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Abstract

Analysing reachability associated to a control system is a subtle issue, especially for infinite-
dimensional dynamics, and when controls are subject to bounded constraints. We develop a
computer-assisted framework for establishing non-reachability in linear parabolic PDEs governed by
strongly elliptic operators, extending recent finite-dimensional techniques introduced in [26] to the
PDE setting. The non-reachability of a given target is shown to be equivalent to proving that a prop-
erly defined dual functional takes negative values. Our approach combines rigorous numerics with
explicit convergence estimates for discretisations of the adjoint equation, ensuring mathematically
certified results with tight error bounds. We demonstrate the wide applicability of our framework
on Laplacian-driven control systems, showcasing its accuracy and reliability under various types of
control constraints.
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1 Introduction

1.1 Non-reachability issues

The context of the present work is that of constrained reachability, for linear control systems of the
form {

ẏ(t) = Ay(t) +Bu(t),

y(0) = y0.
(S)

Here X, the state space, and U , the control space, are two (complex) Hilbert spaces, y0 ∈ X, A :
D(A) ⊂ X → X is an unbounded linear operator generating a C0 semigroup (St)t≥0 over X, and
B : U → X is a bounded linear operator. In this setting, the solution to (S) is well-defined and satisfies
y ∈ C0([0,∞);X) ∩ C1((0,∞);D(A)).

Definition 1. Let y0, yf ∈ X, T > 0 and U ⊂ U a constraint set. We say that yf ∈ X is U-reachable
from y0 in time T > 0 if there exists u ∈ L2(0, T ;U) such that u(t) ∈ U for a.e. t ∈ (0, T ), and such
that the solution to (S) associated to u satisfies y(T ) = yf .

Depending on the context or application, one can be interested in proving that a given target is
U-reachable at a given time T , or instead, that it is not U-reachable at that time. Non- U -rechability
is relevant when the purpose is to ensure that the solution to (S) cannot equal an unwanted element
(or, more generally, cannot enter a given set) at time T . Our focus here is on the latter problem.

More precisely, the methodology developed in this work applies to

(i) establishing that a given target yf is not U-reachable from y0 in time T > 0, in the case where

U is convex, closed and bounded, (1)

(ii) in the setting of (linear) parabolic PDEs.

This paper extends the work [26], which covers the same question within the framework of (i)
above, but in the finite-dimensional case. By (ii), we mean that we will deal with a large subclass of
mα-accretive operators with a suitable associated discretisation method (of finite element type), see
Section 2 for the detailed definitions.

Example 2. As an example, consider the internally controlled heat equation (on the interval (0, 1),
with Dirichlet boundary conditions) 

∂ty −D∂xxy = χωu,

y(t, 0) = y(t, 1) = 0.

y(0) = y0.
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with, say
D = 1, y0 = 0, ω = (15 ,

2
5) ∪ (45 , 1), U = {v ∈ L2(Ω), 0 ≤ v ≤ 1a.e.}. (2)

Let yf ∈ L2(0, 1) and T > 0 be fixed; can one prove that yf is not U-reachable from y0 in time T > 0?
Or, equivalently given that y0 = 0 and 0 ∈ U , can one prove that T ≤ T ⋆ where T ⋆ is the minimal time
T > 0 for which yf is U-reachable from y0 ∈ X in time T > 0?

1.2 State of the art

Constraint-free controllability for linear PDEs has been the focus of extensive study from the 70’s, lead-
ing to numerous significant results: general conditions, as the extension of Kalman’s criterion for linear
PDEs, or more specific results, such as the Geometric Control Condition for the wave equation [32],
the approximate controllability and exact null controllability of the heat equation [29] (see [10, 32]
for lecture notes compiling most common results). In recent years, some papers have studied con-
strained controllability, or reachability of linear ODEs and PDEs, uncovering general obstructions to
controllability [11,20,31], due for example to comparison principles [30], or observability-based criteria
caracterising the controllability of various problems with (un-)bounded and (a-)symmetric constraints
on the control [7, 8].

In this work, we focus on the reachability analysis of linear parabolic equations, typically with
internal controls, a context that has been extensively studied, both in the unconstrained and constrained
settings. For instance, for the reachable set of the heat equation with internal unconstrained control
[14, 19, 23, 25, 27]. Constraints on the state or the control have also been considered, whether bounded
or unbounded: [2, 9, 12,34,40].

Numerous methods exist in order to analyse reachability for finite-dimensional linear systems, in-
cluding Hamilton-Jacobi type PDE formulations [15,33], barrier functions [28,35], and set propagation
(see the comprehensive review in [1]). To the best of our knowledge, no such method has been designed
in an infinite-dimensional setting, in such a way that it is possible to rigorously answer a question such
as the one posed in Example 2.

Our method is based on discretising an abstract necessary and sufficient condition with explicit
bounds, and using interval arithmetic. Thus, our methodology belongs to the realm of computer-
assisted proofs. It is worth noting that computer-assisted proofs based on interval arithmetic for PDEs
has been an active and developing area of research: see for example [4–6,21].

1.3 Methodology and main results

1.3.1 Separation argument

Let T > 0 and U ⊂ U be a fixed constraint set. We let

EU :=
{
u ∈ L2(0, T ;U), for a.e. t ∈ (0, T ), u(t) ∈ U

}
.

It follows from the linearity of (S) that a given yf ∈ X is U-reachable from y0 in time T > 0 if and
only if yf ∈ ST y0 + LTEU , where LT : L2(0, T ;U) → X is the linear continuous operator defined by

∀u ∈ L2(0, T ;U), LTu =

∫ T

0
ST−tBu(t)dt.

Clearly, if one finds a strictly separating hyperplane between LTEU and {yf − ST y0}, i.e., if there
exists pf ∈ X such that

sup
z∈LTEU

Re⟨z, pf ⟩ < Re⟨yf − ST y0, pf ⟩ ⇐⇒ sup
v∈EU

Re⟨v, L∗
T pf ⟩L2(0,T ;U) < Re⟨yf − ST y0, pf ⟩, (3)
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then yf is not U -reachable from y0 in time T > 0. Introducing the notation σC : x 7→ supy∈C Re⟨x, y⟩
for the support function of a set C, and the so-called dual functional

∀pf ∈ X, J(pf ) := σEU (L
∗
T pf )− Re⟨yf − ST y0, pf ⟩ =

∫ T

0
σBU (S

∗
t pf )dt− Re⟨yf − ST y0, pf ⟩,

the above condition (3) amounts to J(pf ) < 0.
In fact, this sufficient condition becomes an equivalence under our assumption that U is a convex,

closed and bounded case (and hence is convex and weakly compact). A separation argument outlined
in detail in [26, Proposition 2], which goes through here when applied in the weak topology of X [37,
Theorem 3.4], leads to the following equivalence

yf is not U-reachable from y0 in time T > 0 ⇐⇒ ∃pf ∈ X, J(pf ) < 0. (4)

The condition (∀pf ∈ X, J(pf ) ≥ 0), which is equivalent to U-reachability of yf from y0 in time
T > 0, is not amenable to computer-assisted proofs. Its opposite, however, is. Hence, in order to prove
that yf is not U-reachable from y0 in time T > 0, we are looking for pf ∈ X such that J(pf ) < 0. We
shall say that such an element pf is a dual certificate of non U -reachability (of yf from y0 in time
T > 0).

Remark 3. This approach straightforwardly extends to tackling the non-reachability of a full set of
targets Yf . By ‘Yf is not U-reachable from y0 in time T ’, we mean that for all yf ∈ Yf , yf is not
U-reachable from y0 in time T . Then, for any closed convex set Yf ⊂ X, a separation argument between
LTEU and Yf leads to, defining J(pf ;Yf ) := σEU (L

∗
T pf ) + σYf

(−pf ) + Re⟨ST y0, yf ⟩,

Yf is not U-reachable from y0 in time T ⇐⇒ ∃pf ∈ X, J(pf ;Yf ) < 0.

Remark 4. We are assuming that U is closed convex and bounded, and that the control operator B
is bounded. As can be checked, our approach works under the slightly more general assumptions that
BU ⊂ X is closed, convex and bounded, and B is an admissible operator, see [39] for a definition of
admissibility.

1.3.2 Minimal times

Let us explain how proving non-reachability at a given time T may lead to estimates for minimal times.
First, let us first address the obvious fact that, in the case of bounded constraints, minimal times exist.

Lemma 5. Let y be the solution to (S), with (A,D(A)) generating a C0 semigroup, and BU be bounded
by MBU > 0. Then for all yf ∈ X,

∥yf − ST y0∥ > sup
t∈[0,T ]

∥St∥L(X)TMBU =⇒ yf is not U-reachable from y0 in time T .

Proof. For u ∈ EU , there holds

∥y(T )− ST y0∥ = ∥LTu∥ =

∥∥∥∥∫ T

0
ST−tBu(t, ·)dt

∥∥∥∥ ≤
∫ T

0
∥ST−tBu(t, ·)∥dt

≤
∫ T

0
sup

t∈[0,T ]
∥St∥L(X)∥Bu(t, ·)∥dt ≤ T sup

t∈[0,T ]
∥St∥L(X)MBU .

Therefore, if ∥yf−ST y0∥ > supt∈[0,T ] ∥St∥L(X)TMBU , there exists no u ∈ EU such that yf = ST y0+LTu,
which concludes the proof.
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An immediate consequence of Lemma 5 is that whenever yf ̸= y0, there exists a minimal time of
reachability of yf from y0 under the constraints given by U , i.e.

T ⋆(y0, yf ) := inf{T ≥ 0, ∃u ∈ EU , yf = ST y0 + LTu}

satisfies T ⋆(y0, yf ) ∈ (0,+∞].
In general, the set on the right-hand side of the definition of T ⋆(y0, yf ) is not necessarily an interval,

but it happens to be when y0 = 0 or yf = 0 and if there are controls u ∈ U such that Bu = 0. This is
the content of the following lemma, see [26, Proposition 7] for a proof.

Lemma 6. Assume that y0 = 0 or yf = 0, and that U ∩ ker(B) ̸= ∅. Then for all T < T ⋆(y0, yf ), yf
is not U-reachable from y0 in time T , and for all T > T ⋆(y0, yf ), yf is U-reachable from y0 in time T .

The above Lemma allows us to derive certified lower bounds for minimal times of reachability
T ⋆(y0, yf ). Indeed, if we have proved that yf is not U -reachable in a given time T , then T ≤ T ⋆(y0, yf ).

It is well known that, under the assumptions considered here, yf is reachable at T = T ⋆(y0, yf ).
For a proof of this fact, based on the direct method of the calculus of variations, we refer, for instance,
to [24, Lemma 2.1] or [3].

1.3.3 Control of discretisation and round-off errors

The notion of dual certificates allows us to develop a framework in which computer-assisted proofs
can be established. Working on the functional J , our method provides a numerically certified dual
certificate pf which ensures that the target is not reachable.

In order to implement numerical methods, we must discretise the functional J . Recall that for a
given pf ∈ X, the adjoint L∗

T acts as follows: L∗
T pf (t) = B∗S∗

T−tpf = B∗p(t), where p solves the adjoint
equation {

ṗ(t) +A∗p(t) = 0,

p(T ) = pf .
(5)

With this notation in place, we may write

J(pf ) =

∫ T

0
σBU (S

∗
T−tpf )dt− Re⟨yf , pf ⟩X +Re⟨y0, S∗

T pf ⟩X

=

∫ T

0
σBU (p(t))dt− Re⟨yf , pf ⟩X +Re⟨y0, p(0)⟩X .

(6)

In order to evaluate J(pf ), not only does one need to compute a time integral and space integrals
(the inner products in X), but more importantly, it is required to discretise the adjoint equation (5)
both in time and in space – see Section 2.2 for details. Hence, in practice we will only be able to
evaluate a discretised function Jd, defined on a finite-dimensional subspace Vh.

The next step, detailed in Section 3.2, relies on optimisation algorithms to find, if it exists, a
pfh ∈ Vh for which the discretised functional Jd is negative.

