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Proximal gradient descent on the smoothed duality gap to solve
saddle point problems

Olivier Fercoq

November 4, 2025

Abstract

In this paper, we minimize the self-centered smoothed gap, a recently introduced optimality measure,
in order to solve convex-concave saddle point problems. The self-centered smoothed gap can be computed
as the sum of a convex, possibly nonsmooth function and a smooth weakly convex function. Although it
is not convex, we propose an algorithm that minimizes this quantity, effectively reducing convex-concave
saddle point problems to a minimization problem. Its worst case complexity is comparable to the one
of the restarted and averaged primal dual hybrid gradient method, and the algorithm enjoys linear
convergence in favorable cases.

1 Introduction

In his celebrated paper “Smooth minimization of non-smooth functions” [Nes05], Yurii Nesterov showed that
a large class of Lipschitz continuous functions can be minimized much more efficiently than when using
subgradient descent. The algorithm relies on a smoothing of the nonsmooth function at stake which is
computable using the proximal operator of a simple elementary function. This work was later extended in
[TDFCI8]| to tackle non-Lipschitz functions, with a special focus on constraints. This was made possible
by the introduction of the smoothed duality gap and the study of the relations between a small smoothed
duality gap and feasibility and optimality gaps. Coordinate descent versions of these algorithms have also
been proposed in [FR17, [ATDECIT].

Yet, despite optimal worst case performance for the search of saddle points on convex-concave problems of
the form min, max, f(z)+ (Az,y) — g*(y), their practical performance on simple problems is disappointing.
This comes from the fact that the convergence is governed by a pre-defined smoothing parameter sequence,
which is set according to the worst case [TDAFC20].

In this work, we show how to overcome this drawback by considering the Self-Centered Smoothed Duality
Gap (SC-SDG). This quantity was introduced in [Fer23| as a computable proxy for the smoothed duality
gap centered at a saddle point. It was then realized in [WEF25| that it is in fact an optimality measure,
and even a precise and versatile one, when compared to the Karush-Kuhn-Tucker error and the projected
duality gap, which are used commonly to terminate primal-dual algorithms. SC-SDG has the very desirable
property of taking value 0 at saddle points, whatever smoothing parameter we take. We propose to minimize
it using the proximal gradient and accelerated proximal gradient methods. One difficulty is that even if the
original problem is convex-concave, SC-SDG is a weakly convex function. Nevertheless, we can control the
level of weak convexity and by choosing the smoothing sequence properly, we can prove convergence to a
global minimum, which has value 0.

Numerical experiments show that this worst case result does not reflect the simpler cases: our algorithms
enjoy a performance comparable to PDHG [CP1I]| and RAPDHG [Fer23, [AHLL23| in a small linear program
and a larger second order cone program on which we tested them.



Other related works This work belongs to a long series of works on primal-dual algorithms for the
resolution of convex-concave saddle point problems. We present here a very quick historical review that
emphasizes the fundamental concepts rather than the technical subtleties.

One of the foundational methods is the gradient descent-ascent algorithm introduced by Arrow and
Hurwicz [AHUS8]. This method applies gradient descent to the primal variables and gradient ascent to the
dual variables. While elegant in its simplicity (it relies only on first-order information), its convergence is
guaranteed only under strong assumptions such as strict convexity-concavity and small step sizes, limiting
its practical applicability.

To address these convergence limitations, Korpelevich [Kor76] proposed the extragradient method. This
technique evaluates the gradient twice per iteration (first to estimate a better search direction and then to
make the actual update), which improves the stability and convergence for a broader class of variational
inequalities. Around the same time, Popov developed an alternative fix, modifying the update rule to use
implicit information in a single projected step, offering another viable path to convergence.

Another line of work focused on dual methods. Uzawa [AHUS8] introduced gradient ascent on the dual
problem, while Hestenes [Hes69] and Powell [Pow78] developed the Augmented Lagrangian Method (ALM),
which can be seen as the proximal point method in the dual [Roc76]. These approaches are appealing because
they operate over dual variables, transforming saddle point problems into unconstrained dual maximization
problems. However, their main drawback lies in each iteration requiring the solution of an unconstrained
minimization subproblem. Ensuring the accuracy of these inner solutions (so-called inexactness) can be
challenging and computationally expensive.

