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SHARP INEQUALITIES BETWEEN ZOLOTAREV AND WASSERSTEIN
DISTANCES IN P,(R%)

KAROL BOLBOTOWSKI AND GUY BOUCHITTE

ABSTRACT. Based on a new Kantorovich-Rubinstein duality principle for the Hessian that
was recently established by the two authors, we extend the Rio inequality to any dimension
d > 1 with an optimal constant. Similarly, we propose an optimal upper bound for the ratio of
Zolotarev distance Zo(u,v) to Wasserstein distance Wa(u,v) when p, v € Pa2(R?) are centred

probabilities with prescribed variances.

Keywords: Probability metrics, Optimal transport, Kantorovich-Rubinstein duality, Wasser-
stein distance, Zolotarev distance, Rio inequality.
2020 Mathematics Subject Classification: 26D10, 49K30, 60E05, 60E15.

1. INTRODUCTION

A considerable amount of literature is devoted to constructing metric structures on sets
of measures. It begins with total variation (TVD) and then, based on the needs of statistics
and information theory, moves on to the pioneering works of Kullback-Leibler divergence (KL
divergence) and Hellinger-Bhattacharyya distance. More recently, Monge-Kantorovich optimal
transport theory gave rise to transportation metrics, such as the Prokhorov distance (see for
instance [9]) and the Wasserstein distances [21, 18]. In this vein, V.M. Zolotarev introduced in
the 1970s the vast class of so-called ideal metrics [22]. This class includes TVD and the first
Wasserstein metric.

This topic remains active today, providing a fundamental framework for several areas of
research. Notably, it is used in mathematical physics to treat random measures as random
variables in a Polish metric space. In statistics, it is used to evaluate rates of convergence in
the Central Limit Theorem and to establish a large deviation principle for interacting particle
models. It is also used in the promising field of machine learning.

In R?, or more generally in a complete metric space, the Wasserstein distance W), is amongst
the most popular choices for a metric between two elements of P, (]Rd) (probabilities of finite p-th

moment), where p € [1,+00]. It is expressed through the Monge-Kantorovich optimal transport
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problem: if p < 400, then

. p
Wytp) = (it { [ 12 = ypr(ded) 5 € T })
where T'(u,v) is the set of admissible transport plans, i.e. elements of P(R? x R%) whose first
and second marginals are p and v, respectively. Arguably, the most prominent cases of the
Wasserstein distance are p = 1,2. By virtue of the Kantorovich-Rubinstein duality, the Monge

distance W7 can be reset as the supremum with respect to 1-Lipschtitz potentials,

Wi (p,v) = sup {/ud(y —p) : ue CO(RY), lip(u) < 1} . (1.1)

With his seminal paper [7], Y. Brenier has established the fundamental importance of the qua-
dratic case Ws. He has proved that the optimal plans are supported on cyclically monotone subset
of (R%)2. Furthermore, under the condition of absolute continuity of one of the marginals, the
unique optimal plan is induced by a transport map being the gradient of a convex potential.

Another family of metrics between probabilities on R that we are interested in is the one
proposed by V.M. Zolotarev [22]. For an integer! » > 1, the Zolotarev distance generalizes the
Monge distance (1.1) to higher orders,

Zp(p,v) = sup {/u dv—p) : we C"HRY), ID" u(z) — D" Mu(y)|| < o —y| Va,y e Rd} ,

where D is the k-th Fréchet derivative and || - || stands for the operator norm. Clearly, Z; = Wj.
Note that the two-point inequality can be equivalently replaced by ||D"u|| < 1 enforced a.e. in
R?. The Zolotarev distance Z, is an example of ideal metric of order r: it is scale-r-homogenous
and it is subadditive under convolution. These properties render Z, useful in obtaining Berry-
Esseen-type bounds [10] in the Central Limit Theorem, see Chapters 14,15 in [14] for more
details.

