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Hybrid Lattice-Boltzmann method for multiphase flows

Thomas Gregorczyk,* Song Zhao, and Pierre Boivin
Aizx Marseille Univ, CNRS, Centrale Med, M2P2, Marseille, France
(Dated: November 3, 2025)

This article presents a new hybrid Lattice-Boltzmann method for simulating multiphase. Mean
mass and momentum are solved using a Lattice-Boltzmann method, while an order parameter,
indicating whether the fluid is gaseous or liquid, is solved by a classical finite volume scheme.

The Lattice-Boltzmann scheme is adapted from existing methods using a new equilibrium for-
mulation, as well as new macroscopic reconstructions. The consistency of the resulting scheme is
confirmed analytically. Validations are then presented for canonical academic cases, as well as 2D

liquid jet simulations yielding different breakup covering dripping, sinuous and atomization regimes.

I. INTRODUCTION

Spray nozzles and atomizing jets can be found in a wide variety of applications,
ranging from propulsion to perfumery or painting. These applications share the need
for a liquid to be dispersed in a fine and rather uniform spray of small droplets,
maximizing the interfacial area.

The numerical modeling of such processes presents several challenges. First, the
change in fluid properties across interfaces is very large: density ratios on the order
of 1000, viscosity changes. The density ratio, in particular, discards most classical
numerical methods, which lack robustness in high gradients. Second, the liquid-gas
interface has a thickness close to the molecule diameter. Reaching such a spatial
discretization, in any of the aforementioned problems, remains unthinkable today: the
interface needs to be either smeared numerically — as in multi-fluid [1, 2] or second-
gradient methods [3] — or considered as a discontinuity following a tailored equation
as in level-set methods [4, 5] and volume-of-fluids methods [6-8]. The literature teems
with numerical models to deal with these difficulties, and recent studies now present
astounding agreement between experimental data and numerical simulations [9-12].
The proposed methods, while rapidly improving, share the need for a rather intense
computational effort which may be prohibitive for the optimization of a practical

injector device using current computer architectures.
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In the quest of significantly reducing the cost of numerical simulations of fluid flows,
Lattice-Boltzmann methods [13] are being rapidly developed. Being more recent than
Navier-Stokes solvers, the method is often not quite as mature for multi-physics prob-
lems, but are competitive computationally in most tackled unsteady problems [14].
LBM is also identified as a prime candidate for future quantum computers [15, 16],

due to its simpler structure.

LBM is rapidly catching up Navier-Stokes in an ever wider variety of physical prob-
lems: aerodynamic [17-19], aeroacoustic [20, 21], compressible [22-24] and reactive
flows [25, 26]. LBM solvers have also been tackling multiphase flows for years. As
for its Navier-Stokes counterpart, numerical stability is a critical aspect. The intent
of this work is to provide new ideas for modeling multiphase flows within the Lattice-

Boltzmann framework.

A variety of Lattice-Boltzmann schemes for multiphase flows have been developed
over the years [27] and are based on a diffuse interface: color-gradient [28, 29|, Shan-
Chen (SC) [30], He-Chen-Zhang (HCZ) [31], free-energy [32], phase-field [33] among
others. Some of these methods are very similar, for example Lafarge et al. [34] showed
that color-gradient and phase-field methods were very close through an appropriate
change of variable. Others, like the SC or the free-energy are different and require a

non-ideal equation of state to compensate the lack of phase-tracking equation.

In this work we have chosen the phase-field framework [35] for two main reasons.
First, it was recently proved very promising for high-density and high-Reynolds flows
[33, 36, 37|, as encountered in jet atomization. Second, this model has similarities
with phase-model Navier-Stokes solvers, which makes it easier to benefit from the

Navier-Stokes solvers experience.

The system of equations that we will be solving is composed of two equations for the
physical characteristics of the fluids (namely hydrodynamic pressure and momentum)
and one to track the interface. This last equation can be solved either via a double-
distribution function (DDF) approach which means that we use one LBM distribution
for the two NS-like equations and another one for the "phase equation", either via a
hybrid approach in which this phase equation is solved using a non-LBM scheme, for
example using finite differences. We will use this last option which has barely been

studied in the literature and might bring some useful research ideas.

