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An abstract setting for the Fredholm backstepping
transformation: self-adjoint case

Ludovick Gagnon® Amaury Hayat! Swann Marx!
Shengquan Xiang®and Christophe Zhang?

Abstract

In this paper we address the existence of a Fredholm backstepping transfor-
mation for self-adjoint operators A. We prove, under assumptions on the control
operator B and A, that there exists a Fredholm backstepping transformation for op-
erators A of order strictly greater than 1. One of the main contribution of the paper
is to exhibit the underlying isomorphism used to construct 7'. This isomorphism
allows to deduce sharp estimates on ||T|z(x;7) and HT*1||E(H;H) with respect to
the damping parameter X\ > 0. This allow us to prove the finite-time stabilization
for a large class of self-adjoint operators.
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1 Introduction

Consider the abstract system,

4
dt
y(O) = Yo,

(t) = Ay(t) + Bu(t), t>0 (1)

with yo € H. Here, H denotes a complex Hilbert space endowed with the norm ||.||#,
the operator A : D(A) € H — H is densely defined and the control operator B €
L(U; D(A*)') is such that dimU < +o0 H We furthermore assume that A generates a
strongly continuous semigroup that we denote by (etA)tZO.

A classical problem in control theory is to establish the rapid stabilization of equations
under the form , that is to say, for every v > 0, to seek a feedback operator K :
D(K) C H — R such that the control in feedback form u(t) = Ky(t) and the solution
y(t) of the closed-loop system,

Sy(t) = (A+ BK)(), 120

y(0) = yo,

(2)

satisfies,
ly@Ollz < Ce " llyoll .

for C' > 0. Many techniques exist in the literature to establish the rapid stabilization
of from controllability properties stemming from (for instance the Riccati theory
[2, 14, 27], Gramian method [36], equivalence between observability and stabilizability [34],
quantitative finite time stabilization [39]38], various Lyapunov approaches [13, 23], among
others). The backstepping method for PDEs, initially introduced by Balogh and Krsti¢
for boundary control systems [I], 3], is a powerful stabilization method which consists
in finding explicit feedbacks using an appropriate Volterra transformation of the control
system. It has since then been generalized to internal control systems, and has spawned
several variants. These generalizations show that the backstepping method is also a way
to relate controllability properties to the rapid stabilization of .

The use of the Fredholm alternative for the backstepping method has seen recent progress.
Although more intricate, the Fredholm transformation possesses the advantage of having a
systematic approach, based on controllability and spectral assumptions on ({1)). This allows
for instance to treat PDEs where the existence of a Volterra transformation is difficult
to establish, due in particular to the non-trivial boundary condition on the diagonal (see
for instance [26]). An important question for the backstepping method is therefore: are
there any sufficient or necessary conditions for the method to work? This question has
been addressed in a recent paper for skew-adjoint operators with superlinear growth of

'Remark that if dimU = m, with 1 < m < 400, and if A admits an orthonormal basis of eigen-

functions, we can write y = Z y;(t) with y; satisfying ; = Ay; + B;u; (see Assumption . Hence, we
i=1
consider the case m = 1 for the rest of the paper.



the eigenvalues [20]. An important step toward necessary or sufficient conditions was the
introduction of the duality /compactness method in [20] to remove the critical threshold
3/2 imposed by the quadratically close criterion for the existence of a Riesz basis (see
Section . This is a critical step to solve the so-called uniqueness condition T'B = B,
paramount to establish many properties such as the continuity and invertibility of the
Fredholm transformation as well as the well-posedness of the closed-loop system .

1.1 Main results

In this sequence of articles, we prove necessary and sufficient conditions on the existence
of Fredholm backstepping transformations for self-adjoint operators and skew-adjoint op-
erators under classical assumptions of controllability and superlinear growth of the eigen-
values, achieving rapid stabilization for these systems. The principal breakthrough in
these papers is to circumvent the use of a Riesz basis altogether by exhibiting the ex-
plicit isomorphism behind the Fredholm backstepping transformation. We state here the
existence result of the Fredholm backstepping transformation for self-adjoint operators.

Theorem 1 Assume A: D(A) C H — H and B € L(U; D(A)"), such that dimU < +o0,
satisfy Assumption . Then, there exists T € L(H; H) invertible from H to itself and a
feedback K € D(A®)" for s > 1/2a such that

{TA+BK>4A—AUﬂ )

TB = B, in D(A),

holds for A > 0 non—resonenﬂ Moreover, for any A > 0, there exists a feedback K €
D(A®)" such that the solution of the closed-loop system satisfies

14T ol < Ce ™ ||yo | -

This result holds for operators A of order « strictly greater than 1, that is the eigenvalues
of A satisfies |\,| =~ n%,n — oo. This allows us to cross the critical threshold 3/2 for
self-adjoint operators. Note that Theorem [I| holds in a wider range of spaces. We refer
to Proposition [11] for a precise statement on the regularity of the domain and image of
T. where the precise sense in which the first equation of make sense is also precised.
This is done in Section [

The explicit isomorphism underlying 7" allows us to solve directly the so-called uniqueness
condition T'B = B. The existence of a Riesz basis is now a consequence rather than a
necessity. A further analysis of this explicit isomorphism allows us to characterize the
cost of the backstepping transformation 7' = T with respect to the damping parameter
A > 0.

Theorem 2 For any N € N, there exists A € [N, N + 1] such that the transformation T)
of Theorem [1] satisfies

_ eAl/ o
Tl eer iy + 1T egmy < Ce*™,

2The non-resonent condition is stated in




where ¢,C' > 0 do not depend on N nor X\, and where o > 1 is the order of the operator

A.

The cost of the backstepping transformation, together with well-posedness results of the
feedback system and estimates on the feedback K, allow us to derive the second break-
through of the paper, that is a general finite-time stabilization result for self-adjoint
operators (see for instance Proposition .

Theorem 3 For any s € [0,1—1/2a), there exists a piecewise constant feedback K (t),t €
(0,T) such that the closed-loop system

Y0 = (A+BE)y(t), te(T)

y<0) = Yo,
with yo € D(A?), is well-posed in D(A®) and satisfies

y(T) = 0.

Although reaching the equilibrium in finite time, the design of the feedback in Theorem
may diverge in norm close to the final time 7', which is not desirable in practice. To

circumvent this, one is able to design a time-varying feedback law F' ensuring semi-global
finite-time stabilization and uniform stability, under additional regularity hypothesis.

Theorem 4 Let T > 0 and I' > 0. Then there exists a time-varying feedback law F :
R* x D(AY?) — C such that the unique solution to

y(t) = Ay(t) + BE(t,y(1))
y(0) = %o

(4)

with iy € D(AY?) satisfies:
1. Finite-time stabilization:
Yyo € D(AY?) such that 9ol pearrzy < T'= y(2T) = 0.
2. Uniform stability: for all € > 0, there exists n > 0 such that

Yo € D(Al/Z) such that ||yoll piarzy < n = ly()llparrzy < e

We refer to Section for a precise meaning of solutions to , and the design ((179) and
properties (P;) — (P,) of the time-varying feedback.



1.2 The Fredholm backstepping method

The Fredholm backstepping method has been successful lately to deduce the rapid sta-
bilization of PDEs from their controllability properties. The general idea is to seek a
feedback operator K and a transformation 7" mapping the resulting closed-loop system
onto a stable target system. The target system often has the form,

d
%w(ﬂ = (A= X)w(t), t>0,

w(0) = wp.

(5)

More general exponentially stable target systems can be considered, but has the
advantage of using the same domain of definition D(A) for both the equation to stabilize
and the target system. We refer for instance to [14] for a case where the exponential
stability comes from a change of boundary conditions, changing the domain of the target
system and resulting in a more involved analysis, but leading successfully to the rapid
stabilization with the backstepping method.

Denote,
tA . tA
= f 1
wo(e ) tel(l& )OgH€ HL(H,H)a

then the solution w of satisfies the estimate:
()|l < Ceto DMy,

hence, taking A > 0 sufficiently large, one can prescribe any exponential decay rate for
solution of (B]). Then, assuming that 7' € L£(H, H) is invertible from H to itself, choosing
wo = Ty implies the rapid stabilization of ,

lyOI < 1T Mw®llr < e 1T [llwollsr < e I TN [yollar

Operators T' and K thus play a fundamental role to link the system to stabilize
to the rapidly stable target system . Let us deduce the equation 7" and K have to
satisfy formally. The rigorous justification of the exponential stability and the functional
framework will be specified in Section [3.1] First, differentiating Ty(¢) = w(t) in time
leads to,

T(A+ BK)y(t) = (A — X)Ty(t).

The previous equation holds for every solution y(t), implying that the operators 7" and
K satisfy:
T(A+ BK)=(A—-\T. (6)

In the context of the Fredholm backstepping method, it is classical to impose the so-called
uniqueness condition,
TB=B

Y

which reduces @ to,

TA+ BK = (A— AT,
TB = B.



1.2.1 Abstract approach

To illustrate how to solve by the generalized backstepping method, we consider a
diagonalizable operator A with eigenfunctions ¢, and eigenvalues \,,. First, apply (A —
AM)T — TA = BK on the eigenbasis {¢y, }nen+,

(A= (A +N)I)Tp, = BKe,.
Since k, := Ky, is a scalar, we can define, assuming A ¢ o(A — \,,I),Vn € N¥,
gn = (A_ </\n+>‘)l>_1B' (8)

With this definition, we have T'p,, = k,g,. It then remains to identify the coefficients
k, and to establish the continuity of the transformation 7' and its invertibility. The
coefficients of k,, are obtained through the uniqueness condition. Indeed,

neN* neN*
and therefore T'B = B amounts to,

D bukngn = D bupn. (9)

neN* neN*

The controllability property of allows to ensure that b, are bounded from above and
below in a norm specific to the space of controllability (see for instance the framework
of [8]). Together with spectral properties of A, the usual approach is to prove that the
{gn}nen+ are a Riesz basis, allowing to solve @D and therefore the uniqueness condition
TB = B.

1.2.2 Riesz basis

We briefly recall the definition and some basic properties of Riesz basis, and refer to [6]
for more details.

Definition 1 Let H be a Hilbert space. A family of vectors {&, }nez, where T =7, N, or
N* is said to be

(1) Minimal in H, if for every k € Z, & ¢ span{&;i € T — {k}}.

(2) Complete in H, if span{&;;i €L} =H.
(3) w-independent in H, if

>y =0 in H with {cp}ner € I*(T) = ¢, =0,Vn € T. (10)

kel



(4) Quadratically close to a family of vectors {e,}ner, if
Dk — el < +oo. (11)

keT

(5) Riesz basis of H, if it is the image of some orthonormal basis by an isomorphism
on H.

(5)" Riesz basis of H (an equivalent definition of (5)), if it is complete in H and if
there exist Cy,Cy > 0 such that for any {a, }ner € 1*(Z;C) we have

2
Cy Y lanl” < | ank

<o) al” (12)
kel kel H kel

Riesz bases have the following useful characterization:

Proposition 1 Let H be a Hilbert space. Let {&,}ner (where T = 7Z, N, or N*) be a
family of vectors, and {e,}ner be an orthonormal basis of H. Assume that {&,} and {e,}
are quadratically close. Then, if {£,} is complete, or w-independent, it is a Riesz basis of

H.

1.2.3 The quadratically close criterion

When |\, | ~ n® with a > 3/2, it can be shown that the family (g,,) is a Riesz basis through
the quadratically close criterion of Proposition [I] under classical assumptions, whether A
is self-adjoint or skew-adjoint. Indeed, assuming |\, — A\x| > n® 'ln — k|, Vn,k € N to
simplify the computations, the quadratically close criterion amounts roughly to,

Sl al <X ()

neN neN k#n

which converges if & > 3/2. We refer to [8, (18] for the application of this method for a
skew-adjoint case (Schrodinger equation) and an adjoint case (degenerate heat equation)
respectively.

When |A\,| ~ n® with 1 < a < 3/2, then the growth of the eigenvalues at infinity is not
sufficient to prove the existence of a Riesz basis through the quadratically close criterion,
a threshold that has been longstanding since the introduction of the Fredholm backstep-
ping method. In the recent paper [20], we proved for skew-adjoint operators A with the
spectral gap and other under classical assumptions that the family {g, },en+ defined by
is still a Riesz basis. The proof relies on a duality/compactness method, together
with the Fredholm alternative. The duality is used to prove that the family {g, }nen-
is complete and w-independent, whereas the compactness method consists in proving a

.. 1 e
sharp regularizing property for the operator ¢, — ¢, — —¢,, which implies its compact-

ness. In turn, we prove that the family {g,}nen+ is obtained as an invertible Fredholm
transformation of the orthonormal basis ,,, which yields the Riesz basis property from
Definition (1] item (5).



Remark 1 We underline that the Fredholm backstepping method in the case o = 1 was
not discussed above, as this case is very specific and often requires techniques of its own
(see [T])] and the references therein).

1.3 Previous results

We find in the literature two different approaches for the rapid stabilization with the
backstepping method with a Fredholm transformation : either the operator A is of first
order (a = 1) or of second order strictly greater than 1 (o > 1). The case o = 1 was
essentially not treated in the discussion above as it seems to be a very specific case with
techniques of its own. We refer for instance to cases where the rapid stabilization for
hyperbolic systems was established in [9, [10] through direct methods or by identifying
the isomorphism applied to the eigenbasis leading to the Riesz basis [14] 42, 43]. Most
of the results fonud in the literature for operator of order strictly greater than 1 (o >
1) were established through the quadratically close criterion, thanks to the sufficient
growth of the eigenvalues. Following the steps described in the previous section, the rapid
stabilization was obtained for the linearized bilinear Schrodinger equation [§], the KdV
equation [I1], the Kuramoto-Sivashinksi equation [I2], a degenerate parabolic operator
[19, 29] and finally the heat equation for which the backstepping is proved in sharp
spaces [22]. More recently, we have established necessary and sufficient conditions for the
Fredholm backstepping method for skew-adjoint operators of order strictly greater than
1 with the introduction of the duality /compactness method [21], removing the restriction
on the growth of the eigenvalues.

The finite-time stabilization was previously known only in specific cases. Among others :
heat equations with variable coefficients in [I5] [39], the KdV equation in [37], the viscous
Burgers equation in [16], the linear transport equation in [44], and Navier-Stokes equations
13Y].

We highlight as well the link between the backstepping method and the pole shifting
methods ([25], [30], [32], [40]). Some of these techniques have inspired the computations
developed in Section [5

1.4 Outline of the paper

This first paper focuses on the self-adjoint case. First, we present the strategy of the paper
in the finite-dimensional case. We highlight the key role of the Cauchy matrix in solving
the TB = B condition. This is done in Section 2] In Section [3| we establish the existence
of a Fredholm backstepping transformation for by establishing the link between an
underlying isomorphism and the finite-dimensional Cauchy matrix. Preliminary estimates
with respect to A and its distance to the non-resonant set is also begun in this section.
These estimates are completed in Section |4, where most of the technical estimates on
|T|| and ||| are performed. These sharp estimates allows us to conclude on finite-time
stabilization results in Section [0l Prior to this last section, we prove well-posedness results
of the closed-loop system in Section [5|



2 Finite-dimensional example

We start this article by illustrating the methodology used in this article using a finite-
dimensional example, highlighting the differences with the existing literature.