Then, Gabay and Mercier [GMT76] introduced the Alternating Direction Method of Multipliers (ADMM).
ADMM decomposes problems into smaller subproblems that are easier to solve, by alternating updates
between primal and dual variables while enforcing consistency via augmented Lagrangians. This splitting
structure simplifies the inner minimization steps and enhances scalability.

More recently, Chambolle and Pock [CP11] proposed Primal-Dual Hybrid Gradient (PDHG) that fully
splits the contributions of the objective terms f, g, and the linear operator A. This algorithm generalizes
and clarifies earlier methods, with modern interpretations revealing its equivalence to ADMM after suitable
variable changes, as shown in [OV20]. The Chambolle-Pock method is notable for being simple, efficient,
and widely applicable, especially in imaging and machine learning problems.

The promise of this work is to merge the benefits of the augmented Lagrangian method and primal-dual
hybrid gradient method: an underlying minimization problem with a principled merit function together with
simple iterations that can be performed exactly.

2 Problem

This goal of this paper is to present novel algorithms for the resolution of convex-concave saddle point
problems with linear coupling:

min max f (z) + (Az,y) — g"(y)

where f and g are lower-semicontinuous convex functions whose proximal operator is easy to compute, also
called proximable functions, and A is a linear operator. Here, g* is the Fenchel conjugate of g. We will also
denote X = R™, YV =R™ and Z = X x ). We assume that the set of saddle points is not empty. We will
denote it by Z,.

We shall manipulate the primal vector x and the dual vector y together within a concatenated primal-
dual vector z = (z,y) € Z = X x Y. We will then denote F(z) = f(z) + g*(y) and M(z) = (-ATy, Ax).
The smoothed gap is the function defined, for a couple of positive parameters (8;, 5,) and a center 2z € Z,



by

~ : * ﬂ .
Gpop,(2,2) = suwp  f(z)+ (Az,y') =g () = 'y — oll”
Z'=(a',y')EZ

Ba

- 2 P,

— f(@") = (A2, y) + 9" (y)

When 3, = B, = 0, we recover the usual definition of the duality gap. For conciseness, we shall denote
B = (Bz.By) € RA. In this paper, we shall consider the self-centered smoothed gap, that is the function

Gp(2) = Gp,.p,(2,2):
1
Gs(z) := F(z) +sup (Mz,2') — F(2') — §||z -Z|3.

It will be convenient to denote Fj )/ (2) := sup,, (Mz,2") — F(z') — iz — 2|13, We will see in the next
section that Fj , is a smooth approximation of £ o M.

3 Basic properties

The next result shows that the self-centered smoothed duality gap is an optimality measure, that is a
nonnegative computable quantity that is 0 if and only if we are at a saddle point.

Proposition 1 (Prop. 32 in [Fex23|). For all 8 >0, Gg(z) > 0.
Moreover z € Z, < Gg(z) = 0.

We now give some fundamental properties of Fj ;.

Proposition 2. The function Fj ), is 1-weakly convex in the norm || - || and differentiable. If we denote
Zp(z) = proxg-1 p(z + %Mz) = argmin, F(2') — (Mz,2') + 1|2 — z||2ﬁ, then the gradient of I y; is given
by VE} \(2) = —MZg(2) + B(25(2) — 2) and, in the norm || - ||,-1+ where v = (vz,7y), it is Lg-Lipschitz
for
7. g
L = max (87, + ﬁl||A||2a/6y'Yy + ﬁi“A||2) + max(Bzvz, Byy) -
Yy T

Proof. We have
* 1 2 / ! ! 1 12
Fpu(2) + 5llzl5 = e(z) := sup (M2, ) = F(') + {2, 2')s = 512"l -

Hence F; 5, can be written as the difference between a convex function and - ||%, which proves the weak
convexity.

The convex function ¢ defined above is the usual smoothing of nonsmooth functions [Nes05| applied to
the function F* and the linear operator M + (.I, where the notation 8.I stands for (8.1)z = (B, Byy).
Hence, it is differentiable, its gradient is Ve(z) = (M T + B.1)z5(2) = (—M + 8.1)z3(z) because M is skew-
symmetric. Moreover, V¢ is Lipschitz continuous with a Lipschitz constant using norms || - ||, and || -
given by

H'y—l

Ve(21) = Ve(z)lly = (=M + B.1)Za(21) — (=M + B.1)zp(22) |4
<N =M+ B.IysllZs(21) — Z5(22)ll8
<=M+ B.I|sllz1 + B Mz — 2 — B Mz|p
S =M+ B1|lygll(B1 + M) (21 — 22)|| 5
S| =M+BI)yplM+ BI|g-1 121 — 22l