We will start by presenting our numerical method in section II. First we will show
our target system of equations in subsection II A then we will present our Lattice-
Boltzmann scheme in subsection IIB. Finally we will precise our finite difference
scheme for the Allen-Cahn equation in subsection IIC. Then in section III we will
apply this solver on a Poiseuille flow in subsection IITA. We will also study the



Laplace (IIIB) and oscillating droplet (III C) test cases to see that we can correctly
recover surface. Subsection ITI D tackles the Rayleigh-Taylor instability. Our approach
to the Allen-Cahn equation is simple and uses its non-conservative formulation. This
is a first step that was found to be enough to get correct results as we will see in
the rest of this article but which might need improvements in future works like those
recently published in [38, 39]. Subsection IIIE deals with several jet computations at

very different regimes.

II. DESCRIPTION OF THE NUMERICAL SCHEME
A. Target equations

The considered governing equations read

Opuq 4 0 (puaup + Pap — Tap)
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with p the density, u, the velocity of the fluid in the direction «, P,s the pressure
tensor defined in (5), 7o the viscous stress tensor defined in (6), pF, forcing terms
in the momentum equation, p the hydrodynamic pressure, ¢ the speed of the acoustic
waves, ¢ the order parameter, M the mobility factor, W the width of the interface,
and n, the normal to the interface.

The unknowns of the governing equations are hydrodynamic pressure p, momentum
Plq, and the order parameter ¢. The system is closed with the following Equation of
State (EoS):
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with p; 2 the densities of the fluid 1 and 2. This implies that the system lies in the
framework of the incompressible Navier-Stokes equations. Instead of solving an elliptic
Poisson equation for the hydrodynamic pressure, we follow the artificially compressible
approach (2) [40—42]. In practice, we reduce the physical sound speed to a velocity c,



and we ensure that the fluid velocity is much smaller than that, i.e. u < ¢, at any

time to justify the incompressible assumption.

The surface tension is embedded in the tensor P, appearing in the momentum

equation (1) which reads

P(xﬁ = paaﬁ +

o ¢ 0
s (e 22— [Vo5ua) )

8{EQ axf;
Surface tension contribution

where o is the surface tension coefficient. This is based on the theory developed by
Korteweg [43] who proposed that surface tension contributions to the pressure tensor
could be expressed as combinations of gradients of density. Other numerical models

also exist and can be found in [44].

The expression of the viscous stress tensor is given by:

[ Ous | Oug 2 Ou,
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with p the dynamic viscosity and D the number of dimensions.

We suppose that the two phases are immiscible but due to the diffuse interface model
[45, 46] that we use, there will always be some mixing at the interface. We make the
hypothesis that pressure and velocity equilibration between the phases are infinitely
fast [47]. This enables us to consider only one velocity and one pressure. We will not

be considering thermal effects hence the absence of an energy equation.

B. Lattice-Boltzmann method for pressure and momentum equations

The momentum (1) and hydrodynamic pressure transports (2) are resolved by a
Lattice-Boltzmann method. The pressure-based hybrid recursive regularized pressure-
based (HRR-p) strategy [48] is adopted here, and adapted to two-phase flows. The
equilibrium distribution functions, as well as the forcing terms, are modified with the
consideration of potential high density/viscous ratios. The surface tension effects are

also considered by an additional term in the collision.

Same as in the HRR-p LBM, during each time step, the classical collision and the



streaming steps will be performed

At At At
Collision : fiml = fieq + (1 - ) fineq + 9 F; + > S + th (7)
T
Streaming :  f7 (z,t + At) = f (x — ¢; At t) (8)

where f;? is the equilibrium distribution, 7 the relaxation time, f;*“? the off-equilibrium
distribution, F; the forcing terms corresponding to external forces, which can be ex-
pressed by the Guo forcing [49] for instance, S; the correction terms defined in (17)
contributing to achieving a correct viscous tensor, and Q¢! the term accounting for
surface tension defined in (14). Each of these terms will be detailed and explained
hereafter.