We use the eigenvectors {¢,}1<n<a € R? of A to construct a set of vectors {gn}1<n<a
solving the first equation TA + BK = (A — AI)T. Usual methods for the Fredholm
backstepping here is to prove that the {g,}1<n<q forms a basis of R?. This basis is then
used to solve the equation TB = B, thereby retrieving the coefficients {k, }1<n<q of the
feedback K.

Instead, we inject the expression of {g, }1<n<q into the TB = B equation, and exhibit an
invertible mapping, allowing us to recover the feedback coefficients {k, }1<n<q4. This gives
another proof of,

Theorem 5 ([3, [7]) Let the pair (A, B) € M(R%) x R? be controllable. Then, for any
A > 0, there exists a unique transformation T € GL(R?) and a unique feedback K* € R?
such that

TA+ BK = (A—-\T,

TB = B.

The advantage of the Cauchy is the explicit expression of its inverse, with the damping
parameter A > 0 being tractable. The generalization to infinite dimensional systems of
the Cauchy matrix at the same time to overcome the quadratically close criterion and to
have sharp estimates on the cost of the backstepping method.

2.1 Solving the main equation

Consider a matrix A € My(R), B € R%, and suppose that A is diagonalizable with simple
eigenvalues {\,}1<n<q and eigenvectors {¢,}1<n<q. Assume that (A, B) is controllable
and recall that we aim to solve

TA+ BK = (A—-\I)T
TB =B.
Applying (A — AI)T — TA = BK to the ¢,, we get:
(A - <)‘n + )‘)I)Tgpn - BKSOW
Since k,, := Ky, is a scalar, assuming A ¢ o(A — N\, I),Vn € {1,...,d}, we deduce,
Ton =kp(A— N+ M) 'B,
and therefore
Top e (Toomop) = —1% ke 1, d} (14)
nk -— Pns Pk) = )\k — )\n — A7 ) PRERY )
d
Tgpn = ZTn,k(pka Vn € {17 ERS) d} (15)

k=1

10



2.2 The uniqueness condition and expression of the feedback.

The uniqueness condition @D then writes:

d
TB =) b.Tp,= Zb Fen(A— (M +N)I)7!

n=1

d
where B = Z bnn. At this point, the standard procedure calls to prove that the family

n=1

{gn}1<n<a is a Riesz basis, where g, := (A — (A, +\)I)"'B. Here, we proceed differently.
Using again the decomposition of B, one obtains:

d

d
S bika(A = Qu + NDTB =Y bk, (Z bi(A — (A + N7 >
=1 n:l

1
B Zd: Zd: Dk b
Lt bt N = Dy = AT
Hence T'B = B amounts to,
d d bbb d
;; N )\nk_ASDk ;bk@m

and since the controllability assumption requires (using Fattorini-Hautus, for example),
bp # 0, for any k = 1,...,d (otherwise the controllability of this mode fails), this is
equivalent to,

1 =1,... 1
ZAk—A—A Cok=1...d (16)

2.3 The explicit isomorphism

This last equality can be viewed as solving the matrix system,

kiby 1
| kb 1
7| = . (17)
kaba 1

where the entries of the matrix T € My(C) are given by,

1

Tij = N A

11



This induces a new transformation 7
d
(T, i) = 0y thus = Z 5,7 Pi- (18)

This is a particular case of a Cauchy matrix,

—_

Oij -

_y]’

with z; # y; for 1 < 4,7 < d. Here we define, for T, the entries z; = \;, yi = A+ A
Notice that z; # y; is ensured by imposing the classical non-resonance condition A ¢
o(A—=\I),j7 =1,...,d. Moreover, since the eigenvalues of A are simple, we also have
x; # x; and y; # y; for i # j.

Under these hypothesis, the invertibility of the Cauchy matrix C' is ensured (see for
instance [31]) and has the form,

Ci;t = (x5 — i) Aj (yi) Bi(x),
with A;, B; being the Lagrange polynomials for x; and y; respectively:

A(x) r—x; B(x) T —y;
Alx) = ——7—F—7—— = — 2 Bilz)= — "t = —
(z) Al(z;)(x — xy) JI;IZ T — T (@) B'(y;) (v — ;) i Vi T Vi
with
d d
Ax) = H(.r —x;), B(x)= H(x — ).
i=1 i=1
Hence, we deduce the explicit expression of the matrix Tl jl,
~ [1s(vi — )
71 o= (z; — v, n#£j msﬁz
( )j ( ’ ) (Hn#j(xj - x”) m;éz
1 ((ILwi—a)
1 (-
A2 : A A
_()\j—Ai—)\)H<1+/\z‘—)\m)H<1_/\j—)\n)' (18)
o oy

Then, the coefficients k; are obtained through , using again the fact that b; # 0.

We define a new transformation 7' by

d
(T ", i) = Tl_jl thus 7', = Z ~i,_jl<pz-. (20)

3Note that this expression is slightly different from the one in concerning the transformation 7
in the sum is over the second index of T, while in this expression we sum over the first index of 7.

12



2.4 Invertibility of the transformation 7.

The coefficient of the feedback {k,}1<n<q having been identified, we are able to go back
to the transformation 7" and establish its invertibility,

d
Tf = anT(pn
n=1
d
= fukn(A= (A +NI)7'B
n=1
d d b
= k "k

d d b
Zf )\k_/\n_/\s%

k=1 n=1
= TBTTKf (21)
where,
d 1
TK @ Pn > anDn, TB ! Pp > bn‘pna T: Pn 3 N Pk (22)
pt A — A — A

T is given by , and 7p is invertible by hypothesis on the b,,. Hence, the invertibility of
T hinges on the invertibility of 7x and therefore on k; being non-zero. This can be proved
directly from the explicit representation of £, through T~', but it is quite technical. In
the infinite-dimensional setting, this will be established through some technical estimates
on the infinite sums and products involved.

Formally we have, )
T ' =7'T 5t (23)

Another way to obtain the invertibility of 7" in finite-dimension is to prove that ker T' = 0.
To that end, note that if x € Ker(7T™), then by T'B = B, we have

B*x=B"T"x = 0.
On the other hand, from the operator equation @, we have
T*(A* = X))z = (A+ BK)"'T"x =0,

which implies that ker(7™) is stable by A*, hence invariant under the action of the semi-
group €. Combining the above two assertions yields

B et r =0,

which, by weak observability, implies that x = 0. Hence, T is invertible.

13



3 Construction and invertibility of T

We now move on to the construction of 7" and K in the infinite dimensional case. We begin
by introducing the functional framework and the assumptions on A : D(A) ¢ H - H
and B € L(U; D(A)").

3.1 Functional framework

Let us specify the functional framework of our main results. We start by some assumptions
on the operators of the control system and the target system. First, let us define the
following countable set of numbers

N = {)\z - )\j : Z,j S N}, (24)

We can now state the assumptions of this paper

Assumption 1 1. The operator A is real, negative, self-adjoint, and has compact re-
solvent. Hence the eigenvalues of the operator are real, countable, and

0< XN <=-<... <=\, >+

2. The pair (A, B) is controllable in H in the sense that,
O<ce<|b,| <C, VneN (25)
3. The Hilbert space H can be decomposed as a direct sum of finitely many subspaces:
H =& H;, (26)

such that for any i € {1,2,...,h}, the operator Aly, is diagonalizable, with simple
eigenvalues. We denote its eigenpairs by

{Nipn, Qin) = 0im € Hiy Apin = Xin@in, Vn € N} (27)
4. On each subspace H;, i € {1,---  h}, the eigenvalues satisfy
< N1 — din] S0 Vn e N Vi€ {1,---  h}. (28)
and the gap estimate

k" Mk —n| < Ak — Aim|,  Vh,n € N*. (29)

5. We assume A ¢ N.
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Remark 2 In Assumption[]], item 1, we assume that A is negative to simplify the com-
putations. In particular, we assume that no eigenvalues are equal to zero. Note that this
15 without loss of generality : the more general framework with a finite number of unstable
eigenvalues (that is, with positive real part of the eigenvalues) can be treated by the change
of variables xz(t) := eMy(t), leading to the operator A — ul being negative for p > 0 large
enough.

Item /4 implies that one can handle the case where the all the eigenvalues are simple,
without loss of generality: the general case reduces to a finite number of spaces on which
one considers an operator with simple eigenvalues.

Remark 3 [t is easy to see in our context that Assumption |1|, item 2, implies that the
operator B is admissible in H (see for instance [35] for a definition).

Remark 4 Assumption[1], item 5, is classical in the Fredholm backstepping method. Re-
call that the decay at rate A € N is obtained by choosing any A ¢ N such that A< A
In the first part of this article, we derive explicit bounds on ||T| and || T~ with respect
to X and its distance to N'. In the second part of this article, we prove that there exist
infinitely many X\ > 0 such that this bound is indeed positive, and in fact lower bounded
by e~ where ¢ is a constant independent of A (see Proposition|8). This, in turn, allow
us to derive a quantitative estimation of |T| and || T (see Theorem@ ).

Remark 5 Let us underline that items 4 and 5 of Assumption are satisfied in many
cases, in particular if the operator is self-adjoint with simple eigenvalues given by A, ~
—n% with a > 1.

Finally, we point out that estimate in item 5 implies a third gap estimate:

Lemma 1 Assuming , then there exists ¢ > 0 such that,

IAn — M| = ¢cln— k%, a>1, Vp,neN, (30)

Proof : Without loss of generality, assume k& > n, the case n = k being trivial. Then,
from (29),
IAn — M| > ck® Hk —n| and |\, — M| > en® 1tk — 7

and thus, the conclusion comes if we are able to prove,
max{k* ' n* 1} > |k —n|*!,

but this comes from the monotonicity of the function z € RT — 2! with a > 1. O

For the remainder of the article, since our method is essentially designed for operators
with simple eigenvalues, we will present our results in this framework. We now consider
a real self-adjoint unbounded operator A on H, with simple eigenvalues {\, },en+ and an
orthogonal family of corresponding eigenvectors {¢;, }nen+. As usual, we define the domain
of A by

D(A):={fe H Af € H},
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and we further note that the growth of the {\,},en+ assumed in Assumption 1| implies
that A has compact resolvent.

Moreover, we introduce a family of rigged Banach spaces (and refer to [33] for the de-
tailed construction and further properties), which can be defined spectrally since A is
diagonalizable. For s > 0, we define

Ho={feH, Y n®lf ea)l’ < +oo},

neN*

DA ) ={feH, Y l*l{f0n)® < +oo},

neN*
Notice that if en® < |\,| < Cn®, then D(A®) = H*.

The spaces H*® are naturally endowed with a Hilbert structure given by the scalar product

(f.9)s =Y (0*)(f.0n) (g 0n), Vf.g €W,

neN*
. L 1
as well as a natural Hilbert basis given by | ————=v» .
VIFE")

The spaces D(A®), s > 0 can in turn be endowed with the closely related Hilbert structure
(recall that A, # 0):

<f7 g>D(AS) = Z ’)‘n’28<f7 (pn><g790n>7 vfag € D<AS)

neN*

For s < 0, H® (resp. D(A®)) can be defined by identifying it to the dual space (H*)" (resp.
D(A)"), with pivot space H.

For the remainder of this article, we will denote by:

e || - || the norm of the Hilbert space H;
e || - ||s the norm associated to the scalar product (-,-)s on H?, for s # 0;
e || - ||p(as) the norm associated to the scalar product (-,-)pasy on D(A?), for s # 0.

e For linear mappings on H (resp. D(A®) or Dy(A + BK) in Sections [ and [6)), the
usual operator norm will be denoted || - || (resp. || - ||peas) and || - |

D.(A+BK))-

Importantly, for s < 0, D(A?®) can also be defined as the completion of H with respect to
the norm || - ||,,s = |[(A — pI)® - || for well-chosen p in the resolvent set of A (the fractional
negative power of A — pI can be defined using the Laplace transform, see for example [41]
Chapter IX,Section 11], or [28, Proposition 4.20]).

Finally, note that if s; < s, the injections H** — H*' and D(A*) — D(A*) are
continuous and compact, due to the fact that A has compact resolvent.
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3.2 Definition of the transformation 7" and the feedback K

Recall that we work on a given invariant subspace H; where A has simple eigenvalues. In
the following, we denote H; and (i, pin) by H and (\,, ¢,) to alleviate notations.

Let us define the operators, at least formally for now, used throughout this article. For
A > 0 such that \; + A — \; # 0, Vi, j € N*, we denote

K : o, k, €R, Vn € N*, (31)
T : @nkn(A— (A +NI)'BeH, VneN. (32)
Thus
knbk
Tk = (Ton, o) = —2F  Wn ke N, 33
Ton =Y Turr, Vn € N*. (34)
keN*

Motivated by the finite dimensional example, one key element of this article is to introduce
and prove several quantitative estimates, with respect to A, on the auxiliary operator T
associated to the infinite dimensional extension of the Cauchy matrix (7 ;). Similar to

(18), we define

~ 1
T & =—
4,7 )\Z o )\j . )\’ (35)

and a transformation related to the matrix (7; ;):

<Tg0j,gpz-> = T” thus Tgpj = Z ngoi. (36)

1EN*

We also define another auxiliary transformation T~ associated to the inverse of the
Cauchy matrix (7;;), which we shall prove to be the left inverse of 7', by generalizing

identity : define

s 22 A A
-1 .o %
iy i ew .y H*(HAZ»—Am) H <1—Aj_An), Vi,j e N*,  (37)

meN neN*
m#i n#j
and ] . . B
(T ¢y, i) =T, thus T~ = E T, i (38)

ieN*
Again we emphasize that concerning the transformation 7' is slightly different from
on the transformation 7.

Much of this article will revolve around the analysis of T, and T~'. Tts explicit representa-
tion will allow us in particular to deduce quantitative bounds on the operator norms ||T||,
|7, 1T ] peasys 1T~ || peasy with respect to A. This allows to obtain stability estimates
that are quantitative with A, a key difference with the previous analysis, for instance [21].
This is also what allows us to derive a finite-time stabilisation (see Theorem @
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In the remainder of this section, we proceed as follows: in Section we provide some
technical estimates that will be useful in the analysis; in Section [3.2.2, we show that 7
and 77! defined similarly as in the finite-dimensional case by 1’ are still well-
defined operators in the infinite-dimensional setting and that 7! is indeed the inverse of
T: in Section we show that we may choose K appropriately such that the condition
TB = B holds and we give an explicit expression of K. A major benefit of this approach,
in contrast with previous approaches such as [I8| 17, 20].