In the short note [2] it was shown that the metrics Z, and W, induce the same topology
on P,(R%): the one of weak convergence together with convergence of r-th moments?. Looking
for quantitative results comparing the two families of distances is an active field of study. For
instance, since Z, and (W,)" scale identically with respect to dilations, the inequalities of the
kind Z, > C, W, can be pursued. Thus far, however, the results in this direction are mainly
restricted to one dimension d = 1, where we can utilize the closed solutions for W, that are
expressed via the quantile functions of u, . The first result on the real line can be traced back
to the works of E. Rio, cf. [15]. The constants C, were then improved in [16]. For certain orders
7, an explicit formula for the constant was given. For instance, the inequality Zs > CoW3 holds

true with Cp = 1. Similar inequalities in 1D were established in [3] for a modified version of

IThe definition of Z, can be extended to any real order r > 0: the right hand side of the two-point inequality
must be then changed to |z — y|* fora =r+1— [r].
2More accurately, the equivalence between the Z, and W, metrics holds true only on the relevant subspaces

of P, (R%) with fixed mixed moments of order less than r, cf. Remark 2.1 for the case r = 2.
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Zolotarev distance where a uniform bound on the lower-order derivatives u(®) is included in the
defining supremum.

In this paper we take advantage of the novel duality method, recently developed by the two
authors in [4], to extend the validity of Rio’s inequality for r = 2,

Zo(p,v) 2 {WE (), (1:2)
to any dimension d > 1, showing that the constant % is optimal and that the inequality is strict
unless p1 = v (see Theorem 3.1).

On the other hand, as we will show, the reverse inequality of the same form cannot hold
true for any finite constant. However, the topologies induced by the Zs and Wy distances are
equivalent. By exploiting the same duality technique, we provide a quantitative confirmation of
this topological equivalence by showing a modified reverse inequality under the assumption that

the barycentres of u and v coincide,
1
ZQ(M? V) < 5(0# + UV) WQ(#) I/),

where 0, 0, are the respective standard deviations of p, v (see Theorem 4.1). The factor %(Uu +
oy,) is optimal in the sense to be made precise. As a by-product, we deduce in Corollary 4.2
an alternative version of the upper bound inequality involving the variances and where the

inequality is strict unless u = v,

var | + var v
Zo(u,v) < /g Waluv). (1.3)

It is worth to note that similar reverse inequalities were proposed in [3] for the modified Zolotarev

distance, again in one dimension only.

To conclude the introduction, let us briefly mention one of the possible applications of the new
inequalities, which can be traced back to the paper [16]. Therein, Rio has derived his inequality
to establish optimal convergence rates in the univariate Central Limit Theorem with respect to
Wy distance. More precisely, with pu, being the law of the sum of iid random variables of zero
mean and unit variance n~1/2 > Xy, and with v being the standard normal distribution, he
has shown that Wa(u,,v) decays as n~1/2 provided that X; has a finite forth moment.

Similarly, our multidimensional extension (1.2) could potentially pave the way towards finding
new rates for the multivariate case of CLT in Wasserstein distance, see [5, 6] for the state of
the art. Similarly as in [16], the strategy would be to work on the rates in Z, instead of directly
in Ws. One way of estimating the Zolotarev distance in CLT is by employing the Stein method
[19], see also the survey [17]. For instance, the paper [11] has put forth the notion of higher-order

—7/2 decay rates for Z, under additional

Stein kernels which has allowed the author to provide n
moment constraints and a Poincaré inequality condition. In [12] the Stein method was applied in

the context of the smooth Wasserstein distance which is reminiscent of the Zolotarev distance.
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The paper is organized as follows: in the preliminary Section 2, we present the duality scheme
introduced in [4] for the Z, distance and its connection with convex order and the three marginal
optimal transport formulation that involves martingale conditions. Then, we deduce an identity
that will be crucial in establishing the upper bound inequality (see Lemma 2.5). In Section 3, we
prove a sharp generalization of the Rio lower bound inequality to any dimension (see Theorem
3.1). In the last Section 4, we establish a new sharp upper bound inequality involving standard

deviations (see Theorem 4.1) and its variant in Corollary 4.2.

Acknowledgments. This paper was conceived during the first author’s visits to the University
of Toulon and the second author’s visits to the Lagrange Mathematics and Computing Research
Center in Paris. We are grateful to the Lagrange Center for funding these visits. We would
also like to thank G. Carlier, Q. Merigot, and F. Santambrogio for their valuable discussions,
which greatly influenced the development of the probabilistic section of the paper [4], from which
this work benefits. During the preparation of this paper, the first author was a postdoc at the
Lagrange Center. The second author was partially supported by the French project ANR-23-
CE40-0017.