1. Equilibrium distributions

The equilibrium distributions are modified on the third-order Hermite polynomial
coefficients such as to read

el = Z CiaCipCin {1 = pratpty + poc? (Uabpy + Usdary + Uybap) (9)
i
instead of
TGP = puguguy, + pci (uadpy + ugbay + tyGas) (10)

in the pressure-based compressible LBM. pg in the above expression is an arbitrary
constant reference density, which could be adapted according to different density or
viscosity ratios. The motivation for this adjustment is that this will lead to the fol-
lowing relationship between the relaxation time and the fluid viscosity:
=222 (11)
PoCs  PoCs
instead of the usual classical one 7HRR=P = 1//c2. Note that 7 used in the collision
(7) is defined as 7 = % 4+ 7. In our experience, this modified equilibrium gives
better results for test cases where the density or viscosity differences between phases
are important, where the original equilibrium led to discontinuities of velocity at the

interface as reported previously by several authors [34, 50, 51]. ¢, is the lattice speed



of sound, it reads:

Az
Cs = —— 12
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In the end, the full formalism of the equilibrium distribution reads
e Ha Ha
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where w; are the weights associated with the lattice and H are the Hermite polynomials
at the corresponding order and lattice [52, 53].

2. Surface tension terms

In order to cooperate with the surface tension in the momentum balance, the fol-

lowing term is added to the collision operator

s Haﬁ
0 =w; o~ et (14)
with
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as the surface tension tensor. In practice, the derivatives in the above equation are
evaluated by the following isotropic operator [37, 54-57]

N

1
@ zi:wica,z‘¢ (o + Ca,iAl) = 0ap + O (A$2) (16)
where c,; represents the lattice velocity ¢ along the direction o and N is the number
of discrete velocities. Note that the introduced operator use the same neighbors as
the Lattice-Boltzmann scheme, translating to a straight-forward numerical implemen-
tation.



3. Off-equilibrium distribution & correction terms

A recursive regularized collision operator [58-60] is adopted for non-equilibrium
distribution reconstructions because it showed significant stability improvements [61,
62] over the BGK collision operator (for Bhatnagar-Gross-Krook) [63].

Due to the modifications in the equilibrium distributions (13), new correction terms
need to be applied to achieve the correct viscous tensor in Eq. (6), their second-order

raw moment reads:

Op 2\ Ou ap dp 8D2qﬁ
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(17)

The full Chapman-Enskog analysis of this LBM scheme and the value of Dy} can
be found in appendix B.

4. Flow fields transport

The velocity field is reconstructed from the distribution classically as

1 N At
Uq (t + At) = m;ci,a.ﬂ; + 7-7:04 (18)

with the density field directly from the EoS in Eq. (4) using the order parameter ¢.

The hydrodynamic pressure field is transported using the same population. In prac-

tice, we evaluate the velocity divergence by

vu:i(ﬁ_(ﬁozY) (19)
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with ( feot/ p)* the quantity f¢°'/p streamed. Indeed, the Taylor expansion of this
operator gives
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where a and § are dummy index. It is clear that this operator gives a reasonable
velocity divergence, together with a favorable numerical dissipation term to enhance
the numerical stability as shown in term (I) in equation (21). In the end, the pressure

field is updated following equation (2) as

col \ * col
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We here use ¢ instead of the physical speed of sound ¢, for the speed of the acoustic

wave. They are related through:

CSOTL
c=— 22
: (2)
with a a positive constant. This is useful to improve the stability of the scheme. This

macroscopic reconstruction of the pressure field is a novelty, to the authors’ knowledge.

C. A finite difference scheme for the Allen-Cahn equation

The macroscopic quantities p, p, v are all valid in both of the two phases that we
will be studying, even at the interface. The fact that we don’t track different variables
for the two fluids make it inevitable that we have to add another field to track the
interface. The order parameter takes continuous values between -1 and 1 and helps
defining interfaces as isovalues ¢ = 0. Note that it is more common to find order
parameters ranging from 0 to 1 but this is strictly equivalent if we slightly modify the
right-hand side (RHS) of (3).