3.2.1 Some technical estimates

We begin by introducing a quantity that will play a fundamental role in the quantitative
estimates,

Disty(A) := inf

1,j EN*

A — A+ AL (39)

Clearly, Dist,(\) = 0if and only if A € N. Assumption[l] item 6 asserts that Dist,(\) > 0.
We list here some properties related to Dist, () that will be used throughout this article,
as well as technical estimates on the A;. The proofs are in Appendix @

Lemma 2 Assume that A ¢ N'. For every i € N*, define

D;(\) = min

JEN*

Aj— N+ AL
Then,

(i) There exists at most two ji, jo € N* such that
[Aje = A + Al = A = A+ A= Di(N),
and |j1 — jo| = 1.
(i)
Disto(A) < D;(A), Vie N™.
The following lemma ensures that the infinite product is well-defined.

Lemma 3 There exists some effectively computable constant C' > 0, such that for any
giwen A > 0 and any i,j € N* there is

()| 1] (1+AZ._AA

meN*

1
) < CeP™, YA€ (0,+00), Vi €N;

m

(i) [ 1] (1—A3A ) < CeNe, VA € (0,+), Vj €N;
¥l n
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1
Moreover, the power — in (i)-(ii) is sharp.
a

Finally, the following estimate will be useful in Section [] concerning the upper and lower

bound of |71

Lemma 4 There exists C > 0 such that, for any A > 0 satisfying X\ € N, and any
i, € N* there is

)‘— <C ,\2 )‘—2 Vi € N:
)\ -\ —)\) Dista()\) ’ ’

s <C N+ s VjeN
N — AN = Dist,(\) )~ 75

(i1) Z

1eN*

3.2.2 Study of the auxiliary transformations 7 and 7!

Recall the definition of the critical set A" in (24). From now on we fix the value of X ¢ N,
and investigate the transformations T = T ()\) and T~' = T7Y(\) given by and (38).
For the ease of notations, we omit the index A.

First we prove that the operator T~ defined above is well- deﬁned Recall that T is related
to the matrix (7;;), and 7" is related to the matrix (7} j ) given by (37)) and (37).

Proposition 2 Let A ¢ N'. The entries (T‘l)ij, i,j € N* are well-defined. Moreover,

(i) for every j € N*, {(T~")y;}ien- € €'(N%.C) and sup [{(T~");; }ien-

JEN*

(ii) for every i € N*, {(T‘l)ij}jeN* € (*(N*;C) and sup ||{(T_1)ij}jeN*

1EN*

g1§C<OO.

€1§C<OO.

Proof of Proposition [2} From assertion (i) and (ii) of Lemma([3] we deduce that,

(40)

where the constant C' is independent of A and 4, j € N*. Moreover, from assertion (ii) of
Lemma [4]

Z| 2J| <C€CM Z

1eN* 1EN*

)\2

1 2
< Cha /\2
/\j—)\i—/\‘ = Ce ( +Dista(/\))’

where the constant C'is independent of A and j € N*. The second property can be proved
using the same argument. U

We now show that the entries (Ti;l)(iﬁj)eN* indeed define a continuous operator 7' on H.
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Proposition 3 Let A ¢ N. The operators T  defined by , and T71 defined by ,

1.€.

T D Pn — Z ﬁ,n¢i7

1EN*

T ion— Y T ler

1EN*

are bounded linear operators from H to H. Moreover,

. 1
T < 1+ ———=
””—C<+Dm4»)

. 1 1
T*l < C 1 - C)\Ot
I < ( + Dista(/\)) S

where C' is independent of \.

In fact, this bounded operator is indeed the inverse of T, as expected:

(41)

(42)

Proposition 4 Let A\ ¢ N. The operator T~ defined by is the inverse of T in H.

Proof of Proposition In the proof of this proposition, the constants C' may differ
from line to line, but all of them are independent of the choice of A ¢ N. Using the
expressions of T and 77!, we are able to prove that it is a bounded operator on H from

Lemma [3]: for every f € H, there is

2

TP =11 ) fT  pm

neN*
2
=D f (Z (T*)k,n«pk)
neN* keN*

keN* keN* \ neN*\{k}
2

<C P23 | Y AT

kEN* |neN*\{k}

< OeC)\é“fHZ —|—20€C>\é Z Z ‘fn’

kEN* |neN*\{k}

= I AT+ | Y. flT Dk | on

|An — A — A

Y

where in the last line we have used the inequality . Thanks to the Cauchy-Schwarz
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inequality and Lemma [4]

|/l
Z Z ’)‘n - )\k - )‘l

kEN* |neN*\{k}

| ful? 1
2| 2 e |2 e

keN* \ neN*\{k} neN*\{k}

1 | ful®
<(C|l4+ ——— R LA
- ( " Dista()\)> 2. 2 [An = Ak — Al
kEN* neN*\{k}
<o(lt g ) DX bl
- Disty, (M) An — A — Al
keN* neN*
co(ti g ) Y
- Distq () An — A — Al
neEN* keN*
e 2 > 1P
- Distq () et "
cofie 1 Ve
- Disto (A) '
Thus .
T <o (14— ) e 71 45
771 < (14 gy ) <11 (45)
This ends the proof of boundedness of 7! and gives directly . The proof of is
similar and even simpler, due to the simpler expression of 7; ;. U

We now turn to the proof of Proposition
Proof of Proposition : Let us fix the value of A ¢ N. Recall the definition of T":

- ~ - ©p . T o 1
oo Zp:Tp’n% R zp: g v R L T T G
Recall the definition of 7 5 .
T Y Tl n
where )2 A\ A
Tt 1 1= ' !

We will show that 771 is in fact the inverse of T, i.e.

ToT '=T'oT=1d: H— H.

We focus on the case of 7' o T, while the other case can be treated similarly. Thanks to
the boundedness of 7" and 7" (see Proposition , this is a bounded operator from H to
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itself. Since {¢, }nen+ is an orthogonal basis of H, it suffices to show that
(T o T)n = n, ¥n € N*,

Since

which is equivalent to
> Ti'Tin = 8jm, Vi,n € N7, (49)
1EN*
where d; , denotes the Kronecker symbol. The proof is inspired from the finite dimensional
Cauchy matrix ([31]). For any N € N* we introduce the finite (truncated) matrices

TN = (T 1<ijen, TV = (T;;) Y )1<ijen € RVN (50)
with,
~ ~ 1
T =T, = ., 1<i,5<N, 51
%] J )\7, )\] _ )\ (2RSS ( )
. A2 A A
(T;H)" = (1+ ) (1— ), 1<i,j<N
J No-x-a 1l A N — A

1<m<N 1<n<N

(52)

By denoting z; := A\; and y; := A\; + A, we notice that (TZA;) is a Cauchy matrix as
= 1/(z; —y;). This implies that the N x N matrix (TN ) is invertible with its inverse
bemg (T~HN = ((T_l)g), namely

S (THNTY =65m, VI<jn<N. (53)

jiTin
1<i<N

For any fixed j,n € N*, we consider N > |j 4+ n|, the previous equation yields
Y (TN = Y (TTN = 65m, YN >j+nl (54)

1<i<N 1<i<N

We know that for any N > |7 + n| and any ¢ satisfying i < N there is

T (B [ (FS | o (e

m>N+1 n>N+1

- A A
:sz (1—exp( Z log<1+)\j_)\m)— Z log<1—)\i_)\n)>>.
m>N+1 n>N+1
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For any N > [j + n| + (10A/c)"/@~Y, where the constant c is given in (29), and any
satisfying ¢ < N there is,
A

BY I\l 1
< <—, Ym>N+1
Aj—Am = ’

~ c|lj —m|mel = eNe—l T 10’

and thus,

A A A
log<1——> Slog(l—l——) Slog(l—i——), Vm > N + 1.
(A = An] Aj = Am A = Am]

One has similar estimates for the term

A A A
1 1———— ) <1 1———— | <1 1+ — > N+ 1.
Og( w—m)—og( Ai—An)—Og(ﬂAi—m)’ = N

Since the value of A € N is fixed, we know from Assumption [I] the existence of ¢y =
co(A) > 0 such that
|)\z_)\]_/\| ZCO|>\i—)\j|,Vi,j e N*. (55)

In conclusion, we fix some j,n € N*, then for any N > 2|j + n| + (10A/c) @~V and any
1 < N, there is,

N . - A
-1 —1\N -1 E

m>N+1

A
_ E ] 1ae 2
Og( +\>\i—/\n!)>>
n>N+1

- A A
<|T[1= _ AN A
m>N+1 n>N+1
~ A A
<|T7'|1- — § S —— E e —
< 175 P clj — m|ma—1t cli — n|na_1>>
m>N-+1 n>N-+1
~ 2\ 2\
< |71 — — _ il
<ii(i-en(- ¥ 2 3 2))
m>N+1 n>N+1

- 4\ 1 C'log N
1
<11 (1o (-t e - o))

2
<o o (e (e )
P T A cla — o o
< CeONE A2 A +log N
- <)\l_)\]_)\) Na—l
C logN

< J
— A= Al Nt

where the constant C' = C(\) is independent of j,n and N larger than 2|j + n| +
(10A/c)Y@=D and 4 < N. And similarly, together with the simple estimates,

log(1—|z|) > —2|z| and 1 — e” > =2z, Vz € [0,1/10],
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we obtain

f;zl—(izl)sz;w(l—exp (— 3 1og(1—ﬁ)

- w(-55)
(-2 (20) = (620))
Ao ( S (320 S (:20)
R )

log N
> .
T A=A Net

Therefore, there exists some C' = C()A) such that for any j,n € N* | for any N >

2|5 +n| + (10A/c)/@=Y and for any i < N, there is

W < Clog N .
Nafl‘)\i — )\]‘

T — (T

J

(56)

Using the estimate we can prove the required equality (49). Fix j,n € N*. By
comparing and we obtain that as N € (2|5 4 n| + (10X/¢)/@"V +00) tends to
oo there is

|ZT£1Tm - Z ( )NTm’

iEN* 1<i<N
~ N ~ - -
| T T+ ST — (TN Tl
i>N+1 i=1
log N 1
< C Clo
—42 ¢ )\—)\ —)\’\)\—)\ —)\| Z|)\_)\|Na_1‘)\i_)\n_)\|
i>N+1
1 1 log N
<C +C
lZN:HM VWi Z|A Ajl [N = M| Nt
log N
<C
l>;r1 ( Z ’Z— |a |Z_n|a Na-1
C Clog N

S N2a71 + Nafl ’
where we have used the estimate . Thus we conclude that

ST = dim S (T HNT = 6. (57)

1EN* 1<i<N
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Therefore, the equality holds implying that 7' o T' = Id. Using the same method
we can also deduce that
S TT = b (58)

1EN*

implying that 7o T~ = Id. This ends the proof of Proposition

3.2.3 Uniqueness condition and existence of the feedback.

We are now in position to solve the uniqueness condition T'B = B, as given by .
Recall that this condition may not be formulated as is, since B ¢ H which may prevent
T'B from being well-defined a priori. To circumvent this technical point, we may exploit
the infinite matrices representation of the operators 7 and 77", introduced in the previous
subsection, to work on a weaker formulation, analogous to (59)):

[ ]

1, WjeN 59
N WS (59)

neN*

Solving this uniqueness condition has a double impact: it defines the feedback coefficients
k, uniquely, and thereby defines a unique candidate transformation 7. As we will show
in Section , it is also crucial to prove that 7" and K do satisfy the operator equation @,
which ensures the equivalence between the closed-loop system and the target system.

Corollary 1 Let A ¢ N'. Then there exists {ky tnen € (2°(N;R) such that

kb
— =1,
Aj— A — A
neN
is satisfied for every j € N*.
Proof : We have proven that
knb
L L— 1, VjéeN*,
A — A — A J
neN
is equivalent to
Fobn = > (T7")n;, VneN* (60)
jEN*

Indeed, this is a consequence of Proposition [l First, thanks to Proposition 2, we know
that {(T""),;}jen- € ¢*(N;R). This in particular implies that the above series on the
right-hand side is convergent. Next, by implementing the above defined {k,b, }nen+ into
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the summation and using the identity we obtain:

knbn a —
N e 2T 2 s

neN keN*

= Z Z fj,n<T71)n,k

keN* neN

= Zéj’k = 1

Moreover, by the controllability assumption, there exists 0 < ¢ < |b,| < C,Vn € N. With
the fact that sup ||[{(T"")n;}jen- |0 < C, we deduce that {k, }nen € (°(N;R). O
neN*

neN

From Corollary 1 we deduce that there exists {k,}nen € £°°(N;R) such that holds.
Note that, at this point, we have not yet proved the invertibility of T (in contrast with 7
which we know is invertible from Proposition : the properties established on the auxil-
iary transformation T suffice to study the uniqueness condition and define the feedback
K. From we know that with this choice of {k, },en+ € €°(N;R) there exists a unique
T € L(H), and it satisfies a weak equivalent to the TB = B condition, namely .
What we have shown is summarized in:

Proposition 5 Let {k, },en+ be given by Corollary then T € L(H) given by , that

18,
b
T, =k, —rl 0, VneN
¥ Z)\p_)\_)\n(pp n e
peN

is well defined and satisfies .

In the following section, we show that this transformation 7' is invertible, and conse-
quently that the initial system is exponentially stable with decay rate A with the choice
of feedback operator {k;, },en+. Moreover we will give additional estimates with respect
to the dependency in A of T'.

In this section we turn to the operator 7. Recall from f that 7 is linked to T by

T =15T7x (61)
and B
T(pn = kn Z bjT‘]',n(pj' (62)
JEN

This section is organized as follows: first we show some properties on K (Section .
Then, we show that T is invertible thanks to our choice of K using a method similar to
[8, 18, 17] (Section . Finally, we show precise quantitative estimates on the norm of T
and 77!, which is the main challenge of this section (Section . These sharp estimates
will in turn be used to prove the finite-time stabilization of Section [6]

Remark 6 In fact, one can show that T' can be written as follows:
1
T = de+ T, (63)
where T, is a compact operator (see [21,[24)).
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3.3 Properties of K

In this section, we discuss the properties of the feedback law K. First, we prove that in
the present context K cannot be a bounded functional on H (see Lemma [5]). This might
be surprising, given that the solution of the system belongs to H. In fact, this is rendered
possible by the fact that the construction of K depends on A and consequently K still
make sense when applied to solutions of the systems. More precisely, we will prove that
K is admissible for the strongly continuous semigroup (e*");>o (see Lemma @) First, we
have the following result, classical for the Fredholm backstepping method.

Lemma 5 Let {k,}nen € . If K : H — R were to be a bounded functional, then
T : H— H would be a compact operator and therefore not invertible over H.