Assuming such a pfh is found, it provides a dual certificate for the non-reachability of yf provided
that both discretisation and round-off errors are small enough to certify the sign of the original functional
at pf .

For the first type of error, we derive in Theorem 11 a fully explicit bound using functional ana-
lytic tools, while the second type is handled using interval arithmetic1, thanks to the Matlab library

1Given two real intervals [a, b] and [c, d], interval arithmetic defines operations so that the result is again an interval
containing all possible outcomes of the corresponding real operation. For example,

[a, b] + [c, d] ={x+ y : x ∈ [a, b], y ∈ [c, d]} = [a+ c, b+ d]

[a, b] · [c, d] ={xy : x ∈ [a, b], y ∈ [c, d]} = [min{ac, ad, bc, bd}, max{ac, ad, bc, bd}].

Hence, the result of any basic arithmetic operation between intervals is still an interval.
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IntLab [38].
In the end, we hopefully obtain a proven error bound e(pfh, pf ) ≥ 0 such that

J(pf ) ≤ Jd(pfh) + e(pfh, pf ) < 0, (7)

which establishes that pf is indeed a dual certificate for the non U-reachability of yf (from y0, in
time T ).

Using this methodology, one can prove the non-reachability of targets for a large array of parabolic
systems, which we develop in Section 3. Let us now give an example of a certified result obtained with
our method in the context of Example 2, applied in the setting of parameters given by (2); in particular,
recall that we have y0 = 0, T = 1.

Theorem 7. Consider yf = x 7→ 0.037 sin(πx). Then yf is not U-reachable from y0 in time T = 1.
Going further we may prove that the minimal time T ⋆ to reach yf from y0 under the constraints U ,
satisfies T ⋆ ≥ 1.12.

Thanks to our approach, this result is certified thanks to a dual certificate pf ∈ L2(0, 1) for which
we prove J(pf ;T ) ∈ [−0.0011919,−0.0000944] < 0, for T = 1.12, and where pf can be seen in Figure
2.

One of the interests of our approach is that the above result cannot trivially be recovered using the
parabolic maximum principle, since the chosen yf is below the final state reached using the maximum
allowed control u(t, x) = 1.

Extensions and outlook on future works. Our approach relies on a few crucial hypotheses:

• convexity and weak compactness assumptions on the constraints and target set (1) and (3) to
obtain the equivalence (4)

• continuity and coercivity of −A∗ (see assumption (8))

• on a classical hypothesis relative to the approximation properties satisfied by the family of dis-
cretisation spaces (see assumption (V1)).

Let us start by highlighting a few routine generalisations. First, since finding pf such that J(pf ) < 0
remains a sufficient condition for non-reachability, the method can provide dual certificates for noncon-
vex target sets. Similarly, the boundedness assumptions of B and U can be combined into the weaker
assumption of boundedness of BEU := {t 7→ Bu(t), u ∈ EU}. One could then consider unbounded
constraints or an unbounded yet admissible operator B ∈ L(U,D(A∗)′), at the cost of more complex
formulae for σBEU – either with a closed formula or with precise approximations.

At the expense of some generality, it might be also possible to relax certain assumptions in order
to handle specific examples that do not fall within the present framework. In particular, one could
try weakening the continuity-coercivity hypotheses, which are key to control discretisation errors with
constants that are small with respect to the final time. This could involve restricting the search for
dual certificates in a subspace where −A∗ is continuous and coercive, at the cost of equivalence (4),
or ignoring completely these hypotheses and try to manage constants growing exponentially with T , a
major hindrance for computer-assisted proofs. This extension could for instance be done using different
time-discretisation schemes (see Remark 10). This would in turn make it possible to accommodate other
boundary conditions, or even other classes of operators such as hypocoercive ones.

Other perspectives include major changes to the partial differential equation: an extension to non-
homogeneous non-autonomous linear systems of the form ∂ty(t) = A(t)y(t) + B(t)u(t) + v(t) would
require the use of resolvents to obtain (less accurate) discretisation error bounds. A completely open
problem is to tackle semilinear or fully nonlinear parabolic equations, since our approach fundamentally
relies on the linearity of LT to compute σLTEU . One way to recycle our approach would be to come up
with inclusions of the reachable set into that of an appropriately chosen linear PDE.
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Outline of the article. In Sections 2.1 and 2.2, we provide details about the functional analytic
framework of the method, as well as the different hypotheses we make both on the operator A and on the
discretisation methods. Proposition 9 outlines the error bounds associated to discretising the adjoint
equation (5). Section 2.3 contains the main theoretical result, that is, Theorem 11 which provides
precise discretisation errors incurred when approximating the dual functional J mentioned in (7) by its
discretised counterpart Jd. Finally, Section 2.4 summarises the whole method and hypotheses.

Section 3 is devoted to exploiting these theoretical results: in Section 3.1, we give precisions as to
the discretisation and interpolation methods used thereafter. Section 3.2 is dedicated to good practices
on how to find pfh satisfying Jd(pfh) < 0. Finally, in Section 3.3, we apply the methods and provide
(computer-assisted) proofs of non-reachability for several 1D heat-like equations with various sets of
constraints U , operators B and target sets Yf .

2 Key results and proofs

2.1 Functional analytic framework

Here, we introduce some of the needed terminology at the level of an abstract operator denoted by A.
Ultimately, if A is the operator underlying the control problem, −A∗ will play that role.

All along this paper, X will denote a complex Hilbert space endowed with inner product ⟨·, ·⟩X
and norm ∥ · ∥X . V ⊂ X will also be a Hilbert space, densely and continuously embedded into X.
Both spaces will be equipped with the norms ∥ · ∥X (associated to the inner product ⟨·, ·⟩X) and ∥ · ∥V
(associated to the inner product ⟨·, ·⟩V ). For ease of readability, we will drop the subscript X when
dealing with ∥ · ∥X and ⟨·, ·⟩X . Let us identify X and its dual X ′, with the associated Gelfand triple
V ⊂ X ⊂ V ′.

We are also given A ∈ L(V, V ′), along with its domain

D(A) = {x ∈ V,Ax ∈ X}.

Assume that A satisfies, for 0 < a0 ≤ a1:

∀(v, w) ∈ D(A)× V,

{
|⟨Av, w⟩| ≤ a1∥v∥V ∥w∥V
Re(⟨Av, v⟩) ≥ a0∥v∥2V .

(8)

A simple division then proves that A satisfies the sectoriality property

∀v ∈ D(A), ⟨Av, v⟩ ∈ Sα :=
{
z ∈ C, z = 0 or | arg z| ≤ α

}
, (9)

with α = Arccos(a0a1 ) satisfying 0 ≤ α < π
2 . Furthermore, applying Lax-Milgram’s theorem to

w(z Id−A) for a well-chosen w ∈ C provides that

∀z /∈ Sα, z Id−A : D(A) → X is an isomorphism. (10)

The combination of (9) and (10) corresponds to (A,D(A)) being a so-called mα-accretive operator.
We shall need to use functions of such operators: if r is a rational fraction, bounded on Sα, written in
the form

r(z) = r(∞) +
∑
j∈I

rj
(αj − z)mj

,

with I a finite set, αj /∈ Sα, then we may define r(A) ∈ L(X) by

r(A) := r(∞) Id+
∑
j∈I

rj(αj Id−zA)−mj .

7



This definition then straightforwardly extends to functions f that may be written as the uniform
limit of such rational fractions in Sα. For this class of functions, we have the important following
estimate.

Theorem 8 ( [16]). For any function f : Sα → C that is the uniform limit of bounded rational fractions
on Sα,

∥f(A)∥L(X) ≤ Cα sup
z∈Sα

|f(z)|,

where Cα ≤ 2 + 2√
3
.

It is commonly known that the opposite of a mα-accretive operator generates a C0 semigroup.
Furthermore, the second inequality of (8) implies that A is an isomorphism from V to V ′ by the Lax-
Milgram theorem, with inverse A−1 : V ′ → V . Finally, we may define the adjoint A∗ ∈ L(V, V ′)
of A.

2.2 Discretisation errors

We now introduce discretisation in space. Let Vh be a finite-dimensional subspace of V , of dimension
denoted Mh, associated to a discretisation parameter h > 0.

Let Ah : Vh → Vh be defined by

∀vh, wh ∈ Vh, Ahvh ∈ Vh and ⟨Ahvh, wh⟩ = ⟨Avh, wh⟩. (11)

We will be considering standard assumptions concerning the discretisation properties associated
to Vh: there exists C0 > 0 such that

∀f ∈ X, inf
vh∈Vh

∥A−1f − vh∥V + inf
vh∈Vh

∥(A∗)−1f − vh∥V ≤ C0h∥f∥. (V1)

Given z0 ∈ X, we are interested in approximating the unique solution z ∈ C1((0,∞);D(A)) ∩
C0([0,∞);X) to {

z′(t) = −Az(t)
z(0) = z0.

(12)

Considering Euler’s implicit scheme for the corresponding discrete problem (through Vh), we let NT ∈
N∗, ∆t := T

NT
and for zh,0 ∈ Vh consider

∀n ∈ {0, . . . , NT }, zh,n = (Id+∆tAh)
−n zh,0. (13)

The associated error can be estimated is as follows.

Proposition 9. Assume that the couple given by (A,D(A)) and Vh satisfies (8)-(V1), and let z0 ∈ D(A),
zh,0 ∈ Vh. Then, letting z : [0, T ] → X be the solution to (12) and zh,n, n ∈ {0, . . . , NT } be defined
by (13), we have

∀n ∈ {0, . . . , NT }, ∥z(tn)− zh,n∥ ≤ Cα∥z0 − zh,0∥+
(
C2h

2 + C3∆t
)
∥Az0∥.

where {
C2 = C1

(
7 + 4 ln(2)a1a0 + Cα

)
,

C3 =
a1
a0
Cα,

C1 =


a21C

2
0

a0
in general,

a
3/2
1 C2

0

4a
1/2
0

if (A,D(A)) is self-adjoint.

We do not claim any originality with respect to this type of estimate; our contribution here is to
derive it with explicit and optimised constants, a critical step for our approach to succeed. Its proof is
postponed to Appendix B.
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Remark 10. In this article, we have only considered Euler’s implicit time-discretisation scheme to
approximate (12). A more general class of schemes consists in using Euler’s implicit scheme to discretise{

w′(t) = κw(t)−Aw(t)
w(0) = z0,

(14)

and then notice that z(t) = e−κtw(t). This would have two main advantages: firstly, if A is a0-coercive
and a1-continuous, and if V is continuously embedded in X with constant c, then A−κ Id is (a1+c

2κ)-
continuous, and if 0 < κ < a0

c2
then A−κ Id is (a1−c2κ)-coercive. Therefore one can apply Proposition 9

to (14) and obtain discretisation errors decreasing exponentially with time.
This idea would also help extending the method to non-coercive operators: if A − κ Id is coercive

for κ < 0, then the same trick allows one to use Proposition 9 and obtain explicit discretisation errors
– admittedly, those increase exponentially in time and would therefore be of little use even on small
timescales.

Notice that one could also consider spectral methods: in the rare case where one has explicit access
to eigenvalues and eigenvectors of A, all discretisation errors related to the approximation of (12) would
be avoided.

2.3 Control problem

We are now given the control problem (S), a family of finite-dimensional subspaces Vh (of dimension
denoted Mh). The important assumptions for us will concern the unbounded operator A := −A∗, with
domain D(A∗) and the finite dimensional subspaces Vh:

• (A,D(A)) satisfies (8),

• (A,D(A)) and the family Vh satisfy (V1).

As before, we introduce the corresponding notation Ah, defined by the relation (11).
We recall the assumption (1) that U is closed, convex and bounded. We let MBU > 0 be defined by

MBU := sup
u∈U

∥Bu∥X .