Notations. Throughout the paper we will use the following notations.

e The Euclidean norm of z € R? is denoted by |z|, and (-, -) will be used to denote the
canonical scalar product.

e By COY(R?) (resp. C1!(R?)) we understand the Banach space of these continuous functions
u € C(R?) (resp. continuously differentiable functions u € C*(R%)) for which lip(u) < 400
(resp. lip(Vu) < 400).

° P(Rd) is the set of probabilities on R?, i.e. positive Borel measures p of unit total mass,
p(R?) = 1. For any p > 1, P,(R?) denotes the subset of whose elements of P(R?) which
satisfy [ |z|Pdu < 4o0.

® 0y, is the Dirac delta measure at the point z € R,

e For a probability 4 and a p-measurable map T, by T# () we understand the push forward,
i.e. T#(pu)(B) := u(T~(B)) for every Borel set B.

e The topological support of € P(R?) is denoted by sp .

e For a probability v € P(Rd X ... X ]Rd) on the product of n ambient spaces, by v, . ., we

m

understand the marginal Hk#1 ok () where, for m < n, Iy, is the projection onto the

m

coordinates ki, ..., kpn.

e Given p,v € P(R?), we denote by I'(u1, v) the convex subset of transport plans,
D(u,v) = {’y € P(RY x RY) - Hffy = U, H#’y = y}.

e [u] stands for the barycentre of a probability u € P;(RY), whilst its variance var(u) :=
[z — [11]|11(da) is finite if and only if u € Py(R%). By o, = y/var(p) we will understand

the standard deviation.
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e v >, ;i denotes the convex order between two probability measures u,v € Pi(R?), whilst
T, v) € P(RY x R?) is the set of martingale transport plans from g to v.

e Assume p € P(R") and a map z — A* € P(R™) that is p-measurable in the sense that
x +— A*(A) is p-measurable for any Borel set A C R™. We will use the notation,

T =p® N, (1.4)

to define a probability v € P(R™ x R™) that satisfies,

18) = [ ( [ oo () o)

for every Borel set B C R™ x R™, where xp is the characteristic function.

2. PRELIMINARY RESULTS

In this section, we provide an overview of the duality result in [4], which exposes the connec-
tion between the second-order Zolotarev distance and a new optimal transport formulation with
martingale conditions. Let us recall that the definition of the second-order Zolotarev distance

between two elements p, v € Po(R?) such that [u] = [v],
Zo(p, v) := sup {/ud(u —p) : ue CHY(RY), lip(Vu) < 1} . (2.1)

Remark 2.1. Note that the above supremum is infinite if the condition [u] = [v] is violated.
To avoid this, it is common to add constraints to u, namely that u(z¢) = 0 and Vu(zg) = 0,
where ¢ is usually the origin (see [2]). While this modified distance is well-defined on the whole
set Po(R%), it is no longer translation-invariant, which complicates the search for universal

inequalities.

Given a pair (u,v) € (P(R%))? such that [u] = [v], we are going to define a minimization
problem in duality with the maximization problem (2.1), in which the unknown is a three
marginal probability measure 7 € Po((R?)?) (in short a 3-plan), subject to linear constraints
defining the set X(u,v) C Po((R?)?) as below .

2.1. The feasible set X (u,v). It consists of all 3-plans 7 whose first and second marginal is

and v, respectively, and which satisfy the following equations,

/// (z — 2, ®(2)) n(dzdydz) = /// (z —y, U(y)) n(dzdydz) = 0, (2:2)

for any smooth test functions ®, ¥ : R — R? with compact support. Note that, by a density
argument, the equality above immediately extends to Borel functions ®, ¥ of linear growth,
i.e. satisfying |®|,|¥| < C(1 + |z|). The relations (2.2) were introduced in [4] in the context
of structural mechanics® which might seem remote from our present concern. It turns out in

fact that they also have a natural interpretation in probability theory through convex order

3They encode the moment equilibrium at junctions of beam systems.
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and martingale transport. For the reader’s convenience, let us recall some classical facts and
definitions. For any coupling probability « € I'(u, v), there exists a unique disintegration of the
form v = u ® 4* (see the notation (1.4)), where z +— ¥ € P(RY) is a u-measurable mapping,
cf. for instance Section 2.5 in [1]. The class of martingale transport plans from p to v is then
defined by,

yv(p,v) = {’y el(u,v) : y=p~", [¥*] =z for p-ae. JJ} (2.3)

A consequence of the celebrated Strassen theorem [20] is that I'yi(u, v) is non-empty if and only

if v >, p in the sense of convex order, that is for every convez function ¢ : R¢ — R there holds

/sodv > /sodu. (2.4)

The stochastic interpretation of the set 3 (u, ) appears in the following result in [4, Lemma 3.3]

the inequality,

for which we refer for a proof.