Proof : Assume K : H — R is a bounded functional. Then, for every f € H,

> knfa

neN*

We assume for the moment that {f,}, {k,} € *(N*;R). We deal with the general case
{f.},{k,} € *(N*;C) later on. For every sequence {f,} € ¢*(N*;R), one can define
gn = sign(k,)|fn], a sequence in ¢*(N*; R). Hence, defining g € H such that

9= GnPn;

neN*

S lkal

neN*

and therefore {|k,||fu| nen- € €*(N*;R). But since {f,} € (*(N*;R), this amounts to
{k,} € *(N*;R). Indeed, consider the family of linear applications [, : £*(N*;R) — R,

L{fi}) = Z |k ;-

Kf|= < 0. (64)

we deduce that

|Kg| = < 00,

n 1/2
The application [, is a bounded functional of norm ||/,,|| = (Z |kj|2> by the Riesz’s
j=1
representation Theorem. But from the Banach-Steinhaus Theorem, we deduce that ||7,,|
is bounded and converge to ||[{k,}|| as n — oo, hence {k,} € ¢*(N*;R). The general
case {f,}, {kn} € (*(N*;C) follows the same proof as

’}(112:: EE: knjﬁ
= 1) (Rkn) +iS(ka)) (R(fa) + S (£))
= ) R(EDR(fn) = SE)S(fa)| + D REn)S(fa) + S(ka)R(f2)




and it follows that |K f| < 400 is equivalent to,

57 R(k)S(f) + ()R] < o0

neN*

< 00 and

> Rk)R(fn) = S(ka)S(f)

neN*

Hence, it suffices to repeat the proof above for each sum with R(f,) = 0 and (f,) = 0.
We therefore conclude that if K : H — R is bounded, then {k,} € ¢*(N*; C).

We now prove that {k,} € £*(N*;R) implies that 7" is an Hilbert-Schmidt compact oper-
ator, and therefore not invertible. Indeed, there exists C' > 0, independent of n € N, such

that
2

 kabe
neN* neN* keN
2
<C K|
2 Z T v
< 400

the convergence of the last serie coming from Lemma This concludes the proof of
Lemma, 5l

g

We have proven that K is not a bounded functional from H to R, or else it would imply
T is not an invertible transformation from H to itself. Despite this ill-behaviour of K, we
prove that the feedback operator K is admissible.

Lemma 6 Let k, € (*°(N*;C). Then K is admissible for the strongly continuous semi-
group (e*");s0, that is Ke f € L*((0,T);C), for all f € H.

Proof : Let f € H. Then, for all t € [0,T], e*f € L*((0,T); H) and,

T
2
VKA f 120y = /0 KM f[ di

= [ ket 2

dt
neN*
. 2
:/ ane’\”tfn dt
0 neN*
T
< Han?oo/ (Z €2>\"t> <Z |fn|2) dt
0 neN* neN*
22T 1
< 2 11 £|12 R
< Ikl 111 (Z e )
neN*
g 1
< MhallZ P27 = 1) (Z K)
neN* n
< k7 1L F1I-
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3.4 Invertibility of T

As it can be seen from the invertibility of T depends on the behavior of (k,)nen-
Recall that the (k,),en are defined by Corollary (I} We can show the following.

Lemma 7 Assume there exist ¢,C > 0 such that ¢ < |k,| < C, for alln € N*. Then T
15 invertible from H to itself.

Proof : Notice

Tf=Y fTen

neN*

=3 faka(A= (A + M) 'B

neN*

b
= Z Inkn Z )\kan_)\SOk

neN* keN*

b

keN* neN*
= TBTTKf

where,
TK * ¥n — kjn(pna TB - ¥n = bn(pna

From the controllability assumption, 7g is invertible from H to itself and fromv the hy-
pothesis of Lemma , so is 7. The invertibility of T then follows from that of T'. O

4 Quantitative estimates for the transformation

The coefficients k,, plays a fundamental role in the quantitative estimates of K and hence
of T. In this section, we prove not only that the coefficients |k,| are bounded by below
away from zero, but also their behaviour with respect to A. This allows, in turn, to deduce
precise estimations on the norms of 7" and 7.

4.1 Exhibiting the underlying isomorphism of T

The expression of T" with respect to K is given by and the one of 77! is given by,

T =1 T gt (65)

The norm of 75 and 75! are easily given by the assumption on b,. On the other hand,
the norm of 77! is given by Lemma [3| and Proposition , which provides an estimate
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with respect to A provided that X is away from A. A similar estimate also holds for 7.
Therefore, to have a quantitative estimate of 7" and 77!, it suffices to estimate the norm
of 7 and 7x'. This is translated in the following lemma.

Lemma 8 Let A ¢ N, Then, the isomorphism T = Ty satisfies
|71 < I sup [by| sup [k,

T4 < 1T [ sup b, | sup [k
n n

Proof : First, recall that the bound of 7 and 7! was proven in in Proposition .
Then, from the definition of 7', given by , and the definition of 77!, given by ,

we have

71 < sl Tl 1T < I T 75l
and since
178l < {lbnllees lI7acll < [1Knlems,
75 1< 160 e N < 1A e
the result follows easily. U

We now provide estimates on ||T|| and ||77!|| with respect to A and Dist, ()\) (recall the
definition ) These estimates are done in a range of spaces in anticipation of Section
[0l where bounds in stronger norms are necessary to achieve finite-time stabilization. As
we will see, stronger norms come from more regular spaces in which a common domain
can be used to define the feedback and the well-posedness.

Lemma 9 Under the same hypothesis, T is an isomorphism on D(A®), fors € (1/2a — 1,1 — 1/2a)
and we have the following estimates:

L 1
T D <O(14+ ———
o <€ (14 )

. 1 1
7! G <O[14 ——— )™,
17 o < € (14 i ) ©

Accordingly, the isomorphism T satisfies, for s € (1/2a — 1,1 — 1/2a)
Tl <C 1—1——1 |bn | |kl
s sup |b, | sup |k,
bas) = Dist, () np np

_ 1 _ N
T 1||D(As) <C (1 + m) sup |b, | sup |k, .
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Proof : Using the expressions of T and T~ given by and respectively, we have

2

T Fllpasy = || D T Diwer+ > D> falT ienion

keN* keN* neN*\{k} D(A%)

1
< Ce | f I as

)\n k —
keN* neN*\{k}

2s fn —/\ >\
=2 P > 1l <1+>\k—)\m) 11 <1_An—kp>

m#k p#n

We have, for 1 < o < a,

: £l : Anl1 £l
D I v v R SLa L AP A W vep v

kEN* neN+\{k} kEN* neN*\{k}

-y ([ = A [ ful? 3 s>
An — Ap — A|@ A28 A — A — A2

keN* \ neN*\{k} neN*\{k}

On one hand, using the convexity of x € Ry + 2** for s > 1/2,

> I _ oy Bamheoawaoae

s 220 — A — AP } |A m e AP

neN*\{k e
< G Z — A= AP A )\|25
neN*\{k} A28 A — Ap — )\|2 i
1
< C;
"%{k} b2 A = Ay = A0
1
+ C

_ L
’I’LEN*\{k} ’)\’I’L - )\k - >\‘2 o

1
Notice that since 1 < o’ < a, we have 2 — — > 1, ensuring the convergence of the second

sum. Moreover, since s > 1/2, the convergence of the first sum is ensured if

1
2(1—S>—5>0

1
that is, s < 1 —1/2a’ <1 — 1/2a. Finally, one deduces, since — > 1, that,
o

S ERE e
nEN*\{k} |)\ )\k - >\| ; -
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Moreover, we are able to estimate the cost of the transformation with respect to A. Indeed,
it is easy to see from the proof of Proposition 4] that the term Dist,(\) is in every sum
including terms of the form 1/|\, —Ax — A|. Collecting these terms yields the upper bound

. 1 1
HT71fH2 s S cl1 + 1/ 1 + 1/ Hf”2 s
D(As) DiSta()\)E Dista(A)Q(l—s)—a D(As)

1 2
<0 (14 gy ) Mo

assuming Dist,(A) > 1. This concludes the case s € [1/2, (2« — 1)/2a). Since we have
proved the result for s = 0 in Proposition [l we deduce the result for s € [0,1/2) by
interpolation. This concludes the proof.

U
4.2 Cost of the backstepping transformation with respect to the
damping parameter \

In this section, we prove one of the main results of this article

Theorem 6 For any N € N, there exists A\ € [N, N + 1] such that the isomorphism
T = T()\) satisfies the following estimate

1
T+ 1T7H] < Ce, (66)
where C' is a constant that does not depend on N or A.

From Lemma [8] Lemma [9] and Assumption [} we have

1
< _— k
Il < € (14 iy ) supl

_ 1 A% _
T <C (1+ m) e sup [k, 1.

The quantity sup |k,| is easy to estimate (see Lemma [L0] and Proposition [6] below). Esti-
mating sup |1/k,| however, is much more subtle. The object of most of this subsection is
to prove the following theorem.

Theorem 7 For any N € N, there exists A € [N, N + C|, where C > 0 is a constant
independent of N, such that the following quantitative lower bound of {bnky}nen with
respect to A holds

1
knby| > e Vn e N, (67)

where ¢ > 0 is a constant independent of N, and ).
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We can conclude the proof of Theorem [6] by combining the estimates above, this previous
theorem and from Proposition [§| below, deriving estimates of the form

Disty(A) > e™

for values of A in [N, N + C] and for any N € N.
The proof of Theorem [7]is based on four steps:

1. Decompose kb, in two terms, F,, and J,, that have different behavior (see Lemma

10).

2. Show that J,(\) = 1 for any n € N (see Lemma [L1)). This is the object of Section
4.4

3. Use careful estimations to estimate F,(\) as a function of Dist,(A\) and A (see
Proposition . This is the object of Section .

4. Show that for good choice of A one has a good lower bound of Dist,(\) (see Propo-
sition [§)). This is done in Section

4.3 Rearrangement of kb,
We begin by a rearrangement of the expression k,b, to decompose it in two parts.
Lemma 10 The following holds for any n € N

knby, = —AF,(N)Jn(N), (68)

where

F,0) =] (1 + ﬁ) , (69)

meN*

m#n
[T =2 =N
me?éN*
Ta(A) =) 7 (70)
JEN H ()‘J /\m)
meN*

m#j
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Proof : By definition, we know from that

kubn = > T

JEN*
¥ A A
_Z)\j—)\n—)\ 11 (1+)\n—>\m> 11 (1_Aj—Am)
JjEN* meN* meN*
m#n m#j
A ¥ A
= 1 1 —
H<+/\—)\) (ZAJ)\nA < )\]—)\m>
meN* jEN meN*
m#n m#j
A i\ A
- _ 1 _
M) [y 5

= AL (M) Ja(N).

where we used that

jenx 7 eN J
m#£j
meN® (A A — A
o (Mg )
Aj— A — A HmEN*()\j Am)

me#N*
o T v -2
meN*
m#j
O

One can note that F), is an holomorphic function of A € C, with a countable number of
zeros A = A\, — Ay, m € N\ {n} and such that F,(0) = 1. In the following we study the
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behavior of F,, and J,. In particular, we will show a remarkable property: J,(\) = 1, for
any A € C and any n € N*(see Lemma, . We will also show that there exists C,c > 0
such that

1
|F,(\)| > CDisto(N)e™%, ¥ne N VA>1, (72)
where Dist, ()) is given by (39). Note that from Lemma [4] we also have

[Fu(A)] < GO (73)

4.4 Behavior of J,()\).

We begin by drastically simplifying one of the terms introduced above.

Lemma 11 For A € C and n € N*, we have

Ju(A) = 1.

Proof of Lemma [11k
The proof is composed by two steps:

Step A: Show that a truncated version JY()) of J,()\) is equal to 1 for any A € C, any
N eN andany 1 <n < N.

Step B: Pass the limit in N thanks to the distribution of {\,},en+, and leveraging that
A ~ n® with a > 1.

Before starting the proof of the first step, let us define the following polynomial

N-1

A= An
P(A):=> 1 I — , (74)
j=1 1§m§1\[—1

m#j

which is of order at most N — 2. This is actually the Lagrange interpolation formula such
that P(A\,) =1,1 <p < N — 1. We get, with this definition,

N-1
(AN = Am)
N N—1 m=1
Z Hn;ﬁN( N ) _ N’Z +1=1-P(Ay)=0. (75)
<:1 ‘:1
o | (YR v =)
o s

Step A: Let {(1, (s, ...,(n} be a given a sequence of constants satisfying (; # ¢;. Inspired
by the definition of J, in equation (70) we further define, for any N € N* and any
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N
TN = TV G oo ) = Y 2P0

In the following we will prove that

J?iv()\7<17<277CN>:1, V)\EC,VTLG {1,2,7N}

To do so, we immediately notice the following symmetry

J]]\\/ffl(A;ChC?? e CN*IJ CN) = J]]VV(A;ChC?’ BT CN*% <N7CN*1)'

We further observe that

A I G=6=» IT v —¢u—N

N

JN \) = m<N-1 m<N-1

v 1T —¢m) IT v —¢w)
n;gj\/ m<N-—1

By multiplying J¥ (\) with H ({n — (m) we shall prove that

m<N-—1

ol T @G=6=n TI v=cw

PN()\) — m<N-—1 m<N-—1
: le H (CJ - Cm)
=y
+ I v=¢m=N—= ] &=
m<N-—1 m<N-—1

equals to zero, which is equivalent to prove that

A H (Cj_Cm_)‘) H (QN_Cm)
P]]VV(A)ZZ; A T (C-—?#;
+ J] == -]] &v-¢)=0

m<N-—1 m<N-—1
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Inspired by the preceding formula, for any given {(i,...,(n_1, A} satisfying (; # (; we

define
AT G- T (=)

V-1 mﬁf;éfl mgz;éfﬂ
Qu;Cry ey N1, A) i = m7J m#j
(5 Gy N-1,A) — H (gj_cm)
m<N—1
mtj
+ I =G=n=II =) (80)
m<N-—1 m<N—1

which is clearly a polynomial of p of order N — 2. Now we show that Q(u) = 0. Indeed,
by choosing p = (; we get that

AT G=G=» ] =)

m<N-1 m<N-—1

_ m#j m#j

j=1 H (CJ - Cm)

m<N-—1
m#j

+ I @=¢=-»- [ @ -

m<N-1 m<N-1
=X J] @G-+ J] G—Gn-

m%]ll 1 m<N-—1

Thanks to the symmetry we obtain that

Q(G)=0,Vie {1,2,...., N — 1}, (81)

which, to be combined with the fact that Q(u) is a polynomial of order N — 2, yields
Q(p) = 0. In particular, by choosing p = (y we get

0=Q(Cw) = Py (N (82)

Hence, for any sequence {(y, ..., (x } satisyfing ¢; # ¢; and for any A we know that Py (\) =
0. This concludes the proof of Step 1 and .