Note that we always have MBU ≤ ∥B∥L(U,X)MU , where MU = supu∈U ∥u∥U .
Starting from the equation (6) (and with the change of variable t = T − t within the integral), we

have

∀pf ∈ X, J(pf ) =

∫ T

0
σBU (S

∗
t pf )dt− Re⟨yf , pf ⟩X +Re⟨y0, S∗

T pf ⟩X .

We now define the fully discretised functional J∆t,h by, for all pfh ∈ Vh,

J∆t,h(pfh) = ∆t

NT∑
n=1

σBU ((Id+∆tAh)
−npfh)− Re ⟨yf , pfh⟩+Re

〈
y0, (Id+∆tAh)

−NT pfh
〉

(15)

Then, our main result in controlling discretisation errors for the functional of interest is as follows.

Theorem 11. Assume that (−A∗,D(A∗)) and the family Vh satisfy (8) as well as (V1). Then for all
pf ∈ D(A∗), pfh ∈ Vh, we have

|J(pf )− J∆t,h(pfh)| ≤
(
1
2MBUT∆t+ (∥y0∥+MBUT )

(
C2h

2 + C3∆t
))

∥A∗pf∥
+

(
(∥y0∥+MBUT )Cα + ∥yf∥

)
∥pf − pfh∥.
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Proof. We decompose the error in the form

|J(pf )− J∆t,h(pfh)| ≤ |J(pf )− J̃(pf )|︸ ︷︷ ︸
(I)

+ |J̃(pf )− J∆t,h(pfh)|︸ ︷︷ ︸
(II)

,

where

∀pf ∈ X, J̃(pf ) := ∆t

NT∑
n=1

σBU (S
∗
tnpf )− Re⟨yf , pf ⟩+Re⟨y0, S∗

T pf ⟩.

Estimate for the term (I). Recall that for a K-Lipschitz continuous function f : [0, T ] → R, we
have the estimate ∣∣∣∣∣

∫ T

0
f(t)dt−∆t

NT∑
k=1

f
(
k∆t

)∣∣∣∣∣ ≤ 1

2
KT∆t.

Our aim is now to apply the above estimate to f : t 7→ σBU (S
∗
t pf ). Since BU is bounded (by

MBU > 0), σBU is MBU -Lipschitz continuous, hence we have

|f(t)− f(s)| ≤MBU∥S∗
t pf − S∗

spf∥. (16)

Since pf ∈ D(A∗), t 7→ S∗
t pf is of class C1 on [0, T ] of derivative t 7→ A∗S∗

t pf , hence

|f(t)− f(s)| ≤MBU sup
t∈[0,T ]

∥A∗S∗
t pf∥ |t− s| ≤MBU∥A∗pf∥ |t− s|, (17)

where we used that A∗S∗
t pf = S∗

tA
∗pf as well as the bound ∥S∗

t ∥L(X) ≤ 1 for all t ≥ 0 (see Theorem
27). Summing up, the above Lipschitz estimate entails

(I) = |J(pf )− J̃(pf )| ≤
1

2
∆tMBUT∥A∗pf∥

Estimate for the term (II). First, we write

|J̃(pf )− J∆t,h(pfh)| ≤ ∆t

NT∑
n=1

∣∣σBU (S
∗
tnpf )− σBU ((Id+∆tAh)

−npfh)
∣∣

+
∣∣Re 〈y0, S∗

T pf − (Id+∆tAh)
−NT pfh

〉∣∣+ ∥yf∥∥pf − pfh∥.

Using Proposition 9 with A = −A∗,∣∣∣Re 〈y0, S∗
T pf − (Id+∆tAh)

−NT pfh
〉 ∣∣∣ ≤ ∥y0∥∥S∗

T pf − (Id+∆tAh)
−NT pfh∥

≤ ∥y0∥
(
Cα∥pf − pfh∥+

(
C2h

2 + C3∆t
)
∥A∗pf∥

)
.

The error related to the sum reads, still using Proposition 9 with A = −A∗,

∆t

NT∑
n=1

∣∣σBU (S
∗
tnpf )− σBU ((Id + ∆tAh)

−npfh)
∣∣ ≤ ∆tMBU

NT∑
n=1

∥S∗
tnpf − (Id+∆tAh)

−npfh∥

≤MBUT
(
Cα∥pf − pfh∥+

(
C2h

2 + C3∆t
)
∥A∗pf∥

)
.

Combining all the above estimates, we arrive at the announced result.

Remark 12. Following Remark 3, if the closed convex set Yf is also bounded (say by MYf
), then the

updated discretisation error bound as in Theorem 11 reads

|J(pf ;Yf )− J∆t,h(pfh;Yf )| ≤
(
1
2MBUT∆t+ (∥y0∥+MBUT )

(
C2h

2 + C3∆t
))

∥A∗pf∥
+
(
(∥y0∥+MBUT )Cα +MYf

)
∥pf − pfh∥.
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Remark 13. Notice that time-discretisation constants may be suboptimal in both Proposition 9 and
Theorem 11. Indeed, they have been computed under the only assumption that A is a mα-accretive
operator, and not accounting for its coercivity. This might induce an upper-bound of the form: for
all t ≥ 0, ∥S∗

t ∥ ≤ γe−εt, with γ ≥ 1, ε > 0, which would slightly sharpen the estimates of (16)-(17).
As for the discretisation errors on the adjoint equation (12), the estimates can be traced back through
Proposition 9 to (32), where the supremum of the implicit Euler scheme is taken on Sα. Instead, it
could be taken on the numerical range, defined as

W (A) = {⟨Ax, x⟩, x ∈ D(A), ∥x∥X = 1} ⊂ C.

However, although the literature about this set is extensive (see for instance [16–18] and the references
therein), forfeiting the sectorial simplification might increase the value of the equivalent of the constant
Cα in Theorem 8.

Remark 14. A critical choice when it comes to applying our method is that of Vh. In view of the
estimate given by Theorem 11, there are two main approaches.

• The first one is to rely on simple and thoroughly studied discretisation subspaces, such as the
finite element method. Numerical computations and estimates of constants are made easier, but
we typically do not have pfh ∈ D(A∗). Hence, we must interpolate pfh in some way to get
pf ∈ D(A∗), which in turn requires to appropriately bound ∥pf − pfh∥.

• The second one is to choose Vh ⊂ D(A∗) (for instance, splines) so that we may simply set
pf = pfh, thus circumventing the interpolation problem altogether. The price to pay is that the
computation of mass and stiffness matrices is much more complex. Also, a larger dimension for
the subspaces Vh is required to get the same discretisation parameter h, which results in increased
computational costs.

The examples studied in Section 3.3 – where A is a Dirichlet Laplacian-based operator – will be made
using the first approach, with P1 finite elements.

In practice, there will be a natural basis (ψ1, . . . , ψMh
) for Vh, yielding a mapping

Ih : z ∈ RMh 7→
Mh∑
i=1

ziψi ∈ Vh.

Then, the operator Ah is equivalent to the product of matrices M−1K in the basis (ψ1, . . . , ψMh
), where

for all i, j ∈ {1, . . . ,Mh},
Mi,j = ⟨ψi, ψj⟩ and Ki,j = ⟨Aψj , ψi⟩. (18)

In other words, Ih(M−1Kz) = AhIhz for all z ∈ RMh . In the finite element setting, M and K are the
so-called mass and stiffness matrices, respectively.

As a result, the numerically implemented function, as a function of z ∈ RMh , is J∆t,h(pfh) =
J∆t,h(Ihz), where

J∆t,h(Ihz) = ∆t

NT∑
n=1

σBU (Ih(Id+∆tM−1K)−nz)− Re ⟨yf , Ihz⟩+Re
〈
y0, Ih(Id+∆tM−1K)−NT z

〉
.

In order to actually implement the above function, we will assume that B, σU , y0 and yf are such that

• we may compute σBU (Ihz) explicitly as a function of z ∈ RMh ,

• we may compute Re⟨yf , Ihz⟩ and Re⟨y0, Ihz⟩ explicitly as a function of z ∈ RMh , which by
linearity is equivalent to having explicit access to Re⟨y0, ψi⟩, Re⟨yf , ψi⟩ for i ∈ {1, . . . ,Mh}. In
the case of a set Yf , we need to be able to compute σYf

(Ihz) as a function of z ∈ RMh .
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2.4 Methodology

We here give the overall methodology underlying our method in full detail.

Control problem. The control problem of the form (S) is defined by the state space X, the control
space U , the operator (A,D(A)), the bounded control operator B ∈ L(U,X), and the bounded convex
and closed constraint set U containing 0.

We are given y0 ∈ X, yf ∈ X, and a final time T > 0, and we are interested in establishing that yf
is not U-reachable from y0 in time T .

We first need to check that (−A∗,D(A∗)) (with D(A∗) ⊂ V , V densely and continuously embedded
in X) satisfies (8), where we must explicitly compute a0, a1.

Space discretisation. We then choose a family of approximation spaces Vh ⊂ V such that the couple
formed by (−A∗,D(A∗)) and Vh should satisfy (V1), where we must explicitly compute C0.

For a suitable basis (ψ1, . . . , ψMh
) of Vh, we compute the mass and stiffness matrices associated to

the discretisation method, given by (18).
Then, letting Ih : z 7→

∑Mh
i=1 ziψi, assuming that these can be computed explicitly, we compute

σBU (Ihz), Re⟨yf , Ihz⟩ and Re⟨y0, Ihz⟩ explicitly as a function of z ∈ RMh – closed formulae are available
for most classical control constraints and discretisation spaces.

Minimising the discrete functional. At this stage, we have access to the discretised functional
z 7→ J∆t,h(pfh) = J∆t,h(Ihz).

We perform a primal-dual algorithm (see Subsection 3.2 for more details) to try and minimise the
functional z 7→ J∆t,h(Ihz), in order to find z ∈ RMh such that J∆t,h(Ihz) < 0.

Choosing a possible dual certificate. Assuming we have found z ∈ RMh such that J∆t,h(Ihz) < 0,
we then aim at applying Theorem 11. We hence need to come up with a possible choice of dual
certificate pf ∈ D(A∗) based on pfh := Ihz.

In this case, we are faced with the following alternative:

• if Vh ⊂ D(A∗), then we may directly choose pf = pfh, in which case we directly apply the estimate
of Theorem 11 since ∥pf − pfh∥ = 0,

• if the above inclusion does not hold, we interpolate into pfh into some pf ∈ D(A∗) by an appro-
priately chosen procedure. In this case, we need to bound ∥pf − pfh∥ explicitly.

In both cases, we end up with a bound

|J(pf )− J∆t,h(pfh)| ≤ C,

where C is known explicitly.

Checking that the proposed certificate is valid. Once pf has been chosen, we compute the
quantity J∆t,h(pfh) +C by means of interval arithmetic. This computation leads to an interval, and if
its upper bound is negative, so is J(pf ), thereby concluding the proof that yf is not U-reachable from
y0 in time T .

3 Application to 1D parabolic problems

We now apply the general methodology outlined in Subsection 2.4 to several 1D parabolic equations
and systems with the Dirichlet Laplacian as the main operator.

We shall demonstrate the versatility of the method with different examples, namely

12



• the 1D heat equation with Dirichlet boundary conditions and internal control, with two different
types of constraints: symmetric L2 constraints, then nonnegativity and L∞ constraints,

• on a underactuated system of 1D coupled heat equations, where only one equation is internally
controlled (with bilateral constraints).

3.1 Preliminaries on discretisation methods

To apply our method to the aforementioned examples, one need to choose appropriate discretisation
spaces Vh, compatible with the hypotheses underlying Theorem 11. First, we need the couple formed
by (−A∗,D(A∗)) and Vh to satisfy (V1).

Since we will be dealing with (variations around) the Dirichlet Laplacian, we will be using stan-
dard P1 finite elements. Estimates for these are readily available, albeit usually not with explicit and
optimised constants.

For problems involving the Dirichlet Laplace operator, these will lead to functions pfh /∈ D(A∗).
As mentioned in Remark 14, we will then employ interpolation to obtain pf ∈ D(A∗) from pfh. This
procedure will be carried out using cubic splines; the rationale behind this choice is Lemma 16 below.