One of the challenges of solving athermal multiphase flows is to correctly choose
and discretize the phase-field equation. We would like to just advect the field ¢ with
the flow velocity but this is no easy task due to steep numerical gradients which force
the use of special numerical methods (such as a TVD (Total Variation Dimishing)
scheme) and due to numerical diffusion which tends to widen the interface. The goal
is then to design a sharpening method which is stable and don’t alter too much the
shape interface. One approach has been to use equations like equation (3) which is
called an Allen-Cahn equation [64]. Right-hand side terms are composed of a diffusive
and an anti-diffusive term which are there to control the width of the interface W
over time. Note that different forms of this equation have been developed through the
years. The chosen formulation has one advantage, it is simple and local. It also has
some limitations, it is not conservative and can exhibits some non-physical behaviors,
e.g. in presence of droplets of different sizes. These limitations can be lifted via more

complex formulations, see for instance 38, 39].

The system (1 - 3) is typically studied in the phase-field framework. Good results
have been recently published [33, 36, 37]. The vast majority of publications with this
method use a double distribution function, which means that the equation evolving
the order parameter is solved with a specific LBM scheme. However, in this work, we
will follow the footsteps of Shao and Shu [65] and Wu et al. [66] and solve ¢ on the
same mesh as the LBM scheme but with a finite-volume method. This framework is
called hybrid LBM [67]. The idea is to have more flexibility in the discretization of this
equation while keeping the advantages of a Lattice-Boltzmann scheme for the core of
the fluid. It is then possible to use TVD schemes, which seems advisable knowing that
we have to face steep gradients. In their paper, Shao and Shu use a third order TVD
Runge-Kutta and a WENO5 to solve a Cahn-Hilliard equation [68]. They obtained
impressive results at high density ratios. The second order of the LBM core being the
limiting one there, we will investigate whether it is possible to get correct solutions even
with a second order MUSCL scheme in space. The choice of the Allen-Cahn equation is
partly due to the fact that it is simple, requiring only second order derivatives contrary
to the Cahn-Hilliard equation which requires fourth order derivatives. Knowing that
isotropy of derivatives is a major source of error [54], it seems wise to limit the order

of them, especially when dealing with steep gradients.

In this work, the 2D MUSCL introduced by Yoo et al. [69] is adopted for the advec-
tion part (the LHS of (3)). This scheme has been proven to be second order even in
diagonal directions, an important feature for the isotropy of our overall scheme. We

use a minmod limiter [70] defined for a direction x by:



A, = minmod (¢ () — ¢ (x — Az), ¢ (z + Azx) — ¢ (x))

where
0 ifaxb<0
minmod (a,b) = ¢ b else if |b] < |a]

a elseif |a| < |b]
The discretization of the LHS of (3) is done via:

Gt+A)=6(1) ,  AF(9(1)

At U Ay 0

We here describe the steps to get the flux along the a direction [48].
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L _ -
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AF (¢) =9yT (x + Az) — T (z) otherwise

{AF(¢) YR (z) — B (x — Az)  ifu(x) +u(z+ Az) >0

10

(25)

For the RHS, we have many choices. We decide to discretize the gradients in an

isotropic manner with the second order centered operator (16) while the Laplacian is

discretized in the following way:

N
ﬁ Zwi [@(z 4+ c;At) — @ (2)] = Ap+ O (Axg)

(33)
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III. VALIDATIONS

Now that the numerical scheme of this study has been presented we will apply it
to some academic test cases namely a Poiseuille flow with several phases, a Rayleigh-
Taylor instability, and a Laplace test case and an oscillating droplet. This section

concludes with a more complex case: liquid jet simulations in different regimes.

Test 1: Poiseuille (IITA): Validation of viscous shear stress
Test 2: Laplace (IIIB): Validation of surface tension

Test 3: Oscillating droplet (IIIC): Validation of surface tension with a moving
droplet

Test 4: Rayleigh-Taylor instability (IIID): 2D validation of gravity and shear-
induced effects

Test 5: Jets (IIIE): Validation of breakup regimes

2

s°

For these numerical studies, we will set to M = Tc. T is the relaxation time of the

LBM solver defined in (11).