Lemma 2.2. Let 7 € Po((RY3) be a 3-plan with marginals (u1,v,p). Define the marginals
T3 = Hﬁg(ﬂ) and w3 = H2#73(7T), which are the push forwards of m(dxdydz) through the

projection maps (x,y,z) — (x,z) and (z,y,z) — (y,z), respectively. Then,

m3 €D ,0),
TeX(uv) < 18 € Duales ) (2.5)

m2.3 € FM(V, p).
Accordingly, an element p € Po(R?) is the third marginal of a 3-plan © € X(u,v) if and only if,
prep and pr.v. (2.6)

2.2. The duality result. In [13] it was evidenced that a C'! function u satisfies the constraint

lip(Vu) < 1 if and only if the following 3-point inequality holds true,

(u(y) + (Vu(y), z — y)) — (u(:E) + (Vu(zx), z — :L'>) < %<|z — 1‘|2 + |z — y|2> V(z,y,2) € RY,
(2.7)

see also Lemma 3.4 in [4] for an independent proof. Accordingly, for every u admissible in (2.1)

and every 3-plan 7 € ¥ (u,v), we find that,
/ wd(v — 1) = /// <(u(y) - (Valy), 2 — ) — (ulz) + (Va(), 2 - x)))w(dmdydz)

< ///;Qz_:ﬁﬁ + 1z = of?) w(dadydz). (2.8)

The equality above follows by testing (2.2) with ® = ¥ = Vu, and also by the fact that u

and v are the first and, respectively, the second marginals of every feasible plan 7. Taking the
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supremum of the left hand side with respect to admissible potentials u, we find that each 3-plan

furnishes an upper bound on the second Zolotarev distance,

Zo(p,v) < /// %(|z — )+ |z — y|2) m(dxdydz) Ve X(u,v).

Our new duality scheme [4] shows that for at least one feasible 3-plan m = 7 the gap vanishes.
As in the case of the classical first-order Kantorovich-Rubinstein duality Z;(p,v) = Wi(u,v),
the proof of this fact goes well beyond the standard use of the convex duality tools. It leads
through the optimal convex dominance problem briefly recapitulated in Remark 2.4 below. One
of the main techniques relies on the fact that convexification preserves the semi-concavity.

For the details on the second-order variant of the Kantorovich-Rubinstein duality we refer

to [4]. Below, we state the result along with the optimality criteria.

Theorem 2.3. For any pair u,v € Po(R?) such that [u] = [v], the following statements hold
true:

(i) one has the equality,

Zy(p,v) = inf {///;Oz — ) 4]z — y\Q) m(dxdydz) @ m™e X(u, V)}, (2.9)

where the infimum is achieved at least at one 3-plan 7;
(13) the mazimization problem (2.1) has a solution u;

(iii) the 8-plan T € X(p,v) and the function uw € CH1(RY) with lip(Va) < 1 solve the problems
(2.9) and (2.1), respectively, if and only if the two following conditions are met:

e there exists a transport plan 7 € I'(u,v) such that T satisfies

7 (drdydz) = F(dzdy) @ 05z, (dz2), (2.10)
where B -
za(w,y) = a ;_ A Vay) ; Vu(x); (2.11)
e T satisfies the two-point equality for ¥-a.e. pair (x,y):
1 1 1
u(y) —a(z) = 5(Vulz) + Vu(y),y - z) - ;[Valz) - Va(y)® + 2z = yl®. (2.12)

Proof. The first two statements are a rephrasing of the assertion (i) of [4, Theorem 1.1]. Further-
more, the optimality conditions appearing in our assertion (7ii) can be deduced directly from
the assertion (i7) of the latter theorem and of the subsequent Corollary 1.2 in the same paper
[4]. Nonetheless, with the equality (2.9) at hand, a short proof of the conditions (iii) can be
devised without further reference to [4], which we will now do for the reader’s convenience.
From (i) we see that the optimality of an admissible pair (@, 7) is equivalent to the inequality
in (2.8) being an equality. In turn, this is equivalent to the equality sign in the inequality (2.7)
for every triple (x,y, z) in the support of 7. It is straightforward to check that, for fixed x,y,

