points of the
three curves in Fig.15b reveal the position of the heat front, which is around 8.5m at ¢ =1x10’s
and around 6.5m at ¢ =3x10s. The final saturation distribution for scenario 4 is almost the
same as that of scenario 3 (Fig.14c) since the fluid density and viscosity are considered constant,
and their variation with temperature is neglected. In fact, a slight effect of the heat process on

the hydraulic process exists through the mechanical process. Indeed, the reduction of the
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settlement, due to the hot temperature of the upper right region of the domain, induces a slight
decrease in the water table level compared to scenario 3 (Fig.15¢). This slight decrease in the
water table level is mainly observable in Fig.15¢ at the end of the simulation when the heated

region in the domain becomes large.
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Figure 15: Results at # =3x10’s for scenario 4. Temperature distribution and displacement

field (a), settlement profile at x =7m (b) and saturation profile at x =7m (c)

Robustness of the MFE-THM model

To show the robustness of the developed MFE-THM model for the simulation of thermo-
poroelasticity problems in variably saturated media, the last scenario 4 is simulated with
COMSOL multiphysics using the same coarse mesh formed by 700 elements and a finer mesh
formed by 1900 elements and the obtained results (in terms of mechanics, hydraulic and heat)
are compared to those obtained with the MFE-THM model on the coarse mesh.

For the mechanical results, COMSOL (using the coarse and the fine meshes) yields the same
displacement field as the MFE-THM model using the coarse mesh (results not shown). For the
hydraulic results, we plotted in Figl6a the saturation profiles on x =7m at t=4x10"s and
t=10’s obtained from the MFE-THM model using the coarse mesh and COMSOL using the
coarse and fine meshes to compare the performance of the three models. The COMSOL results
on the coarse mesh show obvious local extrema reflecting unphysical oscillations near the

wetting front for both investigated times. These unphysical oscillations are often observed with
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classical numerical methods when simulating the challenging problem of infiltration into
initially dry soils due to the presence of sharp wetting fronts and are the origin of convergence
problems and large computational costs (Zha et al., 2017). The mesh refinement with around
three times more unknowns yields a strong reduction of these oscillations but cannot completely
remove them. Contrarily, the results of the MFE-THM model on the coarse mesh (Fig.16a) are

stable and free of oscillations.
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Figure 16: Results of MFE-THM (coarse mesh of 700 elements) and COMSOL (coarse mesh
of 700 and fine mesh of 1900 elements) for scenario 4. (a) saturation profile on x =7m at

t=4x10% and t=10s , and (b) temperature profile on y =9m at t=10’s .

Finally, to compare the heat results, the temperature profiles on y =9m obtained at # =10’s
are plotted in Fig. 16b. Since there is no sink/source term in the domain, the temperature

everywhere should be between the initial temperature 7, =288.15K and the boundary

temperature 7,, =338.15K . The results of COMSOL on the coarse mesh show spurious

oscillations with local extrema near the sharp heat front (Fig.16b). The minimum and the
maximum of the temperature profiles are given in Table 4 for COMSOL using the coarse mesh
(700 elements) and the finer mesh (1900 elements) and for MFE-THM model using the coarse
mesh. The results of this table show that COMSOL yields strong unphysical temperature

oscillations with a maximum reaching 343K instead of 338.15K. These spurious oscillations
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diminish but remain when the mesh is refined (the maximum is 338.7K). The results of the

MFE-THM model show a more diffusive front (because of the upwind procedure) but a more
physical monotonous solution since all temperatures are between 7, and 7,. (Table 4). On the

other hand, these unphysical oscillations in the saturation and temperature solutions (Fig. 16)
lead to serious convergence problems, which in turn increase the computational time. The
average CPU time of the MFE-THM_700 model is 50s, whereas COMSOL_700 requires 185s
because of the unphysical oscillations which preclude model convergence. For
COMSOL 1900, the average CPU time increases drastically to 543s due to the mesh
refinement. These results point out the efficiency and accuracy of the developed MFE-THM
model for the simulation of the highly nonlinear thermo-poroelasticity problems in variably
saturated domains.

Table 4: Maximum and minimum temperatures of the profiles on y =9m with COMSOL

using a coarse mesh of 700 elements and a fine mesh of 1900 elements, and MFE-THM using
the coarse mesh.