A. Poiseuille

The Poiseuille flow is one of the few test cases for which we have a theoretical
solution, even with several phases. We study here a two-phase three-layer flow defined
by:

lyl—a
z,y) = tanh | ——— 34
(o) = tau (- (59
A lighter phase is present near the walls, while a denser phase lies in the center.
Non-slip conditions are applied on top and bottom walls y = 0 and y = N, and the
simulation is periodic along the x direction. The theoretical solution is a combination

of three parabolae:

) A2+ G (0< |zl <a)
Uz (2) =
Ag2? + Boz + Cs (a <|z| <)
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with z =y —b, a = N, /4, b= N, /2, and:

B G Ay G
2p11/1 2/)21/2
By =2(A1y—As)a
Cy = (Ay — Ay)a® — By (b— a) — Agb?

Cy = —As3b? — Byb

Ay =

with G the imposed gravity, py the density of phase k, vy the viscosity of phase k,
and ~ the density ratio.

We present results in Figure 1 for density ratios v = 10 and v = 1000. The results
match very well with expected values.

We also present a convergence study in Figure 2 on the case at density ratio 10
with meshes of 125, 250 and 500 and 1000 points. We can clearly see a second order

convergence.

B. Laplace

The previous Poiseuille test case enables us to validate the viscous part of the scheme,
the Laplace test case will show that we also correctly recover surface tension. The goal
is to simulate a droplet of phase 1 in a quiescent atmosphere of phase 2. Surface tension
should produce a drop of pressure between inside and outside the droplet according to
the Young-Laplace law which states that:

Ap = (35)

=9

where Ap is the drop of pressure, o is the surface tension coefficient and R is the
radius of the droplet.

The parameters of the simulation are: Az = 107?m, W = 3Az, v = 10~ %m/s~ !,
and a speed of sound of 300 m/s. We chose a grid of 200 x 200 points. W = 3Axz means
15 points in the interface because the form of ¢ is chosen as an hyperbolic tangent.
The goal was to test different size of droplets (20, 30 and 40 points in the radius),
different density ratios (y = 4, 100, 1000) and different surface tension coefficients. In
the end, this last parameter didn’t influence much the computation and the following
results are presented for o = 0.01kg/s?. We present the results in Table I.

We found that the results are acceptable, the interesting fact being that the main

factor influencing them is the size of the droplet and not the density ratio. We also



13
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Figure 1: Poiseuille test case; Left: v = 10 with 500 points; Right: v = 1000 with
1000 points

present the pressure profiles in Figure 3 which show no sign of oscillation even at
v = 1000. On the left, the 2D profile is indeed circular whereas with schemes presenting
anisotropy problems, the droplet quickly tends to become a square. On the right, we
present a scatter plot of pressure as a function of the radius, showing an excellent level
of isotropicity.

C. Oscillating Droplet

Another interesting test case related to surface tension is the oscillating droplet. The

initial condition is composed of an ellipsoidal droplet which will tend to become spher-
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Figure 2: Convergence study for the case v = 10

R

v 20 30 40
4 2.16% | 0.93% | 0.54%
100 231% | 1.19% | 0.77%
1000 | 252% | 1.37% | 1.07%

Table I: Errors for the Laplace test

ical after some oscillations. A theoretical solution for the period of these oscillations
can be derived within the inviscid theory [71, 72]:

(p1 + p2) 3

Ttheorical =2
6o

(36)

Note that this test case not only has to simulate the surface tension but also the
movement of the droplet, both of which possibly leading to errors. The configuration
is the following: W = 4Ax, the speed of sound is still 300m/s, we chose the viscosity
as low as possible while being stable to compare to the inviscid theory, v = 8 x
10~"m?/s71. The mesh is 300x300 points. The initial profile of ¢ is:

V@—?f+@;?Y_R
¢(z,y) = —tanh a W
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Figure 3: Left: pressure field, Right: pressure as a function of radial distance to the
droplet’s center ; v = 1000 and R = 30

with (zg, yo) the center of the domain and a = 1/3/2, b =1/a.