Now
I(=M+B.D)zll, _ [vY/2.(—M + B.1).8~ 22|
2]l 5 2140 2]l
= [[v"/2(=M + B.1).872| = |B72(M + B.I) AP = | M + BI||g-1.4-

| — M+ B.I||,s =sup
z#0

so that the Lipschitz constant of V¢ is given by the largest eigenvalue of the matrix

Vﬂz’yxl %AT \/ﬂx'}/ml - %AT 5:1:71["_ EJATA 0
4 r| ] A 51| 0 YyByl + 2 AAT
—\/ B \/m B, YyPy vy Pa

We obtain L(Vec) = max(B,7v. + 22| A%, By, + L] Al|?). Hence, since F% ,, = c(z) + 2|z||%, the Lipschitz
B v Vy B B,M 2 B
Yy x )
constant of VI ,, in the norm || - ||, is given by Lg, = [[M + 51H%717T1 + max(ByVa, ByYy)- O

4 Proximal gradient algorithm

Our main idea is to run the proximal gradient algorithm on Gg = F + F; 5.0 However, since this is not a
convex function, the algorithm may converge to stationary points which are not minimizers. To circumvent
this issue, we consider a decreasing sequence of smoothing parameters i, so that the objective function gets
closer and closer to a convex function.

Algorithm 1 Proximal gradient descent on the self-centered smoothed gap with continuation

Z0 € Z
Vk e N:

Zk+1 = PYOX%F(ZI@ - ’YkVFEk,M(Zk))

Lemma 1. Let § and 8’ be two couples of smoothing parameters. Then for all z,

Be By
Gp(z) > (2 —max (25, 22))Gs(z) .
Bz By
Proof. Because Gg(z) = F(2) + Sup,i—(y (M2, 2") — F(2') — %””Ha: —2'|? - %’Hy —/||?, it is a convex
function of 8 and its gradient is given by angiz) = —1||z — z4(2)||*> and %ﬂiz) = —1|ly — ys(2)||>. Thus we
have
Br — Ba _ B, — 8 _
Gy (2) 2 Gp(z) — =5z — 2(2)[I* - yTylly —7s(2)]*
Moreover,
_ ! ! 1 7112 1 > 2
Ga2) = sup () ~ F() + (M2, 2) — Lz~ 23 2 04 L1z~ 55(2)12
o
/ 6/
G (zhs1) > (2 = max (2, i))Gﬁ(z) .
Ba By



Theorem 1. Let p’ > 0 and b = (3/2% ~4.45. If Bok = By .k = %, / bfp, and Yp ) = Yy k = #}wl =

Wl\g%’;ﬂ? then the sequence (z) generated by Algorithm satisfies
e (IIM]1* +288) |20 — 2| (€1||M||\|20—Z*H2)
(k+b+1)1=7 —coln(k +b) + c3) 2¢/p'k(1/2=7)

G5k+1('zk+1 = 25, (

—6.76.

Proof. Since v, = Vy,k, we will denote v, = 7,1 and similarly 5, = B, . Let us consider z, € Z,. Note
that for all 8, Gg(z*) = 0. We use successively the Taylor-Lagrange inequality, the 3-point inequality for
the proximal operator, the weak convexity of F’ B, the condition v, < and Gg, (%) = 0.

where ¢c1 = 1, co =~ 0.49 and c3

B,1
Gy (2h41) = Fzrp1) + F nr(Zrt)

L
< Fzry1) + Fg oa(2k) + (VEg, ar(210)s 2641 — 28) + 62’“1 [

< F(") 4+ Fjy pa(2n) + (VEf ar(2a)s 20 — 22) + 5— ok — 22 = =— 121 — 2

27, 27
n (% ~ 3 )||zk+1 — 2z )?
< F(2) + Fja(z) + (% + i)”zk —z? - i”zkﬂ — z?
< (% + i)“zk —z” - i”z’““ —zl’

* * L 5
From Gpg, (2k41) < F(zig1) + F5 o (zk) + (V5 0 (20), 2641 — 21) + =% [|zk11 — 26|, we can also get