Discretisation using P1 finite elements

Let us gather the few main results needed regarding P1 finite elements – we refer for instance to [36,
Section 3] for a more precise setup. First, in view of the fact that the main operator of interest will be
the Dirichlet Laplacian, we shall recall the following standard estimates with explicit constants.

Proposition 15. Let Nh ≥ 1, h = 1
Nh

and xi = ih for i ∈ {0, . . . , Nh}. Denoting by (ψi)i∈{1,...,Nh−1}
the usual P1 finite element basis (with Dirichlet boundary conditions), we have for all f ∈ H2(0, 1) ∩
H1

0 (0, 1), ∥∥∥∥∥f −
Nh−1∑
i=1

f(xi)ψi

∥∥∥∥∥
H1

0

≤ h√
2
∥f ′′∥L2 ,

and ∥∥∥∥∥f −
Nh−1∑
i=1

f(xi)ψi

∥∥∥∥∥
L2

≤ h2

2
√
2
∥f ′′∥L2 . (19)

The proof is postponed to Appendix A.

Interpolation using cubic splines

A function pfh obtained by the P1 finite element method satisfies pfh ∈ H1
0 (0, 1), and hence is not in

D(∆) = H2(0, 1) ∩H1
0 (0, 1) in general (here, ∆ stands for the Dirichlet Laplacian).

As already explained, it will be necessary to interpolate this function to build pf ∈ D(∆) so as to
make use of Theorem 11. Such an interpolation should be done while making the discretisation error
negligible. For a given choice of discretisation parameters ∆t, and h, this will be all the more likely
that both terms ∥pf − pfh∥ and ∥A∗pf∥ are small. If A = ∆, then by the estimate (19), ∥pf − pfh∥L2

can be controlled by ∥p′′f∥L2 .
All in all, a natural requirement is to interpolate pfh into pf in a way that makes ∥p′′f∥L2 as small

as possible. Using the following Lemma (see [22, Chapter V, Theorem (5-7)] for details), we are then
led to using cubing splines.

Lemma 16. Using the notations of Proposition 15, given a vector (qi)i∈{0,...,Nh}, the following optimi-
sation problem

inf
f∈H2(0,1)

∀i∈{0,...,Nh},f(xi)=qi

∥f ′′∥L2 .
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has a unique minimiser given by a cubic spline (that is, it is a cubic polynomial on each (xi, xi+1),
i ∈ {0, . . . , Nh − 1}). Furthermore, it is a C2([0, 1]) function satisfying f ′′(0) = f ′′(1) = 0.

As a result, if pfh ∈ H1
0 (0, 1) is a function associated to P1 finite elements, we choose the cubic

spline associated to previous lemma, imposing pf (0) = pf (1) = 0 and pf (xi) = pfh(xi) for all i ∈
{1, . . . , Nh − 1}. The resulting function is of classe C2 and vanishes at the boundary, hence it is
in D(∆).

3.2 Finding pfh satisfying J∆t,h(pfh) < 0

Given the discretised functional J∆t,h defined by (15), a key step is to efficiently find pfh ∈ Vh at
which it takes negative values, if it ever exists. This can be a computationally challenging step that
must consequently be carried out with care. First, it is a crucial feature that this step can be done
completely independently from certifying the negativity of J(pf ): any method and acceleration available
to minimise J∆t,h can (and should) therefore be used.

In particular, one should not minimise the functional within interval arithmetic, which considerably
slows computations down. Instead, interval arithmetic should only be used once the pair (pfh, pf ) has
been determined to certify the value of J∆t,h(pfh) and of J(pf ).

Another trick to help with the minimisation process is noticing that ultimately, J∆t,h is nothing
more than a proxy to get to J . Intuitively, it follows that if for h > 0, Vh is well-enough crafted, an
optimal pfh ∈ Vh should be ‘close’ to a good candidate pf ∈ D(A∗). Along this line, it can greatly
improve the efficiency of the minimisation process to first minimise J∆t1,h1 to obtain a numerical pfh1 ,
which can then be interpolated into pf ∈ D(A∗) using the methods mentioned in Section 3.1, and
discretised again into pfh2 ∈ Vh2 to evaluate the much more finely discretised J∆t2,h2 , with 0 < h2 < h1
and 0 < ∆t2 < ∆t1. For example, the dual certificate in Corollary 21 has been computed with h1 =
10−2,∆t1 = 5 · 10−4, then reinterpolated so that the final result has been computed with discretisation
parameters h2 = 1.6 · 10−3,∆t2 = 9 · 10−6, a mesh size that would have significantly slowed the
minimisation stage.

Fenchel duality context. First, let us notice that one can address the question of finding pf ∈ X
(in the non-discretised setting for now) by considering the optimisation problem

d := inf
pf∈X

J(pf ) = inf
pf∈X

σEU (L
∗
T pf )− Re⟨yf , pf ⟩+Re⟨y0, S∗

T pf ⟩.

It is critical to see that J is positively 1-homogeneous: as a result, if there exists pf such that J(pf ) < 0,
then d = −∞. If not, then d = 0. In other words, we are faced with the following alternative: d = 0 if
and only if yf is U -reachable from y0 in time T , and d = −∞ if and only if it is not.

Now, this optimisation problem is the Fenchel-dual to the following primal problem

π := inf
u∈L2(0,T ;U)

δEU (u) + δ{yf−ST y0}(LTu),

where δC is the convex indicator of a set C (taking the value 0 in C, and +∞ outside of C). By
our previous arguments, we have d = −π; such a strong duality can also be proved by using the
Fenchel-Rockafellar theorem. This duality structure calls for tailored minimisation algorithms: across
this section, we shall use the Chambolle-Pock primal-dual algorithm [13].

Because the functional J is unbounded below in the case of non-reachability, we do not have con-
vergence guarantees for this algorithm. Hence, some stopping criterion must be chosen in order to
chose pfh. In practice, two such criteria are used in the numerical experiments: a numerical check of
whether J∆t,h seems negative enough, and another of whether the algorithm is still moving, in the sense
that ∥ pi+1

∥pi+1∥ − pi
∥pi∥∥ is small enough. The result of that ‘minimisation’ step will abusively be called

‘minimiser of J∆t,h’.
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Regularisation. Recalling that the discretisation error ultimately depends on how smooth pf is (more
precisely, it is controlled by the quantity ∥A∗pf∥, see Theorem 11), one might consider a regularisation
of the primal-dual problem. Notice that such a regularisation might provide convergence guarantees of
minimisation algorithms as well. An interesting choice is to consider the following dual functional (and
its discretisation):

∀pf ∈ D(A∗), Jλ(pf ) = J(pf ) +
λ

2
∥A∗pf∥2, (20)

where λ > 0 can be thought of as a regularisation parameter. In that case, one can show using (8) and
the continuous embedding of X into V ′ that we have the existence and uniqueness of a minimiser2 of
Jλ on D(A∗).

The major advantage of choosing such a regularisation term can be seen in Theorem 11. Indeed,
the computed-assisted proof of non-reachability essentially boils down to

∃(pfh, pf ) ∈ Vh ×D(A∗),
J∆t,h(pfh)

∥A∗pf∥
< −C,

where C > 0 is a constant depending on several parameters, including ∆t and h. This follows from an
upper bound of ∥pf −pfh∥ using (H1). In that context, it is natural to try and minimise ∥A∗pf∥ as well,
hence the regularisation term above. However, since both J∆t,h and pf 7→ ∥A∗pf∥ are 1-homogeneous,
the important component of pf is not its norm, but its direction. One can thus wonder if it is possible
to optimise the choice of λ: as it turns out, the following lemma proves that the choice of λ does not
influence the direction of the minimiser.

Lemma 17. Let H be a Hilbert space and f, g : H → R ∪ {+∞} be two convex continuous functions
such that

∀α ≥ 0, ∀x ∈ H,

{
f(αx) = αf(x)

g(αx) = α2g(x).

Assume furthermore that g is positive outside of 0. Then, denoting Sg = {s ∈ H, g(s) = 1}:

inf
x∈H

f(x) +
λ

2
g(x) = − 1

2λ
sup
s∈Sg

(min(f(s), 0))2 ,

and if the sup is reached, then:

∃p ∈ H, ∀λ > 0, ∃r > 0, f(rp) +
λ

2
g(rp) = inf

x∈H
f(x) +

λ

2
g(x).

The proof is postponed to Appendix A. Therefore the choice of λ > 0 has no influence over the
direction of Jλ’s ‘minimiser’. Note however that choosing a ‘reasonable value’ of λ may have numerical
advantages – increasing its value in turn increases the strong convexity of the functional and thus the
rate of convergence of minimisation algorithms.

3.3 Examples of computer-assisted proofs

First, let us recall that Lemma 5 provides a basic estimate for the reachable set and hence a benchmark
we can compare our approach to. The corresponding bound can easily be turned into a computer-
assisted proof, but its interest for us will be to make sure that all the results we obtain are coherent
with this estimate, and to prove ‘new’ results, namely results that were not already known by applying
this basic rule.

In this section, all examples will be made using real initial states, targets, operators and controls,
and thus so will be the dual certificates. We shall therefore drop the Re on the scalar products in this
subsection.

2Indeed, one can show that Jλ is strongly convex and continuous on the Banach space D(A∗) endowed with the graph
norm ∥φ∥graph :=

(
∥φ∥2X + ∥A∗φ∥2X

)1/2. It thus follows that Jλ has a unique minimiser on D(A∗).
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3.3.1 1D heat equation

We here consider the 1D heat equation with Dirichlet boundary conditions, namely
∂ty(t, x)− ∂xxy(t, x) = χωu(t, x) (t, x) ∈ (0, T ]× [0, 1],

y(0, x) = y0(x) x ∈ [0, 1],

y(t, 0) = y(t, 1) = 0 t ∈ (0, T ].

(S)

The control problem is set with X = L2(0, 1), V = H1
0 (0, 1), A = ∂xx is the Dirichlet Laplace

operator with domain D(A) = H2(0, 1) ∩ H1
0 (0, 1), and the control operator is B = χω, so that

U = L2(0, 1).
First, it is classical that −A∗ is self-adjoint, namely −A∗ = −A with domain H2(0, 1) ∩H1

0 (0, 1),
and that it satisfies (8) with a0 = a1 = 1, and hence is mα accretive with α = 0.

As mentioned in the previous section, we shall discretise −A∗ using P1 finite elements, in which
case Proposition 15 yields C0 =

√
2. We will now present the versatility of our method on different

possible constraints. To avoid confusion, we will sometimes highlight the dependence of the functional
J with respect to the target or the final time, by writing J(pf ; yf ) or J(pf ;T ).

Toy example. The goal of this example is to consider a situation where we may compare our approach
to known results obtained by basic calculations. To that end, we consider the system (S) with

y0 = 0, ω = Ω, U = {u ∈ U, ∥u∥U ≤ 1}. (21)

In this setting, note that B = Id and MBU = 1, and a simple calculation provides

∀v ∈ X, σBU (v) = ∥v∥X .

Finally, we focus on the case where yf = λψk, with λ ∈ R and ψk := sin(kπ·). In this simplified
setting, we obtain an explicit characterization of non-reachability.

Lemma 18. The following statements are equivalent:

• λψk is U-reachable from 0 in time T > 0

• There holds

|λ| ≤ λ⋆k :=
√
2MBU

1− e−k2π2T

k2π2
.

Proof. We first prove the direct implication, assuming that λψk is reachable, through some control u.
Let us decompose u(t, x) as follows: u(t, x) = α(t)ψk(x)+β(t)v(t, x), where the function v(t, ·) satisfies
the orthogonality condition: for a.e. t ∈ (0, T ), ⟨ψk, v(t, ·)⟩ = 0. Then

λ

2
= ⟨y(T ), ψk⟩ = ⟨LTu, ψk⟩ = ⟨u, L∗

Tψk⟩ =
∫ T

0
⟨u(t), S∗

T−tψk⟩dt

=

∫ T

0
⟨α(t)ψk + β(t)v(t, ·), e−k2π2(T−t)ψk⟩dt =

1

2

∫ T

0
α(t)e−k2π2(T−t)dt.