We compute the kinetic energy as a function of time (see Figure 4). A minimum
value means that the droplet has an ellipsoidal shape (with zero velocity), a maximum
value means that the droplet is spherical (maximum velocity). We then deduce that
the period of oscillations of the kinetic energy is twice the period we are trying to
measure (oscillations of the droplet). The last plot in Figure 4 presents the same three

results but adimentionalized with the theoretical period of oscillations.

The three simulations have the same physical parameters except the density ratio .
We can clearly see that the period of oscillation diminishes with this variable, which
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means that low-density ratio simulations may be less precise because the oscillations
are faster.

The model is stable even at higher ratios (eg 1000) but it becomes harder and harder
to see the oscillations which are damped very quickly. The results are presented in
Table II in the case where o = 0.1kg/s?. We again report the same level of errors with

different values of o.

¥ error
4 15.6 %
10 13.0 %
100 2.9 %

Table II: Errors on the period for the oscillating droplet test case

These results are of the same order of magnitude as what can be found in the
literature [34]. It may seem unintuitive that the error decreases with the density ratio
but we realized that the width of the interface was a major factor impacting the results.
It seems that the resolution of the Allen-Cahn equation has important consequences on
the results of the simulation. Indeed, different discretization and different W can lead
to different shapes of the interface. Still this test case shows that the model correctly
recovers the target surface tension although with undershoots of a few percents. It

also shows that the code is stable for high density ratios with a moving interface.

D. Rayleigh-Taylor instability

The Rayleigh-Taylor instability is a phenomenon very well known and studied. Many
solvers have simulated it which gives interesting points of comparison.

The test case consists of a dense fluid lying above another lighter fluid. The system
is unstable due to the action of gravity and the heavier fluid will flow into the lighter
one, taking at the same time a very special shape which are presented for different
times in Figure 5.

The initialization is done with the following ¢ profile:

- L,/2—-0.1L 2 L
:tanhy v/ 0.1L, cos (2ma/Ly)

¢(z,y,t=0) i

(38)

This test case is characterized by two dimensionless numbers, the Reynolds number
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Figure 4: Oscillations of kinetic energy for density ratios 4, 10, and 100, for the same
simulated physical time (0.035s); bottom right: same results adimentionalized with
the theoretical period of oscillations
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Figure 5: Rayleigh-Taylor instability for Re = 2048 and At = 0.5, at
adimensionalized times t* =1,2,3,4

and the Atwood number (representing the density ratio). They are defined by:

32
Re — VI9ILZ (39)
14
At = PL= P2 (40)
p1+p2

with g the gravity; the velocity reference for the Reynolds being Uy = +/|g| L.
We set here Re = 2048 and At = 0.5 (which corresponds to v = 3).

We will compare the position and velocity of two points defined on the interface
by = 0 and © = L, /2. We compare with the results of Reis [33] which have been
validated against different solvers. We can see that the position of the interface match

nearly exactly. However we have a little offset in one velocity after some time.

E. Jets

Lattice-Boltzmann multiphase solvers have been struggling with stability, especially
when combining high density ratios with high Reynolds which is often the case in
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Figure 6: Interface position and velocity for when Re = 2048 and At = 0.5

industrial configurations. We present here several jet simulations to show the abilities
of our solver on this topic.
We theoretically know the general behavior (regime) of a jet thanks to two adimen-

sional numbers:

e Re = DU/v the Reynolds number, which compares inertial and viscous forces,

with D the diameter of the jet, U the jet velocity and v its kinematic viscosity,

e Oh = u/\/poD = We'!/? /Re the Ohnesorge number, which compares the viscous

and the capillary timescales.

with We = pU2D /o the Weber number, which compares the inertial and capillary
forces.
The map in Figure 7 classifies three main breakup regimes [73] for a jet according
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to its Ohnesorge and Reynolds numbers:
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Figure 7: Map of jet breakup regimes as a function of Ohnesorge and Reynolds
numbers

We will show through different simulations (A-C) that we can correctly recover the
expected behaviors. We chose a constant Ohnesorge number of 0.02 and the diameter
of the jet is set to IN,;/10. We should have of jet clearly in the atomization region, one
in the high sinuous region (nearly atomizing), one in the low sinuous region (nearly
dripping). Results are presented in Figure 8 for a mesh 2400x1200 points and a density
ratio of 2.