1
Gp, (zr41) < Gg, (21) — ﬁ”zk-&-l — z||* < Gp, (2k)

Hence, combining both inequality with factors 6 and 1 — d; € [0, 1], we get

0B, 1 1
G (zrt1) < (1= 0k)Gp, (2k) + (T + ﬁ) Iz — 2]|* — ﬁllzw — 2
By Lemma Gg,(2zk11) = (2 - 5k+1 )Gpir (Zht1)-
We obtain
B Ok Bk 1 9 1 9
_ Rk < (1— _ _ _ _
(2= 35 G or1) < (1= 8)Gi (30) + (F% + 5 ok = 2l = gl — =

We multiply both sides by v and we iterate for k& € {0,..., K — 1}:

N | =

1
Sl — 2P <

k
(H(l +B181)) llz0 — zI?
=0

M»

k
(T (+ 66, (<2ijlwﬁm(ml)(15»@@(@))
=+

l 1

Il
o

Jj=
k

k
= %(H(lwﬂléz))ll% — 2l + H 1+;8;0;)) (1 — 80) G, (#0)

=0

(0 B (1 — &)
_; Jl;[l 1+7]ﬂ] 71—1(2— 3, )Gﬂz(zl)_me(zl))

B

ﬂT—H)GﬁkJA (Zk-‘rl) . (1)

— (2 —



Because M is skew-symmetric, | M + SiI||? = || M||* 4+ 8%. Thus, v = - \|M+;k1\|2+ﬁk = \IMl\gljﬂﬁi < ||I€Ik\|2'

Recall that for ¢ > 1 and b > 0, Zk Om < b9+ Zk 1 RO 1 g < b9 4 J. Choosing B =

k+b—1 x4 -1
and 0 = - yields, as soon as 2p +p’ > 1,

_ _Bob”
(k/b+1)l’ = (k+b)P

W
B2, BRI X 32 52 b
} : 5 § - < =t
Bk < A ;hk+W“W*HMW+HMW%+p—1

Hence, ln(Hf:O(l + Bividr)) < Zf:o Bivior < £, so Hfzo(l + Bii6;) < exp(f). Note also that our choice
O = m implies that §yp = 1. Because p < 1, by concavity of the function (z — (1 + x)P), we have

Biory  m=d) Bi—1
—y—1(2 — + 24 ——+1-9¢
- Bi ) L+yBio — < (= B %
B ((+0o)P 1
e 1( l+b—1) (z/b+1)p)
1 1
- 1< I _(l/b+1)1”>
1
<
- ( l+b—1 l/b+1)P’)
This quantity is negative as soon as p’ < 1 and 1 > +£-. Combining all these results in (1)), we get
P Bk exp() 2
_ _7F < _
Zm (o — =) O + (@ = 525G () < Fo 0 — 2
We shall gather all the terms of the left hand side by using
8 - 8;
Gg (= L )Gp,. (2141) > 2— -2 )G, (2
g (21) = ( Bz+1) Buir (2141) jli[l( 5j+1) Brer (ZK41)

Let us denote ¢(x) = In (2 — (1 + z)P), so that for 3; = (j/fﬁ, we have the equality In (Hszz (2-
i) — K ,
L)) = S 601/ + D).

For all z < 21/ — 1,

/ - —p(l + x)p_l
() = PP+ z)P7? pP(42)?
2—(1+x)p (2— (14 x)r)?
o pPA=p)p=2)1+z)P  p*(2p—-2)(1+x)**% _ p*(14x)°P°
(@) = 2—(1+ax)P 2= +a)p)? +2(2—(1+x)17)3

When p = 1 nd({)()——P, ¢”()—0 Moreover, for 0 < o < (3)1/7 — 1,1 < (1+2)? < 2 and
5= /2—1—4(2 3/2)2—1—4(2 3/2)3_4+1+2<4 Note that as soon as b > 4

CO’_‘

B/2)/r—1



have 1< (3/2)'/7 —1 for all j € N. This implies that for all z € [0, (3/2)/2 — 1],