Moreover, from the constraints (21), we have that for a.e. t ∈ (0, T ), ∥u(t)∥ ≤ 1. Thus, for a.e.
t ∈ (0, T ), |α(t)| ≤

√
2MBU , which implies that

|λ| ≤
√
2MBU

∫ T

0
e−k2π2(T−t)dt =

√
2MBU

1− e−k2π2T

k2π2
=: λ⋆k.

We have thus shown that if λψk is reachable, then |λ| ≤ λ⋆k. The converse implication follows easily by
computing LTu, for u defined by u(t, x) := λ

λ⋆
k

√
2MBUψk.
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Building upon this analytic upper bound, we discuss the effectiveness of the method in Figure 1. In
this table, we calculate certified upper bounds λ∆t,h

k of λ⋆k using the aforementioned method for different
discretisation parameters, for T = 1 and M = 1. Those λ∆t,h

k are computed as a close upper-bound of

inf
{
λ ≥ 0, J∆t,h((ψk)d; yf = λψk) + er((ψk)d) + er(ψk,∆t, h) < 0

}
.

k 1 2 3 4 5 6 7 8
λ⋆k 0.1433 0.0358 0.0159 0.009 0.0057 0.004 0.0029 0.0022

(∆t, h) = (5e–4, 1e–2) 0.1797 0.1810 0.3438 0.5953 0.9298 1.3486 1.8561 2.4584
(∆t, h) = (1.25e–4, 5e–3) 0.1525 0.0721 0.0975 0.1541 0.2328 0.3317 0.4502 0.5886
(∆t, h) = (2e–5, 2e–3) 0.1449 0.0418 0.0291 0.0322 0.0420 0.0562 0.0740 0.0951
(∆t, h) = (5e–6, 1e–3) 0.1437 0.0373 0.01920 0.0148 0.0148 0.0170 0.0207 0.0255

Figure 1: Comparison of theoretical and numerically certified upper-bounds of non-reachability of λψk

As we can see, the method is very effective for small frequencies, but its precision decreases quickly
with higher frequencies. This can be easily understood since the error term in Theorem 11 depends on
the second derivative of the interpolant, and thus increases with the square of the frequency. Here, no
minimisation process was required to find an optimal dual certificate: indeed, one can show that in this
context, if yf = λψk, pf =

yf
∥yf∥ satisfies J(pf ; yf ) < 0 if and only if yf is not reachable. Actually, one

can easily show that pf = yf = ψk (or any positive multiple thereof) is an optimal dual certificate of
non-reachability. Let us emphasise that this is only the case because of such simple control constraints,
and especially because B = Id. This result is confirmed by numerical experiments: when minimising
J∆t,h(·;ψk), the algorithm stabilises around the direction given by ψk very quickly.

L∞ constraints. Let us now consider a more involved example associated to the control problem (S),
where we let

y0 = 0, ω = (15 ,
2
5) ∪ (45 , 1), (22)

and
U = {u ∈ U, 0 ≤ u(x) ≤ 1 for a.e. x ∈ [0, 1]}. (23)

We also compute that MBU =
√

|ω| =
√

2
5 . We compute (letting z+ = max(z, 0) for z ∈ R)

∀v ∈ X, σBU (v) = sup
u∈U

⟨u, χωv⟩ =
∫
ω

sup
0≤y≤1

yv(x)dx =

∫
ω
v+(x)dx.

In this context, aside from the dual method introduced in this article, two sufficient conditions can
help determine whether a given target is non-reachable.

• First, the crude inclusion of the reachable set in a ball of centre ST y0 based on Lemma 5 shows
that ∥yf − ST y0∥ ≤MBUT is a necessary condition for yf to be U-reachable from 0 in time T .

• Second, the parabolic comparison principle leads to ST y0 ≤ y(T ) = ST y0 + LTu ≤ ST y0 + LTu
for all controls taking values in U , where u(t, x) = 1 for a.e. t ∈ (0, T ), x ∈ (0, 1). In the case
where y0 = 0, this yields a necessary condition for a target yf to be U -reachable from 0 in time
T > 0, given by

0 ≤ yf ≤ LTu. (24)

17



For simple enough subsets ω of [0, 1], one can easily approximate LT ū with L∞ estimates, thus
allowing for proofs of non-reachability using the parabolic comparison principle. Therefore, to empha-
sise the usefulness of our method, all the computer-assisted results of non-reachability we will provide
below satisfy (24), at least numerically.

That is why we will here focus on the case where yf = λψ1, with λ > 0, which is not – for λ
small enough – trivially non-reachable using the parabolic comparison principle. We first present some
results of non-reachability of half-lines: the following lemma proves that if y0 = 0 (in which case 0 is
reachable) then for any non-reachable targets yf , so is the full half-line starting at yf and moving away
from 0.

Lemma 19. If 0 ∈ U and y0 = 0, then for all yf , pf such that J(pf ; yf ) < 0, we have J(pf ;λyf ) < 0
for all λ ≥ 1.

Proof. If 0 ∈ U , then ∀v ∈ U, σU (v) ≥ 0, and thus J(pf ; yf ) < 0. This implies ⟨yf , pf ⟩ < 0, which
leads to J(pf ;λyf ) ≤ J(pf ; yf ) < 0.

Its corollary below has been computed with a discretisation of 2, 000, 000 points in time, and 2, 000
in space:

Corollary 20. For the system (S) with operator B associated to ω given by (22) and constraints (23),
the target λψ1 is not U-reachable for T = 1 if λ ≥ 0.035. Indeed, there exists pf ∈ L2(0, 1) such that

J(pf ; 0.035ψ1) ∈ [−0.000718,−0.000111] < 0.

The dual certificate pf associated to the previous result is shown in Figure 2.

0.0 0.2 0.4 0.6 0.8 1.0

0.03

0.02

0.01

0.00

0.01

0.02

0.03

0.04

y0 yf pf LTu

Figure 2: Target and optimal dual certificate associated to Corollary 20.

Notice that, unlike the results proved in (3.3.1), the dual certificate pf is quite different from the
target yf (see Figure 2). This is mainly due to the presence of the operator B = χω, which introduces
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higher space heterogeneity. The optimisation step tends to create a dual certificate negative on ω, so
as to reduce the value of σEU (L

∗
T pf ), while maximising ⟨yf , pf ⟩, which translates in maximising the

values of pf on [0, 1]\ω, since here yf = ψ1 ≥ 0.

The result proved in Corollary 20 happens to be near the limit of what can be done with the
computer-assisted proofs developed in this article, in the sense that the very fine discretisation allowed
for very small discretisation errors (approximately 2.72 · 10−4). However, a more precise discretisation
comes at the cost of higher computational costs (here, several hours on a standard desk computer),
and often with higher rounding errors: here, they amounted to 3.13 · 10−5. In general, it is a general
feature of our method that a compromise must be found to balance discretisation and rounding errors.

Another interesting application of this method is to compute certified lower-bounds of minimal times
of reachability, which has been proved with a 500, 000-point discretisation in time, and 1000-point in
space:

Corollary 21 (of Lemma 6). Let yf = 1
50ψ1. With constraints (22) and (23), the minimal time

T ⋆ ∈ (0,+∞] needed to steer (S) from y0 = 0 to yf satisfies T ⋆ ≥ T = 0.13. Indeed, there exists
pf ∈ L2(0, 1) for which

J(pf ;T ) ∈ [−0.000192,−0.0000268] < 0.

The dual certificate pf associated to the previous result is identical to the one of corollary 20 shown
in Figure 2.

The method can also be applied to less smooth targets, such as absolute value based functions (see
Figure 3). However, minimising J(·; yf ) might provide less smooth dual certificates pfh, which would
lead to huge ∥A∗pf∥ after interpolation into pf . Indeed, as stated before, the minimiser pf will try to
maximise the scalar product ⟨yf , pf ⟩, and therefore mimic the regularity of yf . To circumvent this, one
might minimise the regularised functional introduced in (20).

For example, the minimisation of J and Jλ for yf , leading to the non-reachibility result of Propo-
sition 22 can be seen in Figure 3. One can calculate that J(pf ) ≃ −0.0014 and J(pregf ) ≃ −0.0013,
as expected since pregf is obtained through the interpolation of a minimiser of Jλ with λ = 10−12, but
∥A∗pf∥ ≃ 1350 where ∥A∗pregf ∥ ≃ 125. Overall, although pf is a better minimiser of J , the massive
difference of discretisation error simplifies the proof of non-reachability of yf .

Considering a discretisation of 5, 000, 000 points in time and 3, 250 points of space, we have obtained
the following result. In particular, it is interesting because it has onlyH1

0 regularity overall, and analytic
regularity exactly outside of the control support: this is a pivot case where the reachability of the target
is unknown for unconstrained controls (see [14]), let alone for the constrained case.

Proposition 22. Consider the target

yf : x 7→

{
1
40

5x
4 if 0 ≤ x ≤ 4

5
1
40(5− 5x) if 4

5 ≤ x ≤ 1.

Then yf is not reachable from y0 = 0 in time T = 1. Indeed, with pregf plotted in Figure 3, we have that

J(pregf ) ∈ [−0.0017,−0.0009] < 0.

Once again, the limits of our computer-assisted method showed: such a precise discretisation induced
high computations and rounding errors (≃ 2 · 10−4), of the same level as discretisation errors (≃
1.8 · 10−4). It follows that a finer discretisation probably would likely not have allowed us to prove a
stronger result.
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Figure 3: Target and optimal dual certificates for Proposition 22.

3.3.2 Coupled 1D heat equation

In this section we shall consider the following dynamical system
∂ty1 − κ1∂xxy1 = ay1 + by2 (t, x) ∈ (0, T ]× [0, 1]

∂ty2 − κ2∂xxy2 = cy1 + dy2 + χωu (t, x) ∈ (0, T ]× [0, 1],

yi(0, x) = y0,i(x) i ∈ {1, 2}, x ∈ [0, 1],

yi(t, 0) = yi(t, 1) = 0 i ∈ {1, 2}, t ∈ (0, T ].

Here, the control problem is set with X = (L2(0, 1))2, V = (H1
0 (0, 1))

2,

A :=

(
κ1∂xx + a b

c κ2∂xx + d

)
with domain D(A) = (H2(0, 1) ∩H1

0 (0, 1))
2. Finally, U = L2(0, 1) and the control operator is defined

by
∀u ∈ U, Bu = ( 0

χωu ) and ∀( xy ) ∈ X, B∗( xy ) = χωy.

We consider the case where

ω = (0, 12), U := {u ∈ U, −1 ≤ u ≤ 2}.

Hence, we have MU = 2, and MBU = MU
√
|ω| =

√
2. With the notation z+ = max(z, 0),

z− = min(z, 0),

∀( xy ) ∈ X, σBU ((
x
y )) =

∫
ω
(2y+(x)− y−(x))dx.

Here, we discretise by using P1 finite elements. Letting Wh ⊂ H1
0 (0, 1) be the discretisation spaces

associated to P1 finite elements, this means we set Vh := (Wh)
2 ⊂ V .
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Proposition 23. Let (a, b, c, d) ∈ R4 and κ1, κ2 > 0. Let σmax denote the largest singular value3 of
( a b
c d ), and for i ∈ {1, 2, 3}, λmax(Si) denote the largest eigenvalue4 of the matrix Si defined by

S1 =

(
a 1

2 |b+ c|
1
2 |b+ c| d

)
S2 =

(
2aκ1 |bκ1 + cκ2|

|bκ1 + cκ2| 2dκ2

)
S3 =

(
2aκ1 |cκ1 + bκ2|

|cκ1 + bκ2| 2dκ2

)
.