If we look at the snapshots presented in Figure 8 from bottom to top we can clearly
see the different breakup regimes of the jet for a constant Oh = 0.02 and varying
Reynolds number. In the dripping region we see a breakup of the jet due to sur-
face tension forces which produces droplets whose diameter is of the same order of
magnitude as the one of the jet.

The sinous jet at Reynolds 200 is mostly affected by surface tension that is reducing
the diameter of the jet in some places. However the jet is not dripping because surface
tension isn’t strong enough to break the jet apart. Overall the diameter of the jet is
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Figure 8: Jet simulations at 7 = 2. Top (A): Atomization at Re = 5000; Middle (B):
Sinuous flow at Re = 1000; Middle (C): Sinuous flow at Re = 200; Bottom (D):
Dripping flow at Re = 90
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not changing much. We don’t observe any shear-induced instabilities.

We can clearly see a difference with the other sinuous jet, which is in fact near
the atomization region while the first jet was near the dripping region. If the jet at
Reynolds 1000 is mostly in one part we can see some small droplets detaching from
the main dense phase region. The jet starts to impact a wider region at the outlet and
we can notice some Kelvin-Helmholtz instabilities. Shear-induced instabilities seem to
predominate over surface-tension forces.

Finally the jet is in the atomization region at Reynolds 5000. Lots of droplets
are being created and the jet has the shape of a cone. Unfortunately atomization is
creating a wide range of droplet sizes that we are not able to capture because the
mesh is too coarse. We set the width of the interface to a certain value W so droplets
with a radius less than this value cannot be captured. Another limiting factor is the
size of the mesh for the same reasons. We have done this computation again with a
9600x4800 mesh (which is four times wider in all directions). Results are presented in
Figure 9. The width of the interface is set to W = 4.

Figure 9: Jet at Reynolds 5000 and Ohnesorge 0.02 on a large 9600x4800 mesh

We can clearly see that way more droplets are being captured with this larger
mesh. It is also easier to understand how atomization works on a basic level. Kelvin-
Helmholtz vortices are created in an asymmetric fashion and grow in size along the
x axis. They generate lots of small droplets and when they become "too" large, they
break up.



23

IV. CONCLUSION

We have proposed new ideas in the phase-field framework in order to solve multi-
phase flows with a hybrid LBM / Finite Volume method. We designed a new equilib-
rium (13) leading to a new definition of the relaxation time 7 (11) in order to circumvent
the velocity discontinuity problems that we noticed. The resolution of an Allen-Cahn
equation with a Finite Volume method is also a novelty to the author’s knowledge.
Note that recent articles have shown that improved ACE (see [38, 39]) could alleviate
some inherent limitations of the original formulation. Combining these formulations
with the present LBM model would be an interesting and necessary extension of the
present work.

This scheme is also characterized by a recursive regularized collision kernel (A4),
new correction terms computed from a Taylor expansion (17), the use of the low
Mach number approximation, and a new macroscopic reconstruction for hydrodynamic
pressure (21).

We tested the scheme against traditional academic test cases which proved that our
method is stable even at high density ratio and high Reynolds and gives correct results
when compared to the literature. The jet simulations prove that we can correctly
recover the correct breakup regimes and the atomization phenomenon.

In the future we plan to bring more elements of the Level-Set method into our
scheme to stabilize even more our computations and use a conservative Allen-Cahn
equation. Moreover this work aims at being extended to thermal flows by changing

the equation of state and adding an energy equation [48, 74].

V. ACKNOWLEDGMENTS

Centre de Calcul Intensif d’Aix-Marseille and GENCI (Grant 2023 - A0152B11951)
are acknowledged for granting access to their high-performance computing resources.
Part of this research was supported by the French project BALBUZARD funded by
DGAC and supported by Next generation EU in the frame of “Plan national de Re-
lance et de Résilience frangais (PNRR)” ; and by the ANR, Airbus, Fives-Pillard and
SafranTech through the Industrial Chair Program LIBERTY ANR-23-CHIN-0005.