the point z = zg(x,y) is the unique minimizer of the gap in the inequality (2.7). Therefore,
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the disintegrated form of 7 in (2.10) is a necessary condition for the optimality. Once this form
is enforced, we must make sure that the inequality (2.7), with z substituted by zz(z,y), is an
equality for all (x,y) € sp7. After elementary rearrangements, this equality can be identified
as (2.12). We have thus showed that the conditions (iii) are necessary, and similarly we deduce

that they are also sufficient. O

Remark 2.4. Thanks to the characterization (2.6) of the third marginals associated with admis-
sible 3-plans, one infers that the optimal transport problem (2.9) can be reduced to a stochastic
optimization problem under convex dominance constraints. Indeed, by developing the three-point
cost and testing (2.2) with the identity maps, one deduces the following equality,

Zo(p,v) = V(p,v) — %(var(u) + var(v)), V(u,v) = inf {Var(p) P Ty P e V}.

In turn, the problem V(u, v) above admits optimal solutions p from which optimal 3-plans 7 can
be constructed by gluing any martingale transports in I'vi (i, p) and I'vi (v, p). For further details,

we refer to [4]. Note that if v >, p, the unique minimizer for V(u,v) is trivially p = v, while a

solution to (2.1) is given by @ = %|z|%. In particular, we have Zs(p,v) = 3 (var(v) — var(u)) in

this case.

2.3. An auxiliary identity. We will now derive an alternative expression for the Zolotarev-
2 distance Za(p,v) which was not presented in the paper [4]. This expression is crucial for

establishing the optimal upper bound (1.3) announced in the introduction.

Lemma 2.5. Let u be a solution of the problem Zy(u,v), see (2.1). Then, the following formula
holds true,

o, v) = / 5 (@, V(@) (v — ) (). (2.13)

Proof. Assume a solution ™ € X(u,v). Owing to Theorem 2.3, it is of the form 7(dzdydz) =
y(dzdy) @ 05z, (dz), where 7 € T'(u,v) and Z(z,y) = xTer + w. We get,

Zo(1,v) :///;<|z—m]2+z—y|2) F(dadyd=) (2.14)
= [ 5(Fe) = ol + ) = of?) (o). (215)

Thanks to the martingale conditions defining the set X (p, v/), for any Borel function ® : R — R¢
of linear growth it holds that,

0= /// (z —x,®(x)) T(dxdydz) = // (Z(z,y) — z, ®(z)) ¥(dzdy), (2.16)
and similarly we get,

J[ w0 5.9 (o) =0 (2.17)
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We then deduce the following chain of equalities,

0 = [ 5(Eww ~ 25(00) ~ 0+ Elay) - . 50) - ) Tdody)
Zzyé«d%y%—%Z@w»+%dmyy—%z( 1) 7dedy)
= // <5(fcvy)* 2(z, y F(dzdy) = / vu ) — . Vu@) e, y)>7(dxdy)
=1/<vww¢@w»wmm»—ﬂ%vm@ D) A (ddy)
/ (Vu(y), =) 7(dxdy) — = / (Vu(z),y) F(dady),

where:
- to pass from the second to the third line, we used (2.16), (2.17) with ®(z) = z, ¥(y) = y;
- to pass to the last line, we used (2.16), (2.17) with ®(x) = Vu(x) and ¥(y) = Vu(y).
The asserted equality (2.13) now follows since 7 € I'(p, v). O

3. THE LOWER BOUND INEQUALITY

We now present a sharp extension of Rio inequality to R?. This inequality involves the ratio

%, which is dilation-invariant since the Wassertein distance enters with a square.
Theorem 3.1. Let pi, v be two probability measures in Pa(RY). Then,

TWRw0) < Zo(ynv), (3.1)
and the constant % cannot be improved. Moreover, the inequality is an equality if and only if
W="v.

Let us remark that the inequality (3.1) is trivially true if [u] # [v]. Indeed, in this case the

supremum in (2.1) is infinite and, by convention, Zs(u,v) = 4o0.