4
o(x) > ——x — 6333
K K K
1 1 2 1
1 b)) > —= - _ =z
2 G+ 2 =50 755752 Gy
1= Jj= j=
2(1+b—1)"2
> _ _Zr7
(1n(K+b) In(l +b 1)) = ;
[z- 20> (S centr o) > el gh) 22
- X e _— e P
S B T UKD T e DR T
where the last inequality is true as soon as [ > 1. Thus, using also ~y; > ”M”g#ﬁ%
k
exp(/) 2 1 p Br
_ > _ _
9 ||ZO Z*” e ZVZ—l( l/b T 1)1)’ b 1)G51 (Zl) +’)/k(2 ﬂk_H )G5k+1 (Zk—H)
1 D Bk Br
J— 2 _
(Z% 1GXP 3b2 ((l/b+ l)p/ I+b— 1)ﬂl_1 +7k( 6k+1 ))Gﬁk+1(zk+1)
eXp 31)2 p 2 — 60/51
> —
- ( M2 + 253 Z l/b+1 Cl+b— )5 +Bk|\M||2 +25§)Gﬁk+1(2’“+1)
Since p’ < 1,
k k k_ooplbtl kbl
= b / =P —dx
zz:; l/b + 1) ; I+b xP b1 P
b /
> _ 1-p
_1_p((k+b+1) (b+1)'"")

We also have

1 1
In(k +b) — In(b— 1
lz;l+b71_b71+n<+> n(b—1)

so that

k
P55 lz:; l/b+1) l+b )+(2—50/ﬁ1)

-1 o 1-p’ 1-p/
> expl o) T ,((k+b+1) —(b+1)'"")
1 1o 1 Cn(h _ 1/2
(3b2)(b T+ In(k+b) —In(b D)+2—(b+1)
= (;1) b (k+b+1)7 1 (— )1 (k+b)
PR T Ty g TP/
—1, b | —1., 1
— — N — - —)(+———-In(b—1)) +2— 1)1/2
eXP(gbz)l_p/<b+) 2e><p(3b2)(b_1 n(b-1))+2-(0b+1)

=c(k+b+ 1)1_17/ —coln(k+b) +c3



Finally,

exp(0) (1M1 + 263120 — 2«
G5k+1 (Zk-i-l) < =
2Bk (c1(k + b+ 1)1=F — cyIn(k +b) + c3)

We shall choose p = 0.5, b = W and p’ positive but small.

Then 28, (01 (k+b+ 1)1’1’/ —coln(k +b) + c3) ~hs oo 2B001k1/2*p/ where ¢; =~ 1.

2
Since £ = Hl\iﬁ(l + 1%), we should compensate for the smallness of p’ by smartly choosing Sy to avoid an
overwhelming constant when applying the exponential. Taking 8y = || M| ﬁlp, leads to exp(¢) = e!, which

is reasonable.
With these considerations, we get the simplified rate estimate

et || Mll|zo — z*ll2>

Gp,(zr) € O( 2 /P kL2

5 Accelerated proximal gradient descent

In this section, we propose to adapt the accelerated proximal gradient descent algorithm to the minimization
of the self-centered smoothed gap. The algorithm is described in Algorithm[2] In addition to the acceleration,
we are going to write the proof using weighted norms to allow for different primal and dual step sizes.

Algorithm 2 Accelerated proximal gradient descent for the smoothed gap

Zo=20 €2
Vk e N:
Zr = (1—0k)zk+0k2k

_ _ Yk * A
Zh+1 = PrOXae p (zk — a'VFBk;M(Zk))

Zk+1 = (1 — Gk)zk + 9k2k+1

Theorem 2. We consider the iterates ofAlgom'thm. Suppose that 0y, = kiﬂ, Br = ,f%rl;, Vo ko = MW
x, Y,k

and vy, = m where t, b and Bg satisfy
b>t>2
2 b?
Then for all K > 1,
G (or0) < 3 rsgrslleo = #1200, € O(K™)
2(K+b—2)l-—¢ Yo " +Bo

Proof. The proof starts like [Tse08] but then includes the effect of weak convexity. The second line uses
convexity of F' and smoothness of ng’M, the third line uses zx+1 = 2k + 0k (Zx+1 — Zk), the forth line is



due to the fact that zxy; is the result of a proximal operator, the fifth line uses 632y = 2 — (1 — Og)zi, =
Orzk + (1 — 0r) (2 — 2k), the sixth line uses twice the Si-weak convexity of Fs o

Gp, (2k+1) = Fzr41) + FEk,M(ZkH)
_ . R . s . L .
S ORF (Zegr) + (1 = 0k)F(2x) + F5, 0 (Ze) + (VFS, 0 (Zk), 241 — 28) + %szﬂ - Zk”’QYEl

=(1—-0p)F(2r) + FEmM(ék) + 6y (F(Zk_H) + <VFEk,M(2k)7 Zkt1 — 2k>)