Simulator T. T ..
COMSOL 700 287.19 343
COMSOL 1900 288.09 338.7
MFE-THM 700 288.15 338.15

5. CONCLUSIONS

The robust numerical simulation of thermo-poroelasticity problems in unsaturated porous
media is challenging because of the high nonlinearity of the coupled processes and the
nonphysical spurious oscillations in pressure, stress, and temperature solutions, which can lead
to convergence problems and inaccurate results. In this work, a robust model is developed for
the coupled THM processes in variably saturated domains using advanced numerical methods.

Low-order numerical schemes are chosen to alleviate the computational burden. Due to its well-
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desired local mass conservation property, the MFE method is used for the fluid flow and heat
transport in deformable unsaturated media. An upwind edge/face centered FV scheme is
integrated with the MFE method for the heat transport solution to avoid the unphysical
oscillations induced by the hyperbolic convection term. The nonconforming CR finite element
method is used for the mechanics due to its locking-free and local mass conservation property.
The developed MFE-THM model solves the coupled PDEs simultaneously using the monolithic
scheme. The degrees of freedom are the hydraulic head, temperature, and displacement at the
mesh edges. High-order time integration methods are employed for the time discretization, via
the MOL. The order of the time integration and the size of the time step are adapted during the
simulation to reduce the computational cost while maintaining accuracy.

Several numerical test cases are investigated to show the validation and the robustness of the new model.
The first test case deals with the one-dimensional thermal consolidation problem and aims to validate
the MFE-THM model for saturated thermo-poroelasticity problems. The pressure, temperature, and
settlement solutions of the MFE-THM and COMSOL models at three observation points during the
consolidation process show very good agreement with the analytical solution. Furthermore, mesh
convergence analysis shows similar convergence rates with a slope around 2.0 for both MFE-THM and
COMSOL models. The second test case concerns the deformation induced by the injection of cold water
into a well. Simulation of this test case with the classical finite element method using COMSOL yields
a temperature solution with strong unphysical oscillations. The MFE-THM model effectively avoids
such instabilities in cases where convection dominates, thanks to the upwind edge/face centered FV
scheme, integrated with the MFE method for the heat transport equation. The last test case deals with
the deformation of a dry unsaturated porous medium under partial surface load and hot water injection.
The effect of each boundary condition on the obtained displacement, saturation, and temperature
distributions are investigated separately. The problem is simulated with COMSOL using a coarse mesh
and a finer mesh containing three times more elements, and with the MFE-THM model using the same
coarse mesh. The results of COMSOL using the coarse mesh show severe saturation oscillations near

the wetting front, as well as significant temperature oscillations near the heating front. These spurious
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oscillations cause convergence problems and lead to a considerable increase of the computation time.
Mesh refinement alleviates the unphysical oscillations in COMSOL solutions, but compromises the
computational cost. The MFE-THM coarse mesh solution is in very good agreement with the fine-mesh
COMSOL solution, but is less demanding in terms of computational cost and free from unphysical
oscillations.

The performed numerical experiments have demonstrated the robustness and the high efficiency of the
MFE-THM model. It should be noted that the efficiency of the developed model can be further improved
by implementing high-performance computing techniques, in particular parallel algorithms.

The variably saturated condition in our model is a simplification of the two-phase flow scenario by
assuming a quasi-static non-wetting phase. The developed model deserves to be extended to real two-
phase or multiphase flow simulations, making it desirable for applications in CO2 sequestration and
petroleum engineering, where high-pressure and high-temperature reservoir conditions are dominant.
Finally, although this paper only investigated 2D THM problems in unsaturated porous media, the MFE-
THM model can be easily extended to 3D problems using prismatic elements. Extending the model to

3D reservoirs and testing its computational performance is a valuable future work.

6. APPENDIX

The calculation of the matrices CJ,, , C,, , Cisy » Crr » Chpy s Cotr » Crr 5 Cry > Cruy
C, > Qi , Qp , Q,, are detailed as follows. The italic version of the symbols, C},, , C;, ,

T T T
C’MH 4 CTT 4 CMM 4

C

HH >

Cr > Coy > Cpy > Coyy > Op 5 Or 5 O, represent the regular

element in the corresponding matrices.

r clEl | E
Com = _Cpp T_Cpp 3
E | E'

e =i Elicn 2
3

AyF ,Ayf'

CAI:IH = _Cfe 31 - C]fe 3
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