Proof of the lower bound. It is enough to observe that for any triple (x,y, z) € (R%)3 we have,

1 1
5 (12—l + 12— y?) = gla— o, (3:2)

while the equality holds if and only if z = Lﬂ’ Let 7 be a solution of the three-point optimal
transport formulation (2.9) and denote 7 := Hfgﬁ. Then, by the assertion (i) of Theorem 2.3,

/// 2 —a? + |z —y| ) (dedydz) > // o — y27(dedydz)  (3.3)
= 4//|$—y|27(dfvdy)

1

To obtain the last inequality, we used the admissibility condition 7 € ¥(u, v) which entails that
7 € I'(u, v). The optimality of the constant i follows from the Example 3.2 below.
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Let us now pass to examining the criteria for (3.1) being an equality. Clearly the condition
p = v is sufficient. To show the necessity, we observe that the equality implies that the first

inequality in (3.3) is an equality. In turn, this means that,
T(dzdydz) = 7(dzxdy) @ du+y (dz) (3.4)

The two martingale conditions (2.2) defining the set X (u, v) furnish the relations,

0= /// , 2 — x) T(dedydz) = // ) Y(dzdy),
0= /// ) T(dedydz) = // ) ¥ (dzdy),

where ®, ¥ : R? — R are any Borel maps of linear growth. By adding the two lines above,
after taking ®(x) = x and ¥(y) = y, we infer that [[ |y — z|?¥(dzdy) = 0. Therefore 7 must be
supported on the diagonal A = {(z, ) : z € R?}. It is thus straightforward that its marginals p

and v must coincide. The proof is complete. O

Example 3.2. For b > a > 0 consider the two centred probabilities on the real line:

b a a b
ab = 5—@ 57 a =——0_ 75(1'
Ha,b a+b +a+b b Vab a+b b+a+b

The unique transport plan with a monotone support reads,

b—a
+b5bﬂ@)+

O(—a,—b) + O(b,a)-

7mon_a+b a+b

It is straightforward to check that Hfﬁmon = g p and vamon = Vqgyp. Thus, the square of the

Wasserstein distance equals,

WZQ(Ma,ba Va,b) = / ‘l’ - yIQ'Ymon(dxdy)

+(b—a)? =2a(b—a).

T e e e

+b +b

In turn, let us propose an admissible 3-plan T € 3(jq.p, Vap),

a b—
a+b&

™ =

5( 0,000 T = O(b,ab)-

a+b +b

Since Hﬁﬁ = Ymon, t0 show the admissibility of 7 it remains to check the martingale conditions.

We compute,

4 __a b—a a
a7 = a+b Oty + a+b O-a0) + a+b Owb)

b a b—a
a+b5a®<b&b+ 2 %>+

a
8y @ 0.
T O%

Since the probability 0 + b 5% 00 has —a as its barycentre, it is easy to see that the above

plan is a martingale. Slmllarly, one shows that H2737r is a martingale as well. We can readily
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compute an upper bound for the Zolotarev distance,

Za(Hayb, Vap) /// lz— 2>+ |z —y| ) T(dxdydz)

1 b—a 1 a ab
b 2 ~(b—a)? = b—a).
( o) —|—b+ ( +a)a+b+2( a)a—l—b a+b( 2
With a > 0 fixed, we look at the asymptotic quotient when b converges to a from above,
Zo
Jimn sup (BapiVap) b 1

bnt W2 (fapVap) — e 2(a+b) 4
This establishes the optimality of the constant Z in the lower bound in Theorem 3.1 in dimension
d = 1. Clearly this example can be embedded in R¢ by taking pairs of symmetric points on a
straight line. Hence it holds for every d > 1 that,

2(p, V) _
1f{W2( i ,u,VGPQ(Rd),M;&V}—

Remark 3.3. There does not exist a reverse inequality of the kind Zo(u,v) < CW3(u,v)
holding for pairs (u, v) such that [u] = [v]. This can be checked by showing that the ratio %
blows up when p := %(51 +0-1) and v, = %(51“/” +d_1-1/n). Indeed, in that case, we have
W3(p,vn) = 1/n?, while, in view of Remark 2.4, it holds that Zo(u, v,) = 1 (var(vy,) —var(p)) =
$((1+1/n)*—1), which goes to zero at the rate 1/n. This shows that a reverse inequality cannot
be true even if we confine ourselves to probability measures with supports contained in a fixed

compact set K C R%. Another counter-example, but with non-compact supports, is given below

for the Gaussian laws.