Step B: This step is standard and consists in passing to the limit in . We can apply,
for instance, a dominated convergence by denoting

I} = )\—)\—)\H< )\—)\) L= )\—)\—)\H< A—A)'(83)
m#]

We observe that for j < N

~
=

I%:H <1—A'_AAm>_1. (84)



Note that we have, for j given, and when m — 400

A A
| 1l—-— |~ 85
o Aj—Am) Clin — s (85)
and therefore \
Zlog(l—)\_)\>—>0, N — oo. (86)
m>N

This and imply [ ]N — I; when N — +oo for any j € N*. Looking again at and
using (29), for N > (A\/c)/@~1) — 1, where c is given by (29),

-1
5 el = el T (1-5257)

m>N
m#j

A -1
< itenl I (1~ i)

m>N

m#

A -1
< . —
— |I]| H <1 c|m . N|m0‘_1) ) (87)

m>N

where we used the fact that if j > N then 1<y vanishes. This gives,

A\ - —1
N.onl < | — < - ,
el < (- ) <WII(- o) o
k>0 k>0

Finally, we can show that the right-hand side is integrable: from the proof of Lemma
and Lemma [, we have

A A
I;| = _ 1— 89
Z‘J’ )\j_)\n_)\‘ H( )\j_/\m) < +00, (89)
JEN* eN~ meN*
m#j
and
1\ 1
1—— = In(1
H( cka) exp (Z n( +cka—1)> < +o00, (90)
k>0 k>0
thus from and , , and we conclude by dominated convergence that
=Y Iy = = > L= Ju(N). (91)
JEN* JEN*
OJ
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4.5 Behavior of F),

Now, we turn to the other term of decomposition . Note that we have the following
proposition as a direct consequence of Lemma

Proposition 6 Let A > 0. Then, there exists C' > 0 independent of A such that,
1
|E,(\)] < Cer™.

Let us recall the definition of Dist,(A),
Distq(A) = min{|\, — A\, — A| : m,n € N*}.

Note that this is indeed a minimum rather than an infinimum from . We show the
following lower bound on |F,()\)|, as a function of Dist, ().

Proposition 7 There exist positive constants ¢, C' such that, for any o > 1, n € N* and
any A > 1,

IF,(A)] > Dista()) - Ce~™",  Vn € N, VA > 1. (92)

Proof of Proposition Recall that, thanks to , for any n > m > 1 there exist
positive constants C| ¢ such that,

C(n—m)n® ' > |\, — An| > c(n —m)n® 1. (93)

Similarly, still from (28],
n® <\ +1<Sn® Vne N (94)

We further have,

Lemma 12 There exists some effectively computable constant C' > 0 such that,

I1 (1+l> < WA 1. (95)

meN* |Am|

Proof : Indeed, thanks to the estimate , it is equivalent to show the following,

I1 (1+%) <P A1 (96)

m
meN*
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The proof is similar to the proof of Lemma [3] Indeed, let

m{ J] (1+%> = ) 1n<1+%)

meN*\{n}

+o00 A
<log(l+A\)+ / log (1 + E) dx
1

+o0 +0o0 A
— / xdlog <1 + —)
1 1 r®

<log(l+ \) + zlog (1 + i)
IOC

+00 by
=2 d
/1 At

x
400 1
I (/\_é)a
+o00 1
= 2)\a / dy
e L4y
< C)e.
(97)
+oo +oo
noting that / 1+ T / (14 2% < +o0o since a > 1. O
1 0
To continue the proof of Proposition [7, we are going to proceed in four steps.
Step 1: show that, for F,(\), only the terms m € [1,n — 1] matter.
Notice that
A A A
F.(\)| = 14+ —-17- 1+ —1> 1+ —-—-, 98
L | e B | e R et FC

since A, — A\, < 0 for m > n (recall that the eigenvalues are negative). In fact Re(\,, —
An) < 0 would suffice. Thus, to show Proposition [7] it suffices to show that,

11 <1+ﬁ)

m<n

F,(\) = > Disty(A)e 92", (99)

In fact, this is even an equivalence since, from Lemma [3]

A 1
1+ — A
P+ =
m>n

~

Step 2: case A € (1,¢9|A\, — Au—1]) With ¢y < 1 and independent from n.

Let’s assume that n > m. Since A < ¢g|\,, — A\_1] and (A, )nen+ are real,

A A
< < ¢g. 1
)\m - )\n N )\n—l - )\n = ( 00)
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Now, observe that since ¢y < 1, there exists k., > 0 depending only on this ¢y such that
(1 —2)(1 + kez) > 1, Vo € [0, ¢ - (101)

One can see this since this function is concave for k., > 0 and by looking at its values at

0 and ¢y. This, together with (100]), implies

(1 w i Aﬂ) (1 + %) > 1, (102)
and therefore,
F”(A)WH@ 1+ AfﬁAAn > 1. (103)
Since, using Lemma [3]
I+ )\,fci)\)\n < Cec’%‘l’@é, (104)

m<n

and with (103) we deduce ([99).
Step 3: case A € [|[\, — A\{|, +00).

First, notice that if Dist,(A) = 0, then the proof of is trivial. We therefore focus
on the case Dist,(A) # 0. We underline that if |\, — A\i| = A, then A = A\; — A\, and
Dist,(A) = 0. Therefore, A > A; — A\, > 0 and from the strict ordering of the eigenvalues

of Assumption [T}
A A

>
A — An AL — A\,
Using again A > A\; — A\, > 0, this implies, using
~ )\ )\1 — )\n )\1 - )\m
F,(\) = -1 —1) =
() H(Am_)‘n )>H<>‘m_)‘n ) H()‘m_)‘n>
m<n m<n m<n (105)

> I ()

m<n

> 1.

where C is given by (93). We are now going to give an estimate on (A; — A,,). Denote
¢ := A\ /Ay satisfying 0 < ¢ < 1. As in ([101)), there exists k. > 0 such that,

(1—2)(1+ kex) > 1, for all x € [0, ].

As a consequence, defining k := —\;k, > 0, we have

()

11 (1 - ;—;) <1+ ﬁ) > 1. (106)

Therefore,



Observe that, from Lemma [12] and

1T (1 + %) <, (107)

meN* m>1

where C’ > 0 depends on A; and Ay but not on m > 2, n > 2 or \. Together with (106]),
this gives,

Al — A 1
—_— 108
I =7 =@ s

meN* m>1

Therefore, using also , (105)) and Stirling formula,

=1l c (IAM| lnA—l )na)l)

m<n
~ H C (n —m)n*- (n —m)ne—t

m<n
_((n=1)N)* eyt 1
 (n—1) (5) nla=1)(n-1)
Z e*CTL
et

which is .
Step 4: case A € (co(An—1 — An), A1 — An)-

Recall that ¢y is given in Step 2 and can be arbitrarily chosen as long as it is strictly
smaller than 1 and does not depend on n nor m. We assume again that Dist,(A) > 0,
otherwise there is nothing to show.

The first thing to observe is that we only need to focus on the pairs (n,m) such that

mée My :={meN":m<n, > co}.

A
Am — A\
Indeed, setting My = {1,...,n — 1} \ M, one has, using (102)) and Lemma ,

-1
A k.. A\ 1
> (&) > —CAa
H <1+—An—Am) > ( H (1+—>\m—An>> > e : (109)

meMo meMo

where C' is a constant that only depends on a and ¢. Note that since A > co(A,_1 — Ap),
(n—1) € My. In fact, there exists n € {1,...,n — 1} such that

M1 = {n—ﬁ,...,n— 1}
and 7 is given by (note that n — —\,, is a strictly increasing function)
- y A
n:=max{n € {1,...,n—1} | \yois < — + A\ }. (110)
Co
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Thus we deduce that it suffices to show that

m=n—mn

n

=11

p=1

1
> e~ Disty (). (111)

1—

np )\n

We start with the case A € (co(A—1 — An), A1 — An). Note that since Dist,(A) > 0, we
have in fact A # A\,_1 — \,.

In this case, note that we always have, with ¢ and C' given by

n

Y L A
IIr- = II
p=1 n p n /\n 1 /\n p=2 >\n—p )\n
A n )\n—l - )\n
> 11— -
>\n71 /\n p=2 )\nfp )\n
)\ n )\nf - )\nfl
=1-— L
>\n71 - )\n IHQ )\nfp )\n

>Dlsta()\> <£>T~L2 n—1 (a—1)n (ﬁ i 1>‘
- C n n!

:Dista()\) <£>ﬁ2 - l (afl)ﬁl
C C n n

/

> Distq(N)e "

where ¢’ does not depend on ), 7 or n. To conclude, it suffices to show that n < Aa. This
is done later in ((125)), after the case A € (A1 — A\, AL — An)-

Let us now look at the case A € (A,—1 — Ay, A1 — Ap). We have,

p=1

Using , we have

n

HA _A H\Aw A=A =1 - I,
p=

1—-

n

1 1
> 7
A—p — A~ Cpno=t
where C'is given by (93). Thus,

11
I >

= 5l Oipila—1)" (112)

Let us now look at I,. We introduce the strictly increasing function f : z — \,_, — A,
where for € R\ N, ), is defined as,

Ao = Aa) + (2 = [2])Aagr1 — Ae)) (113)
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Observe that, from the definition of 7 given in and since A < A\ — \,, either
n < n —1 and therefore A < co(Ap—(nt1) — An) < Au—(it1) — Ap or 7 = n — 1 and therefore
A< A\_i — An = A1 — A\, Similarly since, A > \,_; — \,,, we deduce that

f(1) <A< f(min(n+1,n —1)).

Therefore there exists an integer py such that py < min(n + 1,n — 1) — 1 and f(po) < A
and f(po + 1) > A\. But since Dist,(A) > 0, we have f(po + 1) # A. Therefore, as f is
strictly increasing,

H [An—p = An = Al = H (A= (Anp = An)) H (Anp = An) = A) = I I,
p=1 P<po n2p>po+1

with the convention that if py = 7 then the second product is empty and I = 1. Let us
start with I, . Using the definition of f and the fact that f(p) <A, 1 <p <py—1,

Iy = A= Qg = M) T A=y =)
P<po—1
)‘ f pO H )\n —po n—p
per 1 (114)
>cA=f() [[ o—p)(n—p)~
p<po—1
= (A= f(po))(po — D! [ (n=p)*7,
p<po—1
where c is given by . For I we have, using a similar argument,
I2+ = (()‘n—(po-H) —An) = A) H (An—p =) — A
n>p>po+2
> (f(po+1)—A) H (An—p = An—(po+1))
A>p>po+2 (115)
>c(fi—po—D(flpo+1) =2 ] (n=po—1)*"
n>p>po+2

= c(f(po +1) = M)(7 — po — 1)!(n — py — 1)V

where we used in the last line. Combining ((114)) and (115 together, we have

I > (/o) -NO-S o) i-p— D=0 [ =po=1" [ (=p)"
n>p>po+2 p<po—1 (116)

Now observe that

Dist ()

(Fon+1) = N = o) = =

Indeed, f(po + 1) — f(Po) = M—(ro+1) — Anpo =
(f(po), f(po+1)) we deduce that either (f(po+1) —

(117)

a—1

c(n — po) > ¢, thus since A €
A) > c¢/2or (A— f(po)) > ¢/2, which
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leads to (117]). Hence, combining with ({116])
Disty ()

L>c 5 (=po—Dlpo—1)! [ =po—1)*" J[ (n—p)*"
Dist. () f>p>po+2 p(<(p01 " X (118)
_ 3Dista(}) (=po-1)(a—1) A2 = D)7
= S o — D(po — D(n — po — 1)@po S\ 7
c 9 (n — po ) (Po )(n — po ) ((n — po)l)o—?

We separate the analysis in two cases:

e Case n <n/2, in this case py — 1 < n/2 thus

(n—po—1) > 1,
n 2
hence ( Dot 2)at)
— o= i—2)(a—1
— o —1 (A—po—1)(a—) \P 7 L))"~ o <ﬁ) 119
(n Po ) ((n _po)!)a,1 - 2 ’ ( )

where we used the fact that the fraction of factorial is in fact a product of py — 1
terms all of which are larger than n/2. We now recall the following useful lemma:

Lemma 13 If n,m € N* satisfies 0 < n < m, then

nlm! > (n+ 1)!(m — 1)L (120)

Setting k = |n/2] — 1 and using this lemma (7 — py — 1 — k (resp. k — (pg — 1))
times) combined with (119)) gives

Disty (A (7—2)(a—1)
AL LG Y (ﬁ) . (121)
2 2
Then, assuming that 7 is even (the odd case can be done exactly similarly)
. 2 ~ ~ -
(n—2)(a—1)
I > pDtal) (2)7 (0, (7)), <E> :
2 n 2 2 2
and ((112) together with Stirling formula,
. 2 ~ ~ -
7> 2DBta(d) (27 (a7, (2)““2““‘” 1t
- 2 n 2 2 2 n! Chpile—1)
1
>
=~ DISta()‘)2(7172)(%1)(20)71”2(&71)@2 (122)
) 1 1 1
Z DlSta(A)ﬁﬁ@
2 Disty(A)e ",

where ¢ is a constant depending on « (and C) but independent of A.
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e Casen € (n/2,n — 1]. In this case we have

(r—po—1)(a—1) ((n = D)h)a~t

el ((n=po))7!
7 — po — 1)@=po=D(a—1) ((p —1)h! (123)
D (= o))"
2 (= 1),

(n—1)!

that n is even (the odd case can be done exactly similarly) we have similarly as

previously from ((118]) and ({112))

I > Dista(\) (%)2 : (g)' (g)!((fl - 1)!)“1%W (124)

> Disty(N)e "

where we used that n — is increasing and n < n — 1. Assuming again

_ L
We are now going to show that whenever A\ € (co(Ay_1 — An), A1 — \p), €7 > e 92
where ¢’ is a constant independent from A. Since A < A\; — A, < C(n — 1)n*"t < Cn®
and co(An_i — An) < A, thus A > ccon® 7. As a consequence

A C'o\ :
n < < < Ao 125
"= ccon® 1 T cegAla—l)/a (125)
Therefore )
I 2 Disto(N)e™ ", (126)
This concludes the proof of Proposition [7] O

4.6 Estimation of Dist,())

To conclude on an explicit lower bound on F;, as a function of A, we need an explicit
estimate of Dist,(A). What we would like to show is that there are sufficiently many A
such that

1
Disty (\) > e7*". (127)
This is more rigorously stated in the following proposition.
Proposition 8 There ezist positive constants ¢, C' and a sequence {uy}yen< such that
for any N € N*,
UN € [N, N + O],

1/« 128
Disty(un) 2 e (128)

Remark 7 This inequality can be improved to stronger estimates using the explicit repre-
sentation of the spectrum. For example, for the heat equation, we are even able to replace

the right-hand side of the preceding inequality by 1.
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Proposition [§]is a direct consequence of the following proposition.