Lﬁkv'Yk 92

+ Tkllzm - Zk|| -1

* 2 * * s * — 0 * —
< (1= 0)F(2x) + F ar(Ze) + O (F(z ) FAVES ar(Zr), 2" — Zn) + ?kHz — ZkHi;l

9k Lﬁ Y 91% 91% > > 12
Sl = B2 ) + (P22 = ) 5 — 22

= (1= 0p)F (Zk)+9kF( *) + Ok Fp, (i) + 0V g, 0 (3k), 2" = 2g)
. . N T
+ (1= 0k)F5 ar(2) + (1= 0k)(VE, ar(20), 26 = 26) + 112" = 212
i 2 0% 2
= )l = Fel o+ Lo — DB — 2l
* * * 0 * 2
< (1= 00)F (1) + 0uF (") + 01 F5, e (27) + 112" = 23,

2 2
k s 112 ek = 112 k > 2
e = 243, + 2l = 22— E e — g

1—
2

Ok - = 12
+ (Lﬁka’Yk - 1)?“2k+1 - ZkH,ykfl
We can work a bit the additional terms coming from weak convexity:

Gk - 0k

*||Z — Zl|3, + Tsz—»’:’kH%k
0p(1—0k), . 2 . 92(1—0k) B 92 N
= 2" — allf, + 2l -z, — 12 — 2z, + (1= 0k)E 2k — Z13,
2 2 2 2
0, (1 — 6,

6? _
= B a3, + ),

Moreover,

aﬂk aﬁk

(1= 0l — =1+ DR — =P

B$7k B% ))Gﬂk+1 (Zk+1)

ﬁm,kJrl ’ ﬁy,kJrl

—5 Nz — 27|17 <

Gg, (zk41) > (2 — max (o
Combining the four formulas and using the fact that G, (2*) = 0 and B, & /Be k+1 = By,k/By,k+1, We obtain

the following Lyapunov-like inequality

Ok

L= —sz+1 - 2|3,

Bz,k 1 * 0 _ *
(2 225) Gy (o) + g ok = 27, + Bl — 27
(1= 0,)(1+ 0)
2
2 2

0z, . 0% _ _
= 2, + Lo = D s = 2l 2

ﬂw,k}-&-l

. 0 s _
< (1= 0k)Gpp(zk) + e = 2"[15, + 512K = 2112 s



We would like to choose 73 in such a way that Lg, ,, < 1. This is possible with 73 such that

6y,k Bz,k

_— and = .
T 2By 1By + AT Tk 98, Ba + AT
Given S0 > 0,840 > 0,b> 0, > 0, we choose

Bob
A= 10

t
0, = —
Pkt

This choice of parameters ensures:

Bok _o RO+l _k+b—1_ Bop

2 — - —
ﬂw,k}-‘rl k + b k + b ﬁw,k}—l
k
1—0p = ——
Pkt
(1—0k)Bor—2 _ k(k+b—-1)
Brk—1 (k+t)(k+b—2)
Ban(L—=0) _ Bok _ k+b—1
/Bl',k,—l - ﬂx,k,—l k —+ b
o3 2
o+ 00kl 02| Al|2/ By k + 3028, 1
j;ﬁ — Bek—10k—1 0r_1I1AI12/ By k-1 + 2Ba k—107_ — B k—10k—1
_ 03By k1 | A]1% + 382k By,

- 9%—1511,16 |Al12 4+ 284, 5—1Byk—1(1 — 1/0k_1)

AIP + 3801 Bys 1y C
T4+ 20,4 1By (L= 1Ber) © e

c k4+c+c
& || Al]? + 38268y < |AlI* + mHAW + (2B2,k—1By k—1(1 — 1/9k71))k7_|_c
Sﬂx,OBy,Obz Bm,OBy,ObQ(k —+ t— 1)(]{3 +c+ 5) < C ||A||2 + 263:,06@;,0(72(]{3 +c+ 5)
k+b- 1) 1+ b 12kt o) Skte k+b-_12(k+0)

- b?
& 3B4,08y,00% (k + ¢) + %(k +t—1)(k+c+e) <eA|P(k+b— 1)+ 2B, 08y0b°(k +c+¢)

2
Taking ¢ = % allows us to remove the quadratic term. There remains

3B2,08y,00% (k + ¢) + e|A|*(k(t — 1+ c+2) + (t — 1)(c+¢))

< el AIP(2k(b — 1) + (b — 1)) + 2B4,08y,00°(k + ¢ + ©)
& k(e A2 + el A2 + e+ e =2+ 1)) + (el AP (e = 20) + e AIP((E - De+ ) — (b= 1)) <0
S2%+ct+e—20—1<0 and c—2e+(t—1)(c+e)—(b—1)2<0

(b—1)2 — (t—3)z
” )

<c=min(2b+1-2t—¢,

10



We can do exactly the same analysis when replacing 8, 1 by By,r and vz by vy,k. We shall assume that

2
the parameters are chosen in such a way that ¢ = % < 1. Note moreover that when b > ¢t > 2, then
c>1.