Example 3.4. For two positive numbers 1 < g9 consider two centred Gaussians on the real
line with standard deviations equal to o1 and o9, respectively, that is A'(0,0?), N'(0,03). The
Wasserstein-2 distance between two Gaussian distributions admits a closed form in any dimen-

sion d, see e.g. [8]. In the simple case of two 1D centered Gaussians, the formula reduces to,
Wa (N (0,0), N(0,03)) = o1 = o2l = 7 — 1. (3.5)

It is also well known that every pair of centred Gaussians in 1D is in convex order. More precisely,

in case when o1 < 09, we have,
2 2
N(0,07) = N(0,0%).

Meanwhile, for any measures in convex order u <. v, the Zolotarev distance equals Za(p,v) =

L (var(v) — var(p)), cf. [4, Section 4.1]. Accordingly, for the Gaussian measures we have,

2 2
Z(N(0,0%), N (0,03)) = 7L, (3.6)

By considering 1 := N(0,1) and vy, := N(0,1+ 1), we arrive at:

Zo(pyvn)  2n+1
W22(N’ Vn) 2

— 400.
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4. UPPER BOUND INEQUALITIES

From now on, we consider pairs u, € Po(R%) such that [u] = [v]. Our goal is to derive an
upper bound for the ratio 5,22((‘; l;)) as a function of the variances of i and v. More precisely, we
want to establish an explicit formula for the function h(a,b) : Ri — Ry given by,

Zs(p, v) }
h(a,b ::sup{:a <a, g, <D, v, ==0,, 4.1
( ) W2 (:U’a V) M 2 7& [M] [ ] ( )

where 0, = \/\m , Oy = \/W are the standard deviations. By acknowledging how the
two distances scale under dilations T (z) = Az, it is straightforward to check the homogeneity
property h(Aa, Ab) = A h(a,b) holding for every A > 0. On the other hand, if a = 0 (thus = o),
we get Zo(p,v) = o2 = b2, while Wa(u,v) = 0, = b. Hence h(0,b) = h(b,0) = 5. We are

going to show that, in fact, h is linear, i.e. h(a,b) = %(a + b). This will give the optimal upper
bound stated below.

Theorem 4.1. Assume that the two probability distributions i, v € Pa(RY) share the barycentre,

i.e. [u] = [v]. Then, we have,

Za(u,v) < - (0, + 0) Walu,v), (4.2)

N

and this upper bound is optimal in the sense that h(a,b) = (a +b) in (4.1).
Furthermore, the inequality becomes an equality if and only if the probability measures coin-

cide up to a dilation centred at their common barycentre.

Before giving the proof which is postponed to the end of this section, we present a straight-

forward variant of the inequality (4.2) which, in constrast, is strict whenever p # v.

Corollary 4.2. Under the assumptions of Theorem 4.1, we have the following upper bound,

[var u + var v
ZQ(/“LaV) S Mf WQ(:“’? V)? (43)

where the inequality is an equality if and only if p = v.

Proof. The inequality (4.3) follows from (4.2) and from the inequality aT‘H’ < #. Noticing
that the latter inequality is strict if @ # b, we infer that an equality in (4.3) implies the equality
in (4.2) along with 0, = o0,. Owing to the last statement of Theorem 4.1, we conclude that

1 = v since the only possible dilation sending i to v is the identity. O

Remark 4.3. From Theorem 3.1 and Theorem 4.1, we infer that on the subset of centered

probabilities with finite second order moment,
0
PYRY) = {n € Pa(RY) : [u] =0},

the topologies induced by the W5 and the Zs distances are equivalent. We thus recover the result
of [2]. Clearly, by the invariance with respect to translations, the same statement holds true if

we enforce any fixed barycentre a € R, not necessarily the origin.
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Proof of Theorem 4.1. Without any loss of generality, we can assume that the two probabilities
are centered, i.e. [u] = [v] = 0. Let @ be a solution of the problem (2.1). As p — v vanishes on
affine functions, it is not restrictive to assume that %(0) = 0 and V@ (0) = 0. Since lip(Vu) < 1,
this guarantees that |Va(z)| < |z| for any x € R%.