Let us assume that the coefficients a, b, c, d, κ1 and κ2 are such that

λmax(S1) ≤π2min(κ1, κ2)

max
(
λmax(S2), λmax(S3)

)
≤ 4π2min(κ21, κ

2
2).

A possible choice of the continuity constant a0 and the coercivity constant a1 introduced in (8) are

a0 = min(κ1, κ2)−max

(
λmax(S1)

π2
, 0

)
a1 = max(κ1, κ2) +

σmax

π2
.

If a0 > 0, (−A∗,D(A∗)) is hence mα-accretive with α = arccos(a0a1 ). Furthermore, (V1) holds with

C0 =
1

2π
√
2

(√
4π2min(κ21, κ

2
2)−max

(
λmax(S2), 0

)
+
√
4π2min(κ21, κ

2
2)−max

(
λmax(S3), 0

))
.

Proof. Recall that here the state space is X = (L2(0, 1))2 and V = (H1
0 (0, 1))

2.

Computation of a1. Using the Cauchy-Schwarz Poincaré inequalities5, one can prove for all (v, w) ∈
D(A∗)× V

|⟨−A∗v, w⟩| =
∣∣∣∣〈∂x(κ1v1κ2v2

)
, ∂x

(
w1

w2

)〉
−
〈(

a c
b d

)(
v1
v2

)
,

(
w1

w2

)〉∣∣∣∣
≤ max(κ1, κ2)∥v∥V ∥w∥V +

∣∣∣∣〈(a c
b d

)(
v1
v2

)
,

(
w1

w2

)〉∣∣∣∣
≤ max(κ1, κ2)∥v∥V ∥w∥V + σmax∥v∥∥w∥

≤
(
max(κ1, κ2) +

σmax

π2

)
∥v∥V ∥w∥V .

3In other words,

σmax =
1√
2

√
a2 + b2 + c2 + d2 +

√
(a2 + b2 − c2 − d2)2 + 4(ac+ bd)2.

4In other words,

λmax(S1) =
1

2
(a+ d+

√
(a− d)2 + (b+ c)2),

λmax(S2) = aκ1 + dκ2 +
√

(aκ1 − dκ2)2 + (bκ1 + cκ2)2,

λmax(S3) = aκ1 + dκ2 +
√

(aκ1 − dκ2)2 + (cκ1 + bκ2)2.

5Recall that for every v ∈ H1
0 (0, 1), there holds

π2∥v∥2L2(0,1) ≤ ∥v′∥2L2(0,1)

and the constant π on the left-hand side is sharp.
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Computation of a0. For v ∈ D(A∗), we compute

Re(⟨−A∗v, v⟩) = κ1∥∂xv1∥2L2 + κ2∥∂xv2∥2L2 − Re

〈(
a c
b d

)(
v1
v2

)
,

(
v1
v2

)〉
≥ κ1∥∂xv1∥2L2 + κ2∥∂xv2∥2L2 −

〈
S1

(
∥v1∥
∥v2∥

)
,

(
∥v1∥
∥v2∥

)〉
≥ κ1∥∂xv1∥2 + κ2∥∂xv2∥2 − λmax(S1)∥v∥2

≥
(
min(κ1, κ2)−max

(
λmax(S1)

π2
, 0

))
∥v∥2V .

Computation of C0. First recall that Proposition 15 gives us,

∀g ∈ H2(0, 1), inf
vh∈Vh

∥g − vh∥H1
0
≤ h√

2
∥g′′∥L2 ,

which translates into, since ∀f ∈ D(A), A−1f ∈ V and (A∗)−1f ∈ D(A∗)

∀f ∈ X, inf
vh∈Vh

∥A−1f−vh∥V + inf
vh∈Vh

∥(A∗)−1f−vh∥V ≤ h√
2

(
∥∂xx(A−1f)∥+ ∥∂xx((A∗)−1f)∥

)
. (25)

It follows that it is enough to show

∀f ∈ X,
(
∥∂xx(A−1f)∥+ ∥∂xx((A∗)−1f)∥

)
≤ C0

√
2∥f∥.

To this aim, by setting g = A−1f (resp. g = (A−1)∗f) we will prove that

∀g ∈ D(A), min(∥Ag∥, ∥A∗g∥) ≥ C0√
2
∥∂xxg∥.

Let g ∈ D(A). We write

∥Ag∥2 = κ21∥∂xxg1∥2L2 + κ22∥∂xxg2∥2L2 + ∥ag1 + cg2∥2L2 + ∥bg1 + dg2∥2L2

− 2aκ1∥∂xg1∥2L2 − 2dκ2∥∂xg2∥2L2 − 2(bκ1 + cκ2)Re⟨∂xg1, ∂xg2⟩
≥ κ21∥∂xxg1∥2L2 + κ22∥∂xxg2∥2L2 − 2aκ1∥∂xg1∥2L2 − 2dκ2∥∂xg2∥2L2 − 2|bκ1 + cκ2||⟨∂xg1, ∂xg2⟩|

≥
(
κ21∥∂xxg1∥2L2 + κ22∥∂xxg2∥2L2

)
−
〈(

2aκ1 |bκ1 + cκ2|
|bκ1 + cκ2| 2dκ2

)(
∥∂xg1∥L2

∥∂xg2∥L2

)
,

(
∥∂xg1∥L2

∥∂xg2∥L2

)〉
≥

(
κ21∥∂xxg1∥2L2 + κ22∥∂xxg2∥2L2

)
− λmax(S2)

(
∥∂xg1∥2L2 + ∥∂xg2∥2L2

)
.

Since g1, g2 ∈ H1
0 (0, 1) both are continuous and satisfy

∫ 1
0 ∂xgi(t)dt = gi(1) − gi(0) = 0, using the

Poincaré-Wirtinger inequality, we have ∥∂xgi∥L2 ≤ 1
2π∥∂xxgi∥L2 , and thus

∥Ag∥2 ≥
(
κ21∥∂xxg1∥2L2 + κ22∥∂xxg2∥2L2

)
− 1

4π2
max

(
λmax(S2), 0

)
(∥∂xxg1∥2L2 + ∥∂xxg2∥2L2).

It follows that

∥Ag∥ ≥
√
min(κ21, κ

2
2)−

1

4π2
max

(
λmax(S2), 0

)
∥∂xxg∥. (26)

In a similar manner, one can show that

∥A∗g∥ ≥
√
min(κ21, κ

2
2)−

1

4π2
max

(
λmax(S3), 0

)
∥∂xxg∥. (27)

Applying (26) with g = A−1f and (27) with g = (A∗)−1f to (25) yields (V1) with

C0 =
1

2π
√
2

(√
4π2min(κ21, κ

2
2)−max

(
λmax(S2), 0

)
+
√
4π2min(κ21, κ

2
2)−max

(
λmax(S3), 0

))
.
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Figure 4: Initial and final state without control, target, control domain and dual certificate for Propo-
sition 24.

For the following examples, we will use the constants(
a b
c d

)
=

(
−1 2
−2 −1

)
,

(
κ1
κ2

)
=

(
1
1.5

)
.

In particular, these coefficients satisfy the hypotheses of Proposition 23 and we have C0 =
√
2, a0 = 1,

a1 = 1.5 +
√
5

π2 . Notice that in this context, because of the competition term induced by c < 0 < b,
no comparison principle is applicable. Therefore, aside from our methodology, only Lemma 5 provides
reachability estimates in this setting.

Non-reachability of a ball: in the spirit of Remark 3, we shall here try to prove the non-reachability
of sets of targets. For example, consider, for yf ∈ X, ε > 0, the set

Yf = {y ∈ X, ∥y − yf∥ ≤ ε}.

One can then apply Remark 3 with MYf
= ∥yf∥ + ε and use the same method to try and prove the

non-reachability of all elements of Yf under the constraints 3.3.2. In this context, one has that

∀pf ∈ X, σYf
(pf ) = ⟨yf , pf ⟩+ ε∥pf∥.

The following result was computed using a time-discretisation with 11, 300 points and a space
discretisation with 750 points.

Proposition 24. Let

y0 =

(
sin(π·)

0

)
, yf = 0 and ε = 10−2.

The set Yf := {y ∈ X, ∥y∥ ≤ ε} is not reachable in time T = 0.32. Indeed, for pf = ( p1p2 ), whose graphs
are pictured in Fig. 4, we have that

J(pf ;Yf , T ) ∈ [−0.0262,−0.0014] < 0.

Notice that once more, the dual certificate ( p1p2 ) tends to resemble Yf + {−ST y0} so as to minimise
σYf

(−pf ) + ⟨ST y0, pf ⟩, while staying close to 0 on ω, in order to minimise
∫ T
0 σBU (S

∗
t pf )dt. Also note
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that discretisation parameters to prove this result are rather large: yet, discretisation errors (here,
8.1 · 10−3) and round-off errors (4.2 · 10−3) are of the same order of magnitude. This is mainly due to
the additional term S∗

T pf which considerably increases discretisation errors, and to the fact that space
discretisation has doubled complexity with respect to the single equation case: two intervals [0, 1] are
discretised with 750 points, thereby increasing rounding errors.

Remark 25. In the spirit of Lemma 6, since ker(B) ∩ U ̸= ∅ and ∥Sty∥ ≤ ∥y∥ for all y ∈ X and
t > 0, one can show that such a time T is a certified lower-bound of the minimal time T ⋆(y0,Yf ) needed
to reach Yf from y0, where “minimal” means that for any time t > T ⋆(y0,Yf ), the target set Yf is
U-reachable from y0 in time t.

Non-reachability of an unbounded set Yf . Based on Remark 3, one can also tackle the non-
reachability of an unbounded set. As an example, consider the case where we want to make sure that,
at time T , the first equation is not equal to some y1 ∈ L2(0, 1), without any restriction when it comes
to the second equation. In other words, we set

Yf := {y1} × L2(0, 1).

In this context, we find

∀pf =

(
p1f
p2f

)
∈ X, σYf

(pf ) =

{
⟨y1, p1f ⟩ if p2f = 0

+∞ if p2f ̸= 0.

Since J now takes infinite values, we shall consider its restriction to X1 := L2(0, 1) × {0} on which it
takes finite values. Denoting yf = ( y10 ) we still have

∀pf ∈ X1, J(pf ;Yf ) =

∫ T

0
σU (L

∗
T pf (t))dt− ⟨yf , pf ⟩,

for which the estimates of Theorem 11 can be applied. Using this result, one can prove the following
proposition, computed with 80, 000 points in time, and 1000 points in space:

Proposition 26. Let

y1 = − 1

50
sin(2π·) and Yf := {y1} × L2(0, 1).

Yf is not reachable in time T = 1. Indeed, for pf = ( y10 ), we have that

J(pf ;Yf ) ∈ [−0.0262,−0.0008] < 0.

Here, we have computed the functional for pf = ( y10 ), which might not seem optimal. How-
ever, notice that this dual certificate does minimise σYf

(−pf ) at fixed norm, and has low value of∫ T
0 σBU (S

∗
t pf )dt. The ‘true minimiser’ of J(·,Yf ) is very close to pf , with p1 very slightly modified so

as to account for the time-integral term.
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Appendix

A Proof of minor results

Proof of Proposition 15. Let p =
∑N−1

i=1 f(xi)ψi, and let i ∈ {0, . . . , N − 1}. Remark that p′(x) =
f(xi+1)−f(xi)

xi+1−xi
for all x ∈ (xi, xi+1). Since f is in H2(0, 1), it is in C1([0, 1]) and the mean value

theorem then guarantees the existence of θi ∈ (xi, xi+1) such that f ′(θi) =
f(xi+1)−f(xi)

xi+1−xi
= p′(x) for all

x ∈ (xi, xi+1). The Cauchy-Schwarz inequality then entails∫ xi+1

xi

|f ′(x)− p′(x)|2dx =

∫ xi+1

xi

|f ′(x)− f ′(θi)|2dx =

∫ xi+1

xi

∣∣∣∣∫ x

θi

f ′′(t)dt

∣∣∣∣2 dx
≤

∫ xi+1

xi

|θi − x|
∫ x

θi

|f ′′(t)|2dtdx

≤ 1

2

(
(xi+1 − θi)

2 + (θi − xi)
2
) ∫ xi+1

xi

|f ′′(t)|2dt

≤ 1

2
(xi+1 − xi)

2

∫ xi+1

xi

|f ′′(t)|2dt.