Proposition 9 For any N € N*, there exist some numbers

1+ 2i N +c\ a1
un € s N+c o i =0,1,.... My — 13 where My = re +2, (129)
2MN C

with ¢ given by , such that

c
Am — Ap — > —— Vn,meN". 130
| pn| > My n,m (130)
Proof of Proposition [0} We use a contradiction argument. Suppose that this proposi-

1+ 2i
tion does not hold. Then for any [; =: N +¢ ( 2]4\_/[ Z), i €{0,1,..., My — 1}, there exists
N

at least one pair of integers (n;, m;) such that,

c
Ay — Ay — 1| < . 131
oy = g = < (131)
Namely,
2i 20+ 2
A=Ay €[Nt N . 132
; ZE( +02MN +02MN> (132)
Now we present the following lemma,
Lemma 14 If for some (n,m) € N* there is,
Am — A € (N, N +¢),
then,
n < My —2. (133)
Proof of Lemma [14: By the definition of (n,m) we know that,
N<MN,— A, <N +eg,
thus from
N+c>Ap— A > Aot — Ay > cen® L (134)
Therefore, there exists 0 < r < 1 such that,
N e\
n<( +c) = My —2+47r<My—1. (135)
c
O

Now we come back to the proof of Proposition |§| Thanks to equation ([132)) and Lemma
[14], we know that
n; < MN—Q, Vi € {0,1,...,MN—1}, (136)
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which implies, since n; € N*, that there exist i1, € {0,1,..., My — 1} such that i; # iy
and n;, = n;,. Since, from (|132)),

N < Ap,, = Ay, <N +c,

N < Am;, — Ay, <N +¢,

’I’Li2

and n;, = n,;, we have,

Ami, = Ams, | < c (137)
However, we know from that if m;, # m,, then,

|)‘mi1 - AmiQ

> c(my, —my,) > c, (138)
which, combined with (137) means that m;, = m,,. Thus, using (131]),

|li1 —;

c
io| < My (139)

but from the definition of [;, since i; # iy, |l;, — li,| = 2¢|iy — i2|/2My > ¢/My which
leads to a contradiction, and concludes the proof of Proposition [0 O

Remark 8 Note that this proof relies strongly on the fact that o > 1; see in particular
(1134).

The lower bound of Theorem [7] then follows from the straightforward combination of
Lemma [11] and Propositions [7] and [§

5 Well-posedness and exponential stability of the closed-
loop system

In this section, recall that, following Assumption [I] and Section [3.1] we assume without
loss of generality that A is diagonalizable with simple eigenvalues. We also assume that

AN

5.1 Operator equality and domain of the closed-loop operator

In keeping with the spirit of the spectral method ([25], [30], [32], [40]), a key ingredient
in the study of the closed-loop operator A+ BK : D(A+ BK) C H — H is to determine
its eigenfunctions. This will allow us to describe more precisely its domain D(A + BK),
and rigorously establish the operator equality (@

T(A+ BK)=(A-X)T
on sharp spaces. We introduce the following family of non-zero functions,

Xn = (A— (M —NI)"'B, VneN-.
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First note that these functions are well defined since A is chosen so that A, — A # A, for
all n,p € N*. Moreover, since B € H~* and B # 0, by property of the resolvent, we have

Xn # 0 and
Xn € H, VneN". (140)

Moreover, they decompose simply along the Riesz basis {,, frnen-

by

Xn = m%‘

pEN*

In this section, we prove that the family {x,}nen+ consists in eigenfunctions of A + BK.

Lemma 15 There holds the following,

Xn € D(A+ BK),

Vn € N*. 141
(A+ BE)xn = Ao — NXns (141)

Proof : First, let us prove that the feedback K defined above is well defined on the family
{xn}n+. Recall from the identity that, for all n € N,

kb
1= PP
Z A —Ap — A
peN*
kpbp
= Ap— An + A (142)

== kp(xns )

peEN*

::_«}(ﬂXn)

Thus, (K, x,) = —1, Vn € N*. Since Ax,, B € H™* = D(A)’, we can compute in D(A)’
(or H™%) for all n € N*

(A+ BK)xn =Ax, — B

= (A= =)Dxn+ An = Xxn — B

= (A=A =NDA= A =N B+ (A= Axa — B
(

= (A0 — A)Xn-
Hence,
(A+ BE)xn = (A — Axur in DAY (143)
Now, from (140)), (143) actually holds in H for all n € N*. Hence, x,, € D(A+BK), Vn €
N*. O

Now, given the operator equation @, one would expect that the backstepping trans-
formation 7" should map the x, to the ¢,, given that it formally conjugates A — A\I to
A+ BK. We now confirm this with the following proposition.
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Proposition 10 The following hold,

Txn = sgn((Txn, pu)) 1T X0l lon, - V€ N7,

i.e., Txn is an eigenfunction of A for the eigenvalue \,. Moreover, the {T ", }nen+ form
a Riesz basis of H of eigenfunctions of A+ BK.

Proof : Let us compute, for all n,p € N* with n # p, using (33)—(34),

<(A - )\nI)TXn7 @p)D(A)’,D(A) - ()\p - )\n)<TXn> (pp>H

by
=) (D :—T
LeN* H

kb,
Ay — An) Z
P >\+)\/\ A=\

Z kb
Ao — )\ FAN A= N

LeN*
b Koy
=Y =M= A+ A=A+ ) P
perd A=A+ AN —A— N
Ap — A — A Koy
—b, (1+ )
gN; M=Dnt+A) A= A=\
koby oy
[Z)\—)\ Ao ZA—)\ AJ
LeN*
:O’

where the last line comes from identity .

Hence, as x,, # 0, it is an eigenfunction of A for the eigenvalue \,. Since this eigenvalue is
simple, Ty, is colinear to ¢,, and the first part of the proposition follows easily. Finally,
since T Yo, = sgn({(TXn, n))Xn/lITXxl|, these vectors are eigenfunctions of A + BK
thanks to Lemma [15] Since T' is an isomorphism from H into itself, they form a Riesz
basis of H, which concludes the proof of the proposition. O

We can now describe the domain of the closed-loop operator A + BK, through its Riesz
basis of eigenvectors (T ¢, ), and real eigenvalues A, —\. Note that this Riesz basis has a
natural bi-orthonormal family, given by {7™y, }nen+, so that we have the decomposition:

f=> {f.T"0.) T ¢,, Vf€H.

neN*

This leads to the following characterization:

D(A+ BK) = {f EH, Y = AP T ) < +oo}.

neN*
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It is clear that this is equivalent to

D(A+ BK) = {f eH, 3 P T 0 < +oo}.

neN*

Moreover, for well-chosen p, the fractional operators (pI — (A + BK))® are well-defined
and bounded for s < 0, and densely defined for s > 0 (see for example |41, Chapter
IX,Section 11], or [28, Proposition 4.20]). We can then define another family of nested
Banach spaces, associated to the closed-loop operator A + BK. Define first the following
norms for s € R:

[flls.avBr = [[(p] = (A+ BEK))*f[, s€R.
Then, for s > 0 we define,

Dy(A+BK)={fe€H, |fllsarpx <+oo},

or equivalently,

[%(fl+73]():: {jﬁe EL }E:|AHPS‘<fJT*¢n>E‘<_+OO}W S Z 07

neN*
and, recalling that A, # 0, we define a norm equivalent to || - ||s,a+5x by,
fllpaassr) = > Il [(f,T*eu)*, Vf € Dy(A+ BK). (144)
neN*

Note that the family of functions (T, //|\n|?*)n is a Riesz basis for D,(A+ BK) (with
s >0).

Remark 9 We stress that || - | pyatBr) is equivalent to || - || (since the {T " ¢,} form a
Riesz basis of H ), but not equal.

On the other hand, for s < 0, we define Ds(A+ BK) as the completion of H with respect
to || - ||s,a+Br- Note also that we can define an equivalent norm on Dy(A + BK) with
5 <0

/]

DuarBK) = Y [Pl T ), Vf € H.

neN*

Once again, for s; > s, the injection Dy, (A + BK) — D, (A + BK) is continuous and
compact.

We can now establish the operator equality @

Proposition 11 There holds,

D(A%*) =TDys(A+ BK), VseR, (145)
and T : (Ds(A+ BK), | - [|p,(a+BK)) = (D(A?), || - [Ip(asy) is an isometry. Moreover,
T(A+ BK)=(A—X)T on Dj(A+ BK), VseR. (146)
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Proof : We begin by proving that T can be extended to the spaces Ds(A + BK), s < 0.
First note that for s > 0, one can write

Tf=TY (f,T0a)T on=> (£, T"¢n)pn, V€ DA+ BK).

n

Hence, by the definitions of these norms, for s > 0,

1T fllpasy = [I.f]

Ds(A+BK)> Vf e DS(A+BK) (147)

For s < 0, we also have, from the same argument,

ITflpeasy = [fllp.cavnry,  Vf e H. (148)

Thus, since D(A®) (resp. Ds(A+BK)) is the completion of H for the norm ||-|| p(as) (resp.

I Ip.asnr)), and T = (H, || Ip.avsr)) = (H, ||~ [ peasy) (vesp. T70: (H, || - [[pas)) =
(H, || - Ip.a+BK))) is bounded, T and T~' can be extended continuously to elements of
L(Ds(A+ BK),D(A%)) and L(D(A?%), Ds(A+ BK)) respectively.

It is straightforward that these extensions are still mutual inverses, and thus, from the
definitions of Ds(A + BK) and D(A®), we get:

f€Ds(A+ BK) < Tf € D(A%), VseR,

which proves (145]). Moreover, from (147)) and (148]) extended to f € Ds(A+ BK), T is
an isometry from (Ds(A + BK), ||.||p,a+BK)) to (D(A%), ] - [|p(as))

Now, for n € N*,
T(A+BEK)T o, =T\ — T e,
= (A= X))y,
= (A= XDT(T  g,).
Hence the operator equality @ holds on Riesz basis of the spaces Ds(A+ BK) for s € R.
Since T is bounded on these spaces, ((146)) follows. O

Remark 10 [t is important to stress the fact that we have established the operator equality
in a wide array of spaces, but one should keep in mind that those spaces are the natural
scale of Banach spaces associated with the closed-loop operator A+ BK, and as such are
specifically tailored for this purpose. In this sense, we have described the comprehensive
functional range for the operator equality.

Another important question is the relationship of the spaces Ds(A + BK) to the more
intrinsic regularity spaces D(A®). We give some insights on this matter, showing that for
a far more restricted range of spaces, Ds(A + BK) = D(A?®).

Proposition 12 For s € [0,1 — 1/2a),

Dy(A+ BK) = D(A?).
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Proof : On the one hand, we know from Lemma [J] that 7" is an isomorphism on D(A®)
for s € [0,1 — 1/2a). Combining this with Proposition |11} we get

Dy(A + BK) = T~Y(D(A%)) = D(A%).

5.2 Well-posedness and stability of the closed-loop system

Now that we have properly established the operator equality (@ in the adequate functional
setting, we can use it to obtain the well-posedness and stability for the closed-loop system,
in the same way as in finite dimension.

To prepare for the quantitative work of the next section, which will rely on a diverging
sequence of values for the damping parameter A, we now denote by (7T, K,) the back-
stepping transformation and the feedback obtained in the previous sections, for a given
damping parameter A.

We prove well-posedness properties for the closed-loop system, first in the natural scale
Dy(A + BK)), then in the less natural (but more useful for our purposes) scale D(A®).

We begin with the most natural well-posedness result:

Theorem 8 Let A\ ¢ N. For every s € R, the operator (A + BK), Dg;1(A + BK))) is
the generator of an exponentially stable semigroup on Ds(A + BK)), and the following
stability estimates hold,

t(A+BK))

poA+BKy) < Cse M|yollpoarnry),  Yyo € Ds(A+ BK)), V¢t >0, (149)

e Yo

where Cy 1s a positive constant that does not depend on .

Proof : Let s € R. Thanks to Proposition [L1] the operator equality (6)) rewrites as
(A+ BK)) =Ty (A — ATy on Ty 'D(A®) = Dy(A + BK)). (150)

From the assumptions made on A, we know that (A — A\, D(A*™)) generates an expo-
nentially stable Cy-semigroup Ss(t),t > 0 on D(A®), with the following stability estimate,

15:(B)goll pasy < Coe™[lollpeasy, Voo € DA,

where C is a positive constant that does not depend on X\. Now, let us define the following
semigroup on Ds(A + BK)),

et(A+BK*)y = T)\—lSS(t)TAy, Vy € Ds(A+ BK)).

This semigroup is well defined since T\Ds(A + BK)) = D(A®). Let us check that its
infinitesimal generator is (A+BK ), Ds11(A+BK))). Let y € Ds(A+ BK)), and compute

e AHERYy —y TS (O Ty —y
; t
_ 190Dy — Dy
p— )\ t °
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By continuity of T} !, the above quantity converges in Ds(A + BK,) when t — 0 if and
s(t)Thy — T
only if 55(t) ’\f Y
infinitesimal generator (A — \I, D(A*1)),
Ss(t)Thy — Thy D(a?)

t t—0

Now, the above is equivalent to y € Ds1(A + BK)), thanks to (145). Thus,

et(A+BK>\)

converges in D(A%) when t — 0. By definition of S4(f) and its

(A= ATy <= Ty € D(A*T).

Y — Y Du(A+BKy)
t t—0

Finally, we conclude using the operator equality (150):

Ty (A= M)Ty <= y€ Doi(A+ BK)).

e ABE) Yy b (a4 Biy),

t t—0

hence, (A + BK), Dy,1(A + BK,)) is the infinitesimal generator of e85\ on D (A +
BE)).

Now consider y € Ds(A + BK)), we then have, using (147)), (148) and the definition of
the semigroup e!A+BEN)

(A—I— BK)\)y — Yyc D5+1(A—|— BK/\),

t(A+BK>\

e "Ylpuarsry = 175 Ss(t) Tyl

Ds(A+BKy)
= [15:() Doyl peasy
< Coe | Tyl peasy
= Coe Mlyllp.asniy),
which ends the proof. O

We complete this stability result with the admissibility of K (see also Lemma[6) in the
functional framework associated to A + BK.

Proposition 13 Let s > 1/2a. For A ¢ N, K\ € (D(A+ BK,))'. Thus, it is well-
defined on trajectories of the semigroup e!“TBEN on the space Ds(A+ BK)). Moreover,
for any N € N there exists X\ ¢ N such that A € [N, N + 1], and

[0 f] < Coe™ | f]

Ds(A+BK))>

1 (151)
| K" BN £ < Cle*™ e fllpyasry)s Vf € Ds(A+ BK)), Vt > 0.
where Cy, C", > 0 depend only on A, B, and s.
Proof : First, from Proposition [I0] and Proposition 11} we have
T3 o = sgn((Taons ea)) T in D(A+ BE) (152)

Then, from ((142)), we have

~sgn({TaXns #n)
175X ||

o4

K)\T)Tl(pn = € R.



Moreover, since Ty "¢, is an eigenvector of A + BK), we can compute, in D(A)’,
AT on + (KGT  on) B = (A = NI n,
which leads to (recall that K,T} ', is a scalar)
T on = —(E0T 'n) (A= (M = NI)7'B € H.

Now, since {T} ‘¢, } is a Riesz basis of H and (¢, )nen is a orthonormal family of eigen-
vectors of A, there exists C' > 0 such that

_ _ - _ 10|
T > 1T el = D U om0 2 = KT om0t = [T on| R (153)
keN

i.€.,

_ Al e _
[T on] < = I < CANTL (154)

[bn

where C" > 0 is independent of n, from the controllability-type condition (25)
Now, let s > 1/2a, and let f = Z fnT)fl(pn € Dy2(A+BK)) where here f,, :== (f,T"p,).

From the above we derive,

K] = Z fn(KATA_lSDN)

NesVi gpn

|K)\T)\ (Pn
23 2
By Assumption |1}, and more precisely from (94)), and the assumption on s, we know that

1
; ‘)\n|23 < +00.

Thus, by definition of Ds(A + BK)), and using (147 and (154])), there exists Cs > 0 such
that

(K] < CHTT £
which implies that K € (D,(A+ BK)))'.