Step 1. [proving the upper bound and the sufficient condition for equality] Let us take an optimal
plan 4 € I'(u, v) realizing the distance Wa(u, v). Thanks to Lemma 2.5, we obtain,

2711, v // (y, Val(y <x,vm)>)@(d;gdy) (4.4)
— | (G- =.Vat) + Vaw) + o+ 5. Vaty) - Va()) )3 (dody)
:% / (Vau(z),y 3(dxdy) + / (Viu(z),y — ) §(dzdy)

+% // (2, Valy) — Vi(e)) A(dady) + // y, Vaa(y) - Va(z)) 5 (dzdy)

<3 ([ wu@Pstaan) " ([[1v-a v(dwdm)Q (45)
i ( /I Wu(yn%(dmy)f ( - ac\szcl:cdy))é

w3 |x|2a<dxdy) (/ Vay) - va() v(dxdy)>

1( | |y|2@<dxdy) (] 19300 - vt asan)

<(/ |x\2u<dx) ( / ly -l 'V(dardy)> (46)

(f ) (s

= o, Wa(p,v) + o, Wa(p,v).

D=

D=

Above, the first inequality (4.5) uses Cauchy-Schwarz inequality in L%(Rd x R4 RY) four times.
To obtain the second inequality (4.6) we used the fact that |Vu(x)| < |z| and |Vu(y) — Vu(z)| <
|y — x|. Eventually we pass to the last line by using the optimality of 4 and the fact that p,v
are assumed to be centred. This proves the upper bound inequality (4.2) and the fact that h
given by (4.1) satisfies h(a,b) < L(a +b).

Next, in order to show that (4.2) is optimal in the sense that h(a,b) = 1(a+b), we check that
the equality is saturated by all centred pairs (u, v) such that p and v coincide up to a dilation.
Without any loss of generality, we can assume that v = TA# p = (Az)”pu with A > 1. Then, it is

easy to see that p <, v 4. Accordingly, as pointed out in Remark 2.4, we have Zy(u,v) = %(ag —

4by Strassen theorem, the probability kernel v* = %V + %5*30 renders v = p ® v* an element of I'v(p, v)
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Z) =2(A\?-1) O'Z. On the other hand, the transport map T = V(3| - |2) is a gradient of a convex
function. Therefore, by Brenier theorem [7], Wa(u, v) = ([ |Ta(x) — z|*u(dz))/? = (A = 1) 0,

It follows that Zo(p,v) = 1 (A + 1) 0, Wa(p,v) = L(0p + 00) Wa(p, v).

g

Step 2. [necessary condition for equality] Now we start with the assumption that (4.2) is an
equality for some pair (u,v). We may assume without any loss of generality that o, > o,.
Furthermore, we can exclude the cases when either 1 = d,, or 4 = v since both trivially satisfy
the dilation condition. Accordingly, we can assume that both o, and o, are strictly positive,
and we want to show that v = Tf,u for a suitable X\ € (1, +00).

Going back to the chain of relations starting from (4.4), we see that the equality in (4.2)
implies that the inequalities in (4.5) and in (4.6) are actually equalities. From the equality in

(4.6), we infer that, for 4-a.e. (z,y), we have,
Vu(z)| =z, |[Vu@)l =y,  [Vuly) - Vu(z)|=ly —zl, (4.7)

By the continuity of Vu, the equalities above hold true for every (x,y) € sp4. Since pu # v, z—y
is not zero as an element of L%(Rd x R4 RY), and the same can be deduced for the function
Viu(y) — Vu(x) which shares the same norm by vitue of the third equality in (4.7). With that
information at our disposal, we may identify the conditions under which the inequality (4.5) is
an equality. The four Cauchy-Schwarz inequalities in the vector valued space L?Y(Rd x R% RY)

must be equalities, which means that for any (z,y) € sp7,
Viu(z) = a(y —z), Vu(y) =b(y — z), (4.8)
z =c(Vu(y) — Vu(z)), y = e (Vu(y) — Vu(z)), (4.9)

for suitable constants a,b,c,e > 0 which do not depend on x,y. The condition o, > 0 implies
that the projection of sp4 on the first component does no reduce to {0}. Hence, from the first
equality in (4.9), we infer that ¢ must be strictly positive. The equalities in the sequel of the proof
will hold true for each pair (z,y) € sp7. From (4.8), we get Vu(y) —Vu(z) = (b—a)(y—z). Going
back to (4.7), this means that € :== b —a € {—1,1}. In turn, from (4.9), we get = = ce (y — z),
which we can rewrite as, .

y=Ar, where A:=1+ P (4.10)
c

Therefore, for A as above, it holds that 4 = (id, T))# u, hence v = TA# 1. Moreover, our assump-
tions o, > oy, p # v imply that A > 1, which gives € = 1 and p =, v (so that an optimal
potential U is given by u = 3|z|?). This ends the proof. O
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