Then, denoting ||8]|oc = max(|B.],|By]) for B € R?,

IA]I* + 36; K
HH||A||2+251€ . 5;5:_1/91%_1“ < 1:[ 1+7 ) < exp Zln +¢/(k+c))
= C c
< CXP(Z 3 j_ C) <exp(cln(K + ¢) — ¢ln(c)) = @ — (K/e+1)°
k=1

We now go back to . It can be rewritten

Bk 1 112 1. o
G )+ 3l = =+ 5 = e
Ba:k 259:]@ 1 Bk g 1 5
1-96 G, (z1) + —2F (1 — 02)= ||z — 2*
( )ﬂxk 1B3:k 2 P ( k) :c,k'—l( k)2|| k H,Bk—l
02 | o2
2t il S
By @iﬁ&i 2! 62 ity —Br16k
2V -1 2
Denote 8 . )
z,k—1 % B N
Ly = Bt ————Gpg, (zx) + 5”2’1@—2 ||?3,€,1 +§||Zk—2 ||§i—17)§_11_5k—10k71 (3)
and 5 , " i
- —1k+c+c
= max ((1 — §),)22k=2  Pok  TkPrkol
o (( k>5x,k—1 Baej—1 0% _1Bsr k+c )
then we have
£k+1 < pkﬁk .
ma( k(k+b-1) k+b—1(k+t—n%k+mw+c+a)
= X , ,
o Gtk 16-2) kb kt02kib-Lkto
< ma ( k(k+b-1) k+b-1 (k+t*1)2(k+b))k+c+é
max
- k+)(E+b-2) k+b " (k+02(k+b-1)) ktc

In order to simplify the expression of pg, we shall compare the three terms in the maximum. We have:

k(k+b-1)  _k+b-1
(k+t)(k+b—2) = k+b
ktb-1 (k+t—1)%(k+0)

k+b = (k+t)2(k+b—1)

Thus, in the regime b >t > 2, we get pp < kz_lﬁl szgé and

t>2,0>2)=

b>t<

K

Lo

e

We do a special treatment for £, using the fact that 6y = 1, as follows

B0 1 " 1 _
£1= @~ 220Gy, () 4 Sl ~ 21, + 3151~ 2150,
1, 1 X
< §|IZO_Z*||?/61+BO - 5”20_2 ”iglJrﬁo
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so that

B, k-1 K+b bK/c+1)°1 .2
< a < _ _ )
G (2K41) < B L1 < K_1+b K+ 2||zo z H%, B0
b(K/c+1)¢1 .
S Koot a0 F g
Finally, since ¢ > 1, we have K/c+ 1< K+1< K +b—1. O

6 Restarted accelerated proximal gradient

The third algorithm we present here is an adaptive restart of Algorithm When restarting, we set 0y,
back to 1, B back to By and Z; = z;. Notably, the adaptive restart test is written directly in terms of the
optimization objective: indeed, in the present case, we know that the optimal value is 0 and we can use this
fact to our advantage.

Algorithm 3 Accelerated proximal gradient descent for the smoothed gap with restart
Zy=20€ 2
s=0,ks=0
for all kK € N do
while Gj,(z;) > 27°"1Gg,(20) do
2= (1= Op—n,)2k + Ok—k. 2k

5 _ 5 Yk—ks 2
Zk+1 = PrOX ks p (zk — ‘VFEk,kS,M(Zk))

e [
Zir1 = (1 — Op—p,) 2k + O—io, Zio1
end while
Zp ¢ 2k, ks — k, s s+1
end for

Theorem 3. If Gg, has an error bound with parameters p > 2 and n > 0, that is if Gg,(z) > %dis‘c(z7 Z )P,

then Ga,(zk) < € after at most

20)75 ™ + Bolloo \ T2 ,
[—log,(e)] x {3—b+(”0770”)1 —‘ ifp=2
K = 1-2/p _1=2/p
/Pl + Bolloy TR 4 T e e —1
—loga(N(4 =)+ (Trmart ) = ifp>2

2T —1
iterations.