To get the quantitative estimates, let N € N, A\ ¢ N and A € [N, N + 1] such that
Theorem [f] is satisfied. Then, (153)) implies

Ds(A+BK»)s (155)

A _ \b |
Cer* > HTA SOnH > ’KA A 9071’

which yields
1
| KT o] < C7er™ N
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Then, ([155) becomes
1
[K\fl < Cle Al £

Since a > 0, there exists a constant C, > 0 such that

Ds(A+BK))-

1
Ao
A< Ohe™

which yields the first inequality of (151]). Combining this with the fact that etATBEN) g
a C° semigroup on D,(A + BK,), and using Theorem , we easily obtain ([151]).

i

As remarked in the previous section, the above theorem is given in the natural scale of
spaces Ds(A + BK)). However, they depend on A, and the Riesz basis we have provided
for them are implicit. To achieve finite time stabilization, we will require quantitative
estimates in A. This is more easily achieved in the explicit (and more practical but less
natural from an operator point of view) scale of spaces D(A?), since they do not depend
on \. We start with a stability estimate for the linear closed-loop system:

Theorem 9 Let s € [0,1—1/2a). For N € N there exists A\ ¢ N such that A € [N, N+1]

and the closed-loop operator A + BK, generates an exponentially stable semigroup on
D(A?®), and there exist constants cs, Cs > 0 depending on A, B, and s, such that

|| 6t(A-i-BK)

1
Yllpasy < Cee* e |yl pras- (156)

Proof : Let s € [0,1 — 1/2a). As in the proof of Theorem [§, we define the semigroup
tATBE) — Tl g ()T

Since T is an isomorphism on D(A?%), and since Sq(¢) is an exponentially stable semigroup
on D(A%), ef+BE) is well-defined and we have the following estimate thanks to Lemma |§|:

1" Ay | pasy = 1T So(8) Tyl pas)
<N T peasy e 1Tyl peasy
< |NT~ Y peasy

Tl pasy e lyllpeasy

1
S Osecska €_>\t||y||D(AS)-

Again, we complete the above result with an admissibility result for K.
Proposition 14 Let s € (1/2a,1 — 1/2a). For A ¢ N, K, € D(A®). Thus, it is well-

defined on trajectories of the semigroup e'“TBEN in the space D(A®). Moreover, for any
N €N, there exists X ¢ N, such that A € [N, N + 1], and

1
[KAf| < Coe™ || fllpas),

1 (157)
|K)\et(A+BKA)f| < Cgecsx\ae—)\t”f”D(As)’ ‘v’y c D(AS),

where ¢, cs, Cs, CL. > 0 depend only on A, B, and s.
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Proof : Let s € (1/2a,1—1/2a). First, recall that from Proposition[12] D(A®) = Ds(A+
BK). Moreover, for f € D(A®), we have

1A llp.armry) = 1T Fllpeasy < T lpeasy |l Fllpeas)-

Combining this with Proposition [13 and Lemma [9, we immediately get (I57).

6 Finite-time stabilization

In this last section, we make use of the sharp estimations on ||T||peasy and |77 p(as)
with respect to A obtained in Theorem [6] and [9] to deduce finite-time stabilization and
small-time null-controllability:.

6.1 Small-time null-controllability with a feedback form control

Let T' > 0. We begin by building an explicit closed-loop control which achieves null-
controllability in time 7', using estimates from Theorem [7} From Proposition [§], for any
N € N* there exists A\(N) ¢ N such that holds and,

AN) € [N, N"+C], ~> % (158)

for some C' > 0 independent of N. In particular, A\(N) ~ N7 T Now, let
—00

o€ (a/(a—1),7). Then,
A(N) s~N"7, VYN €N

. Y . .
and since — > 1, we have the following series convergence:
o

i AN) ¢ = L, < 0.

N=1
We then define
Sy = —\N)"s, VYN eN
’ N (159)
to:=0, ty:=)» 0, VYN=>L
p=1

In particular, by construction ty —— 7.
N—oo

We now define the following piecewise constant feedback control,
K(t) = Kyn if t € [ty_1,tn), Vte€[0,T), VN € N, (160)

which allows us to state the following closed-loop null-controllability result.
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Proposition 15 For any s € [0,1 — 1/2a), the closed-loop control system

—y(t) = (A+ BK(t t t
y(O) = Yo,
is well-posed in D(A®) and satisfies y(T')) = 0 for any initial condition yo € D(A?®).
Moreover, if s > 1/2a, the control K(t)y(t) satisfies
|K(t)y(t)] —— 0. (162)

t—T—

Proof : The well-posedness of the above system is straightforward, since it can be estab-
lished successively on each interval [ty,ty41] thanks to the definition (160]) of the control
term, and the results of Section [f] (see Theorem [9).

To prove the null-controllability result, that is y(7') = 0, let s € [0,1 — 1/2a) and note
that estimate (156)) implies that exist constants cg, Cs > 0, independent of A\(N') > 0, such
that, for any N € N*, and any ¢ € [ty,tn41),

1
|t ATBEND) £ pasy < Coe M= AN £ .

Now, for any N € N, given a solution y(t) of (161)),
1
ly(En)l|peasy < Coet XD 2E0N |yt )| pasy, VN € N*.

[terating this leads to

N a— c a— _
||y(t)||D(AS) S C«é\/ezkzl csA(k) (k) oy e sA(N+1) AN+1)(¢ tN)”y(O)

Ipas)
< ONeSia EAR) T =A(R)d, e A(N+1)a 9(0) || pas)
= O TR MR A XD 1y 0)]| p e (163)
_ AN, csA(k+1) T —A(k), ec@(l)é ly(0)|| peas)

1 N / é_
< oM E (DT A 1) 1Vt € [t ),

where ¢ > 0 is independent of N. Now, from (158 and the definition of 5, we have

1 1 T 1
ek + 1) = (k)G = e\ (k+1)7 = —A(k)' 7

o

and since o >

1
1,We have a+_ < 0, so that
o

o — «

Ak + 1) — 0.

k—o0
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Moreover, given the growth of A(k), it is straightforward that,
A(k)
Ak +1) koo

Thus, for £ > 1 large enough,

1 T 1 L
¢t e+ 1)7 = A()0 = ¢, = Ak + 17 +o0 Ak +1)'73)

- —%A(k)li +o (A7)

g

Hence, since \(k) =7 —— 400,

k—oo
Z ¢+ Ak + 1) — A(k)Sy —— —oc. (165)
—00
k=1

Combining (163]), (165)) and the fact that ¢y = T then yields

y(t) —— 0.
t—=T—

Now, let s > 1/2 and yy € D(A®). The control K (t)y(t) is defined for all £ > 0 thanks to
Proposition |1 and Proposition [12| To estimate the control term, note that, using first

- then ( , we have
(K (t)y ()] = |K>\(N+1)y(t>|
= [Kavaye ™A By (1)

< CA(N + 1)e MV EEN) (OMN+D)

Q=

1y (tn )l peas)

1 1 N / _
< COA(N + 1)e D) N4 e (Z (FHAEEDE AW 0y

c a o+’ a )o
< CA(N + 1)e 0 Zin (AT ABR) oy

< Csec)\ é 10g()‘(N+1))+Zk 1<C +C//)‘(k+l)a —A(k) 5’“) Hy( )HD(AS)

< Qe R (s EA0) ) 4 W € [t i),

Clearly, given the growth of A(INV) (see (158))), the log term is negligible, and we have, as
in (T64),

logA(k + 1)) + ¢ + Ak 4+ 1)= — A(k)d), = —le(k)l—a +o (A(k)l—%) . (166)

Combining this with the inequality above then yields
[K(t)y(t)] —— 0.
t—T
O

Remark 11 In the above proof, it would have been sufficient to establish the estimate
for the || - || norm, since it would have implied the null-controllability result in
all D(A®) spaces. However, we establish this estimate in the range of spaces D(A®),

€ [0,1—1/2a) because the estimates for s € (1/2a,1 —1/2a) will play an essential role
for the semi-global stabilization result in the next section.
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6.2 Small-time stabilization with a bounded time periodic feed-
back law

The above piecewise constant feedback control, though it achieves null-controllability in
time 7' > 0, is only defined on the time interval [0,7]. This could easily be fixed by
periodic extension, but an important drawback remains: from and Proposition
[14, the bounds on the norms ||Kx)|lps) diverge close to the final time 7. This is
an important issue in practice as the uniform stability property could fail, which would
prevent a proper finite-time stabilization.

The aim of this subsection is to modify the definition of this feedback control to obtain a
finite-time stabilization feedback law, according to the method developed in [15] (see also
[31).

In what follows, we will consider feedback laws satisfying the following properties:
(P1) F(-,v) is T-periodic:

F(t+T,y) = F(t,y), Yt>0, Vye D(AY?). (167)
(P2) There exists T € [0,T) such that F satisfies the uniform estimate
1 _
F(t )| < Cllylly ey, VEE [T.T),Vy € D(AV2), (168)

for some C > 0.

(P3) F is Lipschitz on the state space: there exists a continuous function M : [0,T) —
[0, +00) such that

[F(t.y1) = F(t,92)] < M(#)llys = ellpaey, V€ [0,T), Yy, 52 € D(AY?). (169)
(A1/2)

(Py) F has a weakly compact support in space for large enough times: there exists
T € [0,T) such that

HyHD(Al/Q) >M = F(tay) = 07 Vt € [Ta T>7vy € D(Al/Q) (170)

Note that as a consequence of (Py) and (P,), F' is uniformly bounded for large enough
times: there exist T € [0,T) and C" > 0 such that

|F(t,y)| < C', Ytel[T,T),Yy e D(AY?). (171)

6.2.1 Well-posedness in D(A'?)

In order to obtain quantitative estimates for closed-loop systems with non-linear time-
varying feedbacks satisfying the properties listed above, we first prove a general regular-
ization result for the semigroup e':
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Proposition 16 Let sy,s9 € R such that sy > ss. The operator A generates a Cy-
semigroup on D(A®?). Moreover, for all f € D(A®), and fort > 0, e f € D(A*') and

we have the following estimate:

tA 51— 52 e s2—51
e flls, < ; e | f s (172)

Proof : The definition of ¢ on the scale of spaces D(A®), s € R can be obtained classi-
cally by the Hille-Yosida theorem. To prove the regularization estimate, note that

e F1Z, = D Pl (e f o) 2
=D e o)

= 37 M LETD NP2 (F, ) 2

Recall that we have assumed A\, < 0 for all n € N. Thus an elementary study of the
function o — 2° %27 leads to

2(s1—s2)
)\n|2(51—52)) S 62(52—51) (51 ; 52) .

sup (egt’\"
n

Combining with the equalities above we obtain ((172)). U

Now we establish a well-posedness result and some estimates for a general form of time-
varying feedback laws. This will ensure the soundness of the small-time stabilization
result. For y, € H, 7 > 0, we denote by ®(y,;7,-) the unique solution (if it exists) to the
closed-loop system

d

Ty =Ay+BF(ty), t>r1
y(7) = yr.

(173)

Proposition 17 Let T > 0 and F : R, x D(AY?) — C satisfy properties (P1) — (P4).
For 1 €[0,T), and y, € D(AY?), the closed-loop system ([173)), has a unique solution on
[7,T). Moreover, fort € [r,T) and y, € D(AY?),

3a+1
wlt—r _3at1 3a+1\ * [ 4o a-1
000Dl < o O 1B (Pt ) (527 ) =m0

a—1
(174)
Finally, for Ty € (1,T), there ezists a constant C(Ty) > 0 such that, for t € [r,Ti] and
for y- € D(A'?),
1@y 7, 8) [ parrzy < C(T) Y-l parsz).- (175)

Proof : Let 0 < 7 < 17 < T. The proof of the existence of the solution relies on a
classical fixed point argument on the mapping

t
Fly)(t) = ey, ¢ / (IABF (s, y(s)) ds.
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The fixed point argument requires that F map the Banach space L>®(r,Ty; D(AY?)) to
itself. To that effect, the integral term must be carefully studied. First note that, given

1
(25)), we have B € D(A™°) for all s > % Define
a

a—+1
Sg = Ay .

Then, B € D(A™*°) and (172)) implies

1
1 §+50
—so—L (3 TS0
I Bllam < 7t (2520) 1B

and so, using (171)) and noting that that s # 1/2, for all y € L>(r, Ty; D(AY?)),

1
t s1 5+s0
‘ <ce Bl [ (352) o
D(AY/2) r \t—S

1 1
= 0'675075"B||780 (5 + So

+1
_ 3a+1 3o+ 1Y\ 4= da a—1
o () T ()0
a )

< OBy, (3

t
/ eIABE (s, y(s)) ds

~~__
ol
w
9 +
®
o
~—~
~
N
S—
—
|
N}
|
w»
o

4o

Hence, for t € [, T1],

3a+1
w _3a+1 3a+ 1\ * [ 4« a1
IOl < ol + O Bl (22) 7 (25)7%,

which implies that F(y) € L®(r,Ty; D(AY?)). Together with (T69), for any yi,y, €
L>=(7,Ty; D(AY?)), we can then compute

/ eI B(F(s,y1(s)) — F(s,0(s))] ds

D(A1/2)

t L l_|_80 %JFSO
< [ MO~ logarme (F22) 8 i

t—s

1 (k)
< sup M |lyn — yzHLw(r,Tl;D(Al/?))eSO2||BHSO/ < t > s
[r,T1] T o

1450 1—-1—s
g1 1 2 t—T1 2%
< sup 8 s = sl Bl (5 40) G

[7,11] 2 1- % — 50
3a+1
3a+1 3a+1 do 4oy a—1
< Me 4 ||Bl|l_, t—17) 4 — oo . .
< [sTuT;l)] e | Bl| s, ( 1o ) (a — 1)( 7) % [y = Y2l oo (rri:par/2y)
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It is then clear that for t — 7 small enough, F is a contraction on L>(7,t; D(AY?)), and
we can apply the usual fixed point argument to obtain the existence of a solution to ((173))
on [1,t].

Now, the Duhamel formula combined with (171) yields, for any 7 € [0,7T), y, € D(AY?)
and ¢t > 7 such that ®(y,;7,-) is defined on [7,¢]:

3a+1
wlt—r _3a+tl 3o+ 1Y\ 4= 4o a-1
(i Doy < o + Ce 1B () (527 ) 0=

< GWT”yTHD(Al/?) +CO'T%

Therefore, ®(y,;7,-) is defined on [1,T).