Summing over i achieves the first inequality. The second one is a direct consequence of the first, using
the Cauchy-Schwarz inequality on two subintervals to reduce the constant:∫ xi+1

xi

|f(x)− p(x)|2dx =

∫ 1
2
(xi+xi+1)

xi

|f(x)− p(x)|2dx+

∫ xi+1

1
2
(xi+xi+1)

|f(x)− p(x)|2dx,

where ∫ 1
2
(xi+xi+1)

xi

|f(x)− p(x)|2dx =

∫ 1
2
(xi+xi+1)

xi

∣∣∣∣∫ x

xi

(f ′(t)− p′(t))dt

∣∣∣∣2 dx
≤

∫ 1
2
(xi+xi+1)

xi

|x− xi|
∫ x

xi

|f ′(t)− p′(t)|2dtdx

≤ 1

8
(xi+1 − xi)

2

∫ xi+1

xi

|f ′(t)− p′(t)|2dt

≤ (xi+1 − xi)
4

16

∫ xi+1

xi

|f ′′(t)|2dt.

Similarly, one can prove the same upper-bound for the integral on the second subinterval, which leads
to ∫ xi+1

xi

|f(x)− p(x)|2dx ≤ (xi+1 − xi)
4

8

∫ xi+1

xi

|f ′′(t)|2dt.

Summing over i and taking the square root, we arrive at the second inequality.

Proof of Lemma 17. Since g is positive outside of 0, for all x ∈ H such that g(x) < +∞, there exists
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r > 0, s ∈ Sg such that x = rs. Letting λ > 0, we may write

inf
x∈H

f(x) +
λ

2
g(x) = inf

x∈H
g(x)<+∞

f(x) +
λ

2
g(x)

= inf
r>0
s∈Sg

rf(s) +
λ

2
r2

= inf
s∈Sg

inf
r>0

rf(s) +
λ

2
r2

= inf
s∈Sg

−1

2λ

(
min(f(s), 0)

)2
= − 1

2λ
sup
s∈Sg

(min(f(s), 0))2 .

Therefore, should the infimum be reached, the minimiser’s direction is independent of λ, which concludes
the proof.

B Proof of the main results

The content of this section is drawn almost entirely from personal correspondence with Michel Crouzeix,
to whom we are grateful for generously providing his personal notes. Our main contribution is to
compute and optimise as much as possible all constants involved in the process.

Throughout this section, we assume that we are in the setting of Section 2, with an operator
(A,D(A)) and discretisation subspaces Vh satisfying (8) and (V1).

Let α and β satisfy 0 ≤ α < α + β < π
2 . Recall the sectors defined by equations (9) and (10),and

thus that A is a mα-accretive operator. A classical consequence of the Lumer-Phillips theorem is that
−A generates of a semigroup of contraction, and thus for all t ∈ Sβ , the function St := exp(−tA) is
well defined.

Before considering the discretisation of (5), we will first prove some theoretical results regarding its
solution.

B.1 Theoretical results on solutions of the adjoint equation

Theorem 27. For all t ∈ Sβ, with t ̸= 0 and 0 ≤ α < α + β < π
2 , and for every integer k ≥ 0, the

operator St ∈ L(X,D(Ak)). Moreover, the map t 7→ St, from Sπ
2
−α into L(X), is holomorphic on the

interior of Sπ
2
−α, and we have the estimate:

∀t > 0, ∥S(k)
t ∥L(X) = ∥AkSt∥L(X) ≤

k!

tk cosk α
.

Proof. (a) Let fk(z) = (1+ z)ke−tz. Since fk is the uniform limit in Sα of (1+ z)k(1+ tz/n)−n, we can
define fk(A) ∈ L(X). Since e−tz = (1 + z)−kfk(z) and (Id+A)−k ∈ L(X,D(Ak)), we get:

St = (Id+A)−kfk(A) ∈ L(X,D(Ak)).

(b) Let K2 = sup{|ζ2e−ζ |, ζ ∈ Sα+β}. For t, s ∈ Sβ , both nonzero, the Taylor expansion yields:

∀z ∈ Sα, |e−tz − e−sz + (t− s)ze−sz| ≤ K2

2
max
0≤x≤1

1

|xt+ (1− x)s|2
|t− s|2.

Using Theorem 8:

∥St − Ss + (t− s)ASs∥L(X) ≤ Cα
K2

2
max
0≤x≤1

1

|xt+ (1− x)s|2
|t− s|2,
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so t 7→ St is differentiable with S′
t = −ASt, and by induction:

∀k ∈ N, S
(k)
t = (−A)kSt.

(c) Fix t > 0, let s(θ) = t+ reiθ, with r = t sinβ, θ ∈ [0, 2π). Then s(θ) ∈ Sβ . For u, v ∈ X, define
φ(z) = ⟨Szu, v⟩. From the last paragraph, φ is holomorphic in Sβ , and:

∀z ∈ Sβ, |φ(z)| ≤ ∥Sz∥L(X)∥u∥∥v∥ ≤ ∥u∥∥v∥.

Cauchy’s residue theorem gives:

1

k!
φ(k)(t) =

1

2πi

∫ 2π

0

φ(s(θ))

(s(θ))k+1
ds(θ),

leading to:

|φ(k)(t)| ≤ k!

2π

∫ 2π

0

∥u∥∥v∥
rk

dθ =
k!∥u∥∥v∥
(t sinβ)k

.

Since φ(k)(t) = ⟨S(k)
t u, v⟩, we conclude:

∥S(k)
t ∥L(X) ≤

k!

(t sinβ)k
.

Letting β → π
2 − α yields the result.

Theorem 28. Given z0 ∈ X, the unique solution z ∈ C1((0,∞);D(A)) ∩ C0([0,∞);X) to{
z′(t) = −Az(t)
z(0) = z0

(28)

satisfies z ∈ C∞((0,∞);D(Ak)) for all k ∈ N. Moreover, if z0 ∈ D(Aℓ), then z ∈ C0([0,∞);D(Aℓ)) ∩
Cℓ([0,∞);X) and

∀k, ℓ ≥ 0,∀t > 0, ∥z(k+l)(t)∥ = ∥Akz(l)(t)∥ ≤ k!

(t cos(α))k
∥Aℓz0∥. (29)

Proof. It is clear that t 7→ z(t) is a solution of (P ) since S′
t + ASt = 0. The C∞ regularity on (0,∞)

follows from Theorem 27, while continuity at t = 0 in X results from the strong continuity of the
semigroup. Since the problem is linear, to prove uniqueness of the solution to (28), it suffices to show
that z0 = 0 implies z(t) = 0. Indeed, if z is a solution of (28) and z0 = 0, then:

d

dt
∥z(t)∥2 = ⟨z′(t), z(t)⟩+ ⟨z(t), z′(t)⟩ = 2Re⟨z′(t), z(t)⟩ = −2Re⟨Az(t), z(t)⟩ ≤ 0.

It follows that ∥z(t)∥2 ≤ ∥z(0)∥2 = 0, hence uniqueness.
Now, if z0 ∈ D(A), one easily verifies that:(

Id+
t

n
A
)−1

Az0 = A
(
Id+

t

n
A
)−1

z0,

and by induction: (
Id+

t

n
A
)−n

Az0 = A
(
Id+

t

n
A
)−n

z0.

Passing to the limit (recalling that St = limn→∞
(
Id+ t

nA
)−n), we deduce:

AStz0 = StAz0.

Similarly, if z0 ∈ D(Aℓ), then:
AℓStz0 = StAℓz0.

We then observe that z(ℓ) is a solution of problem (28) with z0 replaced by (−A)ℓz0, from which it
follows that z(ℓ) ∈ C0([0,∞);X). Estimate (29) then follows from Theorem 27.
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B.2 Discretisation of the adjoint equation

In this section, we consider the discretisation described in Section 2, developing time- and space-
discretisation estimates, ultimately providing the the proof of Proposition 9. First, the following lemma
proves that a consequence of (V1) is the approximation in a O(h2) manner in the weaker X-norm for
u ∈ D(A). In a similar manner, one could prove the same lemma for u ∈ D(A∗).

Lemma 29. Under (V1) and the hypotheses on Vh and Ah described in Subsection 2.2, we have

∀f ∈ X, ∥(A−1 −A−1
h Ph)f∥ ≤ C1h

2∥f∥, (H1)

where

C1 =
a21C

2
0

a0

(
resp. C1 =

a
3/2
1 C2

0

4
√
a0

if (A,D(A)) is self-adjoint
)
.

Proof. We shall only prove the lemma in the first case. If A is self-adjoint, the adjusted constant follows
from the exact same method but using Céa’s Lemma which yields Cc =

√
a1
a0

, and noticing that (V1)
simplifies into

∀f ∈ X, inf
vh∈Vh

∥A−1f − vh∥V ≤ 1

2
C0h∥f∥.

Let Ph : X → Vh be the orthogonal projection onto Vh, so that by definition

∀(v, wh) ∈ X × Vh, Phv ∈ Vh and ⟨Phv, wh⟩ = ⟨v, wh⟩.

Let f ∈ X. Applying Céa’s Lemma to the maps

a :

{
V × V → C
(v, w) 7→ ⟨Av, w⟩

L :

{
V → C
v 7→ ⟨v, f⟩

we get
∥A−1f −A−1

h Phf∥V ≤ Cc inf
vh∈Vh

∥A−1f − vh∥, (30)

with Cc :=
a1
a0

. Notice that for all vh ∈ Vh

⟨A(A−1f −A−1
h Phf), vh⟩ = ⟨f, vh⟩ − ⟨AA−1

h Phf, vh⟩
= ⟨f, vh⟩ − ⟨AhA−1

h Phf, vh⟩ since A−1
h Phf ∈ Vh

= ⟨f, vh⟩ − ⟨Phf, vh⟩
= 0.

(31)

Using the Aubin-Nitsche trick, we let g ∈ X such that ∥g∥ = 1 and write

⟨g,A−1f −A−1
h Phf⟩ = ⟨A∗(A∗)−1g,A−1f −A−1

h Phf⟩
= ⟨(A∗)−1g − vh,A(A−1f −A−1

h Phf)⟩ ∀vh ∈ Vh using (31)

≤ a1∥(A∗)−1g − vh∥V ∥A−1f −A−1
h Phf∥V ∀vh ∈ Vh

≤ a1∥A−1f −A−1
h Phf∥V inf

vh∈Vh

∥(A∗)−1g − vh∥V .

Hence

∥A−1f −A−1
h Phf∥ = sup

g∈X
∥g∥=1

⟨g,A−1f −A−1
h Phf⟩

≤ a1∥A−1f −A−1
h Phf∥V sup

∥g∥=1
inf

vh∈Vh

∥(A∗)−1g − vh∥V .
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Using the bounds (V1) and (30), we obtain

∥A−1f −A−1
h Phf∥ ≤ a1∥A−1f −A−1

h Phf∥V sup
∥g∥=1

C0h∥g∥ using (V1)

= a1C0h∥A−1f −A−1
h Phf∥V

≤ a1C0Cch
√
a0h inf

vh∈Vh

∥A−1f − vh∥V using (30)

≤ a1C
2
0Cch

2∥f∥ using (V1).

The result is proved, with C1 = a1C
2
0Cc =

a21C
2
0

a0
.

The time approximation described in the following Proposition 31 first requires a complex analytic
lemma, which could be avoided at the cost of higher constants.

Lemma 30. Let z ∈ C such that Re(z) ≤ 0. Then∣∣∣∣ez − 1

1− z

∣∣∣∣ ≤ 1

2
|z|2.

Proof. Define

F (z) :=
1

z2

(
ez − 1

1− z

)
for z ̸= 0, and F (0) =

1

2
.