Proof. Between restarts number s and s + 1, we can apply Theorem 2] We just need to slide the indices.
Thus because By > Br—i, and Gg,(z) > gdist(z,Z*)p, we have for all k € {k,,...,ksy1}, and for z* being
the projection of z;, onto Z,,

b * (12
(k—ks+b—2)1-¢ 2k, = 275511,

P\2 g b
< (Z) P
< ()7 o™+ Bolleeg—3—5 =5

Gﬁo(zk) < G,Bk—ks (Zk) < 9

)175G50 (st)g

A restart occurs as soon as G, (zk,,,) < 275 *Gpa,(20). This means that Gg,(zk,,,-1) > 27°"'Gg,(20) and

12



Gp,(21,) < 27°Gg,(20). Hence,

b _2s 2
2" PG p>27571@
2<ks+1 _ 1 _ ks + b _ 2)1-0 /B(J(ZO) — /30('20)
b
(koy1 — ks + b —3)

bp?/P |yt + ﬁol\oo)%a
n2/PGg, (20)1—2/P

2
(%Vn%4+ﬁﬂw

pPN2, _ Cg—1a2s _2
()7 1o+ ol = > 2728 G ()

s(1—-2/p)
ko1 — ks +b— 3 < 27 (

20|yt o\ THF
k8<s[3—b+<||%n+ﬁ0”)l ] if p=2
1-2/
P/l o Bollos | e 2005 |
ks <s(4—0)+ ( 12/P G, (20)1 =2/ ) 1-2/p iftp>2

-1

The 4 — b is here to take care of integers.

Hence, to find a point z such that G, (z) < e = 0.571°82() we need at most — log,(e€) restarts and thus
at most k[_ 1og, ()] iterations. We can then simplify the last power of s using 2l —logs(e)+1]e < o(—logy(e)+2)e —
4%~°. ’

O

7 Numerical experiments

7.1 Toy linear program

In the first experiment, we compare the algorithms developed in this paper (denoted as prox grad and
acc_prox_grad in the legend) with PDHG [CP1I] (also know as the Chambolle-Pock algorithm) and its
averaged and restarted version RA-PDHG |[Fer23|. This choice is motivated by the fact that all these
algorithms use exactly the same primitives: proximal operators of the convex functions at stake and matrix-
vector multiplications. We also tested an algorithm inspired by L-BFGS: after each restart, we do a complete
smoothing of the duality gap and run L-BFGS on the function

Gp.s(2) = F5(z =V Fj v(21)) + Fp a(2)

where § > 0 and Fs(2; 2) = max/(z, 2') — F*(z') — &[]z’ — 2||2. This is acc_prox_grad_lbfgs in the legend.
We can see that Proximal gradient on the smoothed gap (Algorithm [I) has a similar performance than
PDHG while its accelerated and restarted version (Algorithm [3) behaves like RAPDHG. Even if we have no
proof for it, the L-BFGS extension presented aboves looks promising on this toy problem.

7.2 Second order cone program

To test our algorithms on a more realistic situation, we considered the qssp30 problem from cblib.zib.de
[Fril6]. It is a second order cone program with 7,565 variables, 3,691 equality constraints and 1,891 3D
second order cone constraints. We can see on Figure [2] that on this problem, Algorithm [I] makes very little
progress. Yet, Algorithm [3| works better, and has similar performance than RAPDHG. In that case, the
L-BFGS extension did not add anything and both curves are nearly overlapping.

8 Conclusion

In this paper, we have shown how to reduce the search for a saddle point of a convex-concave function into
the minimization of a weakly convex function. We then proposed three algorithms for this minimization
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Figure 2: Comparison of algorithms on a second order cone program
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problem, inspired by proximal gradient type methods. The algorithms we obtain have a similar theoretical
worst case and practical performance than famous algorithms using the same primitives, namely Primal-Dual
Hybrid Gradient and its restarted and averaged variant.

This work opens the route for the development of new primal-dual algorithms that use tools from func-
tion minimization and extend them to saddle point problems thanks to the self-centered smoothed duality
gap. We showed a preliminary experiment on L-BFGS but other ideas include coordinate descent or line
search. Another avenue of research could be non-convex non-concave saddle point problems where having a
minimization problem to base on can help avoiding pathological situations like limit cycles [PLPT22].
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