Finally, to prove (175]), note that for T' € [0, T'), we have, using again (169)) together with
(P2)7

12y 7,0 < e lyellpear
3a+1

3a+1 3a+1 dov 4o t 1
M| e i || B T ds.
+ (;};}3} ) e 4 H H 0 < Aoy ) (Oé _ 1) /T (t B S)§+50 Hy(S)HD(A1/2) S

t
w(l—T 1
Se“WMWMWHyGWM)/Gj$EM@%me

[7,T1]

Applying Gronwall’s integral inequality, we then obtain

_ t - 1 N +3d0
1@ (yr; 7, ) | parzy < € |yell piarzy + C" | sup M / eyl prasy ————e @70
[,T4] r (t —s)2ts0

t
w(t—T1 w(s—T 1 —S ajxl
=w>mmwwwstumm%/w e ds
[7,T1] - (t—s)2

< C(T1) |yl pcarrey,

where C'(T7) > 0 is a constant depending on A, B, T and 7. Note in particular that when

Ty, — T, it is possible to have C(T7) — oo because of the sup M term if M(t) 7+
[7,T1] -
|

6.2.2 Definition of the feedback law

The basic strategy to modify the feedback law is to deactivate the feedback close to time
T if the norm of the state is not small enough already. This ensures uniform stability
of the system (which we define later on), and provides a form of uniform boundedness
for the feedback law. Furthermore, in the spirit of a more practical implementation, it
is appropriate to define the feedback law for ¢ > 0, which we do by periodic extension
with period T. Because of this modification, the global null-controllability result above
becomes a semi-global stabilization result in time 27. Note that the result remains a
small-time stabilization result, as T' can be chosen as small as desired.
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Theorem 10 Let T > 0 and ' > 0. There exists a time-varying feedback law F : RT x
D(AY?) — C satisfying (Py) — (Ps) such that the flow ® associated to the corresponding

system (173)) satisfies
(1) Finite-time stabilization:

|yl parsy €T = ®(y,;7,2T) =0, Vre[0,T), Vy, € D(AY?).  (177)
1) Uniform stability: for all € > 0, there exists n > 0 such that
1) Unif bility: for all 0, th ) 0 h th
Yllpazy <01 = [|®(y;t,8) | paey <&, YO<t<t, VyeDAY?. (178
(A1/2) (Al/2)

This is the main theorem of this section. Note that T" and I' are arbitrary and can be
chosen respectively as small and as large as desired.

Remark 12 For the sake of clarity, we state this theorem in the space D(A1/2), but it
can be checked, with an analogous proof, that it holds on the range of spaces D(A®), s €

(1/(2a),1 — 1/(2cv)).

Proof :

Feedback design: Introduce

and the auxiliary sequence

where, as in Section [6.1 o € (a/(a — 1), 7) with v and A(N) defined by (L58).
For n € N*, define the cut-off functions :

hn, € C*[0,400), hp(x) =1, 2 €[0,a,], hp(x) =0, 2> 2aq,.
For N, > 1, define the modified feedback:

K)\(N)U ift € [tN—17tN)7 1< N<N,

. (179)
hN (HU”D(AUQ)) K/\(N)U if ¢ S [tN—17tN)7 N Z Nc7

FNc(t,U) = {

where {ty}y is given by (159). We then extend Fj, periodically to [0,00) so that it
satisfies (Py).

It is clear from the definition of hy, and the regularity of the K(y) (given by Proposition
[14)), that F, satisfies properties (Ps) and (P,). Moreover, given the definition of a, and
Proposition , we have, for any N > N, and ¢ € [tx_1,ty),

Q=

1 v
|Ew (8, 9)] < [EKaanyl < CM ™ [ly|[par) < 20X e

Y

and since v > 1/a, this clearly implies (P3).
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Semiglobal finite-time stabilization To proceed with the proof, we must now choose
the value of N, i.e., the time at which the cut-off term is introduced in the feedback law.

The idea is to allow situations where the cut-off de-activates the feedback term during
the first period, from the initial time to 7. Then, in the second period, the goal will be
to guarantee that the feedback remains active on [T+ty, 1,27, so that Proposition
applies. To that end, recall that, from , for N >1,and y € D(AI/Q),

H(I)(yv thla t) HD(Al/Z)

1 v
< Cec)\(N)a+/\(N) efA(N)(tftN_l)HyHD(Alm), Yt € [tN—lth)-
anN

(N

Now let v < v/ <1 —1/0. If [Jyl| p(arz) < e )Ul, then for IV large enough:

P(y;ty_1,t
[P (y; tn—1 )||D(A1/2) Se—A(N)(t_tNA) <1, Vtel[ty_i,tn),
an
that is, h,([|®(y;tn—1,1)[ p(arz)) = 1 so that the feedback remains active on the whole
interval [ty_1,txn). Moreover, recalling that, from (159)),
T 1

and 1 —1/0 — v/ > 0 and
)\
AMN+1)) Noo

for N large enough, the above inequality leads to (recall that ay < 1)

Q=

1P (y; tn—1, tn) | prarzy < e VN < e ANVEDT

We can thus propagate the above reasoning and we conclude that there exists Ny > 0
such that for any for any N > Ny, for any y € D(A'Y?),

1Yl parey < e MV = (y;ty_1,T) = 0. (180)
We must now choose N, > N so that for any ¢ € [0,7),

1Yl parzy ST = | @(y; t.tn,—1 + T)llparzy < e V" vy e D(AY?),  (181)

which, by periodicity of Fy,, and combined with (180f), will prove the finite-time stabi-
lization ([177)).

To proceed, we need to establish a series of inequalities to estimate the norm of the flow.

Recall that, from ((163]), the closed-loop system without cut-offs satisfies

(W% DU (erb+1) T -ARk)3)

Iy (tn—1)llpearrzy < e 1y(0) |l par/y

From ({164}, we know that there exists Ny such that for n > Ny,

¢+ 'An)= — A(n)d, < 0.
We will thus select N. > Ny+1. The period [0,7") can now be separated in three intervals.
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e First estimate. Left interval

On the first interval [0, ¢y, ], since Ny < N, the cut-off is not yet active and we can
use the estimates on the linear system. Let y € D(AI/Z), 0 < N<Ny—1, and
t e [tNatN—&-l)‘ Then,

1 N /A0 L
19 (y;t, tne) | prarrzy < OV Xt AT =AM 1Yl pearrz)

Since Ny is fixed, we immediately get the existence of a constant C' > 0 (depending
on Np) such that

D (y;t, tNo)HD(A1/2) < CHZJ”D(AI/?)- (182)

e Second estimate. Middle interval On the middle interval [ty,,tn.—1], We can
still use the linear estimates and the flow contracts in D(AY?) norm thanks to the
definition of Ny. For y € D(AY?), Ny < N < N, —2, and t € [ty,tn41), we have

1
1D(y, 5 t, tne—1) | peavy < CeXNV2GN +1, N = Dyl prarsey

N (183)
< CeCA(NC)a G(N + 1, Nc — 1)HyHD(A1/2)7
where G : [Ny, 00)® — R is defined by
G(Ny, Ny) = T2 AR B ARG (184)

e Third estimate. Right interval

On the third interval [ty,_1,7T), the nonlinearity of the feedback leads to the more
technical estimate , which holds no matter whether the cut-off is active, nor
when. It yields a uniform bound with an additional term that goes to 0 when N,
goes to oo.

We can now piece all of the above together. Let y € D(A'Y?), such that [yl parzy < T
If t € [0,tn,], by definition of ®, and T-periodicity of the feedback,

D(y;t,tn, 1 +T) = @(P(y; t,tn,)itng, tne—1 +T)
(P(P(P(y; t,tng)i tngs ENa—1)s tN—1, T); T, T+ tn,—1)
(D(D(D(y;t, tng); tNgs tNe—1);tN—1,T); 0, tn.—1).

o
o
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Now, applying in turn and ( -, we have
[P (y; T, tn—1 + T)||D(A1/2)

< C€C>\(NC)E G(NO +1, N, — 1) ||(I)((I)(¢)(y7 L, tNo); tNo> th—l); IN.—1, T)||D(A1/2)

1
S C@C)\(Nc)a G(No + 1, NC — 1) (€WTH(I)((I)(Q; t, tNO); tNo) thfl)HD(Alm)

3a+1
a 3 1) 4 a—
+C 3421“3”7 ( OC+ ) ( aj[)(T_thl)Zh.‘l)

1 ;
< CeQC)‘(NC)&G(Ng—i— 1,N, — 1 T oA (Ne) @ No +1,N,. — )l‘q)(y;t>tNo>HD(A1/2)

FOUT — ty, 1))

+C’(T—th_1)%1>

1
< CGQCA(NC aG(N() +1,N,. — < W e Nc)a (No +1,N.— )HyHD(Auz)
< C*MNITG(Ny +1,N, — 1) (C’e“’T ANT (7 G(No+1,N,—1)T

+O(T — by, 1))
(185)
for some constants C, C7 > 0.

Ift € [ty,tys1), with Ng < N < N. — 2, we obtain, as above:
12(y; ttne—1 + 1)l pearre
< C2NNITG(Ny + 1, N, — (et cANIT QN 41, N, — 1)T + C'(T — ) ),
(186)
and finally, if ¢ € [ty,tn41), with N > N, — 1, we get
19t w1 + Tl parey < CeNI*G(Ny + 1, N, — 1) (T +C(T - 1))

< CeNNIT G(Ny + 1, N, — 1) <ewTr + T - th_l)%l>

(187)
By definition of G, Ny and (6,,) (see (159) and (184)),
Ne—1
- T
log(G(No+1,Ne=1)) = Y ¢ +c"A(k)= = A(k)dx < c'+c"A(Nc—1)é—L—A(NC—1)1—%.
k=No+1 7

Note that we used, in particular, the fact that the sum is not empty since we chose

1 1
N.> Ny + 1. Since — </ <1 — =, we clearly have
a o

1 v
Ce**NI*G(Ny + 1, N, — 1)er)” —— 0.

Ne—o0
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Moreover, it is clear that
1

ewTF + C,<T — th_l)%
is bounded with respect to N,, as are, a fortiori, the terms

1

1 o
CeTerMNI* Q(Ny + 1, N, — )T + C'/(T — ty,_1) T

and

a—1

1 _

TN QN 41, N, — )T + C'(T — ty,_1) 5=

in inequalities ((185]) and (186 respectively. Combining this with ([185])—(187]), it is possible
to choose N, large enough for ({I81]) to hold, which in turn ensures ({177)).

Uniform stability Let ¢ > 0.
From ((174)), there exists 17 > ty,—1 and 1y > 0 such that

H(I)(y; 1y, t)HD(A1/2) <€,

Vt € [Ty, T), Vye D(AY?). (188
(y; 11, T) = 0, 1), Yy € DAT. (188)

1Yl parzy <m0 = {

Next, from (175)), there exists a constant C' > 0 such that
1D (y-; 7. 0) | parzy < Cllyellparzy, YO <7<t <Ti, Wy, € D(AY?).
Thus there exists n; > 0 such that

Iyllpearzy <m = [19(y;0,8) | prarrzy < min(e,m0), V¢ € [0, T3], Vye D(AY?).
(189)

Combining ([189)) and ((188)), we have

12 (y;0,2)| prarrzy <,

vt e [0,T), Yye D(AY?). (190
O(y:0.T) = 0. 0,7), Vy (A=), (190)

[yl pearzy <m = {

Now, given ((174)), there exists T3 and 79 > 0 such that:

[y-llparzy < = 1 @(yr; 7. 1) parey < min(e,m), VI <7 <t<T, Vy, € D(AY?).
(191)

Now, with 75 fixed, considering (175]), there exists n3 > 0 such that:

Iyl pearrsy < s = [[®(yr; 7 D)l piarzy < minfe,mp), VO <7<t<Ty, Vy, € DA
(192)

Now let 7 € [0,7). Then, (192)) and (191)) imply

H(I)<y7'; T, t)HD(Al/Q) <e,

, YO<7<t<T, Yy, c D(AY?).
12 (yr; 7, D)l pearrzy < m,

Y=l p(ar/zy < min(ng,n3) = {
(193)
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Using the periodicity of F' (167)), and combining (193)) with (190]), we get

1P (yr; 7, 8) | parzy < € if t € [r,27],
®(y-;7,t) =0, if t> 2T,
Vr e [0,T), Yy, € D(AY?),

Y7l pearrzy < min(nq,n3) = {

which, thanks to the periodicity of F', yields the desired uniform stability property (178)).
O

A Technical lemmas on the spectrum of A

In this appendix we provide the proofs of some technical lemmas, including Lemma [2
Lemma 3] and Lemma [4]

Proof of Lemma [2; We easily see that

Di(A) = min |; — A + A,

is well-defined since ian |A\; — Ai + Al is reached for a finite j € N*. Indeed, \; = —o0 as
JEN*
j—ooand j € N"— |\; — \; + A| is increasing with respect to j for A; > \; — A

Moreover, notice that j € N* — |\; —\;+ | may be decreasing only if there exists j; € N*
such that A\; < A\; — A, V1 < j < j;. In this case, using the assumption \; + X # A, Vi, j €
N*

M+ —-A< <_/\]1+>‘1_)‘<0<_)‘j2+)‘z_/\<a
with jo = j; + 1. Hence,

D;(A) = min{|\;, — X + A, [\, — A + AL}

Finally, we have Dist,(\) < D;(A) by definition of Dist,(\) O

Proof of Lemma [3} First, notice that due Assumption [I] concerning the asymptotic
behavior of the eigenvalues, for ¢ € N,

—1, m — o0, m#i.

We first prove assertion (i). Assertion (ii) is dealt with similarly. Using the gap condition
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Lemma [T}

IA
—
RS
—

_|_

IA

I (o)

meN*
m£i

A
= exXp Zln <1+Cm)

meN*

A
< exp 22111(14—0@)).

keN*

Since In(1 + 1/y) is decreasing over y € (1, 00),

2)n0+0%)gmu+cm+/ m@+cﬁ>w
1

keN*

:mﬂ+CM+xm(1+03>(x+a/ A
xre 1

1 e+ CA
o)
1
Jows i
= y*+1
< 1
/ dy.
o yr+1

Hence, there exists C' > 0 such that, for every A € (0,00) and i € N*,

A 1
< C)\a.
” (1+/\i_)\m) < (e

meN*
m£i

Q=

=a(CN)

Q=

< a(CN)

El

Proof of Lemma : In the sequel we only present the proof for the inequality (i7),
since the inequality (i) can be treated similarly.

Let 7 € N*. From Lemma , we may assume that there exists J; € N* satisfies [\, —
Aj+ Al = Di(\). Without loss of generality, we may assume A\; — Ay, — A > 0, as a similar
argument works for the case A\;, — A;j + A < 0. Under this assumption, we also know that
Aj = A—1— A< =Di(\) <0.

Then, we write,

A2 22 A2 A2
< R — -
<2t Y et T e

1EN*



where we bounded the term i = J; — 1 using D;(\) < |Aj,_1 — Aj + A|. Then, since
Aj; — A > 0 for i > J;, using the gap condition of Lemma

Concerning the sum over i € {1,2, ..., J; — 2}, we know that

\? )2
1<i<J;—2 Ai A= - 1<izTy—2 (Agm1 F A=) + (N —Ay-1)
/\2
<
a 1325242 (Ai — )‘Jj—l) + Dj(N)
)\2
< [ —
B lfg— (A’L - )\Jj—l)
<C
1<7; |<]] 1 — /L|Oé
< i
- O Z ]CO‘
keN*
< CN?

Collecting the estimates above yield the proof.
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