A standard series expansion yields that 0 is a removable singularity so that F is holomorphic on the
half-plane {Re z < 0}. Fix R > 1 and consider the rectangle

RR := {x+ iy : −R ≤ x ≤ 0, |y| ≤ R}.

By the maximum modulus principle, the maximum of |F | on the compact set RR is attained on its
boundary ∂RR. Let us estimate |F | on each part of ∂RR.

On the imaginary side x = 0, y ∈ [−R,R]. For z = it with t ∈ R, t ̸= 0, a direct computation yields

F (it) =
(1− it)eit − 1

t2(1− it)
and |F (it)|2 = t2 + 2(1− cos t− t sin t)

t4(1 + t2)
.

To prove that |F (it)| ≤ 1
2 , it suffices to prove that 4

(
t2+2(1− cos t− t sin t)

)
≤ t4(1+ t2) for all t ∈ R.

Define
G(t) := 4

(
t2 + 2(1− cos t− t sin t)

)
− t4(1 + t2).

A direct differentiation gives

G′(t) = 2t
(
−3t4 − 2t2 − 4 cos t+ 4

)
= 2t

(
−3t4 − 2t2 + 4(1− cos t)

)
.

Since 1− cos t ≤ t2

2 , we obtain

−3t4 − 2t2 + 4(1− cos t) ≤ −3t4 − 2t2 + 2t2 = −3t4 ≤ 0,

so G′(t) ≤ 0 for t ≥ 0. Since G(0) = 0 and G′ ≤ 0 on [0,∞), we have G(t) ≤ 0 for all t ≥ 0. We
conclude by using the evenness of G.

On the left vertical side x = −R, |y| ≤ R. For Re z = −R, we have |ez| ≤ e−R. Also∣∣∣∣ 1

1− z

∣∣∣∣ = 1

|1− z|
≤ 1

|z| − 1
≤ 2

|z|
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for R large, say R > 2, so

|ez − 1
1−z | ≤ e−R +

2

|z|
.

Thus on this side

|F (z)| =
|ez − 1

1−z |
|z|2

≤ e−R

R2
+

2

R3
−−−−→
R→∞

0.

On the top and bottom horizontal sides −R ≤ x ≤ 0, y = ±R. Write z = x ± iR. Then |z| ≥ R and
|ez| ≤ ex ≤ 1. Also |1/(1− z)| ≤ 2/|z| for R large, so

|F (z)| ≤ 1 + 2/|z|
|z|2

≤ 2

R2
−−−−→
R→∞

0

uniformly in x ∈ [−R, 0].

Combining the three last inequalities, the maximum of |F | on RR is 1/2 whenever R is chosen large
enough. The expected conclusion follows.

Proposition 31 (Time approximation). For z0 ∈ D(A), we consider{
ż(t) = −Az(t)
z(0) = z0.

Define NT ∈ N∗, ∆t = T
NT

, and for n ∈ {0, . . . , NT }, tn = n∆t. Discretise the system using the implicit
Euler scheme: {

z0 = z0

(Id+∆tA)zn+1 = zn ∀n ∈ {0, . . . , NT − 1}.

Then
∀n ∈ {0, . . . , NT }, ∥z(tn)− zn∥ ≤ ∆t

Cα

cosα
∥Az0∥.

where Cα ≤ 2 + 2√
3
.

Proof. By definition, for all n ∈ {0, . . . , NT }, we have

z(tn)− zn =
[
e−tnA − (Id+∆tA)−n] z0.

Hence me may write
z(tn)− zn = ∆tφn(∆tA)Az0,

where for n ∈ N∗, the function φn is defined for z ∈ Sα by

φn(z) =
e−nz − (1 + z)−n

z
,

extended by continuity at z = 0 by φn(0) = 0.
Using Theorem 8, we find

∥z(tn)− zn∥ ≤ ∆t∥φn(∆tA)∥L(X)∥Az0∥ ≤ ∆tCα sup
z∈Sα

|φn(z)|∥Az0∥. (32)

Let us finish with the proof that supz∈Sα
|φn(z)| ≤ 1

cos(α) . Let z ∈ Sα, z ̸= 0 (the case z = 0 is obvious).
Then Re(z) > 0, hence by Lemma 30 applied to −z,

|φ1(z)| =
1

|z|

[
e−z − 1

1 + z

]
≤ 1

2
|z|.
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Since

φn(z) =
1

z

[
e−z − 1

1 + z

] n−1∑
k=0

e−kz

(
1

1 + z

)n−k−1

,

we get

|φn(z)| ≤
1

2
|z|

n−1∑
k=0

∣∣e−z
∣∣k ∣∣∣∣ 1

1 + z

∣∣∣∣n−k−1

.

We may write z = ρeiθ, where ρ > 0, θ ∈ [−α, α]. It follows that

|1 + z| = |1 + ρeiθ| ≥ |1 + ρeiα| ≥ 1 + ρ cos(α).

Thus ∣∣∣∣ 1

1 + z

∣∣∣∣ ≤ 1

1 + ρ cos(α)
.

Since |θ| ≤ α ≤ π
2 , cos(α) ≤ cos(θ), we get

|φn(z)| ≤
1

2
ρ
n−1∑
k=0

(
e−ρ cos(α)

)k
(

1

1 + ρ cos(α)

)n−k−1

.

Since ρ cos(α) ≥ 0, we have

eρ cos(α) ≥ 1 + ρ cos(α), e−ρ cos(α) ≤ 1

1 + ρ cos(α)
.

Finally

|φn(z)| ≤
1

2
ρn

1

(1 + ρ cos(α))n−1
,

and maximising the right-hand side for ρ > 0 yields the desired result if n ≥ 2. As for n = 1, if
|z| ≤ 2 the upper bound from Lemma 30 proves that |φ1(z)| ≤ 1 ≤ 1

cos(α) , and similarly and if |z| ≥ 2,
|φ1(z)| ≤ 2

|z| ≤ 1 ≤ 1
cos(α) .

Proposition 32 (Spatial approximation). Let zh,0 ∈ Vh, zh : t 7→ St,hzh,0, where St,h = exp(−tAh).
For z0 ∈ D(A), z(t) = exp(−tA)z0, there holds

∀t > 0, ∥z(t)− zh(t)∥ ≤ ∥z0 − zh,0∥+
(
6 +

4 ln(2)

cos(α)

)
C1h

2∥Az0∥.

Proof. For t > 0, we write

∥z(t)− Phz(t)∥ ≤ ∥z(t)−A−1
h PhAz(t)∥ since A−1

h PhAz(t) ∈ Vh

= ∥(A−1 −A−1
h Ph)(Az(t))∥

≤ C1h
2∥Az(t)∥ using (H1).

Similarly,

∥z′(t)− Phz
′(t)∥ ≤ ∥z′(t)−A−1

h PhAz′(t)∥ ≤ C1h
2∥Az′(t)∥

≤ C1h
2

t cos(α)
∥Az0∥ using Theorem 28.

Using the triangle inequality, we deduce the upper bounds

∥(Ph −A−1
h PhA)z(t)∥ ≤ 2C1h

2∥Az(t)∥ and ∥(Ph −A−1
h PhA)z′(t)∥ ≤ 2

C1h
2

t cos(α)
∥Az0∥. (33)
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Denote eh : t 7→ A−1
h PhAz(t)− zh(t). Thus

∥z(t)− zh(t)∥ ≤ ∥eh(t)∥+ ∥z(t)−A−1
h PhAz(t)∥ ≤ ∥eh(t)∥+ C1h

2∥Az(t)∥.

Let us bound eh(t). Since z′h(t) = −Ahzh(t), we have

e′h(t) +Aheh(t) = A−1
h PhAz′(t) + PhAz(t) = (A−1

h PhA− Ph)z
′(t).

Duhamel’s formula yields

eh(t) = St,heh(0) +

∫ t

0
St−σ,h(A−1

h PhA− Ph)z
′(σ)dσ =: E1 + E2 + E3,

where E1 = St,heh(0), E2 =
∫ t
t/2 St−σ,h(A−1

h PhA − Ph)p
′(σ)dσ and E3 =

∫ t/2
0 St−σ,h(A−1

h PhA −
Ph)z

′(σ)dσ.
First, we have, using ∥St,h∥L(X) ≤ 1 (see Theorem 27 applied to Ah) and (H1)

∥E1∥ ≤ ∥eh(0)∥ = ∥zh,0 −A−1
h PhAz0∥ ≤ ∥z0 − zh,0∥+ ∥(A−1 −A−1

h Ph)(Az0)∥
≤ ∥z0 − zh,0∥+ C1h

2∥Az0∥.

Secondly,

∥E2∥ ≤
∫ t

t/2
∥St−σ,h(A−1

h PhA− Ph)z
′(σ)∥dσ ≤

∫ t

t/2
∥(A−1

h PhA− Ph)z
′(σ)∥dσ

≤
∫ t

t/2
2
C1h

2

σ cos(α)
∥Az0∥dσ =

2 ln(2)

cos(α)
C1h

2∥Az0∥,

where we used (33).
For the last term E3, we first integrate by parts, then use (33) to uncover

∥E3∥ =

∥∥∥∥St/2,h(A−1
h PhA− Ph)z(t/2)− St,h(A−1

h PhA− Ph)z(0) +

∫ t/2

0
AhSt−σ,h(A−1

h PhA− Ph)z(σ)dσ

∥∥∥∥
≤ 2C1h

2∥Az0∥+ 2C1h
2∥Az0∥+ 2C1h

2∥Az0∥
∫ t/2

0
∥AhSt−σ,h∥L(X)dσ.

It follows from Theorem 28 that

∥AhSt−σ,h∥L(X) ≤
1

(t− σ) cos(α)
,

hence
∥E3∥ ≤

(
4 +

2 ln(2)

cos(α)

)
C1h

2∥Az0∥.

Gathering all the estimates, we obtain

∥z(t)− zh(t)∥ ≤ ∥E1∥+ ∥E2∥+ ∥E3∥+ C1h
2∥Az0∥ ≤ ∥z0 − zh,0∥+

(
6 + 4

ln(2)

cos(α)

)
C1h

2∥Az0∥.
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Proof of Proposition 9. We keep the notations of the previous proof. Given n ≥ 1, we have

∥z(tn)− zh,n∥ ≤ E1 + E2 + E3

with


E1 = ∥z(tn)− Stn,hA−1

h PhAz0∥
E2 = ∥(Stn,h − (Id+∆tAh)

−n)A−1
h PhAz0∥

E3 = ∥(Id+∆tAh)
−n(A−1

h PhAz0 − zh,0)∥

It follows from Proposition 32 with zh,0 = A−1
h PhAz0 and (H1) that

E1 ≤ ∥z0 −A−1
h PhAz0∥+

(
6 +

4 ln(2)

cos(α)

)
C1h

2∥Az0∥ ≤
(
7 +

4 ln(2)

cos(α)

)
C1h

2∥Az0∥.

Using Proposition 31 with A replaced by Ah,

E2 ≤
∆t

cos(α)
Cα∥AhA−1

h PhAz0∥ ≤ ∆t

cos(α)
Cα∥Az0∥.

Using Theorem 8, (H1), and since supz∈Sα
| 1
1+z | = 1,

E3 ≤ Cα∥A−1
h PhAz0 − zh,0∥

≤ Cα(∥A−1
h PhAz0 − z0∥+ ∥z0 − zh,0∥)

≤ CαC1h
2∥Az0∥+ Cα∥z0 − zh,0∥.

Finally,

∥z(tn)− zh,n∥ ≤ Cα∥z0 − zh,0∥+
(
C1

(
7 +

4 ln(2)

cos(α)
+ Cα

)
h2 +

Cα

cos(α)
∆t

)
∥Az0∥.

Noticing that α = arccos(a0a1 ) in the case we consider, the final result is obtained, with the constants

C2 = C1

(
7 + 4 ln(2)

a1
a0

+ Cα

)
, C3 =

a1
a0
Cα.
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