24

Appendix A: Recursive regularization

We define raw and Hermite moments of a distribution f respectively as:

q
Hgl...an = Z fifal,i cee fan,i (Al)
=1
q
AL o =) fiHar o (A2)

N
Il
_

with &, ; the lattice velocities, Ha,...a,,; Hermite polynomials of order n taken in &;

and ¢ the number of lattices.

The non-equilibrium part of the distribution function f"¢? is defined by:

ne ne Haﬁ ne Haﬁw

The second order Hermite moment A75" can be calculated via the definition (A2)
with fnea = f — fea.
The third order Hermite moment is reconstructed recursively:

neq __ neq neq
Arrg = uy Ape? + 2u, AyY

TTY T

neq __ neq neq
Ayyx = ug;Ayy + 2uy, Ay

(A4)

These formulae are dependent on the lattice and are here presented only for D2Q9.

See Malaspinas et al. [58] and Coreixas et al. [59] for further information.

It was found that such regularizations are pretty simple and have very good stability

properties.
Appendix B: Chapman-Enskog analysis

Chapman-Enskog and Taylor expansions are really important for Lattice-Boltzmann
schemes because they can be used to understand to which macroscopic continuous
equations is consistent our scheme. Moreover, lattices that are often used in practice
(D2Q9, D3Q19, D3Q27) don’t have a lot of discrete velocities and introduce errors
that can be quantified by these expansions [75]. We start from the value of IIJ7
obtained through a Taylor expansion by Farag et al. [76]. This term is linked to the

stress tensor 7,3 and we will see that it needs to be corrected.
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As we don’t know the non-equilibrium part of the third order moments, we cannot
use (B1) straight away. We will neglect these terms in what is now equivalent to a
Chapman-Enskog expansion:

e eq _ 1yeq
L T (e, - D,

|
el T ot o, M5 +O(7) (B2)

We will use the equal sign in what follows.

Here, I 5 is the second order moment of some correction terms. We will show that

this term is nonzero.

Let’s assume that we have from the Navier-Stokes equations:

Opuatp _ _Opuauguy 9 (Pday — Tay) w 9 (Pdpy — Tpr)

- F, F
ot Oz, 0z s 0z Ua + P allp + P/ gl

(B3)

Here F,, are some external forcing terms. We will be neglecting the derivatives of
Tap in what follows.

Relation (B3) is useful because :

Oty Opugus O

B4
ot ot ot (B4)
Taking the divergence of I leads to :
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26

‘We have :
1 neq 2 8Ua 8U/3 2 6’&7
- e - PR Y B
7oab 008<a Ozo DOz, P (B6)
Op 9 2\ Ouy
— 1+ —= B
+ 8t(5a5+pocs< + D) 31‘7(5&@ (B7)
dp dp
an;?
+ pFaus + pFpua — ax'm — 117, (B9)
y

This analysis tells us that we would have —II2" = 7,5 only if Tpoc? = p which we
asserted in equation (11) and if all the terms in (B7) - (B9) are null. This is not the
case, which is why we need to impose some correction terms. It is clear that we can

substract all the unwanted terms from the forcing term 17, 5

First, let us give explicitly the formula of the isotropy defect quﬁ - It should com-

pensate the terms xxz and yyy that are not correctly recovered in HZ‘%V. We have

AL, = Ayl = 0 because we can’t impose them in D2Q9, so:
A =0=T1%_ = 3pciu, (B10)
2

Aygy = 0= 1y, = 3pciuy (B11)

Our target moments are:
I8 = pug + 3pociu, (B12)
IS8t = pud + 3pociuy, (B13)

So we have:

Dgt, = I — 152, = pug + 3 (po — p) iz (B14)
Dy, = Ty =TI, = puyy + 3 (po — p) Sy (B15)

Then:
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Finally the second order moment of the correction terms that we find is:

op 2\ Ou dp dp 8DZ%
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